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Abstract

Reinforcement Learning in Large or Unknown MDPs

by

Ambuj Tewari

Doctor of Philosophy in Engineering-Electrical Engineering and Computer Sciences

University of California, Berkeley

Professor Peter L. Bartlett, Chair

Reinforcement learning is a central problem in artificial intelligence. Unlike super-
vised learning, in reinforcement learning the learning agent does not receive any input from
a supervisor about what to do in different situations. The agent has to learn from its own
experience taking into account any uncertainty in the outcomes of its actions.

Markov Decision Processes (MDPs) have been the dominant formalism used to
mathematically state and investigate the problem of reinforcement learning. Classical algo-
rithms like value iteration and policy iteration can compute optimal policies for MDPs in
time polynomial in the description of the MDP. This is fine for small problems but makes
it impractical to apply these algorithms to real world MDPs where the number of states is
enormous, even infinite. Another drawback is that these algorithms assume that the MDP
parameters are precisely known. To quantify learning in an unknown MDP, the notion of

regret has been defined and studied in the literature.



This dissertation consists of two parts. In the first part, we study two methods
that have been proposed to handle large MDPs. PEGASUS is a policy search method that
uses simulators and approximate linear programming is a general methodology that tries
to obtain a good policy by solving linear programs of reasonable size. We give performance
bounds for policies produced by these methods. In the second part, we study the problem
of learning an unknown MDP. We begin by considering bounded parameter MDPs. These
arise when we have confidence intervals associated with each MDP parameter. Finally,
we give a new algorithm that achieves logarithmic regret in an irreducible but otherwise

unknown MDP. This is a provably optimal rate up to a constant.

Professor Peter L. Bartlett
Dissertation Committee Chair
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Chapter 1

Introduction

Reinforcement learning is learning how to behave without having a teacher or
supervisor tell which actions to take in given situations. The learning agent interacts with
the environment collecting rewards as it tries out different actions in different situations.
This experience should help it decide which actions are better long term consequences in
terms of maximizing the rewards obtained.

Reinforcement learning problems are often modeled by Markov Decision Processes
(MDPs). We give a precise definition in the next chapter but for now it is sufficient to know

that there are four components to an MDP:

1. A state space S: This could be finite or infinite. Even if finite, the number of elements

in the state space is huge for any practical problem.

2. An action space A: This is the set of actions available to the agent. It can also depend
on the state the agent is in. Then A becomes a function of state. Again, A could be

finite or infinite.



3. A reward function R: This is the numerical reward that the agent receives in the
course of its interaction with the environment. We assume that the agent receives
a reward R(i,a) when it takes action a in state i. Sometimes, the reward is also a
function of the state that is reached after taking the action. But we will follow the

above convention.

4. The transition function P: This describes how the state of the agent changes when
it takes various actions. Since there is uncertainty in outcomes of actions, the precise
outcome of taking action a in state i is not determined. Instead, there is a certain
probability that the agent will end up in state j as a result of this action. We denote

this probability by P; 4(j)-

A crucial concept in the theory of MDPs is that of a policy. A policy provides the
agent with a way to map situations onto actions. To assess the quality of a policy, various
performance criteria have been considered in the literature. The next chapter describes two
of the most popular ones: the discounted sum of rewards and the average reward criteria.
When the parameters R and P are given explicitly, there are standard algorithms to compute
optimal policies. The running time of these algorithms typically scales polynomially in the
sizes |S| and |A| of the state and action spaces. For MDPs with large state spaces, these
algorithms are impractical. Another issue is that we often do not have direct access to
these parameters. Instead, we might be faced with an unknown MDP and the only way
to obtain information about the parameters is through interaction with the environment.
This brings the famous ‘exploration versus exploitation’ issue to the fore. On the one hand,

the agent has to take seemingly inferior actions to explore previously unvisited parts of the



state space. On the other hand, it is necessary to exploit past experience by executing those
actions that have performed well so far.

This thesis is divided into two parts. The first part, consisting of Chapters 3
and 4, deals with the problem of large state spaces. Chapters 5 and 6 form the second part
and deal with the problem of acting in an unknown MDP. We give a brief summary of the
contributions of these chapters below.

Chapter 3 considers PEGASUS, a policy search method due to Ng and Jordan [23].
In policy search, we fix a class of policies and try to find the best policy in that class. The
hope is that by giving up the goal of producing the truly optimal policy, we have made the
problem tractable. PEGASUS involves the use of a simulator for the underlying MDP. Such
simulators are often available for many tasks and PEGASUS has been successfully applied
to autonomous helicopter flight. We provide bounds on sample complexity, i.e. the number
of sample trajectories that need to be generated during the simulation in order to achieve a
given level of performance. This chapter also illustrates that the issue of sample complexity
is not straightforward since bounds cannot be obtained by just assuming that the policy
class and the MDP dynamics are simple according to the usual notions of complexity like
Pollard’s pseudodimension or the fat-shattering dimension.

Chapter 4 considers the approximate linear programming approach pioneered by
Van Roy and his colleagues. The idea behind this approach is to approximate the value
function (a measure of performance for a given policy) by a linear combination of a set of
basis functions. This approximation is then plugged into the standard linear program for

discounted MDPs. The hope is that the computation will then scale with the number of ba-



sis functions and not with the size of the state space. Obviously, making the approximation
means the policy thus obtained will be sub-optimal. We obtain a bound that quantifies the
difference in the performance of the policy derived from approximate linear programming
with constraint sampling and that of an optimal policy. This chapter also considers approx-
imation in the dual linear program which has begun to be explored in the recent literature.
We provide some preliminary results about the solution of the approximate dual. We hope
that in future this will allow us to obtain more understanding of the power of the dual
approximation approach.

Chapter 5 considers bounded parameter MDPs (BMDPs). Among other situa-
tions, they arise when we are exploring an unknown MDP. Due to limited experience, we
do not have precise estimates of the parameters R and P. Instead, each parameter has a
confidence interval associated with it. A BMDP is simply a set of MDPs whose parameters
lie in given intervals. There are at least two ways to define the value function of a given
policy in a BMDP. The optimistic value function of a policy is its value in the best MDP
for that policy. The pessimistic value function is its value in the worst MDP for that policy.
We give algorithms to compute the optimal value function in the optimistic as well the
pessimistic sense.

The recent online reinforcement learning algorithm of Auer and Ortner [5] needs to
compute an optimal policy (in the optimistic sense) for a BMDP obtained from the current
confidence intervals. The optimal policy is then executed for some time, the confidence
intervals are then updated and the process repeats. Thus, our algorithm for BMDPs can

be used as a subroutine of their algorithm. In the robust control literature, Nilim and El



Ghaoui [24] considered pessimistic value functions and gave algorithms to compute optimal
value functions and policies for the finite horizon and discounted criteria. Our work can
thus also be seen as extending their work to the case of the average reward criterion.
Chapter 6 considers the problem of minimizing regret in an unknown MDP. The
definition of regret can be found in Section 6.2 of that chapter. It measures the difference
between the accumulated reward of the agent and that of an optimal policy. Intuitively, low
regret algorithms can be thought of as making a successful exploration-exploitation trade-
off. Tt is remarkable that Burnetas and Katehakis [11] have given an algorithm following
which the agent can ensure that its regret will only increase logarithmically with time.
Their algorithm used KL-divergence in its main step and as a result needed to know the
support of the distributions P; ,. We simplify their algorithm by using L; distance instead
of KL-divergence. Our use of the L; distance not only makes the algorithm and its analysis
simpler but also gets rid of the requirement to know the support of the distributions F; ,.
Recently, Auer and Ortner [5] have also given a logarithmic regret algorithm that works
without this knowledge. We provide a comparison of the constant appearing in our bound

with the one appearing in theirs.



Chapter 2

Markov Decision Processes

A Markov decision process is a model for sequential decision making under uncer-
tainty. Mathematically, a Markov decision process (MDP) is a 4-tuple M = (S, A, P, R)
where S is the state space, A is the action space, P is the transition function and R is the
reward function. For every i € S, a € A, P, , is probability distribution over S and P; ,(3)
represents the probability of moving to state j after taking action a in state i. Also, a
reward of R(i,a) is received when action a is taken in state i. A good reference for the
theory of MDPs is the Puterman’s book [26].

The fundamental issue in making sequential decisions is that the current decision
can have long-term consequences. The reward R(i,a) is a short term measure of the value
of taking action a in state ¢. In order to discuss long-term values, we need to introduce
the notion of a policy. Intuitively, a policy is a rule for making a decision based on what
has happened in the past. A history is a sequence oy = (ig, ko, - .., 4—1, kt—1,%¢) such that

i € 5,0 <] <tand k € A0 <[ < t. A history dependent policy 7 is a sequence



{m} of probability distributions on A given o,. We denote the set of all policies by II. A
randomized stationary policy only depends on the current state and can thus be thought
of as amap p: S x A — [0,1] such that >, pu(i,a) = 1 for all i € S. When in states 1,
the policy p takes action ¢ with probability p(i,a). We denote the set of all randomized
stationary policies by IIz. A deterministic stationary policy is simply a mapping u : .S — A.
We denote the set of all deterministic stationary policies by Ilp.

Given an MDP M, a start state g and a policy m, we can define a natural stochastic
process Sg, ag, S1, a1, - . . where sg = ig, a; is drawn from the distribution m; given o; and s441
is drawn from FP;, ,,. Denote the expectations and probabilities with respect this process
by IEZ)’M and IF’Z)’M respectively. If the start state sq is not fixed but is instead chosen from

a distribution « over states, we denote the corresponding expectations and probabilities by

ErM and P2 respectively.

2.1 Discounted Reward Criterion

Given an MDP M, a discount factor v € [0,1) and policy 7 define the y-discounted

value of a policy 7 starting from state i to be

Vo mm (i) o= E?’M

Z ’YtR(St, Gt)]
t=0

If rewards are in some bounded interval, say [0, Rpax], then the above limit exists for each

policy m € II. Define the optimal value function by

V(@) := sup Va7 a(7)
mell



It is a fact from MDP theory that there is a policy p* € IIp such that
Vim = Ve -

We call such a policy optimal for the y-discounted reward criterion. When the MDP M
and discount factor v are fixed, we will denote V, , s and V;ﬁ u simply by V, and V*
respectively.

Given a policy u € IIp, define the matrix P, and the vector R, by
Define the occupation measure of p with initial distribution a as

5=

=0

¢/j47 - EH M

Note that we also have
wu,a = aT(I - F)/Pu)il

The occupation measure can be extended to state-action pairs as follows.

wu,a(iaa) = wu(i)u(iva) .

It will usually be clear from context as to which occupation measure is meant.

Define the following operators that act on V' : S — R producing a V' : S — R.
(TyunsV) (i) = R(i,a) + 7> Py V()

(T01V) (0) = max | Ri.@) +7 Y Prai)V ()

MDP theory tells us that the fixed point of these operators are V,, , ps and V* M respectively.

Again, we omit the subscripts M and ~ if those quantities are fixed in a given context.



The greedy policy with respect to a function V : § — R is defined by
(Greedy(V))(i) := arg max (R(i, a) + ’yP{LV) .

If V* is the optimal value function then Greedy(V') is an optimal policy.

2.2 Average Reward Criterion

Define the average reward value function of a policy 7 as follows.

[
Upm (i) == imin T .

This limit exists for all p € IIp. Moreover, for irreducible MDPs considered in Chapter 6
the limit is independent of the start state ¢ and is denoted there by A,. For u € Ilp, the
‘liminf’ in the above definition can be replaced by a ‘lim’ and there exists h, s : S — R
such that the following important relation holds (see, for example, Section 8.2.2 in [26])

between V., , v and Uy, v,
Vi, Uynt (6) = (1= 1)Vayunr(8) + (L= Dhyuar (@) + 0 (11 = 4P) - (2.1)

Also note that for an event A and a natural number m, we use the following

notation in the rest of the thesis.

1[A] :=1if A is true, 0 otherwise ,

[m] :={1,...,m} .
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Chapter 3

Sample Complexity of Policy

Search

In this chapter, we consider an example of a policy search method. These methods
try to find a good policy for an MDP by choosing one from a given class. In the method
we investigate, the policy is chosen based on its empirical performance in simulations. We
are interested in conditions on the complexity of the policy class that ensure the success of
such simulation based policy search methods. We show that under bounds on the amount
of computation involved in computing policies, transition dynamics and rewards, uniform
convergence of empirical estimates to true value functions occurs. Previously, such results
were derived by assuming boundedness of pseudodimension and Lipschitz continuity. These
assumptions and ours are both stronger than the usual combinatorial complexity measures.
We show, via minimax inequalities, that this is essential: boundedness of pseudodimension

or fat-shattering dimension alone is not sufficient.
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3.1 Policy Search Using Simulators

Except for toy problems with a few states, computing an optimal policy for an
MDP is usually out of the question. Some relaxations need to be done if our aim is to
develop tractable methods for achieving near optimal performance. One possibility is to
avoid considering all possible policies by restricting oneself to a smaller class II of policies.
Given a simulator for the environment, we try to pick the best policy from II. The hope is
that if the policy class is appropriately chosen, the best policy in II would not be too much
worse than the true optimal policy.

Use of simulators introduces an important issue: how is one to be sure that perfor-
mance of policies in the class II on a few simulations is indicative of their true performance?
This is reminiscent of the situation in statistical learning. There the aim is to learn a con-
cept and one restricts attention to a hypotheses class which may or may not contain the
“true” concept. The sample complexity question then is: how many labeled examples are
needed in order to be confident that error rates on the training set are close to the true
error rates of the hypotheses in our class? The answer turns out to depend on “complexity”
of the hypothesis class as measured by combinatorial quantities associated with the class
such as the VC dimension, the pseudodimension and the fat-shattering dimension.

Some progress [21,23] has already been made to obtain uniform bounds on the
difference between value functions and their empirical estimates, where the value function
of a policy is the expected long term reward starting from a certain state and following the
policy thereafter. We continue this line of work by further investigating what properties of

the policy class determine the rate of uniform convergence of value function estimates. The
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key difference between the usual statistical learning setting and ours is that we not only
have to consider the complexity of the class II but also of the classes derived from II by
composing the functions in II with themselves and with the state evolution process implied
by the simulator.

Ng and Jordan [23] used a finite pseudodimension condition along with Lipschitz
continuity to derive uniform bounds. The Lipschitz condition was used to control the cov-
ering numbers of the iterated function classes. We provide a uniform convergence result
(Theorem 1) under the assumption that policies are parameterized by a finite number of
parameters and that the computations involved in computing the policy, the single-step
simulation function and the reward function all require a bounded number of arithmetic
operations on real numbers. The number of samples required grows linearly with the di-
mension of the parameter space but is independent of the dimension of the state space. Ng
and Jordan’s and our assumptions are both stronger than just assuming finiteness of some
combinatorial dimension. We show that this is unavoidable by constructing two examples
where the fat-shattering dimension and the pseudodimension respectively are bounded, yet
no simulation based method succeeds in estimating the true values of policies well. This
happens because iteratively composing a function class with itself can quickly destroy finite-
ness of combinatorial dimensions. Additional assumptions are therefore needed to ensure
that these iterates continue to have bounded combinatorial dimensions.

Although we restrict ourselves to MDPs for ease of exposition, the analysis pre-
sented in this chapter also carries over easily to the case of partially observable MDPs

(POMDPs), provided the simulator also simulates the conditional distribution of observa-
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tions given state using a bounded amount of computation.

The plan of the rest of the chapter is as follows. We set up notation and ter-
minology in Section 3.2. In the same section, we describe the model of computation over
reals that we use. Section 3.3 proves Theorem 1, which gives a sample complexity bound
for achieving a desired level of performance within the policy class. In Section 3.4, we give
two examples of policy classes whose combinatorial dimensions are bounded. Nevertheless,
we can prove strong minimax lower bounds implying that no method of choosing a policy

based on empirical estimates can do well for these examples.

3.2 Bounded Computation Assumption

Suppose we have an MDP M = (S, A, P, R). In this chapter, we will assume that
S and A are Euclidean spaces of dimensionality dg and d 4 respectively. Further, we do not
restrict the reward function to be a deterministic function of the state. Instead, R maps
states to distributions over a bounded interval [0, Rpax]. Moreover, we also assume that
there is some initial distribution D over states such that the initial state sy is drawn from
D.

Let 7 be a randomized policy. For a discount factor v € [0,1) consider the value

of the policy,
o
P
V(D) = Ef; [Z 'ytpt] ,
t=0
where p; is a random reward drawn from the distribution R(s;,a;) where a4 in turn is

drawn from m(s;). Since M, v and D will mostly be fixed throughout this chapter, we will

denote the value function of 7 simply by V. Given a horizon length H > 0, also define the
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truncated value function,

Vvﬁr,M(D) = EBM

H
3o
t=0

We need a model of real computation to state the results in this chapter. We use
a degree bounded version of the Blum-Shub-Smale [9] model of computation over reals.
At each time step, we can perform one of the four arithmetic operations +, —, x, / or can
branch based on a comparison (say <). While Blum et al. allow an arbitrary fixed rational
map to be computed in one time step, we further require that the degree of any of the

polynomials appearing at computation nodes be at most 1.

Definition 1. Let k,[,m, 7 be positive integers, f a function from R¥ to probability dis-
tributions over R' and Z a probability distribution over R™. The function f is (Z,7)-
computable if there exists a degree bounded finite dimensional machine M over R with

input space R¥*™ and output space R! such that the following hold.
1. For every z € R¥ and ¢ € R™, the machine halts with halting time Tyy(x, &) < 7.

2. For every € RF, if ¢ € R™ is distributed according to Z the input-output map

Oyp(z, €) is distributed as f(x).

Informally, the definition states that given access to an oracle which generates
samples from Z, we can generate samples from f(z) by doing a bounded amount of com-
putation. For precise definitions of the input-output map and halting time, we refer the
reader to Chapter 2 of [9].

In Section 3.3, we assume that the policy class II is parameterized by a finite

dimensional parameter § € R%. In this setting m(s;0), Ps, and R(s,a) are distributions
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over R%, R? and [0, R] respectively. The following assumption states that all these maps

are computable within 7 time steps in our model of computation.

Assumption 1. There exists a probability distribution = over R™ and a positive integer

7 such that the functions
o s 7(s;0),
e (s,a) — Psg, and
e s+— R(s,a)

are (E,7)-computable. Let M, Mp and M, respectively be the machines that compute

them.

This assumption will be satisfied if we have three “programs” that make a call
to a random number generator for distribution =, do a fixed number of floating-point
operations and simulate the policies in our class, the state-transition dynamics and the
rewards respectively. The following two examples illustrate this for the state-transition

dynamics.

Example 1. Linear Dynamical System with Additive Noise

Suppose A and B are dg x dg and dg x d4 matrices and the system dynamics is given by
St+1 = ASt + Bat + ft 5 (31)

where & are i.i.d. from some distribution Z. Since computing (3.1) takes 2(d% + dsda + dg)
operations, P, is (2, 7)-computable for 7 = O(ds(ds + d4)). In this case, the realizable

dynamics, i.e. the mapping from state to next state for a given policy class, is not uniformly
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Lipschitz if policies allow unbounded actions. So previously known bounds [23] are not

applicable even in this simple setting.

Example 2. Discrete States and Actions

Suppose S = {1,2,...,|S|} and A = {1,2,...,|A|}. For some fixed s,a, Ps, is described
by n numbers (p1,...,png), >, 0i = 1. Let P, = Zlepi. For ¢ € (0,1], set f(§) = min{k :
P, > &}, Thus, if € has uniform distribution on (0, 1], then f(§) = k with probability
pk. Since the Py’s are non-decreasing, f(£) can be computed in log |S| steps using binary
search. But this was for a fixed s, a pair. Finding which P; , to use, further takes log(|S||A])
steps using binary search. So if = denotes the uniform distribution on (0,1] then P, is

(2, 7)-computable for 7 = O(log | S| + log | A]).

For a small €, let H be the € horizon time, i.e. ignoring rewards beyond time H
does not affect the value of any policy by more than e. To obtain sample rewards, given
initial state sp and policy mg = 7(+;0), we first compute the trajectory so,..., sy sampled
from the Markov chain induced by my. This requires H “calls” each to M, and Mp. A
further H + 1 calls to M, are then required to generate the rewards pg through pr. These
calls require a total of 3H + 1 samples from Z. The empirical estimates are computed
as follows. Suppose, for 1 < i < n, (s(()i), _;) are i.i.d. samples generated from the joint
distribution D x Z37+1 Define the empirical estimate of the value of the policy 7 by

n H
- 1 5 -
Vi =230 A elsy 0.8) -

i=1 t=0

Define an e-approximate maximizer of V to be a policy 7’ such that

VH > sup VI —¢.
well
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Finally, we mention the definitions of three standard combinatorial dimensions.
Let X be some space and consider classes G and F of {—1,+1} and real valued functions
on X, respectively. Fix a finite set X = {x1,...,z,} C X. We say that G shatters X if
for all bit vectors b € {0,1}" there exists g € G such that for all i, b; = 0 = g(x;) = —1,
b =1 = g(x;) = +1. We say that F shatters X if there exists 7 € R" such that, for
all bit vectors b € {0,1}", there exists f € F such that for all 4, b; = 0 = f(x;) < ry,
bi = 1= f(x;) > r;. We say that F e-shatters X if these exists 7 € R™ such that, for all
bit vectors b € {0,1}", there exists f € F such that for all i, b; = 0 = f(z;) < 15 — €,

bi =1= f(z;) > r; + . We then have the following definitions,

VCdim(G) = max{|X| : G shatters X} ,
Pdim(F) = max{|X| : F shatters X} ,

fatr(e) = max{|X| : F e-shatters X} .

3.3 Sample Complexity Bound

We now state the main result of this chapter. It gives the number of trajectories
that need to be generated to guarantee that an approximate maximizer of V is also an

approximate maximizer of V', the true value function.

Theorem 1. Fiz an MDP M, a discount factor v € [0,1), a policy class I1 = {s — 7(s;0) :

6 € R%}, and an € > 0. Suppose Assumption 1 holds. Then

R2 H R
max d 1 max
”>O(<1—v>2e2 i Ogeu—v))
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ensures that

E [sup V. — Vﬂn] <3e+¢,
mell

where m, is an € -approzimate mazimizer of V and H = log /4 (2Rmax/(€(1—7))) is the €/2

horizon time.

Proof. The proof consists of three steps: (1) Assumption 1 is used to get bounds on pseu-
dodimension; (2) The pseudodimension bound is used to prove uniform convergence of
empirical estimates to true value functions; (3) Uniform convergence and the definition of
€/-approximate maximizer gives the bound on expected regret.

STEP 1. Given initial state sg, parameter 6§ and random numbers &; through
&3p+1, we first compute the trajectory as follows. Recall that @y refers to the input-output

map of a machine M.

st = Py (St—1, P, (0, 8, €21-1),82t), 1 <t < H . (3.2)
The rewards are then computed by

pr = P, (s, P, (0,5, &2e-1), Eom441), 0 <t < H . (3.3)

The H-step discounted reward sum is computed as

H

> Ao =po+vlpr+v(p2 + . (-1 +pH) ) - (3.4)
t=0

Define the function class R = {(so,&) — Zfio vipi(s0,0,€) : 6 € R}, where we have
explicitly shown the dependence of p; on sg, 8 and E Let us count the number of arithmetic

operations needed to compute a function in this class. Using Assumption 1, we see that

steps (3.2) and (3.3) require no more than 27H and 7(H + 1) operations respectively.
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Step (3.4) requires H multiplications and H additions. This gives a total of 2rH + 7(H +
1) + 2H < 67H operations. Goldberg and Jerrum [17] showed that the VC dimension of
a function class can be bounded in terms of an upper bound on the number of arithmetic
operations it takes to compute the functions in the class. Since the pseudodimension of R

can be written as
Pdim(R) = VCdim{(so,g,c) — sign(f(s0,&) —¢): fER,c € R},
we get the following bound by Theorem 8.4 in [2],
Pdim(R) < 4d(67H + 3) . (3.5)

STEP 2. Recall that V,/T denotes the truncated value function for 7. For the choice

of H stated in the theorem, we have for all 7, [V,Z — V| < ¢/2. Therefore,
PEArel: |V -V >e)<PErell: [VE —VH| > ¢/2) . (3.6)

Functions in R are positive and bounded above by R’ = Ryax/(1—7). There are well-known
bounds for deviations of empirical estimates from true expectations for bounded function
classes in terms of the pseudodimension of the class (see, for example, Theorems 3 and 5

in [20]; also see Pollard’s book [25]). Using a weak form of these results, we get

2Pdim(R
32€R/> ( ) €7€2TL/64R,2 )

€

IP)(EIWGH:\VWH—VWH]>6)§8(

In order to ensure that P(3r € IT: [V — VH| > €/2) < 4, we need

2 Pdim(R
) (646R/> ( )e—eQn/256R/2 <6,

€

Using the bound (3.5) on Pdim(R), we get that

P (sup
mell

VHE _ v,

> e> <d, (3.7)
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provided

n> % (log (?) + Sd(67H + 3) log (%)) .

STEP 3. We now show that (3.7) implies

Riaxd
E supVﬁ—Vﬁn}Sﬂ—i- 2 +€) .
|:7r€H (1 - ’Y) ( )

The theorem them immediately follows by setting 6 = (1 — v)e/R.

Suppose that for all 7 € II, |V — V| < e. This implies that for all = € II,
Vi < VNH + €. Since m, is an €-approximate maximizer of V, we have for all = € II,
Vi < VNIZ +¢'. Thus, for all 7 € II, V; < VNIZ +e+¢€. Taking the supremum over 7 € IT and
using the fact that V# (m,) < V(m,) + €, we get sup,ey Ve < Vi, + 2¢ + €. Thus, if (3.7)
holds then we have

P(supVﬂ—Vﬂn >2€+e’> <94.
mell

Denoting the event {sup,cp Vr — Vi, > 2¢ + €'} by E, we have
E [sup Ve — Vﬂn] =E1[E] [sup Ve — Vﬂn} +E1[-E] [sup Ve — Vﬂn]
well well well

< Rmaxé/(l - 7) + (26 + 6,) .

where we used the fact that the random variable whose expectation we are bounding is

upper bounded by Ryax/(1 — 7). O

3.4 Two Policy Classes Having Bounded Combinatorial Di-

mensions

We will describe two policy classes for which we can prove that there are strong

limitations on the performance of any method (of choosing a policy out of a policy class) that
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has access only to empirically observed rewards. Somewhat surprisingly, one can show this
for policy classes which are “simple” in the sense that standard combinatorial dimensions of
these classes are bounded. This shows that sufficient conditions for the success of simulation
based policy search (such as the assumptions in [23] and in our Theorem 1) have to be
necessarily stronger than boundedness of standard combinatorial dimensions.

The first example is a policy class F; for which fatz, (¢) < oo for all € > 0. The
second example is a class F» for which Pdim(F2) = 1. Since finiteness of pseudodimension
is a stronger condition, the second example makes our point more forcefully than the first

one. However, the first example is considerably less contrived than the second one.

Policy Class 1

Let Mp = (S, A, P, R) be an MDP with initial state distribution D and

S=[-1,+1],

A=1]-2,42],

1 if ¢ = max(—1, min(s + a,1)))
Py a(sl) = )

)

0 otherwise

R = deterministic reward that maps s to s

Let v be some fixed discount factor in [0, 1).
For a function f : [-1,+1] — [—1,+1], let 7y denote the (deterministic) policy
which takes action f(s)— s in state s. Given a class F of functions, we define an associated

policy class Il = {my : f € F}.



22

We now describe a specific function class F;. Fix ¢; > 0. Let T be an arbitrary

finite subset of (0,1). Let d(xz) = (1 — |z|)+ be the “triangular spike” function. Let
(

-1 -1<x<0

Jr(x) =190 =0

€1 r—y e
kr;leai)“((mé(E/IT\) |T\) 0<z<1

There is a spike at each point in 7" and the tips of the spikes just touch the X-axis (see

Figure 3.1). Let

fr=frofro...ofr.

n times

Since —1 and 0 are fixed points of Fr(x), it is straightforward to verify that

-1 -1<z<0

lzeT]—-1 0<ax<1

(

Also, f& = f2 for all n > 2. Define Fy = {fr : T C (e1,1),|T| < co}. By construction,
functions in F; have bounded total variation and so, fatz (¢) is O(1/€) (see, for example,
Chapter 11 in [2]). Moreover, fr(z) satisfies the Lipschitz condition everywhere (with

constant L = 1) except at 0. This is striking in the sense that the loss of the Lipschitz

property at a single point allows us to prove the following lower bound.

Proposition 2. Let g, range over functions from S™ to Fi. Let D range over probability

distributions on S. Then,

2

>

— 2€q1 .
gn(s1,eys™) 11—~ 1

infsup E1  gnyupn | sup Vvp o — Vipr
gn D 7T€H_7:1
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Figure 3.1: Plot of the function fr with 7' = {0.2,0.3,0.6,0.8}. Note that, for x > 0, fr(x)
is 0 iff x € T. Also, fr(x) satisfies the Lipschitz condition (with constant 1) everywhere
except at 0.

This says that for any method that maps random initial states s'

,...,s" to a
policy in IIr, there is an initial state distribution such that the expected regret of the
selected policy is at least v2/(1 — ) — 2¢;. This is in sharp contrast to Theorem 1 where we
could reduce, by using sufficiently many samples, the expected regret down to any positive
number given the ability to maximize the empirical estimates V.

Let us see how maximization of empirical estimates behaves in this case. Since
fatr, (€) < oo for all € > 0, the law of large numbers holds uniformly (see Theorem 2.5
in [1]) over the class Fj. The transitions, policies and rewards here are all deterministic.
The reward function is just the identity. This means that the 1-step reward function family
is just F1. So the estimates of 1-step rewards are still uniformly concentrated around their

expected values. Since the contribution of rewards from time step 2 onwards can be no

more than v2 +~3 +... =~2/(1 — 7), we can claim that, for any initial distribution D,

E sup VMD,TK' - VMD,TK'n < 7 +ey,
7T€H_7:1 1 v
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where e, — 0. Thus the bound in Proposition 2 above is essentially tight.
Before we prove Proposition 2, we need the following lemma whose proof is given

in Appendix A, Section A.1.

Lemma 3. Fiz an interval (a,b) and let T be the set of all its finite subsets. Let g, range

over functions from (a,b)"™ to T. Let D range over probability distributions on (a,b). Then,

inf sup <sup Ex~pl[X € T] - Ex, x,)~DrEx~p)1[X € gn(X1,... ,Xn)]) >1.
gn D \TeT

Proof of Proposition 2. We will prove the inequality when D ranges over distributions on
(0,1) which, obviously, implies the proposition.

Since, for all f € F; and n > 2, f* = f2, we have

Sup VMDJI’ - E(sl,...,s")wD"VMD(Wgn(sl,...,s"))
WEH}‘l

2
= sup Esp {8 +f(s) + ’y—fQ(S)}

fer 1—~
2
o IE(sl,...,s")ND” |:E8~D[5 + 'an(sla ey 8T)(8) + 1— ’ygn(sl, e 75n)2(5)]:|
,y2
= sup B [2£(6) + 1 120)
fer -7
1 " 1 2
B [Baenbans o )(6) + (sl P

For all f1, fao, |Efi — Efa| < E|f1 — f2| < €1. Therefore, we can get rid of the first terms in

both sub-expressions above without changing the value by more than 2ye;. Thus, continuing



25

to bound the expression above, we get

2

2
v 2 i 1 n\2
> E ~ _E n\~ N E ~ S — geeey
> sup E, D[l_vf <s>} e T (R <s>]}

— 2’)/61

2
:17 (sup Eswp [fQ(S) + 1] - IE(s1 ..... s")wD"Est[gn(sla s 73n)2(8) + 1])
— 7 \fer

— 2veq .
From (3.8), we know that fZ(z) + 1 restricted to z € (0,1) is the same as 1[x € T).

Therefore, restricting D to probability measures on (0,1) and applying Lemma 3, we get

2
. 2
infsup | sup Vi, r —Egor  snyupn Vg« (o1 > — 2ver .
gn D \rmellg gn Y

Noting that v < 1 finishes the proof. U

Policy Class 2

We use the MDP of the previous section with a different policy class which we now

describe. For a real number z,y € (0,1) with binary expansions (choose the terminating

representation for rationals) 0.b1b9bs ... and 0.cicacs . . ., define
mix(z,y) = 0.bycibacy . .. stretch(z) = 0.6;002003 . . .
even(x) = 0.bgb4b6 e Odd(.ﬁlf) = 0.b1b3b5 e

Some obvious identities are mix(x,y) = stretch(z) + stretch(y)/2, odd(mix(z,y)) = x and
even(mix(x,y)) = y. Now fix €2 > 0. Since, finite subsets of (0,1) and irrationals in (0, €2)

have the same cardinality, there exists a bijection A which maps every finite subset T of
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(0,1) to some irrational h(T") € (0,€2). For a finite subset T" of (0, 1), define

1 [odd(—z) € ™ (even(—z)] —1<z<0

fr(z) =90 2 =0
—mix(z, h(T)) 0<z<1
1 r=1

\

It is easy to check that with this definition, f2(x) = 1]z € T for z € (0,1). Finally, let
Fo={fr:T C(0,1),|T| < co}. To calculate the pseudodimension of this class, note that
using the identity mix(z,y) = stretch(x) + stretch(y)/2, every function fr in the class can

be written as fr = fo + fr where fo is a fixed function (does not depend on T') and fris

given by
0 -1<z<0
fr(x) = § —stretch(W(T))/2 0<a <1
0 r=1

Let H = {fr : T c (0,1),|T| < oo}. Since Pdim(H + fo) = Pdim(H) for any class H and
a fixed function fy, we have Pdim(F,) = Pdim(H). As each function fr(z) is constant on

(0,1) and zero elsewhere, we cannot shatter even two points using H. Thus, Pdim(H) = 1.

Proposition 4. Let g, range over functions from S™ to F5. Let D range over probability

distributions on S. Then,

infsup E 1 gnyopn | sup Varp.r — Varp o
P (s1,..,8m) relly, D, DTy (st,...,s™) 1—v
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Sketch. Let us only check that the properties of F; that allowed us to proceed with the proof
of Proposition 2 are also satisfied by F,. First, for all f € F, and n > 2, f™ = f2. Second,
for all fi, fo € Fo and x € [—1,+1], |fi(x) — fa(z)| < e2/2. This is because fr, and fr, can
differ only for x € (0,1). For such an z, | fr, () — fr, ()| = | mix(z, h(T1) —mix(x, h(T2))| =
| stretch(h(T})) — stretch(h(12))|/2 < €2/2. D = some distribution on [—1,+1], D = some

distribution on [—1,+1], Third, the restriction of fZ to (0,1) is 1 [z € T7. O
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Chapter 4

Approximate Linear Programming

In this chapter, we consider the approximate linear programming approach to
solving large MDPs that has been pioneered by Van Roy and his colleagues. We first
consider the exact linear program that can be used to solve for the optimal value function
of an explicitly given MDP. We then make a linear approximation for the value function
resulting in the approximate linear program. We give a new proof of one of Van Roy’s
bounds by directly appealing to LP duality. Then we derive a bound on the performance
of the greedy policy obtained from the solution of the approximate linear program with
constraint sampling. The bound that previously appeared in the literature could only be
applied to the solution of the approximate linear program without constraint sampling. We
also look at the idea of approximating the exact dual linear program and prove bounds on

the amount by which the optimum shifts as a result of making the approximation.
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4.1 The Exact LP and its Dual

Given an MDP M = (S, A, P, R) and a discount factor v € [0,1), there are several
ways to compute an optimal policy u* for the y-discounted sum of rewards criterion. One

way is to solve the following linear program.

PriMALLP

minimize o'V

subject to V(i) > R(i,a) + ’yPZ-LV V(i,a) € S x A

Here « is probability distribution over states such that a(i) > 0 for all i € S.
For any such «, the optimal value function V* = V)« is the unique optimal solution of
PRIMALLP. The variables of the above linear program are V (i), i € S. It therefore has |S]
variables and |S||A| constraints.

Introducing the dual variable ¢(i,a) for the constraint corresponding to the state-

action pair (i,a), we get the following linear program which is the dual of PRIMALLP.

DuaLLP

maximize R' ¢

subject to Y ¢(i,a) = a(i) + 7Y _ Pja(i)é(j,a) Vi€ S
a 7,a

o(i,a) >0 V(i,a) € S x A

The following theorem relates the feasible solutions of the dual linear program

to state-action visitation frequencies of stationary randomized policies. It also relates the
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optimal solutions to the visitation frequencies of optimal policies. This can be found in

standard textbooks, for example, in Section 6.9 of [26].

Theorem 5. Consider the linear program DUALLP.

. For any p € g, ¥,.0(i,a) is a feasible solution.

. Suppose ¢(i,a) is a feasible solution. Define the policy p € Iy by

i)
Wb @) = o)

Then, ¢(27 a’) = ¢u,a (iv a)'
. If p € Il is an optimal policy then 1, o(i,a) is an optimal solution.

. Suppose ¢*(i,a) is an optimal solution. Define the policy u € g by

¢*(i,a)

M) = 5 )

Then, p is an optimal policy.

4.2 Basis Functions and the Approximate LP

For large MDPs, solving the linear program PRIMALLP or its dual DUALLP is im-

practical. To address this issue, Van Roy [12] and his colleagues have pioneered the approzi-

mate linear programming approach where we choose a set of K basis functions {hy,...,hi}.

Each basis function h; : S — R is a function on the state space. We try to approximate the

true value function V* by a linear combination of the basis functions,

K
V* = Zwlhl = Hw s
=1
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where w = (w1, ...,wg)" and H = (hq,...,hk) is a |S| x K matrix. Plugging V = >, wily

into PRIMALLP, we get the following linear program.

APPROXPRIMAL

minimize o' Hw

subject to (Hw)(i) > R(i,a) +~P, , Hw V(i,a) € S x A

The variables in the above LP are wq, ..., wg. Thus, we have reduced the number
of variables from |S| to K. Unfortunately, the number of constraints is still |S||A|. Con-
straint sampling has been suggested in the literature [13] to handle this issue. However,
let us first focus on the quality of the value function Hw™* obtained from a solution w*
of APPROXPRIMAL. The issue of feasibility arises here even before we can talk about the
solution w*. An assumption that guarantees feasibility of APPROXPRIMAL is that our basis

includes a constant function. We make this assumption for the rest of the chapter.

Assumption 2. There exists h; € {hi,...,hx} such that k(i) =1 for all i € S.

For later reference we also state the dual of APPROXPRIMAL.

DUALAPPROXPRIMAL

minimize R ¢
subject to

D oli,a)(i) =D a(@hi(i) +7> Pra(i)e(G,a)l(i) Vi€ [K]

i,a 7 7,a,t

¢(i,a) >0 V(i,a) € Sx A
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Define the weighted 1-norm,
Ve =) a@V(@)] .
€S

De Farias and Van Roy proved the following simple bound.

Theorem 6. If w* is a solution to APPROXPRIMAL, then

2
V¥ — Hw"||1 o < :H&nHV* — HW|| -

The above result gives a guarantee on the quality of the solution obtained from the
approximate LP APPROXPRIMAL provided that the span of the basis functions can approx-
imate the optimal value function well in an infinity-norm sense. The latter assumption is a
very strong one and de Farias and Van Roy went on to derive further results which relied
on weaker assumptions. Nevertheless, Theorem 6 remains a key result offering support for
the approximate linear programming approach. It is derived in [12] using the properties of
the dynamic programming operator. Below we provide a general result for linear programs
from which Theorem 6 may be deduced as a simple corollary. Our derivation also clearly
indicates that the only property of the dynamic programming operator T that we use is

that V' > TV implies V > V*. Consider a general linear program,

minimize ¢’z (4.1)

subject to Az > b



33

and its dual,

maximize b'y (4.2)
subject to ATy = ¢

y>0

Here the dimensions of ¢, x, A,b and y are n x 1, n x 1, m xn, m x 1 and m x 1 respectively.
Suppose, we now try to approximate x as a linear combination Hw of the columns of a

n x K matrix H leading to the linear program,

minimize ¢' Hw (4.3)

subject to AHw > b
and its dual,

maximize b’y (4.4)
subject to H' ATy = H'¢

y=>0

An interesting thing to notice here is that making the approximation x ~ Hw in the
primal (4.1) amounts to approximating the feasible region of the dual (4.2). The K equality
constraints in (4.4) are linear combinations of the n equality constraints in (4.2). Suppose
all four linear programs above are feasible and bounded. Denote the solutions to them
by z*,y*, w* and g respectively. From our discussion above, it is clear that the value
T %

c¢'xz* = b y* of the original linear program is less than the value ¢ Hw* = b'§ obtained

after approximation. This is because approximating the feasible region of a maximization
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problem by a superset can only result in a larger value for the optimum. The result below

gives a bound on the amount by which the optimum shifts.

Theorem 7. Suppose the linear programs (4.1)—(4.4) are feasible and bounded. Denote their
solution by z*,y*, w* and § respectively. Define the dual violation vector A := AT§ — c.
Then, we have

¢ Hu' — ¢Ta* < |All, min " — Hul),
for any p,q > 1 satisfying }D + % =1.
Proof. By strong duality, non-negativity of § and feasibility of z* in (4.1), we have

c"Hw =¢§'b< " Ax™ .

Thus,

c"Hw* —c¢'a* < (ATg—c)Ta* = ATa* . (4.5)
By feasibility of § in (4.4), we have H' (A"§ — ¢) = 0 and hence, for any w,

w H'(ATj—¢)=0.
Combining this with (4.5), we get
" Hw* —c"z* < AT(2* — Hw) < |Allp||z* — Hwl|, .

Minimizing over w finishes the proof. O

Using the above result we can now derive Theorem 6.

Proof of Theorem 6. We apply Theorem 7 to PRIMALLP, DUALLP, APPROXPRIMAL and
DUALAPPROXPRIMAL. Denote their solutions by V*,¢*, w* and ¢. Assumption 2 guaran-

tees that they are all feasible and bounded and that ||¢||; = 1/(1 — ). The dual violations
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are, by definition,
A(i) = ¢(i,a) =7 Pia(i)d(j,a) — ali) .
a 7,a

We can bound the 1-norm of A as follows.

DIAGOI=D"1D d6a) =7 Pra(D)é( a) — ali)
i a Jra

%

<10l + 7110l + llells

1 Y
=—+—+1
1—'y+1—'y+

1—7

Now we can use Theorem 7 with p =1 and ¢ = oo to get
T * Tyr* 2 : *
a Hw' —a V' < —— min||V* — Hw|| .
1—v w
We finish the proof by noting that the constraints in APPROXPRIMAL ensure Hw* >
T(Hw*) which implies that Hw* > V*. Therefore, o' Hw* —a' V* = ||[V* — Hw*||1 . O
4.3 Performance Bound for Greedy Policies

The previous section only gave a bound on the norm of the difference V* — Hw*.

We are ultimately interested in the performance of the greedy policy
u(w*) := Greedy(Hw™)

derived from w*. De Farias and Van Roy [12] provided such a result that we quote below.
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Theorem 8. Let V' be such that V > TV. Let p = Greedy(V). Then, for any probability

distribution v over states,

* 1 *
V" =Vidhw = 7= V" =Vl

Since we know that the solution w* to the approximate linear program APPROX-
PRIMAL satisfies Hw* > T'(Hw™), the above theorem can be applied to it. However, as we
noted above, the approximate linear program has |S||A| constraints. Therefore, we cannot
hope to find w* efficiently for large MDPs. To tackle this problem, de Farias and Van Roy
suggested that we sample the constraints by putting a probability distribution over .S x A.
Let w denote that solution of the linear program with just the sampled constraints. When
the sampling distribution is

@Z)u*,a(i)

Y*(i,a) = A (4.6)

they showed that ||V*—HW|| o is not much larger than ||V*—Hw*||; o, with high probability
provided we sample enough constraints. It turns out that the number of sampled constraints
only needs to be larger than some polynomial function of K, |A| and other parameters of
the MDP but it does not depend on the state space size |S|. However, no bound is currently
known to bound the performance of the greedy policy obtained from Hw. Theorem 8 is

inapplicable since it is no longer true that Hw > T'(Hw). However, we do know that

e ({i €S (HW)(@) < (T(HW))(i)})

is small with high probability (see Theorem 2.1 in [12]). This motivates our next result.

Suppose p = Greedy (V). The following theorem bounds the norm of the difference
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V* —V, in terms of the norm of V* — V and the set of violated constraints
Cy:={ieS:V(HEH <(TV)3H)} .
Note that if Cyy = (), we recover the bound of Theorem 8.

Theorem 9. Let u = Greedy(V), up = Greedy(T*V) and N = |TV — V||oo. For X C S,
define
o(X):=> Py Pu,_, .. .Puylx,
k=1
where 1x is a vector defined by 1x(i) = 1[i € X]. Then, we have

* 1 * TVU(CV)
V= Valy < 7——=IV" = Vi1, +N (“7

=15 1—~ —|—Z/(Cv)—|—l/TU(C\/)> .

Proof. We first prove by induction that, for all £ > 1,

TV <T*J + N+ P, P

HE—1

.. P,y . (4.7)
For the base case, we need to prove

T?V < TV + NyP, 1¢, . (4.8)



Towards this end, write

(T(TV))(@) = (T (T))(7)

[ 1 = Greedy(TV)]

Zul +’YZ 1,11 (4

R, i1 () +7 D Piyp)(
jeCy

Z ul +’Y Z ]Dzul(z
j€Cy

[TV <V outside Cy]

Zul +’YZ‘P’LM1

Zul +’YZ‘P’LM1

[definitions of N and 1¢, ]
Z (7)) + Z 01 (2

[definition of P, ]

< (TV)(i) + Ny(Pu 1oy ) (i) -

[definition of T

Vi) +7 Y P O)((TV

38

+’YZ ul() V)(9)

JjeCyv

V(i) 47D Piuwem@TV)()

JECY

)(G) = (7))

JeCY

)+ NvY_ Piyuy()1oy (4)
J

N’Y(P H1 1Cv)(i)
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We have thus shown (4.8). Now assume that (4.7) holds for k. Then we have,

(T"20)() = (T,

HEk+1

(TH10)) (i)
[ prg1 = Greedy(TF1V)

R(Z Hk:—f—l +’YZ uk+1(z Tk+lv)( )

< R(iy i1 (0) +7 D Pi o0 D(TV)(G) + NY* (B By - Pun1ey)) ()
J

[Induction hypothesis]

= R0, pe+1(8) +7 Y o 0O (TV)G) + NV (B Py - Pus Loy ) ()
J

[definition of P,

Hk+1]

(Tk:—l—lv)( ) + N’yk+1(P

Hk41

P P 1Cv)(i)

[definition of T

Thus, we have shown that (4.7) holds for k + 1 too. Since TV — V* for any V, apply-

ing (4.7) for different values of k, adding them and taking limit as k& — oo, we get

V* < TV + No(Cy) . (4.9)
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Now, we have

IV* = Villiw =" (VF = V)

-V, <V

<v'(TV + No(Cy) —V,)
[by (4.9)]

=v (TV —V,) + Nv'o(Cy)

<v'(V-V,)+ Nv(Cy)+ Nv'o(Cy)
[definitions of N and Cy/]

= L@zﬁ (V—TV)+ Nv(Cy)+ Nv'o(Cy)

1—~ A7

[ see proof of Theorem 3.1 in [12] ]

1
< —7¢ly(v —V*+ No(Cy)) + Nv(Cy) + Nv'o(Cy)

1—
by (4.9)]
< %wly(v ~V*Y+N (M%SV) +v(Cy) + Z/TJ(CV)> .
The theorem follows by noting that 1/)2;”(1/ V) <V =V, O

As opposed to de Farias and Van Roy’s result, the above bound holds for any V.
However, a number of issues need to be worked out before it can be successfully applied to
V = Hw. First of all, we only know that ||[V* — HWl||; o is small with high probability in
case we can sample from ¢*(i,a) (recall the definition given in (4.6)) which requires access
to the occupation measure of an optimal policy. But an optimal policy is unavailable in

the first place! We can assume oracle access to samples from the trajectory of an optimal
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policy. Such an assumption might be reasonable when we do not know an optimal policy
but have blackbox access to an implementation of an optimal or near-optimal policy. For
example, in the autonomous vehicle navigation setting, we do have expert human drivers
available to us.

Even with this assumption, the above bound is useful only if

o= wu(v?/),u .

Note the recursive nature of the above relation. The vector w itself is obtained as a solution
to a random linear program whose objective function involves . An approach worth inves-
tigating is to view the above as a fixed point equation and try to find a solution by repeated
iterations of the mapping whose fixed point is required. This is not very straightforward
as the mapping is random (note that obtaining w involves randomly sampling constraints)
and so the iterates might not converge.

Another issue is that of controlling the additional terms appearing in the bound.
They all measure the “size” of the set Cp in various ways. We do know that ¢« o(Crv)

is small with high probability. This suggests that we choose v ~ 1)+ 4.

4.4 Approximating the Dual

So far in this chapter, we have approximated the variables in the primal linear
program PRIMALLP. Recently, the idea of approximating the variables in the dual linear
program DUALLP has been receiving some attention [14,28]. We follow the strategy of the
previous section by first stating a result for general linear programs and then deriving a

result for MDPs as a simple corollary. Consider the linear programs (4.1) and (4.2). Instead
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of x, suppose we try to approximate y as a linear combination Gu of the columns of a m x K

matrix G leading to the linear program,

maximize (Gu)'b (4.10)
subject to AT Gu = ¢

Gu >0
and its dual,

minimize ¢’z (4.11)
subject to G (b— Az + ) =0

A>0

Note that making the approximation y ~ Gu in the dual (4.2) amounts to approximating the
feasible region of the primal (4.1). Assuming feasibility and boundedness of the concerned
linear programs, denote the solutions to (4.1), (4.2), (4.10), (4.11) by «*,y*,u* and D)
respectively. It is clear that the value ¢'2* = b"y* of the original linear program is more
than the value ¢' # = b Gu* obtained after approximation. This is because we have relaxed
the constraints by approximating the feasible region of a minimization problem. This can
only result in a smaller value for the optimum. The result below gives two bounds on the

amount by which the optimum shifts.

Theorem 10. Suppose the linear programs (4.1), (4.2), (4.10) and (4.11) are feasible and

bounded. Denote their solutions by z*,y*,u* and %, A respectively. Then, we have

(") b= (Gu") b < [Ib— AZ + Al min |y* — Gull, , (4.12)
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and

(¥*) b~ (Gu*) b < [|b— Az, min [ly* —Gull, , (4.13)
Gu>0
for any p,q > 1 satisfying }D + % =1.
Proof. By strong duality and feasibility of y* in (4.2), we have
(Gu)Tb=clz = (y")" A .

Thus,

(y") "o (Gu") o= (y") " (b~ AZ) . (4.14)

By feasibility of Z, X in (4.11), we have G (b — A% + A) = 0 and hence for all v,
(Gu)T(b—AZ+X)=0.
Combining this with (4.14), we get
() b — (Gu*) b= ()" (b — AZ) — (Gu)T (b — Az + \) .
Since y*, A > 0, we have (y*)TS\ > 0 and thus adding it to the right hand side we get
(") Tb— (Gu") b < (5" — Gu) (b~ A7+ X) < lly* — GullyIb— A7+ Al

Minimizing over u gives (4.12). Alternatively, if we know that Gu > 0 then we can add the

non-negative quantity (Gu)TS\ to the right hand side to get
(¥*) T = (Gu) "o < (y" — Gu)T (b — AZ) < |ly* — Gul|g||b — Az, -

Minimizing over u such that Gu > 0 gives (4.13). O
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We now show how to use the above result to say something about the linear

program when we plug the approximation ¢ ~ Gu in DUALLP.

ApPPrROXDUAL

maximize (Gu)' R

subject to ZGu i,a) = a1 —I—’yz (jya) VieS

(Gu)(i,a) >0 V(i,a) € S x A

Here, G is a |S||A| x K matrix and u is a K x 1 vector. The idea is to approximate

the occupation measure 1, o = ¢* of an optimal policy by a linear combination of the

columns of G. The dual of the above linear program is the following.

DUALAPPROXDUAL

minimize ol V

subject to ZGl(i,a) (R(z a) —l—’yPT V-V + A(i,a)) =0 VielK]

2,0

Ai,a) >0 V(i,a) € S x A

In order to ensure that the above linear programs are feasible and bounded, we

make the following assumption.

Assumption 3. One of the columns G; of G is the occupation measure v, o of some policy

We now use Theorem 10 to relate the value of APPROXDUAL to that of DUALLP.



45

Theorem 11. Let V* ¢*, u* and f/,;\ be solutions to the linear programs PRIMALLP,

DuALLP, APPROXDUAL and DUALAPPROXDUAL respectively. Define

Ai(i,a) = R(i,a) + 7P,V = V(i) + A(i,a) ,

Ay(i,a) := R(i,a) + fmef/ — V(z) .

Then, we have

(¢")" R~ (Gu") "R < [|At]|oo min [l¢* — Gl ,

and

(67) R —(Gu") R < [|A2]loc min [|¢” — Gully -

Proof. Assumption (3) guarantees that the four linear programs under consideration are

feasible and bounded. So, the result follows immediately from Theorem 10. U

No performance guarantees are currently available in the literature for methods
that approximate the dual variables rather than the primal variables. The above result is a
small step in this direction but it falls short of being satisfactory due to a number of reasons

as described below.

e The bound is a posteriori. Unlike the previous section, we cannot find an easy way
to derive an a priori bound on either ||A|loo or |Alse. So, the bounds can only be

applied after having solved the linear programs.

e The result only bounds the amount by which the optimum shifts. Unfortunately, this
does not immediately imply a bound on ||¢* — Gu*|| for any choice of the norm || - ||.

This is because we do not have ¢* > Gu*.
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e The span of columns of G is required to approximate the occupation measure ¢* of

the optimal policy well in Li-norm. This is a very stringent requirement.
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Chapter 5

Bounded Parameter Markov

Decision Processes

Bounded parameter Markov Decision Processes (BMDPs) were defined by Givan
et al. [16] to address the issue of uncertainty in the parameters of an MDP. Unlike the case
of an MDP, the notion of an optimal policy for a BMDP is not entirely straightforward.
We consider two notions of optimality based on optimistic and pessimistic criteria. These
have been analyzed for the discounted rewards criterion in [24]. In this chapter, we will
consider the average reward criterion. We will establish a fundamental relationship between
the discounted and the average reward problems, prove the existence of Blackwell optimal
policies and, for both notions of optimality, derive algorithms that converge to the optimal

value function.
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5.1 Uncertainty in MDP Parameters

In an MDP, the uncertainty involved in the outcome of making a decision in a cer-
tain state is represented using various probabilities. However, these probabilities themselves
may not be known precisely. This can happen for a variety of reasons. The probabilities
might have been obtained via an estimation process. In such a case, it is natural that con-
fidence intervals will be associated with them. State aggregation, where groups of similar
states of a large MDP are merged to form a smaller MDP, can also lead to a situation where
probabilities are no longer known precisely but are only known to lie in an interval.

In this chapter, we are concerned with such higher level uncertainty, namely un-
certainty about the parameters of an MDP. Bounded parameter MDPs (BMDPs) have been
introduced in the literature [16] to address this problem. They use intervals (or equivalently,
lower and upper bounds) to represent the set in which the parameters of an MDP can lie.
We obtain an entire family, say M, of MDPs by taking all possible choices of parameters
consistent with these intervals. For an exact MDP M and a deterministic stationary policy
w (which is a mapping specifying the actions to take in various states), the 7-discounted
value from state ¢, V,, ,, p(i) and the long term average value Uy, /(i) are two standard ways
of measuring the quality of p with respect to M. When we have a family M of MDPs, we
are immediately faced with the problem of finding a way to measure the quality of a policy.
An optimal policy will then be the one that maximizes the particular performance measure
chosen.

We might choose to put a distribution over M and define the value of a policy

as its average value under this distribution. In this chapter, however, we will avoid taking
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this approach. Instead, we will consider the worst and the best MDP for each policy and

accordingly define two performance measures,

UP (i) :== sup Uy (i)
MeM

UE=(i) = inf Upni(3)

where the superscripts denote that these are optimistic and pessimistic criteria respectively.
Analogous quantities for the discounted case were defined in [16] and algorithms were given
to compute them. However, as the discounted and average reward criteria are quite different,
these results do not immediately yield algorithms for the average reward case. In this
chapter, we give such algorithms.

The optimistic criterion is motivated by the optimism in the face of uncertainty
principle. Several learning algorithms for MDPs [5, 10, 15, 27] proceed in the following
manner. Faced with an unknown MDP, they start collecting data which yields confidence
intervals for the parameters of the MDP. Then they choose a policy which is optimal in
the sense of the optimistic criterion. This policy is followed for the next phase of data
collection and the process repeats. In fact, the algorithm of Auer and Ortner [5] requires,
as a blackbox, an algorithm to compute the optimal (with respect to the optimistic criterion)
value function for a BMDP.

The pessimistic criterion is related to research on robust control of MDPs [24]. If
nature is adversarial, then once we pick a policy p it will pick the worst possible MDP M
from M. In such a scenario, it is reasonable to choose a policy which is best in the worst
case. The results of this chapter can also be seen as extending this line of research to the

case of the average reward criterion.
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The rest of the chapter is organized as follows. In Section 5.2 we define two kinds of
optimal value functions based on the optimistic and pessimistic criteria mentioned above.
The main result in Section 5.3 is a relation between the optimal value functions for the
average reward and discounted criteria. This result depends on a finite subset property
(Theorem 14) satisfied by BMDPs. Section 5.4 proves the existence of Blackwell optimal
policies. In the exact MDP case, a Blackwell optimal policy is a policy that is optimal
for an entire range of discount factors in the neighborhood of 1. Existence of Blackwell
optimal policies is an important result in the theory of MDPs. We extend this result
to BMDPs. Then, in Section 5.5, we build up on the previous sections and exploit the
relationship between the discounted and average returns together with the existence of a
Blackwell optimal policy to derive algorithms that converge to optimal value functions for
both optimistic as well as pessimistic criteria. In Section 5.6, we consider an extension
of BMDPs by allowing semi-algebraic constraints on MDP parameters. That section also

proves the existence of Blackwell optimal policies for semi-algebraically constrained MDPs.

5.2 Optimistic and Pessimistic Value Functions

Recall that an MDP is a tuple (S, A, P, R). In this chapter, both the state space
S and the action space A will be finite.

Let p: S +— A be a deterministic stationary policy. Recall that, for v € [0, 1), we
denote the 7-discounted value function of u by V, , » and the optimal value function by

7*, - Also recall that there is a stationary deterministic policy p* such that

. *
VWL*,M = V%M .
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Also recall the definition of the average reward value function.

[
Upm (i) == imin T

A bounded parameter MDP (BMDP) is a collection of MDPs specified by bounds
on the parameters of the MDPs. For simplicity, we will assume that the reward function
is fixed, so that the only parameters that vary are the transition probabilities. Suppose,
for each state-action pair i,a, we are given lower and upper bounds, (i, j,a) and u(i, j,a)
respectively, on the transition probability P; ,(j). We assume that the bounds are legitimate,
that is

Vi7a’7j7 0 S l(27j7a) S u(27j7a) 9

Vi,a, Y 1(i,5,0) <1 A Y uli,ja) > 1.
j j

This means that the set defined by
S . .o .o
Ciw={q€ RU 1 q'1=1 A Vj, I(i,5,a) < qj <ui,j,a)}

is non-empty for each state-action pair i,a. Fix S, A and R and define the collection of
MDPs

M:={ (S5, A,P,R) : Vi,a, Pia€Cia} .

We could also choose lower and upper bounds for R(i,a) and also let the rewards vary. But
for simplicity, we keep a fixed reward function for all MDPs.
Given a BMDP M and a stationary deterministic policy u, there are two natural

choices for the value function: an optimistic and a pessimistic one,

OPE(§) 1= ) PSS (§) := inf ) . 1
V’y,u (Z) ]\316134 V’lehM(Z) V’y,u (Z) ]\41r€1./\/l V’YvH,M(Z) (5 )
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We also define the undiscounted value functions,

URPH(i) := sup Uy (i) UR®(i) = ]\/}relfw U (i) (5.2)

Optimal value functions are defined by maximizing over policies.

V(i) 1= max V2 () VES(i) 1= max VEE() (5.3)
U°PL (i) := max U (i) UP (i) := max U (i) (5.4)
M M

5.3 Relation between Discounted and Average Reward Cri-

teria

In this chapter, we are interested in computing U°P* and UP®. Algorithms to
compute Vgpt and VE® have already been proposed in the literature [24]. Let us review
some of the results pertaining to the discounted case. We note that the results in this
section, with the exception of Theorem 15, either appear or can easily be deduced from
results appearing in [16]. However, we provide self-contained proofs of these in Appendix B.
Before we state the results, we need to introduce a few important operators. Note that,
since C; , is a closed, convex set, the maximum (or minimum) of ¢"V (a linear function of

q) appearing in the definitions below is achieved.
(T™V) (i) == R(i,a) +v max q'V

9€C;s (3

opt N ; T
(TP*V) (i) = max [R(z,a) + 7 Iax g V]

N . . T
(TPSV) (i) := R(i,a) + vqercr}:il(i) q'V

pes N . T
(TPV) (i) max [R(z,a) - 7 in g V]
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Recall that an operator T' is a contraction mapping with respect to a norm || - || if there is
ay € [0,1) such that

VVl,Vg, ”TV1 — TVQH S ’)/”Vl — VQH .

A contraction mapping has a unique solution to the fixed point equation TV = V and the
sequence {T*V;} converges to that solution for any choice of Vj. It is straightforward to
verify that the four operators defined above are contraction mappings (with factor ) with
respect to the norm

IV[loo := max [V (2)] -

We saw in Chapter 2 that the fixed points of T, ;, s and T} ps are V,, , pr and VW*,M respec-
tively. The following theorem tells us what the fixed points of the above four operators

are.

. t t t t
Theorem 12. The fized points of TyY, , Ty, TSy and TV are Vi3, VP VPP and VE®

respectively.
Existence of optimal policies for BMDPs is established by the following theorem.

Theorem 13. For any v € [0,1), there exist optimal policies pi and ps such that, for all

i1 €S,

Vb () = VEP(@)

VK1
VP (i) = VP (i) .

Vo2

A very important fact is that out of the uncountably infinite set M, only a finite

set is of real interest.
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Theorem 14. There exist finite subsets Mopt, Mpes C M with the following property. For

all v € 0,1) and for every policy p there exist My € Mopt, Mo € Mpes such that

opt __
Vi = Vo

pes __
V’y,u - V%M7M2 :

Theorem 15. The optimal undiscounted value functions are limits of the optimal discounted

value functions. That is, for all i € S, we have

lim (1 =) VS (i) = UP'() (55)
lim (1 —7)VE®(i) = UP™(i) . (5.6)
lin

Proof. Fix i € S. We first prove (5.5). We have
liminf (1 —~)VP'(i) = liminf max sup (1 —~)Vy (%)
y—1 y—1 B MeM

= max liminf sup (1 —~)V; . (2)
By =l pem

> max sup lm (1 — )V, a()
B Memr—1

=max sup Uy, p (i)
K MeM

= U (i)

This first equality follows by definition. The second equality holds because there are a finite
number of policies. The inequality is elementary. The third equality follows from (2.1).
Theorem 14 gives us

VPt (5) = V. /) .
7 (2) mp?XMren/%l)ipt o (2)
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Using this, we have

limsup (1 —~)V(3) = limsupmax max (1 —~)V. 7
wsup (1 9)V5P(0) = lmsupma g (1-9)V, 00

= ma ax lim (1 —~)V- '
max  max  lm (1= 5)Vypm(0)

= max max U, )
1% MGMopt ’qu( )

< UP()

The second equality holds because lim sup and max over a finite set commute. Note that
finiteness is crucial here since lim sup and sup do not commute. The third equality follows
from (2.1). We have thus established (5.5).

To prove (5.6), one repeats the steps above with appropriate changes. O

5.4 Existence of Blackwell Optimal Policies

For an MDP, Blackwell [8] showed that there exist policies that are optimal for the
discounted criteria for all discount factors 7 in some interval (79, 1). Such policies are called
Blackwell optimal and their existence is a classical result in the theory of MDPs. These
policies have the nice property that they are optimal for the average reward criterion too.
Given the importance of Blackwell optimal policies in the theory of MDPs, it is natural to
speculate whether they exist for BMDPs. The following theorem answers the question in

the affirmative.

Theorem 16. There exist Yopt € (0,1), a policy pops and an MDP My € Mopy such that

VY € (Yopts 1)s Vi ptopt, Mopt = Vgpt :
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Similarly, there exist Ypes € (0,1), a policy ppes and an MDP Myes € Mpes such that

vﬁy € (PYpesa 1)7 V’Yvae57Mpes - V'Iy)es .

Proof. Given an MDP M = (S, A, P, R) and a policy p, recall that the associated matrix
P, and the vector R, are defined as
PN(Zvj) = B,u(z)(]) s

Ru(i) i= R(i, u(i) -
The value function V, ,, s has a closed form expression.
Vour = (I =7B) 7" Ry,

Therefore, for all 4, the map v — V, , a(4) is a rational function of 4. Two rational functions
are either identical or intersect each other at a finite number of points. Further, the number
of policies and the number of MDPs in M, is finite. Therefore, for each 4, there exists

vi € [0,1) such that no two functions in the set
v Vaum(@) « p: S A, M € Mo}

intersect each other in the interval (v;,1). Let vopt = max;y;. By Theorem 13, there is an

optimal policy, say fiopt, such that

opt _ opt
YoptsHopt —  Yopt

By Theorem 14, there is an MDP, say M, in My such that

__ Y/opt __ \yopt
V’YOP'? 7:“‘0Pt7MDPt - V’Yoptyﬂopt - V'Yopt : (57)
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We now claim that

_ opt
V%Hopt,Mopt - V’Yopt

for all v € (Yopt,1). If not, there is an 4" € (Yopt, 1), a policy p/ and an MDP M’ € My
such that
Vo proptsMopt (8) < Vi ar (7)
for some i. But this yields a contradiction, since (5.7) holds and by definition of vps, the
functions
s V’y,uopt,Mopt (Z)
and
v = Vo ()
cannot intersect in (Yopt, 1).

The proof of the existence of Ypes, fipes and Mg is based on similar arguments. [

5.5 Algorithms to Compute the Optimal Value Functions

5.5.1 Optimistic Value Function

The idea behind our algorithm (Algorithm 1) is to start with some initial vector
and perform a sequence of updates while increasing the discount factor at a certain rate. The
following theorem guarantees that the sequence of value functions thus generated converges
to the optimal value function. Note that if we held the discount factor constant at some

value, say =, the sequence would converge to (1 — W)Vgpt.
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Algorithm 1 Algorithm to Compute U°P*
U9 —o

for k=0,1,... do

k+1
Tk T k2

for all i € S do
UFD (i) — maxaea [(1 = yk)R(i,a) + v maxgec, , qTU(k’)]
end for

end for

Theorem 17. Let {U(k)} be the sequence of functions generated by Algorithm 1. Then we
have, for alli € S,

lim U® (i) = UP*(3) .

k—o0
We need a few intermediate results before proving this theorem. Let vopt, flopt
and M,y be as given by Theorem 16. To avoid too many subscripts, let © and M denote
fopt and Mqpe respectively for the remainder of this subsection. From (2.1), we have that

for k large enough, say k > ki, we have,

‘(1 - ’)/k)vvk,u,M(i) - (1 - ’Yk-+1)vvk+1,u,M(i)‘ < K(’YkJrl - ’Yk-) s (5-8)

where K can be taken to be ||h, oo + 1. Since v, T 1, we have vy, > 7ope for all k > ko

for some ky. Let kg = max{ki, ka}. Define
Ok = Hv(ko) -(1- Vko)VVko ,M,MHOO : (5.9)
Since rewards are in [0, Rmax|, we have 0p, < Rmax. For k > ko, define 01 recursively as

Okt1 = K(Yet1 — ) + M0k - (5.10)



99

The following lemma shows that this sequence bounds the norm of the difference between

V&) and Vi,

Lemma 18. Let {U(k)} be the sequence of functions generated by Algorithm 1. Further, let

w, M denote piopt, Mopy mentioned in Theorem 16. Then, for k > ko, we have
HU(k) —(1- ’Yk)V’kathHOO < O .

Proof. Base case of k = kg is true by definition of d;,. Now assume we have proved the

claim till £ > ky. So we know that,

max ‘U(k) (i) — (1 — 'yk)V%%M(i)‘ < Ok . (5.11)

)

We wish to show

max [T (@) = (1= 1) Vo e ()] < G - (5.12)

7

Recall that VPth is the fixed point of T, opt by Theorem 12. We therefore have, for all i,

(L= ) Vyrar (1) = (1 = ) (50 Vo o) (0)

[ 7 > Yopt and Vs par = VIP* for 7 > yop |

= max( (L =) R, a) + 3 max 3 q()(L = 9)Vaenr () ]
7,a ]

[ defn. of TP
acA

< max| (1 —v;)R(,a) + 7 max Z a(HUM (5) T+ vk

[(5:11) and 3 a()k = 8]
= U*FD(G) 4 4,0 .

[ defn. of U*TD(5) ]
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Similarly, for all 7,

(k+1) N o . . (k) .
UT(i) = max| (1 Vk)R(Zaa)+7k;2%§ZQ(J)U () ]

[ defn. of U*+Y (4)]

< max[ (1= W)RG,a) + 3% max 3 a() (1 = 9)Vaunr () ]+ 1l
,a ]

[ (511) and 3 q(j)6x = 1]

= (1 - PYIC) (T»(Y)Etv'yk,u,M) (2) + Vkék

[ defn. of TSP

= (1 - Vk)vwk,u,M(i) + F)/k(sk .

[ Y% > Yopt and V,, v = V?,pt for v > Yopt |

Thus, for all 7,
‘U(Hl)(i) -(1- 'Yk:)v'yk,u,M(i)‘ < VkOk -
Combining this with (5.8) (as k > ko > k1), we get
‘U(kﬂ)(i) - (1~ ’Yk+1)V7k+1,u,M(i)‘ <0k + K (k1 — ) -
Thus we have shown (5.12). O

The sequence {dy} can be shown to converge to zero using elementary arguments.

Lemma 19. The sequence {0y} defined for k > ko by equations (5.9) and (5.10) converges

to 0.
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Proof. Plugging v = i—ié into the definition of d;11 we get,
k+2 k+1 k+1
Opr1 =K — 0
fH (k+3 k+2) k2"

K LES!
k+3)k+2)  k+2 "

Applying the recursion again for J;, we get

— K +k:+1( K L )
T 3k +2)  k+2\(k+2)(k+1)  k+1 "t

K LN S S
T k+2\k+3 k+2)  k+r2 "l
Continuing in this fashion, we get for any j > 0,

S = R LRy
P e 2 \k+3 "k+2 T T k—j+3 k2 i

Setting j = k — ko above, we get

ko+1

H —H R
(Hi43 kot2) + k12

Ok41 = Oko

k42
where H, = 1+ 5 +...+ 2. This clearly tends to 0 as k — oo since H, = O(logn) and

5k0 S Rmax- ]
We can now prove Theorem 17.
Proof. (of Theorem 17) Fix i € S. We have,

OB (@) = UP (D) < [UB () = Vi puar (0)] + |V puna (1) — V()]

<0y €k

+ [V (i) = U ()] -

Tk

Cr
We use Lemma 18 to bound the first summand on the right hand side by d;,. By Lemma 19,

0 — 0. Also, ¢, = 0 for sufficiently large k because v, 1 1 and V, , a(7) = Vgpt(i) for ~

sufficiently close to 1 (by Theorem 16). Finally, (, — 0 by Theorem 15. O
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5.5.2 Pessimistic Value Function

Algorithm 2 Algorithm to Compute UP*
VO —o0

for k=0,1,... do

k+1
Tk T k2

for all i € S do
U(k“)(i) — MaXge A [(1 — k) R(i,a) + v mingec, , qTU(k)]
end for

end for

Algorithm 2 is the same as Algorithm 1 except that the max over C; , appearing
inside the innermost loop gets replaced by a min. The following analogue of Theorem 17

holds.

Theorem 20. Let {U(k)} be the sequence of functions generated by Algorithm 2. Then we
have, for alli € S,

lim U® (i) = UPS(i) .

k—oo

To prove this theorem, we repeat the argument given in the previous subsection
with appropriate changes. Let Ypes, ftpes and Mpes be as given by Theorem 16. For the
remainder of this subsection, let p and M denote jipes and Mpes respectively. Let kq, ko be

large enough so that, for all £ > kq,

‘Vvk,u,M(i) - V’Yk-&-lvlle(i)‘ < K(’Ykﬂ — k)

for some constant K (which depends on p, M), and v > 7pes for k > kp. Set ko =

max{ky, ko} and define the sequence {0y }r>k, as before (equations (5.9) and (5.10)).
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The proof of the following lemma can be obtained from that of Lemma 18 by fairly

straightforward changes and is therefore omitted.

Lemma 21. Let {U(k)} be the sequence of functions generated by Algorithm 2. Further, let

p, M denote fipes, Mpes mentioned in Theorem 16. Then, for k > ko, we have

HU(k) - (1~ ’Yk)vvk,uvMHoo < 0 -

Theorem 20 is now proved in exactly the same fashion as Theorem 17 and we

therefore omit the proof.

5.6 Semi-algebraic Constraints

In this section, we consider a generalization of BMDPs. A BMDP consists of all

MDPs satisfying certain constraints on their parameters. The constraints had the form
l(i’ju CL) S ‘Piﬂ(j) S U(i,j7 CL) .

These are simple inequality constraints with two hyperparameters [(7,j,a) and u(i,j,a).
The set of possible values of P; ,(j) is an interval, a very simple semi-algebraic set. A semi-
algebraic set is one that can be expressed as a finite boolean combination of polynomial
equalities and inequalities. For a formal definition, we refer the reader to the book by

Benedetti and Risler [6]. Some examples of semi-algebraic sets are as follows.
{(z,y) : 2< 2 +y* <5} CR?
{(2.y,2) : 2 > 6yz} C R?

{(z,y) 12y >0 A (P +4° <1V 2°+y>3)} CR?
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Note that any semi-algebraic set has a finite description and thus can be given explicitly.

For each i € S,;a € A, let C(i,a) be a given closed semi-algebraic set. Define,
Ca={qeR: T1=1 A geC(ia)}

Assume that all the sets C;, are non-empty. Note that C;, is a compact semi-algebraic
set. A semi-algebraically constrained MDP (SAMDP) M is a collection of MDPs with the
above constraints,
M ={(S,A,P,R) : Vi,a,Piq€Ci,} .

Note that any BMDP is an SAMDP. We can extend the definitions (5.1) through (5.4) to
SAMDPs. We do not know of algorithms to compute these value functions for SAMDPs.
However, Blackwell optimal policies can be shown to exist even in the case of SAMDPs
thanks to the Tarski-Seidenberg theorem. This theorem can be stated in several different

ways. We choose a form most useful for us in the present context. For more details, see

Section 2.3 in [6].
Theorem (Tarski-Seidenberg). Suppose n > 1 and @ € R™ is a semi-algebraic set.
Then the following two sets in R"™! are also semi-algebraic,
{(za,...,xy) + Jz1 s.t. (x1,22,...,2,) € Q},
{(zo,...,xy) : Va1, (z1,22,...,2,) € Q} .
We can now state the main result of this section.

Theorem 22. Consider an SAMDP M and extend the definitions (5.1) through (5.4) to

M. Then, there exist Yops € (0,1) and a policy popy such that

V’Y S ('Yopta ]-)7 V’YO}/?LE)pt = Vgpt :
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Similarly, there exist Ypes € (0,1) and a policy pipes such that
¥y € (Ypes: 1), Ve, = V3™ -

Proof. Let p1, po be two deterministic stationary policies. Let ¢ € S. We show that there

exists 7' = 4/(i, u1, p2) < 1 such that the proposition

Vopt (’L) Z Vopt (’L)

VM1 VK2

has the same truth value for all v € (9/,1). Since

VPt (i) = S (1=7)(I = YPu;) " Ry,

for j € {1,2}, we see that v — Vﬁ% (7) can be written as

opt _ gy 91(12P)
TH e hi(v,P)

where () is a semi-algebraic set, g;, h; are polynomials and p is a long vector denoting all

the transition probabilities. Now, Vob, (i) > ViPt (i) precisely when  is in the set

{y:3IpeQst. YqeQ, i(v,p)h2(v,q) > g2(v,a)h1(7,p)}

={y:3IpVq, peQ AN (@€ Q= gi(v,P)ha(7,q) = g2(7, @)1 (7, p)}

Let us call the above set T. Since ) is semi-algebraic and gihe > gohy is a polynomial
inequality, we can use the Tarski-Seidenberg theorem to claim that that T C R is semi-
algebraic. A semi-algebraic set in R is either empty or is a finite union of intervals. In either

case, there exists 7/ < 1 such that the proposition v € T has the same truth value for all

ye @, 1.
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To finish the proof, set yopt = max; 4 o V' (2, p1, 2). Let piopt be an optimal policy
for discount factor y,pt. By the choice of vopt, it remains optimal for all discount factors in

(FYOpta 1)

The proof for the existence of ypes and fipes uses similar arguments. O

Before we close this chapter, a couple of remarks are in order. We chose to represent
the uncertainty in the parameters of an MDP by intervals. One can ask whether similar
results can be derived for other representations. If the intervals for P; ,(j) are equal for all
7 then our representation corresponds to an L, ball around a probability vector. It will be
interesting to investigate cases where we consider balls defined by other metrics. We can
also consider sets defined by inequalities involving non-metrics like relative entropy (for an
example of an algorithm using sets defined by relative entropy, see [11]).

Our last remark is regarding the convergence rate of the algorithms given in Sec-
tion 5.5. Examining the proofs, one can verify that the number of iterations required to get
to within e accuracy is O(%) This is a pseudo-polynomial convergence rate. It might be

possible to obtain algorithms where the number of iterations required to achieve e-accuracy

is poly(log %)
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Chapter 6

Logarithmic Regret Bound for

Irreducible MDPs

In this chapter, we present an algorithm called Optimistic Linear Programming
(OLP) for learning to optimize average reward in an irreducible but otherwise unknown
MDP. OLP uses its experience so far to estimate the MDP. It chooses actions by optimisti-
cally maximizing estimated future rewards over a set of next-state transition probabilities
that are close to the estimates, a computation that corresponds to solving linear programs.
We show that the total expected reward obtained by OLP up to time 7" is within C'(P)log T
of the reward obtained by the optimal policy, where C'(P) is an explicit, MDP-dependent
constant. OLP is closely related to an algorithm proposed by Burnetas and Katehakis
with four key differences: OLP is simpler, it does not require knowledge of the supports of
transition probabilities, the proof of the regret bound is simpler, but our regret bound is a

constant factor larger than the regret of their algorithm. OLP is also similar in flavor to
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an algorithm recently proposed by Auer and Ortner [5]. But OLP is simpler and its regret

bound has a better dependence on the size of the MDP.

6.1 The Exploration-Exploitation Trade-off and Regret

Given complete knowledge of the parameters of an MDP, there are standard algo-
rithms to compute optimal policies. A frequent criticism of these algorithms is that they
assume an explicit description of the MDP which is seldom available. The parameters con-
stituting the description are themselves estimated by simulation or experiment and are thus
not known with complete reliability. Taking this into account brings us to the well known
exploration vs. exploitation trade-off. On one hand, we would like to explore the system
as well as we can to obtain reliable knowledge about the system parameters. On the other
hand, if we keep exploring and never exploit the knowledge accumulated, we will not behave
optimally.

Given a policy 7, how do we measure its ability to handle this trade-off? Suppose
the agent gets a numerical reward at each time step and we measure performance by the
accumulated reward over time. Then, a meaningful quantity to evaluate the policy 7 is
its regret over time. To understand what regret means, consider an omniscient agent who
knows all parameters of the MDP accurately and behaves optimally. Let Vi be the expected
reward obtained by this agent up to time 7'. Let V7 denote the corresponding quantity
for . Then the regret RT = Vr — Vi measures how much 7 is hurt due to its incomplete
knowledge of the MDP up to time T'. If we can show that the regret R} grows slowly with

time T, for all MDPs in a sufficiently big class, then we can safely conclude that 7 is making
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a judicious trade-off between exploration and exploitation. It is rather remarkable that for
this notion of regret, logarithmic bounds have been proved in the literature [5,11]. This
means that there are policies 7 with R}, = O(log T"). Thus the per-step regret R7./T goes
to zero very quickly.

Call a policy uniformly good if for all MDPs and all € > 0, R}, = o(T) as T" — oo.
Burnetas and Katehakis [11] proved that for any uniformly good policy 7, RT. > Cg(P)log T
where they identified the constant C'g(P). This constant depends on the transition function
P of the MDP. They also gave an algorithm (we call it BKA) that achieves this rate and
is therefore optimal in a very strong sense. However, besides assuming that the MDP is
irreducible (see Assumption 4 below) they assumed that the support sets of the transition
distributions P; , are known for all state-action pairs. We not only get rid of this assumption
but our optimistic linear programming (OLP) algorithm is also computationally simpler.
At each step, OLP considers certain parameters in the vicinity of the estimates. Like BKA,
OLP makes optimistic choices among these. But now, making these choices only involves
solving linear programs (LPs) to maximize linear functions over L; balls. BKA instead
required solving non-linear (though convex) programs due to the use of KL-divergence.
Another benefit of using the L; distance is that it greatly simplifies a significant part of
the proof. The price we pay for these advantages is that the regret of OLP is C(P)logT
asymptotically, for a constant C(P) > Cp(P).

A number of algorithms in the literature have been inspired by the optimism in the
face of uncertainty principle [3,4,10,22,27]. One such algorithm is that of Auer and Ortner

(we refer to it as AOA) and it achieves logarithmic regret for irreducible MDPs. AOA does
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not solve an optimization problem at every time step but only when a confidence interval
is halved. But then the optimization problem they solve is more complicated because they
find a policy to use in the next few time steps by optimizing over a set of MDPs. The regret

of AOA is C4(P)logT where

_ JOPIAIT(P)s(P)?

catt) NPE

for some universal constant c. Here |S|,|A| denote the state and action space size, Ty, (P)
is the worst case hitting time over deterministic policies (see Eqn. (6.7)) and A*(P) is the
difference between the long term average return of the best policy and that of the next
best policy. The constant x(P) is also defined in terms of hitting times. Under Auer and

Ortner’s assumption of bounded rewards, we can show that the constant for OLP satisfies

2|S||A|T(P)?
c(p) < W

Here T'(P) is the hitting time of an optimal policy is therefore necessarily smaller than
T, (P). We get rid of the dependence on k(P) while replacing T,,(P) with T(P)2. Most
importantly, we significantly improve the dependence on the state space size. The constant
®*(P) can roughly be thought of as the minimum (over states) difference between the
quality of the best and the second best action (see Eqn. (6.5)). The constants A*(P) and

®*(P) are similar though not directly comparable. Nevertheless, note that C(P) depends

inversely on ®*(P) not ®*(P)>2.
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6.2 The Irreducibility Assumption

Consider an MDP (S, A, P, R) where S is the set of states, A = U;csA(%) is the set
of actions. Note that in this chapter, we allow for the possibility of having different actions
available at different states: A(i) being the actions available in state i. For simplicity of
analysis, we assume that the rewards are known to us beforechand. We do not assume that
we know the support sets of the distributions P; ,.

The definitions given in Chapter 2 can easily be extended to the case of state-
dependent action spaces in the following way. The history oy up to time t is a sequence
(i, ko, - - -, 94—1, ki—1,1¢) such that ks € A(is) for all s < ¢t. A policy 7 is a sequence {m;}
of probability distributions on A given oy such that m;(A(s¢)|o) = 1 where s; denotes the
random variable representing the state at time ¢t. The set of all policies is denoted by II.
A deterministic stationary policy is simply a function p : S — A such that p(i) € A(i).
Denote the set of deterministic stationary policies by IIp. If D is a subset of A, let II(D)

denote the set of policies that take actions in D. Given history oy, define the counts,
t—1
Ni(i) == 1[iy =1] ,
/=0
t—1
Ni(i,a) =Y 1[(ir, k) = (i,a)] |
/=0
t—1
Ni(iya,5) = 1 [(is, kryier1) = (i,0, )] -
=0

If M = (S, A, P,R) and S, A and R are clear from context, we will denote the expectation
operator EFM[.] by EFF[).

We make the following irreducibility assumption regarding the MDP.
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Assumption 4. For all u € IIp, the transition matrix P* = (PW(Z-) (j))z jes is irreducible

(i.e. it is possible to reach any state from any other state).

Fix an MDP M and consider the rewards accumulated by the policy w before time

VF (ig, P) :=EL"

T—1
Z R(St,at)] >

t=0

where a; is the random variable representing the action taken by 7 at time ¢. Let Vr(ig, P)

be the maximum possible sum of expected rewards before time T,

Vr(ig, P) := sup V7 (9, P) .
mell

The regret of a policy m at time T is a measure of how well the expected rewards of 7

compare with the above quantity,
Rr}(lo,P) = VT(’io,P) - V{I(lo,P) .

Define the long term average reward of a policy 7 as

(s P
Ar(P) :=lim g V20, P)

T—o00

Under Assumption 4, the above limit exists and is independent of the starting state ig.
Given a restricted set D C A of actions, the gain or the best long term average performance
is

AP, D):= sup A(P).
well(D)

As a shorthand, define A\*(P) := A(P, A).
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6.3 Optimality Equations and Critical Pairs

A restricted problem (P, D) is obtained from the original MDP by choosing sub-
sets D(i) C A(i) and setting D = U;esD(i). The transition and reward functions of the
restricted problems are simply the restrictions of P and r to D. Assumption 4 implies that
there is a bias vector h(P, D) = {h(i; P,D)};cs such that the gain A(P, D) and bias h(P, D)

are the unique solutions to the average reward optimality equations:

Vie S, \(P,D) + h(i; P,D) = mgzg)[R(i,a) + P h(P,D) . (6.1)
a€D(i ’

We will use h*(P) to denote h(P, A). Also, denote the infinity norm ||h*(P)|ec by H*(P).
Note that if A*(P) is a solution to the optimality equations and e is the vector of ones, then
h*(P)+ce is also a solution for any scalar c. We can therefore assume 3i* € S, h*(i*; P) = 0
without any loss of generality.

It will be convenient to have a way to denote the quantity inside the ‘max’ that

appears in the optimality equations. Accordingly, define

L(iya,p,h) = R(i,a) +p'h,

L*(i; P,D) := max L(i,a, P4, h(P,D)) .
a€D(z)

To measure the degree of suboptimality of actions available at a state, define
¢*(i,a; P) = L7 (i; P, A) — L(i,a, P o, h*(P)) .
Note that the optimal actions are precisely those for which the above quantity is zero.

O(i; P,D) := {a € D(i) : ¢*(i,a; P) =0} ,

O(P,D) :=1l;es0(i; P, D) .
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Any policy in O(P, D) is an optimal policy, i.e.,
Y€ O(P,D), A\ (P) = A(P,D) .
From now on, A" will denote the probability simplex of dimension determined
by context. For a suboptimal action a ¢ O(i; P, A), the following set contains probability

distributions ¢ such that if P; , is changed to ¢, the quality of action a comes within € of an

optimal action. Thus, ¢ makes a look almost optimal:
MakeOpt(i,a; Pe) := {q € AT : L(i,a,q,h*(P)) > L*(i; P, A) — ¢} .

Those suboptimal state-action pairs for which MakeOpt is never empty, no matter how
small € is, play a crucial role in determining the regret. We call these critical state-action

pairs,
Crit(P) := {(i,a) : a ¢ O(i; P, A) A (Ve > 0, MakeOpt(i,a; P,e) # 0)} .
Define the function,
Jia(p; Pr€) := inf{|p — q|| : ¢ € MakeOpt(i, a; P,€)} . (6.2)

To make sense of this definition, consider p = P;,. The above infimum is then the least
distance (in the L; sense) one has to move away from P;, to make the suboptimal action
a look e-optimal. Taking the limit of this as € decreases gives us a quantity that also plays

a crucial role in determining the regret,
K(i,a; P) :== lin’(l) Ji,a(Pia; Pye€) . (6.3)
€—

Intuitively, if K (i,a; P) is small, it is easy to confuse a suboptimal action with an optimal

one and so it should be difficult to achieve small regret. The constant that multiplies logT
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in the regret bound of our algorithm OLP (see Algorithm 3 and Theorem 25 below) is the

following;:

29" (i, a; P)
P) = _—. 4
CP= D Yiap) 04
(¢,a)€Crit(P)

This definition might look a bit hard to interpret, so we give an upper bound on C'(P) just
in terms of the infinity norm H*(P) of the bias and ®*(P). This latter quantity is defined

below to be the minimum degree of suboptimality of a critical action.
Proposition 23. Suppose A(i) = A for alli € S. Define

o*(P) := i “(i,a; P) . 6.5
(P)i= min  &(i.0:P) (65)

Then, for any P,

2|S||A|H*(P)
c(P) < W

Proof. Fix (i,a) € Crit(P). Drop dependence of ¢*, K, MakeOpt, H* on i,a, P for read-
ability. Also, let J(€) = J;o(Piq; P €). Since | Crit(P)| < |S||A], it suffices to show that
¢* /K < (H*)?/¢*. Let € < ¢* be arbitrary. By definition of MakeOpt(¢) and ¢*, we have,
for all ¢ € MakeOpt(e), ¢ h* — PZTah* > ¢* —e. This implies ||P;, — ql|1 > (¢* —€)/H*

since H* = ||h*||oc. Thus, by definition of J(€), we have

(0" — ) , (¢")?
> = lim > .
19 = Ty iy 1O = Ty
By definition, the left hand side is K. Thus, ¢*/K < (H*)?/¢*. O

6.4 Hitting Times

It turns out that we can bound the infinity norm of the bias in terms of the hitting

time of an optimal policy. For any policy p define its hitting time to be the worst case



76

expected time to reach one state from another:

T,(P) := max EX [min{t > 0 : s, = i}] .
i#j

The following constant is the minimum hitting time among optimal policies:

T(P):= min T,(P). .
(P) i u(P) (6.6)

The following constant is defined just for comparison with results in [5]. It is the worst case

hitting time over all policies:

Tw(P) := 516112_1[}; T.(P) . (6.7)

We can now bound C(P) just in terms of the hitting time 7'(P) and ¢*(P).

Proposition 24. Suppose A(i) = A for alli € S. Then for any P,

28| IR, T(P)’
CPY= =5 p)

Proof. Fix u € O(P, A). Drop the dependence of h*, H*,\*,T,, on P. It suffices to prove
that H* < T, for the result then follows from Proposition 2 and definition of T'(P). Since

rewards and hence the gain \* are in [0, Ryax], and \*, h* satisfy, for all i € S,

* 0\ . . T *
AT+ h (Z) - R(%M(Z)) + ]Dz,p(z)h )

we have, for all 1 € S,

F)ZTu(z)h* > h*(l) — Rmax - (68)

Start the policy p in state j and define the random variables Y; := h(s;). Clearly Yy = h(j).

Fix a state ¢ # j. Define the stopping time

7:=min{t >0 : s, =i} .
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Because of (6.8), we have

BT [Vig | V1] 2 Vs — Ria -

Adding Rpyax(t+1) to both sides we see that Y; + Ryaxt is a submartingale and hence using

the optional stopping theorem (see, for example, page 489 in [19]), we have
E?P[YT + RmaxT] >Yp .

By definition of T),, we have
P
E? 71 <1, .

Thus, noting that Y; = h*(i) and Yy = h*(j), we have
h* (i) + RmaxTy > h*(4) .

But this is true for all ¢ # j. Also, there is some i* € S such that h*(i*) = 0. Therefore,

H* = ”h*HOO < RmaxTu- O

6.5 The Optimistic LP Algorithm and its Regret Bound

Algorithm 3 is the Optimistic Linear Programming algorithm. It is inspired by the
algorithm of Burnetas and Katehakis [11] but uses L; distance instead of K L-divergence.
At each time step t, the algorithm computes the empirical estimates for transition probabil-
ities. It then forms a restricted problem ignoring relatively undersampled actions. An
action a € A(i) is considered “undersampled” if N;(i,a) < log® Ny(i). The solutions
h(P',D;), \(P*, D;) might be misleading due to estimation errors. To avoid being misled by

empirical samples we compute optimistic “indices” Uy(sy, a) for all legal actions a € A(s;)
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Algorithm 3 Optimistic Linear Programming
1: fort=0,1,2,... do

2: St <— current state
3: > Compute solution for “empirical MDP” excluding “undersampled” actions

£ Vi,j€Sa€Ad), B (0) — mtrmis
5. Vi€ S, Di(i) — {a € A®i) : Ny(i,a) > log? Ny (i)}

6: Solve the equations (6.1) with P = P', D = D,

8: > Compute indices of all actions for the current state

9: Va € A(st)7 Ut(sta CL) <_ SuquAJF{R(Stv a) +th(pt7Dt) : ”ﬁét (a) _QH1 < ]\i}ztg’fl)}
10:
11: > Optimal actions (for the current problem) that are about to become “undersam-

pled”

122 T} {a€O(s;; P, Dy) : Ny(sy,a) < log?(Ny(s) +1)}

13: > The index maximizing actions
14: I} — argmax,e a(s;) Ur(st, a)
15:

16:  if T} = O(sy; Pt,D;) then

17: at « any action in I'}
18: else

19: a; < any action in I'?
20: end if

21: end for
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where s; is the current state. The index for action a is computed by looking at an Li-ball
around the empirical estimate p, ,(a) and choosing a probability distribution ¢ that maxi-
mizes £(i,a,q, h(P', D;)). Note that if the estimates were perfect, we would take an action
maximizing L(i, a, p§, (a), h(P',Dy)). Instead, we take an action that maximizes the index.
There is one case where we are forced not to take an index-maximizing action. It is when all
the optimal actions of the current problem are about to become undersampled at the next
time step. In that case, we are forced to take one of these actions (steps 16-20). Note that
both steps 6 and 9 can be done by solving LPs. The LP for solving optimality equations can
be found in several textbooks (see, for example, page 391 in [26]). The LP in step 9 is even
simpler: the L; ball has only 2|S| vertices and so we can maximize over them efficiently.
Like the original Burnetas-Katehakis algorithm, the modified one also satisfies a
logarithmic regret bound as stated in the following theorem. Unlike the original algorithm,

OLP does not need to know the support sets of the transition distributions.

Theorem 25. Let my denote the policy implemented by Algorithm 3. Then we have, for all

ig € S and for all P satisfying Assumption 4,

R (i, P)
li T < O(P
msup = S (P),

where C(P) is the MDP-dependent constant defined in (6.4).

Proof. From Proposition 1 in [11], it follows that

Rp(io, P)=>_ Y E"[Ngp(i,a)l¢*(i,a; P) + O(1) . (6.9)
i€S agO(i;P,A)

Define the event

Ay = {||h(P', D) — h*(P)||os < e AO(P',D;) C O(P)} . (6.10)
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Define,

b

N%(i7a; E) = 1 [(8t7at) = (iaa’) N At A Ut(iua’) > [,*(Z,P, A) - 26] )

Tl
L

N%(i7a; E) = 1 [(8t7at) = (iaa’) N At A Ut(iua’) < L*(Z,P, A) - 26] )

(]

Tl
L

N%(e) : 1 [At} ,

0

~+~
I

where A; denotes the complement of A;. For all € > 0,
Nr(iya) < Np(i,a;€) + Ni(i,a;€) + Nij(e) . (6.11)

The result then follows by combining (6.9) and (6.11) with the following three propositions

and then letting ¢ — 0 sufficiently slowly. O

Proposition 26. For all P and ig € S, we have

ErP VL 1,a;€
lim limsupz Z 0 [1 T; ) ¢*(i,a; P) < C(P) .
Y T 28 0g0(PA) 8

Proposition 27. For all P, ig,i € S, a ¢ O(i; P, A) and € sufficiently small, we have
P .
Er [N2(i,a;€)] = o(log T .
Proposition 28. For all P satisfying Assumption 4, ig € S and € > 0, we have

ERP[N3(6)] = oflog T) .

20

6.6 Proofs of Auxiliary Propositions

In this section, we prove Propositions 26, 27 and 28. The proof of Proposition 27
is considerably simpler (because of the use of L; distance rather than KL-divergence) than

the analogous Proposition 4 in [11].
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Proof of Proposition 26. There are two cases depending on whether (i,a) € Crit(P) or not.
If (i,a) ¢ Crit(P), there is an ¢y > 0 such that MakeOpt(i,a; P,eg) = (). On the event A,
(recall the definition given in (6.10)), we have |¢" h(P!, D;) — ¢ h*(P)| < e for any q € A™T.

Therefore,

Uy(i,a) < sup {R(i,a) + ¢ h(Pt, D)}
qgeEAT

< sup {R(i,a) + ¢ h*(P)} + €
geAt

< L0 P, A) — g+ € [ MakeOpt (i, a; P, eg) = 0]

< L*(i; P, A) — 2¢e provided that 3e < ¢

Therefore for € < €9/3, Na(i,a;¢) = 0.
Now suppose (i,a) € Crit(P). The event Ui(i,a) > L*(i; P, A) — 2¢ is equivalent

to

2logt
Nt(iv a)

Jg € A* st (Hpg(a) —q? < ) A (R(i,a) +q h(P', D) > L¥(i; P, A) — 26) :

On the event A, we have |¢"h(Pt, D;) — ¢"h*(P)| < € and thus the above implies

2logt

Jge At st (||pha) —q|f < —=—
oeatse (@) - alf < 5 5

) A (R(i,a) g h*(P) > L*(i; P, A) — 36) .

Recalling the definition (6.2) of J; ,(p; P, €), we see that this implies

2logt

t('Lv a) '

Jia(Di(a); P, 3¢) <
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We therefore have,

~

-1

3
NAGyase) < ST | (se,ar) = (1, 0) A Joa(pi(a); P, 3) < ——81
=0 ’ Nt(zua)
i 2logt
<Y1 [(st, ar) = (i, @) A Jia(Pras P,3€) < (iga) n 5] (6.12)
t\%

51

-+ 1 [(st, at) = (i,a) A Jio(Pyq; P, 3€) > Jia(Pi(a); P, 3¢) + 5]
t=

[en]

where § > 0 is arbitrary. Each time the pair (i,a) occurs N¢(i,a) increases by 1, so the first

count is no more than

2logT
Ji,a(lji,(ﬁpa 36) -9 .

(6.13)

To control the expectation of the second sum, note that continuity of .J; , in its first argument
implies that there is a function f such that f(6) > 0 for § > 0, f(6) — 0 as § — 0 and
Jia(Pia; P,3€) > J; o(p(a); P,3€)+0 implies that || P ,—pt(a)|l; > f(). By a Chernoff-type

bound [29], we have, for some constant C,

PP l1P — p(@)s > F(8)| Niina) = m] < Cy exp(~mf(5)?) .

20

and so the expectation of the second sum is no more than

T-1 00
mo, : _ C
Ef, P[g Crexp(~Ni(ia) f(0)*)] < mZ:lcl exp(-mf(O)") = Ty - 619

Combining the bounds (6.13) and (6.14) and plugging them into (6.12), we get

‘ 2logT C1
E7'T0,P Nl . < :
i N7 (i a5 €)] < Jia(Pra; P,3€) — 8 * 1 —exp(—f(0)?)

Letting 6 — 0 sufficiently slowly, we get that for all € > 0,

2loe T
EfP [N, 0 €)] < =

- logT) .
‘0 - Ji,a(]ji,a;Pa 36) +O( o8 )
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Therefore,

oo ERTINHG ) 2 2
11m 11m 1m =
P R log T = 0 Jia(Piai P.36)  K(i,a; P)

where the last equality follows from the definition (6.3) of K (i, a; P). The result now follows

by summing over (i,a) pairs in Crit(P). O
Proof of Proposition 27. Define the event
Aé(iva; 6) = {(Sta at) = (iva) N A N Ut(iva) < E*(Zv P, A) - 26} )

so that we can write
T

N2(i,a;€) = 1[Aj(i,a;€)] . (6.15)

t

Note that on A}(4,a;€), we have T'} C O(i; P*,D;) C O(i; P, A). So, a ¢ O(i; P, A). But

|
—

Il
o

a was taken at time ¢, so it must have been in I'} which means it maximized the index.

Therefore, for all optimal actions a* € O(i; P, A), we have, on the event A} (i, a;e¢),
Ui(iya*) < U(iya) < L*(i; P, A) — 2¢ .

Since L£*(i; P, A) = R(i,a*) + P,},.h* (P), this implies

2logt

Vg e AT, |lg — pi(a®)|h < 4| ———
q ”q pz(a )”1 — Nt(iaa*)

= q'h(P',Dy) < Pl.h*(P) — 2¢ .

Moreover, on the event A, |¢ h(P!,D;) — q"h*(P)| < e. We therefore have, for any
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a* € O(i; P, A),

2logt

AT, < | —=" = ¢ " (P) < P h(P)—
’LGE Vq € Hq pz( )”1_ Nt(i,a)éq h( )< z,ah( ) 6}

2logt €
C{Vge AT, i S\ NGa ~ M= Bialh > s
{q o=@l < /ey = 2= Pl Hh*(P)Hoo}

€ 2logt
| _]Di,a”l > + }

N

h*(P) Ny(i,a)

t

N

. A € 2logt
{Nt(l,a) =mA ||P§(a) — Piall > |h*(P)| + Ny (i a)}
. 0o t\ty

m=

Using a Chernoff-type bound, we have, for some constant C1,
PR "[1p}(a) = Piall > 6| Ni(i,a) = m] < Cy exp(—md?/2) .
Using a union bound, we therefore have,

t 2

| 2logt

e (e
B [AL(i,a;€)] < ZC&eXp 5 (Hh*(P)Hoo + m

<ﬁi B me? _&/2mlogt (1
= TP\ 2P P ) 0\

Combining this with (6.15) proves the result. O

Before we prove Proposition 28, we need a few lemmas. Let m denote the number
of deterministic stationary policies. For large enough ¢, we divide the first time interval
up to time t into m + 1 subintervals. Interval number v is denoted by I’. The event B
defined below says that after the first interval, all states have been visited often enough
and the transition probability estimates are sufficiently accurate. Lemmas 30-33 work out
different consequences of the event B;. Once these lemmas are in place, we can prove the

proposition.
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The precise definitions of the intervals are as follows. Fix § < 1/(m + 1). For

sufficiently large ¢, define the subintervals

IL={t .ol <t <bl, },

v

where b, = 0 and b, =t — (m + 1 —v)|k/(m + 1)]. Note that, by our choice of /3, the
length of each subinterval I is at least 3t and thus b, > v3t. The number of times the
state action pair (i,a) and the state j is visited during the interval I} is denoted by A, (i, a)
and A, (j) respectively.
Define the events,
Bi(¢) := {Vj € 5,Vv € [m],Vt' > b,Va € Dy (j), (6.16)
A,(5) > pBt A B (@) = Prallow < ¢}
CL(0) = {Vvt' € I\, h(P,Dy) = h(P,Dy41) = (6.17)
Vi a.t" € I, Up(j,a) > L(j a; Pja, h(P; Dy)) = 0}
Gy = {(v:j >1, P Dy, ) > A(P, Dbi)) (6.18)

v (ay st. AP, Dy ) = \(P.Dy,) = )\*(P))} .
We quote the following result from the Burnetas and Katehakis paper [11].

Proposition 29. For all P satisfying Assumption 4 there exist A > 0 and pg > 0 such that

for all ig € S,t > |S|,p > 0 and any policy T,
7P s
P [Ni(i) < pt] < Aexp((p — po)t) -
As a consequence, for all p < po, iog € S and any policy T,

BEP V(i) < pt] = ofL/1)
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as k — oo.

The following two lemmas ensure that certain events happen under the event B;.

Their proofs can be found in Appendix A, Section A.2.

Lemma 30. For all d,¢ > 0, 3(1,{2,(3 > 0,y such that the following hold true. For all
¢ <G Bi(Q) €
{Vt' > 00, Yu € TH(Dy), IN(PY) = Nu(P)] < € [hu(PY) = hu(P) oo < €}
For all { < (2, Bi(¢) C
(W' > b8, 0P, Dy) C O(P,Dy) A (P, Dy) — h(P, D)o < €}

For all ¢ < (3,t > tg, Bi(¢) C

{vt' > V1,5 € S,a € Dy(j), Up(j,a) < L(j, a; Pja, (P, Dy)) + 6} (6.19)
Lemma 31. On the event By((), the following hold true. Let

T = ppBt/(2log(pBt)) — 1 .

Fort' > b, j € S,a € A(j), if (sy,ar) = (j,a) with a € T}, then for all ¢,

T

Z 1 [(St/+l,at/+l) = (], CL) N a € F%LH] S 1 (620)
=0
For all t' > b% and sufficiently small ¢,
AP, Dy41) > AN(P,Dy) . (6.21)

Lemma 32. For all § > 0, 3¢’ such that for all { < ', v € [m],

P [Bi(¢)CE()] = o(1/t) -
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Proof. By Lemma 30, we know that for sufficiently small {, on the event B;((), we have,
for ¢/ > b, Hh(Pt',Dt/) — h(P,Dy||oc < /2. Therefore, on the event By(()CL(4), we have,
for some j,a,t' € I,

2logt!

Vg € A+, —pt a < .
q ”q p]( )”1 = Nt/(],a)

th(Pv Dt’) < PjTah(Pv Dt’) - 5/2

On the event By(¢)Ct(d), we also have h(P,Dy) = h(P,Dy) for all t’ € I}. Moreover,
t' > b', which allows us to write the above event as

2log b,

Vg e At |lg — pt < | 22w
q E 7Hq p] (a)Hl — Ntl(j, a)

= th(P, Dy ) < P]Tah(Pv Dy,) —0/2

Since h(P, Dy ) = h,(P) for some p € IIp and the sets Ilp, S, A(j) are finite, it suffices to
bound the probability of the following event for fixed p, j,a € A(j): 3t € I}, such that

2log b,

VEA+ e e——
1€ A% o= @)l < 55

q"hu(P) < Plh(P)—6/2 .

Since ¢ h,(P) < P]Tahu(P)—d/Q implies ||¢g—Pjqll1 > 6/(2]|hu(P)]|s0), it suffices to consider
the event: 3¢’ € I} such that

2log b!, o
Ny(j,a)  2/hu(P)llso

Hﬁ; (a) - Pj,a”l Z

Conditioning on the possible values 1,...,b}; of Ny(j,a) and using a bound [29] for the

L, deviation of ﬁg»l(a) from P;,, we can bound probability of the above event by

b1 m 2log bt ) ?
Cirexp | —— L+
2 ) (V m 2Hhu<P>uw>

i 6\/2mlogbt 52
= 2. (Pl 8llhu(P)]%
1

(%)

for some constant C;. Noting that b, > vt for all v € [m] finishes the proof. O

4
S_t
l/
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Lemma 33. For all sufficiently small C,
P [Bi()Gr = o(1/1)

Proof. We assume that there exist two policies p,p’ € IIp such that A\, (P) # A\ (P)
because otherwise the lemma holds trivially. This ensures that the constant dga, defined

below is strictly positive. Define the event,

Ft.= {A(P;D%) — A(P; Dy) < A*(P)} . (6.22)
Under B(¢) we have,
B{(Q)Gi € Bi(Q) | Ft (6.23)
v=1

because of (6.21). Having obtained the solution of a restricted problem (P, D), we define

the set of improving actions as
Impr(j; P, D) := {a € A(j) : AP, D)+ h(j; P,D) < L(j,a; Pja, h(j; P, D))} -
When D is a specific policy p, the set Impr(j; P, i) is simply
{a € A(G) + \u(P) + hy(d; P) < L(j, a; Pja, hy(3; P))} -
Define the constant,
Suap = (L5 Py (G P)) = Ma(P) = b5 P)} (6.24)

where p ranges over Ilp, j ranges over states such that Impr(j; P, ) # () and a ranges over
Impr(j; P, ). We now claim that it suffices to show that if ¢ is sufficiently small, then for
large ¢ and all v € [m)],

By(¢)C,(0gap/2)F, =0 . (6.25)
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Indeed if this holds then we have,

PR BUOGH < > PR IBI(C)F] by (6.23)]
v=1
< ZIP’”O PIBy(¢)CE (Bgap/2)] by (6.25)]
= o(1/t) [by Lemma 32]

To prove (6.25), it suffices to show that
BiC)CL (0aap/2)FE € {3 5. Au(d) > pBt A M) = Ollog?)} . (6.26)

This is because the last event cannot happen for large ¢.
The rest of the proof is devoted to proving (6.26). Under F, there is a state j
such that an improving action exists for j, i.e. Impr(j; P, Dy ) # 0. Fix such a j and for

any a € A(j), split the occurrences of (j,a) into two groups,

A,(jl)(j,a) = Z 1 [(st’aat’) = (jva’) N ae€ Ftl’]

t'ell
AP (j,a) := Z 1[(sy,av) = (j,a) A a€l}]
t'ell

and write
- 3 a0 S AP+ Y A,
a€A(j) aGImpr(j;P,Db,t}) a¢Impr(j;P,Db,t})
We bound each term on the right hand side separately.
FIRST TERM. It is easy to bound AM(j,a) using (6.20). The event being counted

occurs at most once in a time period of length 7 + 1 and so

AN (j,a) < (b, — L)/ (T +1) = O(log ) . (6.27)
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SECOND TERM. To bound the rest of the terms, we first need to show that under

Bi(¢)FL, for all ' € I,

Impr(j; P, Dy) = Impr(j; P, Dy 11) (6.30)

The definition of F! and (6.21) immediately imply (6.28). Consider a time ' with s; = i.

Then, from the definition of the policy 7, we have

Vi' # i, Dy(i") = Dy 1(d') . (6.31)

Thus, \(P,Dy), h(P, Dy) satisfy the optimality equations of (P, Dy1) for all states i’ # i.

Furthermore, we established before that, under B;((),

Dy11(i) NO(i; P, Dy) # 0.

Therefore, if A(P, Dy ) and h(P, Dy) did not satisfy the optimality equation of (P, Dy 1) for

state 7, we would have

MNP, Dy) + h(i; P,Dy) < max L(i,a; P,h(P,Dy)) .

aEDt/Jrl (3)

Together with (6.31) this implies that there exists u € Dy such that

)\(P, Dt/+1) Z )\,U«(P;Dt/+1) > )\(P, Dt/) s

which contradicts (6.28). It therefore follows that A(P,Dy) and h(P,Dy) do satisfy the
optimality equations of (P,Dyy1). Hence h(P,Dy) = h(P,Dy4+1) and (6.29) holds. Equa-

tion (6.30) is an immediate consequence of (6.28) and (6.29).
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For a € Impr(j; P, Dy ), (6.30) implies that a € Tmpr(j; P, Dbty+l) and hence a ¢
Dbt+1 by definition of improving actions. Therefore, for such an a, A (4, a) can bounded

as follows.

AP (j.a) < Ay(j,a) € Ny (j,a)
< 10g2 b,t/+1 [ a ¢ Dbt

<log?t . (6.32)

THIRD TERM. Next we prove that for sufficiently small ¢ and large enough ¢, on

the events B;(¢)CY (0gap/2)F. and (s¢, ar) = (j,a), we have
Dy(§)NT% =0 (6.33)

for all ¢’ € I.. To see this, note that on the event B;(¢)F., we have for all ¢’ € I',a € Dy(j)

and large t,
Uy (]a a) < ['(]7 a; ]Dj,aa h(P§ Dt’)) + 5gap/2 [by (619)]
< XNP;Dy) + h(j, P; Dy ) + Ogap/2 [by optimality eqns.]
= A(P;Dyy) + h(j, Py Dyy ) + Gy 2 by (6.29),(6.29)]  (6:34)

Moreover, for any a' € Impr(j; P, Dy ), on the event By(¢)CL(dgap/2)F), we have, for any
t' el
Ut' (37 CL/) > [’(,77 CLI; Pj,a’a h(P, Dt’) - 6gap/2 [ C,i, (629) are true]
= [’(,77 a,;Pj,a/ah(P; Dbtu) - 5gap/2 [by (629)]

> M(P;Dy) + h(j, P; Dyt ) + Sgap — Ogap/2 [defn. of 6gap] (6.35)
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Combining (6.34) and (6.35), we see that no action in Dy(j) can maximize the index and
hence be in I'2. Thus, (6.33) is proved.

We can finally bound A(V2) (j,a) for a ¢ Tmpr(j; P, Dy ).
AP (Ga) <D 1(sprar) = (j,a) A a ¢ Du(j)] [by (6.33)]
< Y 1[(sesap) = (j,a) A Ny(j,a) <log”t']
< Z 1[(sy,ap) = (j,a) A Ny(j,a) <log®bl,,] [t < by
<log® b}, < log?t . (6.36)
Combining (6.27),(6.32) and (6.36), we see that, under the event
By(¢)Cy (gap /2) F,
we have A, (j) = O(log? t). Moreover, under B(¢), A, (j) > pBt. Thus (6.26) is proved. [
We can now finally prove Proposition 28.
Proof. Fix € > 0. It suffices to establish the following two claims.

Ve > O, ElCl s.t. Bt(C1)Gt Q At N (637)

and
PPV [Bi(C1)Gr] = o(1/t) . (6.38)

We first prove (6.37). Recall that m is the total number of deterministic stationary policies.
Since monotonic increase of A(P, Dy ) is not possible for more than m intervals I, it must

be the case that at the end of the last interval, we have D; N O(P) # () and thus,

G, C {O(P, D) C O(P), N(P,D;) = \(P), h(P,D;) = h*(P)} . (6.39)
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Moreover, by Lemma (30), part 2, we have, for sufficiently small ¢,
Bt(() - {O(Ptapt) - O(Papt)v Hh(Ptapt) - h(Papt)H < 6} (640)

Combining (6.39) and (6.40) and recalling the definition of the event A; given in (6.10)
proves (6.37).

To prove (6.38), write
P [Bi(C) G < PR [Bu(G) G + P [Bi(Co).

Lemma 33 shows that the first term is o(1/t). We now show that the second term is also

o(1/t).
Using the definition of B;(¢;) and the union bound we have,

ﬂ'o, Cl < ZZPWO, <p5t]

jeSv=0

+ Zpﬂo’ VV E ] Al/(j) > ,Oﬂt A 3t > bﬁva € Dt’(j) s.t.
jeS

185 (a) = Pialloe > G -

Since the length of the interval I} is at least 3t, it follows from Proposition 29 that
IP’Z)O’P[AV(j) < pft] is o(1/t). To bound the second term, note that on the event {Vv €
[m], Au(j) > pBt}, we have Ny (j) > pBt > pBt’ for all ' > b:. Therefore, the possible
values of Ny(j) are pft,...,t. Given that Ny (j) = ¢, the possible values of Ny(j,a) for

a € Dy(j) are log?q,...,q. Using a union bound, we can now bound the second term as



follows (where A = max; |A(7)]).

ZZ 2 Z >l ) -

JES t/=bt a€Dt(j) g=pBt r=log? q

SZZ > Z Z C exp(—r(?)

JES t'=bt a€D+(j) q=pBt' r=log? q

t t/ q
<cISIAY " >0 > exp(—r¢?)

t'=bl q=pBt’ r=log? q

t t 00
<CISIAY . Y Y ep(—r¢)

t'=bt q=pBt/ r*lOgQ q
t

= C‘S‘A Z Z exp(—log® ¢ - ¢7)

1 —exp(~ =bt g=ppt/
<—— - t-exp(—1lo Gb7) -
1— eXp(_CIQ) ( g (p 1) Cl)
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Pj,aHoo > (1 ‘ Nt/(jv a) - ’I”]

Now b > 3t and thus the last expression above, ignoring leading constants, is less than

t* - exp(—(log pB* + log t)*¢})

= exp(—(2log? pB?) - 2~ 27 og(pB?)~(F log

which is o(1/t) as t — oo.
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Chapter 7

Conclusion

The last four chapters have considered various aspects of reinforcement learning
in large or unknown MDPs. We close this dissertation by pointing out the major lessons
learned and describing some problems for future research.

Chapter 3 considered the sample complexity of policy search using simulators. In
that chapter, we showed, using Propositions 2 and 4, that it is not possible to prove conver-
gence bounds by just assuming that the pseudodimension or the fat-shattering dimension
of the policy class is finite. Some extra assumption is needed to ensure that the interac-
tion of the policy class with the system transition dynamics does not lead to a blow-up in
statistical complexity. Ng and Jordan [23] had earlier used a Lipschitz assumption for this
purpose. We essentially replaced their assumption by another one concerning the amount of
computation involved in computing policies, the system dynamics and the reward mapping.
However, neither of these assumptions implies the other. So, a necessary and sufficient

condition for simulation based policy search to work remains to be found.
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Chapter 4 considered the approximate linear programming approach for solving
large MDPs. Theorem 9, the main result in that chapter, gives a performance bound for the
greedy policy derived from a function V : S — R. However, our goal is to get a performance
bound for the greedy policy derived from Hw, where w is the solution to the approximate
linear program with constraint sampling. An important direction for future research is to
find conditions on the MDP and the basis functions under which the remainder terms in
that bound are small. In that chapter, we also looked at the approach of approximating the
dual linear program. Theorem 11 provides a preliminary bound for this approach. While
being a first step towards understanding the power of the dual approximation approach,
the bound is unsatisfactory for a number of reasons as mentioned towards the end of that
chapter. More work is therefore needed to derive better performance bounds.

In Chapter 5, we considered bounded parameter MDPs (BMDPs) that arise when
MDP parameters are only known to lie in some intervals. We presented algorithms for
computing the optimal value functions for average reward BMDPs. We also related the
discounted and average reward criteria and proved the existence of Blackwell optimal policies
thus extending two fundamental results from the theory of MDPs to the BMDP setting.
A fundamental question left open by our work is that of perfect duality in the case of the
pessimistic optimality criterion for average reward BMDPs. From Nilim and El Ghaoui’s
work [24], we know that perfect duality holds for the pessimistic optimality criterion for

discounted BMDPs. That is, for any v € [0, 1), any BMDP M and any state i € .S, we have

inf V. ) = inf V. ‘
S feha rtt @) = ol g Vs @)

where the max is taken over deterministic stationary policies. We do not know whether a
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similar relation holds true for average reward MDPs. That is, we do not know whether

inf U }) = inf U ) .
ey Ve () = i U ()

In Chapter 6, we gave an algorithm that achieves logarithmic regret in any irre-
ducible MDP. Auer and Ortner’s algorithm [5] also achieves logarithmic regret but with a
different constant. Neither algorithm requires the knowledge of the supports of the tran-
sition functions P;,. The original algorithm of Burnetas and Katehakis [11] required this
knowledge. An important advantage of Auer and Ortner’s analysis is that their bounds
hold uniformly over time. Our bounds, like those of Burnetas and Katehakis, only hold for
sufficiently large times and the initial period when the bound does not hold can be quite
large, even exponential in the size of the state space. We do not know whether this is a
limitation of our analysis or of the algorithm.

It is also interesting to compare our algorithm with Auer and Ortner’s. At any time
step t, let M; denote the BMDP obtained by taking high confidence intervals around the
empirical estimates of MDP parameters. Auer and Ortner do not update M; at every time
step, but when they compute a new policy, it is the optimal policy for M, in the optimistic
sense. In contrast to this, in our algorithm M; gets updated at every time step. But then,
we choose our current action by effectively executing just one iteration of the algorithm to
compute the optimistically optimal policy for M;. So, these two algorithms seem to be at
two extreme ends of a spectrum of algorithms. Viewing these two algorithms in this way

might lead to a better understanding of logarithmic regret algorithms for MDPs.
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Appendix A

Proofs of Auxiliary Lemmas

A.1 Lemma from Chapter 3

Lemma 3. Fiz an interval (a,b) and let T be the set of all its finite subsets. Let g, range

over functions from (a,b)" to T. Let D range over probability distributions on (a,b). Then,

inf sup <sup Ex.pl [X S T] — E(Xl,...,Xn)wD"E(XND)]- [X S gn(Xl, e ,Xn)]> >1.
gn D \TeT

Proof. Fix n,g,. Our proof uses the probabilistic method. We have,

Sup (;UIT)EXNDl (X eT] - Ex,,. x)~0nEx~p)l[X € gn(X1,... ,Xn)]>
(S

> Sup (;HI;EXNDml (X €T —Ex,,. x)~0nEx~p,)1 X € gn(X1,... ,Xn)]>
m €

=1-nt (E(X,Xl,...,xn)vaSJJ“)l X € gn(Xns oo ’X”)]) ’

where D,, ranges over discrete distribution supported on m points. The last equality holds
because for such distributions, the first term inside the sup over D,, is 1. We now use

the probabilistic method to upper bound the infimum over D,,, by an expectation over D,,



when D,, is a random probability distribution supported on Yi,...,Y,, where

Yi,...,Y,, ~iid. Uniform(a,bd) .
Further, let Iy, I1,..., I, be independent of the Y’s with
Iy, Ih,...,I, ~iid. Discrete Uniform{1,...,m} .
Finally, set X =Y}, and X; =Y7;,1 <j <n. Thus, we have
inf (B o gy opgeen 1 € 0a(X0, 00, X))

< P(X S gn(Xla- .. 7XTL))

<P(X € go(X1,...,X,)|"FE) +P(E) ,
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where E is the event “there exist duplicates amongst the I;’s”. Conditioned on —E, the

X;’s are i.i.d. Uniform(a,b) and hence the first term above is 0. To bound the second term

note that

Thus, we have

D \TeT

(i-2)

sup (Sup EXND]_ [X S T] - ]E(Xl 77777 Xn)ND"]E(XND)]- [X S gn(Xl, ..

.,Xn)]>

Since this is true for all m > n and the right hand side tends to 1 as m — oo (with n fixed),

the lemma is proved.

O
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A.2 Lemmas from Chapter 6

Lemma 30. For all §,¢ > 0, 3(1,(2,(3 > 0,y such that the following hold true. For all

¢ <, Bi¢) €
(V' = b5, Vi € TH(Dy), [N(PY) = Nu(P)| < € [Ihu(PY) = hy(P)low < €}
For all ¢ < (2, Bi(¢) C
{vt' = b, 0(P", D) C O(P,Dy) A ||h(P", Dy) = h(P,Dy)|oc < €}
For all ¢ < (3,t > tg, Bi(¢) C
{vt' > 81,5 € S,a € Dy(j), Up(j.a) < L(j, a; Pja, (P, Dy)) + 6}
Proof. (FIRST PART) Fix ¢ > b}. Given a policy u € II(Dy), let

H,(P) = (\u(P),hu(2; P), ..., hu(|S); P)T .

Since, h,(P) is unique only up to an additive constant, we assume that h,(1; P) = 0. With

this convention, the average reward equations become
AM(P)H/L(P) = Ru

where A, (P) is an invertible matrix. For an n x n matrix A, let ||A]- be the row sum

norm,
n
14lloc := max Y _ lai;| -
j=1

Theorem 2.7.2 in [18] says that if

Az =0 (A+A)y=0>
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with | Afleo - A= |oo < 1, then

2 Allo - 1A oo
—Alloo - 1A loo

ly = 2lloc < 5 [l - (A.1)

Let P = Pt and

~

H,(P) = (M\u(P),hu(2; P), ... hu(IS|; P)T .

The average reward equations for the problem (P,Dt/) can be written as

where AM(P) is an invertible matrix with the estimated probabilities in its entries. Under
the event B;((), we have

14u(P) = Au(P) oo < 1SIC -

Now using (A.1) with y = H,(P), z = H,(P), A = A,(P) and A = A,(P) — A,(P), we
get
|Hu(P) = Hu(P)lloo < €

provided that

€

¢S QI ST AP T @I (Pl 70

We finish the proof of the first part by setting ¢; = min,em, Ci(€; p).

(SECOND PART) Define the constant,
daiet := min{| A, (P) — Ay (P)| + p,p' € p,pu# '} .

Assume that dg;¢ > 0, otherwise the result is trivial. Given e > 0, choose (5 small enough
such that the previous part of the lemma holds both for € and for dqi/2. Then, for all

¢ < (o, under By(¢), any po that is optimal for (PY,D;) is dqir/2-optimal for (P, Dy).
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By the definition of i, any d4ig/2-optimal policy is actually optimal. Therefore, under
B(Q), (’)(Pt/,Dt/) C O(P,Dy). Moreover, for such a pg we have h(PY Dy) = P (Pt/) and
h(P,Dy) = h,,(P) and so we also have ||h(P",Dy) — h(P,Dy)|le < € by our choice of (o.

(THIRD PART) Fix ¢’ > bt,j € S,a € Dy(j). It suffices to prove that, under B;(¢),

for any ¢ € AT, such that Hﬁ?(a) —q|| < +/2logt'/Ny(j,a) we have
£(j.a,q.h(P", Dy)) < L(j, a, Pa, (P, Dy)) +36 . (A.2)

Fix such a ¢g. Using the previous part, if ¢ is sufficiently small then, under B;(¢), we have

|R(PY,Dy) — h(P,Dy)|| < §/3 and hence,
L(j,a,q,h(P",Dy)) < L(j,a,4,h(P,Dy)) +6/3 . (A.3)

Under By;(¢), Ny(j) > pft and since a € Dy(j), Np(j,a) > log?(pBt). As t' < t, we

have \/2logt /Ny (j,a) < \/2 log t/log?(ppt) which goes to 0 as t — oo. As L(j,a,p,h) is

continuous in p, there exists ty such that for all £ > ¢y, we have
L(j,a,q,h(P,Dy)) < L(j, a, 55 (a), (P, Dy)) +6/3 . (A4)
Under B;(¢), Hﬁ?(a) — Pjallo < ¢ and thus for small enough ¢ we have,
L(j, a,p} (a), h(P,Dy)) < L(j, a, Pja, h(P,Dy)) +6/3 . (A.5)

Here, we again used the continuity of L(j,a,p,h) in p. Combining (A.3),(A.4) and (A.5)

gives (A.2). O

Lemma 31. On the event By((), the following hold true. Let

T = pBt/(2log(pBt)) — 1 .
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Fort' >b',j €S ,a€ A(j), if (sy,ar) = (j,a) with a € F%/, then for all ¢,

T

> 1 [(seq,av) = (ia) A aeTy] <1
1=0

For all t' > bt and sufficiently small ¢,
AP, Dy41) > AN(P,Dy) .

Proof. (FIRST PART) Fix t/ > bl such that (sy,ay) = (j,a) with a € T'},. Let n = Ny (j)

and o = n/(2logn) — 1. With this choice of o, we have
log?(n + o +1) < log?n + 1 (A.6)
for sufficiently large n. Note that, for any [, if (syy;,ap1;) = (j,a) then
Ty C O3 P'H Dysy) € Dyalj)

and therefore Ny (4, a) > log? Ny4(j). Moreover, by the definition of I‘%,H, Nyi(j,a) <

log®(Ny4i(5) +1). Hence,
o
Z 1 [(sp41ap1) = (jya) A a €T}
=0

g
< Z 1 [(sy1,av41) = (j,a) A log® Nysi(§) < Ny(j, a) <log®(Nyi(j) +1)]
=0

g
< Z 1 [(sy41,ap41) = (j,a) A log®n < Ny (4, a) <log®(Nyi(j) + 1)]
1=0

g
< Z 1 ((syt1,av11) = (j,a) A log®n < Nyyi(j,a) <log’(n+ o +1)]
1=0

g
< Z 1 [(syt1,av41) = (j,a) A log®n < Npy(j,a) <log®n+1]
1=0

< Z 1 [(sysi,av1) = (j,a) A Nyj(j,a) = [log®n]]
=0

<1
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The second inequality follows because Ny1;(j) > Ny (j) = n. The third inequality follows
because, for | < o, Ny (j) < Nyio(j) < Np(j) +0 = n+ 0. The fourth inequality follows
from (A.6). Now, for all ¢, on the event B;(() we have n = Ny (j) = Ny (j) = pBt. Thus,

o> T.

(SECOND PART) It suffices to show that for all ¢/ > b},
Dyi1 NOPY , Dy) #0 , (A7)
because, by the previous part, for sufficiently small ¢, on the event B;({) we have
O(P",Dy) C O(P,Dy) .
Hence, (A.7) implies Dy 1 N O(P,Dy) # (. This, in turn, implies that
AP, Dyi1) > MNP, Dy) .

Suppose sy = j. Note that, for all 7/ # j, Dyy1(j') = Dyp(j') and therefore
Dyi1(7)) N O®f'; PV, Dy) # 0 holds trivially. To finish the proof we thus need to prove
Dyy1(5) N O(y; Pt/,Dt/) # (). For that, consider two cases. First, if I'} = O(j; pt,Dt) then

consider the action a = a; € F,} that my takes at time t. For this action,

Ny41(j.a) = Ny (j.a) +1 [ ap = al
> log?(Ny (j)) + 1 [-a €Dyl
> log?(Ny (§) +1) . [ log?n +1>log?(n +1)]
= log?(Ny11(7) [osv =] -

This means that a € Dy41(j).
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The second case is when I'} ¢ O(j; P*, D). Consider any a € O(j; P, D) — T'}.

For this action,

Nt’Jrl(jva’) > Nt/(j7a)
> log?(Ny(4) + 1) [-a¢ T}

= log®(Ny11(j)) [y =] .

Again, this means that a € Dy1(j). O
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Appendix B

Some Results for BMDPs

In this appendix, we provide self-contained proofs of the three theorems mentioned
without proof in Section 5.3 of Chapter 5. Throughout this appendix, vector inequalities

of the form V; < V5 are to be interpreted to mean V(i) < Va(i) for all i.
Proofs of Theorems 12 and 13
Lemma 34. If Vy <V, then, for all M € M,
T’y,u,M% S Tr;)});‘/? )
T’Ees‘/l S T’Y?/j‘vM‘/Q .

M

Proof. We prove the first inequality. Fix an MDP M € M. Let P;,(j) denote transition
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probabilities of M. We then have,

(T s V1) (i) = (1 = ) R(i, (7)) + Z Py iy () V1 (5)

<@ =RE) +7D P ()Val) [Vi<Va]
j
< (1 =R, p() + Y B q'Va [ MeM]

= (T V2) (0) -
The proof of the second inequality is similar. O
Lemma 35. If V; < V5 then, for any policy u,

TV < TP,

€es €es
TIVL < TV,
Proof. Again, we prove only the first inequality. Fix a policy pu. We then have,

t N . . T
(TSPVA) (i) = (1 — ) R(i, () + 7, e g Vi

< (1—9)R(i) +~ max q'Vy
9€Cs ()

< 1—~)R( TV
< max | (1-7) (Z,a))+7(1rggiﬁq 2

= (T9PVR) (i)
O

Proof. (of Theorems 12 and 13) Let V be the fixed point of T %’f This means that for all

1€,

V(i) = (L =R, p(i)) +~ max ¢'V .

9€Ci (s
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We wish to show that V = vy Et. Let g; be the probability vector that achieves the maximum
above. Construct an MDP M; € M as follows. Set the transition probability vector B ;)
to be g;. For a # (i), choose P; 4 to be any element of C; 4. It is clear that Vv satisfies, for

all i € S,

V(i) = (1= MR u(@) + 7Y Pruw (V)

J
and therefore V.=V, ,ar, < V5, PY. It remains to show that V > Vo', For that, fix an
arbitrary MDP M € M. Let Vj be any initial vector. Using Lemma 34 and straightforward
induction, we get

Yk >0, (Tyum)Vo < (T2
Taking limits as k — oo, we get V, , i < V. Since M € M was arbitrary, for any i € S,

Vfﬂt(i) = sup V4, m(7) < f/(z) .
’ MeM

Therefore, V = Vyb'.
Now let V be the fixed point of T ffpt. This means that for all ¢ € S,

V(i) = 1 — Y)R(i TV
(7) r;leag( ) (w)+7;ggiq

We wish to show that V = V', Let u1(i) be any action that achieves the maximum above.

Since V satisfies, for all i € S,

V(i) = (1—7)R(i, (i) +7 max ¢V,
a€Ci 1 (3)

we have V = vy, ﬁtl < VPth. It remains to show that V > VPth. For that, fix an arbitrary
policy p. Let Vg be any initial vector. Using Lemma 35 and straightforward induction, we
get

Vk >0, (TN Vy < (TP V)
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Taking limits as k — oo, we get Vs ﬁt < V. Since w was arbitrary, for any ¢ € S,

VP (i) = max VB (i) < V(i) .

“w Yk -

Therefore, V = VP, Moreover, this also proves the first part of Theorem 13 since

VRt =V = VPt

VK1

The claim that the fixed points of TV;; and TV are V3, and V5* respectively,
is proved by making a few obvious changes to the argument above. Further, as it turned

out above, the argument additionally yields the proof of the second part of Theorem 13.

0

Proof of Theorem 14

We prove the existence of M, only. The existence of M is proved in the
same way. Note that in the proof presented in the previous subsection, given a policy p,
we explicitly constructed an MDP Mj such that V5 ﬁt = V, um,. Further, the transition
probability vector P; ;) of My was a vector that achieved the maximum in
g Vi
Recall that the set C; ;) has the form

{q : qu = 17 Vj € Sa lj < q; < Uj} ) (Bl)

where l; = (7,7, (7)), uj = u(i,j,u(i)). Therefore, all that we require is the following

lemma.
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Lemma 36. Given a setC of the form (B.1), there ezists a finite set Q = Q(C) of cardinality
no more than |S|! with the following property. For any vector V', there exists ¢ € Q such
that

G'V=maxq'V .
qeC

We can then set
Mopt = { <S,A, P, R> : Vi,a, P’i,a < Q(Ci7a) } .
The cardinality of My is at most (|S||A])|S|!

Proof. (of Lemma 36) A simple greedy algorithm (Algorithm 4) can be used to find a
maximizing . The set C is specified using upper and lower bounds, denoted by u; and I;
respectively. The algorithm uses the following idea recursively. Suppose ¢* is the index of a
largest component of V. It is clear that we should set ¢(i*) as large as possible. The value
of g(i*) has to be less than u;. Moreover, it has to be less than 1 -3, ;. l;. Otherwise, the
remaining lower bound constraints cannot be met. So, we set ¢(i*) to be the minimum of
these two quantities.

Note that the output depends only on the sorted order of the components of V.

Hence, there are only |S|! choices for g. O
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Algorithm 4 A greedy algorithm to maximize ¢q'V over C.
INpPUTS The vector V' and the set C. The latter is specified by bounds {; }ies and {u;}ics

that satisfy Vi,0 <1; <wu; and ), 1; <1< u;.

OUuTPUT A maximizing vector ¢ € C.

> order (V') gives the indices of the largest to smallest elements of V/

indices < order(V)

massLeft « 1

indicesLeft « S

for all ¢ € indices do
elem «— V(i)
lowerBoundSum < >~ ci. dicesLeft. j2i U

G(7) < min(u;, massLeft — lowerBoundSum)

massLeft « massLeft — §(7)

indicesLeft < indicesLeft — {i}

end for

return ¢
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