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ABSTRACT

Multitask learning (MTL) has achieved remarkable success in numerous domains, such as
healthcare, computer vision, and natural language processing, by leveraging the relatedness
across tasks. However, current theories of multitask learning fall short in explaining the
success of some phenomena commonly observed in practice. For instance, many empirical
studies have shown that having a diverse set of tasks improves both training and testing per-
formance. This thesis aims at providing new theoretical insights into the significance of task
diversity in two major learning settings: Supervised Learning and Reinforcement Learning.
For supervised MTL, we focus on studying a popular learning paradigm known as multitask
representation learning and provide a theoretical foundation that establishes diversity as a
crucial condition for achieving good generalization performance. In the setting where tasks
can be adaptively chosen, we propose an online learning algorithm that effectively achieves
diversity with low regret. I then expand the discussion to Reinforcement Learning (RL),
which involves making sequential decisions to optimize long-term rewards. Previous explo-
ration designs in RL were either computationally intractable or lacked formal guarantees.
We show that, in addition to the generalization benefits demonstrated in supervised learning,
multitask reinforcement learning with a diverse set of tasks enables sample-efficient myopic
exploration. This is surprising because myopic exploration is provably sample inefficient in

the worst case even for a single task.
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CHAPTER 1

Introduction

In the era of big data, there is an enormous demand for learning from multiple datasets/tasks
with the hope to improve the overall performance by leveraging the similarities across differ-
ent tasks. The widely used modern deep learning models are usually “data-hungry”. Though
the community has made great achievement in creating large-scale datasets for training large
language models or computer vision models, datasets of that scale may not be available in
other domains like healthcare and medical image, where collecting data is expensive. In
these cases, Multitask Learning (MTL) can be an extremely useful tool as it exploits useful
information from other related learning tasks to help alleviate this data sparsity problem.
In this thesis, we review the commonly used algorithms for MTL and study the underlying
theory that guides the practical algorithm designs. We study MTL on two major setups —
Supervised Learning and Reinforcement Learning.

This thesis aims at providing theoretical understanding of the MTL. More specifically, we
ask what property on the training task set guarantees a good generalization performance.
For supervised learning, we bound the generalization error on the average of tasks or the
downstream target tasks. We show that a diverse task set guarantees the worst-case gener-
alization error and we provide hard instances on achieving diversity. For RL, we show that
diversity again plays an important role in online exploration, a crucial part of RL literature.
We provide a sample complexity bound for task set with diversity condition. Before we

present our main results, we briefly review important concepts in MTL.

1.1 Practices and Theories for Supervised MTL

Chapter 2 and Chapter 3 in this thesis focuses on the Supervised Learning setting, where each
task indexed by t is modeled as D;, a distribution over a shared input space X and output
space ) (Zhang and Yang, 2017). Our goal is to achieve a low excess error on the average over

all the tasks, or generalization error on a downstream target task. The understanding of the



benefits of MTL under this setup heavily relies on the crucial assumptions on task similarity.
We review the commonly made assumptions in the supervised learning setting. We also note

that many recent works on MTRL also inherit similar assumptions from supervised MTL.

1.1.1 Similarity Assumptions

Teshima et al. (2020) gives a brief summary of different similarity assumptions, upon which
we compare more methods. The assumptions can be broadly categorized into five classes:
1) parametric assumptions; 2) invariant conditionals and marginals; 3) small discrepancy;
4) transferable parameters; and 5) restricted function class. In the following discussion, we

denote the feature and response variables by X and Y.

(1) Parametric assumptions. This line of work directly assumes a parametric data gen-
erating distribution , e.g. Gaussian mixture model (Sugiyama and Storkey, 2007; Lawrence
and Platt, 2004; Bonilla et al., 2008; Schwaighofer et al., 2005). Under the Gaussian mixture
assumptions, the relatedness between tasks is characterized by a Gaussian Process prior over
the mean function. Other parametric models assume a parametric distribution shift. Exam-
ple includes location-scale transform (of Px|y) of class conditionals with a linear form (Zhang
et al., 2013; Gong et al., 2016b), linearly dependent class conditionals (Zhang et al., 2019).
The benefits of a parametric assumption is the clearness in the task relatedness despite of

its worse generalization.

(2) Invariant conditionals and marginals. To ease the difficulties of transfer, some
methods assume covariate shifts, where conditional distribution Py |x remains the same
(Sugiyama et al., 2007; Gretton et al., 2009; Kpotufe and Martinet, 2018). Other assump-
tions on marginals include target shifts with Py staying the same (Zhang et al., 2019),
conditional shifts with Py remaining the same, while Px)y changing (Zhang et al., 2013;
Nguyen et al., 2016). Furthermore, Pan et al. (2010) extends the covariate shift setting by
allowing a transformation on the covariates, i.e. there exists a mapping 7 such that Py 7 (x)

matches.

(3) Small discrepancy. Another line of work relies on certain distributional. For example,
Wang et al. (2019a); Shui et al. (2019); Kuroki et al. (2019); Cortes et al. (2019) assumes an
upper bound on the discrepancy between some performance measures of different tasks using
the same prediction; Courty et al. (2016); Redko et al. (2017) use an integral probability
metric. Ben-David et al. (2010) directly measures the discrepancy for the data generating

probabilities between tasks, also called H-divergence. Small-discrepancy assumptions allow



great flexibility on the prediction function class, while can only handle tasks that are close

under some metric.

(4) Transferable parameters. Some methods assume the parameters are transferable,
i.e. the optimal parameters for different tasks are close (Kumagai, 2016; Xu et al., 2020).
Fine-tuning is a widely applied domain adaptation method, which trains a model on source
domain and fine-tune it on the target domain using small amount of data (Howard and
Ruder, 2018; Hoaglin and Iglewicz, 1987). Xu et al. (2020) has shown that under some
specific function class, e.g. linear model, transferable parameters and small discrepancy

assumptions can be translated between each other.

(5) Joint function class. Joint function class assumption assumes a hypothesis class
F over the joint function f = (fi,..., fr) for a tasks set [T]. Note that some methods
using small discrepancy also assume a hypothesis class. However, they use the same class to
approximate all the tasks, i.e. their solution is f = (f,..., f) € FT.

Different from previous methods, the similarities between tasks are characterized by the
hypothesis class. For example, in the field of representation learning, Maurer et al. (2016);
Du et al. (2020); Tripuraneni et al. (2020) use the class {(fioh,...,froh) : h € H, fi €
F,Vt € [T]}. Tasks are similar under a common representation, while the task-specific
function f; can be irrelevant. The transferable parameters setting can be convert to the
joint function class setting using the class {(61,6,) : ||#1 — 62]] < d}, for two-task transfer
learning setting.

Another commonly used transfer learning method is the off-set model, assuming that the
optimal target function is a simple modification from the optimal function of source model
(Torrey and Shavlik, 2010; Wang and Schneider, 2015). Using the restricted function class
setting, the offset model can be written as {(f1,f2) : 1 € F,fa € {fi+h:h € H}}. Du

et al. (2017) generalizes the setting by allowing a general transformation from f; to f.

1.1.2 MTL Algorithms

Different practices apply to MTL with different similarity assumptions. Zhang and Yang
(2017) gives a brief summary of the popular MTL algorithms. We improve the review by

corresponding them to different similarity assumptions.

Feature-based MTL. In this category, all MTL models assume that different tasks share
a feature representation, which corresponds to shared representation assumption. More

specifically, these methods can be further categorized into two approaches, including the



feature transformation approach, and the feature selection approach. Feature transformation
approach learns a transformation of the original feature inputs. A popular choice is to learn
a multi-layer neural network for each task and the parameters of the first K layers are shared
by different tasks, resulting a shared feature transformation (Caruana, 1998; Argyriou et al.,
2006, 2008). Another category aims to select a subset of original features as the shared
feature representation for different tasks. Subset feature selection can be viewed as a shared
transformation in a general sense. However, they can be significantly different in practice
as the set of shared transformation is restricted to subset selection. Lozano and Swirszcz

(2012) proposed a multi-level Lasso model whose sparsity is shared across different tasks.

Regularization-based approaches. If one believes that the true models of different tasks
with a parametric assumption are closed, they may consider minimizing the average loss
of different tasks by regularizing the distances between the parameters of different tasks
Evgeniou and Pontil (2004). In Chapter 4 we also introduce a regularization-based approach

to solve MTL with a special funnel structure in recommendation system (Xu et al., 2020).

Model fine-tuning. Another way of utilizing the closeness of the true model parameters
is model Fine-tuning. Fine-tuning refers to the practice of fine-tuning a deep neural network
with few steps of stochastic gradient descent method. A trendy area of meta-learning can
be viewed as finding a global parameter, from which fine-tuning is effective for all the tasks
(Vilalta and Drissi, 2002; Vanschoren, 2019). It implicitly assumes that the true parameters

of different tasks are close.

1.1.3 Adaptive Task Scheduling

While previous literature often assumes a predetermined (and often equal) number of obser-
vations for all the tasks, in many applications, we are allowed to decide the order in which
the tasks are presented and the number of observations from each task. Any strategy that
tries to improve the performance with a adaptively chosen task scheduling is usually referred
to curriculum learning (CL) (Bengio et al., 2009). The agent that schedules tasks at
each step is often referred as the task scheduler.

Though curriculum learning has been extensively used in modern machine learning (Gong
et al., 2016a; Sachan and Xing, 2016; Tang et al., 2018; Narvekar et al., 2020), there is very
little theoretical understanding of the actual benefits of CL. We also do not know whether
the heuristic methods used in many empirical studies can be theoretically justified. Chapter

3 summarizes my work on the theoretical justifications of curriculum learning.



1.2 Multitask Reinforcement Learning

Recent interests of machine learning community has been detoured to a bigger scope that
learns how to make decisions to optimize a long-term goal. Inspired by behaviorist psy-
chology, reinforcement learning studies how to take actions in an environment to maximize
the cumulative reward and it shows good performance in many applications with AlphaGo,
which beats humans in the Go game, as a representative application. When environments
are similar, different reinforcement learning tasks can use similar policies to make decisions,
which is a motivation of the proposal of multi-task reinforcement learning (Wilson et al.,
2007; Li et al., 2009; Lazaric and Ghavamzadeh, 2010).

Many of these works (Wilson et al., 2007) solves different tasks through a hierarchical
Bayesian infinite mixture model. Li et al. (2009) characterizes each task is characterized via
a regionalized policy and a Dirichlet process is used to cluster tasks. Similarly to supervised
multitask representation learning, the value functions in Calandriello et al. (2014) in different
tasks are assumed to share sparse parameters and it applies the multi-task feature selection
method.

One may understand the benefits of multitask Reinforcement Learning in the same way
we understand the benefits for Supervised MTL. Many recent theoretical works have con-
tributed to understanding the benefits of MTRL (Agarwal et al., 2022; Brunskill and Li,
2013; Calandriello et al., 2014; Cheng et al., 2022; Lu et al., 2021; Uehara et al., 2021; Yang
et al., 2022; Zhang and Wang, 2021) by exploiting the shared structures across tasks. An
earlier line of works Brunskill and Li (2013) assumes that tasks are clustered and the algo-
rithm adaptively learns the identity of each task, which allows it to pool observations. For
linear Markov Decision Process (MDP) settings (Jin et al., 2020b), Lu et al. (2021) shows
a bound on the sub-optimality of the learned policy by assuming a full-rank least-square
value iteration weight matrix from source tasks. Agarwal et al. (2022) makes a different
assumption that the target transition probability is a linear combination of the source ones,
and the feature extractor is shared by all the tasks. Our work differs from all these works

as we focus on the reduced complexity of exploration design.

1.3 Diversity

A continuing topic throughout the thesis is the importance of having a diverse task set in
achieving good generalization performance and better sample efficiency in RL. Indeed, this
has been demonstrated by many empirical works. We give a brief review on how diversity is

discussed in empirical studies and the previous theoretical guarantees through diversity.



Empirical evidence for supervised learning. In computer vision tasks, heterogeneous
datasets are often available. For instance, tasks may target at goals ranging from image
classification to harder ones like segmentation and object detection. Yu et al. (2020) con-
struct a diverse driving dataset with various prediction structures and serve different aspects
of a complete driving systems, which improves the performance by at least 20% on tasks
with different goals. Similar evidence has been observed for biological and medical domains
(Caruana et al., 1995; Mulyar et al., 2021; Aoki et al., 2022; Sun et al., 2022) and NLP (Sub-
ramanian et al., 2018; Radford et al., 2019). Some works even consider multitask learning
across different domains. For instance, Nguyen and Okatani (2019) study multitask learn-
ing for a hierarchical vision-language representation. Recent interest of machine learning
community on foundation model can also be understood a representation learning on an
extremely diverse task set Yu et al. (2022).

Diversity for RL. There is also a large body of literature discussing the role of diversity
for RL. For instance, in robotic learning, a common practice is to randomize training envi-
ronment (Akkaya et al., 2019). Domain randomization is shown to significantly improve the
generalization from policy trained on simulated environments to real-world environments in
various different applications (Sadeghi and Levine, 2016; Tobin et al., 2017; Peng et al., 2018;
Andrychowicz et al., 2020; Chen et al., 2021). Intuitively, if one thinks of training RL agent
as a process of mastering skills, then it has to seen a diverse enough tasks to demonstrate

different types of skills in order to achieve a good generalization performance.

Theories on diverse MTL. Despite the attention diversity received in empirical studies,
we still lack a good theoretical understanding of diversity. Tripuraneni et al. (2020) proposed
a first theoretical analysis on the generalization benefits of diversity in a multitask represen-
tation learning setting. We extend their results to a more general setting in Chapter 2 and
3. The role of diversity is even more under-explored for RL. We will make a first attempt to

understand the ”exploration” benefits of having a diverse task set.

1.4 Thesis Organization

This thesis is organized in the following manner. In Chapter 2, we study the benefits of
multitask learning in a shared representation function setting. We first show that diverse
task set provides a strong worst-case generalization error guarantee. We propose Eluder
dimension as a measure for the number of tasks needed to achieve diversity. Chapter 3

closely follows Chapter 2 and consider the curriculum learning scenario, where tasks can be



adaptively chosen. We proposed an online learning algorithm that adaptively select task set
that achieves diversity. Chapter 4 bridges supervised learning and reinforcement learning
by considering a multitask learning on bandit setting. We show that under a special funnel
structure, MTL can significantly benefit with a smaller regret bound guarantee. Chapter
5 studies MTRL setting. We show that diversity continue to play an important role in
RL. Exploration is a core topic for online RL. We show that exploring on a diverse set of
tasks allows sample-efficient myopic exploration, which has been shown sample-inefficient
in the worst case. This has strong empirical implications as myopic exploration is easy to

implement and generalizes well.



CHAPTER 2
Supervised Multitask Learning

Recent papers on the theory of representation learning has shown the importance of a quan-
tity called diversity when generalizing from a set of source tasks to a target task. Most of
these papers assume that the function mapping shared representations to predictions is lin-
ear, for both source and target tasks. In practice, researchers in deep learning use different
numbers of extra layers following the pretrained model based on the difficulty of the new
task. This motivates us to ask whether diversity can be achieved when source tasks and
the target task use different prediction function spaces beyond linear functions. We show
that diversity holds even if the target task uses a neural network with multiple layers, as
long as source tasks use linear functions. If source tasks use nonlinear prediction functions,
we provide a negative result by showing that depth-1 neural networks with ReLu activation
function need exponentially many source tasks to achieve diversity. For a general function
class, we find that eluder dimension gives a lower bound on the number of tasks required
for diversity. Our theoretical results imply that simpler tasks generalize better. Though
our theoretical results are shown for the global minimizer of empirical risks, their qualita-
tive predictions still hold true for gradient-based optimization algorithms as verified by our

simulations on deep neural networks. !

2.1 Introduction

It has become a common practice (Tan et al., 2018) to use a pre-trained network as the
representation for a new task with small sample size in various areas including computer
vision (Marmanis et al., 2015), speech recognition (Dahl et al., 2011; Jaitly et al., 2012;
Howard and Ruder, 2018) and machine translation (Weng et al., 2020). Most representation
learning is based on the assumption that the source tasks and the target task share the same

low-dimensional representation.

IThis chapter is based on the paper Xu and Tewari (2021) published at NeurIPS 2021 with Ambuj Tewari.



In this chapter, following the work of Tripuraneni et al. (2020), we assume that each
task, indexed by ¢, generates observations noisily from the mean function f; o h*, where h*
is the true representation shared by all the tasks and f; is called the prediction function.
We assume h* € H, the representation function space and f; € F;, the prediction function
space. Tripuraneni et al. (2020) proposed a diversity condition which guarantees that the
learned representation will generalize to target tasks with any prediction function. Assume
we have T' source tasks labeled by 1,...,7T and F; = --- = Fr = F,,. We denote the target
task by ta and let &(f, h) € R be the excess error of f,h € F; x H for task t. The diversity
condition can be stated as follows: there exists some v > 0, such that for any f;; € F, and
any h € H,

f <
ft:n agta(fta, ) - Vftej:sot 1, 7TTZ(€t ft’

Excess error given h for target task
Excess error given h for source tasks

The diversity condition relates the excess error for source tasks and the target task with
respect to any fixed representation h. A smaller v indicates a better transfer from source
tasks to the target task. Generally, we say T source tasks achieve diversity over F;, when v
is finite and relatively small.

The number of source tasks plays an important role here. To see this, assume F,, =
Fio = F is a discrete function space and each function can be arbitrarily different. In this
case, we will need the target task to be the same as at least one source task, which in turn
requires 7' > |F| and v > |F|. So far, it has only been understood that when both source
tasks and target task use linear prediction functions, it takes at least d source tasks to be
diverse, where d is the number of dimension of the linear mappings. This chapter answers

the following two open questions with a focus on the deep neural network (DNN) models:

How does representation learning work when Fyo # Fio?

How many source tasks do we need to achieve diversity with nonlinear prediction functions?

There are strong practical motivations to answer the above two questions. In practice,
researchers use representation learning despite the difference in difficulty levels of source and
target tasks. We use a more complex function class for substantially harder target task, which
means Fy, # Fi,. This can be reflected as extra layers when a deep neural network model is
used as prediction functions. On the other hand, the source task and target task may have
different objectives. Representation pretrained on a classification problem, say ImageNet,
may be applied to object detection or instance segmentation problems. For instance, Oquab
et al. (2014) trained a DNN on ImageNet and kept all the layers as the representation except

for the last linear mapping, while two fully connected layers are used for the target task on



object detection.

Another motivation for our work is the mismatch between recently developed theories in
representation learning and the common practice in empirical studies. Recent papers on the
theory of representation learning all require multiple sources tasks to achieve diversity so as
to generalize to any target task in F (Maurer et al., 2016; Du et al., 2020; Tripuraneni et al.,
2020). However, most pretrained networks are only trained on a single task, for example, the
ImageNet pretrained network. To this end, we will show that a single multi-class classification
problem can be diverse.

Lastly, while it is common to simply use linear mapping as the source prediction function,
there is no clear theoretical analysis showing whether or not diversity can be achieved with

nonlinear prediction function spaces.

Main contributions. We summarize the main contributions made in this chapter.

1. We show that diversity over Fj, implies diversity over F;,, when both Fy, and F;, are
DNNs and F;, has more layers. More generally, the same statement holds when F;,
is more complicated than F,, in the way that F,, = F}, o (F2™) for some positive

integer m? and function class Fy,.

2. Turning our attention to the analysis of diversity for non-linear prediction function
spaces, we show that for a depth-1 NN; it requires (2%) many source tasks to establish
diversity with d being the representation dimension. For general Fj,, we provide a
lower bound on the number of source tasks required to achieve diversity using the
eluder dimension (Russo and Van Roy, 2013) and provide a upper bound using the
generalized rank (Li et al., 2021).

3. We show that, from the perspective of achieving diversity, a single source task with
multiple outputs can be equivalent to multiple source tasks. While our theories are
built on empirical risk minimization, our simulations on DNNs for a multi-variate
regression problem show that the qualitative predictions our theory makes still hold

when stochastic gradient descent is used for optimization.

2.2 Preliminaries

We first introduce the mathematical setup of the problem studied In this chapter along with

the two-phase learning method that we will focus on.

2F®T is the T times Cartesian product of F.
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Problem setup. Let X denote the input space. We assume the same input distribution
Px for all tasks, as covariate shift is not the focus of this work. In our representation learning
setting, there exists a generic feature representation function h* € H : X — Z that is shared
across different tasks, where Z is the feature space and H is the representation function space.
Since we only consider the different prediction functions, each task, indexed by ¢, is defined
by its prediction function f; € F, : Z — Y, C [0, 1], where F; is the prediction function
space of task t and ), is the corresponding output space. The observations Y; = ffoh*(X)+e
are generated noisily with mean function f; o h*, where X ~ Px and € is zero-mean noise
that is independent of X.

Our representation is learned on source tasks f2 = (ff,..., f5) € F1 x - x Fr for some
positive integer T'. We assume that all the prediction function spaces F; = F,, are the same
over the source tasks. We denote the target task by ff € F, 1 Z — Y, C [0, 1], where
Fia is the target prediction function space. Unlike the previous papers (Du et al., 2020;
Tripuraneni et al., 2020; Maurer et al., 2016), which all assume that the same prediction
function space is used for all tasks, we generally allow for the possibility that Fs, # Fia-

Learning algorithm. We consider the same two-phase learning method as in Tripuraneni
et al. (2020). In the first phase (the training phase), n = (ni,...,nr) samples from each
task are available to learn a good representation. In the second phase (the test phase), we
are presented n;, samples from the target task to learn its prediction function using the
pretrained representation learned in the training phase.

We denote a dataset of size n from task f; by S} = {(zu, yi)}7,. We use empirical risk

minimization (ERM) for both phase. In the training phase, we minimize average risks over

{Sr s
(-f h | fso T

S0 ft o h, xtz ym)

t=1 =1

where I, : ) x Y — R is the loss function for the source tasks and f = (fy,..., fr) € F&T.
The estimates are given by ( Fio, ) € argming R( f.h| f%). In the second phase, we obtain
the dataset {xyq:, Yrai )i from the target task and our predictor fta is given by

Nta

argmlnR(f,h | fr) = tha o M(®ta),s Yra):
f€Fta
for some loss function [y, on the target task. We also use R(-,- | -) for the expectation

of the above empirical risks. We denote the generalization error of certain estimates f,h

by E(f,h | -) = R(f,h | -) — minperpen R(f,1' | -), where F can be either FET or Fy,
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depending on the tasks. Our goal is to bound the generalization error of the target task.
For simplicity, our results are presented under square loss functions. However, we show
that our results can generalize to different loss functions in Appendix 2.A. We also assume

ny = --+ = Np = N, for some positive integer n,.

2.2.1 Model complexity

As this chapter considers general function classes, our results will be presented in terms of
the complexity measures of classes of functions. We follow the previous literature (Maurer
et al., 2016; Tripuraneni et al., 2020), which uses Gaussian complexity. Note that we do
not use the more common Rademacher complexity as the proofs require a decomposition
theorem that only holds for Gaussian complexity.

For a generic vector-valued function class Q containing functions ¢ : R? — R” and N data

points, Xy = (x1,...,zy)?, the empirical Gaussian complexity is defined® as

R 1 X
Gn(Q) =Eg [sup\/—NZgiTq(mi)] . g ~N(0,I,) idid.
i—1

qeQ

The corresponding population Gaussian complexity is defined as &x(Q) = Ex,, [65 N(Q)},

where the expectation is taken over the distribution of Xy.

2.2.2 Diversity

Source tasks have to be diverse enough, to guarantee that the representation learned from
source tasks can be generalized to any target task in F;,. To measure when transfer can
happen, we introduce the following two definitions, namely that of transferability and diver-

sity.

Definition 2.1. For some v,u > 0, we say the source tasks fy,..., fr € Fs are (v,p)-
transferable to task f;, if

infrer, E(f R 1)
sup - = b
heH mffe]_—gT g(f7h | :0)+'u/y

Furthermore, we say they are (v, p)-diverse over Fy, if above ratio is bounded for any true

3Note that the standard definition has a 1/N factor instead of 1/v/N. We use the variant so that &y
does not scale with N in most of the cases we consider and only reflects the complexity of the class.
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target prediction functions f;, € Fia, i.e€.

infrer, E(f R | f)
sup sup - . <.
[, €Fta heH 1nff€]-‘§oT 5(f7 h ‘ so) + /JJ/V

When it is clear from the context, we denote E(f,h | f}) and E(f,h | fZ) by Ewal(f, h)
and E,(f, h), respectively. We will call v the transfer component and p, the bias introduced
by transfer. The definition of transferable links the generalization error between source tasks

and the target task as shown in Theorem 2.1. The proof can be found in Appendix 2.A.

Theorem 2.1. If source tasks f5,..., f5 are (v, p)-diverse over Fy,, then for any [, € Fia,

we have

PO A \/ﬁénm ,/Tmoﬁ 91n(2/6
gm(ft“’h) < Vgso(fso,h)—}-u—l— < > + n( / )

Nia 2nta

The first term in Theorem 2.1 can be upper bounded using the standard excess error bound
of Gaussian complexity. The benefit of representation learning is due to the decrease in the
third term from &,,, (Fia 0 H)/\/Mz without representation learning to &,,, (Fia © h)/\/Mia
in our case. For the problem with complicated representations, the former term can be
extremely larger than the later one.

In the rest of the paper, we discuss when we can bound (v, 11), for nonlinear and noniden-
tical F,, and F,.

2.3 Negative transfer when source tasks are more com-

plex

Before introducing the cases that allow transfer, we first look at a case where transfer is
impossible.

Let the source task use a linear mapping following the shared representation and the target
task directly learns the representation. In other words, f;, is identical mapping and known to
the learner. We further consider Fy, = {z — wlz : w € RPF} and H = {x + Hx : H € RP*?},
The interesting case is when p < d. Let the optimal representation be H* and the true
prediction function for each source task be wi,...,w}. In the best scenario, we assume
that there is no noise in the source tasks and each source task collects as many samples as
possible, such that we will have an accurate estimation on each w;T H* € RP*? which we
denote by W;.

13



However, the hypothesis class given the information from source tasks are
{HcRP*: JweR, w'H=W,forallt =1,...,T}.

As H* is in the above class, any QH* for some rotation matrix ) € RP*P is also in the
class. In other words, a non-reducible error of learnt representation is maxg ||H* — QH*||3
in the worst case.

More generally, we give a condition for negative transfer. Consider a single source task
fr. Let H!, = argmin,, minser,, Eso(f, h) and Hf, = argmin,, minser,, Eq(f, h). In
fact, if one hopes to get a representation learning benefit with zero bias (1 = 0), we need all
h € H?, to satisty inf e r,, Ea(f, h) = 0, i.e. any representation that is optimal in the source
task is optimal in the target task as well. Equivalently, we will need H}, C H},. As shown

in Proposition 2.1, the definition of transferable captures the case well.

Proposition 2.1. If there exists a h' € H}, such that b’ ¢ H;,, then ming,, Ea(fra, ') > 0.

ta’

Furthermore, there is no v < 0o, such that f¥ is (v,0)-transferable to f .

Proof. The first statement is by definition. Plugging ¢’ into the Definition 2.1, we will have

V=00 O

The negative transfer happens when the optimal representation for source tasks may not
be optimal for the target task. As the case in our linear example, this is a result of more
complex Fj,, which allows more flexibility to reduce errors. This inspires us to consider the

opposite case where F;, is more complex than Fj,.

2.4 Source task as a representation

Before discussing more general settings, we first consider a single source task, which we refer
to as so. Assume that the source task itself is a representation of the target task. Equiva-
lently, the source task has a known prediction function fI (x) = z. This is a commonly-used
framework when we decompose a complex task into several simple tasks and use the output
of simple tasks as the input of a higher-level task.

A widely-used transfer learning method, called offset learning, which assumes f; (z) =
fi(x) + wf,(x) for some offset function wj, falls within the framework considered here. The
offset method enjoys its benefits when w,, has low complexity and can be learnt with few
samples. It is worth mentioning that our setting covers a more general setting in Du et al.
(2017), which assumes f; (z) = G(f% (x),wf,(z)) for some known transformation function G

SO

and unknown wy,.
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We show that a simple Lipschitz condition on F;, gives us a bounded transfer-component.

Assumption 2.1 (Lipschitz assumption). Any fi, € Fi, is L-Lipschitz with respect to Loy

distance.

Theorem 2.2. If Assumption 2.1 holds, task fX is (L,0)-transferable to task f;, and we
have with a high probability,

i h ) Lén 657’1 -7:a iL
gta(fta7h>:(9< (M) + o (Fta © ))

Nso Niq

Theorem 2.2 bounds the generalization error of two terms. The first term that scales
with 1/y/ns, only depends on the complexity of . Though the second term scales with
1/\/Tia, it is easy to see that &, (Fi, o h) = &,,.(Fa) < G, (Fia 0 H) with the dataset
{h(wra) Vi

2.4.1 General case

Previously, we assume that a single source task is a representation of the target task. Now
we consider a more general case: there exist functions in the source prediction space that
can be used as representations of the target task. Formally, we consider F, = F{, o (F&™)
for some m > 0 and some target-specific function space F,, : Y™ — ),,. Note that Fy, is
strictly larger than Fg, when m = 1 and the identical mapping = — = € F,,. In practice,
ResNet (Tai et al., 2017) satisfies the above property.

Assumption 2.2. Assume any f], € F]

ta

is L'-Lipschitz with respect to Lo distance.

Theorem 2.3. If Assumption 2.2 holds and the source tasks are (v, p)-diverse over its own

space Fs,, then we have

(’Aﬁnm (]:ta o ﬂ)

Nia

£ 7 A / VéTnso (’F;%)T © H)
gta(ftmh)—o Lm( ST +p |+

It is shown in Tripuraneni et al. (2020) that éizsns(fff,s o H) can be bounded
by O(&rn..(H) + VT®,, (Fs)). Thus, the first term scales with &g, (H)/vTe, +
(’A5nso (Fso)/v/Tso- Again the common part shared by all the tasks decreases with /1,

while the task-specific part scales with /ng, or \/n.

15



2.4.2 Applications to deep neural networks

Theorem 2.3 has a broad range of applications. In the rest of the section, we discuss its
application to deep neural networks, where the source tasks are transferred to a target task
with a deeper network.

We first introduce the setting for deep neural network prediction function. We consider
the regression problem with Y,, = V;, = R and the representation space Z C RP. A depth-K

vector-valued neural network is denoted by

f(x) =0 (Wk(o(...0 (Wix)))),

where each Wy, is a parametric matrix of layer £ and o is the activation function. For
simplicity, we let W, € RP*P for k = 1,... K. The class of all depth-K neural network is
denoted by M. We denote the linear class by £ = {z — o’z +: Va € RP, ||la|ls < M(«a)}

for some M(a) > 0. We also assume
max{[|Wi|loo, [Will2ll} < M(),

where |||« and |- |2 are the infinity norm and spectral norm. We assume any z € Z, ||z][oc <
Dy.

Deeper network for the target task. We now consider the source task with prediction
function of a depth-K, neural network followed by a linear mapping and target task with
depth- K, neural network. We let K;, > K,,. Then we have

Fm =Lo MKmeso o MKSO and .Fso =Lo MKSO-

Using the fact that M; = o(L®P), we can write Fy, as Lo Mk, k.,—100 0 (FoP). Thus,
we can apply Theorem 2.3 and the standard Gaussian complexity bound for DNN models,

which gives us Corollary 2.1.

Corollary 2.1. Let F,, be depth-K,, neural network and F;, be depth-K,, neural network.

If source tasks are (v,0)-diverse over Fy,, we have

Eua (frarh) =

5 (mWQmﬁ 0 (ém(%) . Dm—) , Dav/Ey - M£a>ng;qM<k>> e

Vg, v/ Nso
Note that the terms that scales with 1//ns, and 1/,/ny, have similar coefficients
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M ()T M (k), which do not depends on the complexity of . The term that depends
on éTnso (H) scales with 1/4/Tng, as we expected.

2.5 Diversity of non-linear function classes

While Corollary 2.1 considers the nonlinear DNN prediction function space under a diversity
condition, it is not clearly understood how diversity can be achieved for nonlinear spaces.
In this section, we first discuss a specific non-linear prediction function space and show a
fundamental barrier to achieving diversity. Then we extend our result to general function
classes by connecting eluder dimension and diversity. We end the section with positive results
for achieving diversity under a generalized rank condition.

We consider a subset of depth-1 neural networks with ReLu activation function: F =
{z — [(z,w) — (1 —¢€/2)]+ : |Jz|l2 < 1,[Jw| < 1} for some € > 0. Our lower bound

construction is inspired by the similar construction in Theorem 5.1 of Dong et al. (2021).

Theorem 2.4. Let T = {f1,..., fr} be any set of depth-1 neural networks with ReLu
activation in F. For any € > 0, if T < 241080/9=1 there exists some representation h*, h' €

H, some distribution Px and a target function f, € F, such that

inf E,(f,h) =0, while inf E,(f, 1) = €*/32.
Sdnt, (f, W) =0, while inf &,(f. W) =€/

Theorem 2.4 implies that we need at least (2%1og(1/¢)) source tasks to achieve diversity.
Otherwise, we can always find a set of source tasks and a target task such that the general-
ization error in source tasks are minimized to 0 while that in target task is €2/32. Though
ReLu gives us a more intuitive result, we do show that similar lower bounds can be shown

for other popular activation functions, for example, sigmoid function (see Appendix 2.A).

2.5.1 Lower bound using eluder dimension

We extend our result by considering a general function space F and build an interesting
connection between diversity and eluder dimension (Russo and Van Roy, 2013). We believe
we are the first to notice a connection between eluder dimension and transfer learning.
Eluder dimension has been used to measure the sample complexity in the Reinforcement
Learning problem. It considers the minimum number of inputs, such that any two functions
evaluated similarly at these inputs will also be similar at any other input. However, diversity

considers the minimum number of functions such that any two representations with similar
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outputs for these functions will also have similar output for any other functions. Thus, there
is a kind of duality between eluder dimension and diversity.

We first formally define eluder dimension. Let F be a function space with support X and
let € > 0.

Definition 2.2 ((F,¢)-dependence and eluder dimension (Osband and Roy (2014))). We
say that x € X is (F,€)-dependent on {x1,...,x,} C X iff

L<é = /@) - fa)lh <

nyfe}—a in(%)_f@z)

We say x € X is (F,e€)-independent of {x1,...,x,} iff it does not satisfy the definition of
dependence.

The eluder dimension dimg(F, €) is the length of the longest possible sequence of elements
in X such that for some € > e every element is (F,€')-independent of its predecessors.

We slightly change the definition and let dimy,(F,€) be the shortest sequence such that
any x € X is (F,€)-dependent on the sequence.

Although dim#%(F, €) < dimp(F,¢€), it can be shown that in many regular cases, say linear

case and generalized linear case, dimg(F, €) is only larger then dim$,(F,€) up to a constant.

Definition 2.3 (Dual class). For any F : X — Y, we call F* : F +— Y its dual class iff.
F*={9e : 92(f) = f(x), V2 € X}

Theorem 2.5. For any function class F : X — R, and some € > 0, let F* be the dual class
of F. Let dp = dim3,(F*,€). Then for any sequence of tasks fi,..., f;, t < dg — 1, there

exists a task fi11 € F such that for some data distribution Px and two representations h,
h*,

il B (h0) — s CDIE
dinfg g i ExlIfI(h(X) = fi( GO — 7
Theorem 2.5 formally describes the connections between eluder dimension and diversity.
To interpret the theorem, we first discuss what are good source tasks. Any T source tasks
that are diverse could transfer well to a target task if the parameter v could be bounded by
some fixed value that is not increasing with 7". For instance, in the linear case, v = O(d)
no matter how large T is. While for a finite function class, in the worst case, v will increase
with T before T' reaches |F|. Theorem 2.5 states that if the eluder dimension of the dual
space is at least dg, then v scales with T" until T reaches dg, as if the function space F is
discrete with dp elements.

Note that this result is consistent with what is shown in Theorem 2.9 as eluder dimension

of the class discussed above is lower bounded by €(2%) as well (Li et al., 2021).
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2.5.2 Upper bound using approximate generalized rank

Though we showed that diversity is hard to achieve in some nonlinear function class, we
point out that diversity can be easy to achieve if we restrict the target prediction function
such that they can be realized by linear combinations of some known basis. Tripuraneni et al.
(2020) has shown that any source tasks fi,..., fr € F are (1/T, u)-diverse over the space
{f e F:3f € conv(fy,..., fr) such that sup, ||f(z) — f(2)|| < u}, where conv(fy, ..., fr)
is the convex hull of { f1, ..., fr}. This can be characterized by a complexity measure, called
generalized rank. Generalized rank is the smallest dimension required to embed the input
space such that all hypotheses in a function class can be realizable as halfspaces. Generalized
rank has close connections to eluder dimension. As shown in Li et al. (2021), eluder dimension

can be upper bounded by generalized rank.

Definition 2.4 (Approximate generalized rank with identity activation). Let By(R) = {x €
R | ||z]la £ R}. The p-approzimate id-rk(F, R) of a function class F : X + R at scale R is
the smallest dimension d for which there exists mappings ¢ : X — By(1) and w : F — By(R)
such that

Jor-all (z, f) € X x F - |f(x) = (w(f), p(x))| < p.

Proposition 2.2. For any F with p-approzimate id-rk(F, R) < d; for some R > 0, there
exists no more than d; functions, fi,...,fs., such that w(f),...w(fs,) span R%:. Then

fis--.s fa, are (d;, p)-diverse over F.

Proposition 2.2 is a direct application of Lemma 7 in Tripuraneni et al. (2020). Upper
bounding id-rank is hard for general function class. However, this notation can be useful for
those function spaces with a known set of basis functions. For example, any function space
F that is square-integrable has a Fourier basis. Though the basis is an infinite set, we can
choose a truncation level d such that the truncation errors of all functions are less than pu.

Then the hypothesis space F has p-approximate id-rank less than d.

2.6 Experiments

In this section, we use simulated environments to evaluate the actual performance of rep-
resentation learning on DNNs trained with gradient-based optimization methods. We also
test the impact of various hyperparameters. Our results indicate that even though our the-
ory is shown to hold for ERM estimators, their qualitative theoretical predictions still hold
when Adam is applied and the global minima might not be found. Before we introduce

our experimental setups, we discuss a difference between our theories and experiments: our
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experiments use a single regression task with multiple outputs as the source task, while our

analyses are built on multiple source tasks.

2.6.1 Diversity of problems with multiple outputs

Though we have been discussing achieving diversity from multiple source tasks, we may only
have access to a single source task in many real applications, for example, ImageNet, which
is also the case in our simulations. In fact, we can show that diversity can be achieved
by a single multiclass classification or multivariate regression source task. The diversity
for the single multi-variate regression problem with L2 loss is trivial as the loss function
is decomposable. For multi-class classification problems or regression problems with other
loss functions, we will need some assumptions on boundedness and continuous. We refer the

readers to Appendix 2.A for details.

2.6.2 Experiments setup

Our four experiments are designed for the following goals. The first two experiments (Figure
2.1, a and b) target on the actual dependence on ng,, 144, Ky, and K, in Equation (2.1) that
upper bounds the errors of DNN prediction functions. Though the importance of diversity
has been emphasized by various theories, no one has empirically shown its benefits over
random tasks selection, which we explore in our third experiment (Figure 2.1, ¢). Our
fourth experiment (Figure 2.1, d) verifies the theoretical negative results of nonlinearity of
source prediction functions showed in Theorem 2.4 and 2.5.

Though the hyper-parameters vary in different experiments, our main setting can be
summarized below. We consider DNN models of different layers for both source and target
tasks. The first K layers are the shared representation. The source task is a multi-variate
regression problem with output dimension p and K, layers following the representation. The
target task is a single-output regression problem with K, layers following the representation.
We used the same number of units for all the layers, which we denote by n,,. A representation
is first trained on the source task using n, random samples and is fixed for the target
task, trained on n; random samples. In contrast, the baseline method trains the target
task directly on the same n;, samples without the pretrained network. We use Adam with
default parameters for all the training. We use MSE (Mean Square Error) to evaluate the

performance under different settings.
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2.6.3 Results

Figure 2.1 summaries our four experiments, with all the Y axes representing the average
MSE’s of 100 independent runs with an error bar showing the standard deviation. The
X axis varies depending on the goal of each experiment. In subfigure (a), we test the
effects of the numbers of observations for both source and target tasks, while setting other
hyperparameters by default values. The X axis represents n,, and the colors represents ny,.
In subfigure (b), we test the effects of the number of shared representation layers K. To
have comparable MSE’s, we keep the sum K + K;, =6 and run K = 1,...,5 reflected in the
X axis, while keeping K, = 1. In subfigure (c), we test the effects of diversity. The larger
p we have, the more diverse the source task is. We keep the actual number of observations
Ngo - p = 4000 for a fair comparison. Lastly, in subfigure (d), we test whether diversity is
hard to achieve when the source prediction function is nonlinear. The X axis is the number
of layers in source prediction function K,,. The nonlinearity increases with K,,. We run
K,, =1,2,3 and add an activation function right before the output such that the function

is nonlinear even if K,, = 1.
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Figure 2.1: (a) Effects of the numbers of observations for both source (ns,) and target
tasks (n4). (b) Effects of the number of shared representation layers K. (c) Effects of
diversity determined by the output dimensions p. We keep the actual number of observations
nso - p = 4000. (d) Effects of nonlinearity of the source prediction function. Higher K,
indicates higher nonlinearity.
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In Figure 2.1 (a), MSE’s decrease with larger numbers of observations in both source and
target tasks, while there is no significant difference between ng, = 1000 and 10000. The
baseline method without representation learning performs worst and it performs almost the
same when ny, reaches 1000. In (b), there are positive benefits for all different numbers of
the shared layers and the MSE is the lowest at 5 shared layers. As shown in Figure 2.1 (c),
the MSE’s and their variances are decreasing when the numbers of outputs increase, i.e.,
higher diversity. Figure 2.1 (d) shows that there is no significant difference between baseline
and Ky, = 1,2,3. When K,, = 2,3 there is a negative effects.

2.7 Discussion

In this chapter, we studied representation learning beyond linear prediction functions. We
showed that the learned representation can generalize to tasks with multi-layer neural net-
works as prediction functions as long as the source tasks use linear prediction functions. We
show the hardness of being diverse when the source tasks are using nonlinear prediction func-
tions by giving a lower bound on the number of source tasks in terms of eluder dimension.
We further give an upper bound depending on the generalized rank. This generalization
works for source and target tasks with distinct label spaces. For example, regression task
can generalize to classification tasks with a logistic regression model (see Lemma 2.4 for a
change of loss function result).

Different prediction functions for source and target tasks as we studied in this chapter
introduce asymmetry in terms of the model design. As we discussed, we may add more
layers of neural network on top of the learned representation function. We argue that this
asymmetry exists in many real-world applications, e.g. vision tasks, when we target at
downstream task generalization. In practice, when we aim at improving a set of source
tasks performance, where asymmetry can be an issue, we may choose the same source task
prediction function class and make it large enough to include the functions of interest for all
the tasks.

Future works. Focusing on future work, we need better tools to understand the recently
proposed complexity measure generalized rank. Our analyses rely on the ERM, while in
practice as well as in our simulations, gradient-based optimization algorithms are used.
Further analyses on the benefits of representation learning that align with practice on the
choice of optimization method should be studied. Our analyses assume arbitrary source
tasks selection, while, in real applications, we may have limited data from groups that are

under-represented, which may lead to potential unfairness. Algorithm that calibrates this
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potential unfairness should be studied.

Another direction of future work is to propose reasonable assumptions for a guarantee
of generalization even when the source prediction functions are nonlinear. Possibly the
interesting functions are within a subset of the target prediction function class, which makes
generalization easier.

In this work, we consider provided and fixed source tasks. In practice, many empirical
methods (Graves et al., 2017) are proposed to adaptively select unknown source tasks. An
interesting direction is to ask whether adaptively task selection could achieve the optimal

level of diversity and to design algorithms for that purpose.

2.A Missing Proofs

Proof of Theorem 2.1

Proof. Note that the second phase is to find the best function within the class F;, o h. We
first apply the standard bounded difference inequality (Bartlett and Mendelson, 2002) as

shown in Theorem 2.6.

Theorem 2.6 (Bartlett and Mendelson (2002)). With a probability at least 1 — 6,

. . . V2r®,, Loh 91In(2/6 .
Sup [Ria(f o h) — Rua(f o B)| < Y2MOmalFra0h) o [OWE/0) ) 5
fEFta Nita 2Niq

furthermore, the total generalization error can be upper bounded by

Ea(faoh) < inf Eu(f,h) + e(h, n¢a, 0) . (2.2)
F ——

f€ ta

. . generalization error over Fiqoh
approximation error

Theorem 2.6 is stated in terms of Gaussian complexity. It is more common to use
Radamecher complexity, which can be upper bounded by /27 of the corresponding Gaussian
complexity. For the generalization bound in terms of Rademacher complexity, Theorem 26.5
of Shalev-Shwartz and Ben-David (2014) has a full proof. Then recall that }; and Y, C [0, 1],
we get rid of the loss function by the contraction lemma, which leads to Theorem 2.6. The

result follows by the definition,

7 inf ga a) B r7 N2
inf E.(f h) < ; T 2t (ftA ) (Eso(fsor ) + p/v) S vE(Fsos h) + -
fEFta mffsoe}'?i,s Eso(fsor ) + 11/v
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Proof of Theorem 2.2

Proof. To show f* is (L,0)-transferable to f;, we bound the approximation error of the

target task given any fixed h € H.

Etalfiar )
= Exy [lta(fia 0 M(X),Y) = lia(fr 0 R (X), Y)]
= Ex|[fi o M(X) = fr o B*(X)]13
< LEx [[M(X) = 1*(X)]3- (2.3)

Now using Assumption 2.1, we have

gso(hf) = EX,Y[ZSO(h(X)? Y) - lsO(h’* (X)7 Y)]
= Ex|h*(X) — M(X)|3

Combined with Equation (2.3), we have supycy[Eta(fry, R)/Eso(R)] < L.
Firstly, using Theorem 2.6 on source tasks solely, we have E,(h) = O(&,..(G)/\/Trso)-

Definition 2.1 gives us

inf Ea(f,h) < LEw(h) = O(L&,,,(G)/\/Ns0)-

fEFta

Combined with (2.2), we have

Era (ftaail) =0|(L +

Proof of Theorem 2.3
Proof. Let fi(x) = fli(ff o h*(x),...f oh*(x)). Define new tasks t1,...%¢,. Each t¢; has

the prediction function f;*.
By Definition 2.1, the source tasks are (v, u)-transferable to each ¢;. By Theorem 2.1, we

have
inf Eti (fu il) S I/Eso(fsov }Al) + 22

fie}—so
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Since we use Lo loss,

inf Exl|fi o h(X) = f7 o h"(X)|5 = ;nf Ei(fish) < VEwo(Froh) + 1.

fiej:so

As this holds for all ¢ € [m|, we have
inf_ Ex||(fioh(X), ..., fmoh(X)=(fioh(X), ..., froh*(X))|3 < muEs(Fsor h)+11).
Using Assumption 2.2, we have

. 7 < / o > )
fler.l}'f;a gta(fv h) = L m(Vgso(fsoa h) + ,u)

Theorem 2.3 follows by plugging this into (2.2). O

Proof of Corollary 2.1 This section we prove Corollary 2.1 using Theorem 2.3, the
standard bound for Gaussian complexity of DNN model and the Gaussian complexity de-
composition from Tripuraneni et al. (2020).

The following theorem bounds the Rademacher complexity of a deep neural network

model given an input dataset Xy = (xy,...,zx)T € RV*2

Theorem 2.7 (Golowich et al. (2018)). Let o be a 1-Lipschitz activation function with
o(0) = 0. Recall that My is the depth K neural network with d-dimensional output
with bounded input ||z;|| < Dz and ||Willoo < M(k) for all k € [K]. Recall that
L={zw oz +p:VaeRP |als < M(a)} is the linear class following the depth-K neural

network. Then,

2DzK +2+1logd - M(a)IIf M (k)
T .

Since for any function class F, &, (F) < 2y/logn - R,(F), we also have the bound for the

Gaussian complexity under the same conditions.

Applying Theorem 2.7, we have an upper bound for the second term in Theorem 2.3:

(’BHM (Fm e ﬁ)

Mg

2D7\/10g(nia)\/Kta + 2 + log(d) M I M (k) ~ (DZ\/K_MM(a)Hf;“lM(k))

=0

Nia Nia

It only remains to bound &g, (FET o) //Tns, in Theorem 2.3. To proceed, we
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introduce the decomposition theorem for Gaussian complexity (Tripuraneni et al., 2020).

Theorem 2.8 (Theorem 7 in Tripuraneni et al. (2020)). Let the function class F consist of
functions that are L(F)-Lipschitz and have boundedness parameter Dx = sup; pr , . || f(2) —
f/(@)l2. Further, define @ = {h(X) : h € H,X € U_ {X;}}. Then the Gaussian complea-
ity of the function class F¥T(H) satisfies,

&x (FOI(H)) < % +128C (F¥T(H)) - log(nT),

~

where C (FO'(H)) = L(F)Gx(H) + maxqeo Bq(F).

With Theorem 2.8 applied, we have

G (FEoH) _ 8Dy 128 (LF)®r (H) + misac Og(Fu)) 0T

\ Tnso - (Tnso)2 Vv Tnso

The second term relies on the Lipschitz constant of DNN, which we bound with the

. (24)

following lemma. Similar results are given by Scaman and Virmaux (2018); Fazlyab et al.
(2019).

Lemma 2.1. If the activation function is 1-Lipschitz, any function in L o Mg is
M ()T, M (k)-Lipschitz with respect to Ly distance.

Proof. The linear mapping z +— Wy is ||Wj||2-Lipschitz. Combined with the Lipschitz
of activation function we have o(Wjx) is also ||Wj||2-Lipschitz. Then the composition of
different layers has Lipschitz constant Iy M. The Lemma follows by adding the Lipschitz
of the last linear mapping. O

Thus, we have
L(Fyo) < M ()23 M (k).

By Theorem 2.7,

max &g (F) = 022V Koo MO M (K) |

qeQ \/n_so

Plug the above two equations into (2.4), we have

éTn (f®T 9 H) ~ DX K éTn (H) DZ\/K_so
so SO — O M H SDM k’ so
/Tnso (Tnso)Q + (O{) k=1 ( )( /—Tnso + /—nso ) )

where Dx = SUp(, .0y (w fr ) erx Fuoxx 1100 f (@) = W0 f/(a)]].
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Lemma 2.2. The boundedness parameter Dy satisfies Dx < Dz M (a)T1i23 M (k).

Proof. The proof is given by induction. Let r; denote the vector-valued output of the k-th
layer of the prediction function. First note that
2-

Dx <2 sup [f(2)|* < 2M(a)|lrx,,
[E€Fs0,2€2

For each output of the k-th layer, we have
l74l® = lo(Wrre—)II? < [[Wirk—illz < IWill3llrall3,

where the first inequality is by the 1-Lipschitz of the activation function. By induction, we
have
Dx < 2Dz M (a1 M (k).

O

Recall that F, = L o Mk, —k.,-1 © (FoP) and the Lipschitz constant L' <
M ()l , M (k). Using Theorem 2.3 and apply Lemma 2.2, we have

Eua (frarh) =

G (H) Dzm)) , DavVEy - M(a)Hf:le) |

O | prIt&e,. M) | M(a)TTX M (k
(p’/ k=K so+2 ()( ()23 M (k)( VTng, Vo Nta

Lower bound results for the diversity of depth-1 NN We first give the proof using
ReLu activation function (Theorem 2.4), as the result is more intuitive before we extend the

similar results to other activation functions.

Proof. As we consider arbitrary representation function and covariate distribution, for sim-
plicity we write X’ = h*(X) and Y’ = h(X).

We consider a subset of depth-1 neural networks with ReLu activation function: F =
{z = [z, w) — (1 —¢/4)]4 : |lz|l2 £ 1,[|w] < 1}. Let f, be the function with parameter w.
Consider U C {z : ||z||2 = 1} such that (u,v) <1 — € for all u,v € U,u # v.

Lemma 2.3. Forany T C F, |T| < [|U|/2], there exists a V C U, |V| > [|U|/2] such that
any f €T, f(v)=0 forallveV.

Proof. For any set T, let Ur = {u: 3t € T,u € argmax,;(u, f;)} be a subset of U. Thus,
Ur| <T < ||U|/2]. Let V =U\ Ur.
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For any f € T, let uy be its closed point in U. Let vy be its closed point in V. Let 6
be the angle between u; and vy. By the definition of U, we have cos(6y) = (uyr,vs) <1 —e.
We will show that (f,vs) <1 —¢/4.

Note that since (f,vs) < (f,us), we have the angle between f and v is larger than 6;/2.
By the simple fact that cos(6y/2) < 1 — (1 — cos(8y))/4, we have (f,vs) <1 —¢/4. Thus,
f(vg) =0and f(v)=0foralveV. O

For any set of prediction functions in source tasks, let V' be the set defined in the above
lemma. Consider any v € U \ V and let V' = U \ (V Uw). By this construction, we have
fu(u) =€/4, while all f € T, f(u) = 0. Note that

while

Thus, we let X’ = u almost surely and Y follows a uniform distribution over V’. This
is true when the covariate distribution is the same as Y’ and h = x — = and h* = z — u.

Recalling the definition of diversity, we have

: 1 :
}Ieljfr Ex vy (fu(X') — f(Y")? = €*/32 and T Z flt’relgf Ex v (fo(X') — f/(Y")? = 0.
freT
Note that the same result holds when the bias b < —(1 — €/4). For general bounded

||b]]2 < 1, one can add an extra coordinate in x as an offset. O

In Theorem 2.4, we show that in depth-1 neural network with ReL.u activation function,
we will need exponentially many source tasks to achieve diversity. Similar results can be

shown for other non-linear activation functions that satisfies the following condition:

Assumption 2.3. Let 0 : R +— R be an activation function. We assume there exists x1, x5 €

R, x1 > x9, such that |o(x1)| > sup,<,, |o(x)|M for some M > 0.

ReLu satisfies the assumption with any M > 0 for any z; > 0 and 2, < 0. Also note
that any continuous activation function that is lower bounded and increasing satisfies this

assumption.

Theorem 2.9. Let o satisfies the above assumption with M for some x1 and xo. Let F =
{z — o(8(x1 — x2){m,w) — Txy 4+ 8xs)) : ||zlla < 1,||w|2 < 1}. Let T = {f1,..., fr} be
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any set of depth-1 neural networks with ReLu activation in F. If T < 241982)=1 there exists
some representation h*,h' € H, some distribution Px and a target function ff € F, such

that
inf rer Ea(f, 1) S (M —1)?

infrer Eso(f, 1) 8
Proof. We follow the construction in the proof of Theorem 2.9, fix an ¢ = 1/2 and let
U C {z:||z|]|s = 1} such that (u,v) <1 —¢€ for all u,v € U,u # v.

For any source tasks set 7, let Ur = {u : 3t € T,u € argmax,;(u, f;)} be a subset of
U. Thus, [Ur| <T < ||U|/2]. Let V.= U\ Ur. For any f € T, v € V, similarly to the
previous argument, we have (f,v) <1 —¢/4 =1/8. Therefore, (f,v) <1—¢/4=1/8 < x,.

For any set of prediction functions in source tasks, let V' be the set defined in the above
lemma. Consider any v € U \ V and let V' = U \ (V Uwu). By this construction, we have
fu(u) = o(z1), while all f € T, f(u) = o(x2). Note that

it S () = o 2 s St — ot
while
S L ST () - f@)? < 4 sup o)
V7
feT eV’ <z
Thus

infrer r Ppev (fulu) = f(2))? N (M —1)?
D fer |71| Y owey (f(w) = f(2))? — 8

Proof of Theorem 2.5

Proof. Since dim®(F*) is at least dg, for any set {f1,..., f;}, there exists a f;y; that is
(F*, €)-independent of {fi,..., fi}. By definition, we have

t
dxy, 29 € X, Z ||fz(951) - fz(x2)|’§ < 527 while ||ft+1($1) - ft+1($2)||§ > ¢
i=1

We only need to construct appropriate data distribution Px and representation g, g* to
finish the proof. As we do not make any assumption on g, g* and Py, it would be simple to
let X7 = ¢g(X) and X, = g*(X).

We let the distribution of X3 be the point mass on x;. Let X5 be the uniform distribution

over {1, xs}.

29



For the excess error of source tasks, we have

t
f/infflz Ex, x|l fi(X1) — fz(XQ)Hg
predt =1

<Y ExixllfiXn) = f(X)]5
=1

[\

€

1
=35 lile) = ) I3 < 5
=1

For the excess error of the target task f;11, we have

f/in£; Ex||fi1(X1) — fira (X213

t+1

1
= inf [=

1
flaeF 2||ft,+1<x1) - ft+1($2>‘|§ + §||f£+1($1) - ft+1($1)|!§]

. erl 1
> inf [ lla — fisr (22) [ + 5la = fera(a)l3

1 5 _ €
= zIHftH(xl) - ft+1($2>||2 > e

The statement follows. O

Extending to general loss functions In all the above analyses, we assume the square
loss function for both source and target tasks. We first show that diversity under square loss
implies diversity under any convex loss function. Let Vi(z,y) be the gradient of function
Vi(-,y) evaluated at z.

Lemma 2.4. Any task set F that is (v, p)-diverse over any prediction space under square
loss is also (v/cy, ) c1)-diverse over the same space under loss l, if | is ¢; strongly-convex
and for all x € X

E[VI(¢"(X),Y)| X=2]=0 (2.5)

Proof. Using the definition of the strongly convex and (2.5),

Exy[l(fioh(X),Y) = I(f{ o h*(X),Y)]
> Exy [VI(ff o h*(X),Y)" (ff o h*(X) = fio h(X)) + e || fi o h*(X) — fi o h(X)][3]
= ciExy[|lff o h*(X) = fro h(X)|3],

which is the generalization error under the square loss. O
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Note that Equation (2.5), is a common assumption made in various analyses of stochastic
gradient descent (Jin et al., 2021b).

On the other direction, we show that any established diversity over the target task with
square loss also implies the diversity over the same target task with any loss [ if V2 = ¢yl

for some ¢y > 0.

Lemma 2.5. Any task set F that is (v, p)-diverse over a target prediction space under

square loss is also (vcy, pucy)-diverse over the same space under loss 1, if V2I(-,y) = col for
all y € Yy and for all x € X we have E[VI(¢*(X),Y) | X = 2] = 0.

Proof. The proof is the same as the proof above except for changing the direction of inequal-

ity. Using the definition of the strongly convex and (2.5),

Exy[l(fioh(X),Y) = I(ff o h*(X),Y)]
< Exy[VI(ff o h*(X),Y)" (ff o h*(X) = fio h(X)) + o || fi 0 h*(X) — fi o B(X)][3]
= Exy[|lff o h*(X) = fro h(X)|3],

which is the generalization error under the square loss. O

Missing proofs in Section 6 Assume we have T tasks, which is (v, p)-diverse over F,,
and Y,, C R. Then we can construct a new source task so with multivariate outputs, i.e.
V. C RT, such that H,, = F2T and each dimension k on the output, given an input x, is
generated by

Yie(X) = fioh'(X) +e

Intuitively, this task is equivalent to T' source tasks of a single output, which is formally

described in the following Theorem.

Theorem 2.10. Let so be a source task with Vs, C RX and f2(-) = (mi(),...,m3()) for
some class M : Z +— R. Then if the task set tq, ..., tx with prediction functions mj, ..., mj
from hypothesis class M is (v, p)-diverse over M, then so is (%, % )-diverse over the same

class.

Proof. This can be derived directly from the definition of diversity. We use ¢ to denote the
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new task. By definition,

inf  E(fso, h) = inf Ex|[(mi 0 (X),...,mgoh(X)) — (m}oh*(X),...,m} o h*(X))|3

fs0€Fso hso

—Z inf [l 0 h(X) =m0 h* ()
mg

K

Z mf gtk ftk’ )

As (ty,...,tx) is (v, p)-diverse, we have
SUP, e e Epe (M, h) 1 sup, e pq infre i Ep-(m, h) < v
infhsoefso gSO(fSO? h) + /’L/V K % Zf:l lnfmkeM gtk (hk, h) I/K K

[]

For the multiclass classification problem, we try to explain the success of the pretrained
model on ImageNet, a single multi-class classification task. For a classification problem with
K-levels, a common way is to train a model that outputs a K-dimensional vector, upon
which a Softmax function is applied to give the final classification result. A popular choice
of the loss function is the cross-entropy loss.

Now we formally introduce our model. Let the Softmax function be ¢ : R¥ — [0,1]%
Assume our response variable y € RX is sampled from a multinomial distribution with mean
function ¢(fZ o h*(z)) € [0,1]%, where h* € H : X + Z and [} € F,, : Z +— RE. We use
the cross-entropy loss  : [0, 1 x [0, 1) = R, I(p, q) = — S_r—, pr log(qr).

Assumption 2.4. [Boundedness] We assume that any f o h(z) € Fs X H is bounded

n [—log(B),log(B)| for some constant positive B. We also assume the true function
ming, U(f* o h*(x))x > 1/B, for some B, > 0.

Theorem 2.11. Under Assumption 2.4, a K-class classification problem with fX(-) =

(mi(:),....,m5 () for some mi,...,mj € M and Softmaz-cross-entropy loss function is

*

(2B2B*v, B2p)-diverse over any the function class M as long as f,

with Lo loss is (v, j)-

diverse over M.

Proof. We consider any target task with prediction function from M®X'. Let U : REK —

[0, 1]%" be the softmax function. We first try to remove the cross-entropy loss. By definition,
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the generalization error of any f o h € M®K' x H is

Ea(foh) —&u(h* o hY)

K/

= Exal= 1Y = D loseo )
U(foh)

ZU f* o h)log( ], (2.6)

U(f*oh¥)
which gives us the KL-divergence between two distributions U(f o h) and U(f* o h*).

Lemma 2.6. For any two discrete distributions p,q € [0,1]%, we have

L(p.q _2Z!p—q\ 212( —q).

On the other hand, if min; p; > b for some positive b, then

1 &
Lp.a) < 33 > (v
i=1

Proof. The first inequality is from Theorem 2 in Dragomir and Gluscevic (2000). The second

inequality is by simple calculus. O]

By the assumption 2./, we have that for any h, g, x

1 1
KB TE (K — 1)/32]‘

U(foh(x)): €
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We also have 31, exp(f o h(z);) € [K/B, KB]. To proceed,

SUpj; e vokia I, Era(fra © ) = Enalfi 0 1)
inf ey Exolfoo 0 B) = Esolfi, 0 1) + gk
(Applying (2.6) and Lemma 2.6)
S canerin 0, Ex U (fra © h(X)) = U(fi, 0 (X))l
inff e agorceo Ex||U(foo 0 h(X)) = U(f5, 0 (X)) + #i5

< 2B?

K
(Using the boundedness of Z exp (f o h(z);))

i=1
SUP s e pqenea i, Ex [l exp(fra 0 h(X)) — exp(f;, o h*(X))|3
inf ;e pero Exllexp(feo 0 (X)) —exp(fZ, o h*(X))I + 75
(Using the Lipschitz and convezity of exp)

3 ¢ * * 2
S 2BfB4 ‘Supf;aeM(gKt“ lnfft:z EX”fta o h(X) - fta o h (X)HQ
inff o ere Exllfso 0 M(X) = f2, 0 h*(X)I5 + p/v
< 2B?Bv.

< 2B*B?

The diwversity follows.

2.B Experimental details

Each dimension of inputs is generated from N(0,1). We use Adam with default parameters

for all the training with a learning rate 0.001. We choose ReLu as the activation function.

True parameters. The true parameters are initialized in the following way. All the biases
are set by 0. The weights in the shared representation are sampled from N(0,1//n,). The
weights in the prediction function for the source task are set to be orthonormal when K, = 1
and p < n,. For the target prediction function or source prediction function if K, > 1, the

weights are sampled from N(0,1/,/n,) as in the representation part.

Hyperparameters. Without further mentioning, we use the number of hidden units, n,, =
4, input dimension p = 4, K = 5, Ky, = K, = 1, the number of observations ny, = 1000
and ng = 100 by default. Note that since p is set to be 4 by default, equivalently we will

have ng, - p = 4000 observations.
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CHAPTER 3

Adaptive Task Scheduling

In the previous chapter, we consider the setting where the task set and the number of
observations from each task are given to the algorithm. We show that if the task set is diverse,
we can give strong generalization error guarantee. However, it might occurs in practice that
one is given a sufficiently large task set and a simple random choice of tasks does not lead
to diversity. For example, if one have T" tasks with 7' >> d in a linear representation learning
setting with linear prediction functions. Consider a hard case, where all T'— d tasks have the
same coefficient for the prediction function, while the rest of the d tasks satisfy the diversity
condition. If one have total number of observations N equally allocated for different tasks,
we have a small v, aka. bad diversity. However, there exists a potentially good allocation
that achieves diversity. The question is whether we can adaptively choose tasks (when they
are unknown) to achieve that optimal rate.

To this end, we study curriculum learning (CL), a commonly used machine learning
training strategy that tries to improve the performance by adaptively choosing good tasks
for learning. We study CL in the multitask linear regression problem under both structured
and unstructured settings. For both settings, we derive the minimax rates for CL with the
oracle that provides the optimal curriculum and without the oracle, where the agent has
to adaptively learn a good curriculum. Our results reveal that adaptive learning can be
fundamentally harder than the oracle learning in the unstructured setting, but it merely
introduces a small extra term in the structured setting. To connect theory with practice,
we provide justification for a popular empirical method that selects tasks with highest local

prediction gain by comparing its guarantees with the minimax rates mentioned above. !

IThis chapter is based on my paper (Xu and Tewari, 2022) with Ambuj Tewari published at ICML 2022.
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3.1 Introduction

It has long been realized that we can design more efficient learning algorithms if we can make
them learn on multiple tasks. Transfer learning, multitask learning and meta-learning are
just few of the sub-areas of machine learning where this idea has been pursued vigorously.
Often the goal is to minimize the weighted average losses over a set of tasks that are expected
to be similar. While previous literature often assumes a predetermined (and often equal)
number of observations for all the tasks, in many applications, we are allowed to decide
the order in which the tasks are presented and the number of observations from each task.
Any strategy that tries to improve the performance with a better task scheduling is usually
referred to curriculum learning (CL) (Bengio et al., 2009). The agent that schedules
tasks at each step is often referred as the task scheduler.

Though curriculum learning has been extensively used in modern machine learning (Gong
et al., 2016a; Sachan and Xing, 2016; Tang et al., 2018; Narvekar et al., 2020), there is very
little theoretical understanding of the actual benefits of CL. We also do not know whether
the heuristic methods used in many empirical studies can be theoretically justified. Even
the problem itself has not been rigorously formulated. To address these challenges, we first
formulate the curriculum learning problem in the context of the linear regression problem.
We analyze the minimax optimal rate of CL in two settings: an unstructured setting where
parameters of different tasks are arbitrary and a structured setting where they have a low-
rank structure. Finally we discuss the theoretical justification of a popular heuristic task

scheduler that greedily selects tasks with highest local prediction gain.

Related literature. Despite the lack of the literature on curriculum learning theory, we
found the following problems under a similar setting. Active learning (Settles, 2009, 2011),
addresses the problem of actively selecting unlabeled data points to maximize model accu-
racy. Active learning can be treated as a curriculum learning when each unlabeled point is a
task with point mass. Active learning has also been used for domain adaptation or transfer
learning setting Persello and Bruzzone (2012). Multi-source domain adaptation Wang and
Deng (2018); Sun et al. (2015) also considers multiple candidate source domains for a given
target task. Bhatt et al. (2016) proposed an iterative adaptation methods to integrate the
source data from each domain. However, such adaptive procedure has not been theoretically

understood.
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3.2 Background

We would like to point out previous work on three crucial aspects of CL: two types of benefits
one may expect from CL, task similarities assumptions, and task scheduler used in empirical

studies.

Two types of benefits. There are two distinct ways to understand the benefits of CL.
From the perspective of optimization, some papers argue that the benefits of curriculum can
be interpreted as learning from more convex and more smooth objective functions, which
serves as a better initialization point for the non-convex target objective function (Bengio
et al., 2009). The order of task scheduling is essential here. As an example, Figure 3.1
shows the objective functions of a problem with four source tasks and one target task with
increasing difficulty (non-convexity). Directly minimizing the target task (marked in purple
line) using gradient descent can be hard due to the non-convexity. However, the simple
gradient descent algorithm can converge to the global optima of the current task if it starts
from the global optima of the previous task. We refer to the benefit that involves a faster
convergence in optimization as optimization benefit. Optimization benefits highly depend
on the order of scheduling. Generally speaking, if one directly considers the empirical risk
minimizer (ERM) which requires global minimization of empirical risk, there may not be
any optimization benefit.

The second type of benefit concerns the benefit brought by carefully choosing the number
of observations from each task while independent of the order, which we call statistical
benefit. For example, we have two linear regression problems that are identical except for
the standard deviation of the Gaussian noise on response variables. If we consider the OLS
estimator on the joint dataset of the two tasks, there is a reduction in noise level when more
samples are allocated to the task with a lower level, and the benefit is independent of the
order by the nature of OLS. A statistical benefit can be seen as any benefit one can get except
for the reduction in the difficulties of optimization. Weinshall and Amir (2020) focused on a
special curriculum learning task where each sample is considered a task and they analyzed
the error rate on the samples of different noise levels. They analyzed the benefits on the
error rate of linear models, whose global minimizer can be easily found. Thus, it should also
count as the statistical benefits.

In general, the two types of benefits can coexist. A good curriculum should account
for both the non-convexity and the noise levels. However, due to the significantly different
underlying mechanism in the two learning benefits. it is natural to study them separately.

This chapter will focus on the analysis of the statistical benefits. Thus, we analyze
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Figure 3.1: An example of tasks with increasing non-convexity. Solid lines of different colors
represent the true object functions of different tasks.
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algorithms that map datasets to an estimator for each task that may involve finding global

minima of the empirical errors for non-convex functions.

Similarity assumptions. We discussed the problem with two almost identical tasks,
where we can achieve perfect transfer and the trivial curriculum that allocates all the samples
to the simpler task is optimal. However, tasks are generally not identical. Understanding
how much benefits the target task can gain from learning source tasks has been a central
problem in transfer learning and multitask learning literature. The key is to propose mean-
ingful similarity assumptions.

Let X and Y be the input and output space. Assume we have T tasks with data distri-
butions D ..., Dy over X x ). Let (X;,Y;) be a sample from task ¢. Let f; = E[Y; | Xi],
a mapping X — ), be the mean function. In this chapter, we adopt the simple parametric
model on the mean function with f; represented by parameter 67 € R%.

We consider two scenarios: structured and unstructured. In Section 3.3, we adopt simple
linear regression models and do not assume any further internal structure on the true param-
eters. Two tasks are similar if ||0; —6; ||2 is small. A learned parameter is directly transferred
to the target task. This setting has been applied in many previous studies (Yao et al., 2018;
Bengio et al., 2009; Xu et al., 2021). In Section 3.4, we study the multitask representation
learning setting (Maurer et al., 2016; Tripuraneni et al., 2020; Xu and Tewari, 2021), where
a stronger internal structure is assumed. To be specific, we write f;(z) = 27 B*3;, where
r € R? B* € R¥* is the linear representation mapping and 3; € R¥ is the task specific
parameter. Generally, the input dimension is much larger than the representation dimension
(d>Fk).

These two settings, while representative, do not exhaust all of the settings in the literature.
We refer the reader to Teshima et al. (2020) for a brief summary of theoretical assumptions

on the task similarity.

Task schedulers. Many empirical methods have been developed to automatically schedule
tasks. Liu et al. (2020) designed various heuristic strategies for task selection for computer
vision tasks. Cioba et al. (2021) discussed several meta-learning scenarios where the optimal
data allocations are different, which interestingly aligns with our theoretical results. For
a more general use, one major family of task scheduler is based on the intuition that the
task scheduler should select the task that leads to the highest local gain on the target loss
(Graves et al., 2017). Since the accurate prediction gain is not accessible, online decision-
making algorithms (bandit and reinforcement learning) are frequently used to adaptively

allocate samples (Narvekar et al., 2020). However, there is no theoretical guarantee that
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such greedy algorithms can lead to the optimal curriculum.

Notation. For any positive integer n, we let [n] = {1,...,n}. We use the standard
O(+),9(+) and ©(-) notation to hide universal constant factors. We also use a < b and
a 2 b to indicate a = O(b) and b = Q(b).

3.3 Unstructured Linear Regression

In this section, we study the problem of learning from 7' tasks to generate an estimate for a

single target task.

3.3.1 Formulations

We consider linear regression tasks. Let 1...,7 denote T tasks. Let 67 € R? denote the true

parameter of task ¢. The response Y; of task t is generated in the following manner
}/;‘/ = XtTezk + €,

where ¢ is assumed to be the Gaussian noise with E[e}] = o7 and X; ~ N(0,%;), where
¥, € R™4 is the covariance matrix that is positive definite. Any task, therefore, can be fully
represented by a triple (65, 0y, X¢).

Throughout the chapter, we are more interested in the unknown parameters rather than
the covariate distribution or the noise level. We simply denote 8* € R¥™” the parameters of
a problem (T tasks) and let 6] be the t-th column of the matrix.

We make a uniform assumption on the covariance matrix of input variables. The same

assumption is also used by Du et al. (2020).

Assumption 3.1 (Coverage of covariate distribution). We assume that all Coly = ¥y > C1ly
for some constant Cy,Cy > 0 and any t € [T].

Goal. Let S be random n samples from task . Let [ : R x R +— R be a loss function
and L;(0) = E[I(X70,Y)] be the expected loss of a given hypothesis 6 evaluated on task ¢.

Moreover, we denote the excess risk by

Our goal in this section is to minimize the expected loss of the last task T', which we call

the target task. Throughout the chapter, we use square loss function.
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Transfer distance. Algorithms tend to perform better when the tasks are similar to each
other, such that any observations collected from non-target task bear less transfer bias. We
define transfer distance between tasks t1,t; as Ay 4, = ||07, — 07 ||

It is not fair to compare the performances between problems with different transfer dis-
tances. To study a minimax rate, we are interested in the worst performance over a set of
problems with similar transfer distance. Let Q@ € RT be the distance vector encoding the
upper bounds on the distance between the target task to any task. We define the hypothesis
set with known transfer distance as ©(Q) = {6* : |0} —0%|2 < Q;} C RT*4. The hypothesis
set with unknown transfer distance can be defined as ©(Q) = U,{0* : ||0; — 03]]> < Q,,},
where p € [T is any permutation of [T]. We say this hypothesis set has unknown transfer
distance because even if there exists some small @; such that the transfer distance is low,

an agent does not know which task has the low transfer distance.

Curriculum learning and task scheduler. In this chapter, we concern only the statis-
tical learning benefits. Since the order of selecting tasks does not affect the outcome of the
algorithm, we denote a curriculum by ¢ € [N]T, where each ¢; is the total number of obser-
vations from task t and ), ¢; = N. Note that ¢ can consist of random variables depending
on the task scheduler. The set of all the curriculum with a total number of observations N
is denoted by Cy = {c € [N]T: >, ¢; = N}.

Any curriculum learning involves a multitask learning algorithm, which is defined as a
mapping A from a set of datasets (S7*,...,57") to a hypothesis 6 for the target task.

A task scheduler runs the following procedure. At the start of the step i € [N], we
have n;1,...,n; observations from each task. The task scheduler 7 at step 7 is defined
as a mapping from the past observations (S;*',...,S"") to a task index. Then a new
observation from the selected task 7(S7™", ..., S3"") € [T] is sampled.

Minimax optimality and adaptivity. One of the goals of this chapter is to understand
the minimax rate of the excess risk on the target task over all the possible combinations of
multitask learning algorithms and task schedulers. We first attempt to understand a limit
of that rate by considering an oracle scenario that provides the optimal curriculum for any
problem.

Rigorously, we denote the loss of a fixed curriculum ¢ € Cy with respect to a fixed

algorithm A and problem 6 by
R¥<C,A | 0) — Eslcl77S;TGT(.A( fl,...,S/lcﬂT>>.
We define the following oracle rate, which takes infimum over all the possible fixed cur-
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riculum designs given a fixed task set with different 8 in a hypothesis set ©.

RY(©) :=infsup inf RY(c, A|0). (3.1)
A geo ceCn
In general, the above oracle rate considers an ideal case, because the optimal curriculum
depends on the unknown problem and any learning algorithm has to adaptively learn the
problem to decide the optimal curriculum.
We ask the following question: can adaptively learned curriculum perform as well as the
optimal one as in Equ. (3.1)7 To answer the question, we define the minimax rate for

adaptive learning:

RY(©) = infinfsup EGr(A(S;™, ..., 8577)), (3.2)
A T geo
where ¢ € Cy is the curriculum adaptively selected by the task scheduler 7 and the
expectation is taken over both datasets Si,..., St and cr.
In this section, we are interested in the oracle rate in (3.1) compared to some naive
strategy that allocates all the samples to one task. This answers how much benefits one can

achieve compared to some naive learning schedules. We are also interested the gap between
Equ. (3.1) and Equ. (3.2).

3.3.2 Oracle rate

In this section, we analyze the oracle rate defined in Equ. (3.1). We first give an overview
of our results. For any problem instance, there exists a single task ¢ such that the naive
curriculum with ¢; = N matches a lower bound for the oracle rate defined in Equ. (3.1).
For any task t € [T, its direct transfer performance of the OLS estimator on the target
task 7' can be roughly bounded by A7, 4 do7/N.
Thus, our result implies that essentially, the goal of curriculum learning is to identify the

best task that balance the transfer distance and the noise level.

Theorem 3.1. Let Q be a fized distance vector defined above. The oracle rate within ©(Q)
in Equ. (3.1) can be lower bounded by

do?

RY(6(Q)) 2 Comin{QF + —+}. (3.3)

Proof highlights. Kalan et al. (2020) showed a minimax rate of the transfer learning

problem with only one source task. They considered three scenarios, which can be uniformly
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lower bounded by the right hand side of Equ. (3.3). Our analysis can be seen as an extension
of their results to multiple source tasks. In general, let the rate in (3.3) be § and C' > 0
be a constant. Let t* be the best task indicated by (3.3). Any task t with a large distance
(Q; > C9) is not helpful to learn the target task. Thus, samples from these tasks can be
discarded without reducing the performance. For any task ¢ with Q; < C¢, we will show
that any sample from task t gives almost as much as information as the best task t* gives.
Thus, one can replace them with a random sample from the best task t* without reducing
the loss. Then the problem can be converted to a single source task problem, from where

we follow the lower bound construction in Kalan et al. (2020).

3.3.3 Minimax rate for adaptive learning

The problem can be hard when the transfer distance is unknown. We introduce an intuitive
example to help understand our theoretical result. Assume we have three tasks including one
target task and two source tasks. One of the two source tasks is identical to the target task.
We have n samples for both source tasks, while no observations from the target task. In
this example, even if one of the source tasks is identical to the target task, no algorithm can
decide which source task should be adopted, since we have no information from the target
task. In other words, any algorithm can be as bad as the worst out of the two source tasks.
This is not an issue when the transfer distance is known to the agent in the oracle scenario.
This example implies that to adaptively gain information from source tasks, we will need
sufficient information from the target task. Otherwise, there is risk of including information
from tasks that contaminates the target task. Similarly, David et al. (2010) also showed that
without any observations from the target task, domain adaptation is impossible.

More generally, even if we have some data from the target task, we will show that one
is not able to avoid o2 term, the learning difficulty of the target task. Now we formally

introduce our results.

Theorem 3.2. Assume T > 4. Let Qs > 0. Let Q be a fixed distance vector that satisfies
Q=0 and Q; = Qg >0 forallt =2,...,T — 1. The minimaz rate in Equ. (3.2) can be

lower bounded by

2
do;

; o7 log(T) do}
-

Ry (©(Q)) Z min{ N @}t + min (3.4)
Theorem 3.2 implies that without knowing the transfer distance, any adaptively learned
curriculum of any multitask learning algorithm will suffer an unavoidable loss of o2 log(T') /N,

when Q. is large. Compared to the rate o%d/N without transfer learning, there is still a
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potential improvement of a factor of d/log(T) when Q.. and o7 are small.

Upper bound. As we showed above, there is a potential improvement of d/log(T"). This
is because given the prior information that one of the source tasks is identical to the target
task, the problem reduces from estimating a d-dimensional vector to identifying the best
task from a candidate set, whose complexity reduces to log(7T).

In fact, a simple fixed curriculum could achieve the above minimax rate. Assume that
any [|0f]|l2 < Cy for some constant Cy > 0. Let er = N/2 and for all the other tasks
¢, = N/(2T —2). Foreach t = 1,...T — 1, let 6, be the OLS estimator using only its own

samples. Let 6, be the projection of 6, onto {f : ||@||, < Cy}. Then we choose one estimator

fromt=1,...,T — 1, that minimizes the empirical loss for the target task:
N/2
t* = arg min Z(Ym — X1.0,)° (3.5)
te[T-1] =5 ’

Theorem 3.3. Assume there exists a task t such that Ayr = 0 and ||60f]|2 < Cy. With a
probability at least 1 — 0, 0, satisfies

(3.6)

A~ 2 T 2*
Gr(0y) < CoC2log(Td/6) (CWT + i d)

N Ton VW

Under a mild condition that v/doZ > /N, the first two terms dominate.

Note that t* is a random value. However, when all ¢ satisfy dT'0? < A..0%1og(T), the
first term is the dominant term and our bound matches the lower bound in (3.4). This could

happen when 02 > o2 forall t =1,...,T — 1.

General function class. As we mentioned before, though it is difficult to identify the good
source tasks, the complexity of doing so is still lower than learning the parameters directly.
We remark that this result can be generalized to any function class beyond linear functions.
Keeping all the other setup unchanged, we assume that the mean function f; € 7, : X — Y
for some input space X and output space ) shared by all the tasks. For convenience, we
assume there is no covariate shift, i.e. the input distributions are the same. We give an

analogy of Theorem 3.3.

Assumption 3.2 (Assumption B in Jin et al. (2021c)). Assume l(-,y) is La-strongly convex
and Li-Lipschitz at any y € Y. Furthermore, for all z € R and t € [T,

E[VI(f:(X),Y) | X =] = 0.
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Assume we have N/(2T — 2) observations for all tasks ¢ = 1,...,7T and N/2 observations
for the target task. Let f, be the empirical risk minimizer of the task ¢. Similarly to (3.5),
let

t* = argmin ¥ (f,),
te[T—1]
where I¥ is the empirical loss on task T. Let L* = mingr_1 Lr(ff) and ¢ =
arg mingep_y) Lr(f;). We will use Rademacher complexity to measure the hardness of learn-
ing a function class. We refer readers to Bartlett and Mendelson (2002) for the detailed

definition of Rademacher complexity.

Proposition 3.1. Given the above setting and Assumption 3.2, we have with a probability
at least 1 — 0,

; L
Gr(fe) ST+ 1

2

<RN/T(~7:t') + %) ;

where Ry (F) is the Rademacher complexity of function space F.

This bound improves the bound for single target task learning, which scales with Ry (Fr),
when Ry (Fr) > Ryjr(Fi+). The underlying proof idea is still that identifying good tasks

is easier than learning the model itself.

3.4 Structured Linear Regression

Now we consider a slightly different setting, where we want to learn a shared linear repre-
sentation that generalizes to any target task within a set of interest.

A lot of recent papers have shown that to achieve a good generalization ability of the
learned representation, the algorithm have to choose diverse source tasks (Tripuraneni et al.,
2020; Du et al., 2020; Xu and Tewari, 2021). They all study the performance of a given
choice of source tasks, while it has been unclear whether an algorithm can adaptively select

diverse tasks.

3.4.1 Problem setup

We adopt the setup in Du et al. (2020). Let d,k > 0 be the dimension of input and
representation, respectively (k < d). We also set T < d. Let B* € R¥* be the shared
representation. Let 3, ..., 3% € R* be the linear coefficients for prediction functions. The

model setup is essentially the same as the setup in Section 3.3.1 except for the true parameters
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being B*f;. We call this setting structured because if one stacks the true parameters as a

matrix, the matrix has a low-rank structure. To be specific, the output of task ¢ given by
Y, = X' B*B; + €.

We use the same setup for the covariate X; as in Section 3.3 and we consider 7 = -+ =

o2 = o? for some % > 0.

Diversity. Let t; be the task selected by the scheduler at step . It has been well understood
that to learn a representation that could generalize to any target task ¢ with arbitrary /5,

we will need a lower bound on the following term

N
M\ (Z Br. ;T) = AN, (3.7)
=1

where )\ is the k-th largest eigenvalue of a matrix, i.e. the smallest eigenvalue. Basically,
we hope the source tasks cover all the possible directions such that any new task could be
similar to at least some of the source tasks. Equ. (3.7) serves as an assumption in Du
et al. (2020). When the true 3} are known, we can simply diversely pick tasks. When the
B; are unknown, the trivial strategy that equally allocates samples will perform badly. For
example, let T"> k and let all the §,,t = k+1,...,T be identical. The trivial strategy will
only cover one direction sufficiently, which ruins the generalization ability.

In this section, we will show that it is possible to adaptively schedule tasks to achieve the

diversity even in the hard case discussed above.

3.4.2 Lower bounding diversity

In this section, we introduce an OFU (optimism in face of uncertainty) algorithm that

adaptively selects diverse source tasks.

Two-phase estimator. We first introduce an estimator on the unknown parameters. As-
1t SEPT for each task t. We evenly split each
dataset S;"' to two datasets Si’t and Sz(t), both with a sample size of [n;:/2|. We solve the

optimization problem below:

sume up to step ¢, we have dataset S,

B; = argmin min Z Z ly — 27 BB|?,

dxk [rERF te[T
BeRdxk Bt [ ]te 7] (za)e S(1>
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and (3;; = argmin E lly; — ijﬁt].HQ.
k

Note that we split the dataset such that B; and Bi,t are independent.

Algorithm 1 CL by optimistic scheduling

: Input: 7T tasks and total number of observations N and constant v > 0.
. Sample [v(d + log(N/6§))] samples for each task.
: for i = T'[~y(d +log(N/0))] +1,...,N do
Construct confidence set B;; for each ¢t € [T] according to Equ. (3.8).
Select t; according to Equ. (3.9).
end for
return: Curriculum (¢y,...,tx).

e g ey

Optimistic task scheduler. Our algorithm runs by keeping a confidence bound for B*;
for each ¢t € [T] and each step ¢ € [N]. Lemma 3.1 introduces a suitable upper bound

construction. Lemma 3.1 holds under the following assumptions.

Lemma 3.1. Let k = Cy/Cy. Assume Assumption 3.1 hold. There exists universal constants
v > 0,a >0 such that, at all step i > T[y(d+ log(N/6))], with a probability 1 — ¢, we have
for all t € [T],

aCso?dklog(kNG6/T)
C%nw ’

1B Bie — B*Bi4l3 S

where n;; 1s the number of observations from task t up to step 1.

Following the bound in Lemma 3.1, we construct the confidence set with width

Cso?dklog(kNG/T)
W’L',t = 02
1N

At each step 7 for each task t, we construct a confidence set around BiﬁALt,
Biy={0 € R ||BiB;, — 0|3 < Wi} (3.8)

Then following the principle of optimism in face of uncertainty, we select the task ¢; such
that

i—1
t; € arg max max A 0.07 + 007 3.9
o g (30, + 08 (39)

and 0; = arg MaXgep, , )\k(zz;ll 0, T +00"). Here 0; is our belief for task ¢ at the step i.
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Now we are ready to present our lower bound results for diversity. Our results hold
under two assumptions. The first assumption require the representation matrix B* is not

degenerated. We also assume boundedness on j3;’s.

Assumption 3.3. Assume the largest singular value of B* is smaller than Cy for some
Cy > 0.

Assumption 3.4 (Boundedness). We also assume that ||3;]|*> < Cs for all t € [T).

Theorem 3.4. Suppose Assumption 3.3 and 3.4 hold. Assume for all v € R¥ ||v]l, = 1,
there exists some task t such that vI B*3; 3;T B*Tv > X for some A > 0. Let t;,;i=1,...,N
be the tasks select by Algorithm 1 for some constant . Then there exists some o > 0, such
that with a probability at least 1 — 0,

Avk o A 02C2dkT log(kN/(T9))
N ~ Cik CZCZAN ‘

If we are provided with the oracle, we will only have the first term above. When N is
sufficiently large, the second term in Theorem 3.4 is negligible and we will achieve diversity
asymptotically as long as dkT" < N. Our proof follows the standard framework for OFU
algorithms. We first show the correctness of the confidence set implied by Lemma 3.1. Then
the key steps are to show the optimism, i.e. )\k(zi]\il 0:07) = Q(\/k) and to bound the
difference term between the belief A, (31, 6,67) and the actual value Ay ;. We provide the
proof in Appendix 3.A.

3.4.3 Upper bound results

Though the lower bound in Theorem 3.4 is already satisfying, we still want to shed some
light on whether the dependency on /1/N is avoidable by showing an upper bound result

in Theorem 3.5.

Theorem 3.5. For any curriculum learning algorithm, there exists T tasks (T > k) such
that for all v € Rk ||v|| = 1, there exists some B, ||Biv|| > 1 and
N x Q%
E[ANk) < DX el Mz BB [T
N ™ N Nk3

Theorem 3.5 states that the y/1/N dependency is unavoidable, while there is still a gap of
dk* between the upper bound and the lower bound. Our hard case construction is inspired by

the case where the naive strategy that allocates samples evenly. To be specific, we consider
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T tasks such that k£ of them are diversely specified and all the other T'— k tasks are identical.
Naive strategies will fail by having Ay &~ 7. We divide T tasks into [T//k] blocks. Then
we construct similar problems. Different problems have the diverse tasks in different blocks.
The difficulty of the problem becomes identifying the block with diverse tasks, which is
analogous to the idea of bandit model in a general sense. From here, we follow a similar
proof of stochastic bandits (Lattimore and Szepesvari, 2020). The full proofs can be found
in Appendix 3.A.

3.5 Analysis of Prediction Gain

In this section, we give some theoretical guarantees on prediction-gain driven task scheduler
under the unstructured setting discussed in Section 3.3. We do not consider the structured
setting because it is not clear how to apply the prediction-gain driven method to multitask

representation learning setting.

Prediction Gain and convergence rate. We define prediction gain in the following way.
At the step ¢, a multitask learning algorithm A maps any trajectory H; = {y, ;, yti,j}§:1 to
a parameter 6 € R? for the target task. Let the estimate at step i be ;. The prediction gain
is defined as

G(A, Hiv1) = L7 (0;) — Lr(0;11).

At the start of the round 4, the prediction-gain based task scheduler selects t; € [T] such
that G(A, H,;) is maximized.

Note that in general, prediction gain is not observable to the algorithm before z;,; and
Yt are actually sampled. There are simple ways to estimate prediction gain, for example,
from several random samples from each task.

In a linear model, the prediction gain is equivalent to convergence rate.
Lr(6:;) = Lr(0i1) = [16: — 07115, — (161 — 07113,

Weinshall and Amir (2020) discussed various benefits of curriculum learning by show that
their strategy gives higher local convergence rate. It is not clear from the context that the
greedy strategy that selects the highest local prediction gain gives the best total prediction

gain in long run.

Decomposing prediction gain. Considering a identical covariance matrix >; = I, the

loss over a given parameter 6 can be written as [|0 — 043 + o2.
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Assume the gradient is calculated from a sample from the task ¢. According to the update
of SGD, at the step 7, we have

Orir — 05 = (I — i) (0 — 65) + el (e + x!07r),

%

A _ px *

The one-step prediction gain is

10; — 0|1 — [|0i1 — 051
= ;)16 — 03 — 2l (& + 270513

t
@-nillz{” |12)z;2T

—s(0; — 65) (I — a2l (e; + 2T62,).

% %

The first term on the R.H.S is the absolute gain shared by all the tasks. On expectation,

the second term is
—Enf||zi(e; — a7 000)|15 = —Enllwill3(0f + 1050113, )- (3.10)
In expectation, the third term is
—Eni(0; — 03)" (I — niwiw] wgw! O = —E(L — milla|13)m:(0; — 07) o] 07 (3.11)

Now we discuss term (3.10) and (3.11), respectively. (3.11) is independent of o7 and it is
a dynamic effects depending on the current estimate ;. That means (3.11) is independent
of the task difficulty and its constantly changes. When (0; — 05)Txzl (07 — 02)T < 0, the
task t has a larger prediction gain. This is when the gradient descent direction is consistent
in both target and the task t.

For term (3.10), we notice that task difficulty o7 and transfer distance A;r play equal

importance in the prediction gain measure regardless of the number of observations.

Optimality of prediction gain. Let t* be the optimal task defined by

do?
t* = in A7, + —L.
argtmm trt+ N
We consider an averaging SGD algorithm with a step size 1, = 1/i. In general, let

Oy = vazl 0;/N. The following Theorem shows that the performance of the averaging SGD
with an accurate prediction-gain based task scheduler matches the minimax lower bound in
Theorem 3.1.
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Theorem 3.6. Assume ¥y = --- = Xp = I. Assume ||0}]|3 < Cs for all t. Given T tasks
with noise levels o2, . .., 02 and transfer distance Ay 7, ..., Apr, let Oy be the averaging SGD

estimator with an accurate prediction-gain based task scheduler defined above. We have

(do? + Cs)log(N)

Gr(On) S AL 7+ N

(3.12)

Theorem 3.6 gives an upper bound on G(fy) that matches the lower bound in Theorem
3.1.

3.5.1 Simulation Studies

To compliment the theoretical analyses, we conduct simulations studies by applying actual
SGD with tasks chosen to maximize the local prediction gain. We consider two SGD sce-
narios: 1) assuming the algorithm has the accurate estimate on the prediction gain as in our
analysis; 2) algorithms that have to estimate prediction gain.

For the second scenario, we follow Graves et al. (2017), which regard the task scheduling
as a sequential decision-making problem. A popular choice of agent is to use adversarial
bandit model. To be specific, we use EXP3 algorithm. See Appendix 3.B for details of the
algorithm. Bandit algorithm runs by maximizing rewards. In our experiments, let 6; be the
estimate at the step i. We sample one observation (x;,y;) from the target task after each

gradient descent, and the reward r; at the step 7 is given by

ri = (yi — eiT_ll’z’)Q — (yi — 9?%)2'
To evaluate the accurate prediction gain, we directly calculate the distance ||6; — 67 ||>.

Following the setup throughout the chapter, we consider a multitask linear regression
problem. We set T' = 5 and o? = 0.001,0.01,0.1,1,1 for ¢t = 1,...,5, respectively. Note
that the 5-th task is the target task. We test the effects of total number of observations
n = 10,50, 100, 500, 1000 and the effects of dimension d = 5,10, 50, 100. By default, we set
n = 1000 and d = 5. The true parameters of all the tasks are sampled from N (0,0.0011,).
On expectation, the transfer distance A7, between task ¢ and the target task is about 0.01d.
The input z’s are sampled from the same distribution N (0, I) for all the tasks.

Figure 3.2 shows the L, distance of the final estimate and the true parameters of the
target task. Our simulation results suggest that 1) prediction-gain based task scheduler can
significantly improve the performance over the target task, when there exists some source
task with low transfer distance and low noise; 2) there is still benefits when scheduler has

to adaptive select tasks which coincidences our Theorem 3.3. The results are robust under
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Figure 3.2: L, distance between the final estimate 6; and 6} under different total numbers
of observations n and different numbers of dimensions d. The confidence intervals are the
standard deviation of 1000 independent runs.

different choices of n and d.

3.6 Discussion

In this chapter, we discussed the benefits of Curriculum Learning under two special settings:
multitask linear regression and multitask representation learning. In the multitask linear
regression setting, it is fundamentally hard to adaptively identify the optimal source task to
transfer. In the multitask representation learning setting, a good curriculum is the curricu-
lum that diversifies the source tasks. We show that the extra error caused by the adaptive
learning is small and it is possible to achieve a near-optimal curriculum. Then we provided
theoretical justification for the popular prediction-gain driven task scheduler that has been
used in the empirical work.

Our results suggest some natural directions for future work. We show a lower bound (Thm.
3.5) on the diversity in the multitask representation learning setting, while leaving a gap of d
compared to our upper bound (Thm. 3.4). We believe this gap is because a loose construction
of the hard cases that ignores the difficulty of learning the shared representation. Another
direction is to show whether prediction-gain methods with no accurate gain estimation could
still have performance close to lower bounds for the adaptive learning setting.

An important direction is to consider the how the order of presenting tasks affects the
learning performance. Since the order of tasks are irrelevant for the analysis on empirical

risk minimizer, one have to analyze the actual benefits in terms of optimization.

3.A Missing Proofs

Proof of Theorem 1
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Proof. Our proof is inspired by the proof of Kalan et al. (2020), which gives a lower bound
construction for the two-tasks transfer learning problem. Our results can be seen as an
extension of their constructions to multiple-source tasks setting.

We define the optimal task

d 2
t* = arg min{Q? + i}.
¢ N

Let 6% = (Q% + d‘;\;*)/64. In general, we construct T x M parameters {0 ;}sc[r)icp) With
the t-th row corresponding to the hypothesis set of the ¢-th task.

We start by constructing the the hypothesis set of the target task and the task ¢*. Let
§ = Q< /16 + 9. By definition, we have ¢’ < 1.56.

Consider the set © = {0 : ||0||o < 20’}. Let {041, ...,60 a1} be a §’-packing of the set in
the Lo-norm (|6 ; — Oy« j]|2 > ¢'). We can find the packing with log(M) < dlog(2). Since
Op i, 01 j € O, we also have ||0y« ; — O+ |2 < 46" for any i, j € [M].

Now we construct hypothesis set for the target task. For all i € [M], we choose 7, such
that ||0r; — O

l]o = Qy+/16. So the construction for the target tasks satisfies
||6T,i — eT’jHQ Z (5/ — Qt*/].6 Z 5/2 and HQT,Z' - QTJ“Q S 4(5/ + Qt*/].6 S 55/

Now we discuss two cases. For any task ¢t with @Q; > 5¢', we randomly pick a parameter
in the hypothesis set of the target task which we denote by ét and we set all 0, ; = 9~t for all
i € [M]. This construction is valid since any ||6;; — 07,2 < 50" < Q.

For any task ¢t with Q; < 50’, we will use the same construction as we use for ¢*.

Let J be a random variable uniformly over [M] representing the true hypothesis. The
samples for each task t is i.i.d. generated from the linear model described in Section 3.3.1
with a parameter 6; ;. Our goal is to show that on expectation, any algorithm will perform
badly as in Theorem 3.1.

Let E; be a random sample from task ¢ given the true parameter being 0; ;. Similarly to

(5.2) in Kalan et al. (2020), using Fano’s inequality, we can conclude that

(3.13)

N ) log(2) + S0 I (J; Ey)
Ry (©(Q)) >0 (1 - s (M) ) .

We proceed by giving an uniform bound on the mutual information. We will need the

following lemma to upper bound the mutual information term.

Lemma 3.2 (Lemma 1 in Kalan et al. (2020)). The mutual information between J and any
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sample E; can be upper bounded by I(J; E}) < #Zw Dk (Po,,||Ps, ), where Py, is the

induced distribution by the parameter 0,,;. Furthermore we have

Dicr, (Po,,lIPo.,) = 1510 — 60,)I13/(207) < Coll0rs — 61,5113/ (207).

Using Lemma 3.2, we bound the mutual information of any task t.

Lemma 3.3. Under the constructions introduced above, the mutual information

512C)
O-tz*

I(J; Ey) < 6" for all t € [T).
Proof. For any task in the first case discussed above (Q; > 5¢), the mutual information
I(J; Et) is 0. Thus the statement holds trivially.

Now we discuss the second case above. By definition, we have

2
do;.

A 6467, (3.14)

do?
Q; + Wt > Q.+

Note that
Q. <50 = 5(Qu1/16 + 6) < 7.56.

Plugging back into (3.14), we have do?/N > 752, and by definition we have doZ /N < 644°.
Therefore, we have o2 > ToZ /(64).
Since the constructions are the same for the second case, the mutual information can be

uniformly bounded by

1 3200 2 51200 2
I(JB) < 55 sz: ?tg*net*,i — 05l < 702, 0"

O

Finally, we follow the analysis in Section 7.4 of Kalan et al. (2020). Using Lemma 3.A on
Equation (3.13), we have

log(2) + N 225047
log (M)

Ry (©(Q)) > ¢ (1 -
Plugging in ¢’ = Q4+/16 + 9, we can conclude

do?.

N

Ry (0(Q)) 2 QF. +
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Proof of Theorem 2

Proof. We first show the lower bound of the first term within the maximization. We construct
the following problem: we have 7' — 1 tuples of parameters {(0y,,...,07;} 5", where 0,
corresponds to the parameters of the ¢-th task. Let {éi}iT:_ll be a set of parameters that are
26-separated for some § > 0. The parameters of our source and target tasks are chosen in

the following manners:
1. 6, =0, for all t € [T —1].
2. O0r; = 6; for all i € [T —1].

Two important properties of this construction is that 1) there is always one source task that
is identical to the target task; 2) the information from source tasks can not help learn the
target task.

Let J follow the uniform distribution over [T — 1]. Assume we have nq,...,ny and
ny be the number of observations for T — 1 source tasks and target task from parameter

(61,,...,0r_ ), respectively.

Proposition 3.2. Since J is independent of (01, ...,07r_1.5), we have the mutual informa-
tion I(J, 917J, ce ,QT_LJ) =0.

Let ¢ be any test statistics that maps our dataset to an index. For all ¢, by Fano’s

Lemma, we can conclude that

M
RY(O(Q) > 55 S PLu(ST, . S, Si7) # 1)
1=1

> 52 <1 _ I(Jv ¢(S?1170g(%SEL“Z))) + 10g(2))>

(3.15)

To proceed, we analyze the mutual information

I(J;9(S7", - 57"))
< I(J; 87, ..., S

(By the independence of ST, ..., S ;" and S77)
< IS S 1 S
= I(J; SI7).
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Let E be a random sample from the target task. We follow the analysis from Kalan et al.
(2020), which construct 8 by the 26-packing of the set

[0:0€RY, 6], < 401,
Then we can find such packing as long as T'— 1 < dlog(2). The mutual information by the

above construction gives

32(52

(J SnT) < nTI(J E) < nr
op

By choosing the optimal §* = log((T — 1)/2)02/(64nr), we have for some ¢ > 0,

RN > 072“ lOg(T _ 1)
Note that the lower bound by Theorem 3.1 still applies here. In total, since ny < N, we
have 2 oo (T J
RY > IrO8\) (])\%( ) —i—mln%
> §* =log((T' — 1)/2)02/(64n7). Otherwise, one
2

plus the learning difficulty term min, dN . [

The above analysis only works when Q2 , >

will at least suffer Sub

Proof of Theorem 3.3 Since the number of observations for each source task is N/(27 —

2), we notice that
CodT o log(T/5)
N

Using Assumption 3.1 and the definition of the loss function, we have

Li(0p) — Ly(05) <

CodT o log(T/6)

O, — 0|12 <
Ht t* 112 ClN

The proof of Theorem 3.3 is similar to many proofs of generalization bound. We let the
empirical loss on the target task w.r.t § be
o N2
A T 2
Lr(0) = > (Yri— X7,0)" .

=1

Write Y7,; = X705 + er,;. Let S = % >t Xpi X7, be the sample covariance matrix. We
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start with

~

te[T—1]
<Ly (ét*)—terFTmu LT(Gt)—l—ZtéJ[aTaxl]|LT(9t) L7 (6,)]

=2 max |LT(9t) ZA—JT(élf)”

te[T—-1

where the last equality is based on the definition of ¢*.
Now we bound the difference term. Let ny = N/2.

Lemma 3.4. With a probability at least 1 — §, we have

C,C3dlog(T/6)c% N d + log(9)

Lalf) — Enl6)| <
La(f) = Lr(B)] 5 =22 o

Proof. We make the following decomposition.

Ly (0:) — Lr(6y)]

2 * 1 S 2 *
= [[10: — 07II%, + o7 — . Z[X%,@-(Gt —07) — erl’|

< Het_%H;T S +|UT__Z€T1|+ ’ZX%Z — 07 )erl.

Now we bound the three terms above separately. The second term is the concentration
for X 2(ny) distribution. We have with a probability at least 1—4/(3T), |02 — an Sotenil S

log(3T'/§) /ng + log(3T/9) /nr).

To proceed, we consider the concentration of sample covariance matrix.

Lemma 3.5 (Matrix Hoeffding’s inequality). Let X, ..., X, be centered, independent, sym-
V. Then for

metric, d X d random matrices that are sub-Gaussian with parameters Vi, ..
all o > 0 with a probability 1 — 0,

RS 202 1 &
Hﬁ ;Xi\lop < 10%(2d/5)77 where 0 = Hﬁ ;V;H

Using the boundedness of both 6, and 6., [|6; — 6|
we have with a probability at least 1 —§/(37),

~Y

log(T'd/4)

N 2 2
100 = 61, s, S CRC—E -
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forallt e [T —

1].

< (5. Then applying Lemma 3.5,



For the third term, we apply the martingale concentration inequality on the sum
o X%i(ét—%)em, we have with a probability at least 1—6/(37"), we have for all t € [T—1]

R A CoCa0210g(T/6)
— | XT(0, = 03 )ers| < L :
nT’ — Tﬂ( t T)GT, | S nr

Proof of Proposition 3.1

Proof. The target task is basically minimizing the empirical loss over T'— 1 estimators. We

first apply the standard generalization bound with Radermacher complexity

; ; 2log(T — 1 21og(1/6
Ly(fe) < tel[rljjfll] Lr(fi) + \/% + c\/#’

where c is a universal constant.
To proceed, we bound minyepr_1j Ly ( ft) By the assumption, we have L* = min; Ly (f}).

Let the task that realizes the minimization be ¢'. Using Assumption 3.2, we have

: r r P * r * * L P *
min Lr(f;) < Lr(fv) = Byl (fo, Yr) < L* + LiEx, || fr — f5IP < L* + L_l(Lt’(ft’) - Li).
2

te[T—1]

We can apply the generalization bound on Ly ( ft/) — L}, which gives us the result.

Proof of Theorem 3.4

Proof of Lemma 3.1 We will borrow some techniques from Du et al. (2020) for the
proof of Theorem 3.4. We start with the proof of Lemma 3.1, which provides a valid confi-
dence set for the unknown parameters B*3;. First, we let Xi(;) be the covariance matrix of
the first split 5.}

Claim 3.1 (Covariance concentration on the first split.). For § € (0,1), there exists a

constant v, > 0 such that with a probability at least 1 — /10, we have

2
XVTXY) <115, for alli € {i' € [N] : noy > 71(d + log(N/6))}.

UZR

0.9%; <

Claim 3.2 (Covariance concentration on the second split.). For d € (0, 1), there exists some

v > 0 such that for any given B € R that is independent of Xi(i), with a probability at
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least 1 — 0/10, we have

2
0.9BT%,B < n—fBTXi(i)TXi(i)B <11B"S,B  foralli € {i' € [N]:ny, > ya(d + log(N/3)).

Let v = max{~y,72}. Recall that k = Cy/C;. Then the good events in Claim 3.1 and 3.2
hold for all i : n; . > [y(d + log(N/0))]. We first apply the Claim A.3 in Du et al. (2020),
which guarantees the loss on the source training data. We rephrase it here as Lemma 3.6.
Note that the only difference is that we require the good events hold for all 7 : n;,’s are

sufficiently large.

Lemma 3.6 (Claim A3 in Du et al. (2020)). With a probability at least 1 — 0/5, we have
T
>IN (B~ BAIE S o (T + dblogt/T) +og(N/2) . (316

for all i :n;, > [y(d+log(N/§))]

Note that Xﬁ)éiﬁlﬁt = PXglt)Biift = nglt)éi(Xﬁ)B*ﬁf + z). To proceed, for any fixed
t' € [T], we have 7 Y

o? (kT + dklog(ki/T) 4 log(N/6))

X5 (BB — B85

M’ﬂ

z

t=1

1 * *
1Py, 5. (X B B + )|

I
] =

-
Il

1

(1 *
u&ﬁx@@m

IIM’%

T
> 0.92 %szmé_ztB*ﬁt*Hg (Using Claim 3.1)
t=1
T

> 0.45C, Z nLtHPgl/?BiZt’B*ﬁt*“g

t=1

= 0.45C, Z HPgl/QBiEt’B*BZ; [

J=1
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Then we have

|1Bif — B* 353

1 5 A * Q%
< LIS B - BAIE
1

= WHXZ t/( Bify — B*B3:)||I?  (Using Claim 3.2)
1
(2) ok a% |2 )
= Gty (1Ps X8 B+ 1Pl

For the second term above,
1
Py el ~ X2,

Thus with a probability at least 1 — 4, ||P; 2>th/\|§ S k+log(NT/9) for all ' € [T] and
i > T[v(d+1log(N/J))]. Therefore, we obtain the bound: for all i > Ty(d + log(N/9o))]

and all ¢’ € [T], it holds that

A kT + dklog(ki/T) +1log(N/§) = k+1og(NT/J)
Bify — BB} S =
H ﬁt 61‘, H2 ~ Ol ( Clnz t’/OS + Ny p
C’5azdk log(mNé/T)
N C gy

Proof of the full theorem Now we prove the full theorem. By Assumption 3.3, we
convert our target \q(31r, B Bi7) to Aa(Xir, B*B BT BT):

)\d Z B*ﬂtlﬁ*TB*T

1 N
NM; B =

Then we follow the standard decomposition framework of UCB analysis:

_)\d ZB*ﬁt *TB*T (

HMZ

N
)+ A ZB*T@ R EDWEY éﬁ?))
i=1 i=1
(3.17)
Our proof proceeds by first showing

1 N
T Z > \/d,
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which is usually interpreted as optimism. Then we bound the difference term

1 N _
N (m; B6; 57 BT) = (Y 00! )) ,

which is expected to vanish when N becomes large.

Proof of optimism. We apply Lemma 3.1 and have §; € By,. Since B*pf € B, for all
t € [T],7 € [N], it is easy to show that the greedy selection over Bf, will lead to

Al N
Ak(z 0:607) > ME —1).
i=1

We prove by induction. Assume at any step n, we have for all ||v|| = 1,

VT25i9~iTu > Ni/k —1).

i=1

We will show that at the step n + k, we will at least have
VI 0.0 v > A(i/k).
i=1

The proof is simple, if there exists a v such that the above inequality fails, we will select a

task that brings it to A(i/k). This process can be done at most k times.
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Upper bounding the differences. We first write the difference of eigenvalues in terms

of the difference of the matrices. We will use a trick here.
N ~ o~
ZB*@ Bl BT) = MY 0:07)
. T * ok xT *xT : T n nT
= min v B*p, B, B v — min v 07 v
I|l2=1 Z BB, =1 Z

N
min v g BB g B v — min " g 0,07 v
1

HVH2 1 ||VH2= P
N

> min B* *TB*T 0,67
> in (70 )

N ~ o~
2 HH”un vI(B* B B BT — 6,0 v

v|le=1
> —Z |B*5;, = bill2(1| B*5;, 2)
i=1

N
> —2C5 Z 1B* 3¢, = il
i=1

Applying Lemma 3.1 and by the construction of the confidence set B, we have

. ow 5 Cso2dk 10g(liN(5/T>
|1B*B:, — Oill2 S \/ Con,

Thus,

N
Z B*ﬁtlﬁ*TB*T Z é éT

- \/C%?dklog ANS/T) Z \/CzazdkTNlog(/-@NcS/T)

ant

Plugging this back to the decomposition term (3.17) we arrive the final bound.

Proof of Theorem 3.5 Assume we have T tasks in total. We pick a set of orthogonal
vectors {f1,..., 5.} € RF with ||3i]|2 = X\. We first construct a simple instance in the
following way: the first k tasks are diverse such that (8, ..., 55) = (b1,. .., Bk). Then all the

other tasks share the same parameter 3;. We denote the instance by v. This construction is
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hard for naive task scheduler that evenly allocates samples to all the tasks since the direction
for g7 will be over-exploited.

We evenly divide T tasks into M = |T'/k] blocks. Let T}, be the total number of visits
in the m-th block. For any task scheduler, there exists m’ € [M] such that E[T,,] < 2 by
pigeonhole theorem.

Then we construct another instance denoted by v such that v is the same as v" except
for that the m-th block has the parameters (20, ...,20;) for the k tasks in the block.

Let P, and P, be the probability measure on the linear regression model with true
parameter defined in Section 3.3.1 for v and v'.

Define Ay (7T, v) be the expected difference using task scheduler 7 on instance v, i.e.

Ani(T,v) = max. Ax( Zﬁtzﬁ — ANk

.....

Thus, applying Bretagnolle-Huber inequality (Theorem 14.2 (Lattimore and Szepesvari,
2020)) we have

Ani(T,v)+Ani(T, V") > ];[—];\(Pv(Tl < N/M)+ P,(Ty > N/M)) > ];[—l;\exp(—D(Pv,Pv/)).

where D(P, Q) is the relative entropy between distributions P and Q).
Then we apply Lemma 15.1 (Lattimore and Szepesvari, 2020), which we rephrase here.

Lemma 3.7. Let P, and P/ be the probability measure of the t-th task using true parameters
from v and v', respectively. We also let T, be the number of observations on the t-th task.

Then we have

T
D(P,, Py) =) EJ[T]D(P,,P) <E[T,,]  max  D(P,F).

=1
Now since D(P;, P!) = ||8: — Bf||*/(202) = \?/(20?), we have

NA N)?
A A > — .
Nk (T 0) + An(T ') 2 o exp(g7 )

QMU

Choosing A = , we have

Ani(T,v) + Ayi(T, V') = oVNM [k = o/ NT/k>.

Proof of Theorem 3.6
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Proof. We follow the standard procedure of the Convergence analysis of SGD. Let t; be the
task that the task scheduler chooses at the step i. Let v ) be the virtual gradient calculated
at the step ¢ if task ¢ is scheduled, i.e.

o® = 2O (g2 — 9.)2® 4 (D0

)

()

where ¢, and :L’(t) is the random noise and the input sampled at the step ¢ from task ¢. To
start with, let Qz(i)l be the virtual next step if task ¢ is scheduled. We have

0 — 07 = 0, — 05 — .
By algebra, we derive

165, — @3[> — [16: — 65

= —2n,(6; — 63)7 ~“(ﬂ—%H
zm(e, 05) D7 (07 — g3)—
2, <e—ew@+mnvn2

(®)

Taking expectations over z; 2

and ¢;’ and arrange the equation, we have

* t *
16; — 051> — E.10L), — 0 ||2
2n;

16; — 07[* = +(0: = 03)7 (07 — 07) + —[l]*, (3.18)
2

where E;; takes marginal expectation over the randomness of :L’Et) and egt). Note that
Lr(6:;) — o7 = [16; — 07]°.
Plugging this into Equ. (3.18), we have

16; — 07| — Evs
2n;

Ly(0;) — of =

i+l 07 H2 * * * Ti
4 + (0 = 67)7(6; — 07) + S 11”1

Since this holds for any ¢, we let t = ¢* and note that by the definition of the task scheduler

with accurate prediction gain estimate,

E[|6; — 65> < E[|6)) — 6512,
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We have

E[Lr(60:)] - o7
167 — 030 — 1657 — o7
2m;

+ (0 — 07)7 (6. — 67) + S E[[o”|”
Summing over all 2 = 1,..., N, we have

Z_ E[L7(6;)] — NoZ

Q(t )

N * " % N N
< E”ez(t ) - 0T||2 || i+1 0T||2 E 9 8* T 9* 9* T}ZE )2
<> ' +> E(:i— T)(t*—T)+Z§ [
i=1 i=1 i=1

2n;

Note that taking n; = 1/i, the first term on the right hand side collapses to —N EHGE\?H -
0:]]* < 0.

To proceed, we have

N
> E0; — 07)"(0: — 07)
=1
al Ul
< E@ — 0376 — Z ZEH )2
=1
N
<> E(0; — 03)7 (05 — 03) + log(N)(o7.d + Cs)
=1

< ZEHH — 03| Z 167 — 03]2 + log(N)(c2d + Cs).
By solving the inequality, we have
N N
D El0; = 03)" 1P < Y Ell6;. — 03] + log(N)(07.d + Cs)
i=1 i=1
N
< Z A} 7 +1og(N)(o7.d + Cs)

=1

Divided by N on both side, we reach Theorem 3.6.
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3.B Additional details for simulations

We provide the details for EXP3 algorithm. The EXP3 task scheduler picks tasks from
{1,..., T}, which is the action set for the bandit problem. In our experiment, n = 0.85.

Algorithm 2 Exponential-weight Algorithm for Exploration and Exploitation (Exp3)
: Input: T, K n
. Set Sp; = 0 for all ¢ € [T7].

:fori=1,...,ndo
exp(nSi-1,t)
a for all t € [T
Zt/e[T] eXP(ﬂsifl,t') [ ]
Sample t; from P; and receive reward r;
L, —ay(1—73)
Pyt

Calculate Si,t — S'Z-,u +1-—

1

2

3

4: Calculate P;; <
5

6

7: end for

66



CHAPTER 4

Multitask Contextual Bandits

In this chapter, we take one step beyond supervised learning and study contextual bandit
problem, a sequential decision-making problem, which is a special case of reinforcement
learning. We identify an interesting structural assumption called Funnel Structure that allows
significant MTL improvement. Funnel structure, a well-known concept in the marketing
field, occurs in those systems where the decision maker interacts with the environment in
a layered manner receiving far fewer observations from deep layers than shallow ones. For
example, in the email marketing campaign application, the layers correspond to Open, Click
and Purchase events. Conversions from Click to Purchase happen very infrequently because
a purchase cannot be made unless the link in an email is clicked on.

We formulate this challenging decision making problem as a contextual bandit with funnel
structure and develop a multi-task learning algorithm that mitigates the lack of sufficient
observations from deeper layers. We analyze both the prediction error and the regret of
our algorithms. We verify our theory on prediction errors through a simple simulation.
Experiments on both a simulated environment and an environment based on real-world
data from a major email marketing company show that our algorithms offer significant

improvement over previous methods. !

4.1 Introduction

We consider decision making problems arising in online recommendation systems or adver-
tising systems (Pescher et al., 2014; Manikrao and Prabhakar, 2005). Traditional approaches
to these problems only optimize a single reward signal (usually purchase or final conversion),
whose positive rate can be extremely low in some real recommendation systems. This reward
sparsity can lead to a slow learning speed and unstable models. Nevertheless, some non-

sparse signals are usually available in these applications albeit in a layered manner. These

! This chapter is based on my paper published at AISTATS 2020 with Amirhossein Meisami and Ambuj
Tewari (Xu et al., 2020)
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signals can be utilized to boost the performance of the final sparse signal. As a special case,
funnel structure generates a sequence of binary signals by layers and the observations are
cumulative products of the sequence. An example of email conversion funnel is shown in
Figure 4.1.

Funnel structure characterizes a wide range of problems in advertising systems. In the
email campaign problem, the learning agent decides the time to send emails to maximize
purchases. Apart from the final reward on purchase, we also observe the opening and clicking
status of an email. There are also papers studying the participation funnel in MOOCs (Clow,
2013; Borrella et al., 2019). Students go through the layers of Awareness, Registration,
Activity, Progress and Completion until they drop or complete the course. For both of the
funnels, the drop-off fraction at each layer is large. For example, in email campaigns, the

conversion rates are typically 10% for Open, 4% for Click and 2.5% for Purchase.

Funnel structure studies in the marketing field. Conversion funnel has been at the
center of the marketing literature for several decades (Howard and Sheth, 1969; Barry, 1987;
Mulpuru, 2011). This line of work focuses on the attribution of advertising effects and is
more interested in analyzing buyers’ behavior at each layer. Schwartz et al. (2017) learns
contextual bandit with a Funnel Structure. However, their model directly learns on the final
purchase signal and signals on other stages are only used for performance evaluation. Hence,

it lacks a comprehensive method that exploits the structural information of a funnel.

Contextual bandits. The decision making problem is modelled as a contextual bandit
problem (Li et al., 2010, 2011; Beygelzimer et al., 2011) in this chapter. Previous works
on contextual bandits mainly focus on a single reward. Drugan and Nowe (2013); Turgay
et al. (2018) study multi-objective bandits by considering a Pareto regret, which optimizes
the vector of rewards for different objectives, while our work focuses on optimizing the final

reward by exploiting the whole task set.

Related works This work is the first work that applies the multi-task learning to con-
textual bandits with funnel structure. There has been works considering contextual bandits
with a sequential transfer (Lazaric et al., 2013; Soare et al., 2014), a multi-task learning
approach (Deshmukh et al., 2017) and a multi-goal setting (Drugan and Nowe, 2013; Turgay
et al., 2018). However, none of their algorithms adapts to the funnel structure due to the
imbalance in the sample sizes of different layers. On the other side, Schwartz et al. (2017)
focuses on funnel structure contextual bandits without multi-task learning. Some Reinforce-

ment Learning algorithms with auxiliary rewards (Jaderberg et al., 2016; Lin et al., 2019) can
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also be applied to this problem. This line of work does not use the full information as it either
learns on the output of the last layer or learns on an weighted average of different layers.

Our experiments also verify that using the full information could improve performances.

4.2 Formulation

In this section, we introduce the formulation for funnel structure and discuss how the for-
mulation applies to our email campaign problem. We also introduce the generalized linear

model and the assumptions for our theoretical analyses.

Funnel structure. A funnel, denoted by F' = {J, X, (Zy,...,Z;)}, consists of the number
of layers J € N, feature space X € R? for some d > 0 and a sequence of J mappings
(Z1,...,Z;). Each Z; is a mapping from feature space to [0,1]. On each interaction, a
funnel takes an input feature € X and generates a sequence of binary variables 2y, ..., z;
from Bernoulli distributions with parameters Z;(z), ..., Z;(z), respectively. Then it returns

r1,...7y, for r; = [[)_, #s, to the learning agent.

Email conversion funnel. We illustrate how the formulation applies to the email conver-
sion funnel. Our email conversion funnel, as shown in Figure 4.1, has 3 layers representing
Open, Click and Purchase, respectively. Every email sent to a user randomly generates
r1, T2, T3 representing whether the email is actually opened, clicked or purchased using the
mechanism described above, while 21, 25, 23 are the indicators for the three events given
previous events happened.

On the sparsity of the funnel, if an email is never opened, neither click or purchase could
happen. Out of all the emails sent to users, 10% of them were opened, 0.4% were clicked,
and 0.01% led to a purchase. More generally, when there exists a r; = 0, all the successors
ri’s, © > j, become 0, which leads to unobservable z;11,...,z;. On average, given a feature
x, the probability of observing z; is P;_1(x), which decreases exponentially as the layers

go deeper.

Contextual bandit with funnel structure. Our contextual bandit with funnel structure
is denoted by M = {A, X, P,, {F,}aca}, where A is the finite action space with |A| = A,
X is the common context space, P, is the context distribution and each arm a € A is
assigned a funnel denoted by F, = {J, X, (Z{,...,Z%)}. On each round of ¢-th interaction,

the environment generates a context x; ~ P,, the agent takes an action a; and the funnel
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Underlying Process Observations

Sent (100%)

zZ1 ~ B(Zl<l'>) — 1 =21

Open (10%)

29 ~ B(ZQ(Z‘)) ——— Ty =11 X 29

Click (0.4%)

Zg3 B(Zg(l')) —— T3 =179 X 23

Purchase (0.01%)

Figure 4.1: An illustration of the email conversion funnel. Given any input x, the profile
information of the user, the funnel generates, zi,...z3, from Bernoulli distributions with
parameter Z,(z), Zo(x), Z3(x), representing whether the email would be opened, clicked or
purchased given the conversion of the previous layers happened. The observations rq,...,r3
represent whether the email is actually opened, clicked or purchased, respectively.

F,, returns the reward vector (ry,...,r) taken the input context x; based on the process
described above.

Note that our setting, when J = 1, differs from the contextual bandit setting in Chu et al.
(2011); Filippi et al. (2010), where each arm has a unique context but the same mapping
from context to reward function. Filippi et al. (2010) assumes a canonical exponential family
density function. We consider a binomial signal, whose density might not be in canonical

exponential family.

Assumptions. Most analyses on multi-task learning assume some similarities among tasks
set to allow knowledge transfer. Here we assume a generalized linear model (GLM) and a
prior-known hypothesis class over the unknown parameters for all the layers. The hypothesis

class characterizes the relatedness across layers.

Assumption 4.1 (Generalized linear model). Assume all Z; = p(z"67) for some mean
function p: R [0,1] and 07 is the true parameter of layer j. A throughout example of this
chapter is the model for logistic regression, where pu(y) = 1/(1 + exp(—y)).

We also assume that the mean function p is Lipschitz continuous and convex.

Assumption 4.2. We assume that pv is monotonically increasing and p/'(x) > ¢, for all

x € X. We also require that function u satisfies |i/'(x)| < k.
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Assumption 4.3. Assume X C {x € R: ||z|| < d,}.

Generally, we assume that the joint parameter is from a hypothesis class. Two special

cases of interest are introduced, upon which we design our practical algorithms.

Assumption 4.4 (Similarity assumption). Let @ = (01,605 ,...,67)" € RY and 6* is the
joint vector for the true parameters. We assume 0* € Oy C RY. Throughout the chapter,

we discuss two special cases:

1. Sequential dependency: ©y = {6 € R¥ : |0; — 0;4|s < q;, forj > 1 and
161]] < qu for some qu,...q; € RY.

2. Clustered dependency: ©y = {6 € R : 30, € R, ||0; — 6ol> < q;,Vj € [J]} for

some qi,...q; € RT.

For any set © C R/ we denote the marginal set of task j by ©[j] i.e., O[j] = {# € R¢:
10 € ©,0, = 0}.

We first note that a hypothesis class over the joint parameters is a common assumption
in multi-task learning literature (Maurer et al., 2016; Zhang and Yang, 2017; Pentina et al.,
2015). Also, in another line of work focusing on transfer learning, the theoretical analyses
often assume a discrepancy between tasks (Wang et al., 2019a). We argue in Appendix 4.A

that under our GLM assumptions, the discrepancy assumption is almost the same as ours.

The role of diversity. Note that diversity continues to play an important role in the
proposed dependencies. If the environment only has two tasks, then there will be a large
distance between parameters ||§; —6,_;|| or ||0; —6,||. By adding more tasks to fill in the gap

between original task set, we improve the diversity whiling having a smaller set of discrepancy

q’s.

4.3 Supervised learning

Before discussing the contextual bandits with funnel structure, we first consider the super-

vised learning scenario for a single funnel and seek a bound for the prediction error of each

layer:
PE; = |p(z"6;) — u(a"6;)],
for some estimates 6, ..., 60, € R
For a single funnel, our algorithm learns on the dataset {x;,r;,..., 7z}, of size n. Let

n; = » i 4 1(rj_1; = 1) be the number available observations for layer j and ji,...j,, be
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the indices of these n; samples, i.e. 7;_1 > 0 for all ¢ € [n;]. Let z;; = r;;/rj—1,;. We

denote the square loss function of layers j by

Ty

(0) = (215 — m(x]0))*. (4.1)

=1
4.3.1 Implications from a single-layered case

We first investigate a single-layered case and see how prior knowledge helps improve the
upper bound on prediction error. Lemma 4.1 bounds the prediction error using either prior

knowledge or collected samples. The proof of Lemma 4.1 is provided in Appendix 4.A.

Lemma 4.1. Using the model defined above, assume J =1 and the true parameter 8* € .
Let the dataset be {x;, z; }1, and let 0 be the solution that mazimizes the Ly function in (4. 1)
and 0 be its projection onto ©y. Let q = SUPp, g,c0, |01 — Oall2. Then with a probability at

least 1 — 9, we have

A * . 465
[(x"60) — p(z"6")| < wmin{ sup |27 (6) — )], |||y —
01,02€0¢ Cu

< min{duq, || 7| \/>} (4.2)

d
T

}'Uﬂ lfhermm 67 we hane a COnﬁdence Set on 6 3
. M, > c n ) .

where M,, = %Z?:l zixl, cs = 80d,/21n(8/6).

Equation (4.2) bounds the prediction error with a minimum of two terms. The first term
in (4.2) is directly derived from prior knowledge. The second term is a parametric bound
without any regularization (Srebro et al., 2010). In fact, (4.2) is a tight upper bound on
prediction error as shown in Appendix 4.A.

Lemma 4.1 implies a ”transfer or learn” scenario: when the sample size for the new
task is not large enough, i.e. n = o(1/¢?), it is more beneficial to directly apply the prior

knowledge. Otherwise, one can drop the prior knowledge and use parametric bound.

4.3.2 Multi-task learning algorithm

Our algorithm, inspired by the ”transfer or learn” idea, consists of two steps: 1) optimize the

loss function for each layer within its marginal set and calculate the confidence set defined in
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Algorithm 3 Regularized MTL for funnel structure

Input: number of layers J, hypothesis set Oy, dataset {z;, 1, ...,7:};_, generated from
the funnel, accuracy § > 0.
# Calculate confidence set.
for j =1to J do
Solve ; = PrOJ@O[ 1(arg min Z;(0)).

Calculate ©; defined in Equation (4.3) by

~ C(g d
;= {0100, < 4/,

Jing —

for M, = 32121 %507,
end for
# Re-estimate parameters.
Calculate joint set © = {6 : 0, € ©; for all j € [J]}.
Set ©, < 6, N 6.
for j =1to J do
Solve 6; = Projg, ;) (arg min 1;(0)).
end for
Return él, - ,éJ.

(4.3); 2) take the intersection between the confidence set and Oy, which generates ©,. Then
project the unconstrained solution onto the new set ©;. The details are shown in Algorithm

3, where Projg(6) denotes the projection of # onto the set ©.

4.3.3 Upper bound on prediction error

Directly applying Lemma 4.1 within the set ©; gives us a bound on prediction error depend-

ing on the marginal set ©;[j] and n; as shown in Corollary 4.1.

Corollary 4.1. Let 91, . éj be the estimates from Algorithm 3 and ©1 be the set defined
in Algorithm 3. With a probability at least 1 — 6, for all j € [J], we have

PE; < kmin{ sup |27 (61 — 62)], HxHM— “ } (4.4)

91 926@1[]] " C

However, it is more interesting to discuss the actual form of ©; = ©y N O and its interac-
tions with n; under some special assumptions on ©y. As mentioned in Assumption 4.4, we
consider two cases: sequential dependency and clustered dependency.

Recall that for the sequential dependency, we assume 8* € O == {6 € R : ||0,—0,_1|» <
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g;, for j > 1 and ||01]|2 < ¢1} for some ¢y, ...q; > 0. Before presenting our results, we need

an extra assumption on the distribution of covariates.

Assumption 4.5. Assume the minimum eigenvalue of M; . is lower bounded by a constant
A >0 forall j € [J].

Assumption 4.5 guarantees that the distribution of the covariate covers all dimensions.

Theorem 4.1 (Prediction error under sequential dependency). For any funnel with a se-
quential dependency of parameters qi,...,qy, let 91, e ,é] be the estimates from Algorithm
3. Ifnjy < nj/4, ¢ >,...,> qy and Assumption 5 is satisfied, then with a probability at
least 1 — 0, for any jo € [J], we have

/{HxHQCCi/){\/ 7%7 ij < j())

PE] S 05/J d ] . . .
’%HxH2(C”_)\\/ m + Zi:joJrl qz)a Zf] 2 Jo,

where we let ng = oco. The smallest bound of all choices of jo is achieved when jq s the

smallest j € [J], such that

oVd, 1. 1
C“)\ \/n_] VALIES!
if none of j’s in [J| satisfies (4.5), jo=J + 1.

) > ¢, (4.5)

Theorem 4.1 shows that for some funnel under sequential dependency assumption, there
exists a threshold layer jg, before which the bounds without multi-task learning are tighter.
After jy, we use the bounds depending on prior knowledge. For small n;’s, jo = 1 and for
sufficient large n;’s, jo = J+1. Figure 4.2 shows an example of how the threshold j, changes
when total number n increases in a 5-layered funnel.

For the clustered dependency, the prediction error bound can be characterized by Theorem
4.2.

Theorem 4.2 (Prediction error under clustered dependency). For any funnel with a clus-
tered dependency of parameters qi,...,qy, let 01, ... ,éj be the estimates from Algorithm 3.
With a probability at least 1 — 6,

. Cs)g | d cspg [ d
PE; < R/ Ry
) < elalming22 [ L g 2[4

. . y
where jo = argminjep ) z54/5; + 45
Under the clustered dependency, there is a single layer that gives the tightest confidence

set on the unknown center, which is used by all the other layers.
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Figure 4.2: An example of how the prediction error bound in Theorem 4.1 changes when
the number of observations increases in a 5-layered funnel. We set ||x|lacsvVd/(c,\) = 1,
q; = (12—25)/100 and n; = 0.27"'n. Solid lines mark the prediction error bound defined in
Theorem 4.1 and dashed lines mark the prediction error without multi-task learning (second
term in (4.3)). Black points marked the change of j.

4.4 Regret Analysis for Contextual Bandit

In this section, we bound regrets for contextual bandits with funnel structure and discuss

the benefits of multi-task learning.

Extra notations. For simpler demonstration, we define P; : X — [0, 1], such that Pj(x) =

7 Zi(x). For any @ = (07,0%,...,67)T € R¥, let Pj(z,0) = [[/_, u(z70;). To account
for multiple funnels, we let nfw. be the number of observations for the j-th layer of funnel
F, up to step t . Let 0} ; be the true parameters and 6 be the joint vector. Further we let
)\27 ; be the sample minimum eigenvalue covariance matrix of layer j of funnel F,, A, ; be the
minimum eigenvalue of its expectation and A be a lower bound over all a and j.

Regret of contextual bandits with funnel structure is defined as

i [PJ 2, 0 PJ(fL’t;aZt)] )

t=1

where a; is the optimal action for input x;, a; is the the action chosen by the agent at step
t and T is the total steps.
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Algorithm 4 Contextual Bandit with a Funnel Structure

t — 1, total number of steps 7', memory H, = {} for all a € [A]. Initialize 0,, with zero
vectors.
fort=1to T do
Receive context x;.
Compute Pj (z4,0,) based on (4.6) for all a € [A].
Choose a; = argmax, . 4 P (1, 6,;).-
Receive 141, ...,7 7 from funnel Fy,.
Set Ha, — Hay U{(zt, (i1, ---5760))}-
Update HAQM by algorithm 3 with dataset H,,.
end for

4.4.1 Optimistic algorithm

We propose a variation of the famous UCB (upper confidence bound) algorithm that adds
bonuses based on the uncertainty of the whole funnel. The prediction error of funnel F, of
a given input z is |Py(x, 0!) — P;(z,0?)| for 8% which is the joint vector of estimates ézj at
the step t.

From Lemma 4.1, we define Ay, ; by

C5/3AJT

K|zl min{ sup |01 — 62]|2,

.
t t ’
01,92693’1 Clu‘)\ayj navj v 1

where 92,1 is the intersection set from Algorithm 3 for funnel a at step ¢t. Using simple
Taylor’s expansion, we have Lemma 4.2.

Lemma 4.2. Using the estimates from Algorithm 3, we have, with the same probability in

(4-4)
|Py(x,6;) — Pi(,0;)] <

PJ(x,ét) t t t t
SR T A ST AR AR = AL 46
;M@T% Ha ; HagBHas = B (4.6)

Define P} (x,8%) = Py(x,0%) + Apl.. We are able to derive an optimistic algorithm shown

in Algorithm 4. Now we use the prediction error on the whole funnel to analyze the regret.

4.4.2 Regret analysis

Theorem 4.3 bounds regrets for Algorithm 4. The regret in Theorem 4.3 can be bounded
by three terms in (4.7). The first term in (4.7) represents the normal regret without any
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multi-task learning with an order O(}, ;4 /n; ), which reduces to the standard VAT when
J = 1. Note that the impact of one layer on regret is bounded with the square root of its
number of observations. The second term is a constant term that does not depend on 7.
The third term represents the benefits of multi-task learning. Full version of Theorem 4.3 is

given and proved in Appendix 4.A.

Theorem 4.3. Using Algorithm 4, under the Assumptions 1-4, with high probability, the

total regret

T

2 4
> [PJ(.’Et, 0;.) — Pz, 9;;)] =0(co »_y/nl;+ %) — Z Aa; (4.7)

t=1 a,j a,j

where O ignores all the constant terms and logarithmic terms for better demonstrations,

o = (kdycs/aasrv/d) (N, oy = EoPir(2,8;) and

T
A 1
Agj = Z PJ'(xtT‘gét) Co—Ff——— ANZ,J'
t=1;at=a n’;’j V1

represents the benefits of transfer learning.

We discuss the actual form of benefits under sequential dependency. If the hypothesis

class is truly sequential dependency with parameters g, 1, . . ., ¢,,7 for each funnel F,, we have

Aa,j - O(Z 1/Qa,j’)a

J'<i

for sufficient large 7. Generally, for sufficient large total steps, the benefits scale with
20y =3+ 1)/Gay

4.5 Experiments

In this section, we first present a simulation on the power of multi-task learning using Algo-
rithm 3. Then we propose a more practical contextual bandit algorithm, which is tested on

a simulated environment and our real-data email campaign environment.

4.5.1 Simulation on supervised learning

We use a simulation to verify the bound in Theorem 4.1 and the curves in Figure 4.2.

We consider a 5-layered funnel with sequential dependency. The link function is u(x) =
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Figure 4.3: Estimation errors (Ly distance to 63) of 0; and éj under different number of
interactions with the funnel. Colors represents the layers. Solid (Dashed) lines represents

the estimation errors of éj (éj). Each point in the plot is an average over 10 independent
runs.

1/(1 + exp(—xz)). We set d =5 and 6,1 = 0; + u;q;, where u; € R? is a unit vector with a
random direction and ¢; = 1.2 — 0.2j. In the simulation, we apply Algorithm 3 under the
sequential dependency and calculate the estimation error of the estimates without parameter
transfer (6;) and the final estimates éj. The results are shown in Figure 4.3. We observe a
similar pattern as in Figure 4.2 and the errors of deeper layers are controlled well despite of

their small sample sizes.

4.5.2 Simulations on contextual bandits

Practical algorithm. Calculating the intersection between two sets is not easy when O
has a complex form. Also, we may not have access to © in real data analysis. We, therefore,
develop practical algorithms especially for the sequential dependency and clustered depen-
dency. Both of the algorithms reduced to optimizing parameters under a Ls regularization.
An equivalent form is to optimize under L, penalty. Our practical contextual bandit al-
gorithm optimize loss function using an L, penalty controlled by tuned hyper-parameters
(Algorithm 5 in Appendix 4.B). Since exploration is not the primary interest of this work,

we also adopt a e-greedy exploration for the simplicity of implementation.
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Compared algorithms. Apart from the naive algorithm that directly learns on the sig-
nals r;, some methods learn on the averaged rewards across the funnel. This approach is
commonly used in Reinforcement Learning with auxiliary rewards (Jaderberg et al., 2016;
Lin et al., 2019), where the true reward is sparse and there are some non-sparse auxiliary
rewards that can accelerate learning. We call this method Miz in the following experiments.

Inspired by the idea of Miz and that of curriculum learning Bengio et al. (2009), we also
test the method that learns on the signals for each layer sequentially.

To sum up, we compare the following five strategies:

1. Target: we train a single model that only predicts the reward from the last stage, i.e.

Ty

2. Miz: we train a single model that only predicts the average rewards from all the stages,
. 1 J
Le. 5> 5 1715)

3. Sequential: for a total steps T', we train a single model on rewards rq,...,7;_1 sequen-
tially for equal number of steps oT'/(J — 1) for some constant « € [0, 1] and train the

model on the final reward r; for the rest of steps.
4. Multi-layer clustered: Algorithm 5 under clustered dependency.

5. Multi-layer sequential: Algorithm 5 under sequential dependency.

Simulated Environments. We first tested the performance of multi-task learning algo-
rithms on the contextual bandit setting. In our contextual bandit setting, number of action
is set to be A = 50, for each action, we independently generate a funnel with J = 8 stages.
The link function is from the logistic regression, where we sample the unknown parame-
ter 0, ; sequentially. In this case, 6,; is sampled from N(0,0%) and 6, is sampled from
N(8,-1,0%/7) for for j > 1. This gives us a funnel with decreasing uncertainty. Context x
is sampled from a Gaussian distribution N(0,c2).

We set the parameters for the environment to be A = 50;J = 8;0 = 1;0, = 0.08;d =
45; T = 3000.

Model setup. For Target, Mix and Sequential, we use a Neural Network model with one
hidden layer, d-dimensional input and A-dimensional output. Each dimension on the output
vector represents the predicted conversion probability for an action. The number of units for
the hidden layer is searched in {8,16,32,64}. Sequential has the hyper-parameter a, which
is searched in {0.1,0.2,0.4,0.6}.
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For Multi-layer clustered and Multi-layer sequential, each stage is modeled with the same
one-layer Neural Networks defined above. The number of units for the hidden layer is
searched in {1,4,8,16}. The penalty parameter A is searched in {0.001,0.005,0.01,0.05}.
An e-greedy exploration is applied.

Algorithm Mix —— Multi-layer Clu. —— Multi-layer Seq. —— Seq. Target

150

100

Regrets

50

0 1000 2000 3000
Steps

Figure 4.4: Cumulative regrets over 3000 steps using the best hyper-parameters for each of
the five algorithms. The confidence interval is calculated from independent runs.

As shown in Figure 4.4, our practical algorithms beat all the other algorithms in terms of
cumulative regrets. Algorithm 5 under sequential has lower regrets compared to that under

clustered dependency.

4.5.3 Email campaign environment

We further test our algorithms on the Email Campaign problem, which aims at the act of

sending a commercial message, typically to a group of people, using email.

Dataset. We randomly selected 5609706 users, who were active up to the data collection
date and then tracked all the interactions of those users in the following 51 days, which adds
up to 39488647 emails. Each email has a five-dimensional context, consisting of: NumSent,
the number of emails sent to the user since 2019-12-01; NumOpen, the number of emails
opened by the user since 2019-12-01; NumClick, the number of emails whose links were
clicked by the user since 2019-12-01; BussinessGroup, categorical variable indicating the
business group of the user; and Recency, number of hours since last email was sent to the
user, which is categorized into '0-12°, ’13-24’, ’25-367, "37-48’, "49+".

80



The agent takes actions of the time to send an email. The action space is divided into six
blocks: 00:00-04:00, 04:00-08:00, 08:00-12:00, 12:00-16:00, 16:00-20:00, 20:00-24:00.

Three rewards are available for each email, indicating whether the email is opened,
whether the email is clicked and whether the email leads to a purchase respectively. Note
that we say an email leads a purchase if the user purchases in the following 30 days.

The email campaign problem defines a funnel with three layers. On average, the rates
for opening, clicking and purchasing are about 10%, 0.4% and 0.01%, respectively in the
dataset. As we can see, the signals for learning purchasing behaviour are sparse. We will

show in our experiments that how multi-task learning can improve the sample efficiency.

Data-based environment. We first build a data-based contextual bandit environment
using population distribution. At each step, the environment randomly samples a context
from the dataset and the agent takes an action from the six blocks. The environment then

samples a reward vector from the set of rewards with the same action and context.

Purchase Click Open
(10-2)
Target 4.09 3.88 24.6
Mix 4.23 6.63  47.0
Sequential 2.1 0.981 0.495
Multi-layer clu. | 6.34 0.753 -18.1
Multi-layer seq. | 1.06 2.04  3.03

Table 4.1: Average increases in the number of Purchase, Click or Open over 10000 steps
compared to the Random policy using 20 independent runs. The standard deviations are all
less than 1072 for Purchase and 107! for Click and Open.

Results. We searched the same set of hyper-parameters as used in the previous experiments
except for the number of hidden units. The hidden units for the two multi-layer algorithms
are searched in {8, 16, 32,64} instead.

We first tested the decrease in prediction error for the five algorithms with actions ran-
domly selected. Hyper-parameters with the lowest cumulative square prediction errors were
selected. As shown in Figure 4.5, our multi-task learning algorithms have much lower cumu-
lative prediction errors. The total prediction errors converge after 2500 steps.

We further applied our practical algorithm in Algorithm 5 and selected the hyper-
parameters with the lowest regret. Table 1 showed the average increased number of Purchase,
Click and Open within 10000 steps with respect to a purely random policy over 10 inde-

pendent runs. The results are shown in Table 4.1. As one can see in the table, Multi-layer
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Figure 4.5: The cumulative square errors for five algorithms. The solid lines are averaged
over 10 independent runs and regions mark the 1 standard deviation over the 10 runs.

clustered improved Purchase rate the most by 0.0634 over 10000 steps. However, Mix im-
proved the average number of Click or Open the most. This indicates that the three tasks
are not exactly the same.

The advantages of our algorithms over the compared three algorithms are the use of full
information and the appropriate regularization, which allows knowledge transfer between
layers. Target, Seq. and Miz all use a single model for the whole funnel, where the similarities
between layers are not clear and they all lose some information while processing signals.
Target and Seq. learn only on a single signal from one layer on each step. Miz adopts a

weighted average.

4.6 Discussion

In this chapter, we formulated an important problem, funnel structure, from the marketing
field. We used a multi-task learning algorithm to solve the contextual bandit problem with
a funnel structure and offered its regret analysis. We verified our theorem using a simple
simulation environment and tested the performances of our algorithm on both simulation
and real-data environment.

Note that our bounds on prediction error in Theorem 4.1 and Theorem 4.2 do not scale
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with 1/,/>° ; 1y under the special case when 0, = --- = 0;. However, the sparsity of the
funnel implies that the optimal rate is only smaller than our bound by a constant factor that
does not depend on J. To see this, assuming that n;1/n; = ¢, we have Zj n; = n/(1—q),
which is a constant value.

In terms of the real-data environment, we adopted the population model that may lead
to high variance in context and action pairs that do not have sufficient observations and our
environment may not fully reflect the true environment. A better data-based environment

may be proposed using rare event simulation Rubino and Tuffin (2009).

4.A Missing Proofs

Connection to discrepancy measure In this section, we discuss how our assumption
relates to discrepancy assumptions. Consider Y-discrepancy that measures the maximum ab-
solute distance between the loss function: dist (Dy, Ds) = supjcy |Lp, (k) — Lp,(h)|, where
D, and D; represents the source domain and target domain and Lp, and Lp, are expected
loss for two domains.

Note that under the GLM assumption, the L, distance in unknown parameters resembles
the discrepancy using square loss. Consider a funnel with two layers and |0, — 62]]2 = q.
Lemma 4.3 indicates that ¢ ~ dist(D;, Ds).

Lemma 4.3. We have under square loss function, dist(Dy, Ds) < 4kd,q.

Proof.
We first show the second inequality.

dist (Dy, Ds)
= sup E.(u(20)) — u(2"67))? — Eu(u(x"0) — u(2"63))?|
< sup [Eapu(e0) (u(x"65) — pu(a” 03))] + B (2" 07) — (2" 65))

< 4|E (27 07) — u(2763)))|
< 4E,|u(2"05) — p(2"05)]
< 4KE, 2" (07 — 0)]

< 4rd.q
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On the other hand, an lower bound of dist (D;, D) is also closely related to q.

dist (D1, Ds)
= sup Eo(u(270)) — (" 07))? — Eo(pu(z"0) — u(z"63))?]

= sup [Ex (" 07) — pu(a”02)) (2 07) + (2" 03) + (2" 0))]

:ﬁma/ﬁ@ﬂm+afwm%9ﬁ@%x—%»mw%9+u@w9+MHmﬂ

t

= sup (67 — 63)7 [Eu [ (1707 + (1= )27 85) db(u(" ) + (o 85) + ua"0))

t
(Let 6 — —o0)

> (07 — QS)TV9;,9§| (letting vg: gs = [Ep /,u' (mT@I +(1— t)a:TQS) dt(pu(z707) + u(asTQ;))])
t
Let 05 = 07 + |67 — 05|21, where 1 is a unit vector. For sufficient small [|0F — 63 ||2, vo: g5 —

2B, [xp/ (27 07) u(x707)] =: vp;, which is a constant vector. Thus

dist (Dl s DQ)

T
1m = Up*|.
107 —031l2—0 ||0F — 635]|2 v

For sufficient small |07 — 63|, discrepancy scales with |07 — 653]|.

Proof of Lemma 4.1 In this subsection, we introduce the proof of Lemma 4.1. Many
proofs could achieve a very similar bound. Here we use the idea of local Rademacher com-
plexity.

Proof.

We discuss two cases: 1) 0 € int(y). 2) 0 ¢ int(Oy).

In both cases, one simply has

(") = p(a"0")| < klz"(0 - 67) <k sup |2 (61— 62)],
61,02€0,
which completes the first term in the minimum.

Now we prove the parametric bound. We first assume that case 1 holds. In this case,
the constraint does not come into effects and 6 is the global minimal. By Theorem 26.5 in
Shalev-Shwartz and Ben-David (2014), we have under an event, whose probability is at least
1—9,

21n(8/9)

L(0) — L(6*) < 2R,(2) + 5 —, (4.8)
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where R(z) is the Rademacher complexity defined by

R(2) —E—supZsz (=7 0)13s,0%

n gco

and the variables in o are distributed i.i.d. from Rademacher distribution. Let us call the
event Fy.
As for any i € [n], let ¢;(t) == (z; — u(t))?, which satisfies |¢}(t)] = |2(z; — p(t))p'(t)| < &,

using Contraction lemma (Shalev-Shwartz and Ben-David, 2014), we have

R.(z) <E, —supZ/-i (7)o

n gco

1
= kE,—su x; (0 — 07 4.9
L0 w

1
< KEq—sup | Y 203|110 = 07|
=R an)lelg” ; 2l | e

1
< kKEy— x;0i|| -1 sup ||6 — 0| as,,-
I il sup [0 -]
Next, using Jensen’s inequality we have that

1
Eo |l Zl’iO’iHM;l
7

. 1/2
< Eo|l inUiH?\/[nl)
L (e tr[;\J_l(Zx )3 o )T])l/2
n " 7 o 7 o
1/2
_ % M En(Y o) (3 xiai)T]> (4.10)
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Finally, since the variables oy, ..., 0,, are independent we have

k,le[n]
=E, Z olxx]
i€[n]
= Z xleT =nM,
i€[n]

Plugging this into (4.10), assuming M, is full rank, we have
(4.9) < +/d/nsup ||0 — 0% u, - (4.11)
UASICH)

Lemma 4.4. Under the notation in Lemma 4.1 and Assumption 4.2, if an estimate 0 satisfies

~

L(0) < L(0*) + by, then

duby
-
Proof. Let g,(0) = 35, xi(pu(x]0) — (2] 0)). For any 0, Vg, (0) = >, vl y/(x]0). By

simple calculus,

10— 07113, <

9u(67) — gu(6) = /01 Vn (39* 41— s)é) ds(0* — 0).

As u(t) > ¢, we have fol Vg, (89* + (1 — s)é) ds > ¢, M, Plugging this into the inequality

above we have

107 = 12, < (3 wau(a70) — p(a?07))? = " Mye < P ere = P (16) - 16)),
Cu 4

Cu Cu
whete ¢ i (u(a70) — (T8,
Applying (4.8) and Lemma 4.4, we complete the proof by

A 2d,\d 2In(8/6
H@—@*IIMnS\/ Y o 10— 6, + 5 220
Cu\/ﬁ 0cO n

_ [20/2In(8/8)dsV/dsupyeo, 110 — 0% s, (4.12)
< e/ ' '
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]

We apply (4.12) iteratively 2. Let Oy = ©p. For any ¢ > 1, let Oy = {0 € R? :

10 — 0ls, < 2y 200 W SUPpeo,, ) |0 — 0*||as, }. When ¢ — oo, we have

o . _ 20d,\/2d In(8/6)
(00) = i/ :

By (4.12), we have 0" € N;>10 s and 160 — 0% ||ar, < %Cf—w, which completes the

second part of Lemma 4.1.

For any x € X', we have

la0) = (a0 ] 2RI (113)

When case 2 holds, let 0’ be the global minimizer. Using the analysis above, we have

||é/ 0|, < 40d,+/2d1n(8/4)
M = Cu\/ﬁ .

Then by triangle inequality

. A N R0d,+/2d1In(8/6
16— "l < 116 = &llag, + 0 = 6%y, < eV 2d1n(8/0)
Cuv/n

Tightness of Lemma 4.1 We use an example to show the tightness of Lemma 4.1. Assume
a linear predictor, i.e. u(t) = t. Consider the following distribution, let X be uniform over
the d-standard basis vector e,,, for m = 1,...,d. Let Z | (X = ¢;) ~ Bern(r;), where
r; € [0,1] is pre-determined and unknown. The optimal parameter 6* = (ry,...,ry)7. Let
N, be the number of samples collected for dimension m. Let ©g = {6 : ||0||]2 < ¢}.

When n is sufficiently large n > 1/¢?, 6 is the regularized minimizer. It can be shown
that for any 0, there exists 6* such that E[0; — 02 > (7 (1 — 7)) /7um. Then E||6 — 6*||2 >
s o) d(ri(1=ri)) _ QL)

m=1 Nm, n n/’

Then we also see that when n is small (< q%), the estimation error is (gq). We use

the same example as above. This time, we assume [|6*|| < . If we have a 10]| = ¢, then
16*—8|| > q/2 = Q(q). Otherwise, we use the lower bound above: [|6*—0]|| > Q(\/iﬁ) = Q(dgq).

ZNote that (4.12) holds under the same event E4 as the estimates 0 keeps the same each round as it is
the global minimizer.
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The above argument corresponds to the upper bound in Lemma 4.1, where we use prior

knowledge when n is small and use the parametric bound when n is large.

Proof of Theorem 4.1 In this subsection, we show the missing proof for Theorem 4.1.

Theorem 4.4 (Prediction error under sequential dependency). For any funnel with a se-
quential dependency of parameters q,...,qs, let él, e ,éJ be the estimates from Algorithm
3. If njr < n;/4, ¢1 >,...,> q; and Assumption 5 is satisfied, then with a probability at
least 1 — 4, for any jo € [J], we have

’%HxH?c_(S %7 Zf] < jOJ
PE; < W B - (4.14)
K’H:EH <C,u)\ TO + i=jo+1 QJ) Zf] Z .707

where we let ng = oco. The bound is smallest when jo is the smallest j € [J], such that

desV/d, 1 1
e (— - ) > ¢, (4.15)
cuN Ty /T

if none of j’s in [J] satisfies (4.15), jo = J + 1.

Proof. First we reshape the ellipsoid in (4.3) to a ball.

Lemma 4.5 (Reshape). For any vector x € R? and any matric M = 0 € R>? ||z, <

Hx|lar, where X is the minimum eigenvalue of M.

Proof. We directly use the definition of positive definite matrix: A\?||z||5 — ||z||3; = 7 (N\*T —
M)z < 0. Thus, [|z|2 < szll@|a- #

Using Lemma 4.5 and Assumption 4.5, we have [|0; — 0%[]> < $/|6; — 05 [a, < %\/g.
Thus the set 6, C {0+ |0 — 8> < 25/} = O

For every j, one can derive two bounds First we can directly apply Corollary 4.1 and

get PE; < /<a||x\|24i L Second, for any jo, we have 67 € ©1[j] C {0 : ||6;, — 0> <

f:f\ ”Jo Z]0+l<z<] gi} and get PE; < rflz|ls ( \/ % + ZZ:jo-i-l q;)-
Now we show the second argument: of all those bounds the one defined in (4.14) with j,

defined in (4.15) is the smallest. For any j < jo and j; < j, we have

4c d 4esv/d 1 1 4c
e (Z(\/— v " \/_>< 6[ _Zf o
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The second inequality is given by ( ln
J1 < Jo, by (4.16), we have

405 d J 405 d J
= — < = ;.
cu \ M, * Z h= cu \l mj, * Z ¢

i=jo+1 i=j1+1
Now we prove that for all © > jo,
desv/d 1 1
( _ ) > g (4.17)
A Vi nica

We use induction. Assume for some iy, (4.17) is satisfied. Under the assumption that

niy—1 < ny, /4 and ¢;; > ¢;,41, we have

desv/d, 1 1 - 4es/d ( 1 N 12 N 11 )
CuN M t1 /T CuA VM1 M1 T T T
. desv/d, 1 2 2 1 1 )

+ — + —
TN VMg My e T T
405\/_(+ 1 )
o \/ \/nil—l

> iy = Qiy+1-

Using 4.17, for any j > 71 > Jjo,

405 J 465\/_ 1 1
I Dy (ZW— i F)+Z%— nj, Z%

i=jo+1 1=jo+1 1=jo+1

Finally, we conclude that j, gives the smallest bound. # O

Similar argument can be used to show Theorem 4.2. For any j, € [J], we have

PE; </§H$‘|2m1n{ ” C(S/J” }

Out of all the choices of jg, the best one is achieved by jo = arg minj¢( o Y —i— q;-

Proof of Theorem 4.3

Theorem 4.5. Using Algorithm 4, under the Assumptions 1-4, with a probability at least
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1 — 4, the total regret

ZT: [P 2y, 0 P(x¢,0;, )]

t=1

2\/_60 Z F Z 8C(Q)Jd4 10g 6AJT/5 Z Aa’j_ (418)
a,j

where O ignores all the constant terms and logarithmic terms for better demonstrations,
co = (mdxc(;/AJT\/E)/(cM/_\), Do = E.Py_1(270%) and

T
= Z Py} 0;,) | co—m= — Dt

t
t=1;at=a n\/l

represents the benefits of transfer learning.

Let po;j = ExPj— ( TH*) We first show that upper bound the number of steps ¢t with

Mo < A/2 or n}, § 5N 1Pa,j- These steps are considered bad events.

Lemma 4.6 shows that with high probability, the number of observations for each layer is

close to its expectation.

Lemma 4.6. With a probability at least 1 — 9§, we have nj, ; > nl pa; — 1/2nf ;log(1/0).
Especially, when nf, | > 8log(1/0)/p2; = ¢na, we have nf ; > inl \pa;.

Proof. This is a direct application of Hoeffding inequality. m

Lemma 4.7. For any xi,...,x, i.i.d, ||z < d., let A\, be the minimum eigenvalue of
S il /n and X be the minimum eigenvalue of its expectation. We have \, > \/2, when
n > dilog(1/8)/\2.

. d - - - .
Proof. For all x4, ..., x,, write x; = > |, V5T, where Z1,..., T4 are any basis of RY. We

have Ey ;>\ For Hoeffdmg s inequality, since v,; < d,, with a probability 1 — ¢, we have

lZviizEvfl—di log(1/9) 5 _ g2, [lo8ll/0)
n p ) ) n n

For n > d}log(1/6)/A?, we have £ 3 v2, > A/2. There exists a choice of Z1,...,&q such
that A, = = >, v2,. O

Combining Lemma 4.6 and Lemma 4.7, we have with a probability at least 1 — /3,
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#{t : 35, A, ; < A/2 or nl ; < gnl pa;} can be upper bounded by

Z max {81og(6AJT/d)/pz ;, 2d; 10g(6AJT/6)/(NPay;) } - (4.19)
aj
In the following proof, we assume for all ¢, Al ; > A/2 and n}; > inl pa;. We also

assume the event in Lemma 4.1 happens for all a € [A],j € [J] and t < T. The probability
is at least 1 — §/3 as each probability is at least 1 — 0/(3AJT).
The total regret is

T
S Z [P(fftﬁ;;) - P+(xt7éat) + P+(:Ut7 éat) - P(xbe;kt)]

(USing P(xt7022‘> B P+<xt70 ) < 0)

< Z [P (2,6%,) - P(2,6;,)]

(Using Lemma 4.2)

r [ p ( 9)
< Z Z —Aﬂit,j + Z AMZt,jA/th,i

=1 |7 K <$T92t J) i#]

T
< Z Z P (4, et A:ufzt,j + Z Auit,jAuZt,i

t=1 i#]

ror
= Z Z(P](xtv 9;) + Pj(xt7 ézt) - Pj(xt’ gzt))A’u‘tlhj + Z A'uflmjA'uzt,i

t=1 [ j i#]

T T
<> Py (.0, =N Py (2,0;,) ( — Ay, ) +ZZAMGUAMW

t=1 j nat joot=1 nat J =1 i

@ ® ®

We further bound the terms separately. The first term (I) represents the bound one could

have without multi-task learning.
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t=1 g nat,]
4 c 4 c
0 . 0
<Y 1rya=1) — + ZZ(PJ'(%%) — g1 =1)—=
t=1 j Moy, t=1 j May,j

(Using Lemma 19 in Jaksch et al. (2010))

T
&
<e2v2Y 4 /nli 4+ (P, 0,) — reoa = 1) —— (4.20)
a,j t=1

X t
J Ng, J

As E[Pj(x,0;,) — 1(r;j—1 = 1)] = 0, the second term in (4.20) is a martingale. Using
Azuma-Hoeffding inequality, with a probability at least 1 — ¢/3, for all T,

SN (P, 67) — Uiy = 1) = < co1/210g(3TT/6). (4.21)

X t
J Ny g

Combined with (4.20),

@ <2V2c0 Yy y/nl; + cor/21og(3T.7/5). (4.22)
a,j

Next we bound (3). We notice that this is a quadratic term. We first show Lemma 4.6 that
lower bounds the number of observations for each layer. Lemma 4.6 is a direct application

of Hoeffding’s inequality.
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For any pair 7, j, we have

where we let p, = E, P; (ngz)_
og(nl
Thus, (3) is upper bounded by 4¢5J?>" log (g1 A4/(5 a%f/(?"s))

Finally we bound term (4). Using Lemma 4.2 on only first j layers, we have

D <D DD A+ D Ak At JA < (T+1) x D).
t G i ik

(4.23)

(4.24)

The proof is completed by combining Equations (4.19), (4.21), (4.22), (4.23) and (4.24).
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4.B Experiments Detalils

Algorithm 5 Practical Algorithm for Contextual Bandit with a Funnel Structure

t — 1, total number of steps T', memory H, = {} for all a € [A]. Initialize 6, with zero
vectors.
éa,o — 0.
fort=1to T do
Receive context z;.
Choose a; = argmax, . 4 Py (1, 6a;).
Set a; = Unif([A]) with probability e.
Receive 1y, ..., 1y from funnel F,,.
Set Ha, = Ha, U{(ze, (11, ... 7100))}-
for j=1,...,J do
# For sequential dependency

é%j — argmin (0, H,,) + )\jHQ — QACM-,IH2
0

# For clustered dependency

~

. 1 -
eat,j - arg;nlnl<97 Hat) + )\]HH - j ; 9%,1’”2

end for

end for

Practical algorithm

Simulated environment.
1. Target: units 16
2. Mix: units 32
3. Sequential: units 32
4. Multi-layer Clustered: units 4; A 0.001

5. Multi-layer Sequential: units 8; A 0.001
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Data-based environment.
1. Target: units 64
2. Mix: units 64
3. Sequential: units 64
4. Multi-layer Clustered: units 64; A 0.005

5. Multi-layer Sequential: units 16; A 0.001

95



CHAPTER 5
Multitask Reinforcement Learning

Multitask Reinforcement Learning (MTRL) approaches have gained increasing attention for
its wide applications in many important Reinforcement Learning (RL) tasks. However, while
recent advancements in MTRL theory have focused on the improved statistical efficiency
by assuming a shared structure across tasks, exploration—a crucial aspect of RL-has been
largely overlooked. In this chapter, we address this gap by showing that when an agent is
trained on a sufficiently diverse set of tasks, algorithms with myopic exploration design like
e-greedy that are inefficient in general can be sample-efficient for MTRL. To the best of our
knowledge, this is the first theoretical demonstration of the ”exploration benefits” of MTRL.
It may also shed light on the enigmatic success of the wide applications of myopic exploration
in practice. To validate the role of diversity, we conduct experiments on synthetic robotic

control environments, where a more diverse training task set leads to improved performance.

5.1 Introduction

Reinforcement Learning often involves solving multitask problems. For instance, robotic
control agents are trained to simultaneously solve multiple goals in multi-goal environments
(Andreas et al., 2017; Andrychowicz et al., 2017). In mobile health applications, RL is
employed to personalize sequences of treatments, treating each patient as a distinct task
(Yom-Tov et al., 2017; Forman et al., 2019; Ghosh et al., 2023; Liao et al., 2020). Many
algorithms (Andreas et al., 2017; Andrychowicz et al., 2017; Hessel et al., 2019; Yang et al.,
2020) have been designed to jointly learn from multiple tasks, which shows significant im-
provement over these that learn each task individually. Towards the potential explanations
of such improvement, recent advancements in Multitask Reinforcement Learning (MTRL)
theory study the improved statistical efficiency in estimating unknown parameters by assum-
ing a shared structure across tasks (Agarwal et al., 2022; Brunskill and Li, 2013; Calandriello
et al., 2014; Cheng et al., 2022; Lu et al., 2021; Uehara et al., 2021; Xu et al., 2021; Yang
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et al., 2022; Zhang and Wang, 2021). Similar setups originate from Multitask Supervised
Learning, where it has been shown that learning from multiple tasks reduces the general-
ization error by a factor of 1/ V/N compared to single-task learning with N being the total
number of tasks (Maurer et al., 2016; Du et al., 2020). Nevertheless, these studies overlook
an essential aspect of RL—exploration.

Exploration design plays an important role in achieving sample-efficient learning. To un-
derstand how learning from multiple tasks, as opposed to single-task learning, could poten-
tially benefit exploration design, we consider a generic MTRL scenario, where an algorithm
interacts with a task set M in rounds T'. In each round, the algorithm chooses an exploratory
policy 7 that is used to collect one episode of its own choice of M € M. A sample-efficient
algorithm should output a near-optimal policy for each task in polynomial number of rounds.

Previous sample-efficient algorithms for single-task learning (]JM| = 1) heavily rely on
strategic design on the exploratory policies, such as Optimism in Face of Uncertainty (Auer
et al., 2008; Bartlett and Tewari, 2009; Dann et al., 2017) and Posterior Sampling (Russo
and Van Roy, 2014; Osband and Van Roy, 2017). Strategic design is criticized for either
being restricted to environments with strong structural assumptions, or involving intractable
computation oracle, such as non-convex optimization (Jiang, 2018; Jin et al., 2021a). In
contrast, myopic exploration design like e-greedy that injects random noise to a current
greedy policy is easy to implement and performs well in a wide range of applications (Mnih
et al., 2015; Kalashnikov et al., 2018), while it is shown to have exponential sample complexity
in the worst case for single-task learning (Osband et al., 2019). Throughout the paper, we

ask the main question:
Can algorithms with myopic exploration design be sample-efficient for MTRL?

In this chapter, we address the question by showing that a simple algorithm that explores
one task with e-greedy policies from other tasks can be sample-efficient if the task set M
1s adequately diverse. Our results may shed some light on the longstanding mystery that
e-greedy is successful in practice, while being shown sample-inefficient in theory. We argue
that in a MTRL setting, e-greedy policies may no longer behave myopically, as they explore
myopically around the optimal policies from other tasks. When the task set is adequately
diverse, this exploration may provide sufficient coverage.

To summarize our contributions, we discuss a sufficient diversity condition under a general
value function approximation setting (Dann et al., 2022; Jin et al., 2021a). We show that the
condition guarantees polynomial sample-complexity bound by running the aforementioned
algorithm with myopic exploration design. We further discuss how to satisfy the diversity

condition in different cases studies, including tabular cases, linear cases and linear quadratic
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regulator cases. In the end, we validate our theory with experiments on synthetic robotic
control environments, where we see that a diverse task set leads to a better policy learning

and an improved generalization performance compared to that of non-diverse tasks.

5.2 Problem Setup

The following are notations that will be used throughout the paper.

Notation. For a positive integer H, we denote [H]| := {1,..., H}. For a discrete set A,
we denote A 4 by the set of distributions over A. We use O and €2 to denote the asymptotic
upper and lower bound notations and use @ and Q to hide the logarithmic dependence. Let
{e:}iea) be the standard basis that spans R%. We let Nx(p) denote the {s covering number
of a function class F at scale p. For a class F, we denote the N-times Cartesian product of
F by (F)®N.

5.2.1 Proposed Multitask Learning Scenario

Throughout the paper, we consider each task as an episodic MDP denoted by M =
(S, A, H, Py, Ry ), where S is the state space, A is the action space, H € N is the hori-
zon length in each episode, Py = (Phar)nefn) is the collection of transition kernels, and
Ry = (Ry, M)he[H} is the collection of immediate reward distributions. Note that we con-
sider the setting, where all the tasks share the same state space, action space, and horizon
length.

An agent interacts with an MDP M in the following way: starting with a fixed initial
state s1, at each step h € [H|, the agent decides an action aj, and the environment samples
the next state spi1 ~ Pura(- | Sn,an) and next reward r, ~ Ry a(sn,an). An episode is
a sequence of states, actions, and rewards (si,a1,71,...,SH,@n, TH,Sg+1). In general, we
assume that the sum of r;, is upper bounded by 1 for any action sequence almost surely. The
goal of an agent is to maximize the cumulative reward Zthl rp by optimizing their actions.

The agent chooses actions based on Markovian policies denoted by m = () ne(m) and each
7, s a mapping S — A4, where A 4 is the set of all distributions over A. Let IT denote the
space of all such policies. For a finite action space, we let 7, (a | s) denote the probability of
selecting action a given state s at the step h. In case of the infinite action space, we slightly

abuse the notation by letting 7, (- | s) denote the density function.

Proposed learning scenario and objective. We consider the following multitask RL

learning scenario. An algorithm interacts with a set of tasks M sequentially for 7" rounds.
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At the each round ¢, the algorithm chooses an exploratory policy, which is used to collect
one episode of its own choice of M € M. At the end of T" rounds, the algorithm outputs a
set of policies {mas}aresm. The goal of an algorithm is to learn a near-optimal policy 7 for

each task M € M. The sample complexity of an algorithm is defined as follows.

Definition 5.1 (MTRL Sample Complexity). An algorithm is said to have sample-
complezity of C : R x R — N for a task set M if for any 5 > 0,5 € (0,1), it outputs a
B-optimal policy wy for each MDP M € M with probability at least 1 — 0§, by interacting
with the task set for C(f3,6) rounds.

A sample-efficient algorithm should have a sample-complexity polynomial in the param-
eters of interests. For the tabular case, where the state space and action space are finite,
C(p,0) should be polynomial in |S|, |A], M|, H, and 1/5 for a sample-efficient learning.
Current state-of-the-art algorithm (Zhang et al., 2021) on a single-task tabular MDP achieves
sample-complexity of O(|S||.A|/8%)!. This bound translates to a MTRL sample-complexity
bound of O(|M||S||.A|/4?) by running their algorithm individually for each M € M. How-
ever, their exploration design closely follows the principle of Optimism in Face of Uncertainty,

which is normally criticized for over-exploring.

5.2.2 Value Function Approximation

We consider the setting where value functions are approximated by general function classes.

Denote the value function of an MDP M with respect to a policy m by

QZ,M(& a) [Th + Vhﬂ-&-l,M (Sht1) | sn = 5,08 = a]

- EM
Vinl(s) = E [QZ,M (Snsan) | sn = 5] )

where by EM | we take expectation over the randomness of trajectories sampled by policy 7
on MDP M and we let Vi, \/(s) = 0 for all s € S and 7 € TI. We denote the optimal
policy for MDP M by 7},. The corresponding value functions are denoted by V"), and ()}, ,/,
which is shown to satisfy Bellman Equation T, Qj . vy = Q5 5y, where for any g: S x A —
[0,1], (TMg) (s,a) = E[r, + maxgea g (spy1,d’) | sp = s,a = al.

The agent has access to a collection of function classes F = (Fj, : S X A = R)pemy1). We
assume that different tasks share the same set of function class. For each f € F, we denote
fn € Fp, the h-th component of the function f. We let 7/ = {W,{ }rer be the greedy policy

with 7/ (s) = argmax, 4 fu(s,a). When it is clear from the context, we slightly abuse the

IThis bound is under the regime with 1/3 > |S|
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notation and let f € (F)®Ml be a joint function for all the tasks. We further let fy; denote
the function for the task M and let fj, s be its h-th component.

Define Bellman error operator &Y such that EX f = f, — TM fi41 for any f € F. The
goal of the learning algorithm is to approximate () ,, through the function class F;, by
minimizing the empirical Bellman error for each step h and task M.

To provide theoretical guarantee on this practice, we make the following realizability and
completeness assumptions. The two assumptions and their variants are commonly used in
the literature (Dann et al., 2017; Jin et al., 2021a).

Assumption 5.1 (Realizability and Completeness). For any MDP M considered in this
chapter, we assume F 1is realizable and complete under the Bellman operator such that Q}, , €
Fn for all h € [H] and for every h € [H|, fri1 € Fni1 there is a f, € Fp, such that
Jn= EMf h+1-

5.2.3 Myopic Exploration Design

As opposed to carefully designed exploration, myopic exploration injects random noise to
the current greedy policy. For a given greedy policy 7, we use expl(m) to denote the myopic
exploration policy based on w. Depending on the action space, the function expl can take
different forms. The most common choice for finite action spaces is e-greedy, which mixes
the greedy policy with a random action: expl(m)(a | s) = (1 — ex)mn(a | ) + en/A% As
it is is our main study of exploration strategies, we let expl be e-greedy function if not
explicitly specified. For a continuous action space, we consider exploration with Gaussian
noise: expl(m,)(a | s) = (1—ex)ma(a | s) + e exp(—a?/207)/+/2mo?. Gaussian noise is useful
for Linear Quadratic Regulator (LQR) setting, which will be discussed in Appendix 5.C.

5.3 Generic Multitask RL Algorithm

In this section, we introduce a generic algorithm (Algorithm 6) for the proposed multitask
RL scenario without any strategic exploration, whose theoretical properties will be studied
throughout the paper. In a typical single-task learning, a myopically exploring agent samples
trajectories by running its current greedy policy estimated from the historical data equipped
with naive explorations like e-greedy.

In light of the exploration benefits of MTRL, we study Algorithm 6 as a counterpart of
the single-task learning scenario in the MTRL setting. Algorithm 6 maintains a dataset

for each MDP separately and different tasks interact in the following way: in each round

2Note that we consider a more general setup, where the exploration probability ¢ can depend on h.
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Algorithm 6 explores every MDP with an exploratory policy that is the mixture (defined
in Definition 5.2) of greedy policies of all the MDPs in the task set (Line 8). One way to
interpret Algorithm 6 is that we share knowledge across tasks by policy sharing instead of

parameter sharing or feature extractor sharing in the previous literature.

Definition 5.2 (Mixture Policy). For a set of policies {m;}.,, we denote Mixture({m;}¥,)
by the mixture of N policies, such that before the start of an episode, it samples I ~

Unif([N]), then runs policy 7y for the rest of the episode.

We provide some justifications for the choice of the mixture policy. In the multi-goal
RL setting (Andrychowicz et al., 2017; Chane-Sane et al., 2021; Liu et al., 2022), where the
reward distribution is a function of goal-parameters, it is a common practice (Andrychowicz
et al., 2017) to relabel the rewards in trajectories in the experience buffer such that they
were as if sampled for a different task. On expectation, this is equivalent to exploring one
task with the mixture policy. More generally, many MTRL algorithms train one agent for
all the tasks, where tasks may be implicitly distinguished by the state space or be indexed
by a goal parameter (Portelas et al., 2020). In this scenario, the roll-outs of different tasks
are often stored in the same replay buffer and the learning of one task uses the exploratory
trajectories of all the other tasks.

The greedy policy is obtained from an offline learning oracle Q (Line 4) that maps a
dataset D = {(s;,a;,7;,5.)}Y, to a function f € F, such that Q(D) is an approximate

solution to the following minimization problem

N 2
arg minz (fhi(8i7 a;) =T — max fri1 (s, a’)) :
a’eA

fer 4

In practice, one can run fitted Q-iteration for an approximate solution.

5.4 Generic Sample Complexity Guarantee

In this section, we rigorously define the diversity condition and provide a sample-complexity
bound for Algorithm 6. We start with introducing an intuitive example on how diversity

encourages exploration in a multitask setting.

Motivating example. Figure 5.1 introduces a motivating example of grid-world environ-
ment on a long hallway with N 41 states. Since this is a deterministic tabular environment,
whenever a task collects an episode that visits its goal state, running an offline policy opti-

mization algorithm with pessimism will output its optimal policy.
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Algorithm 6 Generic Algorithm for Multitask Reinforcement Learning

1: Input: function class F = F; X - -+ X Fg1, task set M, exploration function expl
2: Initialize Dy s < 0 for all M € M
3: forround t =1,2,...,|T/|IM]|] do
4: Offline learning oracle outputs ft7 v = Q(Dy—1 ) for each M > Offline learning
5: Set myopic exploration policy 7 pr < expl(w/t) for each M
6: Set 7 <— Mixture({7¢as } mrem) > Exploratory policy
7: for M € M do
8: Sample one episode 7; py on MDP M with policy 7, > Collect new trajectory
9: Add ;s to the dataset: Dy pr < Di—y U {7}
10: end for
11: end for
12: Return {ﬁt,M}MeM,teLT/lMU
N + 1 States
[ . 1
N + 1 States M,
f : \ -
g - M,
=
Single task: e-greedy visits
goal state with a prob. eV L My

Figure 5.1: A diverse grid-world task set on a long hallway with N + 1 states. From the left
to the right, it represents a single-task and a multitask learning scenario, respectively. The
triangles represent the starting state and the stars represent the goal states, where an agent
receives a positive reward. The agent can choose to move forward or backward.

Left penal of Figure 5.1 is a single-task learning, where the goal state is N steps away
from the initial state, making it exponentially hard to visit the goal state with e-greedy
exploration. Figure 5.1 on the right demonstrates a multitask learning scenario with N
tasks, whose goal states ”diversely” distribute along the hallway. A main message of this
chapter is the advantage of exploring one task by running the e-greedy policies of other
tasks. To see this, consider any current greedy policies (my,ma,...,my). Let i be the first
non-optimal policy, i.e. all j <4, m; is optimal for M;. Since 7;_; is optimal, by running an
e-greedy of m;_1 on MDP M;, we have a probability of H;;ll(l — €p,)€; to visit the goal state
of M;, allowing it to improve its policy to optimal in the next round. Such improvement can
only happen for N times and all policies will be optimal within polynomial (in N) number

of rounds if we choose €, = 1/(h + 1). Hence, myopic exploration with a diverse task set

102



leads to sample-efficient learning. The rest of the section can be seen as generalizing this

idea to function approximation.

5.4.1 Multitask Myopic Exploration Gap

Dann et al. (2022) proposed an assumption named Myopic Exploration Gap (MEG) that
allows efficient myopic exploration for a single MDP under strong assumptions on the re-
ward function, or on the mixing time. We extend this definition to the multitask learning
setting. For the conciseness of the notation, we let expl(f) denote the following mixture

SIMI | Intuitively, a large my-

policy Mixture({expl(7/)}yen) for a joint function f € (F)
opic exploration gap implies that within all the policies that can be learned by the current
exploratory policy, there exists one that can make significant improvement on the current

greedy policy.

Definition 5.3 (Multitask Myopic Exploration Gap (Multitask MEG)). For any M, a func-
tion class F, a joint function f € (F)®™MI we say that f has o f, M, F)-myopic exploration

gap, where o f, M, F) is the value to the following mazximization problem:

Vlfﬁ) s.t. for all f € F and h € [H],

max sup —(
MEM ez 51 V/C

EXE (& ) (sn an)® < cBlp[(ER" F) (s an)?
7rfM [( f )(8h7 &h)] < CEeXpl( )[(S}JLV[f/)(Sh7 ah)}z‘
Let M(f, M, F), c(f, M, F) be the corresponding M € M and c that attains the maximiza-

tion.

Design of myopic exploration gap. To illustrate the spirit of this definition, we special-
ize to the tabular case, where conditions in Definition 5.3 can be replaced by a concentrability

condition: for all s,a,h € S x A x [H], we require

eXpl(f)( expl(f)(s a) (5‘1)

,uhf (s,a) < cu s,a) and u A (s,a) <cu
where yuf y/(s,a) is the occupancy measure, i.e. the probability of visiting (s, a) at the step
h by running policy 7 on MDP M.

The design of myopic exploration gap connects deeply to the theory of offline Reinforce-
ment Learning. For a specific MDP M, Equation (5.1) defines a set of policies with concen-
trability assumption (Xie et al., 2021) that are the policies that can be accurately evaluated

through the offline data collected by the current behavior policy. As an extension to the
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definition in Dann et al. (2022), Multitask MEG considers the maximum myopic exploration

gap over a set of MDPs and the behavior policy is a mixture of all the greedy policies.

5.4.2 Sample Complexity Guarantee

We propose Diversity in Definition 5.5, which relies on having a lower bounded Multitask
MEG for any suboptimal policy. We then present Theorem 5.1 that provide an upper bound

for sample complexity of Algorithm 6 by assuming diversity.

Definition 5.4 (Multitask Suboptimality). For a multitask RL problem with MDP set M
and value function class F. Let Fz C (F)®MI be the B-suboptimal class, such that for any
f € Fp, there exists fa and 7 is B-suboptimal for MDP M, i.e. Vf]{f < maxgen Vi — -

Definition 5.5 (Diverse Tasks). For some function & : [0,1] — R, and ¢ : [0,1] — R, we

say that a tasks set is (&, ¢)-diverse if any f € Fg has multitask myopic exploration gap
alf, M, F) > a(p) and c(f, M, F) < &) for any constant B > 0.

Theorem 5.1 (Upper Bound for Sample Complexity). Consider a multitask RL problem with
MDP set M and value function class F such that M is (&, ¢)-diverse. Then Algorithm 6

with e-greedy exploration function has a sample-complexity

C(8,6) = O (lM‘szdBE;(égg’ In (N}: (T;)lnT)) |

where dgg = dimpg(F,1/V/T) is the Bellman-Eluder dimension of class F and Ni(p) =
Nz, (P)Nr,,.(p). A definition of Bellman-Eluder dimension is deferred to Appendiz
5.

Remark 5.1. As a direct extension from Dann et al. (2022), we remark how their results
translate to our setup. They provide a single-task learning sample complexity bound that
depends on single-task MEG, which translates to a bound of O(|M|H?dpg/(a?(8)5)) for
the multitask learning scenario. While there is an extra factor |[M| in Theorem 5.1, Mul-
titask MEG can be arbitrarily larger than single-task MEG, leading to potential exponential

improvement on sample complexity.

5.5 Lower Bounding Myopic Exploration Gap

Following the generic result in Theorem 5.1, the key to the problem is to lower bound myopic
exploration gap &(f) and ¢(3). Since ¢(3) < 1/&*(8) and the upper bound in Theorem 5.1
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depends logarithmically in ¢(3), we only need to lower bound &(8). In this section, we lower
bound &(f) for the linear MDP case. We defer an improved analysis for the tabular case
and an analysis for the Linear Quadratic Regulator cases to Appendix 5.C.

Linear MDPs have been an important case study for the theory of RL (Chen et al., 2022b;
Jin et al., 2020b; Wang et al., 2019b). It is a more general case than tabular MDP and has
strong implication for Deep RL. In order to employ e-greedy, we consider finite action space,

while the state space can be infinite.

Definition 5.6 (Linear MDP (Jin et al., 2020b)). An MDP is called linear MDP if
its transition probability and reward function admit the following form. Py(s' | s,a) =
(n(s,a), un(s)) for some known function ¢ : S x A — (RT)? and unknown function
pn 2 S — (RN Ry(s,a) = (¢n(s,a),0y) for unknown parameters 0, ®. Without loss of gen-
erality, we assume ||¢n(s,a)|| < 1 for all s,a,h € S x Ax H and max {||px(s)|, [|0x]|} < Vd
for all s,h € S x [H].

An important property of Linear MDPs is that the value function also takes the linear

form and the linear function class defined below satisfies Assumption 5.1.

Proposition 5.1 (Proposition 2.3 (Jin et al., 2020b)). For linear MDPs, we have for any
policy m, Qf v(s,a) = (&n(s,a),wf ), where wy = Opar + Js Vit (8)pn(s')ds" € R”.
Therefore, we only need to consider F, = {(s,a) — (¢n(s,a),w) : w € R, |w|s < 2V/d}.

Now we are ready to define a diverse set of MDPs for the linear MDP case.

Definition 5.7 (Diverse MDPs for linear MDP case). We say M is a diverse set of MDPs
for the linear MDP case, if they share the same feature extractor ¢; and the same measure
iy (leading to the same transition probabilities) and for any h € [H]|, there exists a subset
{M;n}iciqg € M, such that the reward parameter 0, = €; and all the other Oy 1, = 0
with h' # h. *

We need the assumption that the minimum eigenvalue of the covariance matrix is strictly
lower bounded away from 0. The feature coverage assumption is commonly use in the
literature that studies Linear MDPs (Agarwal et al., 2022). Suppose Assumption 5.2 hold,
we have Theorem 5.2, which lower bounds the multitask myopic exploration gap. Combined
with Theorem 5.1, we have a sample-complexity bound of O(|M[PH3d?|A|/(°b?)) with
M| > d.

3Note that we consider non-negative functions only as j is interpreted as a measure, which is normally
non-negative.

4Note that this diversity definition is quite restricted even for the linear MDPs. We discuss a potential
attempt to extend this definition and its technical challenge in Appendix 5.E.
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Assumption 5.2 (Feature coverage). For any v € S¥' and [v]; > 0 for all i € [d], there

exists a policy m such that E [V ¢ (sk, an)] > by, for some constant by > 0.

Theorem 5.2. Consider M to be a diverse set as in Definition 5.7. Suppose Assumption
5.2 holds and B < by/2, then we have for any f € Fz, a(f, F, M) = Q(y/26?/(|A||M|H)
by setting e, = 1/(h + 1).

Proof highlight. We highlight the critical steps in the proof. The key is to show that
near-optimal policies lead to a full-rank feature covariance matrix at each step. Fix a f € Fp
and let 7 = expl({m/}er(). Let I/ be the step such that {M; s }ieq are all S-optimal,
while some MDP in {M; 41 }icjq is not.

Let 7 = E.én(Sh, an)on(sn, an)T be the covariance matrix of the embeddings at the
step h by executing policy m. We first observe that if ®7 at the step b’ is full rank, the
concentrability condition in Definition 5.3 is satisfied for any policy for MDPs with positive
rewards at the step A’ + 1 (Lemma 5.1).

Lemma 5.1. Let F be the function class in Proposition 5.1. For any policy m such
that Apin(®7) > A, then for any policy @ and f' € F, EM [(S,Vf’y(sh,ah)] <

EX (&1 1)" (snoan)] /.

The proof is complete by further showing that near-optimal policies at the step h' leads
a full-rank @7, , (Lemma 5.2). The following lemma connects the coverage between two
successive steps. We show that the feature covariance matrix at the step b’ + 1 is full-rank
as long as the MDPs {M;  }iciq are by/2-optimal.

Lemma 5.2. Fiz a step h and fix a B < b1/2. Let {m;}¢, be d policies such that 7; is a
B-optimal policy for M, as in Definition 5.7. Let @ = Mixture({expl(m;)}L,). Then for
any v € ST, we have Apin(OF 1) > e, [Ty (1 — en)b3/(2dA).

Connections to curriculum learning. Note that the proof reflects an interesting con-
nection to curriculum learning, as we show that the near-optimal policies at the step h lead
to a good coverage at the step h+ 1, which allows the algorithm to learn the optimal policies
at the step h + 1. The proof is proceeded as if it follows a curriculum from smaller steps to

larger steps.

5.5.1 Discussions on the Tabular Case

Diverse tasks in Definition 5.7, when specialized to the tabular case, corresponds to S x H

sparse-reward MDPs. Interestingly, similar constructions are used in reward-free exploration
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(Jin et al., 2020a), which shows that by calling an online-learning oracle individually for all
the sparse reward MDPs, one can generate a dataset that outputs a near-optimal policy for
any given reward function. We want to point out the intrinsic connection between the two
settings: our algorithm, instead of generating an offline dataset all at once, generates an
offline dataset at each step h that is sufficient to learn a near-optimal policy for MDPs that
corresponds to the step h + 1.

Relaxing coverage assumption. Though feature coverage Assumption (Assumption 5.2)
is handy for our proof as it guarantees that any [-optimal policy (with 5 < b;/2) has a
probability at least by /2 to visit their goal state, this assumption may not be reasonable for
the tabular MDP case. Intuitively, without this assumption, a S-optimal policy can be an
arbitrary policy and we can have at most S such policies in total leading to a cumulative
error of SB. A naive solution is to request a S~ 3 accuracy at the first step, which leads to
exponential sample-complexity. In Appendix 5.D, we show that an improved analysis can
be done for the tabular MDP without having to make the coverage assumption. However,

an extra price of SH has to be paid.

5.6 Implications of Diversity on Robotic Control En-

vironments

In this section, we conduct simulation studies on robotic control environments with practical
interests. Since myopic exploration has been shown empirically efficient in many problems of
interest, we focus on the other main topic—diversity. We investigate how our theory guides a
diverse task set selection. More specifically, our prior analysis on Linear MDPs suggests that
a diverse task set should prioritize tasks with full-rank feature covariance matrices. We ask
whether tasks with a more spread spectrum of the feature covariance matrix lead to a better
training task set. Note that the goal of this experiment is not to show the practical interests
of Algorithm 6. Instead, we are revealing interesting implications of the highly conceptual
definition of diversity in problems with practical interests.

Environment and training setup. We adopt the BipedalWalker environment from
Portelas et al. (2020). The learning agent is embodied into a bipedal walker whose motors
are controllable with torque (i.e. continuous action space). The observation space consists of
laser scan, head position, and joint positions. The objective of the agent is to move forward
as far as possible, while crossing stumps with varying heights at regular intervals (see Figure

5.2 (a)). The agent receives positive rewards for moving forward and negative rewards for
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torque usage. An environment or task, denoted as M, 4, is controlled by a parameter vector
(p,q), where p and ¢ denote the heights of the stumps and the spacings between the stumps,
respectively. Intuitively, an environment with higher and denser stumps is more challenging
to solve. We set the parameter ranges for p and ¢ as p € [0, 3] and ¢ € [0, 6] in this study.
The agent is trained by Proximal Policy Optimization (PPO) (Schulman et al., 2017)
with a standard actor-critic framework (Konda and Tsitsiklis, 1999) and with e-greedy ex-
ploration. The architecture for the actor and critic feature extractors consists of two layers
with 400 and 300 neurons, respectively, and Tanh (Rumelhart et al., 1986) as the activation
function. Fully-connected layers are then used to compute the action and value. We keep

the hyper-parameters for training the agent the same as Romac et al. (2021).

5.6.1 Investigating Feature Covariance Matrix

We denote by ¢(s, a) the output of the feature extractor. We evaluate the extracted feature
at the end of the training generated by near-optimal policies, denoted as 7, on 100 tasks with
different parameter vectors (p,q). We then compute the covariance matrix of the features
for each task, denoted as V,,, = Enlpa Zthl (s, ap)d(sn, ah)T, whose spectrums are shown
in Figure 5.2 (b) and (c).

By ignoring the extremely large and small eigenvalues on two ends, we focus on the largest
100-200 dimension, where we observe that the height of the stumps p has a larger impact
on the distribution of eigenvalues. In Figure 5.2 (b), we show the boxplot of the log-scaled
eigenvalues of 100-200 dimensions for environments with different heights, where we average
spacings. We observe that the eigenvalues can be 10 times higher for environments with
an appropriate height (1.0-2.3), compared to extremely high and low heights. However, the
scales of eigenvalues are roughly the same if we control the spacings and take average over
different heights as shown in Figure 5.2 (c¢). This indicates that choosing an appropriate
height is the key to properly scheduling tasks.

In fact, the task selection coincidences with the tasks selected by the state-of-the-art
Automatic Curriculum Learning (ACL). We investigate the curricula generated by ALP-
GMM (Portelas et al., 2020), a well-established curriculum learning algorithm, for training
an agent in the BipedalWalker environment for 20 million timesteps. Figure 5.2 (d) gives the
density plots of the ACL task sampler during the training process, which shows a significant
preference over heights in the middle range, with little preference over spacing.

Training on different parameters. To further validate our finding, we train the same
PPO agent with different means of the stump heights and see that how many tasks does

the current agent master. As we argued in the theory, a diverse set of tasks provides good
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Figure 5.2: (a) BipedalWalker Environment with different stump spacing and heights. (b-c)
Boxplots of the log-scaled eigenvalues of sample covariance matrices of the trained embed-
dings generated by the near optimal policies for different environments. In (b), we take
average over environments with the same height while in (c), over the same spacing. (d)
Task preference of automatically generated curriculum at 5M and 10M training steps respec-
tively. The red regions are the regions where a task has a higher probability to be sampled.

behavior policies for other tasks of interest. Therefore, we also test how many tasks it could
further master if one use the current policy as behavior policy for fine-tuning on all tasks.
The number of tasks the agent can master by learning on environments with heights ranging
in [0.0, 0.3], [1.3, 1.6], [2.6, 3.0] are 28.1, 41.6, 11.5, respectively leading to a significant
outperforming for diverse tasks ranging in [1.3, 1.6]. Table 5.1 in Appendix 5.F gives a

complete summary of the results.

5.7 Discussions

In this chapter, we propose a new perspective of understanding the sample efficiency of
myopic exploration design through diverse multitask learning. We show that by learning a
diverse set of tasks, multitask RL algorithm with myopic exploration design can be sample-

efficient. This chapter is a promising first step towards understanding the exploration benefits
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of MTRL and it shed lights on the longstanding mystery of the empirical success of myopic
exploration, which also leaves interesting future directions. A straightforward extension is
to consider the setting where both transition functions and reward functions can differ.

Towards diversity for general function classes. Though Theorem 5.1 is presented
for general value function approximators, we only studied the explicit form of diversity
for Tabular MDPs, Linear MDPs and Linear Quadratic Regulator cases. How to achieve
diversity for any general function class is an open problem. Recalling our proof for the Linear
MDP case, a sufficient condition is to include a set of MDPs for each step h, such that the
state distribution generated by their optimal policies satisfy the concentrability assumptions.
In other words, any MDP with positive reward only at the step h + 1 can be offline-learned
through the dataset collected by these optimal policies. The diversity for general function
classes poses the question on the number of tasks it takes to have sufficient coverage at the
each step. We give a more detailed discussion of this topic in Appendix 5.E.

Improving sample-complexity bound. Our sample complexity bound can be sub-
optimal. For instance, Theorem 5.1 specialized to the tabular case has an upper sample
complexity bound of | M|2S3H® A%/ 33, which leaves a large gap between the current optimal
bound of |[M|SA/B? if tasks are learned independently. We conjecture that this gap may
originate from two factors. First, the nature of the myopic exploration makes it less efficient
because the exploration are conducted in a layered manner. This might be complimented
by a lower bound for myopic exploration. Second, our algorithm collects trajectories for
every MDP with the mixture of all the policy in each round, which may be improved if a

curriculum is prior known.

5.A Related Works

Multitask RL. Many recent theoretical works have contributed to understanding the
benefits of MTRL (Agarwal et al., 2022; Brunskill and Li, 2013; Calandriello et al., 2014;
Cheng et al., 2022; Lu et al., 2021; Uehara et al., 2021; Yang et al., 2022; Zhang and Wang,
2021) by exploiting the shared structures across tasks. An earlier line of works (Brunskill and
Li, 2013) assumes that tasks are clustered and the algorithm adaptively learns the identity
of each task, which allows it to pool observations. For linear Markov Decision Process
(MDP) settings (Jin et al., 2020b), Lu et al. (2021) shows a bound on the sub-optimality of
the learned policy by assuming a full-rank least-square value iteration weight matrix from
source tasks. Agarwal et al. (2022) makes a different assumption that the target transition
probability is a linear combination of the source ones, and the feature extractor is shared by

all the tasks. Our work differs from all these works as we focus on the reduced complexity
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of exploration design.

Curriculum learning. Curriculum learning refers to adaptively selecting tasks in a spe-
cific order to improve the learning performance (Bengio et al., 2009) under a multitask
learning setting. Numerous studies have demonstrated improved performance in different
applications (Jiang et al., 2015; Pentina et al., 2015; Graves et al., 2017; Wang et al., 2021).
However, theoretical understanding of curriculum learning remains limited. Xu and Tewari
(2022) study the statistical benefits of curriculum learning under Supervised Learning set-

ting.

Myopic exploration. Myopic exploration, characterized by its ease of implementation
and effectiveness in many problems (Kalashnikov et al., 2018; Mnih et al., 2015), is the most
commonly used exploration strategy. Many theory works (Dabney et al., 2020; Dann et al.,
2022; Liu and Brunskill, 2018; Simchowitz and Foster, 2020) have discussed the conditions,
under which myopic exploration is efficient. However, all these studies consider a single MDP
and require strong conditions on the underlying environment. Our paper closely follows
Dann et al. (2022) where they define Myopic Exploration Gap. An MDP with low Myopic

Exploration Gap can be efficiently learned by exploration exploration.

5.B Efficient Myopic Exploration for Deterministic

MDP with known Curriculum

In light of the intrinsic connection between Algorithm 6 and curriculum learning. We present
an interesting results for curriculum learning showing that any deterministic MDP can be

efficiently learned through myopic exploration when a proper curriculum is given.

Proposition 5.2. For any deterministic MDP M , with sparse reward, there exists a sequence
of deterministic MDPs My, Ms, ..., My, such that the following learning process returns a
optimal policy for M :

1. Initialize my by a random policy.

2. Fort=1,...,n, follow m_1 with an e-greedy exploration to collect 4Atlog(H/d) tra-
jectories denoted by Dy,. Compute the optimal policy m; from the model learned by
D;.

3. Output mg.

111



The above procedure will end in O(AH?log(H/d)) episodes and with a probability at least
1 =96, my is the optimal policy for M.

Proof. We construct the sequence in the following manner. Let the optimal policy for an
MDP M be 7},. Let the trajectory induced by 73, be {s§,ag, ..., s}, aj}. The MDP M
receives a positive reward only when it reaches sj;. Without loss of generality, we assume
that M is initialized at a fixed state s;. We choose M,, such that

Ry (s,a) = 1(Py, (s,a) = s7).

Furthermore, we set
Py (si|sf,a)=1Vae A

and
Py, = Py

otherwise.

This ensures that any policy that reaches s; on the ¢’th step is an optimal policy.

We first provide an upper bound on the expected number of episodes for finding an
optimal policy using the above algorithm for M;.

Fix 2 <i < H. Let e = 1. Define k = |A|. Then

Then the probability for reaching optimal reward for M; is less than or equal to

(-2 ()

7
So the expected number of episodes to reach this optimal reward (and thus find an optimal
policy) is

1 l

= (i = k(— 1)1' < 4k(i—1)

since ¢ > 2 and (Z_Ll)Z is decreasing. By Chebyshev’s inequality, a successful visit can be

found in 4k(i — 1) log(H/d) with a probability at least 1 — ¢/ H.
The expected total number of episodes for the all the MDP’s is therefore

T

. H
> 4k(j — 1) log(H/5) < )

=2

(4kH)log(H/0)

which is O(kH?log(H/9)). O
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5.C Missing Proofs

Generic Upper Bound for Sample Complexity In this section, we prove the generic
upper bound on sample complexity in Theorem 5.1. We first prove Lemma 5.3, which holds

under the same condition of Theorem 5.1.

Lemma 5.3. Consider a multitask RL problem with MDP set M and value function class F
such that M is (&, ¢)-diverse. Then Algorithm 6 with exploration function expl satisfies that
the total number of rounds, where there exists an MDP M, such that rhear g B-suboptimal

for M, can be upper bounded by

o (s (ST

where d = dimpp(F,1/V/T) is the Bellman-Eluder dimension of class F and Ni(p) =
H-1
h=1 th(p)th+1(p)'

Proof. Let us partition Fp into Fg = {Fari} MeM,iclima. Such that

Fui={f € Fs:c(fy M,F)ele " e]and M(f, M, F) = M}.

Furthermore, denote (fya)aeam by fi. We define Ky = {7 € [t], f» € Fari}. The proof in
Dann et al. (2022) can be seen as bounding the sum of Ky, for a specific M, while apply

the same bound for each M, which leads to an extra |M]| factor.

Lemma 5.4. Under the same condition in Theorem 5.1 and the above definition, we have

H?*d(F!), N%(1/T)In(T
Koerl < O( (F) 1, Ne(L/T) In >> |
% )
Proof. In the following proof, we fix an MDP M and without further specification, the
policies or rewards are with respect to the specific M. We study all the steps t € a7

For each t € K1,

1. Recall that @; is the mixture of exploration policy for all the MDPs:

Mixture({expl(7t; p) }arrem);

2. Define 7} as the improved policy that attains the maximum in the multitask myopic

exploration gap for ft in Definition 5.3.

Note that 7, is a policy for M since t € Kyt A key step in our proof is to upper bound

the difference between the value of the current policy and the value of 7;. By Lemma 5.5,
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The total difference in return between the greedy policies and the improved policies can be

bounded by

ST (Wi(s1) = Vi (s1)) < (5.2)

tEICM’i,T

SO BN UEY fran)(snan)) = D D EMIE foa)(smoan)l,  (5.3)

tEK:]u’i,T h=1 tGK:]\/[,i’T h=1

where the exportation is taken over the randomness of the trajectory sampled for MDP M.
Under the completeness assumption in Assumption 5.1, by Lemma 5.6 we show that with
a probability 1 — ¢ for all (h,t) € [H] x [T],

t—1 /
Z EX [(ghft,M) (Sh, ah)]2 < 3% +1761n 6N}‘(1/?) 11’1(2t)

T=1 i
We consider only the event where this condition holds. Since ¢(f;, M,F) < ¢ for all t €
Kar,i 1, by Definition 5.3 we bound

> B [E o) (snan)]

TER M, i,t—1

~ 2
< > EN|(EN fors) (snan)]
Tet—1]

. ~ 2
< B [EN foar) (snan)|

Tet—1]
6N%(1/T) In(2t)

o

< 179¢' In

Combined with the distributional Eluder dimension machinery in Lemma 5.8, this implies

that
)

telnr i

E% [(g}i\/lft,M> (Sh,ah)” <

O <\/eid (F))In N}(l/j(? In(7) \Carir| + min {|Kari 1], d(ﬁ’)}) ;

Note that we can derive the same upper-bound for Zte,CM . E% [(5,]1\4]%,]\4) (Sh, ah)} ’ Then
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plugging the above two bounds into Equation (5.2), we obtain

S (Vo) - Vf;’stl))éO(WH?d(mln B ) VCM,z-,THHd(F{))

)
tEK:M’i,T

By the definition of myopic exploration gap, we lower bound the LHS by

ST (Vs = Vi (s1)) > |Karar| Ve Tag,

ek,

Combining both bounds and rearranging yields

2 / !
\Karir| <O (H ngz) In N}‘<1/§) 1H(T)>
B

Summing over M € M and i € [iyg,], we conclude Theorem 5.1. H

Lemma 5.5 (Lemma 3 Dann et al. (2022)). For any MDP M, let f = {fn}neu with
fn:S x A R and 7/ is the greedy policy of f. Then for any policy 7,

Mm

V™ (51) — EM [(Enf) (snsan)] MIERS) (shyan)] .

||Mm

h=1

Lemma 5.6 (Modified from Lemma 4 Dann et al. (2022)). Consider a sequence of policies
(m¢)ten. At step T, we collect one episode using 7. and define fT as the fitted Q-learning
estimator up to step t over the function class F = {F}nem). Let p € R and § € (0,1). If
F satisfies Assumption 5.1, then with a probability at least 1 — &, for all h € [H] and t € N,

t—1 !
> EX[(Enfi)(snyan)® < 3pt + 1761n w

T=1

where N-(p) = Zthl Nz, (p)Nr,.,(p) is the sum of ls covering number of Fp, X Fpyq w.r.t.
radius p > 0.

Proof. The only difference between our statement and the statement in Dann et al. (2022)
is that they consider 7, = expl( fT), while this statement holds for any data-collecting policy
7. To show this, we go through the complete proof here.

Consider a fixed t € N, h € [H]| and [ = {fn, fne1} with fr, € Fn, fai1 € Fri1. Let
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(Zt,h, e, Ten)ten,he(m) be the collected trajectory in [¢]. Then

2
Yin(f) = (fi (s aeg) = 1 = max fuon (w1, @) —

2
<(77th+1) (th,m at,h) — Tth — HZE}X Jhi ($t,h+1, CLI))
= (fh (ﬁt,h, Gt,h) - (77th+1) (xt,hv at,h))

X (fh (fft,h; at,h) + (77th+1) (ﬁt,h, at,h) - 27”t,h - 2ma5}X fh+1 (l‘t,h+1a d)) .

Let §; be the o-algebra under which all the random variables in the first ¢ — 1 episodes are
measurable. Note that |Y;,(f)| < 4 almost surely and the conditional expectation of Yy ,(f)

can be written as

EYin(f) | S = EEYin(f) | So vem arn) | §e) = Enl(fn — Taforr) (zn, an)’]-

The variance can be bounded by

Var [Yth(f) | St] <E [Yth(f)Q | St] < 16E [(fh - 77th+1) (iEt,h,at,h)2 | St] = 16E [Yth(f) | St] )

where we used the fact that | f, (@ n, aen)+(Thfri1) (@en, aen)—2rp—2maxy fri1(zppr,ad)| <
4 almost surely. Applying Lemma 5.7 to the random variable Y;,(f), we have that with
probability at least 1 — 4, for all t € N,

=1

ZE w3 <2At\ZVar \&J+12A2+Zm

§8At\ZE \&+12A2+ZYM

=1

where A4, = \/2In1n(2t) 4+ In(6/0). Using AM-GM inequality and rearranging terms in the

above we have

61n(2t)
5

t
ZE i |&<2Zm )+ 8842 <23 Yiu(f) +1761n

=1

Let Z,; be a p-cover of Fj, x Fjy1. Now taking a union bound over all ¢, € Z,; and
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h € [H], we obtain that with probability at least 1 — ¢ for all ¢}, and h € [H]

ZE n (o) | 8] <22Y;h ¢n) + 1761n

=1

6. (p) In(21)
)nf2t)

This implies that with probability at least 1 — ¢ for all f = {fu, far1} € Fn X Fry1 and
h € [H],

6N (p) In(2t
ZE i |&§2ZY;h +3p(t—1)+1761n%‘

Let ft,h be the h-th component of the function f;. The above inequality holds in particular
for f = {fin, fins1} for all t € N. Finally, we have

~ 0\ 2
ZY; h (ft) = Z (fth (Sihy @in) — Tin — maf,iX feny1 (Sint1,a ))

=1
t—1 9
-> ((ﬁft,ml) (850> @ip) = Tip = mAX fopi (Sips, a'))
=1
t—1 . 9
= inf (f’ (Sishs Qish) — Tih — HIGE}X fens1 (Sipst, a’)>

U
-1 )
- Z ((ﬁft,hﬂ) (Sihs @in) — Tip — Max fy i1 (Sint, CL'))
i=1 ¢
<0,

where the last inequality follows from the completeness in Assumption 5.1. m

Lemma 5.7 (Time-Uniform Freedman Inequality). Suppose {X:}:°, is a martingale differ-

ence sequence with | X;| < b. Let
Varg (Xg) = Var (Xg | Xl, tee ,Xg_l) .

Let Vi = Y,_, Vary(X,) be the sum of conditional variances of X;. Then we have that for
any §' € (0,1) andt € N

t
P (Z X, > 2/ VA, + 3bA,?> <&

(=1

where Ay = /2InIn(2(max(V,/b2,1))) + In(6/5").
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Lemma 5.8 (Lemma 41 Jin et al. (2021a)). Given a function class ® defined on X with
lo(z)| < C for all (¢p,x) € & x X and a family of probability measures I1 over X. Suppose

sequences {¢;}icix) C © and {p;}ici) C 11 satisfy for all k € [K] that Zf:_ll(Em [or])? < .
Then for all k € [K] and w > 0,

||M?r

E. o] <O <\/d1mDE (®,I1,w) Bk + min {k, dimpg(P, I, w)} C + k:w) .

(T71)InT

3 . The fol-

Proof of Theorem 5.1. Denote B = O (|M|2H2dBE lnc(Bﬁ In (Nf

lowing Corollary transform Lemma 5.3 to Theorem 5.1, whose proof directly follows by
taking 7' = B/f. Since at most B rounds are suboptimal according to Lemma 5.3, the

mixing of all T" policies are S-optimal. This leads to a sample complexity

C(a,¢) =0 <|M|2H2dBE;;()f; In <Nf (T(;) lnT))

Linear MDP case Note that in this section, we use E for the expectation over transition
w.r.t a policy 7.

Lemma 5.1. Let F be the function class in Proposition 5.1. For any policy m such that
Amin(®T) > A, then for any policy 7 and f' € F, Ex [(ELf) (snyan)] < Ex [(EFf)) (sn,an)] /A

Proof. Recall that @7 = E;¢pn(sp, an)odn(sn, an)T.
We derive the Bellman error term using the fact that f’ is a linear function and the

transitions admit the linear function as well. For any policy 7, we have

Ew[({fﬁf’)(sh, ap)]

2
=& | (AiCsn.0n) = nsn.00) 0h 3 s sr, ) ]|

2
=E; (%(Sh, an)Twn = Gn(sny an) 0n — maxEs,  [Gn1(snrr, @) whia | s, ah]) ]

2
=E,; (¢h(3h> an)"wy — Gn(Sn, an) 0n — Gn(Sh, an)’ // Gnia (s W;{;1(3/))Twh+1ﬂh(3,)d3,) ]

—E, :(¢h(3ha ap)"(wy, — O — w2+1)>2}

= (’wh — Oy — w;H_l)TEﬂ [¢h(8h, ah)¢h(8h, Gh)T} (wh — O — w;w—l)

where wy ;= [, dpi1(s, W}{;l(s’))TwhHuh(s’)ds’. Since by the assumption in Definition 5.6
that ||¢n(s,a)|| < 1 for any s,a, we have ®F < I. The result follow by the condition that
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Amin((PZ) Z A D

Lemma 5.2. Fiz a step h. Let {M;}iclq be the d MDPs such that Oy, , = e; as in
Definition 5.6. Let {m;}¢, be d policies such that m; is a B-optimal policy for M, with
B < b/2. Let 7w = Mlxture({expl(m) ¢,). Then for any v € S, we have Apin(Ph, ) >
en [Ty (1 — en)b3/(2dA).

Proof. Let m be any stationary policy and recall that II is the set of all the stationary policies.
We denote A7 (s") ~ m,(s") by the random variable for the action sampled at the step h using
policy 7 given the state is s’. Let ¢} = E on(sp, ap).

We further define

4 (s) = arg IiaX[VTﬁbhH(Sa a)p+1(s, ).
ac

Lower bound the following quadratic term for any unit vector v € R,

maxv1®7 , v
rell h+1

mell

= max E, {/, Vo1 (s, Af 1 () O (8, AR 1 (8)Tvpan(s') T dn(sn, ah)ds'}

= a0 o1, )] ([ 7705 s (5 () ()

= 17{13&((%) Whi1-
where we let wj_ = [, vTdp1 (5, af 1 () bnia (s’ a1 () Twpn(s')Tds'.
By Assumption 5.2, we have maxen Ex[¢n(sn, an)Tw),, > bi.

For the mixture policy 7 defined in our lemma,

d
VT‘I)ZHV = a Z Eexpl(m)[VTﬁbh+1(3h+1, Aht1)Phs1(Shi1s Gni1) V]
i=1
en [1 (1 — ¢ d
hllp— n)
> &l 1 S (@r . (5.4)

=1

Since 7; is a by /2-optimal policy for MDP M, ;, and again by Assumption 5.2, we have

1
For any vector v € R?, let [v]; be the i-th dimension of the vector. Note that Onaip = €is

(5.5) indicates [¢5']; > 3 max,[¢]];.
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Combining the inequality (5.5) with (5.4), we have

i=1 j=1
en [T (1= ew) o p amr 1
> D=L = 0N o7 )
=1
h—1 d
€hH I— (1 Gh/)
> W=l max (g
=1
h—1
en[o (1 —ew) T
2 L 2214 maX(¢h) Whaq
en T1 (1 — ep)B3
- 2dA

]

Proof of Theorem 5.2 Theorem 5.2. Consider M defined in Definition 5.7. With
Assumption 5.2 holding and B < by/2, for any f € Fp, we have lower bound o(f, F, M) >
\VeB202 | (2A|IM|H) by setting e, = 1/h.

Proof. Let h' be the smallest h, such that there exists M, Min ig [-suboptimal. Let
(', ') be the index of the MDP that has the suboptimal policy. We show that M, ;s has
lower bounded myopic exploration gap.

By definition, f is f-optimal for any MDP M, ;. By Lemma 5.2, letting 7@ = expl(f, ex),
we have
e Tl (1 — en )b}

2A|M| '

By Lemma 5.1, we have that the optimal value function f* for MDP M; j/ satisfies that

for any f’

THT
vy, v >

24| M|
EX- [(ERF') (sn,an)] < ,
el [( hf ) (Sh ah>] - Ep’ Zu_:ll(]. - Eh//)b%

EX [(ER1) (snan)] -

Thus, by Definition 5.3, the myopic exploration gap for f is lower bounded by

=
gL _ g ) (L= e )bt | 8%
NG 2AIM| 2AIM|cH

if we choose €, = 1/(h + 1). O
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Linear Quadratic Regulator To demonstrate the generalizability of the proposed frame-
work, we introduce another interesting setting called Linear Quadratic Regulator (LQR).
LQR takes continuous state space R% and action space R%. In the LQR system, the
state s, € R% evolves according to the following transition: sy, = Aps, + Bpay, where
Ay € R%xds B, ¢ R¥%*de are unknown system matrices that are shared by all the MDPs.
We denote s, = (sp,ap) as the state-action vector. The reward function for an MDP M
takes a known quadratic form 7, /(s,a) = sTRj /s + a"Ry. \,a, where R ,, € R%*% and
R\ € Réaxda 5

Note that LQR is more commonly studied for the infinite-horizon setting, where stabiliz-
ing the system is a primary concern of the problem. We consider the finite-horizon setting,
which alleviates the difficulties on stabilization so that we can focus our discussion on explo-
ration. Finite-horizon LQR also allows us to remain consistent notations with the rest of the
paper. A related work (Simchowitz and Foster, 2020) states that naive exploration is opti-
mal for online LQR with a condition that the system injects a random noise onto the state
observation with a full rank covariance matrix ¥ > 0. Though this is a common assumption
in LQR literature, one may notice that the analog of this assumption in the tabular MDP is
that any state and action pair has a non-zero probability of visiting any other state, which
makes naive exploration sample-efficient trivially. In this section, we consider a deterministic

system, where naive exploration does not perform well in general.

Properties of LQR. It can be shown that the optimal actions are linear transformations
of the current state (Farjadnasab and Babazadeh, 2022; Li et al., 2022).

The optimal linear response is characterized by the discrete-time Riccati equation given
by

Pot = Al (Poyain = Popi Ry y g Bl Prin) An + Ry,
where Rh+1,M = R{ + B Pys1 Ay and Ppyy = 0. Assume that the solution for the above
equation is { Py y; the[#r11), then the optimal control actions takes the form
an = Fy yrsn, where Fy = —(R}, \ 4 Bl Py Bi) ' BTP; ) Ay

and optimal value function takes the quadratic form: V;*),(s) = sTPy ;s and

S T px* T px*
h,M + Ahph+1,MAh AhPh+1,MBh

T Dx* a T p*
By Py iy vAn hoat T BuBPni1 v Bh

QZM(x) =

x.

®Note that LQR system often consider a cost function and the goal of the agent is to minimize the
cumulative cost with Rj, ), being semi-positive definite. We formulation this as a reward maximization
problem for consistency. Thus, we consider R} ,, <0
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This observation allows us to consider the following function approximation
F = (Fn)netm+1), where each Fj, = {z — TGz : Gj € R(ds+da)x(dstda)]

The quadratic function class satisfies Bellman realiazability and completeness assumptions.

Definition 5.8 (Diverse LQR Task Set). Inspired by the task construction in linear MDP
case, we construct the diverse LQR set by M = {Mz‘,h}ie[ds],he[H] such that these MDPs all
share the same transition matrices A, and By, and each M), has RZ,,MM = 1[h' = hle;e]

a J—
and Ry yy = —1.

Assumption 5.3 (Regularity parameters). Given the task set in Definition 5.8, we define

some constants that appears on our bound. Let 7}, be the optimal policy for M, . Let
by = max E,- max||sy |2, and by = maxE,+ max |[ay|s.
i7h i,h h! i,h ih h'

These regularity assumption is reasonable because the optimal actions are linear trans-
formations of states and we consider a finite-horizon MDP, with F} having upper bounded
eigenvalues.

Similarly to the linear MDP case, we assume that the system satisfies some visibility

assumption.

Assumption 5.4 (Coverage Assumption). For any v € R%~1  there exists a policy m with
llan|l2 < 1 such that
max E,[s]v] > b, for by > 1.

Theorem 5.3. Given Assumption 5.3, 5.4 and the diverse LQR task set in Definition 5.8,
we have that for any f € Fz with < (b3 — 1)b3/2,

max{b3, b2}
dy H max{(b2 — 1)b2, dyo2} (b2 — 1)b2 )~

a(f,f,M)—Q(

Proof of Theorem 5.3

Lemma 5.9. Assume that we have a set of policies {m; }icq such that the i-th policy is a (b3—
1)b /2-optimal policy for LQR with R; ; = e;e] and Rf;; = —1. Let # = Mizture(expl{;}).

Then we have

ds max{), do?}
2 max{b2, b2} [T\ (1 — en)en

S

)\mm(Eerthls}-H_l) >

with A = (b2 — 1)B2.
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Proof. We directly analyze the state covariance matrix at the step h + 1. Let 1, ~ N(0, 0?)

Eﬁ8h+152+1 = Eﬁ-(AhSh + Bhah)(Ahsh + Bhah)T

Z,_le(l — Eh/)Eh

= a.

ds

> (Ex(Ansn + Bun) (Ansn + Buna)T)
=1
ol (1 - Eh/)éh ds

-0 =00 55 ]+ B B (56)

To proceed, we show that Zfil E snsp = AL
From Assumption 5.4, we have E.:[s;e;ejs, — apaj] = babZ — b%, and by the fact that m;

is a (b2 — 1)bZ/2-optimal policy, we have
Ex:[speiefsn — anay] = (b3b2 — b2) /2.

Since Er,anal = 0, we have Ey [sTeelsy] = (b3 — 1)b2/2. Therefore, % Ey spsl = Al
with A = (b2 — 1)b2/2.
Combined with (5.6), we have

h—1
’_— ]- - /
Ersnos],, = L=l — )9 (A, AT + d.0>BuB]) .

S

Apply Assumption 5.4 again, for each v; = e;,i = 1,...,d,, there exists some pol-
icy m; with |lay|ls < b5, such that v/Epspyis), v > b3b3 — b3. Therefore, we have that
ds
> it Eﬂgshﬂs;ﬁl = (b3 — 1)b3I
The proof is completed by

ds ds

T T AT TRT
g Ersniisy, X2 g (AhEW;shshAh + BhEﬂgahahBh)
i=1 i=1

ds
<2 (bjALA] + b2ByE . BT)
=1
2 max{b?, b2} [T (1 — en)en e T
7S S .
~ max{), do?} d, faantas

To complete the proof of Theorem 5.3, we combine Lemma 5.10 and Lemma 5.9.
]

Supporting lemmas Lemma 5.10 shows that having a full rank covariance matrix for the

state s;, is a sufficient condition for bounded occupancy measure.
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Lemma 5.10. Let F be the function class described above. For any policy ™ and h such that

we have for any ' such that maxy, ||sp|l2 < by, and for any f' € F,

Y [(E2F) (s on)] < E [(£2F) (sne )]

Proof. Lemma 5.11 shows that the Bellman error also takes a quadratic form of sj,.
Lemma 5.11. For any f € F, there exists some matriz G, such that (E,f)(z) = 27Gpz.

To complete the proof of Lemma 5.10, let w), = s, ® s, be the Kronecker product between
sp and itself. By Lemma 5.11, we can write (E,f)(sp) = Vec(Gp)Twy,. Again, this is an
analog of the linear form we had for thee linear MDP case. Thus, we can write (7 f)(sy) =
Vec(Gh)Tww] Vee(G).

By Lemma 5.12 and the fact that E(w,w)) = E;(sps)) ® Ex(sps}), we have
Amin (Ezrwpw]) > 22

For any other policy 7/, and using the fact that |Jwy,|| < b3, we have

> - 5 1o b - S e Vi e
E (& f)(sn) = Ex[Vec(Gh)Twpw] Vec(G)] < FEW[VeC(Gh)Twhw,TL Vec(Gy)] < FEW(Shf)(sh).

]

Lemma 5.11. For any f € F, there exists some matriz Gy, such that (E,f)(z) = TG

)

Note that the optimal a’ can be written as some linear transformation of x. Thus we can

Proof. The Bellman error of the LQR can be written as

AhS + Bha

a’€Rda a’

(Enf)(x) = <xTth —s"Rys —a"Rja — max [(Aps + Bra)T,dT| Gyt

write
Aps + Bpa
max [(Aps + Bra)T, d' TG " R R v
a’E€Rda a’
The whole equation can be written as a quadratic form as well. O

Lemma 5.12. Let A € R"*% have eigenvalues {\;}ielg and B € R®2*% have eigenvalues

{mitica- The eigenvalues of A® B are {\ij; }icja,) jeds -
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5.D Relaxing Visibility Assumption

Tabular Case A simple but interesting case to study is the tabular case, where the value
function class is the class of any bounded functions, i.e. Fp = {f : S x A — [0,1]}.
A commonly studied family of multitask RL is the MDPs that share the same transition
probability, while they have different reward functions, this problem is studied in a related
literature called reward-free exploration (Jin et al., 2020a; Wang et al., 2020; Chen et al.,
2022a). Specifically, Jin et al. (2020a) propose to learn S x H sparse reward MDPs separately
and generates an offline dataset, with which one can learn a near-optimal policy for any
potential reward function. With a similar flavor, we show that any superset of the S x H
sparse reward MDPs has low myopic exploration gap. Though the tabular case is a special
case of the linear MDP case, the lower bound we derive for the tabular case is slightly
different, which we show in the following section.

We first give a formal definition on the sparse reward MDP.

Definition 5.9 (Sparse Reward MDPs). Let M be a set of MDPs sharing the same transition
probabilities. We say M contains all the sparse reward MDPs if for each s,h € S x [H|, there
exists some MDP M), € M, such that Ry, ,(s',a") = 1(s = s',h = h') for all s',a', .

To show a lower bound on the myopic exploration gap, we make a further assumption on
the occupancy measure pf (s, a) = Pr.(s, = s, a;, = a), the probability of visiting s, a at the

step h by running policy 7.

Assumption 5.5 (Lower bound on the largest achievable occupancy measure). For all

s,h € § x [H], we assume that max, uj(s) > by for some constant b or max, uf(s) = 0.

Assumption 5.5 guarantees that any [-optimal policy (with 5 < b;) is not a vacuous
policy and it provides a lower bound on the corresponding occupancy measure. We will
discuss later in Appendix 5.D on how to remove this assumption with an extra S x H factor

on the sample complexity bound.

Proposition 5.3. Consider a set of sparse reward MDP as in Definition 5.9. Assume
Assumption 5.5 is true. For any 8 < b1/2 and f € Fz, we have a(f, F, M) > & for some
constant & = \/32/(2e|] M|AH) by choosing €;, = 1/h.

Proof. We prove this lemma in a layered manner. Let A’ be the minimum step such that
there exists some M is S-suboptimal. By definition, in the layer A’ — 1, all the MDPs
visits (s,h’ — 1) with a probability at least b/2.
Now we show that the optimal policy 7T7\/[s’h of a suboptimal MDP M, ;, has lower bounded

are [3-suboptimal, in which case my;_,, |

!

occupancy ratio.
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For a more concise notation, we let M’ = Mj ;. Note that

= > i () Puals | 8w ()

s'eS

< Zmaxuh/ 1(8)Pr—1(s | 8, mhp(s))

s'eS

(By the fact that g,

<> 5uh,M;h’ ) Puals | 8, mip(s)

sGS

A’h’

'(s') is f-optimal policy of My p—1)

b M A ex ™ / / !
< Z 1’ ‘ )hl—leuh/pll( )(3 )Ph/_l(s | S ,eXpl(Tr)(s ))

s ES
b1|M|A expl(m)
“Gipa - )

b1 |M|A

W' Then the myopic

The occupancy measure ratio can be upper bounded by ¢ =

exploration gap can be lower bounded by

(by — B)B%(1 — €)W~ 1te B2(1 —e)h' e
> _—
\/_ bi|M|A B 2|M|A

To proceed, we choose €, = 1/h, which leads to (1 — ¢,)"te > 1/(eH). O

Plugging this into Theorem 5.1, we achieve a sample complexity bound of O(S2AH®/3?),
with |[M| = SH. This is not a near-optimal bound for reward-free exploration (a fair
comparison in our setup). This is because the sample complexity bound in Theorem 5.1 is

not tailored for tabular case.

Removing coverage assumption Though Assumption 5.2 and Assumption 5.4 are rel-
atively common in the literature, we have not seen an any like Assumption 5.5. In fact,
Assumption 5.5 is not a necessary condition for sample-efficient myopic exploration as we
will discuss in this section. The main technical invention is to construct a mirror transition
probability that satisfies the conditions in Assumption 5.5. However, we will see that a
inevitable price of an extra SH factor has to be paid.

To illustrate the obstacle of removing Assumption 5.5, recall that the proof of Proposition
5.3 relies on the fact that all S-optimal policies guarantee a non-zero probability of visiting
the state corresponding to their sparse reward with 5 < b;/2. Without Assumption 5.5, a
[-optimal policy can be an arbitrary policy. At the step h, we have at most S such MDPs,

which may accumulate an irreducible error of S/, which means that at the round h + 1,
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we can only guarantee S(-optimal policies. An naive adaptation will require us to set the
accuracy 8/ = (/S in order to guarantee a 3 error in the last step. The following discussion

reveals that the error does not accumulate in a multiplicative way.

Mirror MDP construction. It is helpful to consider a mirror transition probability mod-
ified from our original transition probability. We denote the original transition probability
by P = {Py}nreim)- Consider a new MDP with transition P = {F; };cin and state space
S’ =S U {so}, where sy is a dummy state. We initialize P’ such that

P/(s'| s,a) = Py(s' | s,a) for all §,s,a,h, where s', s # so, and P/ (so | s0,) =1 (5.7)

Starting from h = 1, we update P} by a forward induction according to Algorithm 7. The
design principle is to direct the probability mass of visiting (s, h+1) to (sg, h+ 1), whenever
the maximal probability of visiting (s, h + 1) is less than g.

Algorithm 7 Creating Mirror Transitions

Input: Original Transition P, threshold 5 > 0.
Initialize P’ according to (5.7)
for h=1,2,...,H—1do
for each s € S such that max, pj7 (s) <  do
Pl(so| §,a) < Pi(so| §,a)+ P/(s|3,a) for each 3, a.
P/(s]38,a) < 0 for each 3, a.
end for
end for
Return P’

By definition of P’, we have two nice properties.
Proposition 5.4. For any h € [H], s € S, we have max, ;" (s) = 0 or max, p)7(s) > f.

Thus, P’ nicely satisfies our Assumption 5.5. We also have that P’ is not significantly
different from P.

Proposition 5.5. For any policy w, pj*(s) > pr(s) — HSB. Further more, any (SH + 1)5-

suboptimal policy for P is at least B-suboptimal for P' with respect to the same reward.

Proof. We simply observe that max, )7 (sg) < (h — 1)SB. This is true since at any round,
we have at most S states with max, #'™(s) < 3, all the probability that goes to s will be

deviated to sg. Therefore, for any m

i (s0) < g (s0) + SB.
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]

Therefore, any (SH + 1)5-suboptimal policy for P has the myopic exploration gap of
[-suboptimal policy for P'.

Theorem 5.4. Consider a set of sparse reward MDP as in Definition 5.9. For any 8 € (0,1)
and f € Fg, we have a(f,F, M) > & for some constant & = Q(/B%/(|IM|AS2H3)) by
choosing €, = 1/(h +1).

5.E Connections to Diversity

Diversity has been an important consideration for the generalization performance of mul-
titask learning. How to construct a diverse set, with which we can learn a model that
generalizes to unseen task is studied in the literature of multitask supervised learning.

Tripuraneni et al. (2020); Xu and Tewari (2021) studied the importance of diversity in
multitask representation learning. They assume that the response variable is generated
through mean function f; o h, where h is the representation function shared by different
tasks and f; is the task-specific prediction function of a task indexed by ¢t. They showed
that diverse tasks can learn the shared representation that generalizes to unseen downstream
tasks. More specifically, if f; € F is a discrete set, a diverse set needs to include all possible
elements in F. If F is the set of all bounded linear functions, we need d tasks to achieve a
diverse set. Note that these results align with the results presented in the previous section.
Could there be any connection between the diversity in multitask representation learning and
the efficient myopic exploration?

Xu and Tewari (2021) showed that Eluder dimension is a measure for the hardness of being
diverse. Here we introduce a generalized version called distributional Eluder dimension (Jin
et al., 2021a).

Definition 5.10 (e-independence between distributions). Let G be a class of functions
defined on a space X, and v, py,..., 1, be probability measures over X. We say v

is e-independent of {1, pa,. .., un} with respect to G if there exists g € G such that
Vi (Eulg)? <e but |E,[g]] > ¢

Definition 5.11 (Distributional Eluder (DE) dimension). . Let G be a function class defined
on X, and I1 be a family of probability measures over X. The distributional Eluder dimension
dimpg(G, 11, ) is the length of the longest sequence {p1,...,pn} C Il such that there exists
e’ > e where p; is €'-independent of {p1,...,pi—1} for alli € [n].
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Definition 5.12 (Bellman Eluder (BE) dimension (Jin et al., 2021)). Let &,F be the set of
Bellman residuals induced by F at step h, and 11 = {Hh}hH:1 be a collection of H probability
measure families over X x A. The e-Bellman Eluder dimension of F with respect to 11 is
defined as
dimpg(F, 11, ¢) := max dimpg (E,F, 11, ¢)
he[H]

Constructing a diverse set. For each h € [H], consider a sequence of functions
fi,-.-, fa € F, such that the induced policy (Wfi)ie[d] generates probability measures
(N£i+1)i€[d] at the step h + 1. Let (M£i+1)i€[d} be e-independence w.r.t the function class
EnF between their predecessors. By the definition of BE dimension, we can only find at
most dimpg (E,F, 11, €) of these functions. Then conditions in Definition 5.3 is satisfied with
c=1/(dH).

Revisiting linear MDPs. The task set construction in 5.7 seems to be quite restricted
as we require a set of standard basis. One might conjecture that a task set M;; with full
rank [0y p, ..., 04 will suffice. From what we discussed in the general case, we will need the
occupancy measure generated by the optimal policies for these MDPs to be e-independent
and any other distribution is e-dependent. This is generally not true even if the reward
parameters are full rank. To see this, let us consider a tabular MDP case with two states
{1,2}, where at the step h, we have two tasks M;, Ms, with Rjap(s,a) = 1[s = 1] and
Ry (s,a) = 0.511[s = 1] 4+ 0.491[s = 2]. This gives 0,1, = [1,0] and 6}, 5, = [0.49,0.51]

as shown in Figure 5.3.

(g\]
8 A
(1]
&
Reward 2
A >
K¢ >
Reward 1 State 1

Figure 5.3: An illustration of why a full-rank set of reward parameters does not achieve
diversity. The red arrows are two reward parameters and the star marks the generated state
distributions of the optimal policies corresponding to the two rewards at the step h. Since
both optimal policies only visit state 1, they may not provide a sufficient exploration for the
next time step h + 1.

Construct the MDP such that the transition probability and action space any policy either
visit state 1 or state 2 at the step h. Then the optimal policies for both tasks are the same
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policy which visits state 1 with probability one, even if the reward parameters [0 ur,, On ]

are full-rank.

5.F Experiment Details

Extra Training Details By choosing an environment denoted by M, ,, we randomly
generate a p’ and ¢’ from N (p,0.1), N(g,0.1) to increase the robustness of the training for
all settings. This is also the default setup in Romac et al. (2021).

Table 5.1: Training on different environment parameters. Each row represents a training sce-
nario, where the first two columns are the range of sampled parameters. The mastered tasks
are out of 121 evaluated tasks with the standard deviation calculated from ten independent
runs.

Obstacle spacing | Stump height | Mastered task
(2, 4] (0.0, 0.3] 28.1£6.1

(2, 4] (1.3, 1.6] 41.6 +9.8

2, 4] 2.6, 3.0] 11.54+10.9
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Figure 5.4: (b-c) Log-scaled eigenvalues of sample covariance matrices of the trained em-
beddings generated by the near optimal policies for different environments.
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CHAPTER 6

Summary and Future Work

In this thesis, we study the theoretical benefits of multitask learning in two major setups:
supervised learning and reinforcement learning. We emphasize that task diversity plays
an important role in all the settings discussed in this thesis. For supervised learning, we
study a multitask representation learning, where a shared representation function is learned
from source tasks and we show that a diversity condition on the source tasks guarantees a
worst-case generalization performance on a downstream task. We further ask if we are given
a potentially large dataset, whether a high diversity can be achieved when the algorithm
is allowed to adaptively choose tasks. We study this problem under the framework called
curriculum learning, where we show that diversity can be asymptotically achieved for linear
multitask representation learning problem. To bridge supervised learning and reinforcement
learning, we study a contextual bandit problem with funnel structure. We show that a
high diversity leads to smaller discrepancies between tasks in different layers of the funnel
structure, which allows us to show a smaller regret bound. In the reinforcement learning
setting, we, for the first time, connects diversity to the exploration of RL. We show that a
diverse task enables efficient myopic exploration, when policies are shared across different

tasks. We provide a more concrete diversity condition for linear MDPs.

6.1 Future Work

There is still a significant gap between the practice of MTL and the current theoretical

understanding. We highlight some promising directions.

Beyond ERM analysis. Most of current work on multitask representation learning are
based on empirical risk minimizer (ERM), which assumes a global minimizer can be found.
However, the optimization regime for even simple linear representation learning is non-
convex. It worth exploring whether there is an efficient optimization algorithm that enjoys

the similar theoretical guarantees ERM does.
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Beyond representation learning. Though representation learning is heavily studies in
both empirical and theoretical works, it does not cover all the interesting cases such as
covariate shift and more general joint function class setting. For instance, in causal inference,
the distribution may shift across tasks that is reflected on the causal graph. We may use a
joint function class to model such changes, where the benefits of multitask learning is not

well-undertood.

Diverse Reinforcement Learning. Our analysis are limited to problem with strong
structural assumptions, i.e., linear MDPs. It is not clear what is a task set that achieves
diversity in a general function approximation setting. Similar to the supervised learning
setting, one may seek an adaptive task scheduler for multitask RL. How to adaptively learning

a curriculum for Reinforcement Learning is still an open problem.
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