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ABSTRACT

The ability to make reliable predictions using data lies at the core of modern machine
learning. Over the past several decades, learning theory has provided precise characteriza-
tions of when such prediction is possible, along with principled learning rules and optimal
error guarantees. However, many modern machine learning applications fall in the regime
not considered within the classical theory. This dissertation develops new results in learn-
ing theory and uses them to build learning-theoretic foundations for operator learning, an
emerging paradigm within Al for Science.

The first part of the dissertation advances the foundations of learning theory itself. Chap-
ter 2 provides a characterization of learnability for multioutput prediction problems. Chapter
3 introduces a new setting of set-valued feedback to capture practical scenarios in which mul-
tiple answers may be correct for a given instance and predicting any one of them suffices.
In this setting, we propose a combinatorial parameter that characterizes learnability and
establish minimax-optimal rates. Chapter 4 then develops a general theory of supervised
learnability in the online setting, unifying nearly four decades of results in online learning
theory. With this unified view of classical theory in hand, the remaining chapters move
beyond its traditional scope.

Chapter 5 serves as a bridge between the first and second parts of this dissertation and
studies the problem of learning linear operators between infinite-dimensional spaces. We
identify several new learning-theoretic phenomena that arise in this setting. In particular,
we show that in infinite-dimensional settings different classes of bounded linear operators
exhibit distinct optimal error rates, and that these rates can be arbitrarily slow. This
contrasts with the finite-dimensional case, where the class of bounded linear operators can
be learned at Monte Carlo rates. We also establish separations between learnability and
uniform convergence, a property that underlies the validity of empirical risk minimization
as a general learning principle in many classical tasks.

The second part of the dissertation discusses on operator learning, with the primary focus
on learning solution operators of partial differential equations for surrogate modeling and
scientific computation. To ensure the reliability of methods through rigorous guarantees,

we adopt a learning-theoretic perspective to study operator learning. Chapter 6 begins by

xii



identifying two additional sources of error specific to operator learning: discretization error,
arising from functions being observed only on finite grids, and truncation error, arising from
restricting functions to low-frequency representations, in addition to the usual statistical and
approximation errors present in classical settings. We then show how these errors can be
systematically controlled using the linear core of a popular Fourier neural operator archi-
tecture as an illustrative example. Chapter 7 studies the role of data collection protocols
and show that transitioning from passive (i.i.d sampling) to active data collection can fun-
damentally change which operator classes are learnable. Moreover, even for operator classes
learnable under both protocols, active data collection can significantly improve sample effi-
ciency, sometimes yielding exponential gains over passive approaches. Chapter 8 investigates
the limits of zero-shot spatial generalization to previously unseen grid points and provides
both impossibility results and sufficient conditions under which such extrapolation is possi-
ble. Finally, in Chapter 9, we study physics-informed operator learning for time-dependent
Schrodinger equations and show that incorporating structural constraints such as unitar-
ity in the learning process can lead to both improved empirical performance and stronger

theoretical guarantees.

Xiil



CHAPTER 1

Introduction

The central goal of learning theory is to understand when learning from data is possible.
A positive resolution of this objective naturally leads to the next question of how to learn.
An even more fundamental question that precedes both is what it means to learn successfully.
For the purpose of this thesis, we define successful learning as the ability to make reliable
predictions on new, previously unobserved examples. The question of when learning is
possible turns out to be particularly deep, and meaningful progress toward this question led
to the foundations of modern learning theory in the mid 1960s. In contrast, the questions of
how to learn from data have a much longer intellectual history.

For much of human history, the primary mode of “learning” consisted of constructing
lookup tables from observations and using them to make predictions. For example, many
ancient societies systematically recorded the positions of celestial bodies at regular inter-
vals and compiled astronomical catalogs. These records were then used to predict eclipses,
seasonal cycles, and other recurring astronomical phenomena.

Moving beyond lookup-table-based prediction, perhaps one of the earliest attempts to
learn a mathematical relationship directly from observational data is due to Kepler [1619].
Using the extensive and highly precise planetary position measurements recorded by the Dan-
ish astronomer Tycho Brahe, Kepler inferred mathematical laws governing planetary motion.
In many respects, his approach bears conceptual similarities to modern data-driven learning.
Beginning with a broad model class that included various possible geometric descriptions of
planetary motion, he used observational data to systematically rule out competing hypothe-
ses, such as perfect circular orbits, epicycles, and equants, ultimately converging on elliptical
orbits as the correct description. Based on the observed data, he then formulated his famous
law relating the orbital period (7") of a planet to semi-major axis (a) of its orbit; that is,
T? o a3. Kepler’s work turned out to be remarkably influential in the history of science
as it set the stage for Newtonian mechanics and the modern mathematical formulation of

predictive physical science.



A more algorithmic approach to learning based on a well-defined learning principle is
Legendre’s work on the method of least squares [Legendre, 1805], where he proposed fitting
linear models to observed data using least squares. A few years later, Gauss published his
work on least squares [Gauss, 1809] and claimed that he had been using the method as
early as 1795, nearly a decade before Legendre’s publication. Notably, both Legendre and
Gauss developed the method of least squares to fit mathematical models to astronomical and
measurement data, highlighting the longstanding connection between learning from data and
scientific application.

Rather than viewing least squares merely as a computational rule, Gauss also sought to
justify it from first principles. First, he provided a probabilistic justification by showing
that least squares maximizes likelihood under normality of observational errors. In his later
work, Gauss [1823] moved beyond purely probabilistic arguments and justified least squares
in terms of predictive reliability. In particular, he showed that among all linear unbiased
estimators formed from linear combinations of measurements, the least squares estimator is
optimal in the sense that it minimizes the root mean squared error. This is arguably one of
the earliest instances of a rigorous error analysis of a learning principle.

As for when learning is possible, systematic investigation of this question led to the mod-
ern mathematical formulation of learning theory in the 1960s, most notably through the work
of Vapnik and Chervonenkis, now known as Vapnik—Chervonenkis (VC) theory [Vapnik and
Chervonenkis, 1971, 1974, Vapnik, 1982]. See Vovk, Papadopoulos, and Gammerman [2015]
for a detailed historical account of the development of the theory, including commentary
by Chervonenkis himself. Due to both its elegance and intellectual depth, the theory was
rapidly adopted by broader mathematics community and became a central tool in the de-
velopment of empirical process theory [Dudley, 1978, Steele, 1978, Assouad, 1983, Pollard,
1990, Talagrand, 1994].

Following the introduction of the probably approximately correct (PAC) learning model by
Valiant [1984], the work of Blumer, Ehrenfeucht, Haussler, and Warmuth [1989] showed that
VC dimension provides necessary and sufficient conditions for distribution-free learnability
of classes of Boolean concepts under Valiant’s PAC model. These developments brought
VC theory into the computer science community and gave rise to the field of computational
learning theory. Subsequent works such as [Van Der Vaart and Wellner, 1996, Geer, 2000]
established VC theory as an important tool in the statistical analysis of estimation problems.
In parallel, Littlestone [1987] initiated the development of an analog of VC theory for online
learning and sequential decision-making problems. Additionally, development of algorithmic
ideas such as boosting [Freund and Schapire, 1997] and support vector machines [Boser,

Guyon, and Vapnik, 1992, Cortes and Vapnik, 1995] brought core learning-theoretic ideas to



applied machine learning. Thus, learning theory and its tools have had broad influence across
probability theory, computer science, statistics, sequential decision making, and applied
machine learning.

As foreshadowed in the early works of Legendre [1805] and Gauss [1809, 1823], an al-
gorithmic approach to learning has long been closely tied to scientific applications. Yet,
despite the central role of data-driven inference in modern scientific methodology, learning
theory itself has not historically played as prominent a role in shaping methods used in
scientific practice. This gap motivates the central theme of this thesis: developing learning-
theoretic foundations for the emerging paradigm of operator learning, which has become
a key approach within modern Al for Science. We first apply classical learning-theoretic
tools to analyze operator learning methods. We then show that this setting gives rise to
fundamentally new questions in learning theory, which motivates further development of its
foundational principles.

Accordingly, this thesis is divided into two parts. Part I discusses classical foundations
of learning theory and presents our contributions towards extending them. Part II turns to
operator learning and discusses our work on developing learning-theoretic foundations for

this emerging paradigm.

1.1 Foundations of Learning Theory

In this section, we first review the classical foundations of learning theory. We then provide

a brief overview of Part I of this thesis that extend these classical foundations.

1.1.1 Classical Results

To formally discuss classical results in learning theory, let X and ) denote the input and
output spaces, respectively, and let F C Y% denote a class of functions mapping X to V.
In statistical learning theory, a learner is provided with n i.i.d. samples S, := {(z;, v;) },
drawn from a distribution g on the product space X x ). Using this sample and a predefined
learning rule, the learner constructs then an estimator fn For simplicity, we use fn to denote
both the estimator and the learning rule itself. The estimator fn is evaluated relative to the
best function within the class F, namely in terms of excess risk.

For a prespecified loss function ¢ : Y x V — R, the excess risk is defined as

Eulur F) ;:sgp< E LE ((Fue),)] — int ENM{K(f(x),y)}D, (11)

Snovp™ | (zy)~p JEF (z,y)

where the supremum is taken over all distributions g supported on X x ). This setting



is commonly referred to as the agnostic model of learning. In the special case where there
exists an f* € F such that y = f*(x) for all (x,y) ~ p, we say that we are in the realizable
setting.

Within this framework of learning, we say that the class F is learnable if and only if there

exists a learning rule for which
Sn(ﬁ,F) — 0 asn — oo.

Equivalently, one can define this objective using the (g, ¢)-formulation of the PAC model
by Valiant [1984] (see also [Shalev-Shwartz and Ben-David, 2014, Chapter 3]). Under this
formulation, a class F is learnable if for every ,6 > 0 there exists a sample size m(e,0) € N

and a learning rule such that for all n > m(e,9),

stp P<<x,5‘~u ((Fa@)y)] =it B [e(f(2),9)] > s> <6,
For bounded loss functions, which will always be the case in this thesis, these two definitions
of learnability are qualitatively equivalent.

Now that we have formally defined what it means to learn, we turn to the questions of when
learning is possible and how it should be carried out. A central result of VC theory addresses
the case of binary classification, where ) = {0, 1} and the loss is ¢(y,vy') = 1{y # ¢'}. In the
framework described above, a learning rule with vanishing excess risk exists if and only if
VC(F) < oo (see [Blumer, Ehrenfeucht, Haussler, and Warmuth, 1989] and [Shalev-Shwartz
and Ben-David, 2014, Chapter 28]). In this sense, the VC dimension characterizes the
learnability of binary classification problems by providing a precise answer to the question
of when learning is possible.

Beyond this qualitative characterization, the VC dimension also provide a quantitative

characterization of optimal error rates. In the agnostic setting, we have

gn(ﬁnf) =0 ( VCT(L]:)) )

while in the realizable setting the optimal rate improves to

o <VC(]—")>.

n

Moreover, whenever VC(F) < oo and learning is possible, empirical risk minimization

(ERM) is a optimal learning principle in the agnostic setting. In the realizable setting,



standard ERM remains optimal up to an additional logarithmic factor in the error rate (see
[Hanneke, 2016] and [Shalev-Shwartz and Ben-David, 2014, Chapter 28]). Thus, VC theory
not only determines when learning is possible, but also provides principled answers to how
learning should be performed and what error rates and notions of optimality can be achieved.

Although the original VC theory was formulated for binary classification in statistical
settings, its central insight of providing qualitative and quantitative characterizations of
learnability via combinatorial dimension has had a profound and lasting influence on the de-
velopment of learning theory. For example, Natarajan [1989a,b], Ben-David, Cesa-Bianchi,
and Long [1995] characterized learnability in multiclass classification with finitely many
labels using a combinatorial quantity now known as the Natarajan dimension. This charac-
terization was further extended to the case || = oo by Brukhim, Carmon, Dinur, Moran,
and Yehudayoff [2022] via the Daniely-Shalev-Shwartz (DS) dimension proposed by Daniely
and Shalev-Shwartz [2014]. Similarly, for scalar-valued prediction with J = [0, 1] and loss
Uy,y') = ly—y'|P for p € {1, 2}, Bartlett, Long, and Williamson [1996] and Alon, Ben-David,
Cesa-Bianchi, and Haussler [1997] established learnability in terms of the fat-shattering di-

mension, originally introduced by Kearns and Schapire [1990].

1.1.2 Contributions of This Thesis

In Chapter 2, we extend characterizations of learnability to multioutput prediction prob-
lems, where each instance is labeled by a vector-valued target. In particular, we extend
classification results to target spaces of the form Y = {0,1}¥ for finite 1 < K < oo. Our
characterization holds for any loss ¢ satisfying the identity of indiscernibles property, that
is, £(y1,y2) = 0 if and only if y; = yo. We further extend this characterization to bounded
continuous output spaces ) C RX. For these continuous prediction problems, our charac-
terization holds for all ¢, norms and their natural variants. More precisely, we show that
a multioutput function class F C Y% is learnable if and only if each single-output com-
ponent class F, C YV is learnable. Here, a multioutput function f € F is written as
f=(f1,..., fx), with targets y = (y1,...,yx) for y € ). Beyond statistical settings, we
also extend these characterizations to an adversarial online model.

The adversarial model of online learning was introduced by Littlestone [1987] as a sequen-
tial counterpart to VC theory, motivated by problems in online prediction and sequential
decision making. In the online setting, an adversary plays a sequential game with the learner
over T rounds. In each round ¢t € [T, the adversary selects a labeled instance (z;,y;) € X XY
and reveals x; to the learner. The learner, let’s call it A, then makes a (possibly randomized)

prediction ¢, € ). The adversary subsequently reveals y;, and the learner incurs loss £(y;, §)-



Given a function class F C Y%, the goal of the learner is to output predictions ¢, such that

its regret,

T T
Rr(A,F):=  sup (ZEV(%,@)} — inf 3" 4(y, f(xt))> ,
(@1,91),-(@Toy7) \t=1 feria
is small. Here, the expectation is taken over the internal randomness of the learner A. We

say that the class F is learnable with respect to £ if there exists a learning rule such that

lim sup w =0.

T—o0 T

In this model, a combinatorial parameter introduced by Littlestone [1987], now referred to
as Littlestone dimension, characterizes learnability in binary classification. A generalization
of the Littlestone dimension to multiclass settings was introduced by Daniely, Sabato, Ben-
David, and Shalev-Shwartz [2015] and was later shown by Daniely, Sabato, Ben-David, and
Shalev-Shwartz [2015], Hanneke, Moran, Raman, Subedi, and Tewari [2023] to characterize
learnability in this setting. Similarly, the sequential analog of the fat-shattering dimension
characterizes learnability for regression problems [Rakhlin, Sridharan, and Tewari, 2015a.

Chapter 3 studies learnability under such adversarial online model. In this chapter, we
further develop the theory of online learning for a more general setting of set-valued feedback,
where multiple ground-truth answers may be correct and the learner succeeds as long as it
predicts one of them. More precisely, the learner predicts a single label 4, € ), while the
ground truth is given by a set of correct labels S; C Y. The loss is defined as

E(St,??t) - 1{@ ¢ St}-

This phenomenon of multiple valid ground-truth outputs arises naturally in many settings.
For example, in molecular structure prediction, many molecules admit multiple feasible con-
formations, and predicting any physically valid conformation is considered correct. Inter-
estingly, this setting reveals several novel learning-theoretic phenomenon. One of them is
a separation of deterministic and randomized learnability in the realizable setting. More
precisely, in standard multiclass classification for online learning, every learnable class is
learnable using a deterministic learning rule in the realizable setting. However, in this set-
ting, we show that there exist classes that are learnable with randomized learning rules but
not learnable with any deterministic learning rules, even in the realizable setting. To cap-
ture this separation, we introduce two new combinatorial dimensions that tightly characterize

deterministic and randomized online learnability. We then use these characterizations to es-



tablish minimax regret bounds for known practical learning tasks such as online multilabel
ranking and online multilabel classification.

Our effort to push the frontiers of learning theory culminates in a unified theory of on-
line learnability in Chapter 4. In this chapter, we study the online learnability of function
classes with respect to arbitrary, but bounded, loss functions. Prior to this work, no char-
acterization of online learnability was known at this level of generality. We close this gap
by showing that existing techniques can be extended to characterize online learnability for
any supervised learning problem with bounded loss. Towards this endeavor, we introduce
a new scale-sensitive combinatorial dimension, called the Sequential Minimax dimension,
which generalizes all previously known combinatorial dimensions in online learning theory
and provides matching upper and lower bounds on the minimax value. Thus, the results
generalize four decades of work in online learning theory dating back to Littlestone [1987].

Continuing our theme of learning under abstract target spaces, Chapter 5 studies re-
gression problems where the target space ) is an infinite-dimensional Hilbert space. More
precisely, we consider the setting where X and ) are infinite-dimensional Hilbert spaces
and F is a class of bounded linear operators from X to ). This problem is closely related
to operator learning methods used in surrogate modeling for partial differential equations,
which will be discussed in greater detail in the following section. Here, however, we study
this setting as a representative example of a learning problem that leads to a fundamentally
new learning-theoretic landscape. We show that the class of linear operators with uniformly
bounded p-Schatten norm (the ¢, norm of the singular values) is online learnable for any
p € [1,00) with a regret rate of @(Tl_%) for p > 2. In contrast, we prove an impossibility
result by showing that a class of linear operators with uniformly bounded operator norm,
corresponding to the ¢, norm of the singular values, is not online learnable. This result
is surprising in light of the fact that in finite dimensions the class of linear operators with
uniformly bounded operator norm is always learnable with rate @(T%), where the constant
depends on d. Remarkably, such dependence of constants lead to rate separation when
d — oo. In addition, for almost all classical learning problems, learnability is equivalent to
the property of uniform convergence. This equivalence underlies the validity of ERM as a
learning principle in the batch setting. However, in this chapter, we show that learnability

and uniform convergence are not equivalent for regression with infinite-dimensional target.

1.2 Operator Learning: A Learning Theoretic Perspective

Artificial Intelligence (AI) has seen rapid advances across domains ranging from language

and vision modeling to applications in the physical sciences. In particular, Al is transforming



scientific research by enabling new methods for modeling complex systems [Tang, Kurths,
Lin, Ott, and Kocarev, 2020] and optimizing scientific workflows [Wang et al., 2023]. A
prominent example is protein structure prediction with AlphaFold [Jumper et al., 2021], an
achievement recognized with the 2024 Nobel Prize in Chemistry [The Nobel Committee,
2024]. These developments have given rise to the emerging paradigm of “Al for Science”
[Zhang et al., 2025b], which aims to systematically integrate AI into scientific discovery.
Operator learning is one of the central approaches within this paradigm. In this section, we
provide a brief overview of operator learning and discuss our works on developing a learning

theoretic foundation of this emerging field.

1.2.1 Motivation and Background

In mathematics, a mapping between infinite dimensional function spaces is often called an
operator. Operator learning is an area at the intersection of applied mathematics, computer
science, and statistics which studies how we can learn such operators from data. Its primary
application is the development of fast and accurate surrogate models [Bhattacharya, Hos-
seini, Kovachki, and Stuart, 2021] for the solution operators of partial differential equations
(PDEs). Additionally, as a data-driven approach, operator learning techniques can be used
to develop black-box simulators that simulate system behavior based on observed experi-
mental data [You, Zhang, Ross, Lee, Hsu, and Yu, 2022a, You, Zhang, Ross, Lee, and Yu,
2022b], even when the underlying mathematical model is unknown.

Before formally defining the problem of operator learning, let us discuss a motivating
example that illustrates its relevance. Many physical systems are governed by PDEs, which
describe how the system evolves given particular initial conditions. A classic example is the
heat equation [Evans, 2022, Section 2.3|

= 7V, (1.2)

that arises in heat conduction and diffusion problems. Here, 7 > 0 could be the thermal
conductivity of a material, u : Q% [0, 00) — R for some set Q2 C R? could define a temperature

profile at any given space-time coordinate, and V? is the Laplacian operator defined as

Vu = 2?21 9?u/dx5. The solution of the heat equation can be written using a linear
operator defined as
2y _ = (7t V2)*
exp(7tV?) = ;;)T

That is, given an initial condition wug, the solution function can be written as u; =
exp(TtV?)ug for any time point ¢ > 0 [Hunter, 2023, Chapter 5.4].



This solution operator is useful primarily for conceptual understanding and cannot be
used to obtain the solution function in all but a few cases of simple domain geometry and
simple initial conditions. The solution is generally obtained using PDE solvers which use
numerical methods to map the initial conditions uy to u; at some desired time point ¢t > 0.
Such solver starts from scratch for every new initial condition ug of interest. Since the
solver is computationally slow and expensive, this ab initio approach to evaluating solutions
can be limiting in applications such as engineering design where the solution needs to be
evaluated for many different initial conditions [Umetani and Bickel, 2018]. To solve this
problem, operator learning aims to learn the solution operator directly from the data. By
amortizing the computational cost through upfront training, these learned operators allow
for significantly efficient solution evaluation compared to traditional solvers while sacrificing
a small degree of accuracy.

More precisely, for some prespecified time point ¢ = T, let G := exp(7T'V?) denote
the solution operator of interest. Then, given training data (vi,w;), ..., (v,, w,) where v;
is the initial condition and w; = G(v;) is the solution at time point T, operator learning
involves estimating an approximation F, of G by searching over a predefined operator class F
[Kovachki, Li, Liu, Azizzadenesheli, Bhattacharya, Stuart, and Anandkumar, 2023, Section
2]. Once trained, the estimated operator can be used to predict an approximate solution
o =F, (v) for a new initial condition v. The objective is to design an estimation procedure
such that w closely approximates the true solution w = G(v) under a suitable metric. For
illustration, Figure 1.1 compares the Fourier neural operator’s prediction and the actual

output from a PDE solver for heat equation.

Input Function True Output Predicted Output

(a) Input (v) (c) Prediction (w)

Figure 1.1: Input function, ground truth solution of the heat equation, and the predicted
solution by a Fourier Neural Operator. Here, we use 2 = [0,1)%,7 = 0.05, and T = 1.



We approach operator learning from the perspective of statistical learning theory [Vapnik,
2000], with the key distinction that both the input and output spaces consist of functions.
Specifically, the input and output spaces X and ) are typically Banach spaces of functions
defined over some domain  C RY. Within this framework, the statistical learning setup
remains as described earlier, with the objective of minimizing the excess risk defined in (1.1).

A notable difference lies in the data-generating process. We assume that input functions
are sampled as x ~ uy, and the corresponding outputs are generated through a ground-truth
operator G, so that y = G(z). In practice, the outputs G(z) are typically obtained in discrete
form using numerical PDE solvers. Unlike traditional machine learning applications, where
iy is treated as an unknown but fixed data-generating distribution, in operator learning
the user often specifies uy deliberately when constructing a surrogate model for a target
application. A common choice is a Gaussian process prior with a covariance kernel designed
to concentrate mass on the class of input functions of interest [Bhattacharya et al., 2021,
Kovachki et al., 2023].

Although the ground-truth G need not belong to the candidate class F, the learned
operator F,, is typically chosen from F in practice. Common choices for F include classes of
bounded linear operators, operator-valued reproducing kernel Hilbert spaces (RKHS), and
neural operators [Subedi and Tewari, 2026]. As for the loss function, a common choice is

0(y,y) = |g — y||y for ¢ > 1, where || - ||y is the canonical norm of the Banach space ).

1.2.2 Contributions of This Thesis

Building on the preceding discussion, Chapter 6 turns to the question of how to build a
rigorous learning-theoretic foundation for this paradigm. Rather than focusing on specific
PDE models, we adopt a broader perspective and study the fundamental statistical princi-
ples underlying operator learning. As a concrete model problem, we consider the linear layer
of the influential Fourier Neural Operator (FNO) architecture proposed by Li, Kovachki, Az-
izzadenesheli, Liu, Bhattacharya, Stuart, and Anandkumar [2021]. Our primary objective is
to understand how operator learning differs from classical machine learning settings and to
identify the new analytical tools required to analyze it rigorously. To this end, we start by
identifying the distinct types of errors that are unique to operator learning. In addition to
the standard statistical error due to finite sample size, operator learning introduces a dis-
cretization error, since functional data are typically observed only on a finite grid of domain
points. Furthermore, truncating high-frequency Fourier modes gives rise to a truncation
error. Finally, we show how these error components can be systematically quantified and

controlled.
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While a statistical theory of operator learning is of interest, it is not immediately clear
that the standard i.i.d.-based statistical framework is the best model for studying operator
learning in the context of PDE modeling. Unlike traditional supervised learning settings,
here the learner can generate training data by querying a numerical solver, and therefore is
not inherently restricted to i.i.d. samples from a fixed source distribution. Moreover, since
generating training data typically requires computationally expensive numerical simulations,
the learner should ideally generate data adaptively so that the cost of training is justified by
improved performance at evaluation time.

Motivated by this observation, Chapter 7 studies active data collection strategies for
operator learning when the target operator is linear and the input functions are drawn from
a mean-zero stochastic process with continuous covariance kernel, a setting widely considered
in applied works [Bhattacharya et al., 2021, Li et al., 2021, Kovachki et al., 2023]. First, we
construct a natural problem setting and identify a class of operators that is learnable under
an active learning protocol but not learnable under passive (i.i.d.) sampling. Moreover,
we show that under sufficiently rapid eigenvalue decay of the covariance kernel, the active
learning protocol can achieve arbitrarily fast convergence rates in the number of samples. For
instance, for kernels such as the Gaussian (RBF) kernel, the error can decay exponentially

fast at a rate of e™™

. In contrast, under passive data collection strategies, the convergence
rate is cannot exceed a linear decay, n~!. This work clearly establishes the benefit of active
data collection protocol over passive ones for operator learning.

The remaining two chapters investigate a couple of new phenomena specific to operator
learning that do not arise in traditional learning problems. One such phenomenon is the
presence of discretization error. For this error, practitioners have observed an intriguing
property known as zero-shot super-resolution, where a model trained on coarse grids pro-
duces accurate predictions on finer test grids without additional retraining. Despite strong
empirical evidence, the theoretical foundations of this phenomenon remain poorly under-
stood. Accordingly, Chapter 8 provides a systematic theoretical investigation of zero-shot
super-resolution in operator learning. We first show that zero-shot super-resolution can be
information-theoretically impossible even in seemingly benign settings, such as when input
functions are available over the entire continuum and the ground truth is a simple rank-one
linear operator. We then identify Holder smoothness of the output functions as a sufficient
condition for zero-shot super-resolution and derive corresponding generalization guarantees.
Finally, we complement our theoretical findings with experimental results that validate the
identified failure modes.

Another important distinction between operator learning and traditional machine learn-

ing lies in the existence of a well-defined ground-truth operator G. In fact, in many operator
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learning problems, the learner possesses partial prior knowledge about G through the struc-
ture of the underlying PDE, together with strong oracle access via numerical solvers. This
is in contrast to settings such as language or vision modeling, where a well-defined ground-
truth function may not even exist. This additional structure in operator learning allows for
the design of PDE-specific architectures and the incorporation of domain knowledge directly
into the training process. Such approaches are commonly referred to as “physics-informed
learning”, reflecting the fact that many PDEs arise from physical science [Raissi, Perdikaris,
and Karniadakis, 2019, Li, Zheng, Kovachki, Jin, Chen, Liu, Azizzadenesheli, and Anandku-
mar, 2024b]. The central hypothesis of physics-informed learning is that incorporating these
PDE-based constraints can significantly improve sample efficiency of learning.

Chapter 9 puts this hypothesis to test by investigating PDE-informed operator learning
for the time-dependent Schrodinger equation, where the Hamiltonian may vary with time.
Beyond its wide-ranging applications and extensive literature on surrogate modeling, the
Schrodinger solution operator possesses a special structural property: it is linear and unitary
with respect to the L2 norm. This naturally raises the question of whether enforcing unitarity
can lead to more efficient operator learning methods for the Schrodinger equation. We show
that the answer is affirmative. In this chapter, we introduce a linear estimator for the
evolution operator that preserves a weak form of unitarity. Experiments across a range of
physically relevant Hamiltonians, including hydrogen atoms, ion traps for qubit design, and
optical lattices, demonstrate that our estimator achieves relative errors that are 1072 to
1073 times smaller than those of state-of-the-art off-the-shelf methods such as the Fourier
Neural Operator and DeepONet that do not exploit such structure. Furthermore, unlike for
neural-network-based approaches, we can establish rigorous theoretical guarantees on the
prediction error of the learned operator.

Chapter 9 also uses the Schrodinger equation to study another intriguing phenomenon
known as time generalization. For time-dependent PDEs, the ground-truth operator G is
implicitly indexed by the terminal time T, mapping an initial condition ug to the solution
ur at time T" > 0. A natural question is whether an operator estimator F trained using data
up to time 7" can be used to extrapolate to future times 7" > T at test time in a zero-shot
manner, that is, without additional retraining. Existing works have empirically observed
time-extrapolation capabilities of Fourier Neural Operators for Schrodinger equation [Miz-
era, 2023] and, more broadly, for time-dependent quantum spin systems [Shah, Patti, Berner,
Tolooshams, Kossaifi, and Anandkumar, 2024]. In this chapter, we formally define the prob-
lem of time extrapolation and establish generalization bounds for our proposed estimator.
In particular, our results show that time generalization is indeed possible when the potential

is time-independent and sufficiently smooth.
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Part 1
Foundations of Learning Theory

CHAPTER 2

A Characterization of Multioutput Learnability

In this chapter!, we consider the problem of multioutput learning in the batch and online
settings. Multioutput learning is a problem where an instance is labeled by a vector-valued
target. This is a generalization of scalar-valued-target learning settings such as multiclass
classification and regression. Multioutput learning has enjoyed a wide range of practical
applications like image tagging, document categorization, recommender systems, an weather
forecasting to name a few. This widespread applicability has motivated the development
of several practical methods [Kapoor et al., 2012, Borchani et al., 2015, Yang et al., 2020,
Xu et al., 2013, Nam et al., 2017], as well as theoretical analysis [Koyejo et al., 2015, Liu
and Tsang, 2015]. However, the most fundamental question of learnability in a multioutput
setting remains unanswered.

As highlighted in the previous chapter, characterizing learnability is the first step toward
understanding any statistical learning problem. For a brief recap, the fundamental theorem
of statistical learning states that binary classification is learnable if and only if the Vap-
nik—Chervonenkis (VC) dimension is finite [Vapnik and Chervonenkis, 1971, 1974, Blumer
et al., 1989]. For multiclass problems with finitely many labels, the Natarajan dimension
[Natarajan, 1989a] characterizes learnability [Ben-David et al., 1995]. In the infinite-label set-
ting, multiclass learnability is characterized by the Daniely—Shalev-Shwartz (DS) dimension
[Daniely and Shalev-Shwartz, 2014, Brukhim et al., 2022]. In online learning, the Littlestone
dimension [Littlestone, 1987] and its multiclass generalization [Daniely et al., 2011] charac-
terize learnability for binary and finite multiclass problems, respectively. For scalar-valued
regression, learnability in batch and online settings is characterized by the fat-shattering
[Alon et al., 1997, Bartlett et al., 1996] and sequential fat-shattering dimensions [Rakhlin

IThis chapter is based: Vinod Raman*, Unique Subedi*, and Ambuj Tewari (2024). A Characterization
of Multioutput Learnability. Journal of Machine Learning Research, 25(342): 1-54.
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et al., 2015a] respectively. Surprisingly, to our best knowledge, no such characterization of
the learnability of multioutput function classes exists in the literature.

In this paper, we close this gap by characterizing the learnability of function classes
F C Y%, where Y C R¥ is vector-valued target space for some K € N. Let us define scalar-
valued function classes Fj, = {x — (f(z),ex) : f € F} for each k € [K], where {ey,...,ex}
is the standard basis of RX. Similarly, define Y := {{y,ex) : y € Y}. Our main result,
informally stated below, asserts that F is learnable if and only if each coordinate restriction

Fi. is learnable.

Theorem. (Informal) A multioutput function class F C Y% is learnable if and only if each

restriction JF;, C y,j‘ 1s learnable.

We prove a version of this result in four canonical settings: batch classification, online
classification, batch regression, and online regression. For the batch settings, we consider
the PAC framework and for the online settings, we consider the fully adversarial model. In
addition, our result holds for a wide family of loss functions. A unifying theme throughout
all four learning settings is our ability to constructively convert a learning algorithm A for
F into learning algorithm A, for Fj for each k € {1,..., K} and vice versa. We show that
even for multioutput losses that tightly “couple” the K coordinates of a function class, their
learnability still depends on the learnability of each coordinate. For the batch setting, our
algorithmic techniques use the realizable-to-agnostic conversion introduced by Hopkins et al.
[2022]. In the online setting, we provide a new realizable-to-agnostic conversion similar in the
spirit of Hopkins et al. [2022]. In principle, both ours and Hopkins et al. [2022]’s realizable-to-
agnostic conversion is based on the idea of using algorithms to construct a cover of function

classes, originally introduced in the seminal work of Ben-David et al. [2009].

2.1 Related works

Multilabel classification has been extensively studied in the batch setting. We review a
few works here and also refer the reader to the references therein. Dembczyniski et al. [2010]
quantify the 0-1 risk of multilabel classifiers trained by minimizing the Hamming loss and vice
versa. Dembezynski et al. [2012] and Chekina et al. [2013] study how exploiting dependencies
between labels can improve the predictive performance of multilabel classifiers and how such
exploitation interacts with loss minimization. Jain et al. [2016] consider the case where the
label set is extremely large and design new loss functions to handle these settings. Busa-
Fekete et al. [2022] derive upper and lower bounds on the excess risk for non-parametric and

parametric function classes for various loss functions assuming label sparsity. Gao and Zhou
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[2011] and Koyejo et al. [2015] study the consistency of surrogate loss functions for multilabel
classification. Finally, Gentile and Orabona [2012] consider online multilabel classification
under partial feedback and present a novel algorithm based on second-order descent methods.

There is also a long history of studying least squares estimators for multioutput linear
models in the statistical literature, see [Rao, 1965, Brown and Zidek, 1980] and references
therein. The topic received widespread attention in learning theory following the seminal
work of Micchelli and Pontil [2005] in RKHS methods for vector-valued regression. We
refer the reader to a comprehensive review of kernel methods for vector-valued regression by
Alvarez et al. [2012]. An early work of Gnecco and Sanguineti [2008] provides estimation and
approximation error of vector-valued functions using Rademacher complexity. Following the
influential work of Maurer [2016] on Rademacher contraction inequalities for vector-valued
functions, there have been works on the Rademacher analysis of vector-valued functions
(see Cortes et al. [2016], Reeve and Kaban [2020], Yousefi et al. [2018], Foster and Rakhlin
[2019]). Finally, we point out a recent work by Park and Muandet [2023] towards developing

empirical process theory for vector-valued functions.

2.2 Preliminaries

Let X denote the instance space and ) C R¥ be the target space for some K € N. For a space
Z, we let Z* be the set of all finite sequences of elements from Z. Consider a vector-valued
function class F C V¥, where Y denotes set of all functions from X to ). For an unlabeled
sample Sy € X*, let Fig, denote the projection of F onto Sy. Let (-, -) denote the Euclidean
inner-product on R¥. Define scalar-valued function classes F;, = {z + (f(z),ex) : f € F}
for each k € [K], where {e1, ..., ex} is the standard basis of R¥. Here, each F;, C Y;¥, where
Ve = {{y,ex) : y € YV} denotes the restriction of the target space to its k' component.

For a function f € F, we use fy(r) := (f(x),ex) to denote the k' coordinate output of
f(x). On the other hand, we use y* := (y, e;) to denote k' coordinate of y € Y. Additionally,
it is useful to distinguish between the range space ) and the image of functions f € F. We
define the image of function class F as im(F) := Userim(f), whereim(f) = {f(z) : = € X'}.
Finally, we take [N] := {1,2,...,N}.

In this work, we only consider bounded, non-negative loss functions ¢ : Y x Y — Ry
that satisfy the identity of the indiscernibles. For the remainder of the paper, we drop the

adjectives “bounded” and “non-negative” when referring to loss functions.

Definition 1 (Identity of Indiscernibles). A loss function ¢ : Y x Y — Rxq satisfies identity
of indiscernibles whenever £(yy,y2) = 0 if and only if y1 = yo.
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Note that if ¢; and /¢y are two losses defined on ) x ) that satisfy the identity of in-
discernibles, then ¢1(y;,y2) = 0 if and only if ¢5(y;,y2) = 0. We also define a notion of
approximate subadditivity, although not all the loss functions we consider have this prop-

erty.

Definition 2 (c-subadditive). A loss function ¢ is c-subadditive if there exists a constant
¢ > 0 that only depends on the loss function ¢ such that ((y1,y2) < cl(y1,y) + L(y,y2) for
all Y, Y1,Y2 S y

If | Y| < 00, £ being c-subadditive is an immediate consequence of ¢ satisfying the identity
max, ¢ £(1,t)

ming £(rt) *
true, it suffices to only consider the case when £(y;,vy2) > €(y, y2) because the inequality is

of indiscernibles. In fact, the value of ¢ in this case is To see why this is
trivially true otherwise. Since the loss values are distinct, we must have y # y;. Using the
identity of indiscernible, we obtain ¢(y;,y) > min,, ¢(r,t), thus implying that cl(y;,y) >
max, (r,t) > £(y1,y2). The case when || = oo is a bit delicate because min, ., ¢(r,t)
may not exist. So, one needs extra structure in the loss function to infer c-subadditivity.
For instance, if ¢ is a distance metric, then it is trivially 1-subadditive due to the triangle

inequality.

2.2.1 Batch Setting

In the batch setting, we are interested in characterizing the learnability of F under the
classical PAC models: both in the original realizable formulation [Valiant, 1984] and in the

agnostic extension [Kearns et al., 1994].

Definition 3 (Agnostic Multioutput Learnability). A function class F is agnostic learnable
with respect to loss £ : Y x Y — Rsy, if there exists a function m : (0,1)?> — N and a learning
algorithm A : (X x Y)* — Y with the following property: for every e,6 € (0,1) and for
every distribution D on X X Y, running algorithm A on n > m(e, ) iid samples from D

outputs a predictor g = A(S) such that with probability at least 1 — 6 over S ~ D",

Note that we do not require the output predictor A(S) to be in F, but only require A(S)
to compete with the best predictor in F. If we restrict distribution D to a class such that
infrer Ep[l(f(x),y)] = 0, then we get realizable learnability.

The learnability of a function class is generally characterized in terms of the complexity

measure of the function class. As stated in the introduction, the VC dimension characterizes
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the learnability of binary function classes [Vapnik and Chervonenkis, 1974], and so does
the Natarajan dimension for multiclass classification [Ben-David et al., 1995]. In a scalar-
valued regression problem, the fat-shattering dimension of the function class characterizes
learnability with respect to the absolute-value and squared loss [Bartlett et al., 1996, Alon
et al., 1997]. In particular, a real-valued function class G C [0, B is learnable if and only
if its fat-shattering dimension, denoted as fat,(G), is finite for every scale v > 0. We extend
this characterization to a wide range of loss functions in Lemma 3. Finally, for a real-
valued class G, we also use a more general notion of complexity measure called Rademacher
complexity, denoted as R, (G), that provides a sufficient condition for learnability [Bartlett
and Mendelson, 2003]. Precise definitions of all these complexity measures are provided in
Appendix A.1.1.

One recurring theme in this work is to first construct a realizable multioutput learner
and then convert it into an agnostic multioutput learner. It is well known that realizable
learnability and agnostic learnability are equivalent for multiclass classification problems
with respect to 0-1 loss, (see Ben-David et al. [1995], [Shalev-Shwartz and Ben-David, 2014,
Theorem 6.7]). Lemma 1, which is an immediate consequence of [Hopkins et al., 2022,
Theorem 18], extends this equivalence between realizable and agnostic learning to general

loss functions and target spaces.

Lemma 1 (Hopkins et al. [2022]). Consider a function class F C Y such that |im(F)| < oo
and a general loss function £ : Y x Y — R that is c-subadditive. Then, F is realizable PAC
learnable with respect to £ if and only if F is agnostic PAC learnable with respect to (.

The result of [Hopkins et al., 2022, Theorem 18] is stated for the case when |Y| < oc.
However, in the regression setting, we need a slightly general version of their result to handle
a-discretized function classes F* C Y (see Proof of Theorem 5) where |im(F*)| < oo but
V] = | [0, 1]¥| = co. Nevertheless, the proof of Lemma 1 requires only a minor modification
to that of [Hopkins et al., 2022, Theorem 18]. Given the central role of this result in our
characterization, we provide full proof of Lemma 1 in Section 2.3.1.2. Finally, we note that
agnostic-to-realizable conversions in the batch setting are also possible via boosting and
compression-based arguments [Montasser et al., 2019, Attias and Hanneke, 2023]. We use

the conversion of Hopkins et al. [2022] due to its generality and simplicity.

2.2.2  Online Setting

In the online setting, an adversary plays a sequential game with the learner over 7" rounds.
In each round ¢ € [T, an adversary selects a labeled instance (z,3;) € X x ) and reveals

x; to the learner. The learner makes a (potentially randomized) prediction §; € ). Finally,
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the adversary reveals the true label y;, and the learner suffers the loss ¢(y;, 7;), where ¢ is
some pre-specified loss function. Given a function class F C Y%, the goal of the learner is
to output predictions ¢, such that its cumulative loss is close to the best possible cumulative
loss over functions in F. A function class is online learnable if there exists an algorithm such
that for any sequence of labeled examples (x1,1), ..., (x7,yr), the difference in cumulative

loss between its predictions and the predictions of the best possible function in F is small.

Definition 4 (Online Multioutput Learnability). A multioutput function class F is online
learnable with respect to loss ¢, if there exists an (potentially randomized) algorithm A such
that for any adaptively chosen sequence of labelled examples (x4, y;) € X X Y, the algorithm
outputs A(xy) € Y at every iteration t € [T such that

E 25(«4(%)7%) _}2£§€(f(xt>7yt) < R(T)

where the expectation is taken with respect to the randomness of A and that of the possibly
adaptive adversary, and R(T) : N — R* is the additive regret: a non-decreasing, sub-linear
function of T.

If it is guaranteed that the learner always observes a sequence of examples labeled by
some function f € F, then we say we are in the realizable setting. On the other hand, if
the true label v is not revealed to the learner in each round ¢t € [T] and the adversary only
reveals the learner’s loss ((A(x;),y:) then we say we are in the bandit setting.

The online learnability of scalar-valued function classes H C Y has been characterized.
For example, when ) is finite (i.e. Y = [K] for some K € N), the Multiclass Littlestone
Dimension (MCLdim) of H C Y% characterizes online learnability with respect to the 0-
1 loss. A function class H is online learnable with respect to the 0-1 loss if and only if
MCLdim(#) is finite [Daniely et al., 2011]. Moreover, MCLdim(#) tightly captures the
best achievable regret in both the realizable and agnostic settings [Daniely et al., 2011].
When the label space Y is a bounded subset of R, the sequential fat-shattering dimension of
a real-valued function class H C R¥, denoted fat>™(#), characterizes the online learnability
of H with respect to the absolute value loss [Rakhlin et al., 2015a]. Unlike the Littlestone
dimension, note that the sequential fat-shattering dimension is a scale-sensitive dimension.
That is, fat*™(#) is defined at every scale v > 0. Accordingly, a real-valued function class
H C RY* is learnable with respect to the absolute value loss if and only if its sequential
fat-shattering dimension is finite at every scale v > 0 [Rakhlin et al., 2015a]. We extend
this characterization to a wide range of loss functions in Lemma 6. Beyond scalar-valued
learnability, for any label space ), function class H C Y, and loss function £ : Y x Y — Rxg,

the sequential Rademacher complexity of the loss class £ oH, denoted RF4(LoH), is a useful
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tool for providing sufficient conditions for online learnability [Rakhlin et al., 2015a]. See
Appendix A.1.2 for complete definitions.

Like the batch setting, a key technique we use to prove online learnability is to first
construct a realizable online learner and then convert it into an agnostic online learner.
However, unlike the batch setting, there is no known generic algorithm that converts a
(potentially randomized) realizable online learner into an agnostic online learner. Thus, one
of the contributions of this work is Theorem 6, informally stated below, which provides an

online analog of the realizable-to-agnostic conversion from Hopkins et al. [2022].

Theorem. (Informal) Let F C V¥ be a multioutput function class such that |im(F)| < oo
and € : Y x Y — Rsg be any bounded, c-subadditive loss function. If F is online learnable
with respect to £ in the realizable setting, then F is online learnable with respect to { in the

agnostic setting.

2.3 Batch Multioutput Learnability

2.3.1 Batch Multilabel Classification

In this section, we study the learnability of batch multilabel classification. Accordingly, let
Y = {—1,1}*. First, we consider the learnability of a natural decomposable loss. Then, we
extend the result to more general non-decomposable losses that satisfy the identity of indis-
cernible. We want to point out that a multilabel classification with K labels can be viewed as
a multiclass classification with 2% labels. With this viewpoint, the Natarajan dimension of F
continues to characterize the batch multilabel learnability for any loss satisfying the identity
of indiscernibles (see [Ben-David et al., 1995, Section 4]). For the sake of completeness, we
also provide proof of this characterization in Appendix A.2. However, it is more natural to
view a multilabel classification as K different binary classification problems as opposed to
a multi-class classification problem with 2% labels. Exploiting this natural decomposability
of a multilabel function class, we relate the learnability of F to the learnability of each

component Fy.

2.3.1.1 Characterizing Batch Learnability for the Hamming Loss

A canonical and natural loss function for multilabel classification is the Hamming loss,

defined as C(f(x),y) = 2 1{fi(z) #y'}, where f(z) = (fi(2),..., [x(2)) and y =
(y',...,y%). The following result establishes an equivalence between the learnability of F

with respect to Hamming loss and the learnability of each Fj with respect to 0-1 loss.
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Theorem 1. A function class F C Y% is agnostic PAC learnable with respect to {y if and
only if each of Fr C V¥ is agnostic PAC learnable with respect to the 0-1 loss.

Proof. We first prove that learnability of each component is sufficient followed by the proof
of necessity.
Part 1: Sufficiency. Here our goal is to prove that the agnostic PAC learnability of
each Fj, is sufficient for agnostic PAC learnability of F. Our proof is constructive: given
oracle access to agnostic PAC learners Ay for each F; with respect to 0-1 loss, we construct
an agnostic PAC learner A for F with respect to £. Let D be arbitrary distribution on
X x Y and S = {(z;,y;)}}.; ~ D" be iid samples from distribution D. Denote Dy, to be the
marginal distribution of D restricted to X x V. Then, for all k£ € [K], the marginal samples
= {(x;,yF)}*, with scalar-valued targets are iid samples from Dj. For each k € [K],
define hy, = Ai(Sk) to be the hypothesis returned by algorithm .4; when trained on S.
Let my(e,0) denote the sample complexity of Ay. Since Aj is an agnostic PAC learner
for Fj,, we have that for n > max; my (= with probability at least 1 —d/K over samples

Sk~ Dg,

K> K)
k k €

E [Il {hk(ﬂf) #Y H < inf Dk[ {fk( ) #y H + 2

Summing these risk bounds over all coordinates k and using union bounds over proba-

bilities, we get that with probability at least 1 — § over samples S ~ D", we obtain

K Ep, {]l {hk(x) + ka < YE infer Ep, []l {fk(a:) # ka + €. Now using the fact
that F C F; X ... x Fk followed by the linearity of expectation gives

K
[ 1] s ]
This completes our proof as it shows that the learning rule that concatenates the predictors
returned by each A; on the marginalized samples S, is an agnostic PAC learner for F with
respect to ¢y with sample complexity at most maxy mg(e/K, 0/ K).

Part 2: Necessity. Next, we show that if F is learnable with respect to /g, then each Fj
is PAC learnable with respect to the 0-1 loss. Our proof is again based on reduction: given
oracle access to agnostic PAC learner A for F, we construct an agnostic PAC learner A, for
F1. A similar construction can be used for all other F}’s.

Let D; be arbitrary distribution on X x ) and S = {(x;,y})}", be iid samples from
D;. In order to use the algorithm A, we first augment the samples S to create samples
with K-variate target. Define an augmented sample S = {(z;, (y},...,4%))}™, such that
yir ~ {—1,1} each with probability 1/2 for all ¢ € [n] and k € {2,..., K} . Next, we run
A on S and obtain the hypothesis h = (hy,...,hx) = A(S). We now show that h; obtains
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agnostic PAC bounds.

Consider a distribution D on X x Y such that a sample (z, (5, ..., y’)) from D is obtained
by first sampling (z,y') ~ D; and appending y*’s sampled independently from uniform
distribution on {—1, 1} foreach k € {2,..., K'}. Let m(e, §, K') denote the sample complexity
of A. Since A is an agnostic PAC learner for F, for n > m(e, d, K), with probability at least

1 — 6, we have

B [z 1 {he(o) # )

K
< infE L}_jlﬂ {felz) # y’“}} +e

For k > 2, since the target is chosen uniformly at random from {—1,1}, the 0-1 risk of any

predictor is 1/2. Therefore, the expression above can be written as

E [1{h(z) #y'}] +k§::21/2 < inf <£E; [1{fi(x) #4'}] +k§::21/2> +e

which reduces to Ep,[1{hi(z) # y'}] < infsex Ep, [1{fi(x) # y'}] + €. Therefore, F; is
agnostic PAC learnable with respect to 0-1 loss with sample complexity at most m(e, o, K).
|

2.3.1.2 Characterizing Batch Learnability for General Losses

In this section, we characterize the learnability for general multilabel losses. Our main
technical tool in characterizing the learnability for general loss functions is the equivalence
between realizable and agnostic learning guaranteed by Lemma 1. Thus, we first provide the

proof of that lemma before we proceed further.

Proof. (of Lemma 1) Note that agnostic learnability implies realizable learnability by def-
inition. So, it suffices to show that realizable learnability of F with respect to ¢ implies
agnostic learnability. Our proof here is constructive. That is, given a realizable algorithm A
for F, we provide an algorithm, stated as Algorithm 1, that constructs an agnostic learner
for F.

Let D be an arbitrary distribution over X x ). Define

fr= }g]frlg[f(f(x)w)]

to be the optimal predictor in F. Now consider a predictor ¢ = A(Sy, f*(Sy)) € C(Sv)
returned by A when trained on samples Sy labeled by f*. Note that g exists in C(Sy)

because we consider all possible labelings of Sy by F and there must be a sample labeled
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Algorithm 1 Agnostic learner for F with respect to ¢

Require: Realizable learner A for F with respect to ¢, unlabeled samples Sy ~ Dy, and
different labeled samples Sy, ~ D independent from Sy
1: Run A over all possible labelings of Sy by F to construct a concept class

C(Sy) = {A(Swf(SU)) | fe -7:|SU}-

2: Return g € C(Sy) with the lowest empirical error over Sy, with respect to /.

by f* as well. Let m4(e, 0, K) be the sample complexity of the algorithm A. Since A is

a realizable learner for F, for |Sy| > my (i, g, K ) with probability 1 — 6/2 over sample

Sy ~ Dy, we have

. €
E [tg(=), f (@) = o,

where Dy is the marginal distribution of D restricted to X and c is the subaddtivity constant

of ¢. Since the loss function is c-subadditive, for any (x,y) € X x Y, we have {(g(x),y) <

0(f*(x),y) + cl(g(x), f*(x)) pointwise. Taking expectation with respect to (x,y) ~ D, we

obtain

€

Elt(g(x),y)] < c E [tg(=), f*(@)] + ELL(f*(2), y)] < EI(f* (@), 9)] + 5,

where the inequality holds with probability > 1 — §/2. Thus, we have shown that there
exists a predictor g € C(Sy) that achieves agnostic PAC bounds for F with respect to . Let
((-,-) < b be the upper bound on ¢. Recall that by Hoeffding’s inequality and union bound,

with probability at least 1 — /2 over sample S;, ~ D, the empirical risk of every hypothesis
4/C(Sv)|

in C(Sy) on a sample of size > 86%2 log =%+ is at most ¢/4 away from its population risk.

So, if | S| > 86%2 log w, then with probability at least 1 — 6/2 over sample S, ~ D, we
have .

5y 2 @)y <Elllg(@).v)] +

L (x»y)GSL

3€

< ElU(/ (@)p)] + -

1 m

Next, consider the predictor § returned by Algorithm 1. Since it is an empirical risk
minimizer, its empirical risk can be at most the empirical risk of g. Given that the population

risk of § can be at most €¢/4 away from its empirical risk, we have that

E [((
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where the second inequality above uses the definition of f*. Note that this inequality holds
with probability at least 1 — 9, where the probability is taken over both samples Sy and Sp.
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Thus, we have shown that Algorithm 1 is an agnostic PAC learner for F with respect to /.

We now upper bound the sample complexity of Algorithm 1, denoted m(e,d, K) here-
inafter. Note that m (e, d, K) is at most the number of unlabeled samples required for the
realizable algorithm A to succeed plus the number of labeled samples for the ERM step to

succeed. Thus,

€ 8b? ) 4
< — - > — i -
< my (20’ 2,K> + > (mA <2C,2,K> log (|im(F)|) + log 5),

where the second inequality follows due to |C(Sy)| < |[im(F)|'vI and we need |Sy| to be
ofsizemA(E d K). [ |

2¢7 27
With Lemma 1 in hand, we can now relate the learnability of H with respect to any /¢
satisfying identity of indiscernibles to the learnability of H with respect to £y. To that end,

we prove a result establishing the equivalence of learnability between any two loss functions

satisfying the identity of indiscernibles.

Lemma 2. Let ¢ and {' be any two loss functions satisfying the identity of indiscernibles.
Then, a function class F C V¥ is agnostic PAC learnable with respect to £ if and only if
F C Y% is agnostic PAC learnable with respect to /',

The key idea behind the proof of Lemma 2 is to use a realizable learner for ¢ to construct
a realizable learner for ¢. This is possible because ¢ (y1,y2) = 0 if and only if ¢(y;,y2) = 0
for any y1,y2 € Y. Given such realizable learner for ¢, Lemma 1 guarantees the existence of

an agnostic learner for ¢'.

Proof. Since ¢ and ¢ are arbitrary, it suffices to prove only one direction. So, let us assume
that F is learnable with respect to £. We will now show that F is learnable with respect
to ¢ as well. First, we show this for any realizable distribution D with respect to ¢. Since,
for any y1,y2 € YV, we have ¢'(y;,y2) = 0 if and only if ¢(y;,y2) = 0, the distribution D is
also realizable with respect to ¢. Furthermore, as there are at most 225X distinct possible
inputs to (-, -), the loss function can only take a finite number of values. So, we can
always find universal constants a > 0 and b > 0 (that only depends on ¢ and ¢') such that
al < ¢ < bl. Given that F is learnable with respect to ¢, there exists a learning algorithm
A with the following property: for any €,6 > 0, for S ~ D", such that n = mu(;,d, K), the
algorithm outputs a predictor h = A(S) such that, with probability 1 — ¢ over S ~ D", we
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have Ep[l(h(x),y)] < §. This inequality upon using the fact that ¢'(h(z),y) < bl(h(z),y)
pointwise reduces to Ep[¢'(h(x),y)] < e. Therefore, any realizable learner A for ¢ is also
a realizable learner for ¢'. Finally, as ¢ satisfies the identity of indiscernibles and thus
c-subadditivity, Lemma 1 guarantees the existence of agnostic PAC learner B for F with
respect to £'. In particular, one such agnostic PAC learner B is Algorithm 1 that has sample

complexity

) b? ) 1
< - = — - = —
mg(e,d, K) < my (2()0’ 2,K> + = O (mA (260’ 2,K> K+log5> ,
where ¢ > 1 is the subadditivity constant of ¢ and my(-,-, K) is the sample complexity of

any realizable algorithm A.
[ |

An immediate consequence of Lemma 2 is that learnability with respect to any loss
¢ satisfying the identity of indiscernibles is equivalent to learnability with respect to the

Hamming loss ¢g. Thus, given Theorem 1, we can deduce the following result.

Theorem 2. Let ¢ be any multilabel loss function satisfying the identity of indiscernibles.
A function class F C Y% is agnostic PAC learnable with respect to £ if and only if each

restriction F;, C yg‘ is agnostic PAC learnable with respect to the 0-1 loss.

Remark. Since the learnability of a binary function class with respect to the 0-1 loss
is characterized by its VC dimension [Shalev-Shwartz and Ben-David, 2014, Theorem 6.7],
Theorem 2 implies that F is learnable with respect to £ satisfying the identity of indiscernibles
if and only if VC(Fj) < oo for each k € [K].

2.3.2 Batch Multioutput Regression

In this section, we consider the case when ) = [0, 1]K C R for K € N. For bounded targets
(with a known bound), this target space is without loss of generality because one can always
normalize each Yy to [0,1] by subtracting the lower bound and dividing by the upper bound
of V. As usual, we consider an arbitrary multioutput function class F C Y*. Following our
outline in classification, we first study the learnability of F under decomposable losses and

then non-decomposable losses.

2.3.2.1 Characterizing Learnability for Decomposable Losses

A canonical loss for the scalar-valued regression is the absolute value metric, d; (fi(z), y*) :=

| fe(z) — y*|. Analogously, we define d,(fi.(x), y*) := | fe(z) — y*|P for p > 1 are other natural
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scalar-valued losses. For multioutput regression, we consider decomposable losses that are
natural multivariate extensions of the d; metric. In particular, we consider loss functions

with the following properties.

Assumption 1. The loss can be written as {(f(x),y) = Sp, ¥p o di(fe(z),y*) where for
each k € [K], the function vy, : R>g — Rsq is L-Lipschitz and satisfies 1(0) = 0.

Here, 1)y, o d; is a composition function defined as 1, o di(fr(z),y"*) := ¥y (dl(fk(a:), y’“))
Note that 1, o d; is a large family of loss functions that effectively contains all natural
decomposable multioutput regression losses. For instance, taking ¢(z) = |z|P for p > 1
gives £, norms raised to their p-th power. Considering vy (z) = |2|2/21][|z| < 6] + §(|z] —
d/2)1[|z| > 0] for some 1 > § > 0 yields multivariate extension of Huber loss used for robust
regression. One may also construct a multioutput loss by considering different scalar-valued
losses for each coordinate output. Next, we establish an equivalence between the learnability
of F C Y% with respect to ¢ and the learnability of each F; with respect to the loss 1y, o d;.

Theorem 3. Let ¢ be any loss function that satisfies Assumption 1. Then, a function class
F C YV is agnostic learnable with respect to € if and only if each of F, C V¥ is agnostic

learnable with respect to 1y, o dy.

Proof. The proof of the sufficiency direction is similar to that of Theorem 1, so we defer it to
Appendix A.3.1. We now focus on the necessity direction. To that end, we show that if F is
agnostic learnable with respect to ¢, then each Fy, is agnostic learnable with respect to ¢ od;.
In particular, given oracle access to agnostic learner A for F, we construct agnostic learner
A; for Fi. By symmetry, a similar reduction can then be used to construct an agnostic
learner for each component F.

Since we are given a sample with a single, univariate target, the main problem is to find the
right way to augment samples to a K-variate target. In the proof of Theorem 1, we showed
that randomly choosing y;; ~ Uniform({—1,1}) for £ > 2 results in all predictors having a
constant 1/2 risk-leaving only the risk of the first component on both sides. Unfortunately,
in regression under general losses, no single augmentation works for every distribution on X
Thus, we augment the samples by considering all possible behaviors of (Fs, ..., Fk) on the
sample. Since the function class maps to a potentially uncountably infinite space, we first
discretize each component of the function class and consider all possible labelings over the

discretized space. Fix 1 > a > 0. For k > 2, define the discretization

fi(x) = {‘ICS)J a (2.1)
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for every f € Fi and the discretized component class F¢ = {f&|fx € Fr}. Note that a
function in Fy maps to {0,,2q,...,|1/a]a} and the size of the range of the discretized
function class Fi is 1+ [1/a] < (a+1)/a < 2/a. For the convenience of exposition, let us

define F3!; to be F* without the first component, and we denote f5; to be an element of

(o
2:K-

Algorithm 2 Agnostic learner for F; with respect to 1, o dy

Require: Agnostic learner A for F, samples S = (1.0, y1.,) ~ D}, and another independent
samples S from D,
1: Define Saug = {(Z1:0s Ui, f8 5 (@10)) | f85 € Fi'ic}, all possible augmentations of S by
%
2: Run A over all possible augmentations to get

C(S) == {A(S.) | Sa € Sang}-

3: Define C1(S) = {g1 | (91,--.,9x) € C(S)}, a restriction of C'(S) to its first coordinate
output. N
4: Return gy, the predictor in C(S) with the lowest empirical error over S with respect to

2/}1 @) dl-

We now show that Algorithm 2 is an agnostic learner for F;. First, let us define

fi = argmin B¢y o dy(fi(x), y")],
fierr D

to be optimal predictor in F; with respect to D;. By definition of Fj, there must exist
f3x € Fax such that (ff, f3 ) € F. We note that f; need not be optimal predictors in
Fi for k > 2, but we use the x notation just to associate these component functions with
the first component function ff. Define fyn € F5, to be the corresponding discretization
of f3 . At a high level, the key idea of this proof is to show that the algorithm A when
run on the sample (1., Yi.,,, for (21.n) produces a predictor g = A(21.,, Yi.,,, fom(T1:)) such
that its restriction g; is a valid agnostic learner for F;. Although one such augmentation
is enough to produce an agnostic learner for Fi, all possible augmentations are required in
step 2 of Algorithm 2 because f; is not known to the learner apriori. We now make this
argument precise.

Suppose g = A((Z1.n, Yi.n» foe (1)) is the predictor obtained by running A on the sample
augmented by fi%. Note that g € C(S) by definition. Let my4(e, d, K) be the sample

complexity of A. Since A is an agnostic learner for F with respect to ¢, we have that for
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n > my(e/4,6/2, K), with probability at least 1 — §/2,

K

E [dr0di((@).")] + X E W o dalgi(a), fi(@))
= }reljff < [wl odi(fi(r),y )] + I;g% [Vr o di(fr(z), ,:a(:c))]> + 2

Note that the quantity on the left is trivially lower bounded by the risk of the first component.
To handle the right-hand side, we first note that the optimal risk is trivially upper bounded
by the risk of (f}, f3.x), yielding

K
*,0 €
E [¢1odi(g1(0).y")] < E [¢r 0 di(fi(2),9)] + > E o di(fie). fi* @) + 5.
Next, using the L-Lipschitzness of 1, and the fact that ¥,(0) = 0 implies ¥} o
di(fi(x), f*(®)) < Ldi(fi(x), fi"(x)) < La for all k& > 2. Thus, picking o = 7% and

using the definition of f}, we obtain

E [prodi(ar(e),y")] < inf Eldyodi(fi(x).y)] + 5.

f1e€F1 D1

Therefore, we have shown the existence of one predictor g € C'(S) such that its restriction
to the first component, g;, obtains the agnostic bound. Note that since 1), is L-Lipschitz
and satisfies 1;(0) = 0, we obtain that ¢4 o dy(-,-) < L. The upper bound also uses the
fact that | fi(z) — y'| < 1. Now recall that by Hoeffding’s Inequality and union bound, with
probability at least 1 — 0/2, the empirical risk of every hypothesis in C;(S) on a sample of

41(5) ACSN  then

size > %2 log is at most €/4 away from its true error. So, if |§] > %2 log

with probability at least 1 — §/2, the empirical risk of the predictor g is

Y. tiodi(gi(z).y') < E [0 di(g1(2),y")] + =< inf E ¢ odi(fi(2)y")] + -

| |( 1)€§ 4 fieF1 D1 4
x?y

Since §y, the output of Algorithm 2 is the ERM on S over C1(9), its empirical risk can be
at most the empirical risk of gi, which is at most inf s, c 7 Ep, [¢1 o di(f1(z),y")] + 2. Given
that the population risk of §; is at most €/4 away from its empirical risk, we can conclude

that the population risk of §; is

E¢rodi(gi(x)y D] < inf Efyodi(fi(x),y")] + e

fieF1 D1
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Applying union bounds, the entire process, algorithm A on the dataset augmented by f5&
and ERM in step 4, succeeds with probability 1 — §. The sample complexity of Algorithm
2 is the sample complexity of Algorithm A and the sample complexity of ERM in step 4,
which is

8L? 4|1C1(9)]

€2 log 0

KIL? 4K L 4
gmA(e/4,5/2,K)+8 5 <mA(e/4,5/2,K) log () + log 5)’
€ €

<ma(e/4,0/2,K) +

where the second inequality follows due to |C1(S)| < (2/a)mA(/49/2K) K ig the required size
of C1(5) and our choice of & = ¢/(4K L). This completes the proof as we have shown that

Algorithm 2 is an agnostic learner for F; with respect to 1 o d;. |

2.3.2.2 A More General Characterization of Learnability for Decomposable

Losses

Unlike Theorems 1 and 2 in classification setting where we connected the learnability of F
to the learnability of Fi’s with respect to 0-1 loss, Theorem 3 relates the learnability of F
to the learnability of JF, with respect to 1, o d; instead of the more canonical loss d;. In
this section, we complete that final step to characterizing learnability in terms of d; with an

additional assumption on .
Assumption 2. For all k € [K], the function vy : Rsg — R is monotonic.

Under these assumptions, Theorem 4 provides a more general characterization than Theorem
3.

Theorem 4. Let ¢ be any loss function that satisfies Assumptions 1 and 2. Then, a mul-
tioutput function class F C ([0, 1]5)* is agnostic learnable with respect to { if and only if

each Fr C [0,1]% is agnostic learnable with respect to d;.

Since the fat-shattering dimension of a real-valued function class characterizes its learn-
ability with respect to d; loss, Theorem 4 implies that a multioutput function class F is
learnable with respect to ¢ satisfying Assumptions 1 and 2 if and only if fat.(F) < oo for
every fixed scale v > 0. Theorem 4 is an immediate consequence of Theorem 3 and the

following lemma, the proof of which is deferred to Appendix A.3.2.

Lemma 3. Let Y = [0,1] be the label space and ¢ : Rsqg — Rsq be any Lipschitz and
monotonic function that satisfies 1¥(0) = 0. A scalar-valued function class G C [0,1]% is

agnostic learnable with respect to 1 o dy if and only if G is agnostic learnable with respect to
dy.
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The part of the lemma showing that d; learnability implies ¢ o d; is trivial using the
Rademacher-based argument and Talagrand’s contraction lemma. However, proving v o d;
learnability implies d; learnability is non-trivial. The case ¥ (z) = |z|? is considered in
[Anthony and Bartlett, 1999, Theorem 19.5], but their proof requires a mismatch between
the label space and the prediction space, namely J = [—1,2] but G C [0,1]*. In this
work, we improve their result by showing the equivalence between 1 o d; learnability and d;
learnability without requiring extended label space.

An application of Lemma 3 is that the learnability of a real-valued function class G with

respect to losses d; and d, are equivalent for any p > 1.

2.3.2.3 Characterizing Learnability for Non-Decomposable Losses

Next, we study the learnability of function class F with respect to non-decomposable losses.
In the regression setting, the natural non-decomposable loss to consider is ¢, norm, which
is defined as ¢,(f(x),y) := (Zk:l | fre(z) — yk|p)1/p for 1 < p < oco0. For p = oo, the p-norm
is defined as (o (f(z),y) := maxy | fx(z) — y*|. One might be interested in ¢, norms instead
of their decomposable counterparts ¢§ losses discussed in the previous section mainly for
robustness to outliers. The following result characterizes the agnostic learnability of F with

respect to £, norms.

Theorem 5. Fiz p > 1. The function class F C Y% is agnostic learnable with respect to (,,
norm if and only if each of Fr C V¥ is agnostic learnable with respect to the absolute value

loss, d.

Using 1x(z) = |z| in Theorem 3 implies that F is learnable with respect to ¢; if and only
if each F}, is learnable with respect to d;. Thus, to prove Theorem 5, it suffices to show that
for all p > 1, F is learnable with respect to ¢, if and only if F is learnable with respect to

/{ norm.

Proof. We begin by proving the sufficiency direction. As discussed above, the learnability
of each Fj; with respect to d; implies that F is learnable with respect to ¢;. Then, the
high-level idea of the proof is to use an agnostic learner for F with respect to ¢; to construct
a realizable learner for F* with respect to ¢;. Using the fact ¢;(y1,y2) = 0 if and only if
Cy(y1,y2) = 0 for any yy, y2 € ), the realizable learner for ¢ is also a realizable learner for ,,.
Finally, as [im(F*)| < oo for every o > 0, Lemma 1 guarantees the existence of an agnostic
learner for F* with respect to £,. Then, a simple application of the triangle inequality shows
that an agnostic learner for ¢ is also an agnostic learner for F with respect to £,. We now

proceed with the formal proof.
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Part 1: Sufficiency. Fix p > 1. Recall that the learnability of each Fj with respect to d;
implies that F is learnable with respect to /1. Let D be arbitrary distribution on X x ) and
A be an agnostic PAC learner for F with respect to ¢; with sample complexity m(e, d) . For
any €, > 0, with n sufficiently larger than m(e/2,6, K), with probability at least 1 — § over
S ~ D", we have

€

%[51(9(95),9)] < }gglg[él(f(w),y)] + 5

where ¢ = A(S). Define F* to be a discretized function class obtained by discretiz-
ing F component-wise using the scheme (2.1). Consider D to be a realizable distri-
bution with respect to F®. Note that the triangle inequality implies ¢;(f(x),y) <
O(f*(x),y) + G(f(2), f*(2) < O(f*(x),y) + Ka. Taking @ = 5% and using the fact
that infrer E[6;(f*(x),y)] = 0, we obtain Ep[l1(g(x),y)] < €. Next, using the inequality

°(
£,(g(x),y) < ti(g(x), y) pointwise yields

Elty(9(z),y)] <e.

Therefore, A is a realizable learner for F¢ with respect to ¢, with sample complexity
m(e/2,0, K). Since [im(F®)| < oo and {,(-,-) are l-subadditive, Lemma 1 implies that
F* is agnostic learnable with respect to ¢, via Algorithm 1, referred to as algorithm B
henceforth. Thus, for any €,§ > 0, there exists a n > mp(€e/2,/2), for any distribution D
on X x Y, running B on S ~ D" outputs a predictor § € Y* such that with probability at

least 1 — § over S ~ D", we have

B[ (§(x), )] < it Bl6,(f(x).9)] + 5 = LE[G(/* (@), 0)] + 5

Using triangle inequality, we have €,(f*(x),y) < ,(f(z),y) +L,(f*(2), f(z)) < L,(f(z),y)+

aK pointwise. Again taking a = 5%, we obtain

E[6,(9(x),y)] < inf E[6,(f(z), y)] +e.
D feFp
Therefore, we have shown that F is agnostic PAC learnable with respect to ¢,,.

The sample complexity of agnostic learner B can be made precise using the sample com-
plexity of Algorithm 1. In particular, the sample complexity of B is the sample complexity
of the realizable learner A and the sample complexity of the ERM in step 2 of Algorithm 1.
Proof of Lemma 1 shows that the sample complexity of B must be

€ 0 8b? € 0 i . 4
m6<6767 K) S ma <267 27K> + GT (mA <2ca 27K> log|(1m(.7: )|> +10g 5) )
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where b is the upperbound on the loss and c is the subadditivity constant. Since b < K, and
c =1 for all £, norms with p > 1, we obtain
8K 4K 4
mis(e, 6, K) < ma(e/2,8/2, K) + on <mA(e/2, 5/2,K) log () +log 5) ,
€ €

where we also use the fact that [im(F*)| < (2/a)* for our choice of o = 5%.
Part 2: Necessity. Fix p > 1. We now prove that F being learnable with respect to ¢,
implies F is learnable with respect to ¢;. The proof is identical to the proof of sufficiency,
so we only provide a sketch of the argument here. Our proof strategy follows a similar route
through realizable learnability of the discretized class F¢ and then the use of Lemma 1.
Recall that any agnostic learner A for F with respect to £, is a realizable learner for F*
with respect to ¢,. Using the inequality ¢;(-,-) < K¥,(-,-) pointwise, we can deduce that
A is also a realizable learner for F with respect to ¢;. Since [im(F®)| < (2/a)® < oo,
Lemma 1 guarantees existence of an agnostic learner for F¢ with respect to ¢;. Using
triangle inequality, we obtain ¢1(f*(z),y) < l1(f(z),y) + (1 (f*(z), f(z)) < L(f(x),y) +aK
pointwise, and choosing appropriate discretization scale allows us to turn agnostic bound for

F into an agnostic bound for F. [ |

Remark. We note that Theorem 5 holds for any norm on R but we only focus on ¢,
norms here due to their practical significance. As the fat-shattering dimension of a real-
valued function class characterizes its learnability with respect to d; loss [Bartlett et al.,
1996], Theorem 5 implies that a multioutput function class F is learnable with respect to
¢, for 1 < p < oo if and only if fat, (F;) < oo for all k € [K]| at every fixed scale v > 0.

Since we are only concerned with the question of learnability in this work, our focus is
not on optimal sample complexity rates. However, we point out that for any p > 1, if each
Fi is learnable with respect to d;, then F is learnable with respect to ¢, via ERM with a
better sample complexity than Algorithm 1. The proof of this claim is based on Rademacher
complexity and is provided in Appendix A.4.

2.4 Online Multioutput Learnability

Here, we study the online learnability of multioutput function classes. Throughout this sec-
tion, we give regret bounds assuming an oblivious adversary. A standard reduction (Chapter
4 in Cesa-Bianchi and Lugosi [2006]) allows us to convert oblivious regret bounds to adaptive
regret bounds in the full-information setting. A key requirement allowing an oblivious regret

bound to generalize to an adaptive regret bound is that the learner’s predictions on round ¢
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should not depend on any of its past predictions from previous rounds. This is true for all

of the online learning algorithms in this section.

2.4.1 Online Agnostic-to-Realizable Reduction

Our strategy for constructively characterizing the learnability of general losses in both the
batch classification and regression setting required the ability to convert a realizable learner
to an agnostic learner in a black-box fashion. In this section, we provide an analog of this
conversion for the online setting. More specifically, we focus on the setting where F C Y%
is a multioutput function class but |[im(F)| < oo is finite. Then, for any c-subadditive loss
function ¢, we constructively convert a (potentially randomized) realizable online learner for
F with respect to ¢ into an agnostic online learner for F with respect to £. Theorem 6

formalizes the main result of this subsection.

Theorem 6. Let F C V¥ be a multioutput function class such that |im(F)| < oo and
0:Y xY — Rsg be any c-subadditive loss function such that £(-,-) < M. If A is a realizable
online learner for F with respect to { with sub-linear expected regret R(T,|im(F)|), then for
every B € (0,1), there exists an agnostic online learner for F with respect to ¢ with expected

regret

% R [imP)) + My 2T [ F)

where R(T, |im(F)|) is any concave, sublinear upperbound on R(T, |im(F)|).

Note that if R(T”, |im(F)|) is sublinear in its first argument, then $5R(T”, [im(F)|) +
M\/ZTHB In(|im(F)|) is sublinear in 7" for any 8 € (0,1). By Lemma 4, we are guaranteed
the existence of R(T, [im(F)|).

Lemma 4. [Ceccherini-Silberstein et al., 2017, Lemma 5.17] Let g be a positive sublinear

function. Then, g is bounded from above by a concave sublinear function.

Therefore, Theorem 6 and Lemma 4 show that for any function class F with finite image
space and any c-subadditive loss function, realizable and agnostic online learnability are

equivalent. We now begin the proof of Theorem 6.

Proof. Let A be a (potentially randomized) online realizable learner for F with respect to
(. By definition, this means that for any (realizable) sequence (x1, f(x1)), ..., (xr, f(x7))
labeled by a function f € F, we have

T

E > U(A(x), f(z))| < R(T, [im(F)]),

t=1
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where R(T, |im(F)|) is a sub-linear function of 7. We now use A to construct an agnostic
online learner Q for F with respect to . Since we are assuming an oblivious adversary, let
(1,91), -, (27, yr) € (X x V)T denote the stream of points to be observed by the online
learner and f* = argmin ;. » ST 0(f(x),y:) to be the optimal function in hindsight.

Our high-level strategy is to construct a large set of Experts that approximately cover all
possible labelings of the instances 1, ..., x7r by functions in F. In particular, each Expert
uses an independent copy of A to make predictions, but update A using different sequences
of labeled instances. Together, our set of Experts update A using all possible sequences
of labeled instances. In order to ensure that the number of Experts is not too large, we
construct such a set of Experts over a sufficiently small sub-sample of the stream. Finally,
we run the celebrated Randomized Exponential Weights Algorithm (REWA) [Cesa-Bianchi
and Lugosi, 2006] using our set of experts and the scaled loss function % over the original
stream of points (z1,v1), ..., (1, yr). We now formalize this idea below.

For any bitstring b € {0,1}7, let ¢ : {t : by = 1} — im(F) denote a function mapping
time points where b, = 1 to elements in the image space im(F). Let ®, C (im(F)){t:=1
denote all such functions ¢. For every f € F, let ¢{: € ®, be the mapping such that for
all t € {t : b, = 1}, ¢l (t) = f(x;). Let |p| = |{t : b = 1}|. For every b € {0,1}" and
¢ € ®y, define an Expert Ej, 4. Expert Ep 4, formally presented in Algorithm 3, uses A to
make predictions in each round. However, E}, , only updates A on those rounds where b, = 1,
using ¢ to compute a labeled instance (24, ¢(t)). For every b € {0,1}7, let & = Ugea, { Evo}
denote the set of all Experts parameterized by functions ¢ € &;,. If b is the all zeros
bitstring, then &, is empty. Therefore, we actually define & = {Eo} U Upea, { L6}, Where
Ey is the expert that never updates A and plays ¢, = A(x;) for all t € [T]. Note that

1< (&) < (lm(F)W.

Algorithm 3 Expert(b, ¢)

Require: Independent copy of realizable online learner A for F with respect to /¢
1: fort=1,....,T do
2 Receive example z;
3 Predict §; = A(xy)
4 if b, =1 then
5: Update A by passing (x, ¢(t))
6
7

end if
end for

With this notation in hand, we are now ready to present Algorithm 4, our main agnostic
online learner Q for F with respect to ¢. Our goal is to show that O enjoys sublinear

expected regret. There are three main sources of randomness: the randomness involved in
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Algorithm 4 Agnostic online learner Q for F with respect to ¢

Require: Parameter 0 < 5 < 1
1: Let B € {0,1}7 such that B, Bernoulli(%ﬂ
2: Construct the set of experts £p = {Eo} U Upeo,{ B} according to Algorithm 3
3: Run REWA P using £ and the loss function % over the stream (x1,y1),..., (zr,y7)

sampling B, the internal randomness of A, and the internal randomness of REWA. Let B, A
and P denote the random variables associated with each source of randomness respectively.
By construction, B, A, and P are independent.

Using Theorem 21.11 in Shalev-Shwartz and Ben-David [2014] and the fact that B, A and
P are independent, REWA guarantees almost surely that

T

S E[U(P(zy),y:)|B, A] < Elélgf}gZﬁ (m¢),y:) + My/2T In(|Ep|).

t=1

Taking an outer expectation gives

B |- tP). | <B | juf S5, + B [bry/ (iR

Therefore,

E [2; (Q(x4), ye)

| IS
Il
=
(]~
()
—~
]
8
<
L

<E Eg}g;z ] +E {M\/2T1H(|53|)}

<E z;é(EB7¢g(:ct),yt)] +M1E[ 2T In(|€x])| -

In the last step, we used the fact that for all b € {0,1}" and f € F, we have E, of € &b
b

It now suffices to upperbound E {Zle E(EB, o (x4), yt)]. To do so, we need some addi-
tional notation. Given the realizable online learner A, an instance x € X, and an ordered
finite sequence of labeled examples L € (X xY)*, let A(x|L) be the random variable denoting
the prediction of A on the instance z after running and updating on L. For any b € {0,1}7,
f e F,and t € [T], let L{;f = {(x;, f(x;)) : i < tand b; = 1} denote the subsequence of
the sequence of labeled instances {(x;, f(x;))}i=] where b; = 1. Using this notation, we can

write
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- DB [(( A L5 ). y)P [Bi = 1]
_ gﬁ SUE[0(A(] L), y) 1{ B, = 1}] .
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I
MR

To see the last equality, note that the prediction A(xt|L t) only depends on bitstring
(Bi,...,B;_1) and the internal randomness of A, both of which are independent of B,. Thus,

we have

E[((A(z| LY, ), u) 1{B: = 1}] = E[0(A(z|LE,_,), w)| E[1{B: = 1}]
=B [((A(i] L), u)| P[By = 1]
as needed. Continuing onwards,
T T rr
E [z E(EB#)JCB* (xt)ayt)‘| = ﬁE Zé :Et|LB<t yt)]]-{Bt = 1}]
t=1 Li=1
T
= ﬁE f(A($t|LB<J7?/t)
[:Bi=1
cr ]
< WE Z f xt‘LB t) f* (xt)) + 7E Z 6 ]
[:B:=1 t:By=1

:ﬁE Z (A LE), () +;€(f (), ye)

=1

T
= Tl thtjlg (@l L), [*(x2)) +}g§;£(f(fl?t) Yt)

The inequality follows from the fact that ¢ is a c-subadditive and the last equality follows
from the definition of f*. We now need to bound 5 [thBt:l E(A(xt|L§<t), f*(mt))} Using

the fact that A* is a realizable online learner and gets updated on a stream of instances
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labeled by f* only on rounds where B; = 1, we get

B[ 3 AL L )| = B [B| S Az )5
< TTBE [R(|B]. fim(F))

Putting things together, we find that,

= (3 o).

< B[S0y o (00,0 + VB [\2T (x|

t

< juf 3 A ), 0) + 5 (ROB, fan(F))] + ME [ 2T (i)

S

< Juf 35U ), 0) + B (ROB, [m(F))] + ME [ /27151 n(jim(F)) |

where the last inequality follows from the fact that that |Ep| < (|im(F)|)!Bl. By Jensen’s
inequality, we further get that, E [\/2T|B| ln(|im(]:)|)} < \/2T5+1 In(|im(F)|), which implies
that

< in Zﬁ ) + TTBE[ R(|B|, [im(F)])] + M/275+ In(jim(F))).

[z 0(Q(1), yr)

Next, by Lemma 4, there exists a concave sublinear function R(|B],|im(F)|) that
upperbounds R(|B|, [im(F)|). By Jensen’s inequality, we obtain E[R(|B|,|im(F)|)] <
R(TP, [im(F)|), which yields

< inf Zf ) + ﬁ LR, Jim(F))) + M \/2T5+1 In(fim(F)|).

E [; 0(Q(xy),y

This completes the proof as we have shown that Q is an agnostic online learner for F with

respect to ¢ with the stated regret bound. [
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2.4.2 Online Multilabel Classification

Let Y = {—1,1}¥. We provide analogs of Theorem 1 and 2 in the online setting. We begin by
characterizing the learnability of the Hamming loss and then move to give a characterization
of learnability for all losses satisfying the identity of indiscernibles. Similar to the batch
setting, we can show that the MCLdim of F characterizes online multilabel learnability
(see Appendix A.6), but here, we give a characterization that better exploits the multilabel

structure of the problem.

2.4.2.1 Characterizing Online Learnability for the Hamming Loss

Theorem 7 characterizes the online learnability of a multilabel function class F with respect

to gH

Theorem 7. A function class F C Y% is online learnable with respect to the Hamming loss

if and only if each restriction F, C V¥ is online learnable with respect to the 0-1 loss.

The proof of Theorem 7 is similar to that of Theorem 1, so we defer the full proof to
Appendix A.5 and only provide a sketch here. The proof of sufficiency direction is based
on a reduction: given oracle access to online learners {A;}5_; for {F;}5 , with respect to
lo.1, we construct an online learner A for F with respect to £y. In fact, similar to the
batch setting, the online multilabel learning algorithm A is simple: in each round ¢ € [T,
receive x;, query the predictions A;(zy),..., Ax(x;), and finally predict the concatenation
9 = (Ai(zy), ..., Ax(x;)). Once the true label y, = (y},...,yl*) is revealed, update each
online learner Ay by passing (x4, yF) for k € [K]. Using some algebra, one can show that
this prediction rule achieves sublinear regret for F.

For the necessity direction, given oracle access to an online learner A for F with respect
to £y, we construct an online learner B for F; with respect to fy.1. A similar reduction can
be used to construct online learners for each restriction F;. Similar to the batch setting, the
online learning algorithm B is simple: in each round t € [T, receive x;, query 9, = A(x;)
and predict 9} = A;(z;). Once the true label y} is revealed, update A by passing (x;, ;)
where y; = (yi,02,...,0F) and {oi}£, is an i.i.d sequence of Rademacher random variables.

A straightforward analysis shows that such a prediction rule achieves sublinear regret for F;.

2.4.2.2 Characterizing Online Learnability for General Losses

Using Theorem 6 and Theorem 7, we now characterize the learnability of arbitrary multilabel
loss functions ¢ as long as they satisfy the identity of indiscernibles. The key idea is that

since there are only finite number of possible inputs to ¢, for any ¢ satisfying the identity of
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indiscernibles, there must exist universal constants a and b such that aly (y1,y2) < (y1,y2) <
blr(y1,y2). Then, we can characterize the learnability of ¢ by relating it to the learnability
of /5. In fact, we prove a slightly more general result, showing an equivalence between the

learnability of any two arbitrary losses satisfying the identity of indiscernibles.

Lemma 5. Let ¢ and ¢’ be any two loss functions satisfying the identity of indiscernibles.
A function class F C V¥ is online learnable with respect to £ if and only if F is online

learnable with respect to (.

The proof of Lemma 5 is similar to that of Lemma 2 with the main difference being the use
of Theorem 6 instead of Lemma 1. Since Lemma 5 is our first application of Theorem 6, we

provide the full proof here.

Proof. Since ¢ and ¢ are arbitrary, it suffices to prove only one direction. To that end,
suppose F is online learnable with respect to . We now show that F is online learnable
with respect to ¢ as well.

Let a and b be the universal constants such that for all y1,ys € Y, al(y1,y2) < 0(y1,92) <
bl(y1,y2). Let ¢ = % Since [im(F)| = 25X < oo and ¢ is a c-subadditive, by
Theorem 6, it suffices to give a realizable online learner for F with respect to ¢. Since F is

online learnable with respect to ¢, there exists an algorithm A such that for any sequence

(x1,91), ..., (x7, yr), we have

lZﬂ - mf Zf ),u)| < R(T,2%)

where R(T,2%) is a sublinear function of T. In the realizable setting, we are guaranteed
that for any sequence (z1,¥), ..., (xr,yr) that the online learner may observe, there exists
afeF st fla) =y forallt € [T]. Since ¢ satisfies the identity of indiscernibles, we
have that for any realizable sequence (1, 1), ..., (7, yr), inf rer S37_; €(f(2¢),4:) = 0. Thus,
we have that E [Zthl U(A(xy), yt)} < R(T,2%). Noting that ¢(A(x;),y:) > M implies
that E {Zthl U(A(xy), yt)} < bR(T,2¥), showing that A is also a realizable online learner for
F with respect to /. For any § € (0,1), the construction in Theorem 6 can then be used
to convert A into an agnostic online learner for F with respect to ¢ with expected regret

bound
cbT

TB
where M is such that ¢ < M and R(T”,2%) is any concave sublinear upperbound of
R(T?,2%). This completes our proof.

——R(T?,2%) + MVAKT™#

38



As an immediate consequence of Lemma 5 and Theorem 7, we get the following theorem

characterizing the online learnability of general multilabel losses.

Theorem 8. Let ¢ be any multilabel loss function that satisfies the identity of indiscernibles.
A function class F C Y% is online learnable with respect to ¢ if and only if each restriction

Fi. C y,jf is online learnable with respect to the 0-1 loss.

Remark. Since the Littlestone dimension characterizes online learnability for binary clas-
sification under the 0-1 loss [Ben-David et al., 2009], Theorem 8 also implies that finiteness
of Ldim(F}) for all £ € [K] is a necessary and sufficient condition for online multilabel
learnability.

Moreover, if Ldim(Fy) < oo for all k£ € [K], then we have MCLdim(F) < oco. This follows
from the fact that MCLdim(F) < Y&, Ldim(F). To see this, note that MCLdim(F) is
the lowerbound on the number of mistakes of any deterministic multiclass learner in the
realizable setting [Daniely et al., 2011, Theorem 17]. On the other hand, one can construct
a deterministic realizable learner for F using K different Standard Optimal Algorithms
(SOA) for binary function classes Fi’s. Namely, define an algorithm A such that A(x) :=
(SOA(F)(x),...,SOA(Fk)(x)) € {—1,1}. Since each SOA(F},) makes at most Ldim(Fy)
number of mistakes, A makes no more than >, Ldim(F,) mistakes. We can use this
fact to give an improved version of Theorem 6 for classes F with MCLdim(F) < oco. In
particular, when Y = {—1,1}¥, any F C Y% that is learnable in the realizable setting with
respect to £ is also learnable in the agnostic setting with regret O (B \/ TMCLdim(F) ln(T)) <

O(B \/ TS Ldim(F) 111(T)>. Here, B is the maximum value ¢ can take. The improved
regret bound can be found in the sufficiency proof of Theorem 37 in Appendix A.6.

2.4.3 Bandit Online Multilabel Classification

We extend the results in the previous subsection to the online setting where the learner only
observes bandit feedback in each round. Theorem 9 gives a characterization of bandit online

learnability of a function class F in terms of the online learnability of each restriction.

Theorem 9. Let ¢ be any loss function that satisfies the identity of indiscernibles. A function
class F C V¥ is bandit online learnable with respect to ¢ if and only if each restriction

Fi. C )},f is online learnable with respect to the 0-1 loss.

Similar to the full-feedback setting, Theorem 9 also gives that the finiteness of Ldim(F}) for
all k € [K] is a necessary and sufficiency condition for bandit online multilabel learnability.
The proof of Theorem 9 uses the realizable-to-agnostic conversion for bandit feedback setting

when the label space Y is finite. The following Theorem makes this argument precise.
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Theorem 10. Let Y be a finite label space, F C V¥ a multioutput function class, and
0:Y xY — Rsy be any c-subadditive loss function such that ((-,-) < M. If A is a
realizable online learner for F with respect to € under full-feedback with sub-linear expected
regret R(T,|Y|), then for every 5 € (0,1), there exists an online learner for F with respect
to 0 with expected regret

T
TR, |V)) + M\ 2747 Y In(| V),

under bandit feedback, where R(T,|Y|) is any concave, sublinear upperbound on R(T,|Y|).

The proofs for Theorem 9 and Theorem 10 are provided in Appendix A.7.

2.4.4 Online Multioutput Regression

In this section, we characterize the online learnability of multioutput function classes. Similar
to the batch setting, we consider, without loss of generality, the case when Y = [0, 1]¥ C R¥
for K € N. In addition, we consider the same set of decomposable and non-decomposable
loss functions as in the batch setting. Namely, our decomposable loss functions satisfy
Assumptions 1 and 2, and our non-decomposable loss functions are ¢, norms. Informally,
our main result asserts that a multioutput function class F C Y% is online learnable if and

only if each restriction Fj is online learnable.

2.4.4.1 Characterizing Learnability for Decomposable Losses

In this subsection, we characterize the online learnability of multioutput function classes
with respect to decomposable losses satisfying Assumption 1. Our main theorem is presented

below.

Theorem 11. Let ¢ be a decomposable loss function satisfying Assumption 1. A multioutput
function class F C Y% is online learnable with respect to ¢ if and only if each Fj, C y,g‘ 18

online learnable with respect to 1y, o dy.

Proof. As usual, we prove Theorem 11 in two parts: first sufficiency and then necessity. The
sufficiency proof is similar to that of the proof for Hamming loss in Theorems 1 and 7. The
necessity direction is more involved, but the main idea is to combine the augmentation tech-
nique used in the proof of Theorem 3 with the algorithmic conversion technique developed
in the proof of Theorem 6.

Part 1: Sufficiency. We first prove that online learnability of each restriction Fj

with respect to vy o d; is sufficient for online learnability of F with respect to £. Since
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0(f(z),y) = S8 b odi(fe(),yr) is decomposable, we can use the exact same strategy as
in Section 2.4.2.1 to convert online learners Aq, ..., Ax for Fi, ..., Fx with respect to 1 o d;
to an online learner A for F with respect to ¢. More specifically, in each round t € [T,
receive x;, query the predictions A;(zy), ..., Ax(x;), and finally predict the concatenation
9 = (Ai(zy), ..., Ax(x;)). Once the true label y, = (y},...,yl*) is revealed, update each
online learner A, by passing (2, yF) for k € [K]. Using the exact same proof as in Section
2.4.2.1, it follows that the expected regret of A is Y& | Ri(T) where Ry(T) is the regret
of online algorithm A;. Since K is finite, the regret of A is sublinear in 7" when evaluated
using /.

Part 2: Necessity. Similar to the batch setting, we prove the necessity direction of Theorem
11 constructively. That is, given oracle access to an online learner A for F with respect to
¢, we construct an online learner Q for F; with respect to ¢, o d;. By symmetry, a similar
reduction can be used to construct online learners for each restriction Fj. As mentioned
before, we assume an oblivious adversary, and therefore the stream of points to be observed
by the online learner, denoted (x1,41), ..., (zr,yr) € (X x [0,1])7, is fixed beforehand. Let
ft =argming .z > ¥podi(fi(2), y:) denote the optimal function in hindsight and f* € F
its completion.

Since we are trying to construct an online learner for Fi, the targets yi, ..., yr are scalar-
valued. However, A is an online learner for F and therefore can only processes vector-valued
targets. Thus, we need to figure out how to augment the scalar-valued targets v, ..., yr in
a way that allows us to use A to construct an online learner Q for F;. Following a similar
strategy as in the proof of Theorem 6, we can construct a set of Experts that simulate online
games with A by augmenting, in all possible ways, the scalar-valued targets of a sub-sample
of the stream into vector-valued targets using vectors in )5, the discretized label space for

components 2 through K. In particular, our high-level strategy is to:
1. Randomly sub-sample points from the stream
2. Construct a set of Experts, each of which:

(a) Uses an independent copy of A to make predictions g, = A, (z;)

(b) Augments the scalar-valued targets of each labeled instance in the sub-sampled

stream to vector-valued targets using vectors in the discretized image space
im(F3y)

(¢) Simulates an online game with its independent copy of A over only the augmented

sub-sampled stream with vector-valued targets
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3. Run REWA using the set of experts in Step 2 and the 1, o d; loss function over the

original stream of points.

We now formalize this idea. For any bitstring b € {0,1}7, let ¢ : {t : b; = 1} — im(F$g)
denote a function mapping time points where b, = 1 to vectors in the discretized image
space im(Fs ). Let ®, C (im(Fgy ) =1} denote all such functions ¢. For every f € F,
let ¢f € ®, be the mapping such that for all t € {t : b, = 1}, ¢l (t) = f9u(x;). Let
b] = |{t : by = 1}|. For every b € {0,1}" and ¢ € ®;, define an Expert E,,. Expert Ej 4,
formally presented in Algorithm 5, uses A to make predictions in each round. However, £, 4
only updates A on those rounds where b; = 1, using ¢ to augment the scalar-valued labeled
instance (x4, y;) to the vector-valued labeled instance (¢, (y;, ¢(t))). For every b € {0,1}7, let
&y = Ugea, 1 Eb,s } denote the set of all Experts parameterized by functions ¢ € ®;. If b is the
all zeros bitstring, then &, is empty. Therefore, we actually define & = {Eo} UUyca,{Eb0}
where Ej is the expert that never updates A and plays A;(x;) for all ¢ € [T]. Note that
1< 8] < (2)K0,

Algorithm 5 Expert(b, ¢)

Require: Independent copy of Online Learner A for ¢
1: fort=1,...,T do
: Receive example x;

2

3 Predict g, = Ay ()

4: Receive y;

5: if b, =1 then

6 Update A by passing (zy, (y, ¢(t)))
7 end if

8: end for

With this notation in hand, we are now ready to present Algorithm 6, our main online

learner O for F;.

Algorithm 6 Online learner Q for F; with respect to ¢, o d;
Require: Parameters 0 < f<land 0 < a < 1
1: Let B € {0,1}7 such that B, Bernoulli(%ﬁ)
2: Construct the set of experts g = {Eo} U Upea,1EB,¢} according to Algorithm 5
3: Run REWA P using £g and the loss function ¢ od; over the stream (z1,v1), ..., (1, yr)

Our goal now is to show that Q enjoys sublinear expected regret. There are three main
sources of randomness: the randomness involved in sampling B, the internal randomness

of each independent copy of the online learner A, and the internal randomness of REWA.
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Let B, A and P denote the random variable associated with these sources of randomness
respectively. By construction, B, A, and P are independent.

Using Theorem 21.11 in Shalev-Shwartz and Ben-David [2014] and the fact that A, P,
and B are independent, REWA guarantees

Eli%odl@(m )] <EL}nf 3 4by o dy( (t),yt)]JrE[ 2T In(|Ex])| .

€41

Thus,

[
Mﬂ
,_.
O
&
$
~
|
I
=
’ﬂ

S apieon)

gE_mf Sy o di(E(2), y )1+E[ 2T1n(|53|)]

|Feés

<E qulodl(EB%*(xt),yt)] +E V2T n((Es])|

In the last step, we used the fact that for all b € {0,1}" and f € F, E, of € b
Py

It now suffices to upperbound E [ZtT:l o dl(EB,qﬁg (x4), yt)} We use the same notation
used to prove Theorem 6, but for the sake of completeness, we restate it here. Given an
online learner A for ¢, an instance x € X, and an ordered sequence of labeled examples
L e (X x[0,1]%)*, let A(z|L) be the random variable denoting the prediction of .4 on the
instance z after running and updating on L. For any b € {0,1}7, f$, € F&y, and t € [T,
let qu = {(@;, (yi, fS ) (x;))) 1 < t and b; = i} denote the subsequence of the sequence of

labeled instances {(z;, (i, fs'x (z:))) Y21 where b; = 1. Using this notation, we can write

M=

T
E Z Y10 dl(EB#)g (1), yt)‘| =E Y1 ody (Al(fl?t|L§<t)a yt)]
t=1

1 - 1
)
—_

T P|B, =1

= ;1/)1 o dl(Al(It|LB<t) yt)ﬂD{Bt:]]
T & *

= ﬁ ; |:w1 o dl(A1<xt|LJ;<t)’yt)]P [Bt - 1]:|
T T *

T8 Z: [% o dy(Ar(wi| L., ), yr) 1{ By = 1}} '

To see the last equality, note that the prediction A(azt|L§<t) (and therefore A, (a;t\qu))
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only depends on bitstring (Bj, ..., B;_1) and the internal randomness of A, both of which

are independent of B;. Thus, we have

E [1/)1 °© dl(A1($t|L§<t)a ye) I{ By = 1}} =E {1#1 ° dl(Al(xt’L]l;:t)a yt)} E[1{B; = 1}]
=E Wl o dy (A (x| LE_,), yt)} P[B, = 1]

as needed. Continuing onwards,

T T [ZL x
E [Z (e d1(EB,¢§ (%&)ﬁ%)] = ﬁE Z¢1 o dl(Al(xt‘LJ;q)’yt)]l{Bt - 1}]
t=1 Lt=1
7 | .
= ﬁE “;11/11 Od1<A1($t|L£<t>7yt)
< LE| S qA@ILE), (o fi ()
- ﬁ | t:Bi=1 J:t Bei)r \Yts Jo:k (Tt
| o
— 7[@ Z /(A xt|LB<t) (?Jt;fQ;’K(It)))‘B
T t:By=1
T
< Tu| S w0 e + Ra0BD
T Li:Bi=1
T T
= ﬁE tBEt:lf ynfz K(It))) + W]E [Ra(|B])]

The first inequality follows from the definition of ¢. The second inequality follows from
the fact that A is an online learner for ¢ with regret bound R4(7") and is updated on the

stream labeled by fy» only when B; = 1. Now, we can upperbound the first term as follows:
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The first inequality follows from the fact that 1, is L-Lipschitz and d;(fF(z:), fi®(z)) <
a. Putting things together, we find that,

T
E Z% odi(Q(x¢), yr)
t=1

| /\

ZZ: 10 dy( B¢fB*($t)7yt)]+E{ 2Tln(|5B|)]

[\
M’ﬂ

o dy(Fr(z)u) + KT Lo + ;;E (RA(B)] + E [ oT ln(|53])}

-
Il

1

T

T

\/2TK|B|111(2)] |

where the last inequality follows from the fact that that |Eg| < (2 )K 1Bl and the definition

of f*. By Jensen’s inequality, we further get that, E [,/2TK|B| In(2 )| < < \/2TAH K In(2 (2),

which implies that
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T
B> viodi(Qe),u)

. T T 2
< inf 3 vrodi(fiw).w) + KTLa+ 75 [Ra(1B])] + ¢2Tﬂ+1mn<a>

Next, by Lemma 4, there exists a concave sublinear function R4(|B|) of |B| that upper-
bounds R4(|B|). By Jensen’s inequality, we obtain E[R4(|B]|)] < R4(T"”), which yields

E Ej bro dl(g@),yt)]

d T 2
< inf Zwl o dl(fl(.flft), yt) + KTLo + ﬁR.A(TB) + \/QTBJFIKIH()

her i «Q

1

Picking o = =7

and 5 € (0,1), gives that Q enjoys sublinear expected regret:

E [Zl do ch(@(sct),yt)] it S o dy (i) g

her i

T _
< 1+ 5 Ra(T) + VAT K In(KTL).

This completes the proof as we have shown that Q is an online learner for F; with respect
to ¢1 @) dl.
[ |

2.4.4.2 A More General Characterization of Learnability for Decomposable

Losses

Theorem 11 characterizes the learnability of multioutput function classes F with respect
to decomposable loss functions ¢ in terms of the learnability of F; with respect to ¥y o d;.
Similar to the batch setting, we can remove 15, and characterize the learnability of F with
respect to £ in terms of the learnability of F,’s with respect to d;. However, to do so, we
need to an place additional assumption on the decomposable loss function ¢. Theorem 12

below summarizes the main result of this section.

Theorem 12. Let ¢ be any decomposable loss function satisfying Assumptions 1 and 2. A
multioutput function class F C V¥ is online learnable with respect to ¢ if and only if each

Fi C V¥ is online learnable with respect to d .
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The main tool needed to prove Theorem 12 is Lemma 6, which relates the online learnabil-
ity of a scalar-output function class H C [0, 1] with respect to ¥ od; to its online learnability
with respect to dy, where 1 is any monotonic, Lipschitz function such that ¢(0) = 0. The
proof of Lemma 6 can be found in Appendix A.8.

Lemma 6. Let ¢ : R>g — R be any monotonic and Lipschitz function such that 1(0) = 0.
A scalar-valued function class G C [0,1]% is online learnable with respect to 1 o dy, if and

only if G is online learnable with respect to d;.

Note that for every 1 < p < oo and x > 0, ¢(x) = 2P is a monotonic increasing, Lipschitz
function. Therefore, Lemma 6 shows that online learnability with respect to d, is equivalent
to online learnability with respect to d;. Combining Assumption 2, Theorem 11, and Lemma
6 immediately gives Theorem 12. Since the Sequential Fat Shattering dimension characterizes
online learnability with respect to the absolute loss, Theorem 12 further implies that for any
decomposable loss satisfying Assumptions 1 and 2, the finiteness of fat>**(F;) for all k € [K]

and v > 0 is a sufficient and necessary condition for online multioutput learnability.

2.4.4.3 Characterizing Learnability of Non-Decomposable Losses

In this section, we characterize the online learnability of multioutput function classes F for a
natural family of non-decomposable losses, £, norms for 1 < p < co. We prove an analogous
theorem to Theorem 5, by relating the online learnability of F with respect to ¢, to the
online learnability of each Fj with respect to d;. We note that the proof of only uses the
fact that ¢, norms are equivalent (up to a K dependent constant) to the ¢; norm. Since any
two norms in a finite dimensional space are equivalent, Theorem 13 actually holds true for

any norm in R, But we only consider £, norms here due to their practical importance.

Theorem 13. Let 1 < p < 0co. A function class F C Y is online learnable with respect to

C, if and only if each Fy, C Vi is online learnable with respect to dy .

By Theorem 11, F is online learnable with respect to ¢; if and only if each restriction Fj
is online learnable with respect to d;. Thus, to prove Theorem 13 it suffices to show that
JF is online learnable with respect to ¢, if and only if F is online learnable with respect to
¢y for p > 1. At a high-level, the proof Theorem 13 follows a similar route as the proof of
Theorem 5: convert an agnostic learner for F into a realizable learner for F* and then use

realizable-to-agnostic conversion for F¢.

Proof. Fix p > 1. By the argument above, it suffices to show that F is online learnable with
respect to ¢, if and only if F is online learnable with respect to ¢;. We begin by proving
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sufficiency - if F is online learnable with respect to ¢, then F is online learnable with respect
to 0.

Let A be an online learner for F with respect to ;. Our goal is to construct an online
learner Q for F with respect to £,. We assume an oblivious adversary, and therefore the
stream of points to be observed by the online learner Q, denoted (x1,1), ..., (zr,yr) €
(X x [0,1]%)T, is fixed beforehand. Let f* = argmin,.z >/, ,(f(x¢),4) also denote the
optimal function in hindsight with respect to the ¢, loss.

Our strategy follows three steps. First, we show that A is a realizable online learner
for F* with respect to £,. Then, since |im(F*)| < (2)¥ < oo is finite and ¢, is a 1-
subadditive (by triangle inequality), Theorem 6 allows to convert the realizable online learner
A for F* with respect to ¢, into an agnostic online learner Q for F* with respect to ¢,.
Finally, for an appropriately selected discretization parameter «, we show that Q is also
an agnostic online for F with respect to ¢,, which completes the proof. To that end, let
(1, fo(x1)), ..., (x, f*“(x7) denote a (realizable) sequence of instances labeled by some

function f** e F*. Since || ||, < || - ||, for ¢ > p, we have that

E[zlepm(xt) )| <E zel = ()

Since A is an online learner for F with respect to ¢;, we get,

T
E Zgl(/ul’t), .Z't
t=1

< mf Zﬁl Uxy)) + Ra(T) < aKT 4+ RA(T)

where R4(T) is the regret of online learner A. Combining things together, we have that

B [ 6A). ()| < KT + Ra(T),

showing that A is a realizable online learner for 7* with respect to ¢, for a small enough
. Now, since [im(F®)| < (2)X < oo is a finite, ¢, is a 1- subadditive loss function, and A
is a realizable online learner, for any § € (0,1), Theorem 6 gives an agnostic online learner

Q for F* with respect to ¢, with the following regret guarantee over the original stream

(551, yl), ey (ZUT, yT)3

T _ 2
inf Ze ) + ﬁ(aKTﬁ + RA(T?)) + K\/2T5+1Kln(),

B faefa a
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where a KT? + R4(T?) is any concave sublinear upperbound of a KT? + R4(T?). We also
use the fact that the function T — «aKT? is a concave sublinear function of 7" and the
sum of two concave functions is itself a concave function. Noting that £,(f*(z¢),y:) <

Co(f(xe), ye) + L (f(r), fze)) < Cp(f(2e), ) + KK, gives

E [i (00|

T — 2
< inf Y 0,(f(ze),y) + KT + ﬁ(aKTﬂ + RA(T?)) + K\/2Tﬁ+1Kln().

(07

Combining like terms together, we have

[Zf (2), )

T 2
< }2226 (20), ) +20KT + 5 Ra(T7) + K\/QTBHKln().

«
Finally, picking a = 5 KT gives that
ZE ), y:)| — inf Z€ (xe),y) <14 ERA(Tﬁ )+ K\/2T5+1Kln(4KT)
feF = T8

Since R 4(T") is sublinear in 7% and 3 € (0,1), Q enjoys sublinear expected regret. Thus,
we have shown that Q is also an agnostic online learner for F with respect to £,,.

The reverse direction follows identically and uses the fact that for any p > 1, || - ||, <
|- |l < K| ||p- In particular, using the exact same argument, we can show that if A is an
online learner for F with respect to ¢, then A is also a realizable online learner for ¢ with

respect to 1 with expected regret bound:

< aK>T + KR(T).

E [g (A, £ (22))

< KE [z £,(A(ze), 7 (20))

t=1

Using A as the realizable learner in Theorem 6, for any 5 € (0, 1), picking o = m
gives a regret bound:
d KT
Z ~ inf Zel (), 90) < 14 75 Ral(T”) + K\/2T%H1 K In(4K?T),
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where R 4(T”) is any concave sublinear upperbound of R4(T*). Since 3 € (0,1), Q is an
online learner for F with respect to ¢; as needed. This completes the proof of Theorem
13. |

Remark. As with decomposable losses, Theorem 13 also implies that for any ¢, norm loss,
the finiteness of fat>™(Fy), for all k& € [K] and fixed v > 0, is a sufficient and necessary

condition for online multioutput learnability.

2.5 Discussion

In this chapter, we give a characterization of multioutput learnability in four settings: batch
classification, online classification, batch regression, and online regression. In all four set-
tings, we show that a multioutput function class is learnable if and only if each restriction is
learnable. All of our bounds in this paper scale with K, preventing our current techniques
from extending to the case when K is infinite. Chapter 5 discusses partial results for the
regime K — oo for linear function classes, while Chapter 4 shows how similar character-
izations can be extended to general target spaces and loss functions in the online setting.
Extending such characterizations to the case K — oo in the batch setting remains an open

problem.
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CHAPTER 3

Online Learning with Set-Valued Feedback

In this chapter!, we study a variant of online multiclass classification where the learner
predicts a single label but receives a set of labels as feedback. Recall that, in the standard
online multiclass classification setting, a learner plays a repeated game against an adversary.
In each round ¢ € [T, the adversary picks a labeled example (zy,y;) € X x ) and reveals the
unlabeled example x; to the learner. The learner observes z; and then makes a prediction
9 € Y. Finally, the adversary reveals the true label y; and the learner suffers the loss
1{9: # y:} [Littlestone, 1987, Daniely et al., 2011].

In practice, however, there may not be a single correct label y € ), but rather, a collection
of correct labels S C ). For example, in online multilabel ranking, the learner is tasked with
ranking a set of labels in terms of their relevance to an instance. However, as feedback, the
learner only receives a bitstring indicating which of the labels were relevant. This feedback
model is standard in multilabel ranking since obtaining the full ranking is generally costly
[Liu et al., 2009]. Since, for any given bitstring, there can be multiple rankings that correctly
place relevant labels above non-relevant labels, the learner effectively only observes a set of
correct rankings. Beyond ranking, other notable examples of set-valued feedback include
multilabel classification with a thresholded Hamming loss, where the learner is only penalized
after misclassifying a certain number of labels, and real-valued prediction where the response
is an interval on the real line [Diamond, 1990, Gil et al., 2002, Huber et al., 2009]. Even
more generally, one can equivalently represent the ground truth label as a collection of
elements from the prediction space for any learning problem with the 0-1 loss where there is
an asymmetry between the prediction and label space.

Motivated by online multilabel ranking and other natural learning problems, we study
a variant of online multiclass classification where in each round ¢ € [T, the learner still

predicts a single label g, € ), but the adversary reveals a set of correct labels S; € S(Y),

IThis chapter is based on: Vinod Raman*, Unique Subedi*, and Ambuj Tewari (2024). Online Learning
with Set-Valued Feedback. Conference on Learning Theory (COLT).
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where S()) C 2Y is an arbitrary set system. The learner suffers a loss if and only if §; ¢ S;.
Given a hypothesis class H C Y%, the goal of the learner is to output predictions such that
its regret, the difference between its cumulative loss and the cumulative loss of the best-fixed
hypothesis in hindsight, is small. The class H is said to be online learnable if there exists
an online learning algorithm whose regret is a sublinear function of the time horizon T

Given a learning problem (X', Y, S(Y), H), what are necessary and sufficient conditions for
‘H to be online learnable? For example, under single-label feedback (multiclass classification),
the online learnability of a hypothesis class H C Y7V is characterized by the finiteness of
a combinatorial parameter called the Littlestone dimension [Littlestone, 1987, Ben-David
et al., 2009, Daniely et al., 2011]. Analogously, is there a combinatorial parameter that
characterizes online learnability under set-valued feedback? Motivated by these questions,
we make the following contributions.

(1) We show that under set-valued feedback, deterministic and randomized learnability are
not equivalent even in the realizable setting. This is in contrast to online learning with
single-label feedback, where there is no separation between deterministic and random-
ized realizable learnability [Littlestone, 1987, Daniely et al., 2011]. Additionally, we
show deterministic and randomized realizable learnability are equivalent if the Helly

number, a parameter that arises in combinatorial geometry, of S(}) is finite.

(2) In light of this separation, we give two new combinatorial dimensions, the Set Little-
stone and Measure shattering dimension, and show that they characterize deterministic

and randomized realizable learnability respectively.

(3) Moving beyond the realizable setting, we show that the Measure Shattering dimension
continues to characterize agnostic learnability. This implies an equivalence between

randomized realizable learnability and agnostic learnability.

(4) Finally, as applications, we use our results to bound the minimax expected regret for
three practical learning settings: online multilabel ranking, online multilabel classifi-

cation, and real-valued prediction with interval-valued response.

To prove the separation in (1), we identify a learning problem where every determin-
istic learner fails, but there exists a simple randomized learner. As for our combinatorial
dimensions in (2), the Set Littlestone and Measure shattering dimensions are defined using
complete trees with infinite-width. This is in contrast to much of the existing combinatorial
dimensions in online learning. To prove that the Set Littlestone dimension is sufficient for de-
terministic realizable learnability, we extend the Standard Optimal Algorithm for single-label

to set-valued feedback. On the other hand, to prove that the Measure shattering dimension
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is sufficient for randomized realizable learnability, we adapt the recent algorithmic chain-
ing technique from Daskalakis and Golowich [2022]. Lastly, our construction of an agnostic
learner in (3) uses a non-trivial extension of the adaptive covering technique introduced in
Hanneke et al. [2023].

3.1 Related Works

There is a rich history of characterizing online learnability in terms of combinatorial dimen-
sions. For example, Littlestone [1987], Ben-David et al. [2009] proved that the Littlestone
dimension characterizes online learnability in binary classification. Studying optimal ran-
domized learnability, Filmus et al. [2023] proposed the Randomized Littlestone and showed
that it characterizes optimal regret bounds for randomized learners in the realizable setting.
Daniely et al. [2011], Hanneke et al. [2023] show that the Littlestone dimension continues to
characterize online learnability in the multiclass classification setting. Recent work by Moran,
Sharon, Tsubari, and Yosebashvili [2023] showed that a modification of the Littlestone di-
mension characterizes list online classification, the “flip” of our setting where the learner
outputs a set of labels, but the adversary reveals a single label. In addition, Daniely and
Helbertal [2013] showed that the Bandit Littlestone dimension characterizes online learnabil-
ity when the adversary can output a set of correct labels, however, the learner only observes
the indication of whether their predicted label was in the set or not. Moreover, there is a
growing literature on online multiclass learning with feedback graphs [van der Hoeven et al.,
2021, Alon et al., 2015]. In this setting, the learner predicts a single label but observes the
losses of a specific set of labels determined by an arbitrary directed feedback graph. Finally,
the Helly number Helly [1923] has previously been used to characterize proper learning in
both online and PAC settings [Hanneke et al., 2021, Bousquet et al., 2020] and has also

appeared in the literature on distributed learning [Kane et al., 2019].

3.1.1 Relation to List Online Classification

List online classification, studied by Moran et al. [2023], is intimately related to online
classification with set-valued feedback. Indeed, online classification with set-valued feedback
is equivalent to a modified list online classification game, where in each round ¢ € [T]: (1)
the learner picks a label ¢, € Y and constructs a list L, cS (¥) such that g, € S for
every S € Ly, (2) Nature reveals the true set S, € S()), and (3) the learner suffers the loss
1{S; ¢ L;} > 1{; ¢ S;}. However, there are important differences between this “modified”

list online classification game and the “original” list online classification game proposed by
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Moran et al. [2023] when taking S()) to be the label space. First, in the “original” list online
classification game, the learner is allowed to output any finite list of elements in S()). This
is not the case with the “modified” list online classification game. Indeed, the “modified”
list online learner is required to pick any sequence of elements in S())) whose sequence-
wise intersection is not empty. This means that the “modified” list online classification
game can be harder than the “original” list online classification game, for example, when
S()) contains all disjoint sets. On the other hand, the “original” list online classification
game can also be harder than the “modified” list online classification game, for example,
when Ngegy) S # 0. These statements are true even when the sets S; € S(Y) are all finite.
Therefore, the “modified” and “original” list online classification game with label space S())

are incomparable.

3.2 Preliminaries

3.2.1 Notation

Let X’ denote the instance space and (), 0())) be a measurable label space. Let T1())) denote
the set of all probability measures on (), c())). In this paper, we consider the case where )
can be unbounded (e.g. ) = N). Given a measurable label space (Y, 0())), let S()) C o ()
denote an arbitrary, measurable collection of subsets of ). For any set S € S()), we let
S¢ = Y\ S denote its complement. Let H C Y? denote an arbitrary hypothesis class
consisting of predictors h : X — Y. Finally, we let [N] :={1,2,..., N}.

3.2.2 Online Learning

In the online setting, an adversary plays a sequential game with the learner over 7" rounds.
In each round t € [T], an adversary selects a labeled instance (x4, S;) € X x S(Y) and reveals
x; to the learner. The learner makes a potentially randomized prediction g; € Y. Finally, the
adversary reveals the set S, and the learner suffers the loss 1{g; ¢ S;}. Given a hypothesis
class H C Y7, the goal of the learner is to output predictions 9 such that its cumulative loss
is close to the best possible cumulative loss over hypotheses in H. Before we define online
learnability, we provide formal definitions of deterministic and randomized online learning

algorithms.

Definition 5 (Deterministic Online Learner). A deterministic online learner is a determin-
istic mapping A : (X x §()))* x X — Y that maps past examples and the newly revealed
instance x € X to a labely € Y.
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Definition 6 (Randomized Online Learner). A randomized online learner is a deterministic
mapping A : (X x S(Y))* x X — II(Y) that maps past examples and the newly revealed
instance x € X to a probability distribution ji € I1(Y). The learner then randomly samples

a label § ~ [ to make a prediction.

We typically use A(x) to denote the prediction of A on x. When A is randomized, we use
A(z) to denote the random sample § drawn from the distribution that A outputs.

A hypothesis class is said to be online learnable if there exists an online learning algorithm,
either deterministic or randomized, whose (expected) cumulative loss, on any sequence of
labeled examples, (z1,51), ..., (7, St), is not too far from that of best-fixed hypothesis in
hindsight.

Definition 7 (Online Agnostic Learnability). A hypothesis class H C Y7 is online learnable
in the agnostic setting if there exists a (potentially randomized) algorithm A such that its

expected regret

RaT )= s (B[ 1A £ 53| - 10 ¢ 5))

(21,51)5e,(27,ST)

is a non-decreasing, sub-linear function of T.

A sequence of labeled examples {(zy,S;)}L, is said to be realizable by H if there ex-
ists a hypothesis h* € H such that h*(z;) € S, for all t € [T]. In such case, we have

infhe% Zthl ﬂ{h(l't) ¢ St} =0.

Definition 8 (Online Realizable Learnability). A hypothesis class H C Y™ is online learn-
able in the realizable setting if there exists a (potentially randomized) algorithm A such that

its expected number of mistakes

T
Mu(T,H) == Sup E Z H{A(x) & Si}
(-’21751),...,(-'ET,ST) t=1
Jh*eH such that h*(x¢)ESy

is a non-decreasing, sub-linear function of T.

One may analogously define a slightly restricted notion of deterministic realizable learn-
ability by restricting the algorithm A to be deterministic.
3.3 Combinatorial Dimensions

In online learning theory, combinatorial dimensions are often defined in terms of trees, a

basic unit that captures temporal dependence. Accordingly, we start this section by formally
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defining the notion of a tree.

Given an instance space X and a (potentially uncountable) set of objects M, an X-valued,
Me-ary tree T of depth T is a complete rooted tree such that each internal node v is labeled
by an instance x € X and for every internal node v and object m € M, there is an outgoing
edge e indexed by m. We can mathematically represent this tree by a sequence (71, ..., Tr)
of labeling functions 7; : M!~! — X which provide the labels for each internal node. A path
of length T" down the tree is given be a sequence of objects m = (my, ..., myp) € M?T. Then,
Ti(myq, ...,my_1) gives the label of the node by following the path (my, ..., m;_1) starting from
the root node, going down the edges indexed by the m;’s. We let 7; € X denote the instance
labeling the root node. For brevity, we define m-; = (my,...,m;_1) and therefore write
Te(my, ...,my—1) = Ti(m<). Analogously, we let m<; = (my, ..., my).

Often, it is useful to label the edges of a tree with some auziliary information. Given an
X-valued, M-ary tree T of depth T and a (potentially uncountable) set of objects N, we
can formally label the edges of T using objects in A/ by considering a sequence (f1, ..., f1)
of edge-labeling functions f; : M* — N. For each depth t € [T], the function f; takes as
input a path m<; of length ¢ and outputs an object in N. Accordingly, we can think of
the object fi(m<;) as labeling the edge indexed by m; after following the path m.; down
the tree. We now use this notation to rigorously define existing combinatorial dimensions in
online learning.

We begin with the Littlestone dimension, which is known to characterize binary/multiclass
online classification, where S(Y) = {{y} : y € V}.

Definition 9 (Littlestone dimension [Littlestone, 1987, Daniely et al., 2011]). Let T be a
complete, X-valued , {&1}-ary tree of depth d. The tree T is shattered by H C Y™ if there
exists a sequence (f1,..., fa) of edge-labeling functions f, : {£1}* — Y such that for every
path o = (0y,...,04) € {£1}¢, there exists a hypothesis h, € H such that for all t € [d],
ho(Ti(o<t)) = fi(o<t) and fi((0<t,—1)) # fi((0<t,+1)). The Littlestone dimension of H,
denoted 1.(H), is the mazimal depth of a tree T that is shattered by H. If there exists
shattered trees of arbitrarily large depth, we say L(H) = oo.

A natural extension of the Littlestone dimension to set-valued feedback is to (1) replace
the two differing labels on the edges of the Littlestone tree with two disjoint sets in S())
and (2) require that for every path down the tree, there is a hypothesis whose outputs on
the sequence of instances lie inside the sets labeling the sequence of edges. In fact, one can
even consider trees with more than two outgoing edges. Such combinatorial structures have
been previously studied to characterize online learnability under bandit feedback [Daniely
and Helbertal, 2013] and list classification [Moran et al., 2023].
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Along this direction, Definition 10 considers complete trees where each internal node
has p outgoing edges. Each outgoing edge is labeled by a set in S()) with the additional
constraint that the mutual intersection of the p sets labeling the p edges has to be empty.
Finally, such a [p]-ary is shattered if for every root-to-leaf path down the tree, there exists
a hypothesis whose outputs on the sequence of instances lie in the sets labeling the edges

along the sequence.

Definition 10 (p-Set Littlestone dimension). Let T be a complete X -valued, [p|-ary tree of
depth d. The tree T is shattered by H C Y7V if there exists a sequence (fi, ..., f4) of edge-
labeling set-valued functions f, = [p]" — S(V) such that for every path ¢ = (q1, ..., qq) € [p]*
we have Niepy fi((q<t, 1)) = O and there exists a hypothesis hg € H such that hy(Te(q<t)) €
fi(g<t) for all t € [d],. The p-Set Littlestone dimension of H denoted SL,(H,S(Y)), is the
mazximal depth of a tree T that is shattered by H. If there exists shattered trees of arbitrarily
large depth, we say SL,(H,S(Y)) = cc.

When it is clear from context, we drop the dependence of S(Y) and only write SL,(H).
Note that if p; > po, then SL,, (H) > SL,,(H). It is not too hard to see that the finiteness
of SL,(H) for every p > 2 is a necessary condition for online learnability. For many natural
problems (see Theorem 14 and Section 3.6), the finiteness of SL,(#) for every p > 2 is also
sufficient for online learnability. However, Example 1 shows that the finiteness of SL,(#)

for every p > 2 is actually not sufficient.

Example 1. Let Y =N, S(Y) = {A°: A C N, |A| < oo}, and suppose H = {x — y:y € YV}
is the class of constant functions. First, we claim that SL,(H) =0 for allp > 2. Fiz p > 2
and let Sy,...,S, € S(Y) denote an arbitrary sequence of p sets. For each i € [p], let
A; be the finite set such that S; = AS. Then, N1 S; = N, AY = (U, A)° # 0 since
|U_y A;j| < oco. Thus, SL,(H) = 0 because it is not possible to find p sets in S()) whose
mutual intersection is empty. Since p is arbitrary, this is true for every p > 2. Next, we
claim that H is not online learnable. This follows from the fact that for every e € [0, 1]
and measure p1 € 11(Y), there exists a finite set A, C N such that u(A,) > €. Suppose for
the sake of contradiction this is not true. That is, there exists an € € [0,1] and a measure
te € TI(Y) such that for all finite sets A C N, we have pu.(A) < e. For every i € N, let
N; ={1,2,...,i} denote the first i natural numbers. Note that u.(N;) < e and that {N; }ien is
a monotone increasing sequence of finite sets such that lim;_,.. N; = N. Therefore, we have
that 1 = p(N) = pe(lim;_ oo N;) = lim;_, e (N;) < €, a contradiction. Accordingly, for any
e € [0,1], no matter what measure fi; the algorithm picks to make its prediction in round t,
there always exists a finite set Ay, such that fu(Ap,) > €. Since |Ap,| < oo, we know that
Af, € S(Y). Thus, there is always a strategy for the adversary to force the learner’s expected
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loss to be at least € in each round t € [T]. On the other hand, since for any sequence of
sets S1,..., St € S(Y), we have that N_,S; # 0, there exists a hypothesis h, € H such that
hy(x) € S; for allx € X and t € [T]. Thus, every stream is realizable by H. Accordingly, for
every e € [0,1], the expected regret of any online learner in the realizable setting is at least
eT'.

Example 1 shows that, in full generality, one might need to go beyond trees with finite
width in order to characterize online learnability with set-valued feedback. Using this ob-
servation, we define two new combinatorial dimensions, the Set Littlestone and Measure
shattering dimension, whose associated trees can have infinite-width. In Section 3.4, we
show that the Set Littlestone dimension (SLdim) tightly characterizes the online learnability

of H by any deterministic online learner in the realizable setting.

Definition 11 (Set Littlestone dimension). Let T be a complete X-valued, YV-ary tree of
depth d. The tree T is shattered by H C Y™ if there exists a sequence (fi, ..., f4) of edge-
labeling set-valued functions f; : Y' — S(Y) such that for every path y = (y1,...,ya) € V¢,
we have y; ¢ fi(y<:) and there exists a hypothesis h, € H such that hy(T{(y<t)) € fi(y<:¢) for
all t € [d]. The Set Littlestone dimension of H, denoted SL(H,S(Y)), is the mazimal depth
of a tree T that is shattered by H. If there exists shattered trees of arbitrarily large depth,
we say SL(H,S(Y)) = oo.

On the other hand, we show that the Measure Shattering dimension (MSdim) character-
izes the online learnability of H by any randomized online learner in both the realizable and
agnostic settings under set-valued feedback. We note that the Measure Shattering dimension
is similar to the sequential fat-shattering dimension in the sense that it is a scale-sensitive,

and therefore defined at every v > 0.

Definition 12 (Measure Shattering dimension). Let T be a complete X -valued, 11(Y)-ary
tree of depth d, and fir v € (0,1]. The tree T is vy-shattered by H C Y~ if there exists
a sequence (f1, ..., f4) of edge-labeling set-valued functions f; : TI(Y)" — S(I) such that for
every path = (1, ..., pta) € IH(P)?, we have p(fi(p<t)) < 1—7 and there exists a hypothesis
h, € H such that h,(T(1<t)) € fi(p<s) for all t € [d]. The Measure Shattering dimension
of H at scale 7y, denoted MS,(H,S(Y)), is the mazimal depth of a tree T that is y-shattered
by H. If there exists y-shattered trees of arbitrarily large depth, we say MS,(H,S(Y)) = oc.
Analogously, we can define MSo(H,S(Y)) by requiring strict inequality, p(fi(p<)) < 1.

As with most scale-sensitive dimensions, MSdim has a monotonicity property, namely,
MS,, (H) < MS,,(H) for any 72 < ;. This follows immediately upon noting that for any
A € §(Y), we have u(A) < 1 -9 < 1 — . Thus, a tree shattered at scale v; is also

shattered at scale 5.
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3.3.1 Relations Between Combinatorial Dimensions

In this section, we show how the p-SLdim, SLdim, and MSdim are related under various
conditions on the problem setting. One natural case is when the set system S()) has
finite Helly number, a quantification of the following property: every collection-wise disjoint

sequence of sets in §()) contains a small collection-wise disjoint subsequence of sets.

Definition 13 (Helly Number of S(Y)). The Helly number of S(¥V) C o()), denoted
H(S(Y)), is the smallest number p € N such that for any collection of sets C C S())
where Ngee S = 0, there is a subset C' C C of size at most p where Ngeer S = 0.

We say that S()) is a Helly space if and only if H(S(Y)) < oco. The Helly property
captures many practical learning settings. For example, when )Y is finite, any collection
S(Y) C o()) is a Helly space. However, Helly spaces are more general and capture situations
where ) can be uncountably large. For example, if ) = [0,1] and S(Y) = {[a,b] : 0 <
a < b < 1} is the set of all intervals in ), then the celebrated Helly’s theorem states
that H(S(Y)) = 2 [Radon, 1921]. In Section 3.6, we give even more examples of natural
settings where H(S())) < oco. In this work, we use the Helly number of S()) to establish a

relationship between the combinatorial dimensions defined above.

Theorem 14 (Structural Properties). For S(Y) C o(Y) and H C Y, we have
(i) SLy(H) < MS,(H) < SL(H) for allp > 2 and vy € [0, ].
(it) If p=H(S(Y)) < oo, then SL,(H) = MS,(H) = SL(H) for all v € [0, ]%]

The proof of Theorem 14 is found in Appendix B.1. The key idea in the proof of (ii) is that
when S()) is a Helly space, we can “compress” the infinite-width trees in the definition of
SLdim and MSdim to finite-width trees used in the definition of p-SLdim. Perhaps the most
important implication of these relations is that when S()) is a Helly family, deterministic and
randomized realizable learnability are equivalent and characterized by the same dimension.
Thus, as we show in Section 3.4.1, the separation between randomized and deterministic
realizable learnability only occurs when H(S())) = oco. We leave it as an open question

whether the finiteness of H(S())) is necessary for this equivalence.
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3.4 Realizable Setting

3.4.1 A Separation Between Deterministic and Randomized

Learnability

We first show that unlike in online multiclass learning with single-label feedback, determinis-
tic and randomized learnability are not equivalent under set-valued feedback. We note that
Hanneke and Yang [2023], Hanneke et al. [2021] show a similar separation in the context of

bandit learnability and proper online learnability.

Theorem 15 (Deterministic Learnability Z Randomized Learnability). There exists a ),
S(Y) and H C Y* such that in the realizable setting (i) H is online learnable, however (ii)

no deterministic algorithm is an online learner for H.

Proof. Let Y = N and S(Y) = {4, }yey where A, = N\ y. Let H = {h, : y € N} be the set
of constant functions. That is, hy(x) =y for all z € X.

Let A be any deterministic online learner for H and 7' € N be the time horizon. We
construct a realizable stream of length 7" such that 4 makes a mistake on each round.
Without loss of generality, we let the adversary play after A since A is deterministic. To
that end, pick any sequence of instances {z;}._, € X7 and consider the labeled stream
{(z4, Aagy) }i1, where A(z;) denotes the prediction of A in the ¢'th round. By definition
of A,, we have >/ 1{A(z;) ¢ Aa@,} = T. Moreover, since T is finite, it also holds that
Niei Aa@y # 0. Thus, there exists h, € H such that for all ¢t € [T], hy(z;) € Ay,
showing that the stream {(x;, Aa(s,))}{_1 is indeed realizable. Since A is arbitrary, every
deterministic algorithm fails to learn H under set-valued feedback from S()).

We now give a randomized online learner for ‘H that achieves sub-linear regret for any
sequence of instances labeled by sets from S(Y). Let {(x, S¢)}_; € (X x S(V))T denote the
stream of instances to be observed by the randomized online learner. Consider a random-
ized learner A that in each round samples uniformly from {1,...,7'}. Then, A’s expected

cumulative loss satisfies
T T T T
E|> 1{A@) ¢ 5} = Y PAm) ¢S] = Y P[5 = Auey| <37 =1,
t=1 t=1 t=1 t=1

where we have used the fact that A(x,) ¢ S; iff the adversary exactly picks the set Sy = A 4(z,)-
Thus, A achieves a constant regret bound, showcasing that it is an online learner for H under
set-valued feedback from S()). This completes the overall proof as we have given a learning

setting that is online learnable, but not by any deterministic learner. |
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3.4.2 Deterministic Learnability

Given that deterministic and randomized online learnability are not generally equivalent, we
show that the SLdim tightly characterizes deterministic online learnability in the realizable

setting.

Theorem 16 (Deterministic Realizable Learnability). For any S()) C o(Y) and H C Y7,
we have infDeterministic.,él MA(T7 H) = SL(H)

Our proof of the upperbound on the optimal M 4(7T,H) is constructive. We show that
Algorithm 7 makes at most SL(H) mistakes in any realizable stream by generalizing the
arguments by Littlestone [1987]. To prove the lowerbound on M4 (7', H) for any deterministic
algorithm 4, we construct a difficult stream by traversing the shattered tree of depth SL(#)
adapting to A’s predictions. Both proofs can be found in Appendix B.2.

Algorithm 7 Deterministic Standard Optimal Algorithm
1: Initialize Vo = H
2: fort=1,...,7T do
3: Receive unlabeled example x; € X.

4: For each A € §()), define V;_1(A) :={h € V;_1 | h(x;) € A}.
50 Let (V) :={AeSQ): An{h(x) | h e Vi1} # 0}.
6: if SL(V;_1) > 0 then
7 Predict §; = arg min, ¢y, maxacsy) SL(Vi-1(4)).
A
8: else v
9: Predict gt S nAeSt(y) A.
10: end if
11: Receive feedback S; € §;()) and update V; = V;_1(.Sy).
12: end for

Remark. We highlight that Algorithm 7 generalizes the classical Standard Optimal Algo-
rithm. In fact, if S(¥) = {{y} : y € YV} then Algorithm 7 reduces exactly to the classical
Standard Optimal Algorithm from Littlestone [1987] and SLdim reduces to the Ldim. More-
over, when S(Y) = {Y\ {y} : vy € Y}, Algorithm 7 reduces to the Bandit Standard Optimal
Algorithm from Daniely et al. [2011] and SLdim reduces to the Bandit Littlestone dimension.

3.4.3 Randomized Learnability

Next, we characterize randomized online learnability in the realizable setting. The proof of

Theorem 17 can be found in Appendix B.3.

61



Theorem 17 (Randomized Realizable Learnability). For any S(Y) C o(Y) and H C V¥,

1
sup v MS,(H) < inf M4(T,H) < C inf {7T+ / MSn(’H)dn}
~€(0,1] A v€(0,1] v

where C' > 0 is some universal constant. Moreover, both the upper and lowerbounds can be

tight in general up to constant factors.

Using Theorem 14, it follows that M 4(7,H) = ©(SL(H)) whenever H(S())) < oco. We
highlight that the upperbound can be tight up to logarithmic factors in 7. If S(}) is a set
of singletons, then we have MSy(H) = L(#H). Thus, the upperbound reduces to L(H), which
matches the known lowerbound of L(#)/2 in the realizable multiclass classification [Daniely
et al., 2011]. Example 2 shows that the lowerbound of sup.,., v MS,(#) can be tight in the
realizable setting.

To achieve our upperbound, we first construct a randomized online learner running at
a fixed scale v € (0,1), whose expected cumulative loss, in the realizable setting, is at
most yI' + MS,(#). Then, we upgrade this result by adapting the algorithmic chaining
technique from Daskalakis and Golowich [2022] to give a randomized, multi-scale online
learner in the realizable setting. Our lowerbound is obtained by traversing the tree of depth
MS,(#H) adapting to the distributions that the algorithm produces to make its randomized
predictions.

We conclude this section by showing that the Helly number of S()) is a sufficient condi-
tion for deterministic and randomized learnability to be equivalent in the realizable setting.

Corollary 1 follows directly upon using Theorems 14(ii), 16, and 17.

Corollary 1 (Deterministic Learnability = Randomized Learnability for Helly Families).
Let S(Y) C o(Y) such that H(S(Y)) < oo. Then, in the realizable setting, H C Y is online
learnable via a randomized algorithm if and only if H is online learnable via a deterministic

algorithm.

3.5 Agnostic Setting

In this section, we move beyond the realizable setting, and consider the more general agnostic
setting, where we are not guaranteed that there exists a consistent hypothesis. Our main
theorem shows that the finiteness of MSdim at every scale v > 0 is both a necessary and

sufficient condition for agnostic online learnability with set-valued feedback.
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Theorem 18 (Agnostic Learnability). For any S(Y) C o(Y) and hypothesis class H C Y
where sup, ¢ o1 MS,(H) > 0, we have

inf R (T, H) > max w, sup v MS,(H)
A 8 v€(0,1]

. < i ‘
inf Ra(T,H) < _inf {MSW(H) + 4T + /2 MS, (H) Tln(T)}
Here, the upper and lowerbounds can be tight in general up to constant factors. Moreover,

when sup, (o1 MS,(H) = 0, there is no non-negative lowerbound.

Using Theorem 14, it follows that R4(T,H) = ©(v/T) whenever H(S(Y)) < oo and
SL(#H) < oco. We highlight that the upper bound can be tight up to logarithmic factors in
T. If S(Y) is a set of singletons, then we have MSy(H) = L(H). Thus, the upper bound
reduces to L(H) + \/ 2 L(H) T In(T'), which matches the known lower bound of /L(H)T/8

in the agnostic multlclass classﬁcatlon [Daniely et al., 2011]. The following example shows

that the lower bound cannot be improved in general.

Example 2. Let Y = {1,2,3,4,5,6}, S(¥V) = {{1,4,5},{2,5,6},{3,4,6}}, and H =
{h1, ha, h3}, where again h; is the hypothesis that always outputs i. Let d = Slo(H) and
d, = MS,(H). Since there are no disjoint sets in S(Y), we trivially have d = 0, reducing
the lowerbound to vy d,. First, we prove that sup, yd, = L This follows from the fact that

3
H(S(Y)) = 3, and therefore, by Theorem 14, for all v € [0,%] we have d, = SL(H) = 1.

'3
Moreover, by the monotonicty property of MSdim, d., < d% =1 forall v > % Thus, it must

be the case sup,.oydy = 3.

Now, we give a randomized online learner whose expected regret is at most Sup.,~,yd, = %
on the worst-case sequence, matching the lowerbound. Consider an online learner A, which
on the round t = 1 predicts by uniformly sampling from {4,5,6}, and on all other rounds
predicts by uniformly sampling from {4,5,6} N S;_1, where S;_1 is the set revealed by the
adversary on round t — 1. Our goal will be to show that A’s expected regret on any sequence

is at most 5. Let {(xy, S))}, denote the stream chosen by the adversary. Then, we have

T 1 T
E Z]l{flxt %St —g‘i‘ZE H{Aﬁt ¢St}|5t7£5t 1]]1{St7£St 1}
t=1 =2
Ll s s 2
3 22 { t7é t—1}7
where the first equality follows from the fact that E[1{A(z1) ¢ Si}] = 3 and

E [1{A(z:) ¢ Si} | St = Si—1] = 0. Moreover, we can lowerbound the expected cumulative
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loss of the best fixed hypothesis as
T T 1T
min > {h(z,) ¢ S} =min) 1{i ¢ S} > 5> 1{S # Sia}
M €l i3 213

Combining the upper- and lowerbound gives that Ra(T, H) < 3.

Remark. An important implication of Theorem 18 is that when H(S())) = 2, a lowerbound
scaling with T' is always possible. However, Example 2 above witnessing the tightness of the
lowerbounds in Theorem 18 shows that this is not the case when H(S(Y)) > 3. Thus, a

sharp phase transition occurs when H(S())) increases from 2 to 3.

3.6 Applications

In this section, we show how online multilabel ranking with relevance-score feedback and
online multilabel classification are special instances of our model of online learning with
set-valued feedback. In Appendix B.5, we also consider real-valued prediction with interval-

valued response.

3.6.1 Online Multilabel Ranking

In online multilabel ranking, we let X denote the instance space, ) denote the set of per-
mutations over labels [K] := {1,..., K}, and R = {0, 1}* denote the target space for some
K € N. We refer to an element r € R as a binary relevance-score vector that indicates the
relevance of each of the K labels. A permutation m € ) induces a ranking of the K labels
in decreasing order of relevance. For an index i € [K], we let * € [K] denote the rank of
label 4. Likewise, given an index i € [K], we let 7 denote the relevance of label 7. A ranking
hypothesis h € H C Y% maps instances in X to a permutation (ranking) in ). Given an
instance € X, one can think of h(x) as h’s ranking of the K different labels in decreasing
order of relevance.

Unlike classification, a distinguishing property of multilabel ranking is the mismatch be-
tween the predictions the learner makes and the feedback it receives. Because of this mis-
match, there is no canonical loss in multilabel ranking like the 0-1 loss in classification. Nev-
ertheless, a natural analog of the 0-1 loss in multilabel ranking is o1 (7, 7) = SUp; je[k] 1{rt <
r7} 1{n" < 7w/}. At a high-level, the 0-1 ranking loss penalizes a permutation 7 if it ranks a
less relevant item above a more relevant item.

Under the 0-1 loss, online multilabel ranking with binary relevance-score feedback is a

specific instance of our general online learning model with set-valued feedback. To see this,
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note that given a relevance score vector r € R, there can be many permutations m € ) such
that ¢o.1(m,7) = 0. Indeed, suppose r = (0, 1,1). Then, both the permutations m; = (3,1,2)
and m = (3,2,1) achieve 0 loss. Thus, an equivalent way of representing r = (0,1,1) is
to consider the set of permutations in ) for which ¢y (7, 7) = 0. To this end, given any
re R, let Y(r) ={m €Y : ly1(m,r) = 0}. Then, note that for every 7 € Y and r € R,
we have lo(m,r) = 1{m ¢ Y(r)}. From this perspective, we can equivalently define the
online multilabel ranking setting by having the adversary in each round ¢ € [T, reveal a set
V(ry) € {Y(r) : € R} = S(Y) instead of the binary relevance score vector r; € R, and
penalizing the learner according to the 0-1 set loss 1{m, ¢ V(r;)}, instead of o (m, 7).

Since online multilabel ranking is a specific instance of our general online learning with
set-valued feedback, our qualitative characterization in terms of the SLdim and MSdim
carry over. Thus, in this section, we instead focus on establishing a sharp quantitative
characterization of online learnability. To do so, we first show that H(S())) = 2. The proof
of Lemma 7 is deferred to Appendix B.5.1.

Lemma 7 (Helly Number of Permutation Sets). Let S(Y) = {V(r) : r € R} where Y(r) =
{me Y :lyi(m,r)=0}. Then, H(S(Y)) = 2.

Since H(S(Y)) = 2, by Theorem 14, we know that for all v € [0, 1], SLy(H) = MS,(H) =
SL(H). Therefore, the SLy(#) characterizes both deterministic and randomized online mul-
tilabel ranking learnability. Moreover, we can use Theorems 16, 17, and 18 to give Corollary
2, a sharp quantitative characterization of online multilabel ranking learnability in both the

realizable and agnostic settings.

Corollary 2 (Online Learnability of Multilabel Ranking). Let ), R, and S()) be defined

as above. For any ranking hypothesis class H C Y* we have

(i) 2208 <inf, Ma(T,H) < SLy(H).

2
(i) /22T < infy Ra(T,H) < SLa(H) + /2 SLa(H) T In(T).

We note that the infimum in Corollary 2(i) is over all algorithms, not just deterministic ones.

Also, observe that the upper- and lowerbounds in Corollary 2 do not depend on |Y| or |R|.

3.6.2 Omnline Multilabel Classification

In online multilabel classification, we let X denote the instance space, and Y = {0, 1}¥ is
the set of all bit strings of length K € IN. Unlike multilabel ranking, instead of predicting a
permutation over [K|, the goal is to predict § € ), which indicates which of the labels are
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relevant. As feedback, the learner also receives a bit string y € ) which gives the ground
truth on which of the K labels are relevant. A multilabel hypothesis h € H C Y* maps
instances in X to a bit string in ).

The most natural loss in multilabel classification is the Hamming loss, defined by
(u(f,y) = XK, 1{)" # y'}. However, when K is very large, evaluating performance using the
Hamming loss might be too stringent. Instead, it might be more natural to consider a thresh-
olded version of the Hamming loss, defined as £y 4(9,y) = 1{lu(9,y) > q} = {9 ¢ B(y,q)},
where ¢ € [K — 1] and B(y,q) = {9 € Y : u(9,y) < ¢} denotes the Hamming ball
of radius ¢ centered at y. The loss ¢y, allows the learner’s prediction § to be incorrect
in at most ¢ different spots before penalizing the learner. By taking J = {0,1}* and
S,(Y) ={B(y,q) : y € Y}, it is not hard to see that online multilabel classification with ¢,
is a specific instance of our general online learning model with set-valued feedback. Thus,
a quantitative characterization of online multilabel classification in terms of SL(H) and
MS, (H) follows immediately from Theorems 16 and 18. The precise statement is provided
in Appendix B.5.3.

In multilabel ranking, we showed that the 2-SLdim, provides a tight quantitative char-
acterization of online learnability without any dependence on K. Such a characterization
in terms of the 2-SLdim, as opposed to SLdim or MSdim, is desirable because it satisfies
the Finite Character Property [Ben-David et al., 2019, Definition 4]. A crucial step in doing
so was showing that the Helly number of the permutation set system is 2, and more im-
portantly, does not scale with K. Along this direction, it is natural to ask whether there
exists a p € N such that the p-SLdim gives a K-free quantitative characterization of online
multilabel classification under ¢z ,. To resolve this question positively it suffices to show
that H(S,())) does not scale with K, as conjectured below.

Conjecture 1 (Helly Number of Hamming Balls). For any K € N and q € [K — 1], we have
that H(S,(Y)) = 29+

In Appendix B.5.3, we partially resolve this conjecture by showing 27! < H(S,(Y)) <

2o (If) + 1. We leave it as an open question to prove a matching upperbound.

Remark. This conjecture was resolved by Alon, Jin, and Sudakov [2024], who proved
a matching upper bound of 27t! after the publication of our work [Raman, Subedi, and
Tewari, 2024a], where these results originally appeared. We keep the conjecture here in its

originally stated form for historical reference.
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CHAPTER 4

A Unified Theory of Supervised Online Learnability

In this chapter!, we study the online learnability of hypothesis classes with respect to
arbitrary, but bounded loss functions. The results in this chapter, in some sense, unify and
generalize four decades of work in online learning theory dating back to Littlestone [1987].
To formally discuss our results, let us first setup the relevant problem of supervised online
learning. In this setting, a learner plays a repeated game against an adversary over T € N
rounds. In each round ¢ € [T, an adversary picks a labeled example (x;,y:) € X x ) and
reveals x; to the learner. The learner observes z;, picks a probability measure j; over the
prediction space Z, and then makes a randomized prediction z; ~ y;. Finally, the adversary
reveals the true label y; and the learner suffers the loss £(y:, 2;), where £ : ) x Z — Ry is
some pre-specified, bounded loss function. For a hypothesis class H C Z¥ known apriori
to the learner, the goal of the learner is to make predictions such that its expected regret,
defined as the difference between the expected cumulative loss of the learner’s predictions
and that of the best-fixed hypothesis in H, is small. We say that a tuple (X,), Z,H, /) is
online learnable if there exists an online learner such that its expected regret is a sublinear
function of T, for any strategy of the adversary.

Given a tuple (X,), Z,H, () one is often interested in answering the following question:

What are necessary and sufficient conditions for (X,Y, Z,H,{) to be online learnable?

For instance, when Z = ) and {(y, z) = 1{y # 2}, online learnability has been characterized
in terms of the Littlestone dimension of H C Z% henceforth denoted as L(#). That is,
H C Z7% is online learnable if and only if L(#H) < oo [Littlestone, 1987, Daniely et al., 2011,
Hanneke et al., 2023]. Similarly, when Z =Y = [—1,1] and {(y, 2) = |y — 2|, the sequential
fat-shattering dimension of H C Z%, denoted sfat. (), characterizes the online learnability
of H. A class H C Z% is online learnable if and only if sfat.(H) < oo at every scale y > 0

[Rakhlin et al., 2015a]. Analogous dimensions for ranking and list learning have also been

!This chapter is based on: Vinod Raman*, Unique Subedi*, and Ambuj Tewari (2025). A Unified Theory
of Supervised Online Learnability. Conference on Algorithmic Learning Theory (ALT).

67



established and shown to characterize online learnability in their respective settings [Raman
et al., 2024a, Moran et al., 2023].

Existing characterizations of online learnability follow three steps. First, one identifies a
combinatorial parameter, like the Littlestone or sequential fat-shattering dimension, whose
finiteness provides an obvious necessary condition. Then, one shows that the finiteness of
such a dimension is sufficient for online learnability under a suitable notion of realizability,
where one places an assumption on the label-generating process. This step involves con-
structing a learning algorithm that computes the combinatorial dimension as a subroutine.
These two steps were first outlined in the seminal work by Littlestone [1987]. Finally, to
complete the proof of sufficiency, the realizable learner is converted into an agnostic learner
using the conversion introduced by Ben-David et al. [2009]. By the end, the finiteness of
the combinatorial dimension is established as both a necessary and sufficient condition for
online learnability.

While this technique has been used to characterize online learnability for specific tuples, a
general characterization for an arbitrary tuple (X,Y, Z,H, () is missing from the literature.
In fact, the only known sequential complexity measure for an arbitrary learning problem is
the sequential Rademacher complexity of the loss class oH = {(x,y) — {(y, h(x)) : h € H}.
In particular, Rakhlin et al. [2015a] show that if the sequential Rademacher complexity of the
loss class £o#H is a sublinear function of 7', then (X', ), Z,H, {) is online learnable. However,
even for natural problems like online multiclass classification [Hanneke et al., 2023] and
linear regression [Raman et al., 2024b], sublinear sequential Rademacher complexity is not

necessary for online learnability.

Our Contributions. In this chapter, we show that the previously outlined procedure for
characterizing online learnability is universal - it works for any learning tuple (X, ), Z,H, ()
as long as ¢ is bounded. In particular, we identify a new scale-sensitive combinatorial dimen-
sion, termed the Sequential Minimax dimension (SMdim), whose finiteness at every scale is
an obvious necessary condition for online learnability. Then, by identifying the right notion
of realizability and providing a new realizable-to-agnostic conversion, we establish that the
finiteness of the SMdim is also sufficient for online learnability. Finally, and perhaps most
surprisingly, we show that the SMdim reduces exactly to existing combinatorial dimensions in
their respective setting. This includes the case where Z = Y, like the Littlestone and sequen-
tial fat-shattering dimensions, as well as the case where Z # ), like the (k + 1)-Littlestone
dimension from Moran et al. [2023] and Measure shattering dimension from Raman et al.
[2024a).

At the highest level of generality, the SMdim may not be insightful as it is an abstract

combinatorial object that cannot be efficiently computed. However, given a specific learning
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problem (X, ), Z,H, {), one can use this object to define more concrete combinatorial objects
that provide better insight into the hardness of learning and the minimax rates. In fact, in
the proof of Theorem 19, our techniques illustrate how one can use tools from discrete
geometry to show that existing combinatorial dimensions are just special instances of the
SMdim. Thus, beyond providing a unification of existing results in online learnability, the
SMdim provides a good starting point for understanding the true complexity of a learning
problem (X, Y, Z,H,{).

4.1 Related Works

Characterizing learnability in terms of complexity measures has a long rich history in statis-
tical learning theory, originating from the seminal work of Vapnik and Chervonenkis [1971].
In online learning, Littlestone [1987] showed that a combinatorial parameter, later named
the Littlestone dimension, provides a quantitative characterization of online binary classifi-
cation in the realizable setting. Twenty-two years later, Ben-David et al. [2009] proved that
the Littlestone dimension also provides a tight quantitative characterization of online binary
classification in the agnostic setting. Daniely et al. [2011] generalized the Littlestone dimen-
sion to multiclass classification and showed that it fully characterizes online learnability when
the label space is finite. Recently, Hanneke et al. [2023] proved that the multiclass exten-
sion of the Littlestone dimension characterizes multiclass learnability under the 0-1 loss even
when the label space is unbounded. In a parallel line of work, Rakhlin et al. [2015a,b] defined
the sequential fat-shattering dimension and showed that it tightly characterizes the online
learnability of scalar-valued regression with respect to the absolute value loss. In addition,
they defined a general complexity measure called the sequential Rademacher complexity and
proved that it upper bounds the minimax expected regret of any supervised online learning
game. In a similar spirit, we define a combinatorial dimension that upper and lower bounds
the minimax expected regret of any supervised online learning game.

The proof techniques in online learning are generally constructive and result in beautiful
algorithms such as Follow The (Regularized) Leader, Hedge, Multiplicative Weights, Online
Gradient Descent, and so forth. In online binary classification, Littlestone [1987] proposed
the Standard Optimal Algorithm and proved its optimality in the realizable setting. Daniely
et al. [2011] and Rakhlin et al. [2015a] generalize this algorithm to multiclass classification
and scalar-valued regression respectively. The idea of the Standard Optimal Algorithm is
foundational in online learning and still appears in more recent works by Moran et al. [2023],
Filmus et al. [2023], and Raman et al. [2024a]. A common theme in these variants of the

Standard Optimal Algorithm is their use of combinatorial dimensions to make predictions.
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Similarly, Rakhlin et al. [2012a] use the sequential Rademacher complexity to directly con-
struct a generic online learner in the agnostic setting. However, their online learner requires
the sequential Rademacher complexity of the loss class to be sublinear in 7', and thus does not
work for arbitrary tuples (X,), Z,H, /). Closing this gap, we define a new scale-sensitive
dimension, named the Sequential Minimax dimension, and use it to give a generic online
learner for any tuple (X, Y, Z,H, ().

Finally, we compare our work to the recent work by Blanchard [2022] on universal online
learning for bounded losses. We highlight three main differences. First, in our setup, there
exists a function class F , and the goal of the learner is to drive the expected regret with
respect to F to 0. In contrast, there is no function class in the work by Blanchard [2022].
Instead, the stream is labeled by some unknown measurable function and the goal is to drive
the average cumulative loss to after placing some restrictions on the sequence of instances
that can be chosen by the adversary. Second, we place no restrictions on the sequence of
instances the adversary may reveal to the learner (the restriction is instead placed on how
the stream is labeled). In contrast, Blanchard [2022] considers a collection of stochastic
processes and restrict the adversary to play a sequence of instances sampled according to
a process from this set. Finally, in our setup, the prediction space and label space may be
different. In contrast, Blanchard [2022] only studies the case where the prediction and label

space are the same.

4.2 Preliminaries

4.2.1 Notation

Let X denote the instance space, ) denote the label space, and Z denote the prediction
space. For a sigma algebra ¢(Z) on the prediction space Z, define II(Z) to be the set of
all distributions on (Z,0(2)). For any set S € o(Z), let S¢ denote its complement. Let
H C Z7% denote an arbitrary hypothesis class consisting of predictors h : X — Z that maps
an instance to a prediction. Given any prediction z € Z and a label y € ), we consider a
loss function ¢ : Y x Z — R>;. We put no restrictions on the loss function ¢, except that
it is bounded, sup, , £(y, 2) < ¢ for some ¢ € R5q. In particular, the loss can asymmetric,
and therefore we reserve the first argument for the label and the second argument for the
prediction. Finally, [N] :={1,2,..., N}.

70



4.2.2 Supervised Online Learning

In the supervised online learning setting, an adversary plays a sequential game with the
learner over 7' rounds. In each round ¢ € [T, the adversary selects a labeled instance
(x4,y;) € X x Y and reveals x; to the learner. The learner picks a probability measure p; €
II(Z) and then makes a randomized prediction z; ~ ;. Finally, the adversary reveals the
feedback y;, and the learner suffers the loss £(y;, z;). Given a hypothesis class H C Z%, the
goal of the learner is to output randomized predictions z; such that its expected cumulative
loss is close to the smallest possible cumulative loss over hypotheses in H.

We follow the convention in online learning literature (see, e.g., Cesa-Bianchi and Lugosi
[2006, Chapter 4] by defining a randomized learner as a sequence of deterministic mappings

to probability distributions.

Definition 14 (Supervised Online Learning Algorithm). A supervised online learning algo-
rithm is a deterministic mapping A : (X x V)* x X — II(Z) that maps past ezamples and
the newly revealed instance x € X to a probability measure p € 11(Z). The learner then

randomly samples z ~ p to make a prediction.

Remark 1. Our definition of supervised online learning algorithm prevents an algorithm
from using the realizations of its past predictions to make future predictions. While this
may seem as a restriction at first, our upper bounds are achievable using online learning
algorithms of exactly this type. Moreover, in Appendiz C.1, we show that our lower bounds
can be generalized to algorithms which can use past realizations of their predictions to make

future plays.

Although A is a deterministic mapping, the prediction z ~ p is random. Restricting the
range of A to be the set of Dirac measures on Z yields a deterministic online learner. When
the context is clear, with a slight abuse of notation, we use A(x) to denote the random
sample z drawn from the distribution that A outputs. We say that H is online learnable

with respect to £ if there exists an online learning algorithm A with “small” expected regret:

RA(T,H ,0) := sup <;E[€(yt,fl(xt))} — }%g{;f(yt,h(ﬂcﬂv .

(Il7yl)""7(mT’yT)

Definition 15 (Supervised Online Learnability). A hypothesis class H C Z% is online
learnable with respect to € if and only if inf g RA(T, H, () = o(T).

Implicit in our definition of expected regret and online learnability is the fact that the

adversary is oblivious — it must pick the entire sequence of examples before the game begins.
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In this paper, we will always assume an oblivious adversary. That said, all our results also
apply to adaptive adversaries given our definition of an online learning algorithm and the
standard conversion of oblivious to adaptive regret bounds (see Exercise 4.1 in Cesa-Bianchi
and Lugosi [2006]).

4.2.3 Combinatorial dimensions

In online learning theory, combinatorial dimensions play an important role in providing crisp
quantitative characterizations of learnability. Formally, we define a combinatorial dimension
as a function D that maps (H,¢) to N U {0,00} and satisfies the following two proper-
ties: (1) H is online learnable with respect to ¢ if and only if D(H,¢) < oo and (2) the
minimax expected regret inf 4 R 4(7T,H,¢) depends only on D(H,¢) and T. In particular,
inf 4 R4(T,H, ¢) should not depend on any other property of the tuple (X,), Z,H, ) such
as | Y| or | Z]. We also allow a combinatorial dimension to take a scale parameter as an input.
That is, a scale-sensitive combinatorial dimension is a function D that maps (H, /) and a
scale v > 0 to NU {0, 00} with the following two properties: (1) H is online learnable with
respect to ¢ if and only if D(#H,¢,v) < oo for every v > 0 and (2) the minimax expected
regret inf 4 R 4(T, H, () can be lower- and upper bounded in terms of 7" and D(#, ¢, -). Our
definition of a combinatorial dimension is similar to the definition given by Ben-David et al.
[2019] with two key differences. In particular, the notion of dimension given by Ben-David
et al. [2019] requires D(H, ¢) to satisfy the finite-character property (see Section 4.5), but
does not require it to provide a quantitative characterization of learnability.

Nevertheless, our definition of dimension also captures all existing combinatorial dimen-
sions in online learning theory, such as the Littlestone and sequential fat-shattering dimen-
sion. These dimensions are typically defined in terms of trees, a basic combinatorial object
that captures the temporal dependence inherent in online learning. Given an instance space
X and a (potentially uncountable) set of objects M, a X-valued, M-ary tree T of depth T
is a complete rooted tree such that (1) each internal node is labeled by an instance z € X
and (2) for every internal node and object m € M, there is an outgoing edge indexed by m.
Such a tree can be identified by a sequence (77, ..., 7Tr) of labeling functions 7; : M~ — X
which provide the labels for each internal node. A path of length T is given by a sequence
of objects m = (my,...,my) € MT. Then, T;(my,...,m;_,) gives the label of the node by
following the path (myq, ..., m;_1) starting from the root node, going down the edges indexed
by the m;’s. We let 71 € X denote the instance labeling the root node. For brevity, we define
me; = (my,...,my_1) and therefore write T;(my,...,my_1) = Ty(m<;). Analogously, we let

m<e = (Mmy,...,my).

72



Often, it is useful to label the edges of a tree with some auxiliary information. Given a
X-valued, M-ary tree T of depth T" and a (potentially uncountable) set of objects N, we
can formally label the edges of T using objects in N by considering a sequence (f1,..., fr)
of edge-labeling functions f; : M* — N. For each depth t € [T], the function f; takes as
input a path m<; of length ¢ and outputs an object in N. Accordingly, we can think of
the object fi(m<;) as labeling the edge indexed by m, after following the path m-; down
the tree. We now use this notation to rigorously define existing combinatorial dimensions in
online learning.

We start with the Littlestone dimension, which is known to characterize binary/multiclass

online classification. In this setting, we take Y = Z and {(y, z) = 1{y # z}.

Definition 16 (Littlestone dimension [Littlestone, 1987, Daniely et al., 2011]). Let T be
a complete, X-valued, {F1}-ary tree of depth d. The tree T is shattered by H C Z% if
there exists a sequence (f1,..., f4) of edge-labeling functions f, : {£1}* — Y such that for
every path o = (o1,...,04) € {F1}¢, there exists a hypothesis h, € H such that for all
t € [d], ho(Ti(o<t)) = filo<:) and fi((0<t, —1)) # fi((0<t, +1)). The Littlestone dimension
of H, denoted 1.(H), is the mazximal depth of a tree T that is shattered by H. If there exists
shattered trees of arbitrarily large depth, we say L(H) = oo.

For online regression, where we take Z = Y = [—1,1] and {(y,2z) = |y — z|, online

learnability is characterized by the sequential-fat shattering (seq-fat) dimension.

Definition 17 (Sequential fat-shattering dimension [Rakhlin et al., 2015a]). Let T be a
complete, X -valued, {£1}-ary tree of depth d and fix v € (0,1]. The tree T is y-shattered by
H C Z% if there exists a sequence (f1, ..., f4) of edge-labeling functions f; : {1} — Y such
that for every path o = (04, ...,0q) € {£1}%, there exists a hypothesis h, € H such that for
all t € [d], oi(ho(Ti(0<t)) — fi(o<t)) = v and fi((0<t, —1)) = fi((0<t,+1)). The sequential
fat-shattering dimension of H at scale v, denoted stat,(H), is the mazimal depth of a tree
T that is y-shattered by H. If there exists ~y-shattered trees of arbitrarily large depth, we say
that sfat,(H) = oco.

Recently, Moran et al. [2023] study list online classification, where we take Z = {S: 5 C
V,|S| <k} and £(y,z) = 1{y ¢ z}. Here, they show that the (k+ 1)- Littlestone dimension,

characterizes online learnability of a hypothesis class H C Z¥.

Definition 18 ((k + 1)-Littlestone dimension [Moran et al., 2023]). Let T be a complete,
X-valued, [k + 1]-ary tree of depth d. The tree T is shattered by H C Z% if there exists
a sequence (f1,..., fa) of edge-labeling functions f; : [k + 1]" — Y such that for every path
p = (p1,...,pa) € [k+ 1] there exists a hypothesis h, € H such that for all t € [d],
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fi(p<t)) € ho(Ti(o<t)) and for all distinct i,j € [k + 1], fi((p<s,1)) # fi((p<t,7)). The
(k + 1)-Littlestone dimension of H denoted Lyy1(H), is the mazimal depth of a tree T
that is shattered by H. If there exists shattered trees of arbitrarily large depth, we say that
Lit1(H) = o0.

Finally, in the “flip” of list online classification, where J C o(Z) is some collection of
measurable subsets of Z and {(y, z) = 1{z ¢ y}, Raman et al. [2024a] show that the Measure

shattering dimension characterizes online learnability of a hypothesis class H C Z<.

Definition 19 (Measure shattering dimension [Raman et al., 2024al). Let T be a complete
X -valued, TI(Z)-ary tree of depth d, and fiz v € (0,1]. The tree T is y-shattered by H C Z¥
if there exists a sequence (f1,...,f4) of edge-labeling set-valued functions f; : II(Z)t — Y
such that for every path p = (uy,...,uq) € I(Z)%, there exists a hypothesis h, € H such
that for all t € [d], hy(Ti(p<t)) € filp<t) and p(filp<)) <1 —~. The Measure Shattering
dimension (MSdim) of H at scale 7y, denoted MS,(H,Y), is the maximal depth of a tree T
that is y-shattered by H. If there exists y-shattered trees of arbitrarily large depth, we say
MS,(H,Y) = occ.

4.3 A Unifying Combinatorial Dimension

Following the procedure outlined in the introduction, we begin our characterization of online
learnability by defining a dimension that provides an “obvious” necessary condition. In the
context of online learning, this means giving the adversary a strategy against every possible
move of the learner. Since the learner plays measures in II(Z), it suffices to consider a tree
where each internal node has an outgoing edge labeled by an element of ) for every measure
in I1(Z). For any prediction pu € II(Z) by the learner, the label on the edge associated to i
gives the element y € ) that the adversary should play to force the learner to suffer a large

expected loss.

Definition 20 (Sequential Minimax dimension). Let T be a complete X -valued, 11(Z)-ary
tree of depth d, and fiv v > 0. The tree T is y-shattered by H C Z% with respect to { :
YV x Z — Rxq if there exists a sequence (f1, ..., f4) of edge-labeling functions f, : (Z) — Y
such that for every path p = (uy,...,uq) € I(Z)%, there exists a hypothesis h, € H such
that for allt € [d], E,,, [0(fe(p<t), 2)] = 0(felp<t), hu(Te(pi<t))) +7. The sequential minimax
dimension (SMdim) of H at scale 7y, denoted SM,(H,?), is the mazimal depth of a tree
T that is vy-shattered by H. If there exists y-shattered trees of arbitrarily large depth, we
say SM,(H,l) = oo. Analogously, we can define SMo(H,{) by requiring strict inequality,
By (€ Fulrt0)s 2) > CCf (), h(Ti (1))
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Remark 2. The astute reader might notice the strong similarity between the MSdim and the
SMdim. This similarity is not coincidental — the SMdim is a generalization of the MSdim

designed to capture general loss functions and go beyond realizability.

Observe that the SMdim is a function of both the hypothesis class H and the loss function
¢. However, when it is clear from context, we drop the dependence of ¢ and only write
SM,,(#H). As with most scale-sensitive dimensions, SMdim has a monotonicity property,
namely, SM.,, (H) < SM,,(#) for any v, < ;.

In Section 4.4, we show that the finiteness of the SMdim is both necessary and sufficient
for online learnability. Theorem 19 then shows that the SMdim unifies several existing results

in online supervised learning.
Theorem 19 (Unifying Learnability). The following statements are true.
(i) If Y = Z and ((y, z) = 1{y # =}, then SM,(H) = L(H) for all v € [0, 3].

(it) If Y = Z = [-1,1] and U(y,2) = |y — 2|, then sfat,(H) < SM,(H) < sfat,(H) for
every 0 <~ <~y < 1.

(it) If Z = {S : S C V,|S| <k} and l(y,z) = 1{y ¢ z}, then SM,(H) = Ly11(H) for

every v € [0, 75

(iv) If Y Co(Z) and l(y, z) = 1{z ¢ y}, then SM,(H) = MS,(H,)) for all y € [0, 1].

As an immediate consequence, Theorem 19 shows that the SMdim provides a tight quan-
titative characterization of online learnability for these problems. Our proof of Theorem 19,
found in Appendix C.2, uses combinatorial arguments. In all four cases, our proof uses the
following strategy. To show that the SMdim upper bounds the existing dimension, we take
the shattered tree guaranteed by the existing dimension and for every node, use the labels
on its outgoing edges to add new, labeled edges indexed by measures in II(Z). We then
remove all the old edges. To show that the SMdim lower bounds the existing dimension,
we take a shattered SMdim tree, and for every node, use the labels on its outgoing edges
to add new, labeled edges that match the requirements of the existing dimension. Finally,
we remove all the old edges indexed by measures in II(Z). In either direction, the addition
of new, labeled edges requires tools from discrete geometry. For example, the proof of (ii)
uses the celebrated Helly’s theorem [Radon, 1921]. Thus, despite being an abstract object,
the techniques used in the proof of Theorem 19 show how one can use tools from discrete

geometry to derive more concrete dimensions for particular choices of (X, ), Z, H, ().
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4.4 Bounding Minimax Expected Regret

Our main result in this section shows that the finiteness of SMdim at every scale v > 0 is

both necessary and sufficient for online learnability.

Theorem 20 (Minimax Expected Regret). For any (X,Y, Z,H, () withsup, ., SM,(H) > 0,

sup 5 SM (H) < inf RA(T, . 0) < inf {7T + ¢ SM,(H) + dey/SML(H) Tln(T)} |
il

>0
Moreover, the upper bound and lower bound can be tight up to logarithmic factors in T.

The upper bound in Theorem 9 is o(7") as long as SM,, (H) < oo for every v > 0. Indeed,
the average regret satisfies lim sup,_, . inf,~ {7 + ¢ SM,(H)/T + 40\/ SM,,(H) ln(T)/T} <
inf 5o limsupy_,o {7+ ¢ SM,(H)/T + dey/ SM,(H) In(T)/T} = inf,-o{y} = 0, where the
first equality follows because SM.,(H) < oo, Vv > 0.

The condition sup, . SM,,(H) > 0 is necessary to ensure a non-negative lower bound.
Raman et al. [2024a] provide an example of a tuple (X,Y, Z,H, () with sup ., MS,(H) =0
where the corresponding minimax expected regret is negative. Moreover, Raman et al.
[2024a, Example 5.1] provide a tuple (X, Y, Z,H, {), where there exists an algorithm A such
that inf g Ra(T,H,¢) < sup,.q v MS,(H). Since SM,(H) = MS,(#H) by Theorem 19, the
lower bound in Theorem 20 cannot be improved in full generality. For the tightness of the
upper bound, consider scalar-valued regression where Y = Z = [—1,1], {(y,z) = |y — z|.
Since, by Theorem 19, we have that SM, (H) < sfat.,(#) for all 4/ < , Theorem 20 implies
that inf 4 R4(T, H, () < inf,~o{27yT+2 sfatﬁy(’H)—l—ll\/ sfat,(H) T In(T)}. However, for scalar-
valued regression, Rakhlin et al. [2015a] show that inf s Ra(T,H,€) > sup,~, §/sfat, (H)T.
Thus, the upper bound in Theorem 20 is tight up to O(y/In(7)).

The proof of Theorem 20 will follow the procedure outlined in the introduction. Namely,

the lower bound will follow just from the definition of the SMdim. As for the upper bound,
in Section 4.4.2, we will first define a notion of realizability we term e;-realizability. Then,
in Lemma 8, we will constructively show that the finiteness of the SMdim at every scale
is sufficient for online learnability under ¢;-realizability. Finally, in Section 4.4.3, we will
provide a conversion of our ¢;-realizable learner into a fully agnostic online learner with the

stated upper bound in Theorem 20.

4.4.1 Proof sketch of lower bound

Our proof of the lower bound in Theorem 20 is constructive. Given an algorithm and a

scale v > 0, we construct a stream by traversing the sequential minimax tree of depth
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SM,,(#), adapting to the deterministic sequence of measures the algorithm uses to make
its randomized prediction. Then, our claimed lower bound follows immediately from the
definition of a shattered sequential minimax tree. Since the proof of the lower bound is

relatively straightforward, we defer it to Appendix C.4.

4.4.2 The ¢;-realizable setting

In the g;-realizable setting, an adversary plays a sequential game with the learner over
T rounds. In each round ¢ € [T], the adversary selects a thresholded labeled instance
(x4, (y,e¢)) € X x (¥ x [0,¢]) and reveals x; to the learner. The learner selects a mea-
sure p; € II(2) and makes a randomized prediction z; ~ p;. Finally, the adversary reveals
both the true label y; and the threshold €; and the learner suffers the loss ¢(y;, z¢). A sequence
of thresholded labeled examples {(zy, (y:,&¢))}i—; is called e;-realizable if there exists a hy-
pothesis h* € H such that ¢(y;, h*(z;)) < &; for all t € [T]. Given any &;-realizable stream,
the goal of the learner is to output predictions such that >3/ 1{E,,, [((y;, 2)] > v + &} is
sublinear in 7. We can think of the thresholds ¢, as the adversary additionally revealing the
loss that the best fixed hypothesis in hindsight suffers on the labeled instance (x,y;). This
intuition is critical to our construction of an agnostic learner in Section 4.4.3. Note that if
it is guaranteed ahead of time that e, = 0 for all ¢ € [T, then this setting boils down to
the standard realizable setting. Lemma 8 shows that the finiteness of SM,, () at every scale
~v > 0 is sufficient for H to be online learnable in ¢;-realizable setting.

The e-additive noise setting is a widely used model in regression. The ¢ in these works
typically represents stochastic noise, which may be unbounded. In contrast, ¢; is always
bounded in our model. To the best of our knowledge, the ¢;-realizable model has not been
previously studied in the learning theory literature. However, this model may provide a
more realistic framework for certain practical learning scenarios and thus be of independent

theoretical interest.

Lemma 8 (¢,-Realizable Learner). For any tuple (X,Y, Z,H,{), Algorithm 8 running on

any €q-realizable stream {(xs, (yi, €1)) oy outputs {u}_, such that

5 ]l{IEZNm Wy, 2)] > 7+ at} < SM,(H). (4.1)

t=1

To prove Lemma 8, we show that (i) on any round where E,,,, [¢(y:, z)] > v + & and
SM,, (Vi—1) > 0, we have SM.,(V;) < SM,(V;—;) — 1, and (ii) if SM,(V;—1) = O there exists a
distribution y; € I1(Z) such that E,,,, [((y:, 2¢)] < v+ . We defer the proof to Appendix
C.3.
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Algorithm 8 Minimax Randomized Standard Optimal Algorithm (MRSOA)

Require: H, Target accuracy v > 0
1: Initialize V) = H
2: fort=1,...,7 do
3: Receive unlabeled example x; € X.

4: For all (y,e) € ¥ x [0, ¢|, define V;_1(y,e) :={h € Vi1 | £(y, h(z)) < €}.
5: Define C; := {(y,e) € Y x [0,¢] : |Vi=1(y,€)| > 0}.
6: if SM,(V;—1) = 0 then
7 Pick u; € II(Z) such that E,.,, [¢(y, z)] < e+~ for all (y,e) € C;.
8: else
9: Set
= arg min max SM., (Vi_1(y, €)).
i uegH(Z) (y,6)€Yx[0,c] 7(Vi-1(9,©))
Beonpll(y,2)]2e+y

10: end if

11: Predict z; ~ 1.
12: Receive feedback (y;,e;) and update V; = Vi1 (ys, &¢)-
13: end for

Algorithm 8 can be viewed as a generalization of RSOA introduced by Raman et al.
[2024a]. When g, = 0 for all ¢, then MRSOA reduces exactly to Algorithm 2 in Raman et al.
[2024a]. At its core, Algorithm 8 is a version space algorithm based on principles similar to
that of the standard optimal algorithm (SOA) of Littlestone [1987]. Recently, other variants
of SOA have also been introduced in various settings. These include the Bandit SOA by
Daniely and Helbertal [2013], List SOA by Moran et al. [2023], and randomized SOA by
Filmus et al. [2023].

4.4.3 Realizable-to-Agnostic conversion

Now, we show how to convert Algorithm 8 into an agnostic learner satisfying the guarantee
in Theorem 20. A primary approach to proving online agnostic upper bounds involves
defining a set of experts that exactly covers the hypothesis class and then running mul-
tiplicative weights [Cesa-Bianchi and Lugosi, 2006] using these experts. This technique
originated in work [Ben-David et al., 2009] on binary classification and was later generalized
by Daniely et al. [2011] to multiclass classification. Daniely et al. [2011]’s generalization
involves simulating all possible labels in ) to update the experts, thus making their upper
bound vacuous when |Y| is unbounded. Recently, Hanneke et al. [2023] removed |Y| from
the upper bound by (1) constructing an approximate cover of the hypothesis class instead
of an exact cover and (2) using the feedback in the stream to update experts rather than

simulating all possible labels. Our proof of the upper bound in Theorem 20 combines
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the ideas of both Daniely et al. [2011] and Hanneke et al. [2023]. In particular, following
Hanneke et al. [2023], we construct an approximate cover of the hypothesis class but follow

Daniely et al. [2011] in simulating all possible loss values.

Proof. (of upper bound in Theorem 20) Let (x1,41),..., (z7,yr) be the data stream and
h* € argmin,cq, Y7 £(vs, h(x)) be an optimal function in hind-sight. For a target accuracy
v >0, let d, = SM,(H).

Defining Experts. Given time horizon T, let Ly = {L C [T;|L| < d,} denote the set of
all possible subsets of [T] with size at most d,. For a € [0,1], let {0,c,...,[£]a} be an
a-cover of the loss space [0,¢|. For every L € Ly, define @, = {0, ¢, ..., [£]a}” to be the
set of all functions from L to the a-cover of [0,c]. Given L € Ly and ¢;, € ®p, define an
expert B such that

E?"(2,) := MRSOA., (:pt | 4, ¢L<z’)}i6m[t_u),

where MRSOA, (:ct | {7, &%) }ie Lm[t_1]> is the prediction of the Minimax Randomized Stan-

dard Optimal Algorithm (MRSOA) running at scale v that has updated on thresholded

labeled examples {(x;, (y;, (i '))}iem[t,l]. Let £ = Urer, U¢LE¢L{E2L} denote the set of all
2c T 2cT dy

Experts. Note that |E| = Z”O( ) () < (—)

(2 - «

Multiplicative Weights as our Agnostic Learner. Finally, given our set of experts &£,
we run the Multiplicative Weights Algorithm (MWA), denoted hereinafter as A, over the

stream

(xhyl)a R (xT7yT)

with a learning rate n = (/2In(|€])/T. Let B denote the random variable denoting the
randomized prediction of all experts (or their corresponding randomized algorithms) . Then,
conditioned on B, Theorem 21.11 of Shalev-Shwartz and Ben-David [2014] tells us that

T

> E[l(ye, Alan)) | B] < ggg;ﬁ(w,E(m) +cy/2T In([€]) -

t=1

67

d
Using |€] < (QCT) " and taking expectations on both sides yields

<E

20T> (4.2)

«

E[iéyt, 1an€yt, ))1 \/2dT1n(

t=1
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Next, we show that the expected loss of the optimal expert is at most the loss of h* plus a

sublinear quantity.

Tracking the Best Expert. Define ¢; := £(y;, h*(;)) to be the loss of the optimal hy-
pothesis in hindsight on each round ¢. Define p, = p-MRSOA, (:ct | {1, ¢L(’i)}z‘em[t—1]) to be
the measure returned by MRSOA,, (Algorithm 8) to make its randomized prediction given
that the algorithm has updated on thresholded labeled examples {(x;, (4, ¢1(7))) }icLnp-1)-
We say that ;-MRSOA, makes a mistake on round ¢ if E.,,, [((y:, 2)] > [%]a+ 7. As

[“]a > &y, the stream

&t &t

1 s | @) o (s | | @)

is [%W a-realizable. Thus, with this notion of the mistake, Equation 4.1 tells us that MRSOA.,
makes at most d, mistakes on the stream (z1, (y1, ﬁﬂ a)),...,(zr, (yr, kﬂ @)).

Since u-MRSOA,, is a deterministic mapping from the past examples to a probability
measure in II(Z), we can recursively define a sequence of time points where p-MRSOA.,,
had it run exactly on this sequence of time points, would make mistakes at each time point.
To that end, let

t; = min { te[T]: E [0y, z)] > ﬁﬂ a + 7 where p; = i-MRSOA,, ($t| {})}

ZE~ Ut

be the earliest time point, where a fresh, unupdated copy of -MRSOA, makes a mistake if

it exists. Given t;, we recursively define ¢; for i > 1 as

t :min{t >tiac B (=) 2 M a7,
Ztr~ (6

where p1; = pi-MRSOA,, (xt

(b))

if it exists. That is, ¢; is the earliest timepoint in [T] after ¢;_; where y-MRSOA., having
€,

updated only on the sequence {(z,, (y,, [—

: 1 «))}iZ} makes a mistake. We stop this process

when we reach an iteration where no such time point in [7] can be found where p-MRSOA,
makes a mistake.

Using the definitions above, let 1, to, . .., denote the sequence of timepoints in [T'] selected
via this recursive procedure. Define L* = {t1,t5...,} and ¢~ be the function such that
Gre(t) = [%W a for each ¢ € L*. Let E?L* be the expert parametrized by the pair (L*, opp).
The expert EJ%* exists because Equation (4.1) implies that |L*| < d,.
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Bounding the Loss of the Best Expert. By definition of the expert, we have
Ef¥ (1) = MRSOA, (1| {i. 61 (D hieserie-n))

for all ¢ € [T]. Let us define puj = p-MRSOA, <xt | {1, ¢L*(i)}ieL*m[t1}>- Using the guarantee
of MRSOA (Algorithm 8), we obtain

Elig(yt,g;z; (& )] S E (¢ =)

t=1 =1 g

o 0] 2 [ o7} 5 (o)

t=1

AN
NE

o~
Il

1

IN

cd7+25t+aT+fyT,
t

=1

where the final inequality uses the fact that the indicator is 1 only on L* whose size is < d,
and [ w a< g+ a.

Completing the Proof. Finally, substituting this loss bound of the expert Eff* in Equa-
tion (4.2), we obtain

T 2cT
<Y eited, +aT 49T +cy[2d, T (=)
(6]

E [Z Uy, A(w))

T
= gg{;f(yt,h(:ﬁt)) +cdy+ T +2¢+ 2¢\/d, TIn(T),

where we pick o = % and use the fact that &, := £(y, h*(z;)). Finally, note that cd, 4 2c +

2c¢\/d,TIn(T)<c dﬂ,—|—4cw /d,TIn(T'). Since v > 0 is arbitrary, this completes our proof. W

4.5 SMdim and the Finite Character Property

In addition to characterizing learnability, existing combinatorial dimensions in learning the-
ory satisfy the “Finite Character Property” (FCP) [Ben-David et al., 2019, Attias et al.,
2023].

Definition 21 (Finite Character Property [Ben-David et al., 2019]). A combinatorial di-
mension D(H, {,7y) is said to satisfy the finite character property if for every d € N and
v > 0, the statement D(H,l,v) > d can be demonstrated by a finite set of domain point
X C X, and a finite subset of hypotheses H C H.
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In fact, according to Ben-David et al. [2019], a dimension is any function D that maps
(H, ) to NU{0, 0o} and satisfies the following two properties: (1) H is learnable with respect
to ¢ if and only if D(#,¢) < oo and (2) D satisfies the FCP. This definition of dimension
differs from ours since (1) it requires D to satisfy FCP and (2) it does not require D to
provide a quantitative characterization.

Despite characterizing online learnability, the SMdim may not satisfy the FCP since it
is defined using trees with infinite width. Naturally, this motivates the following question:
Under what conditions on (X,Y,Z,H, L) does the SMdim satisfy the FCP?

One way that the SMdim can satisfy the FCP is if it can be equivalently represented using
trees with finite width. For example, in Section 4.3 we showed that the SMdim reduces to the
Ldim, seq-fat dimension, (k + 1)-Ldim, all of which are defined using finite-width trees, and
thus satisfy the FCP. Additionally, we showed that SMdim reduces to MSdim from Raman
et al. [2024a], who established that MSdim can be written using finite width trees when the
underlying set system has a finite Helly number. A unifying property in all these settings
is the fact that (Y, Z,¢) is a Helly space, a generalization of “finite dimension” to abstract
spaces. More formally, given any (Y, Z,¢), let By(y,r) := {z € Z : l(y,z) < r} denote the
“ball” of radius r centered at y induced by the loss £. Let By(), Z) := {By(y,7) : y € Y,r €
[0, ¢]} to be the set of all such balls. We say (), Z,¢) is a Helly space if the Helly number of
B¢(Y, Z) is finite.

Definition 22 (Helly Number). Let S be a family of sets. The Helly number of S, denoted
H(S), is the smallest number p € N such that for any collection of sets C C S whose

intersection is empty, there is a subset C' C C of size at most p whose intersection is empty.

The Helly number of a set system roughly quantifies the property that every sequence
of sets with empty intersection has a small sub-sequence with empty intersection. In this

sense, we use the Helly number of By(), Z) to quantify a notion of “dimension” for the space

YV, Z,0).

Definition 23 (Helly Space). Let Z = Y. Then, we say (Y, Z,0) is a Helly space if and
only if H(By(Y, Z)) < co. Define the Helly number of the space (¥, Z,0) as H(Y, Z,() =
H(B.(Y, 2)).

All existing work in supervised online learning theory has focused on Helly spaces. For ex-
ample, in classification with the 0-1 loss, one can verify that H(), Z, () = 2. For scalar-valued
regression with absolute-value loss, Helly’s theorem [Radon, 1921] gives that H(), Z,/¢) = 2.
More recently, Raman et al. [2024a] showed that for online ranking with the 0-1 ranking loss,
we have that H(Y, Z,¢) = 2. Online learning settings where H(), Z,¢) > 3 have also been
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studied. For example, in list online classification H(), Z,¢) = k + 1 [Moran et al., 2023]. In
online learning with set-valued feedback [Raman et al., 2024a], H(Y, Z,¢) = H(Y), where Y
denotes an arbitrary set system defined over Z.

Remarkably, in all of these aforementioned settings, the combinatorial dimensions that
characterize learnability are defined using trees whose width is ezactly H(), Z,¢). More
importantly, our proofs establishing the equivalence between the SMdim and existing combi-
natorial dimensions crucially utilized the Helly property of (), Z,¢) to compress the infinite
width trees in the definition of SMdim to finite-width trees. These facts naturally lead to the
question of whether the finiteness of H(Y, Z, ¢) provides a sufficient condition under which
the SMdim can be represented using finite-width trees, and more specifically, H(), Z, ¢)-
width trees.

As an initial step towards answering this question, consider the p-shattering dimension
defined in Definition 24. The central combinatorial object in this dimension is an X-valued,
[p]-ary tree T, where p € N. In such a tree, each internal node of 7 has p outgoing
edges, where each edge is labeled by a tuple in ) x [0,¢|. The tuple (y,r) induces a ball
Be(y,r) := {z € Z : l(y,z) < r} in the space (Y, Z,¢) and we further require that the
collection-wise intersection of the balls induced by the tuples labeling the p edges must be
empty. Such a [p]-ary tree is shattered by a hypothesis class if for every root-to-leaf path
there exists a hypothesis whose outputs on the sequence of instances lie in the balls induced

by the tuples labeling the edges along the path.

Definition 24 (p-shattering dimension). Let ¢ : Z x Y — [0,¢] be a loss function,
p €N, and v > 0. Let T be a complete X-valued, [p]-ary tree of depth d. The tree
T is vy-shattered by H C Z% if there exists a sequence (fi,...,fs) of edge-labeling func-
tions fi = [p]' = Y x [0,c] such that for every path ¢ = (qu,...,q1) € [p]d, we have
Nicg B (ff ((a<t,9)), f£((q<t,7)) +7) = O and there exists a hypothesis hq € H such that
for all t € [d], hy(Ti(q<1)) € B(f}(q<t), f2(q<t)). The p-shattering dimension of H at scale
7, denoted p-dim.,(H,¥), is the maximal depth of a tree T that is y-shattered by H. If there
exists y-shattered trees of arbitrarily large depth, we say p-dim, (H, () = oco.

Note that the tree in Definition 24 is parameterized by both p and ~. The number p
controls the width of the tree, while the number ~ is used to constrain the tuples labeling the
edges. When p = H(Y, Z, /), the p-dim also reduces to all existing combinatorial dimensions
in their respective setting, and thus also provides a unification of supervised online learning
theory. However, unlike the SMdim, the H(), Z, ¢)-dim is defined in terms of finite-width
trees whenever H(), Z, () < cc.

Accordingly, it is natural to ask when can the SMdim be equivalently represented using

the finite-width trees in Definition 24. Lemma 9, proved in Appendix C.5, provides a partial
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answer to this question by relating the SMdim and p-dim whenever (), Z, /) is a Helly space.
The key intuition behind the proof of Lemma 9 is that Helly spaces allows us to effectively
“compress” the infinite-width, II(Z)-ary tree from the definition of SMdim to a finite-width,
[H(Y, Z,0)]-ary tree according to the definition of p-dim.

Lemma 9 (SMdim < p-dim). For every (X,), Z,H,{) such that p* := H(Y, Z,{) < oo,
we have SM,(H) < p*-dim./(H) for all v" < 7.

Lemma 9 implies that when H(Y, Z,¢) < oo, the finiteness of p*-dim,(H) at every scale
~ is sufficient for online learnability. The following open question asks whether it is also
necessary. Suppose that p* := H(Y, Z,{) < co. Does online learnability of H imply that
p*-dim,(H) < oo for all v > 07 One way to resolve this question would be to show that
p*-dim,(H) < SM,,(#H) for all v > 0. A positive resolution implies that (Y, Z,¢) being a
Helly space is a sufficient condition for SMdim to be equivalently represented using finite-
width trees and therefore satisfy the FCP.
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CHAPTER 5

Online Infinite-Dimensional Regression: Learning Linear
Operators

In this chapter!, we study the problem of online learning of linear operators under squared
loss between two infinite-dimensional Hilbert spaces. Our focus here is on understanding the
learning-theoretic landscape of this problem and identifying some key novelties. The broader
problem of operator learning, with specific focus on PDE modeling, will be examined in
greater detail in Part II. In this sense, this chapter serves as a bridge between Parts I and II
of this thesis.

Learning operators between infinite-dimensional spaces is of fundamental importance in
many scientific and engineering applications. For instance, the classical inverse problem is
often modeled as learning an inverse mapping from a function space of observed data to the
function space of underlying latent parameters, both of which are infinite-dimensional spaces
[Kirsch, 2011, Tarantola, 2005]. Such inverse problems have found widespread applicability
in domains ranging from image processing, X-ray tomography, seismic inversion, and so forth
[Neto and da Silva Neto, 2012, Uhlmann, 2003]. In addition, the solution to a partial differ-
ential equation is an operator from a space of functions specifying boundary conditions to the
space of solution functions [Kovachki et al., 2023, Li et al., 2021]. Moreover, many of the tra-
ditional learning settings such as multi-task learning, matrix completion, and collaborative
filtering can be modeled as learning operators between infinite-dimensional spaces [Aber-
nethy et al., 2009]. Finally, many modern supervised learning applications involve working
with datasets, where both the features and labels lie in high-dimensional spaces [Deng et al.,
2009, Santhanam et al., 2017]. Thus, it is desirable to construct learning algorithms whose
guarantees do not scale with the ambient dimensions of the problem.

Most of the existing work in operator learning assumes some stochastic model for the

data, which can be unrealistic in many applications. For instance, the majority of appli-

IThis chapter is based on: Vinod Raman*, Unique Subedi*, and Ambuj Tewari (2024). Online Infinite-
Dimensional Regression: Learning Linear Operators. Conference on Algorithmic Learning Theory (ALT).
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cations of operator learning are in the scientific domain where the data often comes from
experiments [Lin et al., 2021]. Since experiments are costly, the data usually arrives sequen-
tially and with a strong temporal dependence that may not be adequately captured by a
stochastic model. Additionally, given the high-dimensional nature of the data, one typically
uses pre-processing techniques like PCA to project the data onto a low-dimensional space
[Bhattacharya et al., 2021, Lanthaler, 2023]. Even if the original data has some stochastic
nature, the preprocessing step introduces non-trivial dependencies in the observations that
may be difficult to model. Accordingly, it is desirable to construct learning algorithms that
can handle arbitrary dependencies in the data. In fact, for continuous problems such as
scalar-valued regression, one can often obtain guarantees similar to that of i.i.d. setting
without making any assumptions on the data [Rakhlin and Sridharan, 2014].

In this paper, we study linear operator learning between two Hilbert spaces V and W
in the adversarial online setting, where one makes no assumptions on the data generating
process [Cesa-Bianchi and Lugosi, 2006]. In this model, a potentially adversarial nature
plays a sequential game with the learner over T rounds. In each round ¢ € [T, nature selects
a pair of vectors (z;,y:) € ¥V x W and reveals z; to the learner. The learner then makes
a prediction ¢, € W. Finally, the adversary reveals the target y;, and the learner suffers
the loss ||g; — yt||]2/v. A linear operator class F C WY is online learnable if there exists an
online learning algorithm such that for any sequence of labeled examples, the difference in
cumulative loss between its predictions and the predictions of the best-fixed operator in F
is small. In this work, we study the online learnability of linear operators and make the
following contributions:

(1) We show that the class of linear operators with uniformly bounded p-Schatten norm
is online learnable with regret O(T max{%’l_%}). We also provide a lower bound of
Q(Tl_%), which matches the upperbound for p > 2.

(2) We prove that the class of linear operators with uniformly bounded operator norm is
not online learnable. Furthermore, we show that this impossibility result also holds in
the batch setting.

(3) Recently, there is a growing interest in understanding when uniform convergence and
learnability are not equivalent [Montasser et al., 2019, Hanneke et al., 2023]. Along this
direction, we give a subset of bounded linear operators for which online learnability

and uniform convergence are not equivalent.

To make contribution (1), we upperbound the sequential Rademacher complexity of the
loss class to show that sequential uniform convergence holds for the p-Schatten class for p €

[1,00). For our hardness result stated in contribution (2), we construct a class with uniformly
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bounded operator norm that is not online learnable. Our construction in contribution (3)
is inspired by and generalizes the example of Natarajan [1989b, Page 22|, which shows a
gap between uniform convergence and PAC learnability for multiclass classification. The
argument showing that uniform convergence does not hold is a simple adaptation of the
existing proof [Natarajan, 1989b]. However, since our loss is real-valued, showing that the

class is learnable requires some novel algorithmic ideas, which can be of independent interest.

5.1 Related Works

Regression between two infinite-dimensional function spaces is a classical statistical problem
often studied in functional data analysis (FDA) [Wang et al., 2016, Ferraty, 2006]. In FDA,
one typically considers V and W to be L?[0, 1], the space of square-integrable functions, and
the hypothesis class is usually a class of kernel integral operators. We discuss the implication
of our results to learning kernel integral operators in Section 5.3.1. Recently, de Hoop et al.
[2023], Nelsen and Stuart [2021], Mollenhauer et al. [2022] study learning more general classes
of linear operators. However, all of these works are in the i.i.d. setting and assume a data-
generating process. Additionally, there is a line of work that uses deep neural networks
to learn neural operators between function spaces [Kovachki et al., 2023, Li et al., 2021].
Unfortunately, there are no known learning guarantees for these neural operators. Closer
to the spirit of our work is that of Tabaghi et al. [2019], who consider the agnostic PAC
learnability of p-Schatten operators. They show that p-Schatten classes are agnostic PAC
learnable. In this work, we complement their results by showing that p-Schatten classes are
also online learnable. Going beyond the i.i.d. setting, there is a line of work that focuses on

learning specific classes of operators from time series data [Brunton et al., 2016, Klus et al.,
2020].

5.2 Preliminaries

5.2.1 Hilbert Space Basics

Let V and W be real, separable, and infinite-dimensional Hilbert spaces. Recall that a Hilbert
space is separable if it admits a countable orthonormal basis. Throughout the paper, we let
{en}22, and {¥,}>°, denote a set of orthonormal basis for V and W respectively. Then,
any element v € V and w € W can be written as v = .77, B,e, and w = 307, oy, for
sequences {fp neny and {a, }22; that are ¢; summable.

Consider w;, ws € W such that w; = 307, a1 ¥, and 3207 oy 2,. Then, the inner
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product between w; and wy is defined as (wl,w2>w = Yo Qp1Qy 2, and it induces the
norm |lwyl|y, = w/(wl,wﬁw = 22 1@z 1. One can equivalently define (-,-),, and ||-||,, to
be the inner-product and the induced norm in the Hilbert space V. When the context is
clear, we drop the subscript and simply write (-, -) and ||-||.

A linear operator f : ¥V — W is a mapping that preserves the linear structure of the
input. That is, f(civ1 + cov9) = c1f(v1) + cof (vo) for any c1,co € R and vy,v9 € V. Let
L(V, W) denote the set of all linear operators from V to W. A linear operator f : V — W is
bounded if there exists a constant ¢ > 0 such that || f(v)|| < ¢||v]| for all v € V. The quantity
[ fllop == inf{c >0 : || f(v)[| < cllv][, Vv € V} is called the operator norm of f. The operator
norm induces the set of bounded linear operators, B(V, W) = {f € LIV, W) | | fll,, < oo},
which is a Banach space with ||-||,, as the norm.

For an operator f € L(V,W), let f* : W — V denote the adjoint of f. We can use
f and f* to define a self-adjoint, non-negative operator f*f : V — V. Moreover, the
absolute value operator is defined as | f| := (f*f) 3, which is the unique non-negative operator
such that |f| o |f| = f*f. Given any operator g : V — V), the trace of g is defined as
tr(g) = >0, (g(en), en) , where {e,}>2, is any orthonormal basis of V. The notion of trace

and absolute value allows us to define the p-Schatten norm of f,

D=

171, = (111

for all p € [1,00). Accordingly, we can define the p-Schatten class as
Sp(V, W) ={f € LIV,W) | [ is compact and | f|, < oo}.

A linear operator f :V — W is compact if the closure of the set {f(v) |v € V,||v|| < 1}is
compact. For a compact linear operator f : V — W, there exists a sequence of orthonormal
basis {¢,}22, C V and {¢,}72, C W such that f = >°°, s,(f) vn ® ¢y, where s,(f) L 0
and ¢, ® ¢, denote the tensor product between ¢, and ¢,. This is the singular value
decomposition of f and the sequence {s,(f)}>2, are the singular values of f. For p € [1, 00),

the p-Schatten norm of a compact operator is equal to the £, norm of the sequence {s,(f)}n>1,

i1, = (3 sn<f>p)’1’ |

n=1

On the other hand, for a compact operator f, the £, norm of its singular values is equal to

its operator norm, || f[|,, = [[fllc = sup,>1 [s.(f)|- Accordingly, for compact operators, the
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operator norm is referred to as co-Schatten norm, which induces the class
Sec(WW) ={f € LIV,W) | f is compact and | f|, < oo}.

Therefore, So(V, W) C B(V,W). For a comprehensive treatment of the theory of Hilbert

spaces and linear operators, we refer the reader to Conway [1990] and Weidmann [2012].

5.2.2 Online Learning

Let X C V denote the instance space, ) C W denote the target space, and F C L(V, W)
denote the hypothesis class. In online linear operator learning, a potentially adversarial
nature plays a sequential game with the learner over T' rounds. In each round ¢ € [T,
the nature selects a labeled instance (x;,7;) € X x ) and reveals x; to the learner. The
learner then uses all past examples {(z;,v;)}.Z] and the newly revealed instance z; to make
a prediction ¢, € ). Finally, the adversary reveals the target y;, and the learner suffers
the loss ||g: — yt||12/v Given F, the goal of the learner is to make predictions such that its
regret, defined as a difference between the cumulative loss of the learner and the best possible

cumulative loss over operators in F, is small.

Definition 25 (Online Linear Operator Learnability). A linear operator class F C L(V, W)

is online learnable if there exists an algorithm A such that its expected regret is

T T
RA(T> ]:) = sup E Z ||~A<xt> - yt||2 - }Q;Z ||f<xt> - yt||2
t=1

(z1,91),--(zT,YT) t=1

is a non-decreasing, sublinear function of T.

Unlike when V is finite-dimensional, the class F = £(V, W) is not online learnable when
YV is infinite-dimensional (see Section 5.4). Accordingly, we are interested in understanding
for which subsets F C L(V, W) is online learning possible. Beyond online learnability, we are
also interested in understanding when a probabilistic property called the sequential uniform

convergence holds for the loss class {(x,y) — || f(z) —y|* : f € F}.

Definition 26 (Sequential Uniform Convergence). Let {(X;, Y;)}_, be an arbitrary sequence
of random variables defined over an appropriate probability space on X x )Y, and C = {C, e
be an arbitrary filtration such that (Xy,Y:) is Ci-measurable. Given a linear operator class

F C LV, W), we say that sequential uniform convergence holds for a loss class {(x,y) —

89



If(z) =yl : feF}if

1 T
limsup sup E lsup T g (||f (Xy) Yt||2 —E[|f(Xy) — Yt||2 | Ct_l])H = 0.
t=1

T— o0 P
Here, the supremum is taken over all joint distributions P of {(X;, Y:)}E .

A general complexity measure called the sequential Rademacher complexity characterizes

sequential uniform convergence [Rakhlin et al., 2015a,b].

Definition 27 (Sequential Rademacher Complexity). Let o = {0;}_, be a sequence of inde-
pendent Rademacher random variables and (z,y) = {(z¢,y:)}_; be a sequence of functions
(e, y¢) : {—=1,1}71 — X x V. Then, the sequential Rademacher complexity of the loss class
{(v,w) = ||f(v) —w|® : f e F}is defined as

T
Radr(F) = sup E [sup Yoy || f(wi(0<t)) = ye(o<o) ||

z,Y fer t=1
where oy = (01, ...,041).

If there exists a B > 0 such that sup;, ,, [|f(v) — w|*> < B, then Theorem 1 of Rakhlin et al.
[2015Db] implies that the sequential uniform convergence holds for the loss class {(v,w)
If(v) —wl|? : f e F} if and only if Rads(F) = o(T). Given this equivalence, in this work,
we only rely on the sequential Rademacher complexity of F to study its sequential uniform

convergence property.

5.3 Schatten Operators are Online Learnable

In this section, we show that every uniformly bounded subset of S,(V, W) is online learnable.
Despite not making any distributional assumptions, the rates in Theorem 21 match the
lowerbounds in the batch settig established in Section 5.4.1. This complements the results
by Rakhlin and Sridharan [2014], who show that the rates for scalar-valued regression with

squared loss are similar for online and PAC learning.

Theorem 21 (Uniformly Bounded Subsets of S,(V, W) are Online Learnable). Fiz ¢ > 0.
Let X = {v € V| ||v|| < 1} denote the instance space, Y = {w € W | |lw|| < ¢} denote the
target space, and F, = {f € S,(V,W) | [[fll, < c} be the hypothesis class for p € [1,q].
Then,

inf Ra(T, F,) < 2Rade(F,) < 6c2 7215},
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Theorem 21 implies the regret O(v/T) for p € [1,2] and the regret O(Tk%) for p > 2. When
p = 00, the regret bound implied by Theorem 21 is vacuous. Indeed, in Section 5.4, we prove
that any uniformly bounded subset of S, (V, W) is not online learnable.

Our proof of Theorem 21 relies on Lemma 10 which shows that the g-Schatten norm of
Rademacher sums of rank-1 operators concentrates for every ¢ > 1. The proof of Lemma 10

is in Appendix D.1.

Lemma 10 (Rademacher Sums of Rank-1 Operators). Let o = {0;}., be a sequence of
independent Rademacher random variables and {(vy,w)}_, be any sequence of functions
(v, w) : {=1, 1} s {v eV ||v| <alx{weW :|w| < c}. Then, for any q > 1, we

have
T

Z o1 vt (0<t) @ wi(o<t)

t=1

E < ey Tmax{%’%}

q

Lemma 10 extends Lemma 1 in [Tabaghi et al., 2019] to the non-i.i.d. setting. In particular,
the rank-1 operator indexed by ¢ can depend on the Rademacher subsequence o, whereas
they only consider the case when the rank-1 operators are independent of the Rademacher
sequence. In addition, Tabaghi et al. [2019] use a non-trivial result from convex analysis,
namely the fact that A — tr(h(F")) is a convex functional on the set {F € T | spectra(F) C
[, B]} for any convex function h and the class of finite-rank self-adjoint operators 7. Our
proof of Lemma 10, on the other hand, only uses standard inequalities.

Equipped with Lemma 10, our proof of Theorem 21 follows by upper bounding the se-
quential Rademacher complexity of the loss class. Although this proof of online learnability
is non-constructive, we can use Proposition 1 from [Rakhlin et al., 2012b] to design an ex-
plicit online learner that achieves the matching regret given access to an oracle that computes
the sequential Rademacher complexity of the class. Moreover, online mirror descent (OMD)
with the || f||} regularizer also achieves the rates established in Theorem 21. In particular,
OMD with the strongly convex regularizer ||f||2 guarantees regret O(v/T) for p = 2. The
O(VT) regret bound for F, immediately implies an O(v/T) regret bound for all F, C F,
in p € [1,2] by monotonicity. For p > 2, the Clarkson-McCarthy inequality [Bhatia and
Holbrook, 1988] implies that || f|| is p-uniformly convex and thus OMD with this regularizer
obtains the regret of O(T 17%) [Sridharan and Tewari, 2010, Srebro et al., 2011]. That said,
Theorem 21 establishes a stronger guarantee— not only are these classes online learnable but

they also enjoy sequential uniform convergence.
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5.3.1 Examples of p-Schatten class
In this section, we provide examples of operator classes with uniformly bounded p-Schatten

norm.

when either V or W is finite-

dimensional. If either the input space V or the output space W is finite-dimensional,

Uniformly bounded operators w.r.t. |-|,,
then the class of bounded linear operators B(V, W) is p-Schatten class for every p € [1, o0].
This is immediate because for every f € B(V,W), either the operator f*f : V — V or
ff W — W is a bounded operator that maps between two finite-dimensional spaces. Let
[ fllop < ¢ and min{dim(V),dim(W)} = d < co. Since f*f and ff* have the same singular
values and one of them has rank at most d, both of them must have rank alt most d. Let
$1 > 83... 2> sq > 0 denote all singular values of f*f. Then, ||f|, = (Zle 3?)5 < edr < o0,

where we use the fact that s; < ¢ for all i. Since ||f||, < ¢v/d, Theorem 21 implies that

F={feBW,W) [fll,, <c} is online learnable with regret at most 6c2dV/T.

Kernel Integral Operators. Let V denote a Hilbert space of functions defined on some
domain §2. Then, a kernel K : 2 x 2 — R defines an integral operator fx : V — W such
that frx(v(r)) = Jo K(r,s)v(s)du(s), for some measure space (€2, ). Now define a class of

integral operators,

F = {fK : /Q/Q |K (r,8)|? dp(r) du(s) < 02};

induced by all the kernels whose L? norm is bounded by c. It is well known that || f||, < ¢ for
every f € F (see [Conway, 1990, Page 267] and [Weidmann, 2012, Theorem 6.11]) . Thus,
Theorem 21 implies that F is online learnable with regret 6¢2\/T.

5.4 Lower Bounds and Hardness Results

In this section, we establish lower bounds for learning uniformly bounded subsets of S, (V, W)

for p € [1, o0].

Theorem 22 (Lower Bounds for Uniformly Bounded Subsets of S,(V, W)). Fiz ¢ > 0. Let
X ={v eV ||v|]| <1} denote the instance space, Y = {w € W | ||w|| < ¢} denote the target
space, and Fp, = {f € S,(V,W) | |fll, < ¢} be the hypothesis class for p € [1,00]. Then,
we have

inf Ra(7,F,) > ¢ T %,
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Theorem 22 shows a linear lowerbound of ¢? T for p = oo, thus implying that the class Fn, is
not online learnable. For p € [2,00), the lowerbound in Theorem 22 matches the upperbound
in Theorem 21 up to a factor of 6. However, in the range p € [1,2), our upperbound saturates
at the rate v/T, while the lower bound gets progressively worse as p decreases. It remains

an open problem to find the optimal regret of learning F,, for p € [1,2).

Proof. (of Theorem 22) Fix an algorithm A, and consider a labeled stream {(e;, c o)},
where o; ~ Unif({—1,1}). Then, the expected loss of A is

(E [ Ale) — connl])”

M'ﬂ

T
E ZHA(et)—catth?]
t=1

t=1

(B[ 140 — el + S 1A + el )

I
Mﬂ

t=1

>3 (Flewi— (ewl) =3¢ ul? = &7,

S

The first inequality above is due to Jensen’s, whereas the second inequality is the triangle
inequality.
To establish the upper bound on the optimal cumulative loss amongst operators in J,,, con-

sider the operator f,, 1= ZtT:1 <75 1)y ® ;. As the singular values of f,, are {c UtTfl/p}thl,

T1/P
we have y y
T p T p
coy |P cP
o = = o = f G 1’ .
[ fonll, <t§1 Tp ) <tE1T> c for pell,o00)

Similarly, || fo.ccll,, = HZL catgbt@etH = max;>; |coy| = ¢. That is, f,, € F, for all
p > 1. Thus, we obtain that

T
llnf > N1 f(er) = coty]] ] E [ZHfo‘p er) — copy| ]

ferri 3 t=1
T 2
CUt
:E[ — copiy ]
tZ::l Tl/p
1 2
_ 2
=2 <1 Tl/p)

t=1
a 2 1 2 2 l—2
Zc (1 Tl/p>:c T —c*T " 5».

t=1

IN
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Therefore, we have shown that the regret of A is

ZHA er) — coy|’ — 1nf Z||f er) —coph|* | > AT v

]:ptl

Our proof uses a random adversary, and the expectation above is taken with respect to both
the randomness of the algorithm and the stream. However, one can use the probabilistic
method to argue that for every algorithm, there exists a fixed stream forcing the claimed

lowerbound. This completes our proof. [ |

5.4.1 Lower Bounds in the Batch Setting

In the batch setting, the learner is provided with n € N i.i.d. samples S = {(z;,y;)}}_; from
a joint distribution D on X x Y that is unknown to the learner. Using the sample S, the
learner then finds a predictor fn € Y% using some learning rule. We will abuse notation
and use fn to denote both the learning rule and the predictor returned by it. Given a linear
operator class F C L(V, W), the goal of the learner is to find an estimator fn with a small

worst-case expected excess risk

En(F, An = su E E [
(Fofu) =sup B Lx,ww

h@ =]t 2 (170 - ]|
The minimax excess risk for learning the function class F is then defined as &,(F) =
inf i E(F, f), where the infimum is over all possible learning rules. We adopt the minimax

perspective to define agnostic batch learnability.

Definition 28 (Batch Learnability). A linear operator class F C L(V, W) is batch learnable
if and only if limsup,,_,., E.(F) =0.

Our results in Section 5.3 immediately provide an upperbound on &, (F) because &, (F) is
upper bounded by the batch Rademacher complexity of F, which is further upper bounded
by its sequential analog. Similar upperbounds on batch Rademacher complexity of F were
also provided by Tabaghi et al. [2019]. In this section, we complement these results by
providing lower bounds on &,(F).

Theorem 23 (Batch Lower Bounds for Uniformly Bounded Subsets of S,(V, W)). Fizc > 0.
Let X ={v € V| ||v|| < 1} denote the instance space, Y = {w € W | ||w|| < ¢} denote the
target space, and F, = {f € S,(V,2W) | | fll, < c} be the hypothesis class for p € [1,00].

Then, we have



Theorem 23 shows a non-vanishing lowerbound of % for p = oo, immediately implying
that the class Fu, is not batch learnable. For p € [2,00), Tabaghi et al. [2019] provides an
upperbound of O(n_%), whereas our lowerbound is Q(n_Plj) Additionally, for p € [1,2),
there is also a gap between our lowerbound of Q(Tf%) and Tabaghi et al. [2019]’s upperbound

of O(n~2). Thus, it remains to find the optimal rates for learning F, for every p € [1,00).

5.5 Online Learnability without Sequential Uniform Con-
vergence

In learning theory, the uniform law of large numbers is intimately related to the learnability
of a hypothesis class. For instance, a binary hypothesis class is PAC learnable if and only
if the hypothesis class satisfies the i.i.d. uniform law of large numbers [Shalev-Shwartz and
Ben-David, 2014]. An online equivalent of this result states that a binary hypothesis class is
online learnable if and only if the hypothesis class satisfies the sequential uniform law of large
numbers [Rakhlin et al., 2015b]. However, in a recent work, Hanneke et al. [2023] show that
uniform convergence and learnability are not equivalent for online multiclass classification.
A key factor in Hanneke et al. [2023]’s proof is the unboundedness of the size of the label
space. This unboundedness is critical as the equivalence between uniform convergence and
learnability continues to hold for multiclass classification with a finite number of labels
[Daniely et al., 2011]. Nevertheless, the number of labels alone cannot imply a separation.
This is true because a real-valued function class (say G C [—1, 1] where the size of label space
is uncountably infinite) is online learnable with respect to absolute/squared-loss if and only if
the uniform convergence holds [Rakhlin et al., 2015a]. In this section, we show an analogous
separation between uniform convergence and learnability for online linear operator learning.
As the unbounded label space was to Hanneke et al. [2023], the infinite-dimensional nature
of the target space is critical to our construction exhibiting this separation. Mathematically,
a unifying property of Hanneke et al. [2023]’s and our construction is the fact that the target
space ) is not totally bounded with respect to the pseudometric defined by the loss function.

The following result establishes a separation between uniform convergence and online
learnability for bounded linear operators. In particular, we show that there exists a class of
bounded linear operators F such that the sequential uniform law of large numbers does not

hold, but F is online learnable.

Theorem 24 (Sequential Uniform Convergence # Online Learnability). Let X = {v € V|
Yo lenl <1 where v =732, cpen} be the instance space and Y = {v € V | ||v]| < 1} be the
target space. Then, there exists a function class F C S1(V,V) such that the following holds:
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(i) Radr(F) > %

(ZZ) ianRA(T,.F) < 2+8\/T10g (ZT).

Proof. For a natural number k£ € N, define an operator f; : V — V as

fr = i be[n] ex @ e, = € ® i ben] e, (5.1)

n=1

where by, is the binary representation of the natural number k and bg[n] is its n'* bit. Define
F=A{fe| ke N}U{fo} where fo, =0.
We begin by showing that 7 C S;(V, V). For any «, 5 € R and vy, v, € V, we have

fr(avy + Bug) = i brln] (en, avy + Bua) e, = afu(vi) + B fr(va).
n=1

Thus, fi is a linear operator. Note that f is defined in terms of singular value decomposition,

and has only one non-zero singular value along the direction of e;. Therefore,

1flly = Zbk < logy(k) +1,

where we use the fact that there can be at most log,(k) + 1 non-zero bits in the binary
representation of k. This further implies that [[fi[|, < [[fill;, < logy(k) +1 < oo for all
p € [1,00]. Note that each f; maps a unit ball in V to a subset of {aeg : |a| < log,(k)+ 1},
which is a compact set for every k € N. Thus, for every k € N, f; is a compact operator and
fr € S1(V, V). We trivially have fy € S1(V, V).

Proof of (i). Let o = {0;}]_; be a sequence of i.i.d. Rademacher random variables.
Consider a sequence of functions (z,y) = {zy, y: }_, such that z;(c-;) = e; and y,(0-;) = 0
for all ¢ € [T]. Note that our sequence {e;}/_; C X. Then, the sequential Rademacher

complexity of the loss class is

T
Rady(F) = sup E |sup 3 o1 [ f(ze(0<1)) — pe(o<) 2| = B supzot el ||]

z,Y feEF =1 keN 4 —1

=E |sup Z oy by, [t]]

LkeN t=1

>E ;]l{atzl}] :7;.

Here, we use the fact that fy(e,) = bylt]ex and Plo, = 1] = 4. As for the inequality

SUDgeny Sotey 0¢ bp[t] > S, 1{o; = 1}, note that for any sequence {o;}’_,, there exists a
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k € N (possibly of the order ~ 27) such that bg[t] = 1 whenever o, = 1 and bt] = 0
whenever o, = —1.

Proof of (ii). We now construct an online learner for F. Let (z1,v1)...,(zr,yr) €
X x )Y denote the data stream. Since y; is an element of unit ball of V', we can write
Y = 3.0 cu(t)e, such that 320, 2(t) < 1. For each t € [T], define a set of indices

n=1"*n

Sy ={n €N : |c,(t)| > ﬁ} Since

3 1 _ |
12> lwl’ =S &= Y A > Y — =11,
n=1 neS nes; 4T 4T

we have |S;| < 4T. Let sort(S;) denote the ordered list of size 4T that contains elements of
S; in descending order. If S; does not contain 47" indices, append 0’s to the end of sort(.5;).
We let sort(S;)[j] denote the j™ element of the ordered list sort(.S;).

For each i € [T] and j € [4T), define an expert E such that

| 0, t<i
El(xzy) = : where k = sort(5;)[7]

fk(ilft), t >

An online learner A for F runs multiplicative weights algorithm using the set of experts
E={E! |ie€|[T],j € [4T]}. Tt is easy to see that ||fi(z)|| < 1 for all z € X. Thus, for
any G,y € Y, we have || — y|> < 4. Thus, for an appropriately chosen learning rate,
the multiplicative weights algorithm guarantees (see Theorem 21.11 in Shalev-Shwartz and
Ben-David [2014]) that the regret of A satisfies

T T
E [Z lAGz:) ytn?] < int 1B — wl* + 42T n(€]).
t=1 t=1

Note that |€] < 472, which implies 4\/2T1n(|5|) < 8\/T In(27"). We now show that
d 2 d 2
]ggg; 1E(ze) — well” < }gff”t; 1 (@) = well” + 2.

Together, these two inequalities imply that the expected regret of A is < 2 + 8,/7T In(27").
The rest of the proof is dedicated to proving the latter inequality.

Let fir € argmingcz > || f(2:) — y|l>. Let t* € [T] be the first time point such that
k* € Sp and suppose it exists. Let r* € [4T] be such that k* = sort(S)[r*]. By definition
of the experts, we have

Er(x) = fie(zy)  for t > t*,
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X 2
thus implying that >, | B (@) — ytH = Yo | fer () — 3]|>. Therefore, it suffices to

show that

S B ) = w < 3 i) — il + 2.

t<t* t<t*

As EI (x;) = 0 for all t < *, proving the inequality above is equivalent to showing

Sollyell® < 7 M fu () — mel” + 2.

t<t* t<t*

Since ||y+]|* < 1, we trivially have |y ||> < || fir (2+) — ye||> + 1. Thus, by expanding the

squared norm, the problem reduces to showing

S (2 (e (@) we) — [lfee (@)|?) < 1.

t<t*

We prove the inequality above by establishing

1
2 (fir (), ye) — ka*(xt)HQ < T for all t < t*.
Let Tt = Zzo:l Oén(t)en. We have fk* (fL’t) = Zzozl bk* [n] <:L't’ en> €h* —

(3200 1 by [n]aun (b)) exs. Defining ag«(t) = (300, b= [n]av, (t)), we can write
for (@) = ap=(Weys and || fie ()| = lan- ()]

So, it suffices to show that 2 ag+(t) g (¢) —|ag+ (t)|* < 7 for all t < t*. To prove this inequality,

we consider the following two cases:
(I) Suppose |ag«(t)| > 2|cp+(t)|. Then, 2 ap(t) cpr () — |ar()]* < |ags(t)|* — |ag-(t)|*> = 0.

(IT) Suppose |ag-(t)| < 2|cg+(t)]. Then, 2 ap(t) cps (t) — |an(£)|* < 4 |ep= (8)]? < 4 (ﬁ)Q -
7 because k* ¢ S, for all ¢ < t*.

In cither case, 2 ajs (t) ¢ (t) — |ap(t)]* < 7 for all ¢ < ¢*.

Finally, suppose that such a t* does not exist. Then, our analysis for the case
t < t* above shows that the expert E} that predicts Ex(z;) = 0 for all ¢ < T satisfies
L BH@) = will* < S5 e () =l + 2. u

5.5.1 Batch Learnability without Uniform Convergence

Although we state Theorem 24 in the online setting, an analogous result also holds in the
batch setting. To establish the batch analog of Theorem 24, consider fj defined in (5.1) and
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define a class F = {fx | k € N} U{fo} where fy = 0. This is the same class considered
in the proof of Theorem 24. Recall that in our proof of Theorem 24 (i), we choose a
sequence of labeled examples {e;, 0}, that is independent of the sequence of Rademacher
random variables {o;}Z_,. Thus, our proof shows that the i.i.d. version of the Rademacher
complexity of F, where the labeled samples are independent of Rademacher variables, is
also lower bounded by % This implies that the class F does not satisfy the uniform law of
large numbers in the i.i.d. setting. However, using the standard online-to-batch conversion
techniques, we can convert our online learner for F to a batch learner for F [Cesa-Bianchi
et al., 2004]. This shows a separation between uniform convergence and batch learnability

of bounded linear operators.

5.6 Discussion

In this work, we study the online learnability of bounded linear operators between two

infinite-dimensional Hilbert spaces. In Theorems 21 and 22, we showed that
AT < inf Ru(7, F,) < 62 Tm{31-5}

for every p € [1,00], where F, := {f € S,(V,W) : [[f|, < c}. Note that the upperbound
and lowerbound match p > 2. However, for p € [1,2), the upperbound saturates at VT,
while the lower bound gets progressively worse as p decreases. Given this gap, we leave it

open to resolve the following question.
What is inf 4 RA(T, F,) for p € [1,2)?

We conjecture that lowerbound is loose for p € [1,2), and one can obtain faster rates using
some adaptation of the seminal Vovk-Azoury-Warmuth forecaster [Vovk, 2001, Azoury and
Warmuth, 2001].

Section 5.5 shows a separation between sequential uniform convergence and online learn-
ability for bounded linear operators. The separation is exhibited by a class that lies in
S1(V, W), but is not uniformly bounded. In this work, we established that there is no sep-
aration between online learnability and sequential uniform convergence for any subset of
S,(V, W) with uniformly bounded p-Schatten norm for p € [1, 00). However, it is unknown

whether this is also true for S, (V, W). This raises the following natural question.

Is Rady(F) = o(T) if and only if inf 4 R4(T, F) = o(T) for every
FCAf €ScWMW) [ Ifllo < c}?
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Finally, in this work, we showed that a uniform bound on the p-Schatten norm for any
p € [1,00) is sufficient for online learnability. However, the example in Theorem 24 shows
that a uniform upper bound on the norm is not necessary for online learnability. Thus, it is
an interesting future direction to fully characterize the landscape of learnability for bounded

linear operators. In addition, it is also of interest to extend these results to nonlinear

operators.
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Part II
Operator Learning: A Learning Theoretic Perspective

CHAPTER 6

Controlling Statistical, Discretization, and Truncation
Errors in Learning Fourier Linear Operators

In this chapter!, we study learning-theoretic foundations of operator learning, using the
linear layer of the Fourier Neural Operator architecture as an illustrative example. To briefly
recap our discussion from Chapter 1, the central goal of operator learning is to use statistical
methods to estimate an unknown operator between function spaces. A primary application is
the development of fast data-driven methods to approximate the solution operator of partial
differential equations (PDEs) [Li et al., 2021, Kovachki et al., 2023]. For example, consider

our running example of the heat equation

%7 V2u,

where u : [0,1]¢ — R vanishes on the boundary. The solution operator for this equation is
a linear operator exp(7tV?) := ¥°0° (7t V?)¥/k!. Fixing some time point (say ¢t = 1), our
objective is to learn the solution operator £ := exp(7V?).

Given the training data (vy,w1), ..., (v,, w,) where w; = Luv;, operator learning entails
using statistical methods to estimate the solution operator L. Then, given a new input v,
one can get the approximate solution w = L,v. The goal is to develop the estimation rule
such that @ is close to the actual solution w = Lv under some appropriate metric.

Traditionally, given an input function v, one would use numerical methods such as finite
differences to get a numerical solution. The solver starts from scratch for every new function

v of interest and can be computationally slow and expensive. This can be limiting in some

IThis chapter is based on: Unique Subedi and Ambuj Tewari (2025). Controlling Statistical, Discretiza-
tion, and Truncation Errors in Learning Fourier Linear Operators. Transactions on Machine Learning
Research.
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applications such as engineering design where the solution needs to be evaluated for many
different instances of the input functions. To solve this problem, operator learning aims to
learn surrogate models that significantly increase speed for solution evaluation compared to
traditional solvers while sacrificing a small degree of accuracy.

In this work, rather than focusing on specific PDEs, we adopt a broader perspective and
study the learning-theoretic foundations of operator learning. For this task, we use the linear
layer of the influential Fourier Neural Operator (FNO) architecture proposed by Li et al.
[2021] as our model problem. While our results offer some practical and theoretical insights
into the FNOQO, it is important to emphasize that our primary objective is neither to advance
the practical implementation of operator learning nor to develop deeper insights into the
FNO architecture itself. Instead, our objective is to rigorously understand the statistical
learning aspects of the operator learning paradigm. Our primary goal is to understand how
operator learning differs from traditional machine learning settings and to identify the new
techniques required to build a rigorous learning-theoretic foundation for this emerging area.

To this end, we start by identifying the distinct types of errors that are unique to operator
learning. In addition to the standard statistical error arising from a finite sample size,
operator learning introduces a discretization error due to the functional data being available
only on a finite grid of domain points. Furthermore, ignoring high-frequency Fourier modes
lead to a truncation error. Lastly, we introduce a Discrete Fourier Transform (DFT)-based
estimator for our model problem and demonstrate how these errors can be systematically

quantified for this estimator.

6.1 Neural Operators

To formally define our problem setting, we need to introduce neural operators from [Kovachki
et al., 2023]. Let V be a vector space of functions from a bounded subset X C R to R?, and
W to be a vector space of functions from J C R? to R?. Given a function v € V , a single

layer of neural operator N; : V — WV is a mapping such that

(0)(y) = (Koo) (0) +bily)) vy e V.

where (ICo,v) (y) = [ ko, (y, ) v(z) dx. The function b; : ) — RY is a bias function in W, the
function o : R? — R is a point-wise non-linear activation, and the transformation v — Ky,v
is an integral kernel transform of v using some kernel ky, : Y x X — R%*P. These layers are
then composed to get a neural operator architecture.

Parametrizing Ky, in terms of kg, can be impractical due to the computational cost of

calculating the integral in for each layer. Thus, a significant area of research in neural
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operators focuses on developing innovative parametrizations of Ky, that facilitate more
efficient computation. One such parametrization gives rise to a well-known architecture

called the Fourier Neural Operator.

6.1.1 Fourier Neural Operator (FNO)

In this section, we present a brief, non-rigorous overview of the FNO. A more formal treat-
ment, along with new insights into its parametrization, is provided in Appendix E.1.

We consider the setup from the work of Li et al. [2021]. Let X = Y = T¢ ~ [0, 1]¢
be a d-dimensional periodic torus. Assume the kernel kg is translation invariant—that is,
ko(y,x) = kg(y — ). This implies that /Cy is a convolution operator. Then, the Convolution
Theorem implies that

Ko = F! (F(kg) f(@),

where F and F~! are Fourier and Inverse Fourier transform respectively. The key insight
in FNO is that instead of parametrizing the kernel kg, we parametrize its Fourier transform

F(kg) directly. That is, we parametrize the kernel transform operator as

Ko — F_l(Aﬁ ]-"(v)).

This is a linear operator and will be referred to as Fourier linear operator. When |Ag(+)|n <

oo, we can write this

(Ksv)(y) = D e Ag(m) (Fu)(m) Wy e Y.
mezZd
There are two practical challenges in implementing the operator Ks. First, the imple-
mentation involves an infinite sum over Z¢. Second, the Fourier transform Fv cannot be
computed exactly since the function v is only available on a finite grid of domain points.
To address the first challenge, a large K € N is fixed and we sum only over m € Z? such
that |m|e < K. The second challenge is addressed by approximating Fv using the Dis-
crete Fourier Transform (DFT) of v over the finite grid of domain points, which can be
efficiently computed using Fast Fourier Transform (FFT) algorithms. The solution to the

second challenge motivates our DF'T-based least-squares estimator.
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6.1.2 Owur Contribution

In this work, we study the error bounds of learning the operator class {v — F ! ( Ag F (v)) :
[ € B}, where B is some parameter space that will be specified later. We study this simple
setup to conceptually separate the paradigm of operator learning from its commonly used
instantiation using neural network architectures. By eliminating the complexities associ-
ated with neural networks, studying this linear class can provide insights that are broadly
applicable to both algorithm design and theoretical analysis.

We assume that V = W = H*(T4 R), a (s,2)-Sobolev space of real-valued functions
defined on the d-dimensional periodic torus. See Section 6.4.3 for an explanation on why V
and W need to be function space with higher-order smoothness to achieve a vanishing error.
We work in the agnostic (misspecified) setting and analyze the DFT-based least-squares
estimator (see Section 6.4.2 for more details). Specifically, for some universal constant ¢; > 0,

we show that the excess risk of the DFT-based least-squares estimator is at most

1 1 1
C1 (\/E+M+K25>-

The term 1/y/n is the usual statistical/estimation error due to a finite sample size. The
term 1/K? is the truncation error incurred because the learner only works with the low
Fourier modes m such that |m|,~ < K. Finally, the term 1/N*® is the discretization error
due to functions being accessible to the learner only on the uniform grid of size N of [0, 1]¢.

This error quantifies the generalization error of an estimator trained on a grid of size N¢

but evaluated at full resolution (N — oo). It formalizes the concept of multiresolution

generalization (operators trained at lower resolution have good generalization even when
evaluated in higher resolution)-a phenomenon frequently observed in practice [Li et al.,
2021, Section 5.

Additionally, we establish the lower bound on excess risk, showing that it is at least

-
C2 n N2S KQS

for some c; > 0. Our analysis is non-asymptotic and the precise form of the constants ¢,

and ¢y are provided in Theorems 25 and 26 respectively.
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6.2 Related Works

After Li et al. [2021] proposed Fourier Neural Operators (FNOs), there has been a surge
of interest in this architecture. The number of applied works is too vast and not entirely
relevant to list here, so we focus on related theoretical works. One of the earliest theoretical
analyses of FNOs was the universal approximation result by Kovachki et al. [2021].

More closely related to our work is a recent study on the sample complexity of various
operator classes, including FNOs, by Kovachki et al. [2024a]. Their scope is broader than
ours as they address a general class of nonlinear operators. However, their results do not
imply ours. They treat the truncation parameter K as a part of the model rather than a
variable that the learning algorithm can choose. Their error bounds are based on metric
entropy analysis, which leads to a suboptimal dependence on K and the input dimension d.
Specifically, their bounds break down as K — oo and suffer from the curse of dimensionality
in d. In contrast, our work establishes statistical error bounds using sharp Rademacher
analysis, avoiding both dependence on K and the curse of dimensionality in d. An interesting
future direction is to extend our Rademacher-based analysis to capture function classes at
the level of generality considered in Kovachki et al. [2024a]. We also note that Rademacher-
based analysis has also been used by Raman et al. [2024b], Tabaghi et al. [2019] to study
Schatten operators between Hilbert spaces. Kim and Kang [2024] also bound the Rademacher
complexity of FNOs, but the bound is rather loose and even non-vanishing in some cases.
Finally, the analysis by Liu et al. [2024] and Liu et al. [2025] also share our motivation of
quantifying the statistical error in operator learning.

A recent work by Lanthaler et al. [2024] aligns with our goal of quantifying the dis-
cretization error of FNOs. In fact, the key ideas used in the proof of lemmas 26 and 27
in discretization error analysis is drawn from their work. However, the nature of their re-
sults differs from ours. To discuss the difference precisely, let W be a trained Fourier Neural
Operator and v be an input function available to the learner only over a discrete grid of
domain points of size N. Denote v" as the set of discrete values of v available to the learner.
Lanthaler et al. [2024] bound the term ||[Uv — Wo™||, quantifying the error incurred in the
forward pass due to the function being available only over a discrete grid. Essentially, this
only captures errors incurred during the test time but does not quantify the discretization
error incurred during training. In contrast, our focus is on quantifying the generalization
error of an operator trained on a grid of size N¢ but evaluated at full resolution (N — o),
a type of multiresolution generalization [Li et al., 2021, Section 5].

Finally, we also note that or setup is closely related to the function-to-function regression

often studied in the functional data analysis (FDA) literature. For example, the linear layer
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of a neural operator v — v +b is a well-studied model in FDA [Wang et al., 2016, Equation
15]. Even a single layer of a neural operator v — o (Kv + b) has been examined in FDA
literature as multi-index functional models [Wang et al., 2016, Equation 13|, [Chen et al.,
2011]. That said, the overall goal of the FDA differs slightly from that of operator learning.
In FDA, the focus is on statistical inference, typically using RKHS-based frameworks under
some assumptions about the data-generating process. As a result, FDA methods often do not
always scale to large datasets. In contrast, operator learning primarily aims at prediction,
seeking to develop surrogate models that approximate numerical PDE solvers [Li et al., 2021,
Kovachki et al., 2024b]. The emphasis is on creating computationally efficient methods
that can be used to train large models and handle large datasets. However, we believe
that the intersection of these two fields can benefit both. The theoretical tools developed
in FDA literature can be applied to the analysis of operator learning methods, while the

computational advances in operator learning can help scale FDA methods.

6.3 Preliminaries

6.3.1 Notation

Let N be natural numbers and Z be integers. Define Ny := NU{0}. R and C denote real and
complex numbers respectively. For any n € RY, we let |n]s := maxj<;<4 |n;| denote the £
norm. For any complex number z € C such that z = a + bi, we use |z| = Va2 + b2 and z =
a — ib denotes complex conjugate. For any z,y € R?, the term (x,y) denotes the Euclidean
inner product. Occasionally, the inner products on other Hilbert spaces such as L? will be
distinguished from the Euclidean one with the subscript such as (-, -);,. However, when the
context is clear, we will use (-, -) to denote canonical inner products on the respective Hilbert
spaces.

Given K € N, we define Z%, = {m € Z% : |m| < K} and Z2 ) := ZN\Z2 .. For a
sequence s := {Sg treza, we will also use |s|» to denote the /2 norm of s. Moreover, we let
T? ~ [0, 1]¢ denote a d-dimensional periodic torus. See [Grafakos, 2008, Chapter 3] for more
details on the torus. Throughout the paper, for any m € Z¢, we use ¢,, : T¢ — C to denote

the function @,,(x) = 2™}, The sequence {@m, }meze Will be referred to as Fourier basis.

6.3.2 L2-Spaces and Fourier Analysis

Define
L*(T% R) := {u T4 >R | /d lu(x)|? de < oo}.
T
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Recall that L?*(T% R) is a Hilbert space with inner-product (u,v);» = [pa u(z)v(z)dx. The
norm induced by this inner product will be denoted as ||-||;.. The sequence {@.,}nezd
forms an orthonormal basis for L*(T? R). That is, for any u € L?(T¢ R), we can write
U= ezt (U, Om) 2 ©m, Where the convergence is in L*-norm. The celebrated Parseval’s
identity then implies that |[ul|7> = Y meze | (U, ©m) 12 |*-

Since T¢ is identified with a bounded set [0, 1]¢, the condition u € L*(T¢,R) implies that
u is integrable. That is, [ra |u(z)|dx < co. For integrable functions, F denotes the Fourier

transform operator such that Fu : Z¢ — C is a complex-valued function on Z¢ defined as

(Fu)(m) :/ u(x) e 2 ime) gy,

Td

Note that we have (Fu)(m) = (u,¢,,). We let F~! denote the operator that satisfies
(F7YF)(u) = u . F~' will be referred to as inverse Fourier transform. Note that even

when u is a real-valued function, (u,p,,) may lie in C.

6.3.3 Sobolev Spaces

Fix s € N and define

H (T4, R) = {u € L?

9 u € LX(T%R) for all k € N & [kl < s}.

Here, 0%u is the k' partial derivatives. The space H*(T% R), also referred to as (s, 2)-

Sobolev space, is a Hilbert space with an inner product

(U, ) g5 1= > <8ku, 3kv>L2 ,

keENZ : |k|oo<s

which naturally induces the norm ||ul|,,. := \/(u,u),.. In this paper, we often assume that
s > d/2. This ensures that (see Lemma 25) Y, cza | (4, o) | < 0o, which implies uniform
convergence of the Fourier series over T¢.

Note that it is more common to define Sobolev spaces with multi-indices k£ such that
|k|1 < s. We chose the restriction |k|o, < s simply for the convenience of computation.
However, as d is finite and all £, norms on a d-dimensional space are equivalent up to a

factor of d.
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6.4 Learning Fourier Linear Operators

In this section, we establish excess risk bounds of learning the operator class {v
F _1(/\5 F (v)) : p € B}, where B is some parameter space. Here, we only consider the case
where V, W C L*(T%,R). This is different from the usual setting in the literature, where V
and W are Banach spaces of vector-valued functions. First, a significant number of PDEs
of practical interest describe how scalar-valued functions evolve. Since not much is known
from a theoretical standpoint even for scalar-valued functions, we believe that this is a good
start. Second, assuming V, W to be a subset of L? (a Hilbert space) does not result in any
meaningful loss of generality from a practical standpoint. In practice, one must discretize
the domain and work with function values over a discrete grid, which effectively requires
a bounded domain. This essentially means working with bounded functions on a bounded
domain, all of which are L? integrable.

For scalar-valued functions, Ag is a scalar-valued function defined on modes Z?. Since the
function is only defined on a countable domain, we can also represent it by a scalar-valued
sequence {Ag(m)},,cza. Henceforth, we will drop the 5 and just write {An,},ez¢, denoting
Am’s to be the parameters themselves. For the convenience of notation, we will also use A
to denote the sequence {\,,}cze and write F ! ( A .7-"()) Fixing some C' > 0, the class of

interest can be written as
{v = }"’1</\ }"(v)) S A e < C’}.

A starting point of our work is the following result on the decomposition of Fourier linear

operators.

Proposition 1. If A € (1(Z4), then

FHAF@) = > Ao m (Pomru) o, (6.1)

mezZd
where the equality holds for every u € L*(T%,R).

Here, ¢, @ p_, is a rank-1 operator such that (¢, @ p_m)(u) = (@_m, w) ;2 ©m. The equality
in (6.1) means F~1( X\ F(u)) = Loezt Am Om (P-m,u) o for all u € LT R), where the
sum converges uniformly over x € T¢. We provide the proof of Proposition 1 in Appendix
E.2.

Given Proposition 1, we can write our class as {3 ,,czd Am ©m @ @—m 1 [A|a < C}. This
representation is preferable for the following reasons. First, it highlights the fact that the

Fourier basis is just one of the design choices for singular vectors that may be replaced with
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any other orthonormal sequences. Second, this representation also allows us to drop the
constraint that A € ¢!, which is a rather artificial constraint required only to ensure that
the operator .7:_1()\ ]—"()) is a well-defined object. However, >, .cza A @m ® @y, is still
well-defined even when A € £ (in fact, it is a bounded operator). Therefore, for some fixed

C > 0, we will instead study the class of operators

meZd

Since the class {v > F ( A F()) DA e < C’} is contained in the class 7, any guarantee

(in terms of upper bound) for 7 also holds for the ¢* constrained class.

Remark. The class T should remind readers of de Hoop et al. [2023], who also consider the
problem of singular value inference of an operator under fixed singular vectors. However,
their setting differs from ours in two significant ways. First, they only consider the well-
specified setting with an additive noise model, whereas we adopt a fully agnostic viewpoint.
Second, they do not account for possible discretization errors, assuming that their input and

output functions are fully available to the learner.

6.4.1 Problem Setting and Error Types

We adopt the framework of statistical learning and study the rates of error in learning the
class 7. In statistical learning, the learner is provided with n € N ii.d samples S, =
{(vi, w;)}?_, from some unknown distribution p on V x W. We adopt a fully agnostic
viewpoint and do not make any assumptions about the data-generating process. Next, using
the sample S,, and some prespecified learning rule, the learner then finds an estimator TeT.
We will abuse notation and denote 7' to be both the learning rule and the estimator output
by the learner. For an estimator f, we can define its expected excess risk as

ET. T, 1) E [ITv—wl?] - inf E [|ITv—w|]

B Spop™ | (v,w)~p TeT (v,w)~p

Formally, the goal of the learner is to output the estimator such that 5n(f, T,pu) — 0
as n — oo. In traditional settings, the excess risk Sn(f, T, ) is usually referred to as the
statistical error of the learner. This error arises because the learner is trying to find the
optimal operator in T for distribution p while only having access to finitely many samples

from the distribution. However, unlike traditional statistical learning settings, in operator
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learning, there are two additional errors beyond the statistical error: discretization error and
truncation Error.

Discretization Error: The discretization error arises because the learner only has access
to (v;, w;) ~ p over some discrete grid of domain points. In this work, we assume that each

v; and w; are available on a uniform grid
G:={m/N:me{0,... N-1}"}

of [0,1]? for some prespecified N € N. That is, the learner only has access to {v;(z) : = € G}
and {w;(x) : x € G}. Although other grids are also used in practice, the use of FNO requires
uniform griding. This is because the main benefit of FNO is its computationally efficient
approximation of Fourier transform through fast Fourier transform (FFT) algorithms, which
requires uniform grids.

Truncation Error: To see where the truncation error comes from, note that the represen-
tation of any estimator T € T requires specifying an infinite sequence {\,, },,cz¢. However,
the infinite sequence cannot be implemented in a computer. Thus, for a practical implemen-

tation [Li et al., 2021], one picks a large K € N and specifies the finite rank operator

Tk = Z Am§0m®§0—m~

d
mEZSK

While the truncation error is specific to our class of interest 7, a similar “truncation”
error occurs in any model class. Such error arises because operator learning is inherently
an infinite-dimensional problem, yet any computation we perform is limited to some

finite-dimensional subspace.

6.4.1.1 Further Connection to FDA.

The operator Ty is related to functional PCA-based estimators common in the FDA
literature.  Given n ii.d. function pairs {(v;,w;)}i<n, the least-squares estimator
solves > yw; @ v; = Lo (XF,v; ®v;), which is under-specified in infinite-dimensional
spaces. To address this, one computes a pseudo-inverse (>, vi®vi)T by fixing an
orthonormal basis {t;};en.  With eigendecomposition Y7, v; @ v; = Yo mety @ Uy,
the pseudo-inverse becomes >~ 1[n, > 0]y, Yy ® 4y, yielding the estimator L =
(X0, w; @ v;) (thl 1[n: > 0] nt_l Yy ® @ZJt). In practice, the sum is truncated at some t < 7.

Estimators of this type have been studied in works such as Hérmann and Kidzinski [2015],

Reimherr [2015], Yao et al. [2005] under well-specified models. These approaches generally re-
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quire learning the basis functions ¢,’s and the truncation parameter from the data to achieve
the guarantees established in these studies, which often introduces significant computational
challenges. In contrast, we work in the potentially misspecified (agnostic) setting, and K
depends only on the sample size n to achieve y/n-risk consistency. Additionally, FDA-based
approaches typically assume exact access to the functions, which is unrealistic in practice.
Instead, we explicitly account for the discretization error that arises when functions are only

available on a finite grid.

6.4.2 A Constrained Least-Squares Estimator

In this section, we specify our primary estimator of interest. Let 7' =3, ,czd A\ 0 @ @
For any v € V, we have Tv = ¥, czd Am (@—m» V) ©m. As we only require £ norm of A
to be bounded by C, we only get the convergence of the sum 3,,cz4 A (©—m, V) @m in L2
norm rather than uniform. Since {¢,, }meze is an orthonormal basis of L?(T? R), Parseval’s

identity implies

1Tv —wlze = > (Tv—w, ) |

meZd

Z ‘)‘ 90 m,y U - <()0—m7w>L2 |2‘

meZd

To see why the last equality is true, note that (T'v,¢.,) = Ay (@_m,v) and (w, pp) . =
(Om, W) ;2 = (P_m,w) ;2 as w is real-valued. Thus, given {(v;,w;)}?,, the least-squares
estimator over the class T is an operator T specified by the sequence {\,,},,cze, which is
obtained by solving the optimization problem

2

(O—m, Vi) 2 — (P, W;) 2 subject to sup |\,| < C.
mezZd

Iy

d
{Am mEZ} nz 1 mezd

However, this estimator cannot be implemented for two reasons. First, there is an infinite
sum over Z%. Second the learner only has access to (v;,w;) through v := {v;(z) : € G}
and w) := {w;(z) : z € G}, and thus the L? inner products cannot be computed exactly.
Both of these issues can be resolved by considering the operator specified by the finite length
sequence A(N) = {\,, : m € Z¢ <k} obtained by minimizing

LS S A DFTG)(m) — DET(u) (-m)|

i=1 mEZd
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subject to SUPypezd |Am| < C. DFT, which stands for Discrete Fourier Transform, is the

numerical approximation of (@_m,u);» and is defined formally as

DFT( ) — Nd Z —27r1 xm}

zeG

To indicate the dependence of both truncation value K and grid-size N, let us denote

the estimator obtained by solving this problem to be f]]}f where

TN = Y XuN) 0m @ o (6.2)

The estimator YA}J(V is the closest implementable version of the least-squares estimator for our

setting.

6.4.3 FError Bounds

In this section, we study how En(f}}f , T, 1) decay as a function of n, K and N. Note that
we have only specified that V and W are subsets of L?(T¢, R), but have not specified their
precise form. A natural choice would be V = W = {u € L*(T4R) : |jul/,. < 1}, the unit
ball of L2(T?,R). However, it turns out that &,(T, T, 1) does not vanish under such V and
W.

To see this, let K € N be a truncation parameter chosen by the learner. Define p =
Uniform({ (¢, ¥m) @ 25 < |m|s < 2K+1}) that is only supported on large modes. Here,
U = 27Y2(p + @_1) is the symmetrized, real-valued version of m-th Fourier mode. Note
that we can choose a distribution as a function of K because the truncation parameter K
can depend on the sample size n, but not on the exact realization of the samples.

For any sample size n and the estimator T produced by the learner, THv = 0 almost
surely for (v,w) ~ p. Thus, we have E(, )y {Hff(vv —wH%Q} = E(uwyp llw]32] = 1, as
w = 1y, for some 25 < |m|,, < 257! almost surely and [|¢hy,||;2 = 1 for any m € Z¢,

Next, let €' = 1 and define T = 3, czd ©m @ @_p,. It is easy to see that T™i;, =
27 (T o + T 1) = 272 (pp+¢r) = U Yk € ZN\{0}. As T* € T, we obtain
infrer Eqww) [||TU - w||L2} < E )~ {||T*v — w||L2} = 0. Thus, we have established

511(?[](\[77—7 p) =1

This shows that merely bounding the L? norm of v, w is not sufficient to achieve a vanishing

error. So, we need a stronger assumption on the input and output functions.
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The inductive bias in FNOs is that the functions are sufficiently smooth so that the higher
Fourier modes can be safely ignored. We will also adopt this viewpoint and assume that V and
W are smooth subsets of L?(T¢ R). In particular, we will assume that V = W = H*(T¢, R),
a (s, 2)-Sobolev space (see Section 6.3.3). For any u € H*(T% R), we are guaranteed that
(@_m,u) » — 0 sufficiently fast as |m|., — oco. This allows us to ignore higher Fourier modes
while only incurring small error. The following Theorem, whose proof is deferred to Apendix
E.4, makes these arguments precise and provides an upper bound on the excess risk of T N

in terms of n, N, and K.

Theorem 25 (Upper Bound). Let V = W = H*(T% R) for s > d/2 and p be any distribution
onV x W for which 3B > 0 such that ||v||,,. < B and |jw]
n iid samples {(v;, w;)}?_, ~ u™ accessible to the learner over the N-uniform grid of [0,1]¢,
the estimator TY defined in (6.2) for N > max{5,2K} satisfies

e < B almost surely. Then, for

25/ 1
\/ﬁ N K2s :

7 1
ETR, T, p) <8B*(C + 1) ( L EYT

The terms O(1/y/n), O(1/N*), and O(1/K?) are the estimator’s statistical, discretiza-
tion, and truncation errors respectively. For most practical applications of interest, we have
d = 3 (functions defined on spatial coordinates). Since V7é < 6 in these cases, the exponen-
tial dependence of the discretization error on d is not an issue. Finally, choosing N > nes
and K > nis, Theorem 25 guarantees the \/n— risk consistency of the estimator T .
Proof Technique for Upper Bound: Here, we highlight here the key technical novelties
of our proof techniques and the implications of our results. To establish the upper bound,
we first decompose the excess risk into three components: (1) the risk gap between the
optimal operator in T for the distribution p and its truncated counterpart, (2) the uniform
deviation between the true empirical risk on the sample and its numerical approximation on
the discrete grid, and (3) the uniform deviation between the empirical risk and the actual
risk. This decomposition, introduced at the beginning of Appendix E.4, is not limited to the
linear setting and can also be applied to analyze general non-linear operator classes. Given
such decomposition, bounding the truncation error is straightforward using standard Fourier
series properties for Sobolev spaces. The discretization error, however, requires nontrivial
analysis to show that controlling the error of DFT suffices. Importantly, while the lower
bound on the DFT error likely bounds the discretization error below, an upper bound on
the DFT error does not always translate to an upper bound for the trained operator. For
example, this is not true if one adds non-smooth activation such as RELU to our model.

For statistical error, standard techniques yield a bound of \/KTd, which does not allow taking
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K — oo. Our key contribution is a refined analysis that achieves a ﬁ bound independent

of K¢ The K-independent bound is especially notable because K in FNOs is analogous
to the width in standard neural networks, where generalization bounds are known to be
width-independent [Golowich et al., 2018]. Our results provide initial evidence that similar
K-free generalization bounds may be achievable for FNOs.

Our next result, proved in Appendix E.5, provides a lower bound on the rates at which
E(TH, T, 1) decay.

Theorem 26 (Lower Bound). Let V = W = H*(T% R) for s > d/2 and C = 1. Given
n, N, K €N, there exists a distribution on pn on VxW for which 3B > 0 such that ||v||,,. < B
and ||wl
N -uniform grid of [0,1]¢, the estimator T]]}f defined in (6.2) for N® > \/2B satisfies

s < B almost surely and for n iid samples {(vi,w;)}7_; ~ pu™ accessible over the

~ B2 1 1 2
ENTE T, n)>——|— .
T Tom) 2 3077 <8n+N25+(K+2)25>
Although the lower bound on truncation error matches with the upper bound, there is a gap

in the statistical and discretization error. We leave closing this gap for future work.

6.4.4 On Possible Extensions and Refinements of our Error

Bounds

The smoothness assumptions in our work are primarily needed to control truncation and
discretization errors. The lower bound in Section 6.4.3 shows that some regularity, specifi-
cally s > 0, is necessary for achieving a vanishing truncation error. This condition is also
sufficient for our upper bound on the truncation error. The stronger requirement s > d/2 is
required to ensure that the DFT-based estimator approximates the true Fourier coefficients.
Moreover, even when s = 0, a statistical rate of 1/y/n independent of K can still be obtained
under alternative assumptions. For example, if the operator’s spectrum lies in ¢*(Z%), mak-
ing it Hilbert-Schmidt, results from Tabaghi et al. [2019], Raman et al. [2024b] imply that
such a rate is possible without any smoothness assumptions.

Additionally, in our analysis of the discretization error (Appendix E.4.2), the key quantity
we control is the difference between the DFT approximation and the true Fourier coefficient,
namely

| DET(u™)(=m) = (o—m, ).

The assumption of a uniform grid is used only to bound the numerical integration error

introduced by the DF'T. In principle, any numerical integration method can be applied to a
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non-uniform grid, and as long as its error vanishes with increasing grid resolution. For non-
uniform grids with structure, such as those based on the roots of orthogonal polynomials,
Gaussian quadrature rules may be used with standard accuracy guarantees. On unstructured
grids, Monte Carlo methods with estimated importance weights can be used, although their
convergence can be slow or the error may not vanish if the estimated weights have high

variance.

6.5 Experiments

In this section, we present experiments demonstrating that our estimator achieves van-
ishing errors. We pick d = 2, and the input functions v are sampled i.i.d. from
N(0,10%(=V? +1)77), a widely used distribution for generating training data in the op-
erator learning literature (see Li et al. [2021], Kovachki et al. [2023]). Since v governs the
decay rate of the eigenvalues of the covariance operator for this distribution, it directly con-
trols the average smoothness of the samples v. For our experiments, we set v = 2 as this is
the smallest integer value that ensures v > d/2 for d = 2.

To generate training data, we define a random operator

T = Z A Pm @ O—_m,

meZd

where ¢,,’s are Fourier modes and A, ~ Unif(—2,2). For a given input v, the corresponding
output is generated as w = T*v + ¢, where € ~ N (0, (—V? 4+ 1I)7?®). Noise is sampled from a
higher-order smooth space to ensure that its addition does not alter the smoothness of w. In
actual implementation, the transformation 7*v is implemented on some N x N grid using
Fast Fourier Transform (FFT) and Inverse Fast Fourier Transform (IFFT). The sum over
74 is truncated at a Nyquist limit of N/2.

Recall that, our estimator in Section 6.4.2 is obtained by solving a convex optimization
problem for \,,’s for m € Z% - S0, we implement the optimization routine for our estimator
using stochastic gradient descent with a projection step to ensure \S\m] <2

Figures 6.1, 6.2, and 6.3 show the statistical, truncation, and discretization errors, respec-

tively. The y-axis in all these figures represents the relative mean-squared testing error:

Ntest true predicted |12
1 [wi™ — w; [
true )
Ttest ;1 sz HL2
evaluated using mniwsy = 100 i.i.d. samples. Additional experimental re-
sults are presented in Appendix E.6. The corresponding code is available at
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Figure 6.1: Statistical error of the estimator.

https://github.com /unique-subedi/fourier-linear-operators.

6.5.1 Statistical Error

Both training and testing are carried out on a 128 x 128 grid, with the estimator implemented
using K = 64 modes. Error bands are included to account for fluctuations in the estimated
parameters at small sample sizes, showing results from 5 independent runs. The model is
trained and tested at the same resolution at the Nyquist limit of K = 32 modes to ensure
that the reported error isolates statistical error with the minimum possible truncation and

discretization errors. The smallest error is ~ 6 x 10~* for the sample size of 500.

6.5.2 Truncation Error

Training and testing data are generated on a 128 x 128 grid, with the estimator trained using
n = 500 samples. Error bands are omitted as the estimates are almost identical due to a
large sample size. Both training and testing are conducted at the same resolution to remove
discretization error, with the sample size selected to minimize statistical error, ensuring that
the reported error isolates the truncation error effectively. The testing error converges to
around 7.9 x 107* at the Nyquist limit of K = 64.

6.5.3 Discretization Error

Testing data is generated on a 512 x 512 grid. The estimator is trained using n = 500
samples on grids of varying sizes N x N, where N € {1,2,4,8,16, 32,64, 128,256, 512}. For
each training grid of size N x N, truncation is performed at the Nyquist limit (K = N/2).
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Figure 6.2: Truncation error of the estimator.

The trained estimators are subsequently evaluated at the higher testing resolution of 512x512
to quantify discretization error. The testing error converges to around 6 x 10~* when the

estimator is trained at a full grid size of 512 x 512 with 500 training samples.

6.5.4 Summary of Experimental Findings

Our experiments in this section confirm that all three sources of error—statistical, truncation,
and discretization—can be independently reduced by increasing the respective parameters
n, K, and N.

However, the observed convergence rates, as reported in Appendix E.6, reveal some gaps
compared to our theoretical predictions. In particular, the statistical error appears to decay
faster than expected, and may depend on the smoothness parameter v. This suggests that
a refined, distribution-dependent analysis could yield sharper bounds beyond the worst-case
setting. The largest discrepancy arises in the discretization error, where we observed almost
uniform rate for all smoothness parameters. While our theory assumes the test resolution
Ny — 00, the experiments use a fixed resolution Ny = 512 for computational reasons. This
mismatch may account for the unexpectedly uniform decay rate across different smoothness

levels. A more detailed analysis under finite resolutions could help explain this gap.
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Figure 6.3: Discretization error of the estimator.

6.6 Discussion

In this chapter, we established the excess risk error bounds of learning the core linear layer
v F *1<A5 F (v)) of Fourier neural operators. A natural future direction is to extend
these results to single layer Fourier neural operator, v — o (f -1 ( Ag F (U)) + b) and then to
multiple layers. Although simple metric entropy-based analysis gives a bound on statistical
error even for single layer neural operator, such a bound is vacuous when K — oo. It
would be interesting to see if we can get a meaningful statistical rate even at the limit
of K — oo. One can view K as an analog of the width of traditional neural networks.
Thus, analysis of v — o (F_I(Ag F(v)) + b) as K — oo can lead to a neural tangent
kernel theory [Jacot et al., 2018] for operator learning. These insights will help us better
understand width vs depth tradeoffs in operator learning. One approach to extending our
statistical rates to nonlinear operator could be to carry out a Rademacher analysis similar
to that of Golowich et al. [2018] for finite-dimensional neural networks. The main technical
challenge arises from the nature of the pointwise nonlinearity ¢. In finite dimensions, for
v € RP, Golowich et al. [2018] exploit the identity o(v) = Y7_; o({v, ¢;))e;, where {e;} is
the standard basis. However, this identity no longer holds in the infinite-dimensional setting
considered in Kovachki et al. [2023], where o is applied pointwise in the spatial domain rather
than in the spectral domain.

For discretization error, we consider the setup where the training data is available on a
grid of size N¢ but the trained operator is evaluated at full resolution (N — 0o). It would be

interesting to study the discretization error when the training data is available at resolution
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N, but the trained operator is evaluated at resolution N,. Such a theory would provide
a more fine-grained quantification of multi-resolution generalization error observed in prac-
tices [Li et al., 2021]. Additionally, a key practical limitation of our analysis is its reliance on
uniform grids. As discussed in Section 6.4.4, the uniform grid assumption is used solely to
bound the numerical integration error from the DFT. In principle, any integration scheme on
a non-uniform grid could replace the DFT, as long as the approximation error vanishes with
grid refinement. For structured grids (e.g., nodes from orthogonal polynomials), Gaussian
quadrature can be used directly. For unstructured grids, one could apply Monte Carlo meth-
ods with importance weights, though these may exhibit slow convergence or non-vanishing
bias when the weight variance is high. Extending our analysis to such general grids and for-
malize how discretization error interacts with other sources of error remains an interesting

future direction.
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CHAPTER 7

On the Benefits of Active Data Collection for Operator
Learning

In this chapter!, we study the data complexity of operator learning. Specifically, given
an operator F, how many input-output pairs {(f;, F(f;))}}-, are necessary to estimate an
operator F,, such that F,(f) ~ F(f) for all relevant f? This question has been studied in
several specific contexts, such as for linear operators with fixed singular value decomposition
by de Hoop et al. [2023] and Subedi and Tewari [2025b], for Lipschitz operators by Liu et al.
[2024], and for the random feature model by Nelsen and Stuart [2021]. These are just a few
representative works, and we refer the reader to [Kovachki et al., 2024b, Section 5] for a more
comprehensive review of such sample complexity results.

A common theme of these data complexity analyses is that they are conducted within
the framework of traditional statistical learning [Kovachki et al., 2023, Section 2.2]. In the
statistical setting, the learner has access to training samples {(f;, F(f;))}j=;, where f; ~iiq p
from some probability measure i, and the objective is to produce an estimator F,, such that
F,(f) = F(f) on average over test samples f ~ u. This scenario is also referred to as the
passive learning setting. Under reasonable non-trivial assumptions, the best achievable rate
of error convergence in this setting is ~ 1/n, when Fn is evaluated under an appropriate
metric, say the p-th power of the LE-Bochner norm.

However, as already alluded to in Chapter 1, the iid-based statistical model is likely
not right framework to study operator learning for PDEs. This is because the learner can
generate any training data by querying the numerical solver, and thus has no reason to be
limited to iid samples from some source distribution. In fact, as generating training data
requires computationally expensive numerical solvers, the learner should ideally generate
data adaptively to ensure that the computational cost of training is justified by saving during

evaluation. The model where the learner can adaptively select the data is referred to as active

IThis chapter is based on: Unique Subedi and Ambuj Tewari (2025). On the Benefits of Active Data
Collection in Operator Learning. International Conference on Machine Learning (ICML).
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learning model in statistical learning theory. We will propose an active learning model and
argue why this is the right model to study operator learning for surrogate modeling of PDE.

Thus, in this chapter, we study the data complexity of operator learning where the learner
is not restricted to iid samples from a source distribution and can use active data collection
strategies. We focus on the case where the operator of interest F is a bounded linear operator.
Although a distribution is not required to specify the training data in this setup, we still
specify a distribution to evaluate the proposed estimator. We will assume that the estimator
is evaluated with respect to input samples drawn from g, a distribution with zero mean
and the covariance structure defined by a continuous kernel K. Such distributions include
Gaussian processes with common covariance kernels. For a given covariance kernel K, our
main result provides an active data collection strategy, an estimation rule, and establishes
an error bound for the proposed estimator in terms of the eigenvalue decay of the integral
operator of K. Formally, if A\; > Ay > ... are the eigenvalues of the integral operator of K,
there exists an active data collection strategy and estimation rule such that the estimator

obtained using n actively collected input-output pairs achieves the following error bound:

EYNHIFIE, Y A
=1

i=n+1
The £2 captures the error of approximation oracle O for F that the learner has access to. For
example, O could be the PDE solver used to generate training data for operator learning.
Generally, € > 0 is the irreducible error of the bound. The second term O(} -, \;) is a
reducible error, which goes to 0 as n — oo for continuous kernels K under the bounded
domain. For example, for the covariance operator a(—V? + SI)~7 used by Li et al. [2021]
and Kovachki et al. [2023], we show that the reducible error vanish at the rate < n~ (1),
Taking 2v > d, one can achieve any polynomial rate of decay. In fact, given any rate
R, — 0 as n — 00, one can always construct a continuous kernel K such that the reducible
error decays faster than R,. Thus, arbitrarily fast rates can be obtained using active data
collection strategies. Our main result is formalized in Theorem 27, and the proof is based on
the celebrated Karhunen-Loeve decomposition for functions drawn from p with covariance
kernel K.

Furthermore, in Theorem 28, we show that, irrespective of the decay rate of the eigenvalues
of the covariance kernel K, there always exists a bounded linear operator F and a distribution
(1 with covariance kernel K such that the minimax estimation error fails to converge to 0

under any passive (i.i.d.) data collection strategy. In particular, for every n, even when
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€ = 0, we establish the minimax lower bound of
IFlI5, A

under any passive data collection strategy. That is, the lower bound does not vanish even
as n — o0. Collectively, Theorems 27 and 28 establish a clear advantage of active data

collection strategy for operator learning.

7.1 Related Works

Recent work by Musekamp et al. [2024] considers active methods for operator learning.
However, in contrast to our approach of using linearity of the solution operator and the
distributional family of interest, their methods rely on estimating uncertainty and identifying
coreset. Additionally, their study is purely empirical and lacks theoretical guarantees. In
a similar spirit, Li et al. [2024a] study using active learning to select input functions from
multiresolution datasets to lower the data cost.

On the theoretical side, a closely related work is by Kovachki et al. [2024a], who allow
for active data collection strategies. However, the upper bound in [Kovachki et al., 2024a,
Theorem 3.3| is derived assuming that input functions vy, ..., v, are drawn i.i.d. from pu.
Their proof, based on standard empirical risk minimization (ERM) analysis, achieves a

1/2_ Moreover, their lower

convergence rate that, at best, matches the Monte Carlo rate of n™
bounds apply to both active and passive data collection strategies, suggesting that, for the
nonparametric operator classes considered by Kovachki et al. [2024a], active learning provides
no clear advantage over passive approaches. Exploring whether an adaptive data collection
strategy, informed by the covariance of p and targeting smaller subclasses within these broad
nonparametric classes, could yield faster convergence rates remains an interesting direction
for future research.

Additionally, Boullé et al. [2023] shares our objective of achieving faster convergence rates
for PDEs with linear solution operators, but there are notable differences between their
results and ours. First, their approach requires stronger control over the Hilbert-Schmidt
norm of the operator F, whereas we only require control over the operator norm. Notably,
the Hilbert-Schmidt norm can be arbitrarily larger than the operator norm. Second, their
estimator uses the specific structure of F, particularly the Green’s function, while we rely
on black-box access to F via an es-approximate oracle. Lastly, although both approaches
introduces a term measuring the quality of training data (¢ in our bound and I'. in theirs),
their definition of I', is more technical and less intuitive. However, their guarantee is stronger,

as their upper bound applies uniformly to any L2-integrable input function, whereas our
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guarantees hold in expectation for inputs drawn from the distribution pu.

Our work considers the setting where p is defined by a stochastic process with a specific
covariance structure. Such a p was taken to be a Gaussian process with mean zero and
covariance given by a(—V? + SI)~7 in [Bhattacharya et al., 2021, Li et al., 2021, Kovachki
et al., 2023]. The use of Karhunen—Loéve decomposition for generating input functions is
also discussed by Boullé and Townsend [2024, Section 4.1]. Our upper bound also share con-
ceptual similarities with results in Lanthaler et al. [2022], Lanthaler [2023], who established
approximation error bounds, rather than estimation, in terms of s eigenvalues of covariance
operator.

Finally, we highlight the ICML 2024 tutorial by Azizzadenesheli [2024], who mentions
active data collection as an important future direction for operator learning. We also ac-
knowledge the extensive literature on the learning-theoretic foundations of active learning
[Settles, 2009]. The active learning framework we adopt is known as the membership query
model, which has a rich history in learning theory Angluin [1988]. A more detailed discussion
of various active learning models within the learning theory literature is deferred to Section
7.3.4.

7.2 Preliminaries

7.2.1 Notation

Let R, C denote the set of real and complex numbers respectively. The set N and Z denote
the natural numbers and integers. Define Ny := N U {0}. For any z € R? we use |z|, to
denote the ¢? norm of z. Given a set X C R¢, we use L*(X) to denote the space of squared
integrable real-valued functions on X under some base measure v. For any u € L*(X),
we define |lull3> := [y |u(z)|?dv(x). The notation v is reserved for the base measure on
X, whereas p will be used to denote the probability distribution over L?(X). For a linear
operator F : L*(X) — L*(X), we define ||[F|| ) := sup{|[F v, : [|v] - = 1}. We use GP to

denote Gaussian Process.

7.2.2 Distribution Over Function Space

Let X C R? be any compact set, B(X') denote the Borel sigma-algebra, and v denote some
finite measure on X' (that is, v(X') < 00). Generally, we will take v to be Lebesgue measure
on X but sometimes it may be useful to take a weighted measure such as o el dg.
Denote L*(X,B(X),v) to be the set of all squared integrable functions on X'. From here on,
we will drop the dependence on B(X') and v, and just write L?(X). Let (2,3, P) denote a
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probability space. We will consider a sequence of real-valued random variables {h, : x € X}
defined over the probability space (2,%,P) that is centered, squared integrable, and has
continous covariance kernel K : X x X — R. Recall that covariance kernels are symmetric

and positive definite. More precisely, for any z,y € X', the random variables h, satisfies

Efh,] = [ he(w)dP(w) =0
E[h2] = /|h )2 dP(w) < o0

/h W) dP(w) = K(y, z).

Next, we use this process to define a probability distribution over L?(X). To that end, it
will be more convenient to write the process as a function h : X x 2 — R. By definition,
h(z,-) is Y-measurable for every x € X. However, this is not enough to argue that h is a
random element of L?(X'). Thus, to ensure measurability, we will only consider stochastic
processes h that satisfy the following: (i) The process h is measurable with respect to product
sigma algebra B(X) x ¥ and (ii) For every w € €2, the sample path A(-,w) : X — R is an
element of L?(X). Conditions (i) and (ii) ensure that w — h(-,w) is a measurable function
from Q to L*(X) [Hsing and Eubank, 2015, Theorem 7.4.1]. In other words, h is a L*(X)
valued random variable. We can now meaningfully talk about probability distribution over
L?(X) induced by the stochastic process h.

Accordingly, given a continuous covariance kernel K, let P(K) denote the set of all
centered and squared-integrable stochastic processes with covariance kernel K indexed by X
that satisfies conditions (i) and (ii) above. With a slight abuse of notation, we will also use
P(K) to denote the set of all distributions over L?(X') induced by these stochastic processes.
Each element p € P(K) is now a probability distribution over L?*(X).

7.2.3 Problem Setting and Goal

Let F : L*(X) — L*(X) denote the operator of interest. One should think of F as the
solution operator of the PDE. The goal is to estimate a surrogate F, using n input/output

functions such that
sup E [Hﬁ‘n(v) — F(v)

peP(K) UH

;} (7.1)

is small. In the absence of additional knowledge about the image space of the solution
operator F, minimizing this objective is the most natural choice. Accordingly, for a fixed u,
the LP-Bochner norm has been a standard error metric in the operator learning literature
(see [Kovachki et al., 2023, Section 2.2], [Liu et al., 2024]). The p = 2 case, in particular, is
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of practical significance, as its empirical counterpart is the widely used mean squared loss.
Regarding the family of probability distributions, our proposed family P(K’) aims to unify
and generalize marginal distributions on input functions commonly used in practice Li et al.
[2021], Lu et al. [2021]. This family also aligns with the recommendation of Boullé and
Townsend [2024]. Other families of probability distributions, such as the set of all compactly
supported measures on a Hilbert space, have been used in theoretical analyses (e.g., Liu
et al. [2024]). Extending our result to include other distribution families of theoretical or
applied interest is left for future work.

Throughout this work, we will assume that the learner knows the covariance kernel K.
Assumption 3. The learner knows the kernel K.

Although not always explicitly stated, this has been a standard assumption in the oper-
ator learning literature. For example, Li et al. [2021] and Kovachki et al. [2023] generate
their input functions, both during training and testing, from a Gaussian process with the
covariance kernel K such that its associated integral operator is a(—V? + SI)™7 for some
constants «, 5,7 > 0. Thus, all the empirical performances observed in these works are in
a setup similar to those described above. Additionally, Boullé and Townsend [2024, Section
4.1.1] also suggests generating source terms (input functions) from Gaussian processes with
standard covariance kernels such as RBF, Mattern, etc.

Additionally, from a learning-theoretic perspective, assuming knowledge of the kernel K
is arguably without loss of generality. In active learning, it is common to assume access
to an unlimited pool of unlabeled samples vy, ..., v, ~uq i, where p € P(K), and focus
on minimizing label complexity—the number of labeled samples requested [Hanneke, 2013].
This aligns with our setting, where labeling (e.g., solving a PDE) is the primary cost. Given

such unlabeled samples, one can estimate the covariance operator as

™ v;. Since E[||vi]|?] < oo, Theorem 8.1.2 of [Hsing and Eubank, 2015]

guarantees that 3, — ¥ almost surely in Hilbert-Schmidt norm, where ¥ is the integral

where v,, = %
operator associated with K. While our work assumes ¥ has a finite trace norm, this is
not required to recover its eigenfunctions: convergence in Hilbert-Schmidt norm suffices
for accurate spectral approximation. Thus, assuming access to the eigenfunctions of K is
reasonable in theory, even if it may be computationally demanding in practice.

Once the input functions are generated, the learner has to use numerical solvers to PDE

numerically in order to generate the solution function. In this work, we will make the
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following assumption about learner’s access to the PDE solver.

Assumption 4. The learner only has black-box access to F through an e-approximate oracle
O that satisfies
S 0) ~ P < <

From an implementation standpoint, it might seem unnatural to consider O(v) for a
function v € L?*(X), especially since most PDE solvers usually only take function values
over a discrete grid as an input. Nevertheless, the oracle is an abstract object, and the grid
can be integrated into its definition. For example, given any function v, the oracle first
extracts the values of v on a grid {z1,...,x,,} and produces output values on the same or a
different grid. On the output side, the oracle may then construct an actual function, either
through trigonometric interpolation or simply by setting the function values to zero outside
the grid points. Thus, we do not specify these implementation details of the oracle and
instead characterize it solely by accuracy parameter ¢.

In general, € primarily reflects the discretization error for finite-difference type methods
and truncation error for spectral methods, but it may also include measurement errors or
errors resulting from the early stopping of some iterative routine. Therefore, ¢ can be broadly
viewed as quantifying the quality of the training data. From this perspective, € represents the
irreducible error in (7.1). Specifically, there exists a function ¢ : [0,00) — [0, 00) such that
(7.1) is bounded below by g(¢), even as n — oo. There is extensive literature that attempts
to quantify ¢ for various oracles (PDE solvers), and we can use these results readily to
establish bounds on the irreducible error in our context. For example, for spectral solvers
truncated to the first NV basis functions where the input and output functions are s-times
continuously differentiable, we typically have ¢ ~ N=*/¢. Here, d is the dimension of the

domain €.

7.3 Upper Bounds Under Active Data Collection

In Section 7.2.3, we discussed the problem setting and the goal. Next, we specify how
the learner can collect the training data (vi,wi),...,(v,, w,). In a departure from the
standard statistical learning setting, where the training data is obtained as iid samples from
the distribution under which the learner is evaluated, we investigate active data collection
strategies. In active data collection strategies, the learner can pick any source terms vy, ..., v,
and use the oracle to obtain w; = O(v;). Since the goal is to provide guarantees under samples
from the distribution u € P(K), the learner can use the knowledge of K to pick source terms.

For a given oracle with accuracy ¢, covariance kernel K, and the desired accuracy n > 0,
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the goal of the learner is to develop an active data collection strategy for the source terms
and an estimation rule to produce F such that the accuracy of 17 can be obtained with the
fewest number of oracle calls. Or equivalently, achieve an optimal decay in the upperbound
of (7.1) for n € N number of oracle calls. Under this model, we provide an upperbound on

(7.1) when F is a bounded linear operator.

Theorem 27 (Upper Bound). Suppose F is a bounded linear operator. There exists a deter-
ministic data collection strateqy and a deterministic estimation rule such that the estimate

F, produced after n calls to oracle O satisfies

sup E [Hﬁn(v) —F(v)

peP(K) VH

) n
Ag&Z&Hm@ZM
=1

i>n
Here, A\ > Ay > ... are the eigenvalues of the integral operator of K defined as (Zxv)(-) =
Jx K(,2)v(z) dv(z).

The first term above is the irreducible error, which depends on the quality of the training
data. For the second term, Hsing and Eubank [2015, Theorem 4.6.7] implies that

o0

;&IAKm@wwsﬁmm@mmm<m.

This is finite because v is a finite measure on X', and K (z,x) is a continuous function on a
compact domain, making it bounded. As a result, the second term in the upper bound of
Theorem 27 vanishes as n — oo. In Section 7.3.3, we apply Theorem 27 to derive precise

rates for several common covariance kernels.

7.3.1 Data Collection Strategy and The Estimator

Here, we specify the data collection strategy and the estimator that achieves the claimed
guarantee in Theorem 27. Let {>\j790j}§il be the sequence of eigenpairs of K defined by

solving the Feldholm integral equation

/X K(y,z) pj(x)dv(z) = Njp;(y),  y,z€X.

Given the Oracle call budget of n, the input functions that the learner selects are
©1, P2, - .., Pn as source terms. For each ¢ € [n], the learner makes an oracle call and obtains

w; = O(p;). Then, we consider the estimator
?n = Z w; & ;.
i=1
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More precisely, this estimation rule yields an operator IE’n such that ?nv =20 w; (@, V) 1o
for any v € L*(X). Appendix F.1.1 provides an overview of the process for deriving this es-
timator starting from a least-squares estimation rule. Furthermore, Appendix F.3 discusses
methods for approximating the eigenfunctions ¢; when the Fredholm integral equation can-

not be solved exactly.

7.3.2 Sketch of a Proof of Theorem 27

We now provide a high-level, non-rigorous sketch of a proof of Theorem 27, and defer a full
proof to Appendix F.1.

To bound the risk of the estimator specified above, we first rewrite the risk using
Karhunen-Loéve Theorem. Pick any v ~ pu. Since v is defined using a centered and
squared-integrable stochastic process with continuous covariance kernel K, the celebrated
Karhunen—Loéve Theorem [Hsing and Eubank, 2015, Theorem 7.3.5] states that

o) :i N E e,

where ¢;’s are random variables defined as §; := ﬁ [y v(z) ¢j(z) dv(z). It turns out that
¢;’s are uncorrelated random variables with mean 0 and variance 1. That is, E[¢;] = 0 and
E[&i ] = 1[0 = j].

This decomposition allows us to rewrite expectation over y in terms of expectation over
the randomness of the sequence (¢;),>1, which is more tractable. For simplicity, assume that

€ = 0. Then, using Karhunen—Loéve expansion, we can show that

;] < E [HF (Zj>n \/ijj %‘) ;} ;

which can then be further upper bounded by HFHip > j>n A; using properties of &;’s.

~

Evuy |[Falv) - F)

There are two primary challenges in completing this argument in a fully rigorous manner.
First, we must address the fact that the oracle O is only e-approximate for any € > 0.
Second, the convergence statement for 3222,/ A;€i;(+) is quite specific, requiring careful

attention when applying this result.

7.3.3 Examples of Covariance Kernels

To make the upperbound in Theorem 27 more concrete, let us consider a few specific covari-
ance kernels K. While not all claims are rigorously proven in this subsection, a detailed and

formal treatment of the material can be found in Appendix F.2.
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7.3.3.1 Fractional Inverse of Shifted Laplacian

Li et al. [2021], Kovachki et al. [2023] generated input functions from GP(0, a(—V?+ 5I)77)

for some constants «, 3,y > 0. Here, V? is the Laplacian operator defined as

In this section, we will consider X to be a d-dimensional periodic torus T¢ and the base
measure v is Lebesgue. We identify T¢ by [0, 1]¢ with periodic boundary conditions. Let us
define a function ¢,, : T¢ — C as p,,(z) = ™™ for every m € Z%. Recall that ,, is the

eigenfunction of V? with eigenvalue —47%|m|3. In particular,

d 2
v2627rim~;r — Z 8
Ox?

=1

627r1m-93 — _4ﬂ_2|m|g 627r1m~$‘

Since {¢,, : m € Z%} forms a complete orthonormal system in L?(T¢), there are no other
eigenfunctions of V2. A simple algebra shows that ¢,,’s are also the eigenfunctions of (—V?+

BI)~7 with eigenvalues being (8 + 472|m|3)77.
Using this fact in Theorem 27 yields the upper bound

2
a ) alflFllg, 1

2v —d 1"

<elafT+a+
- ( P 2y —d n7

When 27/d—1 > 0, the reducible error above goes to 0 when n — co. Again, as an example,
Li et al. [2021] uses a = 7%/2, 3 = 49 and v = 2.5 in their experiment for 2d-Navier Stokes.
In this case, 2y/d = 2.5, yielding the convergence rate of n=!* for the reducible error. Note
that this rate is faster than the usual passive statistical rate of 1/n. However, for any value
T, one can take v = d(7+1)/2 to get the rate of n=7. Thus, every polynomial rate is possible

depending on the choice of 7.

7.3.3.2 RBF Kernel

Let X = R and K(z,y) = exp (—ﬁ|x—y|2) for all z,y € R and ¢ > 0. For now, let

2 on R. Using the known results on

v is a Gaussian measure with mean 0 and variance o
eigenfunctions of RBF kernel in terms of Hermite polynomials [Williams and Rasmussen,
2006, Section 4.3.1], we show that there exists v € (0,1) such that the upper bound in
Theorem 27 is

<

= (P, ).
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That is, the reducible error vanishes exponentially fast as n — oo. In Appendix F.2, we also

show that a rate faster than any polynomial rate can be achieved for RBF kernel on R

7.3.3.3 Brownian Motion

Let us consider the case where X' = [0, 1], the base measure v is Lebegsue, and the stochastic
process in Section 7.2.2 is Brownian motion. Recall that the Brownian motion is a Gaussian
process with covariance kernel K(s,t) = min(s,t) for all s,¢ € [0, 1]. It is well-known [Hsing
and Eubank, 2015, Example 4.6.3] that the eigenfunctions of K can be written in terms of

sine waves. A simple analysis can then be used to establish an upper bound of

, 12

< -
P 72 9 —1

2
€
— F
-+ P

Therefore, the reducible error vanishes at rate ~ n=!.

7.3.4 Comparison to Traditional Active Learning

The active learning framework we adopt in this work is referred to as the membership query
model, which has a longstanding history in the learning theory literature Angluin [1988,
2001]. However, in traditional learning settings, the membership query model-—where the
learner can request labels for any unlabeled instance—is generally unrealistic. For example,
in the context of human data, it may not be feasible to generate a label for an individual
with an arbitrary feature vector, as such a person may not exist in reality. As a result, other
active learning frameworks, such as the stream-based sampling model Atlas et al. [1989] and
the pool-based model Lewis and Gale [1994], Hanneke [2013], have gained prominence in the
recent literature. These models restrict the learner to requesting labels for instances sampled
from a specific distribution, making them more practical for many real-world applications.
For a comprehensive review of active learning models, their history, and key results, we refer
readers to Settles [2009]. That said, we believe that the membership query model is the
right model for developing surrogates for solution operators of PDEs. This is because a
PDE solver can provide a solution to any query of an input function within an appropriate

function space.

7.4 Lower Bounds on Passive Learning

In this section, we establish a lower bound on (7.1) for any passive data collection strategy.

As usual, the kernel K is known to the learner. Nature selects a distribution pu, € P(K),
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and the learner receives n i.i.d. samples vy, vy, ..., v, ~ .. For each i € [n], the learner
queries the oracle O to produce w; = O(v;). It is important to emphasize that the learner
can only make oracle calls for the i.i.d. samples vy, vs,...,v,. If the learner were allowed
to make oracle calls for other input functions, the learner could simply disregard these i.i.d.
samples and implement the “active strategy” from Section 7.3.1. Such restriction on oracle
calls still includes most passive learning rules of interest, such as arbitrary empirical risk
minimization (ERM), regularized least-squares estimators, and parametric operators trained
with stochastic gradient descent.

Using these n training points {(v;, w;)}i<n, the learner then constructs an operator F,.
Since the learner only has access to samples from p,, it is unrealistic to expect a uniform
guarantee over the entire family P(K’) as established in Theorem 27. Therefore, in this

section, the learner will be evaluated solely under the distribution p,. The objective is to

o]

Moreover, establishing any meaningful lower bound on this risk requires imposing some

minimize the expected loss under p,, defined as

E

’Ul:nN/‘LQ

E [“F‘n(v) —F()

VA L

restriction on the oracle O. To understand why, consider the case where F is a finite-rank
operator that only maps to the span of {t1,1s,...,1x} for some orthonormal sequence
Y1,...,¥N in L2(X). Now, consider an oracle O such that for any v € L*(X), it outputs

O(v) = F(v) + x ¥n+1,

where x € R and 941 is a unit norm function in L?(X) that is orthogonal to all v; for
1 <7< N.If|x| <e, it is easy to see that

S 1O(v) = F(0)72 = lIx ¥nill7e = x> < €.
Thus, O is a valid oracle according to Assumption 4. However, in principle, it is possible to
encode the entire identity of F in a real number y. Thus, the learner could determine the
identity of F' with just a single call to O, making any attempt at establishing a lower bound
futile.
This problem may still persist even when € = 0. Consider the case where v is the Lebesgue

measure, and the oracle is of the form

O(v) =F(v) + x1[z = =]
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for some 2o € X. Then, for any v € L2(X), we have [|O(v) — F(v)||% = ||x1{z = z0}||3. = 0
as v({xo}) = 0. This shows that the oracle can still reveal the identity of F in regions of the
domain that have zero measure under v. Therefore, to avoid these pathological edge cases,

we will assume that the oracle is perfect.

Definition 29 (Perfect Oracle). O is a perfect oracle for F if, for every v € L*(X), we have

(0W)(@) = (F(v))(x) VaeX.

In other words, the perfect oracle O produces exactly the same function that F does—mnothing
more, nothing less. With this assumption, we are in the usual realizable setting often consid-
ered in statistical learning theory. That is, the learner has access to n samples { (v;, F(v;)) } 1,
where vy, ..., v, are drawn iid from some distribution p.

Theorem 28 provides a lower bound on the risk of any estimator under such passive data

collection strategy.

Theorem 28 (Lowerbound). Fiz any continuous covariance kernel K with eigenvalues Ay >
A2 > .... Then, there exists a solution operator ¥, accessible to the learner through a perfect
oracle O, such that the following holds: for everyn € N, there exists a distribution p € P(K)
such that, under any estimation rule within a passive data collection strateqy, the risk of the

resulting estimator ﬁn 18

E [ E [Hf‘n(v) ~F()

Viin~ U™

for every fired m € N.

Specifically, for m = 1, we obtain a lower bound of 3 HFHip A1. This provides a non-
vanishing lower bound for any non-trivial operator F and covariance kernel K.

Our lower bound is constructive: we explicitly define a difficult distribution for the learner.
We construct a distribution p over input functions such that, along each eigenfunction direc-
tion ¢;, it places mass 0 with probability 1 —p, and £1/,/p with equal probability p/2. This
yields a sparse distribution with rare but large spikes. A careful argument shows that this
construction defines a valid distribution in P(K) for any p > 0. When p is small, the learner
observes mostly zero inputs during training with probability at least 1/2, yet the expected
squared error along each direction is (1/ \/ﬁ)z -p =1, leading to a non-vanishing error. The

full proof is provided in Appendix F.4.
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7.5 Experiments

In this section, we conduct numerical studies comparing our active data collection strat-
egy with passive data collection (random sampling) for learning solution operators for
the Poisson and Heat Equations. For the actively collected data, we implement the [in-
ear estimator defined in Section 7.3.1. On the other hand, for passively collected data,
we use a least-squares estimator, where the pseudoinverse is computed numerically. Re-
call that, given input-output functions {v;,w;}_,, the least-squares estimator has a form
L=l weuy) (XL vue vi)T. For the actively collected data in Section 7.3.1, the v;’s
are orthogonal, which yielded a simple and natural pseudoinverse (see Appendix F.1.1).
However, for the passively collected data, the v;’s may not be orthogonal anymore and the
pseudoinverse does not have a nice closed form. Thus, we use standard numerical techniques
to compute the pseudo-inverse (37 ; v; ® v,;)T. However, in practice, one rarely uses linear es-
timators for passively collected data. Thus, we also compare our method against the Fourier
Neural Operator [Li et al., 2021], the most popular architecture for operator learning. Our

code is available at https://github.com /unique-subedi/active-operator-learning.

7.5.1 Poisson Equation

Let X = [0, 1]?. Consider Poisson equation with Dirichlet boundary conditions:
~V2u=f, wu(z)=0 Vz € boundary(X),

where V2 is the Laplace operator. The objective is to learn the solution operator that maps
the source function f to the solution uw. This solution operator is the inverse of the Laplacian,
which is a compact linear operator since X is bounded. For the passive data collection
strategy, the input functions f are independently sampled as f ~ GP(0,50*(=V? +1)7%),
where GP denotes Gaussian Process.

The solution u is computed using the finite-difference method. Both linear estimators and
Fourier Neural Operators (FNO) are trained on n such independently sampled pairs (f,u).
For testing, 100 additional source functions f ~ GP(0,50%(—V? + I)~2) are generated, and
their corresponding solutions u are also obtained via the finite-difference method. Both
active and passive estimators are evaluated on this test set, with the performance measured

using the mean-squared relative error:

true __ , predicted 2
i -

)

Ntest

u 12

Error = —
Ntest 5—1 e 7
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We report the relative error instead of the absolute error to normalize for potential ar-
bitrary scaling due to the norms of the true solution function. The FNO model has four
Fourier layers and N/2 Fourier modes, where N denotes the number of grid points along
each spatial dimension. In our experiments, all computations are carried out on a 64 x 64
grid, so N = 64. Figures (7.1) and (7.2) show the testing error as a function of the training
sample size. The performance of FNO on active data is not included in this figure due to
its poor results. However, Figure (F.1) in the Appendix includes the error curve for FNO

trained with active data, alongside the results for passive data.
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Figure 7.1: Error Plots for various estimators for Poisson Equation. The blue curve shows
the performance of our linear estimator on actively collected data. The orange and red curves
include the linear estimator’s and FNQO’s performance on passively collected data. Figure
7.2 shows the same plot in log-scale.

While the convergence guarantee of our estimator is formally established only for the
covariance operator 50?(—V?2 + I)™7 with v > 1 as d = 2, we observe that the estimator
demonstrates robust convergence even when v < 1 in the context of Poisson equation. Figure
(7.3) presents the convergence rate of our estimator in log scale, using actively collected data

across various values of ~.
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Figure 7.2: Error Plots for Poisson Equation in log-log scale.

7.5.2 Heat Equation

Consider the heat equation

ou 9
E—TV u,

where u : [0,1]> — R vanishes on the boundary. The solution operator for this equation is
given by exp(7tV?), and the solution at time ¢ > 0 can be expressed as u; = exp(7tV?)ug.
Fixing ¢t = 1, our objective is to learn the solution operator exp(7V?). This operator is
defined as . )

exp(TV?) = Z Tv ,

which is a bounded linear operator. As in the previous case, we sample n initial conditions
ug ~ GP(0, (—=V? +I)~1%). For each initial condition, we use the finite difference method
with forward-time discretization to compute the solution u; at ¢ = 1. This is done using
1000 time discretization steps on a 64 x 64 grid. For our experiments, we set 7 = 1072, As 7
is the step size in the forward Euler method, choosing a larger 7 would result in instability
in the numerical PDE solver.

All estimators are evaluated on a test set of size 100, drawn from the same distribution
as the training data. Figure (7.4) presents the relative testing errors. Furthermore, the error

plot for the Fourier Neural Operator (FNO) trained on actively collected data is shown in
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Figure 7.3: Convergence rate of the active linear estimator for Poisson equation with actively
collected data for different values of ~.

Figure (F.2) in the Appendix. Finally, Figure (F.3) in the Appendix shows the convergence
rates of the active linear estimator for different values of 7.

Our experimental results verify the theoretical advantage of active data collection strate-
gies over passive sampling, as established in Theorem 27. These findings highlight the prac-

tical utility of active learning frameworks in improving data efficiency for operator learning.

7.6 Discussion

In this work, we show that arbitrarily fast rates can be achieved with an active data col-
lection strategy when the operator of interest is a bounded linear operator and the input
functions are drawn from centered distributions with continuous covariance kernels. A natu-
ral extension of these results would involve non-linear operators. Specifically, one might ask
whether there exists a natural class of non-linear operators that permits such fast rates when
input functions are drawn from centered distributions with continuous covariance kernels. A
natural starting point might be to consider the RKHS of operators. Additionally, given that
functional PCA is the estimation of truncated Karhunen—Loéve decomposition, it would be
interesting to explore whether a variant of a PCANet-based architecture could achieve fast

rates with active data collection.
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CHAPTER 8

Is Zero-Shot Super-Resolution Possible in Operator
Learning?

Neural operators are a class of neural-network-based operator models designed to learn
complex non-linear operators [Kovachki et al., 2023]. They have demonstrated remarkable
empirical success across a wide range of PDEs arising in practice, from quantum mechanics
[Mizera, 2023] to fluid dynamics [Wang et al., 2024]. In addition, a growing body of work
has reported an intriguing capability of neural operators, commonly referred to as zero-shot
super-resolution [Li et al., 2021].

Although operator learning concerns mappings between functions defined on continuous
domains, the learner often has access only to function values on a predefined discrete grid for
computational feasibility. In this setting, zero-shot super-resolution refers to the phenomenon
in which models trained using supervision on a coarse output grid exhibit good performance
when evaluated on a substantially finer grid at test time, without any additional retraining
or fine-tuning. Despite being frequently reported in empirical studies [Jiang et al., 2023,
Yang et al., 2024, Sinha et al., 2025], zero-shot super-resolution remains poorly understood
from a theoretical perspective. Thus, in this chapter!, we formally define the problem of
zero-shot super-resolution and initiate a systematic theoretical investigation of zero-shot
super-resolution in operator learning.

Before presenting our results, we emphasize two important points. First, the learner is
always evaluated through its predicted outputs; therefore, zero-shot super-resolution is fun-
damentally a property of generalization across output resolutions. Second, the “zero-shot”
property requires that the learner does not observe output functions at finer resolutions
during training. However, the learner may still have access to higher-resolution input func-
tions, or even continuum inputs, during training. While the setting in which input functions

are available at higher resolution than output functions may appear uncommon, it is not

IThis chapter is based on: Unique Subedi and Ambuj Tewari (2026+). Is Zero-Shot Super-Resolution
Possible in Operator Learning? In preparation.
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unrealistic. In many applications, input functions are specified by the practitioner and are
therefore relatively inexpensive to obtain at high resolution. In contrast, generating output
functions often requires running expensive PDE solvers, making high-resolution outputs sig-
nificantly more costly. The ability of many operator-learning models to handle inputs at
varying resolutions is commonly referred to as discretization invariance. Although related,
discretization invariance and zero-shot super-resolution are distinct concepts (see Section
8.2.1).

A first natural question in this direction is whether zero-shot super-resolution is possible
at all. Our first main result is an impossibility theorem establishing that zero-shot super-
resolution inference can fail even in extremely benign settings. We construct a class of
rank-one operators for which learning is trivial when the training and testing grids coincide,
yet for which no estimator, including empirically successful ones such as Fourier Neural
Operators and DeepONets, achieves vanishing error when evaluated on a finer grid than the
one used for training. We further support our theoretical results with numerical experiments
that demonstrate the failure modes predicted by our lower bound (see Figure 8.1). This
lower bound complements recent empirical findings of Gao et al. [2025], Sakarvadia et al.
[2025], which provide evidence that zero-shot super-resolution can fail in certain regimes.
Taken together, these results establish that zero-shot super-resolution is impossible without

additional structural assumptions.
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Figure 8.1: Residuals of the predicted output @ and the ground truth w at test resolutions
N = 128,256,512, with training performed at N = 128. While residuals are negligible at the
training resolution, errors grow substantially as the grid is refined, illustrating the failure of
zero-shot super-resolution.

Given our lower bound, the next natural question is when zero-shot super-resolution is
possible. We show that zero-shot super-resolution can indeed be achieved when the output
functions produced by both the ground-truth operator and the learned operator are Holder
continuous. Under this assumption, we derive a zero-shot generalization bound that de-

composes the test-time error on a finer grid into the error on the coarse grid and a term
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capturing extrapolation across resolutions. Finally, we connect our assumptions to classi-
cal PDE theory and modern neural-operator architectures. We show that Holder regularity
arises naturally for solutions of many elliptic and parabolic PDEs via standard regularity re-
sults, and we verify that common neural-operator architectures produces continuous outputs

under mild conditions on their kernels and biases.

8.1 Related Works

Zero-shot super-resolution in operator learning was first reported by Li et al. [2021] in the
context of Fourier Neural Operators. Since then, the ability of neural operators to exhibit
zero-shot super-resolution has been reported in a number of empirical studies across diverse
applied settings [Jiang et al., 2023, Luo et al., 2024, Yang et al., 2024, Yasuda and Onishi,
2025, Sinha et al., 2025].

Such cross-resolution generalization is feasible in the first place because these models are
discretization invariant, in the sense that they can be evaluated on grids with resolutions
different from those used during training. These discretization-invariant operator-learning
frameworks were by developed in a series of works, with representative examples including
[Bhattacharya et al., 2021, Li et al., 2020b, 2021, Lu et al., 2021, Nelsen and Stuart, 2021,
Bartolucci et al., 2023]. We refer the reader to the survey articles by Boullé and Townsend
[2024], Kovachki et al. [2024b], Azizzadenesheli et al. [2024], and Subedi and Tewari [2026]
for a more comprehensive overview.

Although zero-shot super-resolution has been widely reported in empirical studies, its fail-
ures have also been documented. For example, Li et al. [2024b] observed that Fourier Neural
Operators fail to match the behavior of Kolmogorov flow in frequency regimes not present
in the training data, and proposed physics-informed constraints as a corrective measure.
Similarly, Raonic et al. [2023] noted the inability of common operator-learning models such
as Fourier Neural Operators, DeepONets, and Galerkin Transformers to achieve zero-shot
super-resolution for transport equations, and hypothesized that this limitation arises from a
lack of translation equivariance. They empirically showed that convolutional neural opera-
tors, which are translation equivariance, can generalize to unseen resolutions for these equa-
tions. Moreover, Gao et al. [2025] reported analogous failures of standard operator-learning
methods in cross-resolution generalization and proposed techniques to mitigate them. Gao
et al. [2025] also established an upper bound on the difference in prediction error between
operators evaluated at two different resolutions and inferred, based on the upper bound, that
the error can grow as the resolution gap increases. While such upper bounds are useful for

building intuition, they do not conclusively rule out zero-shot super-resolution, as doing so
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requires a corresponding lower bound on the error.

A recent empirical study by Sakarvadia et al. [2025] systematically evaluated the meth-
ods proposed in Li et al. [2024b], Raonic et al. [2023], Gao et al. [2025] and demonstrated
that these approaches still fail to achieve reliable cross-resolution inference. Based on these
findings, Sakarvadia et al. [2025] concluded that zero-shot super-resolution is fundamentally
an out-of-distribution generalization problem and proposed multi-resolution training as a
remedy. While this strategy can improve performance at higher resolutions, it breaks the

zero-shot paradigm by allowing the model access to higher-resolution data during training.

8.2 Problem Formulation

Let X C R and ) C R be bounded domains. Define L2(X) := {f : X = R | [y |f(2)|?dx <
oo} as the space of square-integrable functions over X. Let V C L*(X) and W C L?*()) be
Banach spaces of functions, and suppose the ground truth operator of interest is G : V — W.
For example, G might represent a PDE solution operator.

In the statistical learning setting, the learner observes n i.i.d. samples {(v;, w;)}" ,, where
v; ~ p and w; = G(v;) (or a noisy version thereof). Crucially, we assume that outputs w;
are only available on a discrete output grid Vyaim C YV, with |Vyaim| < oo. For now, we
assume that the inputs v; are accessible over the entire continuous domain X. The case
where inputs are observed only on a discrete grid X}, is discussed in Section 8.6, with
additional related remarks provided in Section 8.2.1. Using the observed data, the learner
constructs an estimator F,. For simplicity, we use the same notation to refer both to the
learned operator and to the learning rule. Although F,, can in principle be any map V — W,
in practice it is usually chosen from a restricted function class F C WY, such as neural
operators [Kovachki et al., 2023]. Note that the ground truth operator G may not belong to
F.

At the very least, the learner’s goal is to minimize the expected error on the training grid
defined as

1

Eu(Fn, G, Viram) = E, [ > (Faw)(y) - G<v><y>)2] .

’ ytrain | yeytrain

However, often at test time, the output of the estimator is evaluated on a finer grid Viest 2

Virain, Where |Viest| < 00. The test-time error is defined as

1

Eu(F G Vi) i= E, [ (Buw)y) - G<v><y>)2] .

|yteSt ‘ yeytest
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We emphasize that the estimator is trained using supervision only on the coarse grid Vi;ain,
yet is expected to generalize to the finer grid )i.. This is precisely the central question of
zero-shot super-resolution. Accordingly, we seek conditions under which a small expected
error Su(ﬁn, G, Virain) on the training grid guarantees a correspondingly small expected er-
ror on the finer testing grid EH(EL, G, Viest), even though the learning algorithm has never
observed outputs on Yies; \ Virain. Formally, we ask whether there exists a condition such

that, for every € > 0, if there exists n sufficiently large for which
5u(ﬁn7 G7 ytrain) S £,

then
gu(ﬁna G7 ytest) S ce

for some universal constant ¢ > 0. Ideally, we want the aforementioned condition to be
distribution-free. If such condition exists, then we say that zero-shot super-resolution is
possible for the tuple (ﬁ‘n, G, Virain, Viest)-

8.2.1 Zero-Shot Super-Resolution vs Discretization Invariance

In the operator learning community, the concept of zero-shot super-resolution is sometimes
conflated with a related notion of discretization invariance, as formalized in [Kovachki et al.,
2023, Definition 4]. An operator F is said to be discretization invariant with respect to a

sequence of nested input grids { X }ren, where Xy C Xjyq and limy_, o X = X, if

=0

lim sup HF(Ule) - F(U)‘ L2(Y)

k—o00 yecA

for every compact subset A C V, where vy, denotes the restriction of v to the grid Aj. This
definition presupposes a meaningful way to evaluate F(v)x,).

Importantly, discretization invariance focuses solely on input resolution. It ensures that
as the input grid becomes increasingly refined, the operator’s output converges to its contin-
uum evaluation. However, zero-shot super-resolution concerns a different question: how well
an operator trained on a coarse output grid generalizes to a finer one. Since discretization in-
variance is defined using the continuum norm in the output space, it provides no information
about generalization across different output grids.

To clearly separate these two notions, we begin by assuming that input functions v are
available over the entire domain X. This removes the issue of input discretization, allowing
us to focus purely on output resolution. In fact, discretization invariance is trivially satisfied

in this setting, as X, = & for all k. Despite this, our impossibility result in Section 8.3
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shows that zero-shot super-resolution remains a fundamentally nontrivial problem, even

when discretization invariance holds.

8.3 Impossibility of Zero-Shot Super-Resolution: A Lower
Bound

We now show that generalization to finer output grids cannot always be guaranteed, even
for simple operator learning problems. Specifically, we construct a setting where learning is
trivial when the training and testing grids coincide (Virain = Viest), but impossible when the
model is trained on a coarse grid and evaluated on a finer one.

Let X =Y = [0, 1), where the exclusion of the endpoint is simply so that our construction
allows periodic boundary conditions. Let Ny, No € N with Ny > N;. The learner observes
outputs w; = G(v;) only on the coarse, uniformly spaced grid of size N; but evaluated on
the finer grid of size N,. That is,

— 1 Ni—1 — 1 Na—1
ytrain T {07]\7717"'7 ]1\[1 } and ytest T {071\727‘-'7 ]2\72 }

To ensure that Viain € Viest, We assume No = mN; for some m € N, as done in prior works.
For example, Li et al. [2021] uses m = 2* for k > 1.

We consider a learning problem where the ground truth operator G belongs to a known
class G, though the learner does not know which specific operator in the class is realized. This
reflects practical scenarios where structural knowledge about the PDE allows the learner to
constrain the solution operator to a known class, even if the specific instance depends on
problem-specific parameters. The result below shows that learning G is straightforward when
the training and testing grids match, but zero-shot super-resolution is impossible when the

evaluation grid is finer than the training grid.

Theorem 29 (Impossibility of Zero-Shot Super-Resolution). Let X =Y = [0,1), and let G
be a known class of rank-one linear operators from L*(X) to L*(Y) such that || G |lop < 1 for
all G € G. Let u be a probability measure supported on L*(X) such that every v ~ u satisfies

a<|u(x)| <1 forallze X,

for some constant a > 0. Then there exists a ground-truth operator G € G such that, for
any Ny, No € N with Ny = mNy, the following statements hold.

(i) (Perfect learning on the training grid) There exists an estimator 15/1 L L2(X) — L*(Y),

depending only on a single sample (vi,wy) with vi ~ p and the output wy = G(vy)

143



observed only on Yirai, such that

|ytra.i11 | yeytrain

L, [1 > (Fi(0)®) —G(v)(y))2] —0.

(ii) (Failure of zero-shot super-resolution) For every estimator F,, : L2(X) — L*(Y) trained
on samples {(v;, w;)}1, where v; ~ p and each output w; = G(v;) is observed only on

the training grid Yiaim, the expected test error on the finer grid satisfies

E[ — 3 (Bu0)v) - G)w)

| yteSt | yeytest

Part (i) shows that the problem is trivially learnable when the operator is evaluated on
the same grid it was trained on. However, the lower bound in part (ii) remains non-zero
for any m > 1 even with infinitely many samples (n — 00), implying that zero-shot super-
resolution is impossible in this setting. Importantly, our lower bound does not rely on any
structural assumptions about the estimator F,. In particular, the estimator need not be
linear, unlike the ground truth operator G. As a result, the bound applies even to highly
expressive nonlinear models, including neural operators such as Fourier Neural Operators
(FNOs). The proof of Theorem 29 is provided in Appendix G.1.

8.4 A Generalization Bound for Zero-Shot Super-
Resolution

Given the impossibility result established in Theorem 29, a natural next step is to identify
sufficient conditions under which zero-shot super-resolution becomes possible. A close inspec-
tion of the proof of Theorem 29 suggests that the lack of regularity of the output functions is
a primary source of difficulty. Intuitively, without continuity, the output functions can vary
arbitrarily between observed grid points, making any attempt to infer their values at unseen
locations fundamentally ill-posed. This observation motivates the question of whether con-
tinuity of the output functions is sufficient to guarantee zero-shot super-resolution. While
continuity is indeed sufficient, it is a qualitative property and does not yield quantitative error
bounds. To obtain meaningful rates, we therefore impose a stronger regularity assumption.
Specifically, we assume that the output functions are uniformly Holder continuous and derive
quantitative generalization bounds for zero-shot super-resolution under this assumption.

Recall that a function w : ) — R is said to be uniformly Hélder continuous with exponent
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a€ (0,1 on Y if
[w]e := sup wivy) —w(ayz)| < 00.
Y1,Y2€Y |y1 - yz\z
Y17Y2

Let C%*(Y) denote the space of real-valued functions on ) with finite Holder exponent. In
this section, we consider the case where the output space W is constrained to functions that

are uniformly Hoélder continuous for some constant ¢ > Om
W C {w € C™ (V) : [w]a < c}.

This regularity assumption allows us the learner to extrapolate between grid points in the
output domain ).

In addition to regularity assumptions on the output functions, it is also necessary to
ensure that the training and testing grids are sufficiently close for meaningful extrapolation
to be possible. For example, consider a setting in which the training grid is the uniform
discretization of [0,1) with N points, Viam = {O, %, cee %}, while the testing grid is
given by Viess = Virain U (Virain + ), that is, the union of the same uniform grid on [0, 1)
and a shifted copy on [5,6). Although Yiain € Viest, it is unreasonable to expect any
meaningful extrapolation to the additional test points in [5,6) based solely on observations
from [0, 1). Such pathological cases typically do not arise in existing empirical studies, which
usually assume that both Vi and Vet are uniform discretizations of the same domain,
with the testing grid being a refinement of the training grid. However, since our goal is to
establish results at a higher level of generality, potentially accommodating non-uniform or

even arbitrary grids, we introduce quantitative notions of similarity between the training

and testing grids that are sufficient to allow meaningful extrapolation.

Definition 30. Let Viain, Viest C YV C R? be finite sets.

(i) The coverage between the training and testing grids is defined as

: /
f:= max min |y —1vy'|o.
YE Vrest yleytrain

(ii) The load-balancing factor is defined as

vi= max > 1{nn(y) =z},
YEVtest

where n(y) € Viain denotes the nearest neighbor of y, with deterministic tie-breaking

chosen to minimize v.
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The quantity [ is the one-sided Hausdorff distance from the testing grid to the train-
ing grid and quantifies how well the testing domain is covered by the training grid. The
load-balancing factor v quantifies the maximum number of testing points whose predictions
rely on a single training point. Intuitively, larger values of v place a greater burden on
individual training points to represent multiple unseen testing locations, increasing the risk
of extrapolation error.

Given these quantities, the following result establishes a bound on the zero-shot super-

resolution generalization error.

Theorem 30 (Zero-Shot Super-Resolution Generalization Bound). Let G denote the ground
truth operator, and let F,, be any estimator trained on n samples { (v, w;) Y7y, where each
w; = G(v;) is observed only on a discrete training grid Viwm C Y. Then, for any test grid

ytest 2 ytrain; we have

|ytmin| .
|ytest|

Eu(ﬁnv G7 ytest) S (2V - 1) : gu(ﬁna G, ytmin) + (1 - |ytrain|> : 802 : 620{-

|ytest|

This bound decomposes the expected error on the higher-resolution test grid into two
components. The first term is a statistical error that reflects the estimator’s average error
on the training grid, while the second term captures the error due to extrapolation to unseen
points. In the special case where Viain = Viest, there is no extrapolation. Since every test
point is observed during training, the second term vanishes. Moreover, each point is its
own nearest neighbor, so v = 1, and the first term reduces to Eﬂ(ﬁn, G, Virain)- This exactly
recovers the estimator’s expected error on the training grid.

The quantity v is introduced to rule out pathological scenarios in which a small num-

ber of training points are responsible for extrapolating to a large number of testing

points. To illustrate this, consider the case where J = [0,1] and the training grid is
Virain = {O, %, %, e %, } Note that there are no other points between 1/2 and 1. Sup-

pose the testing grid satisfies Viest C Virain U Vuew, Where the set of new testing points
Yhew C [1 — €, 1] lies near the endpoint for some small € > 0. In this setting, the coverage
S is at most max{e,1/N}, a good geometric coverage. However, suppose the estimator per-
forms well at all points in V., except at the endpoint y = 1. When N is large, the error
at this single point contributes negligibly to the average error on the training grid. Yet all
points in V,ew have y = 1 as their nearest neighbor in the training grid, so extrapolation
to the unseen region depends almost entirely on this poorly estimated point. In such cases,
reliable extrapolation is unrealistic. The quantity v captures this phenomenon by measuring
how many testing points rely on each training point. In the example above, v = |V,ew|, which

can be arbitrarily large depending on the number of unseen testing points. This illustrates
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why controlling v is necessary for meaningfully bounding the extrapolation error.
Next, we apply the general bound in Theorem 30 to uniform grids over [0, 1)¢. The proof
is deferred to Appendix G.3.

Corollary 3 (Uniform Grid Version of Theorem 2). Suppose Viuin and Vies; are uniform
grids over [0,1)% with resolutions Ny and No respectively along each direction, such that

Ny = mN; for some m € N. Then, the expected test error satisfies

2a
I B 1 Vd
g,u(Fna G, ytest) S 2d+1 g“<Fn, G, ytram) + <1 - Tnd> : 802 : (]Vl) .

The 29! dependence in Corollary 3 is somewhat loose, as it arises from applying the
general bound in Theorem 30, which does not exploit the additional regularity of uniform

grids. For uniform grids, the analysis can be refined to obtain the sharper bound

2a
F = 1
glt(Fm Gaytest> S 25M(FN7G7ytrain) —+ <1 _ ) 802 <\/E> ‘

md N1

This refinement is obtained simply by re-deriving the proof of Theorem 30 under the addi-
tional structure imposed by uniform grids. Since the argument closely parallels the general
case, we provide only a proof sketch in Appendix G.4. Observing that 1 — 1/m? < 1, the

bound further simplifies to
Eu(Fr, G, Vrest) < 2E4(Fry, G, Vigain) + 8E2d N2,

This bound has a direct implication. For any € > 0, one can first choose the training
resolution N; sufficiently large so that 8c2d*N;?® < ¢, and then choose the sample size n

large enough to ensure SM(PA“n, G, Virain) < €. Together, these yield
gﬂ(ﬁn7 G> ytest) S 2¢.

Thus, for uniform grids, zero-shot super-resolution is achievable with sufficiently large train-

ing resolution and sample size, independently of how fine the testing grid is.

8.5 On the Assumption of Holder Continuity of Outputs

In this section, we examine when the assumption that the output functions are Holder

continuous is reasonable. We first draw on classical PDE regularity theory to justify settings
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in which the ground-truth functions are Holder smooth. We then establish conditions under

which common operator-learning models produce Holder-continuous predictions.

8.5.1 Holder Smoothness of Ground Truth Output Functions

Counsider a linear PDE of the form
Lu=f,

where u, f : @ — R, Q C R? is a bounded domain, and u satisfies homogeneous boundary
conditions. The goal is to learn the solution operator G, which maps the input f (typically
representing system specifications) to the corresponding solution w. Since G is as a par-
tial inverse to the differential operator L, it can be expressed as an integral operator. In

particular,
uly) = (G ) = [ 9(v.2) flx)da.

where g : Q x Q — R is the Green’s function associated with L. [Hartmann, 2012, Chapter 1].
The following result states that the Holder continuity of the Green’s functions is sufficient

to ensure that the solution G(f) is also Holder continuous.

Proposition 2. Suppose there exists ¢ > 0 such that for almost every x € €, the function
y — g(y, ) belongs to C%%(Q) with Hélder constant at most c. Then, for every v € L?(Q),
the output G(v) lies in C**((2).

The proof of Proposition 2 is deferred to Appendix G.5.
Next, let us consider the case where the operator of interest is non-linear. To that end, a

widely used benchmark PDE in operator learning is the equation

d d
Lu)(z):==>_> 0 (a”(x) @u(m)),
i=1j=1
referred to as the Darcy flow equation in Li et al. [2021]. When the goal is to learn the
mapping G : f — u, the solution can be expressed via an integral operator using the Green’s
function. However, Li et al. [2021] instead considers the problem of learning the operator
G’ : a — u. While G’ is not a linear operator anymore, regularity theory still provides useful
information about G'(a) when the coefficients a* () satisfy the uniform ellipticity condition.
Precisely, if there exists A > 0 such that
d

Y a¥(z) &g = A¢P forall ¢ € R? and ae. € Q,

ij=1
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and if ||a¥||z~ < A and f € L*°(Q), then the classical De Giorgi-Nash-Moser theorem
guarantees that the solution u is Hélder continuous in the interior of €. Thus, G'(a) €
C%*(Q), with the Hélder exponent depending only on \, A, d, and || f||z~. For more details
and a precise statement of the result, see [Gilbarg and Trudinger, 1977, Section 8.9].

The regularity of PDE solutions is a well-studied topic and typically depends on the spe-
cific structure of the equation. Since this is covered extensively in the literature, we refer the
readers to standard references such as [Evans, 2022]. However, it is worth highlighting that
much of this theory is developed in terms of weak solutions. That is, the solution functions
u may not be classically differentiable but instead belong to Sobolev spaces W*?(Q), where
all weak derivatives up to order k exist and lie in LP(2). When k& = 1 and p > d, Morrey’s
inequality [Evans, 2022, Section 5.6.2] ensures that such functions are also Holder continuous
with exponent o = 1 — %. More generally, Sobolev inequalities [Evans, 2022, Section 5.6.3]
imply that u € C%%(Q) for some a > 0 whenever k > d/p.

8.5.2 Holder Smoothness of Predicted Output Functions

We next discuss conditions under which common operator-learning models produce Holder-

continuous predictions.

8.5.2.1 Linear Operators

Consider a linear integral operator of the form
v — F(v), where F(v)(y) = / k(y,x)v(z)dx.
X

Proposition 3. If y — k(y,x) € C**(Y) for almost every x € X with Hdlder constants
uniformly bounded in x, then F(v) € C%*(Y) for every v € L*(X).

The proof is identical to that of Proposition 2 and is therefore deferred to Appendix G.5.

8.5.2.2 Neural Operators

Let X = Y. Then, for a given input function v, a single layer of a neural operator is defined

NO®) = o [ ko) vie) do+ o)

Here, b : Y — R is a bias function and ¢ : R — R is the relu activation function. These

layers are composed sequentially to get a multilayer neural operator. The following result
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establishes that, given an squared integrable function as input, each layer of neural operator

produces Holder smooth functions.

Proposition 4. Let b € C%*(Y), and suppose that for each x € X, the function y — k(y, )

belongs to C%*(Y), with a Holder coefficient uniformly bounded in x. Then for every v €
L*(Y), we have N(v) € C%*()).

We defer the proof of Proposition 4 to Appendix G.6.
Next, we show that a multilayer neural operator v — F(v), defined by

F(v) =NpoNy j0---0Ny(v),

also produces Holder-continuous outputs. If each layer N, is parameterized by (k, b;) satis-
fying the assumptions of Proposition 4, then repeated application of Proposition 4 implies
that F(v) € C%()). To verify that these assumptions apply at every layer, it suffices to
check that the output of each intermediate layer lies in L?()). Notice that the output of the
first layer is v; := Nj(v), which belongs to C%*(Y) by Proposition 4. Since ) is bounded,

we have

loalBa) = [ 1oa(w) P dy < suplos(p)]? - vol(D) < oo.
Yy yey

The final step uses the fact that a continuous function on a bounded domain is also bounded.
Thus v; € L*()), and the same argument applies inductively to all subsequent layers.
We also note that, in some implementations of neural operators, a single layer is defined

N = o (Av) + [ kly2)vla)dz +b(w))

where A € R is a scalar parameters for scalar-valued functions. To derive an analog of
Proposition 4, we must additionally assume that the input function v lies in C%*()), rather
than merely being square-integrable. Under this assumption, the multilayer extension follows
immediately, as each layer maps functions in C%*())) to the same space, preserving Holder

continuity throughout the network.

Fourier Neural Operators. Finally, we conclude this section by considering the concrete
example of the Fourier Neural Operator (FNO) [Li et al., 2021]. In the FNO architecture,

the kernel is defined via a truncated Fourier series. That is,

kFNO(yyl') _ Z )\m 627rim~(y—a:)7
[mfoc <K
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where \,,’s are the learned parameters. For any ¥y, 12, we have

\keno(y1, @) — keno(y2, 2)| = | D A €27 im1=2) _ > A, e2Tim @2—e)

Moo <K Moo <K
S Z |>\m’ . ‘627rim-w‘ . |€27rim-y1 o 627rim-y2|
Moo <K

Note that |[e?™i™?| < 1. Since the gradient of the function y — e?™'™¥ is 21i m e*™ ™Y the
mean value theorem implies that this function is Lipschitz with constant |27 m|y < 27|mls.
Therefore,
|keno (Y1, @) — keno(y2, @) < 2w ( > |/\m|\m|2) Y1 — yalo-
[m|eo <K
In other words, kpno is uniformly Lipschitz in gy with Lipschitz constant
27 (Z\m\msK |/\m||m|2) Therefore, Proposition 4 implies that the output of FNO

under appropriate assumptions are Holder continuous.

8.6 When Inputs Are Available Only on a Discrete Grid

Thus far, we have assumed that each input function is available on the full continuum during
both training and inference. In this section, we briefly discuss how our results extend to the
more realistic setting in which input functions are observed only on discrete grids.

Suppose that the input functions v are accessible only on a discrete input grid X;.;, during
training, and on a possibly finer grid Xjest 2 Xirain at test time. We define the expected

errors when the estimator is evaluated on the training and testing grids as

1

Eu(Fu G, Xirain, Viram) = E, [ > (Fu (V) ) — G(v)(y)f] ,

|ytrain | YEVtrain

and

gu(ﬁnyGa‘Xtest;ytest) = U]Eu Lytlest| Z (§H<U|Xtest) (y) — G(”)(?/)f] .

Eytest

Note that &, (Ian, G, Xirain, Verain) 18 still a test-time error, not the empirical training error on
the training dataset. The subscript “train” indicates only that the estimator is evaluated on
the same input and output grids on which the training data were provided.

For zero-shot super-resolution in settings where input functions are accessible only on a
discrete grid X, we require that the estimator F,, satisfies a suitable form of discretization

invariance, following the notion introduced in [Kovachki et al., 2021]. Specifically, assume
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there exists a nested sequence of input grids { X} }ren such that X, C Xy 1 and limy_,oo Xy =

X, for which the estimator satisfies

lim E |t (Falo)(®) = Fu (o) 1) °] = 0.

k—oc0 v~

| yteSt | yeytest

The notion of discretization invariance used here is defined with respect to the discrete
output grid Vies, rather than the continuous L?()’) norm considered in Kovachki et al. [2023].
However, an inspection of the proof of Theorem 8 in Kovachki et al. [2023] shows that their
argument first establishes uniform convergence at every point y € ) (see Equation (50)
therein), and then uses the boundedness of Y to extend this pointwise result to convergence
in the continuum norm. Since our setting requires convergence only on a finite output grid,
this weaker form of discretization invariance is sufficient. Finally, while the result of Kovachki
et al. [2023] holds uniformly over all inputs v in a compact subset A C V, we formulate our
condition in expectation with respect to a distribution p. If p is supported on a compact
subset of V. their uniform guarantee directly implies the condition above.

We now show that, in addition to the conditions in Section 8.4, discretization invariance is
sufficient to guarantee zero-shot super-resolution when inputs are observed only on discrete
grids. Since discretization invariance is a qualitative property, it does not by itself yield a
convergence rate. To make this notion quantitative, we assume the existence of a sequence

{€k tren with e — 0 as k — oo such that

— Y (F0)w) - Fa(om) @) < e (5.1)

o |yteSt | yeytest

This condition provides a rate-controlled version of discretization invariance with respect to
the discrete output grid Viest-

We then obtain the following bound.
Theorem 31. Assume that Xyan = Xk, and Xiess = Xk, for some ki, ky € N. For any

estimator F,, satisfying (8.1), we have

-~ yrain -
gu (Fm Ga Xtesh ytest) S 2(€k1 + 5k2) + 2| : | (2V - 1) gu(Fn’ G7 Xtrain; ytrain)
|ytest|
|ytrain|> 2 n2
+16(1— 232,
( |ytest|

In summary, Theorem 31 shows that, beyond the conditions in Section 8.4, discretization

invariance of the estimator with respect to the discrete output norm is sufficient to ensure
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zero-shot super-resolution when inputs are observed only on discrete grids. The additional
error terms €, and €, quantify the loss incurred by approximating continuous inputs us-
ing discrete samples and vanish as the input grids are refined. In particular, when these
discretization errors are small and the coverage and load-balancing conditions are satisfied,

reliable cross-resolution generalization is achievable.

8.7 Experiments

In this section, we present empirical results illustrating the failure modes predicted by the
impossibility result in Theorem 29. We demonstrate these failures in two simple settings.
First, we consider the synthetic ground-truth operator used in the construction of our lower
bound. Second, we study the inviscid Burgers equation, which is known to produce irregular
solutions and therefore poses challenges for cross-resolution generalization. As our model of
choice, we use Fourier Neural Operators (FNOs), which have been shown to be among the
most effective architectures for zero-shot super-resolution across a wide range of empirical
tasks. Since the success of neural operators in zero-shot super-resolution has already been
demonstrated extensively in prior works [Li et al., 2021, Jiang et al., 2023, Luo et al., 2024,
Yang et al., 2024, Yasuda and Onishi, 2025, Sinha et al., 2025], we focus exclusively on
failure cases. Our experiments are intended primarily for illustration of our theoretical
findings rather than exhaustive evaluation. For a more comprehensive empirical studies
documenting the limitations of zero-shot super-resolution, we refer the reader to [Sakarvadia
et al., 2025, Gao et al., 2025].

8.7.1 Synthetic Data: Lower-Bound Setup

The input functions v are Gaussian random fields sampled on a uniform grid of [0,1). Out-

puts are generated using the operator G, defined by

(Ga)(0) = L) [ wo(@) de,

where f,(y) € {—1,+1} is a Rademacher function defined on the output grid. This con-
struction isolates resolution dependence: while the scalar inner product can be accurately
learned from coarse data, correct prediction on a finer output grid requires resolving the
unobserved sign pattern f,. We train models at resolution N = 128 and evaluate them at
test resolutions N = 128, 256, and 512. As shown in Table 1, performance is excellent at
the training resolution but deteriorates dramatically on finer grids. Figure 8.1 further illus-

trates this failure through residual plots comparing the predicted and ground-truth output

153



functions.

| Test Resolution (N) | Relative L? Error

128 0.0066
256 0.9614
512 1.2331

Table 8.1: Test performance of a model trained at resolution N = 128 using 2056 samples.
Errors are reported as relative L? norms, averaged over 640 random test inputs.

8.7.2 Inviscid Burgers Equation

We next evaluate zero-shot generalization on the one-dimensional inviscid Burgers equation,
yulz, 1) + 8$<§u(x,t)2> —0, zel01], telo,T],

with periodic boundary conditions. Initial conditions are generated as random superpositions
of m Fourier modes, uo(r) = X7, Ajsin(2rkz + ¢;) + Bj cos(2mkx + 1), where Aj, Bj ~
Unif[1.0, 5.0], fixed wavenumber k = 8, and phases ¢;,1; ~ Unif[0,27). This construction
yields smooth random fields with moderate oscillations. Each initial condition is evolved
to time 7' = 0.2 using a Godunov finite-volume scheme on a fine grid (Ny; = 512). The
resulting data are anti-aliased and downsampled to coarser grids for training and evaluation.

A Fourier Neural Operator is trained on N = 128-point grids using 640 samples and
evaluated at test resolutions N = 128,256, and 512. Table 8.2 reports relative L? errors
averaged over 128 test samples. The model attains high accuracy on the training grid but

fails to generalize to finer resolutions.

| Test Resolution (N) | Relative L? Error |

128 0.0578
256 0.1606
512 0.2047

Table 8.2: Test performance of a model trained at resolution N = 128 on smooth Burgers
data. Errors are reported as relative L? norms averaged over 128 random test inputs.

Figure 8.2 compares the ground truth u, predictions @, and residuals r = @ — u across
test resolutions. On the training grid, predictions coincide almost exactly with the refer-
ence solution. As the grid is refined, however, residuals increase and develop structured

oscillations, particularly near the shock where u transitions sharply between positive and
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negative values. This degradation in cross-resolution generalization in nonsmooth regions
highlights the necessity of Holder regularity or related smoothness assumptions for zero-shot

super-resolution.
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Figure 8.2: Ground truth u, predictions u, and residuals » = 4 — u across test resolutions
N = 128,256,512.

8.8 Discussion

Our work initiates a theoretical investigation of zero-shot super-resolution in operator learn-
ing, establishing both an impossibility result and sufficient conditions for its feasibility. Our
impossibility result shows that zero-shot super-resolution is not guaranteed in general even for
simple operators and highly expressive models. This suggest that zero-shot super-resolution
should be understood as a non-trivial extrapolation problem rather than a consequence of
discretization invariance or model capacity. Our positive results identify Holder regularity
as a key structural assumption under which zero-shot super-resolution becomes achievable.
Finally, we also provide a generalization bound that explains the empirical success observed
in smooth problem settings.

Two major directions remain open for future work. One natural extension is to establish
tighter bounds for function classes characterized by different notions of regularity, such as
Sobolev or Besov spaces. Second, understanding the trade-offs between strict zero-shot
guarantees and multi-resolution training with limited higher-resolution samples, as suggested
in by Sakarvadia et al. [2025], is also an important direction for developing reliable cross-

resolution operator-learning methods.
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CHAPTER 9

Operator Learning for Schrodinger Equation: Unitarity,
Error Bounds, and Time Generalization

In this chapter!, we consider the problem of learning the evolution operator for the time-
dependent Schrodinger equation, where the Hamiltonian may vary with time. Solving the
time-dependent Schrodinger equation is of interest in various engineering applications, in-
cluding material science [Liu et al., 2022, Li et al., 2020a] and the design of quantum com-
puters [Mohammed et al., 2024, Chen et al., 2024]. In all but the simplest cases, solving
this equation requires numerical methods, which are computationally expensive even for a
single initial condition [Peskin and Moiseyev, 1993, van Dijk et al., 2011]. However, a single
simulation is often insufficient for practical applications. For example, in qubit design, an
essential requirement is that the system maintains coherence across a range of environmen-
tal conditions. This necessitates repeated simulations under varying initial conditions and
system parameters, requiring significant computational resources [Nagele et al., 2023, Wu
et al., 2014].

In fact, the need for repeated PDE solutions is widespread in engineering design, such
as in simulating the Navier-Stokes equations for evaluating car or airfoil designs [Shahrokhi
and Jahangirian, 2007, Eyi et al., 1994]. To address this, operator learning has emerged as
a promising approach for the surrogate modeling of PDEs, allowing efficient computation in
such cases where repeated evaluation is required [Azizzadenesheli et al., 2024, Augenstein
et al., 2023]. Building on this idea, recent works have explored operator learning for accel-
erating solutions to the time-dependent Schrodinger equation [Mizera, 2023, Zhang et al.,
2024, Shah et al., 2024]. These works, however, typically use general-purpose neural opera-
tors [Kovachki et al., 2023|, most commonly the Fourier Neural Operator (FNO) [Li et al.,
2021], without explicitly using the special structures of the Schrodinger evolution, such as

linearity and unitary. In related fields, it has been demonstrated that incorporating known

IThis chapter is based on: Yash Patel*, Unique Subedi*, and Ambuj Tewari (2025). Operator Learning
for the Schréidinger Equation: Unitarity, Error Bounds, and Time Generalization. arXiv:2505.18288.
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Figure 9.1: Squared amplitude |¢(z)|? of the initial wave, the true wave at T'= 0.1, and the

estimator’s prediction for the barrier potential with double slits on [0, 27)2.

physical priors is often crucial for effective surrogate learning in data-scarce settings [Batzner
et al., 2022, Merchant et al., 2023].

Thus, in this chapter, we propose a surrogate model for the time-dependent Schrodinger
equation that exploits the fundamental structures of this equation. Specifically, let F be the
true evolution operator of the Schrodinger equation that maps the initial wave function 1 to
its evolved state at some fixed time 7" > 0. We introduce an active data collection strategy
and a linear estimator F to approximate F and establish the following.

(i) (Empirical Evaluation) We evaluate F across a range of Hamiltonians, including
hydrogen atoms, double-slit potentials (see Figure 9.1), an ion trap used in qubit
design, and optical lattices. Our estimator consistently outperforms neural operators
baselines such as the FNO and DeepONet by about 2 orders of magnitude, achieving

relative errors about 1072 times smaller than these baselines.

(ii) (Preservation of Physical Laws) We prove that the surrogate F preserves a weak
form of unitarity, a fundamental property of the Schrédinger equation. Thus, our work
aligns with broader efforts in physics-informed learning to incorporate known physical
symmetries and conservation laws into model design and training [Li et al., 2024b,
Richter-Powell et al., 2022].

(iii) (Theoretical Guarantees) We prove upper and lower bounds on the prediction error
of F‘, establishing tight rates in terms of the number of training samples, the accuracy
of the PDE solver used to generate training data, and the Sobolev smoothness of
the initial wave function. Instead of bounding expected error with respect to some

distribution that is common in statistical learning theory, we establish a stronger error
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guarantee that holds uniformly over smooth initial waves.

(iv) (Time Generalization) We establish time generalization bounds, showing that F
trained on data up to time point 7" can extrapolate to future time points 7" > T when
the potential is time-independent and sufficiently smooth. While time generalization
has been studied empirically in prior works on the Schrodinger equation [Mizera, 2023,
Shah et al., 2024], little is known theoretically about when such generalization is possi-
ble. To the best of our knowledge, this work provides the first mathematical guarantees

for time generalization in operator learning.

9.1 Related Works

One of the earlier works in this area was by Mizera [2023], who used Fourier Neural Op-
erators (FNOs) by Li et al. [2021] to estimate the evolution operator for simple quantum
systems, including random potential functions and the double-slit potential. Additionally,
they studied the time generalization ability of the learned operator by evolving the wave
function beyond the time range included in the training dataset. Notably, their learned
operator is more general as it maps from the initial wave function and potential function to
the evolved state, rather than learning a propagator for a fixed Hamiltonian. A related work
by Niarchos and Papageorgakis [2024] considers learning phases of amplitudes in scattering
problems. While these works primarily study isolated quantum systems, Zhang et al. [2024]
and Zhang et al. [2025a] used FNO-based architectures to study dissipative quantum sys-
tems, where the system interacts with the surrounding environment and can be driven by
external fields. They also assessed the time generalization capacity of the learned propaga-
tor. Recently, Shah et al. [2024] used FNOs to learn the evolution operator of quantum spin
systems and studied their ability for both single-step and multi-step time generalization.
We also note the related work on learning unitary transformations between large but
finite-dimensional Hilbert spaces [Bisio et al., 2010, Hyland and Rétsch, 2017, Belov and
Malyshkin, 2024], a problem that has been studied extensively in areas ranging from quan-
tum state simulation [Johansson et al., 2012] to quantum computing [Huang et al., 2021].
There is also a growing body of work on learning linear operators from data in the context
of PDE modeling [de Hoop et al., 2023, Mollenhauer et al., 2022, Subedi and Tewari, 2025a),
which is most closely related to the perspective adopted in this work. Finally, our linear
estimator shares some conceptual similarity with the exact diagonalization methods com-
monly used to numerically solve the Schrédinger equation [Lin et al., 1993]. However, unlike

exact diagonalization, which explicitly diagonalizes the Hamiltonian matrix, our approach
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defines an estimator for the solution operator in an arbitrary basis without performing any

diagonalization. A more detailed discussion of related works is provided in Appendix H.1.

9.2 Preliminaries

Let R and C denote the real and complex numbers, respectively, while N and Z represent
the natural numbers and integers. Define Ny := N U {0}. For any x € R? the (P-norm
is denoted by |z|,. For z € C with z = a + bi, define |z| = v/a®+ b2 For z,y € R?, the
Euclidean inner product is denoted by x - y. For two non-negative functions f and g defined
on N, we say f < g if there exists a universal constant ¢ and ny € N such that f(n) < cg(n)
for all n > ngy. Equivalently, f = ¢g means there exists a constant ¢ and ng € N such that
f(n) > cg(n) for all n > ny.

Let Q C R? be a bounded set. Define L2(Q) := {u:Q — C| [, |u(z)|?dz < 0o} to be
the set of squared-integrable functions on 2. This is a Hilbert space with the inner product
(u,v)2 = [qu(z)v(x)dr, where Z = a — bi is the complex conjugate of z = a + bi. The

norm induced by this inner product is denoted by || - || 2.

9.2.1 Time-Dependent Schrodinger Equation

The time-dependent Schrodinger equation states that the quantum system evolves as

1h Ow(-t) = H(t) ¥(-, 1)

Here, 1(-,t) : Q C R? — C is the wave function at time point ¢, and H(t) is the Hamiltonian
operator that can evolve over time. For a single particle system, we generally have d €

{1,2, 3}, and the Hamiltonian can be written as H(t) = —%A + Vi(+), where V(-) is a time-
d_0f

=1 2
J ij

dependent potential function and A is the Laplacian operator defined as A f := for
Euclidean coordinates.

The solution operator, also referred to as the time evolution operator, of the
Schrodinger equation takes the form T{exp (—% g‘; H(s) ds)}. That is, given an initial
wave (-, tp) at time o, the wave function at time point t > ¢y is given by ¥(-,t) =
T [exp (—% J¢ H(s) ds)] (-, to). Here, T denotes the time-ordering operator, which ensures
that Hamiltonians at different time points are applied in the correct temporal sequence. This
ordering is necessary because the time-varying Hamiltonians do not generally commute at
different times. One can formally define this operator in terms of a Dyson series expansion
[Sakurai and Napolitano, 2020, Chapter 2]. When the Hamiltonian is constant over time,

i(t—to)

H(t) = H, the evolution operator has a more familiar form exp (_T H) . While the solu-
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tion operator has a closed-form representation, it is generally impractical for computation, as
evaluating operator exponentials requires computing higher-order powers of the Hamiltonian

and summing an infinite series in its Taylor expansion.

9.2.2 Problem Formulation and Goal

Define ty = 0 without loss of generality. For a fixed time T" > 0, we seek to learn the operator

Foe T [exp (-% OTH(S) dsﬂ |

Given a collection of n observed samples {(¢;(-,0),v;(-,T))}}_,, where each sample satisfies
(-, T)=F (1/)](-, 0)), our goal is to construct an estimate 13” that approximates F accurately
under a suitable metric. More precisely, we want to develop a data generation strategy and

an estimation rule such that the error of the estimator,

sup 150 () = F ()22,
is small. Here, V is some suitable subset of L?(Q) (consisting of, say, Sobolev-type smooth
functions) that will be specified later. Note that our goal is to provide a uniform error bound
over V rather than a bound on expected error that is more common in statistical learning
theory. This stronger guarantee is possible in our setting because we can evaluate F(¢) for
any chosen initial wave function 1, up to certain numerical accuracy, using a PDE solver.
This flexibility allows us to actively select the most informative queries for constructing the

estimator, rather than relying on the i.i.d. sampling typically used in statistical learning.

9.3 Data Collection Strategy and Estimator

In this section, we introduce our data generation strategy and define our estimation rule.
Then, we establish the unitarity of the proposed estimator. For clarity of exposition, we
assume that Q = T? the d-dimensional torus [Grafakos, 2008, Chapter 3]. Extension to
non-periodic domains is straightforward and is discussed in Section H.2. Throughout this
paper, we identify T¢ by [0, 1]¢ equipped with periodic boundary conditions. Before moving
forward, we first define the Sobolev space on T?. The theoretical guarantees established in
this work apply only to initial waves that belong to these Sobolev spaces on T¢ or their
equivalent counterparts in more general domains ).

For any k € Z%, define the function ¢y, : T¢ — C by @i(x) := 2™, Using these functions,
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for any s > 0, we can define the Sobolev space as

H(T7) = {f eLX(T) = YL+ kR I on) el < OO}-

kezd

we = \/Sneza(1+ [K3)° [(, ox)12[>. Although
H5(T) is a Hilbert space, we will not rely on its Hilbertian properties in this work. When s €

This space is equipped with the norm ||f]

N, this definition of the Sobolev space is equivalent to its formulation based on derivatives.
That is, H*(T?) ~ {f € L*(T?) | ¥jajy<s |ID® fll3. < oo} , where D denotes the differential
operator. For more details on this equivalence, we refer the readers to [Taylor, 2011, Chapter

4.3

9.3.1 Estimator

Given a sample size budget of n such that n > 37, define K, := (na — 1)/2. The estimator
is constructed by querying a PDE solver to obtain w, = P(gy) for each k € Z? such
that |k|o < K,, where P denotes the numerical PDE solver for the corresponding solution
operator F of the Schrodinger equation. Since the number of such frequency indices satisfies
Hk € Z: |kl < K,}| = (2 K,] +1)? < n, the sample budget of n is not exceeded. Using
the labeled dataset {(¢x, wk)}k|.c<k,, We then define the estimator

F, = Z Wy ® Py (9.1)

keZd: |k|loo<Kp

Here, w®v denotes a rank-one operator, defined for any u € L%(T?) as (w®v)(u) = w{u, v) 2.
Note that this estimator naturally extends to general domains 2. For general €2, one can
query the eigenfunctions of the Laplacian operator. Recall that ¢ are the eigenfunctions
for T¢. For more complex domains, the estimator can also be constructed using alternative
domain-specific algebraic bases, such as orthogonal polynomials or wavelets. See Appendix
H.2 for a more detailed discussion.

Remark. The estimator in Equation 9.1 is closely related to the approach of Subedi and
Tewari [2025a], who proposed a similar data collection strategy and estimator to highlight
the advantages of active data collection in operator learning. However, their error guarantees
hold only in expectation over input samples drawn from a distribution, whereas we establish
a uniform bound. While our results are stated for the F, the error rates in Section 9.4 apply
to any bounded linear operator, making our work a strict generalization of Subedi and Tewari
[2025a]. Furthermore, using the structure of the time-dependent Schrédinger equation, we

establish additional properties such as weak unitarity and time generalization in this work,
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which do not necessarily hold for general linear operators.

9.3.2 On Unitarity of the Estimator

A key property of the Schrédinger equation is the unitarity of F. More precisely, F is
a surjective operator on L?(T¢) that preserves inner products, meaning (Fu,Fv). =
(u,v)2, Vu,v € L*(T%). A direct consequence of this is that the L?-norm remains in-
variant under evolution, || F(¢)|2. = ||1||2:. This property is fundamental because, when
interpreting |¢(z,t)|? as the probability density of a particle’s position, unitarity ensures
that the total probability is conserved over time. Given this, it is natural to ask whether our
estimator also satisfies unitarity.

Strictly speaking, F, is not fully unitary. For instance, if ¢, is a Fourier mode with
1]|oc > K, then F,o, = 0 despite |||z = 1. However, F, satisfies a weaker form of

unitarity, as captured in the following proposition (proof deferred to Appendix H.3).

Proposition 5. Suppose the solver satisfies (P(v),P(u))r2 = (u,v)r2. Then, the following
hold.

(i) For all u,v € span({¢y : |k|s < K,}), we have (Fy (), Fp(v)) 2 = (u,v) 2.
(ii) For any u € L2(T%), we have ||Fp(u)|12 < |lul| 2.

The first property shows that F, preserves inner products within the span of the Fourier
modes used in its construction. However, the estimator may still not be fully unitary as
the spans of ¢ and wy for |kl < K, may differ, violating the surjectivity requirement.
Nonetheless, property (i) ensures that the estimator preserves the L? norm within this sub-
space. Although F, may not preserve the L? norm outside this span, the second property
shows that it always acts as a contraction. This property is crucial for establishing the time
generalization behavior of the estimator in Section 9.5.

Finally, we note that the assumption (P(v),P(v))r2 = (u,v)z2 holds for many standard
numerical solvers for the Schrodinger equation, such as the Crank-Nicolson and operator

splitting methods.

9.4 Error Analysis and Convergence Rates

A meaningful guarantee for the estimator ﬁn requires a guarantee on the accuracy of the
PDE solver P used to approximate F. To that end, we impose the following assumption on

the solver’s accuracy.
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Assumption 5. The learner has black-box access to ¥ through an e-accurate PDE solver P,

which satisfies

sup || P(or) — Flor) |2 <e.
kezd

We note that the assumption of e-accuracy is only for inputs ;’s, not for arbitrary initial

wave functions.

9.4.1 Upper Bounds

Under this assumption, we establish the following upper bound on the error of the estimator.

Theorem 32 (Upper Bound). Under Assumption 5, the estimator defined in Equation (9.1)
satisfies

1B, () = F(0)ls2 < Il (< +3'07%)

for every wave function ¢ € H*(T?). Here, v, <1 when 2s > d, v, < v/logn when 2s = d,
and v, < nz—i when 2s < d.

The term e7, is the irreducible error, which remains nonzero as long as ¢ > 0. The

—s/d

second term 3°n is the estimation error, which vanishes as the sample size n — oo. This

result shows that the estimation error vanishes at the rate n=%/? for every s and d. In the

s/d

special case where s > d/2, the estimation error of n=%/¢ is always faster than the Monte

1/2

Carlo rate of n=*/<. This improvement is due to our data collection strategy, as described

in Section 9.3.1, rather than standard i.i.d. sampling, which can never yield better than

~1/2 convergence rate (at least for metric losses rather than its square). Finally, when the

n
PDE solver is exact (¢ = 0), we obtain the upper bound < 3° ||¢|

regardless of d.

s 0 d for every s > 0

The proof of Theorem 32, provided in Appendix H.4, proceeds via a bias-variance type de-
composition of the estimator’s error. Each component of the decomposition is then bounded
using the fact that 1 € H*(T9). It is worth noting that the assumption of Sobolev-type
smoothness is implicitly present in many applied works on operator learning. See Appendix

H.2.1 for a more detailed discussion.

9.4.2 Lower Bounds

A natural question that arises is whether these upper bounds are tight. This can be studied
in two stages. First, can the bound be improved for the estimator defined in Section 9.3.17
Second, beyond this specific estimator, does the bound remain tight when considering all

possible linear surrogates for the Schrodinger equation? Addressing the second question is
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more subtle, as establishing a meaningful information-theoretic lower bound requires pre-
cisely specifying the information accessible to the learner. The class of linear operators the
learner is allowed to consider must be well-defined. One could argue that the PDE solver
P itself serves as the surrogate, or in the most extreme case, that F is the optimal surro-
gate. Given these nuances, we leave the broader question of optimality to future work and
focus here on studying the tightness of the bounds for our specific estimator F,. The lower
bound on the error of our estimator is presented in Theorem 33 and its proof is deferred to
Appendix H.5.

Theorem 33 (Lower Bound). There ezists a Hamiltonian H such that for any sample budget
n and estimator F, defined in (9.1) obtained by querying an e-approximate PDE solver for
F, we can find a wave function ¢ with ||v||,. < 2 such that

ulw

N e4+nd, if 2s > d,
[Fn() = F()llr2 2

) f i if2s < d.

ol
ulw

1
eEnz?

This lower bound shows that the rate n—5/¢

is tight for reducible error. Additionally,
even accounting for irreducible error, this bound matches the upper bound when s > d/2.
For s = d/2, there remains a gap of v/logn, and the exponent is half in the regime s <
d/2. Nonetheless, the result conclusively establishes that the irreducible error accumulates
and grows to oo as n grows in the regime s < d/2. This introduces a tradeoff between
sample size and reducible error, which is undesirable. Ideally, we want the error to decrease
monotonically as n increases.

The proof of Theorem 33 is subtle and relies on the careful construction of both the
Hamiltonian H and an e-approximate solver for the true evolution operator F. The main
challenge lies in constructing a test function v that simultaneously satisfies three key prop-
erties: (i) it is a valid wave function with unit L?-norm, (ii) it has bounded Sobolev norm,

and (iii) it is sufficiently challenging that our estimator constructed from the training data

incurs a large prediction error when applied to .

9.4.3 Refined Upper Bound Under Stronger Assumptions on PDE

Solver

From the proof of the lower bound in Appendix H.5, it is evident that establishing Theorem
33 relies on a somewhat unnatural and almost adversarial PDE solver. This raises the

question of whether a tighter bound can be achieved for more realistic, non-adversarial
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PDE solvers. A natural way to model such solvers is to assume that their errors behave as

uncorrelated random noise.

Assumption 6. For the Fourier modes ¢y, assume that the PDE solver satisfies P(pr) =
F(pr) + Ok, where &y, is a random variable in L*(T%) such that: (i) E[||6x||3.] < &% and (ii)
E[{0k, 0¢) 2] = 0 for all k # ¢.

This assumption effectively places the problem as the fixed-design regression under uncor-
related, homoscedastic noise— a well-studied model in statistics. However, unlike in classical
statistics, where the learner is given a fixed design matrix, our setting allows the learner to
actively choose the design matrix. Under this stronger assumption on the solver, we establish

the following improved upper bound on the estimator.

Theorem 34 (Improved Upper Bound). Under Assumption 6, the estimator defined in
Equation (9.1) satisfies

E| sup [[Fn(¢) —F@)|2| <e+3°cni.
[¥ll3s <e

Here, the expectation is taken over the randomness introduced by the §;’s in the estimator.
Notably, the expectation is applied after the supremum over all wave functions in the Sobolev
ball of radius c¢. This ensures that we are still bounding the error uniformly rather than in the
mean-squared sense as is common in statistical learning theory. The expectation is required
only because the uniform error is now a random variable. We defer the proof of Theorem
34 to Appendix H.6. Lastly, we want to point out that a straightforward adaptation of the
proof of Theorem 34 can improve this result to a high-probability bound, provided the tails
of §;’s decay sufficiently fast. In particular, assuming that d,’s are subgaussian in L?(T?) is

sufficient for this improvement.

9.5 Time Generalization

In this section, we only consider the case where the Hamiltonian remains constant over time.
Recall that the operator F,, is trained to predict the wave function at time t = T'. We now
analyze the error when using it to evolve the initial wave function over multiple time steps,
ie,att=T,2T 3T,.... For any q € N, the true wave function at time ¢t = ¢q7" is given by
Ygr = exp (—i/h-qT H)9y(-,0) = FI(¢(-,0)). Here, we use the fact that H(s) = H for all
s > 0and F = exp (—%T H) Now, our goal is to quantify the deviation of the estimated

evolution F' (1) from the exact solution F(1)).
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Theorem 35. Suppose P satisfies (P(u),P(v))rz = (u,v)r2. Let v, < 1 when 2s > d,
Yo < VIogn when 2s = d, and v, < nz~d when 2s < d. Then, for any ¢ € H*(T), the

estimator (9.1) satisfies

q—1

IEn () = FU) 12 < (9 +37078) 3 (| F(9)]

Jj=0

HS.

Theorem 35, whose proof is provided in Appendix H.7, establishes that the estimator F,
can be used to evolve the wave function beyond the time range covered in the training set.
However, this requires the true evolution operator to be sufficiently regular. Specifically, the
estimator can evolve the wave function for ¢ — 1 additional steps as long as F/(¢) € H*(T9)
for all j < ¢ — 1. This regularity requirement is natural, given that Theorem 32 already
requires that the input belong to #*(T?). However, instead of requiring ﬁi@) to belong
to H*(T9), it is sufficient for /(1) to be in H*(T%). We also note that the linearity of the
estimator F,, plays a crucial role in the proof of Theorem 35. Equally important is the fact
that F, is a contraction in L2 (property (ii) of Proposition 5), which ensures that the time
generalization bound does not suffer from worse convergence rates in terms of sample size
or an exponential dependence on ¢q. Thus, it is unclear whether similar guarantees could be
derived for generic neural network-based surrogates. In fact, our empirical results suggest
otherwise: our estimator exhibits significantly smaller time extrapolation error at step 7 = 16
than the single-step prediction error (j = 1) observed for neural operator surrogates (see
Tables 9.2 and 9.4).

Although Theorem 35 provides a time generalization bound, it is expressed in terms of
the rather abstract quantity || F7(¢))|

norm remains bounded. The following result bounds || F7(v))|

#s. Naturally, one may ask under what conditions this

#s in terms of the properties

of the potential function.

Corollary 4. Suppose the e-approximate PDE solver satisfies (P(u), P(v))p2 = (u,v)p2. Let
Yo S 1 when 2s > d, v, S v/logn when 2s = d, and v, S n

have:

~3 when 2s < d. Then, we

ol

(i) If V(z) = a € R, then |[F,(¢) = FU(¥) |12 < ¢

s (6% + 3° n‘i) q.

(i) If V € C(T?) is real-valued, then Ic > 0 such that

IF5 (@) = FU) |2 < ||

s (B9 +3°n7) - eq(1+ T(g — 1)),
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(iii) If V€ H"(T?) for r > max{s,d/2}, then Jc > 0 such that

P Vil - aT) =1
I _F¢ , < . 4+ 3 _&Xp (c |l H .
IF00) = FW)lze < s (e +3"078) - T —

Corollary 4 shows that time generalization is possible when the potential function V' is
sufficiently smooth. The extrapolation penalty varies with the regularity of V: it is linear in
q when V' is constant, grows polynomially when V' is infinitely differentiable, and becomes ex-
ponential in ¢ when V has only limited Sobolev regularity. Recall that C°(T?) are functions
for which derivatives of all orders exist and are continuous. Notably, the convergence rate
with respect to the sample size n remains unaffected. Our empirical findings suggest that the
exponential dependence on ¢ may be conservative, and improving this dependence on ¢ re-
mains an open question. Note that the dependence on V’s smoothness arises because, when
V lacks regularity, the evolved wave function F’ (1) may lose Sobolev smoothness. Since 15,1
is recursively applied at each step, smoothness is needed to repeatedly invoke the one-step
generalization guarantee. Without smoothness of V| time generalization would require a
different estimator with small prediction error uniformly over all of L?(T¢). However, such
a stronger guarantee for one-step prediction likely requires a different structural assumption
on V.

The proof of part (i) relies on the fact that ¢y’s are eigenfunctions of the Hamiltonian when
V is constant. Part (ii) uses the seminal result due to Bourgain [1999]. The dependence on ¢
can be sharpened to ¢(1+47¢)° for any € > 0 using the refined estimate from Bourgain [1999].
For part (iii), we were unable to find a corresponding result in the literature for potentials V'
with limited Sobolev regularity (i.e., not C*°). We therefore derive this estimate ourselves,

adapting techniques from Bourgain [1999]. See Appendix H.8 for the proof of Corollary 4.

9.6 Experiments

9.6.1 Setup

We now compare the generalization error of our proposed estimator to that of the Fourier
Neural Operator (FNO) [Li et al., 2021], U-Net Neural Operator (UNO) [Rahman et al.,
2022], and DeepONet [Lu et al., 2021] surrogate models across several Hamiltonians of prac-
tical interest. We note that, while the time-evolution for a time-invariant Hamiltonian can
theoretically be computed using a numerical solver for the time-independent Schrodinger
equation to obtain eigenvalue-eigenfunction pairs {(Ey, ¢x) } k. <k, (Where we use ¢ in place

of ¢ to explicitly note that ¢ need not be the Fourier modes) of Hamiltonian, fitting for any fu-
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Table 9.1: Summary of potentials implemented for experiments. Potentials without an
explicit ¢ dependency are time-independent. Full descriptions of these potentials as well as
values chosen for the free parameters are provided in H.9.

Potential Name Expression Domain
Free Particle V(z,y) =0 T?
to= +

Barrier V(z,y) = Vo atz=m,y¢rtu] T?

0 else
Harmonic Oscillator  V (z,y) = tmw?[(z — m)? + (y — 1) T?
Random Field V(z,y) ~ GRF (0, a(—A+ SI)77) T?
Paul Trap V(z,y,t) = <7U°+V° ﬁos(wt)) (22 + %) T2

To
Shaken Lattice V(z,y,t) = Vg cos|k(z — Asin(wt))] + Vj cos(ky) T?

(f i0)2

Gaussian Pulse V(z,y,t) = Voexp (—(I;% (U UO ) Y€ T?
Coulomb V(0,¢) = —kS S?
Coulomb Dipole  V(6, ¢) = V; cos(6) §?

ture queried initial condition ¢ (-, 0) the coefficients {ay} such that 1 (-,0) =3 _ oy ("),
and finally estimating ¢(-,T) =% _ e T /hay g (-), doing so is not feasible in all but
the most trivial of Hamiltonians [van Dijk and Toyama, 2007, Leforestier et al., 1991]. In
turn, learning a solution operator is of interest in both cases of time-invariant and time-
dependent Hamiltonians, as we consider below.

In each of the experiments, we employed a standard second-order split-step pseudospectral
method as the numerical solver P, where fields were solved in natural units, such that
ho=1and m = 1 [Weideman and Herbst, 1986] . Experiments were conducted over T?
with a uniform discretization of 256 x 256, with the exception of the Coulomb and dipole
potentials, where solutions were sought over 82, with (¢,0) € [0,27) x [0, 7] discretized in
an equiangular grid of size 64 x 32. K,, = 16 was fixed across experiments, meaning the
proposed estimator was fitted on D := {(¢g, P(px)} for k € {—16,...,0,...,16}?%, giving a
total of (2K, + 1)? samples. For the Coulomb and dipole potentials, the estimator was fit
on the spherical harmonics basis elements Y™ for £ = 0, ..., Ly.x and m = —/¢,...¢, where
Liax = 10, giving a total of (Lyax + 1)? samples. For realism, we assumed such data were
measured with noise, that is that measurements were instead made on (¢x + €in, P(0r) +€out)
for e, cout 1= 0 - (Zg + iZg) with Zy, Zg ~ N (0,1) and o being the noise scale parameter.
We considered various relative noise scales in the experiments presented below.

Initial conditions for test data were drawn from a Gaussian Random Field (GRF) by
defining a field ¥ (-,0) = X5 <n/2 ckr, Where N/2 is the Nyquist frequency and ¢, =
Zo 2 (47?||k||3 + B)7/2, where Z ~ N(0,1), a = 1, B = 1, and v = 4. These are samples
from a Gaussian distribution on L?*(T¢) with mean 0 and covariance operator a(—A + SI)™?

Similar draws were made for the Coulomb and dipole potentials, with the expansion being
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Table 9.2: Average relative errors across different Hamiltonians for a relative noise level of
0.1%, computed over 100 i.i.d. test samples, with standard deviations in parentheses. Note
that, for the Coulomb and dipole potential, the FNO columns instead refer to SFNO models.
Dashes for DeepONet and UNO indicate that they do not handle functions on a spherical
domain.

FNO UNO DeepONet Linear
Barrier 5.1460-02 (1.897e-02)  2.79¢-02 (7.088¢-03)  1.733¢-01 (6.926¢-02) 1.596-03 (1.584e-05)
Coulomb 5.173e-02 (1.733e-02) — — 1.464e-03 (1.437¢-05)
Dipole 5.516e-02 (1.149¢-02) — — 1.462e-03 (1.906e-05)
Free 1.65e-02 (1.094e-02)  1.398e-02 (8.162e-03) 1.582e-01 (8.435e-02) 1.595e-03 (1.673e-05)
Gaussian Pulse 5.448e-02 (2.072e-02) 9.535e-02 (8.224e-03) 2.055e-01 (6.288e-02) 1.597e-03 (1.495e-05)
Harmonic Oscillator  4.249e-02 (2.163e-02) 1.005e-01 (2.328e-02) 1.605e-01 (9.755¢-02) 1.598e-03 (1.845e-05)
Paul Trap 1.179e-01 (4.435e-02)  9.955e-01 (1.055e-02) 7.573e-01 (6.236e-02) 1.597e-03 (1.345e-05)
Random 1.738¢-02 (9.927e-03)  1.652¢-02 (7.273¢-03) 1.655¢-01 (1.102e-01) 1.594e-03 (1.659¢-05)
Shaken Lattice 7.918e-02 (2.003e-02) 2.093e-02 (1.143e-02) 2.032e-01 (1.080e-01) 1.595e-03 (2.154e-05)

over {Y,"} instead of {¢y}.

As Fourier Neural Operators are intended to be trained on data drawn i.i.d. from the test
distribution, we generated a separate training dataset D’ := {(¢;(+,0), P(¢;)} identically to
the test points, such that |D’'| = |D|. FNOs were fitted with K,, modes using Adam [Kingma
and Ba, 2014] for 20 epochs, where the complex fields were handled in the standard manner
of representing the real and imaginary components as separate channels as in [Mizera, 2023].
This setup was identically repeated for the UNO and DeepONet. We also attempted to
train these neural operators using the basis functions used to construct our linear estimator
instead of i.i.d. samples. However, this resulted in all models collapsing to predicting near-
zero fields on the test set. As there is currently no established active data-collection baseline
for neural operators, and to ensure a fair comparison, we therefore only report results for
FNO, UNO, and DeepONet trained on i.i.d. samples drawn from the test distribution.

For Coulomb and dipole potentials, we used the Spherical FNO proposed by Bonev et al.
[2023]. Since no such extension to spherical domains exists, we exclude DeepOnet from this

comparison.

9.6.2 Estimator Accuracy

We consider several Hamiltonians of interest from quantum mechanics, drawing examples
from both classical settings and of recent research interest, summarized in 9.1 with full
descriptions deferred to H.9.

As alluded to earlier, we consider various relative noise levels, sweeping over relative
noises of 0.01% to 1%. We present the results for a relative noise level of 0.1% in 9.2 and

defer the results over the remaining noise levels to H.10. From these results, we see that the
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proposed estimator significantly outperforms alternative operator learning methods across
all the Hamiltonians, both time-independent and time-dependent, and over both the Fourier
and spherical harmonics bases, by leveraging the known linear structure of the true solution
operator. Notably, as discussed in the experimental setup, the test samples were drawn over
the full spectrum, i.e., with modes defined up to the Nyquist frequency. So, the test samples
can be outside the span of modes used to define the estimator. If, however, such test points
are restricted to be in the span of the basis elements used to define the estimator, we observe

the perfect recovery; such results are provided in H.13.

9.6.3 Estimator Under Partial Observation

We now test for the robustness of the estimator to partial observation. Analogous to the
noisy observation model described in 9.6.1, many practical settings involve only partial obser-
vation of the evolved state, for which reason we sought to characterize the relative robustness
of the estimators in such a setup. To simulate partial observability, we assume the spectrum
of the evolved state P(y;) has a random fraction of its modes zeroed out at training time.
We drop these uniformly at random with a fixed probability across the Fourier modes for
rectilinear potentials and similarly for the spherical harmonics coefficients for spherical po-
tentials. The estimators were then fitted against this masked dataset and evaluated against
a full, unmasked dataset, i.e. against a test dataset equivalent to that used in 9.6.2. The
identical procedure was used to generate the data for the FNO and DeepONet models. We
fixed the noise level to be at a relative level of 0.1% and again compared the performances
using the relative errors.

The results for a mask probability of 10% are given in 9.3 and those for 20% deferred
to H.11. We again see that the linear estimator robustly handles such partial measurement

better than the alternative estimators considered.

9.6.4 Time Generalization

To assess time generalization of our estimator, we start with an initial wave (-, 0) and evolve
it iteratively using both the true flow and our learned operator. Specifically, for j =1,...,q,
the true evolution gives P7(1(-,0)), and we generate noisy data by adding noise as described
in 9.6.1, that is P/(¢)(-,0)) + e. In parallel, starting from the noisy version of the initial
condition (-, 0) + &, we evolve our estimator to obtain FJ (¢(-,0) + £). At each time step
7 =1,...,q, we compute the relative error between the two. The test initial conditions are
sampled from the GRF prior described earlier. Table 9.4 shows the average relative errors

for a relative noise level of 0.1%, evaluated over 100 i.i.d. test samples. Results for a higher
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Table 9.3: Average relative errors across different Hamiltonians for a masking probability of
10%, computed over 100 i.i.d. test samples, with standard deviations in parentheses. Note
that, for the Coulomb and dipole potential, the FNO columns instead refer to SFNO models.
Dashes for DeepONet and UNO indicate that they do not handle functions on a spherical
domain.

FNO UNO DeepONet Linear
Barrier 1.6160-01 (2.333¢-02) 2.746e-01 (7.726e-02) 3.258¢-01 (9.531e-02) 1.594e-03 (1.453e-05)
Coulomb 2.200e-01 (4.145e-02) — — 1.461e-03 (1.792¢-05)
Dipole 1.602¢-01 (3.89¢-02) — — 1.463e-03 (1.597e-05)
Free 8.848e-02 (5.676e-02)  1.377e-01 (3.91e-02) (1.204e-01) 1.595e-03 (1.818e-05)
Gaussian Pulse 1.219e-01 (7.07e-02)  1.879e-01 (3.594e-02) 3.021e-01 (8.951e-02) 1.597e-03 (1.552e-05)
Harmonic Oscillator 2.255e-01 (1.123e-01) 1.319e-01 (3.497¢-02) 2.895e-01 (8.112¢-02) 1.598e-03 (1.477e-05)
Paul Trap 2.030e-01 (6.04e-02)  1.607e-01 (3.037e-02) 4.804e-01 (5.122e-02) 1.595e-03 (1.485e-05)
Random 7.758e-02 (3.243-02)  9.36e-02 (1.512e-02)  2.690e-01 (1.278¢-01) 9.358e-03 (6.039¢-04)
Shaken Lattice 3.179e-01 (6.896e-02) 1.636e-01 (1.917e-02) 2.863e-01 (1.021e-01) 1.595e-03 (1.537e-05)

Table 9.4: Average relative time-generalization errors across different Hamiltonians for a
relative noise level of 0.1%, computed over 100 i.i.d. test samples, with standard deviations
shown in parentheses.

Hamiltonian ji=1 j=2 j=4 j=28 j=16
Barrier 1.592e-03 (1.190e-05) 1.805e-02 (3.739e-03) 1.823e-02 (3.964e-03) 1.692e-02 (3.349e-03) 1.641e-02 (3.363e-03)
Coulomb 1.465¢-03 (1.748¢-05) 1.468¢-03 (1.438¢-05) 1.4620-03 (1.3740-05) 1.465¢-03 (1.627c-05) 1.461¢-03 (1.715¢-05)
Dipole 1.462e-03 (1.731e-05) 1.467¢-03 (1.768¢-05) 1.463e-03 (1.856e-05) 1.460e-03 (1.661e-05) 1.469e-03 (1.811e-05)
Free 1.591e-03 (1.221e-05) 1.591e-03 (1.383¢-05) 1.593e-03 (1.241e-05) 1.588¢-03 (1.274e-05) 1.591e-03 (1.385e-05)
Gaussian Pulse  1.5920-03 (1.232¢-05) 1.546¢-02 (5.5560-03) 1.799¢-02 (6.853¢-03) 1.852¢-02 (6.885¢-03) 1.988¢-02 (7.362¢-03)
Harmonic Oscillator  1.590e-03 (1.370e-05) 1.721e-03 (3.145e-05) 1.659e-03 (2.303e-05) 1.666e-03 (2.477e-05) 1.712e-03 (3.330e-05)
Paul Trap 1.591e-03 (1.499e-05) 1.511e-01 (2.023e-02) 4.536e-01 (4.893e-02) 6.344e-01 (4.913e-02) 6.670e-01 (4.594e-02)
Random Lattice 1.591e-03 (1.269¢-05) 1.592¢-03 (1.350e-05) 1.591e-03 (1.223e-05) 1.589e-03 (1.128e-05) 1.589¢-03 (1.306e-05)
Shaken Lattice 1.592¢-03 (1.382¢-05) 5.507e-03 (6.975¢-04) 5.516e-03 (6.573e-04) 3.740e-03 (2.924e-04)  6.269¢-03 (5.130e-04)

noise level of 1% are deferred to Appendix H.12.

For the free, harmonic oscillator, and random potential, the error remains nearly constant
across time steps, indicating long-term generalization. A similar trend is observed for the
Coulomb and dipole potentials on the sphere. In contrast, the error increases sharply, by an
order of magnitude at j = 2 for the barrier potential, which is likely due to its discontinuity.
For time-dependent potentials such as the Paul trap and Gaussian pulse, the estimator
incurs larger errors at later steps. Note that our time-generalization bounds do not apply
to these time-varying Hamiltonians. Overall, the results show that our estimator generalizes
well beyond the training time points for sufficiently smooth potentials. Furthermore, the
empirical error growth is notably slower than the exponential bound suggested in part (iii)

of Corollary 4. We leave this possible refinement for future work.
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9.7 Discussion

In this work, we introduced a linear operator surrogate to estimate the evolution operator of
the time-dependent Schrodinger equation. While our method provides rigorous theoretical
guarantees, it is currently limited to a single particle system. A natural direction for future
work is to extend the method to handle a system with N-interacting particles. A wave
function for N-particle system must be symmetric for Bosons or antisymmetric for Fermions.
Thus, one approach could be to generalize our data generation and the estimator to enforce
these constraints.

Additionally, our method estimates the evolution operator for a fixed Hamiltonian. An
interesting extension would be to develop a surrogate that takes both the initial wave and
the potential as inputs and predicts the wave function at time 7". Such a method would allow
generalization across different system configurations, which can be used in applications such
as qubit design. However, this requires moving beyond linear operators, as the ground truth
operator mapping from (¢(+,0), V') to ¥ (-, T) is nonlinear. Constructing such nonlinear esti-
mators with neural networks is relatively straightforward, but providing rigorous theoretical

guarantees presents a significant challenge.
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CHAPTER 10

Future Directions

In this chapter, we conclude by discussing several open problems and promising future
directions related to the work presented in this thesis. While some specific technical open
problems were discussed within individual chapters, here we adopt a broader perspective and
focus on high-level questions that deserve further attention from the community. Section 10.1
discusses open directions related to Part I of this dissertation, while Sections 10.2, 10.3, and

9.5 discuss questions arising from Part II.

10.1 Learnability, Uniform Convergence, and Empirical
Risk Minimization

As discussed in Chapter 5, in classical learning problems, learnability is often equivalent
to the property of uniform convergence. This equivalence is known to hold for binary and
finite multiclass classification (|| < o0), as well as for scalar-valued regression in both batch
[Ben-David, Cesa-Bianchi, and Long, 1995, Alon, Ben-David, Cesa-Bianchi, and Haussler,
1997] and online [Rakhlin, Sridharan, and Tewari, 2015a] settings. However, this equiva-
lence breaks down for multiclass classification when || = 0o, a phenomenon first identified
by Natarajan [1989b] in the batch setting and by Hanneke, Moran, Raman, Subedi, and
Tewari [2023] in the online setting. In Chapter 5, we also establish such a separation be-
tween uniform convergence and learnability in a regression problem when the target space
Y is an infinite-dimensional Hilbert space. While our separation holds in both batch and
online settings, this separation is particularly concerning in the batch setting because, in
the presence of such a separation, the empirical risk minimization (ERM) principle fails to
be a valid learning rule [Daniely, Sabato, Ben-David, and Shalev-Shwartz, 2015]. Indeed,
Brukhim, Carmon, Dinur, Moran, and Yehudayoff [2022] constructed a specific learning rule
for multiclass problems with infinite labels that is not based on ERM. However, constructing
a general learning principle that applies to arbitrary supervised learning problems remains

an open problem in the batch setting. Such a general learning rule for arbitrary supervised
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learning problems in the online setting was recently constructed by Raman, Subedi, and
Tewari [2025], which forms the basis of Chapter 4 of this dissertation. In addition, providing
a general characterization of batch learnability for arbitrary supervised learning problems,

in the spirit of [Raman, Subedi, and Tewari, 2025], also remains an open problem.

10.2 A General Statistical Theory of Operator Learning

Beyond the study of isolated problems, it is natural to ask whether one can develop a general
statistical theory of operator learning. As discussed earlier, the evolution of statistical learn-
ing theory was driven by precisely such a goal: to identify general conditions under which
learning from data is possible and to quantify the associated rates [Vapnik and Chervonenkis,
1971, Natarajan, 1989b, Alon et al., 1997, Daniely and Shalev-Shwartz, 2014, Brukhim et al.,
2022]. The central challenge in developing an analogous theory for operator learning is the
identification of an appropriate complexity measure for the operator class F that meaning-
fully captures the difficulty of learning. Modern statistical learning theory relies heavily on
covering numbers and related notions to quantify complexity [Ben-David et al., 1995, Van
Der Vaart and Wellner, 1996, Alon et al., 1997, Geer, 2000]. Recent work by Reinhardt et al.
[2024] has taken an important step in this direction by establishing estimation bounds for
compact operator classes in terms of their covering numbers. However, covering-number-
based analyses are unlikely to provide a complete foundation for operator learning, since
many natural operator classes of practical interest are inherently non-compact, making such
bounds vacuous. This suggest that new notions of complexity, beyond covering numbers,
are needed for operator learning. Ideally, such a measure should characterize learnability
for operator classes in the same way that VC dimension characterizes learnability in binary
classification [Blumer et al., 1989]. More concretely, given a class F, one may ask whether
there exists a scale-sensitive complexity measure C.,(F) such that F is learnable if and only
if C,(F) < oo for every 7 > 0. A promising direction is to develop suitable generalizations
of the fat-shattering dimension, which characterizes learnability in scalar-valued regression
[Bartlett et al., 1996, Alon et al., 1997]. The classical theory of regression suggests that
an appropriate complexity measure C,(F) should not only determine whether learning is
possible, but also provide tight bounds on the rate at which the associated worst-case excess

risk converges to zero.
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10.3 Active Data Collection in Operator Learning

As discussed in Chapter 7, the i.i.d.-based statistical (passive) model is likely not the best
framework for studying operator learning for PDEs. Thus, consider an active learning setting
where, given a sample budget of n, the learner can select any input functions vy, v, ..., v, €
X and obtain the corresponding labels G(v;) for each i € [n]. This is in contrast to passive
settings, where the inputs v; are drawn i.i.d. from some distribution over the input function
space.

Such a framework, in which the learner can request labels for arbitrary inputs, is unre-
alistic in many traditional applications. For example, in human-centered datasets, it may
not be feasible to request a label for an individual with an arbitrary feature vector, as such
an individual may not exist in reality. However, this setting is entirely natural in operator
learning, since a PDE solver can provide a solution for any admissible input function in the
space X. Therefore, the learner has no inherent reason to be restricted to i.i.d. samples. In
fact, as generating training data often requires computationally expensive numerical solvers,
the learner should ideally select inputs adaptively so that the computational cost of training
is justified by improved predictive performance at evaluation time.

This seemingly small change in the data collection protocol can have substantial statis-
tical consequences. As discussed in Chapter 7, Subedi and Tewari [2025a] showed that for
classes of linear operators, active data collection can yield dramatically improved conver-
gence rates compared to passive sampling. In particular, under suitable assumptions on the
input distribution, active protocols can achieve arbitrarily fast convergence rates, whereas

1 are impossible. These results establish the

in the passive i.i.d. setting rates faster than n~
benefits of active data collection over passive ones for operator learning.

A natural open problem is to extend such efficiency gains beyond linear operator classes.
Many practically relevant operator learning problems involve nonlinear operators; for exam-
ple, consider the solution operator Navier-Stokes equation. Developing a general theory of

active data collection for nonlinear operator learning remains an important future direction.

10.4 Theory of Time Generalization

Many operator learning problems arising from time-dependent PDEs involve learning a fam-
ily of operators indexed by time. More precisely, the ground-truth operator Gr maps an
initial condition ug to the solution uy at time 7' > 0. Although an operator estimator F is
typically trained using data corresponding to a finite time horizon 7', some applications may

require predicting the system at future times 7’ > T without additional retraining. This
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naturally raises the question of time generalization: under what conditions can a learned
operator extrapolate reliably to longer unseen time horizons?

In Chapter 9, we formalized this question and established time-extrapolation guarantees
for the Schrodinger equation. In particular, we showed that reliable time generalization is
possible when the underlying dynamics satisfy suitable structural conditions, such as time-
invariance and sufficient smoothness of the potential. However, this result relies heavily on
the linearity and unitarity of the Schrodinger solution operator. While these techniques ex-
tend in a relatively straightforward manner to the problem of learning other linear operators,
developing a general theory of time generalization for nonlinear operator learning problems
remains largely open.

Such a theory should identify necessary and sufficient conditions for time generalization
across broad classes of time-dependent operators and provide quantitative bounds on extrap-
olation error as a function of the training horizon, testing horizon, operator-class complexity,
and regularity of the underlying dynamics. Establishing such results would yield a princi-
pled understanding of when long-horizon prediction is possible and could guide the design

of models capable of reliable time extrapolation.
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APPENDIX A

A Characterization of Multioutput Learnability

A.1 Complexity Measures

In learning theory, the learnability of a function class F C V¥ is often characterized through
a suitable notion of complexity that quantifies the difficulty of the corresponding learning
task. In this section, we provide precise definitions of several complexity measures that are

commonly used in learning theory.

A.1.1 Complexity Measures for Batch Learning

In binary classification, the Vapnik-Chervonenkis (VC) dimension of a function class char-

acterizes its learnability.

Definition 31 (Vapnik-Chervonenkis Dimension). A set S = {z1,...,x4} is shattered by
a binary function class H C {—1,1}2 if for every o € {—1,1}4, there exists a hypothesis
h, € H such that for all i € [d], we have hy(z;) = 0;. The VC dimension of H, denoted
VC(H), is the size of the largest shattered set S C X. If the size of the shattered set can be
arbitrarily large, we say that VC(H) = co.

The learnability of a multiclass function class is characterized by its Natarajan dimension.

Definition 32 (Natarajan Dimension). A set S = {x1,..., x4} is shattered by a multiclass
function class H C Y if there exist two witness functions f,g : S — Y such that f(x;) #
g(z;) for alli € [d], and for every o € {—1,1}¢, there exists a function h, € H such that for
all i € [d], we have

ho(xi) = flxi)  ifoi=1
9(x:) if o, = —1

The Natarajan dimension of H, denoted Ndim(H), is the size of the largest shattered set
S C X. If the size of the shattered set can be arbitrarily large, we say that Ndim(H) = oo.
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For real-valued regression problems, the learnability is characterized in terms of the fat-

shattering dimension of a function class.

Definition 33 (Fat-Shattering Dimension). A real-valued function class G C [0, 1] shatters
points S = {x1, 22, ..., x4} al scale 1 >~ > 0, if there exists witness functions r : S — [0, 1]
such that, for every o € {£1}¢, there exists g, € G such that Vi € [d], o;(go(x;) —r(z:)) > 7.
The fat-shattering dimension of G at scale vy, denoted fat (G), is the size of the largest set
that can be y-shattered by G. If the size of the shattered set can be arbitrarily large, then we
say that fat, (G) = co.

We also define a general notion of complexity called Rademacher complexity that pro-
vides a sufficient and necessary condition of uniform convergence. Since uniform convergence
implies learnability, we use Rademacher complexity to argue sufficient conditions for learn-

ability.

Definition 34 (Empirical Rademacher Complexity). Let D be a distribution over X x ).
For a bounded loss function ¢, define the loss class to be £ o F = {(x,y) — ((f(x),y)}.
If S = {(z1,y1), -, (Tn,yn)} be a set of i.i.d samples drawn from D, then the empirical
Rademacher complexity of £ o F is defined as

R0 F) =By [sup (1St s ()|

fer \n ;3

where o € {£1}" is a sequence of n i.i.d. Rademacher random variables.

A.1.2 Complexity Measures in Online Learning

For the complexity measures below, it is useful to define a Z-valued binary tree [Rakhlin
et al., 2015b]. A binary tree 7 of depth d is Z-valued if each of its internal nodes are labelled
by elements of Z. Such a tree can be identified by a sequence (71, ..., Tg) labelling functions
T; : {£1}*! — Z which provide labels for each internal node. A path of length d is given by
a sequence o = (0, ...,04) € {£1}%. Then, T;(0oy,...,0:_1) gives the label of node following
the path (o4, ...,0,_1) starting from the root, going “right” if o; = +1 and “left” if o; = —1.
Note that, 71 € Z is the label for the root node. For brevity, we slightly abuse notation
by letting 7;(o1,...,0:-1) = Ti(0<;), but it is understood that 7; only depends on the prefix
(01, ...,0i-1). We are now ready to formally define complexity measures in the online setting.

When Y = {—1,+1} is binary, the Littlestone Dimension (Littlestone [1987]) tightly

characterizes the online learnability of a function class H C Y% with respect to the 0-1 loss.
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Definition 35 (Littlestone Dimension). Let T denote a complete binary tree of depth d
whose internal nodes are labeled by elements X and two edges from parent to child nodes are
labeled by —1 and +1. The tree is shattered by a binary hypothesis class G C {—1,+1}*
if for every o € {—1,+1}4, there exists a hypothesis g, € G such that the root to leaf path
(x1,...,2q) obtained by taking left when o, = —1 and right when o, = +1 satisfies g,(x;) = oy
for all 1 <t < d. The Littlestone Dimension of G, denoted Ldim(G), is the maximal depth
of the complete binary tree shattered by G. If G can shatter a tree of arbitrary depth, we say
that Ldim(G) = oo.

For finite label spaces ), the Multiclass Littlestone Dimension [Daniely et al., 2011] tightly

characterizes the online learnability of a function class H C Y% with respect to the 0-1 loss.

Definition 36 (Multiclass Littlestone Dimension). Let T denote a X-valued binary tree
of depth d whose edges are labelled by elements from ), such that the edges from a single
parent to its child-nodes are each labeled with a different label. The tree T is shattered by a
function class H C Y if, for every path o € {£1}2, there is a function h, € H such that
ho(Ti(0<)) = y(o;), where y(o;) is the label of the edge between nodes (T;(0<;), Tix1(0<ir1))-
The Multiclass Littlestone Dimension (MCLdim) of H, denoted MCLdim(H), is the maximal
depth of a complete binary tree that is shattered by H. If MCLdim = oo, then there exists
shattered trees of arbitrarily large depth.

When Y is a bounded subset of R, the sequential fat-shattering dimension [Rakhlin et al.,
2015a] at scale v characterizes the learnability of H C [0, 1] with respect to the absolute

loss d;.

Definition 37 (Sequential Fat-Shattering Dimension). Let T denote a X -valued binary tree
of depth d. The tree T is ~y-shattered by a function class H C [0,1]% if there exists an
R-valued binary tree R of depth d such that for all o € {&1}¢, there exists h, € H such that
for all t € [d],

Ut(ha(ﬁ(0<t)) - Rt(0<t)) >

The tree R is called the witness to shattering. The sequential fat shattering dimension of
H at scale v, denoted fat’**(H), is the mazimal depth of a complete binary tree that is -
shattered by H. If there exists y-shattered trees of arbitrarily large depth, then fat**(H) = co.

Beyond both finite and bounded label spaces, the sequential Rademacher complexity

[Rakhlin et al., 2015a] provides a useful tool for giving sufficient conditions for learnability.
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Definition 38 (Sequential Rademacher Complexity). Let 0 = {o;}L, be a sequence of
independent Rademacher random variables. Let T be a Z-valued binary tree of depth d. The

sequential Rademacher complexity of a function class H C R? on T is defined as

seq(H 7') JN{il}n sup T Z oh U<t

Then, the worst-case sequential Rademacher complexity is defined as RF(H) =

supr Ry H; T).

A.2 Natarajan Dimension Characterizes Batch Multilabel
Learnability

A multilabel classification problem where labels (i.e. bitstrings) in ) are of length K can also
be viewed as multiclass classification on the target space with 2% labels. Given this observa-
tion, the Natarajan dimension of the function class F continues to characterize the multilabel

learnability with respect to any loss function ¢ satisfying the identity of indiscernibles.

Theorem 36 (Ben-David et al. [1995]). Let ¢ be any loss function satisfying the identity of
indiscernibles. A function class F C Y% is agnostic learnable with respect to { in the batch
setting if and only if Ndim(F) < co.

The proof in Ben-David et al. [1995] involves arguments based on growth function. Here, we

provide proof that uses realizable and agnostic learnability due to Hopkins et al. [2022].

Proof. (of sufficiency) We first show that the finiteness of Ndim(F) is sufficient for learn-
ability. Suppose Ndim(F) < oo. Then, we know that F is agnostic learnable with respect
to 0-1 loss [Ben-David et al., 1995]. Since the target space ) as well as the range space of
F is finite, for every loss ¢ satisfying the identity of indiscernibles, there exists an a > 0
such that af(h(z),y) < 1{h(z) # y} for any (z,y) € X x Y and function h € Y¥. Let
D be a realizable distribution to F with respect to ¢. Since ¢(y1,y2) = 0 if and only if
1{y; # yo} = 0, the distribution D is also realizable with respect to 0-1 loss. Since F is
learnable with respect to 0-1 loss, there exists a learning algorithm A with the following
property: for any €, > 0, for a sufficiently large S ~ D", the algorithm outputs a predictor
h = A(S) such that, with probability 1 — ¢ over S ~ D", we have Ep[Ll{h(z) # y}] < ae.
Using the inequality stated above pointwise, the predictor h also satisfies Ep[¢(h(z),y)] < e.

Therefore, A is also a realizable algorithm with respect to . Since { satisfies the identity
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of indiscernible, Lemma 1 guarantees the existence of agnostic PAC learner B for F with

respect to /. [ |

Proof. (of necessity) Suppose F is learnable with respect to £. Since the target space is finite,
there must exist a constant b > 0 such that 1{h(x) # y} < bl(h(z),y) for any (z,y) € X XY
and any function h € Y¥. Let D be a realizable distribution with respect to £. Due to the
0 alignment property, D is also realizable with respect to 0-1 loss. Since F is learnable with
respect to ¢ loss, there exists a learning algorithm A with the following property: for any
€,0 > 0, for a sufficiently large S ~ D", the algorithm outputs a predictor h = A(S) such
that, with probability 1 — d over S ~ D", we have Ep[¢(h(z),y)] < be. In particular, using
the inequality stated above pointwise, we obtain Ep[l1{h(z) # y}] < e. Therefore, F is
learnable with respect to 0-1 loss in the realizable setting. As the finiteness of the Natarajan
dimension is necessary for the learnability of F under the 0-1 loss [Natarajan, 1989al, we
must have Ndim(F) < oo. |

A.3 Proofs for Batch Multioutput Regression

A.3.1 Proof of Sufficiency in Theorem 3

Proof. We first prove that the agnostic learnability of each Fj is sufficient for the agnostic
learnability of F. As in the classification setting, the proof here is based on a reduction.
That is, given oracle access to agnostic learners Ay for each Fy with respect to ¢y o d; loss,
we construct an agnostic learner A for F with respect to loss .

Denote Dy, to be the marginal distribution of D restricted to & x V. Let us use my(e, )
to denote the sample complexity of Ay. Then, for all k£ € [K], the marginal samples S} =
{(s,y¥)}, with scalar-valued targets are iid samples form Dj. For each k € [K], define
gr = Ag(Sk) to be the predictor returned by algorithm A when trained on Si. Since Ay is
an agnostic learner for 7, we have that for sample size n > max; my (5, %), with probability
at least 1 — /K over samples Sy ~ Dy,

E [0 0 d(gs(2).4")] < inf B i o i (fie). )] + -

Summing these risk bounds over all k coordinates and union bounding over the success

probabilities, we get that with probability at least 1 — ¢ over samples S ~ D",

K

> Elyodi(gr(x),y")] < > inf Eflihy o di(fu(), y")] +e.

i1 Pk i1 Tk€Fk D
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Using the fact that the sum of infimums over individual coordinates is at most the overall
infimum of sums followed by the linearity of expectation, we can write the expression above

as

|22 vrodian(o).s¥)] < LB [ o i) o)+«

k=1 FEFD 3

This shows that the learning rule that runs 4; on marginal samples S and concatenates
the resulting scalar-valued predictors to get a vector-valued predictor is an agnostic learner
for F with respect to loss ¢ with sample complexity at most maxy my(e/K,0/K). This

completes our proof of sufficiency. [ |

A.3.2 Equivalence of d; and v od; Learnability in Batch Regression

In this section, we provide proof of Lemma 3, which establishes the equivalence of d; and

1 o dy learnability in scalar-valued batch regression.

Proof. (of Lemma 3) To prove sufficiency first, let G be agnostically learnable with respect
to dy. This implies that the fat-shattering dimension of G is finite at every scale [Bartlett
et al., 1996] and uniform convergence holds over the loss class d; o G. Since v is a Lipschitz
function, a simple application of Talagrand’s contraction lemma on Rademacher complexity
[Bartlett and Mendelson, 2003] implies that uniform convergence holds over the loss class
1 ody oG as well. Thus, G is learnable with respect to ¢ o d; via ERM.

Next, we show that if G C [0,1]" is learnable with respect to ¢ o dy, then G is learnable
with respect to d;. Since the fat-shattering dimension of G characterizes d; learnability of
G, it suffices to show that G being learnable with respect to ¢ o dy implies fat,(G) < oo for
every v € (0,1).

Suppose, for the sake of contradiction, G is learnable with respect to ¢ o d; but there
exists a scale v € (0,1) such that fat,(G) = oco. Then, for every d € N, there exists
X = {x1,...,z4} € X and a witness function r : X — [0,1] such that for every o €
{—1,1}¢, there exists a g, € G such that o;(g,(x;) — 7(x;)) > v for all i € [d]. Define
Gx =1{9s € G| 0 € {—1,1}?} be the set of functions that shatters X. Define H = {—1,1}*
to be a set of all functions from X to {—1,1}. By definition of H, we must have VC(H) = d.
We use an agnostic learner for G with respect to 1 o d; to construct an agnostic learner
for H whose sample complexity, for large enough d, is smaller than the known lower bound
for VC classes. Since fat,(G) = 0o, d can be made arbitrarily large and thus we derive a

contradiction.
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Let A be the promised agnostic learner for G with respect to ¥ od; with sample complexity
m(e,d). For all f € [0,1]*, define a threshold function hy : X — {—1,1} as hy(z) =
21{f(x) > r(x)} — 1. Let D be an arbitrary distribution on X x {—1,1} and Dx be its

marginal on X.

Algorithm 9 Agnostic PAC learner for H

Require: Agnostic learner A for G, unlabeled samples Sy ~ Dy, and another independent

labeled samples Sy, ~ D
1: Define Spue = {(Sv,9%(Sv)) | g € Gx}, all possible augmentations of Sy by a-
discretization of functions in Gx for av < /2.

2: Run A over all possible augmentations to get
C(Sy) == {A(S) | S € Saus} -

3: Define Cy(Sy) = {hs | f € C(Su)}, a thresholded class of C(Sy).
4: Return the predictor in Cy(Sy) with the lowest empirical 0-1 risk over Sy.

We now show that Algorithm 9 is an agnostic learner for H. Consider d > Sy + S¢.
Then, [C11(Sy)| = |Sauel < (2/@)¥¢l can be much smaller than 2¢. Let h* =
arg min, 4, Ep[1{h(z) # y}] be the optimal hypothesis for D. Note that, by definition
of shattering, for every h € H, there exists a g € Gx such that h(z) = h,(z) for all z € X.
In particular, there must exist ¢g* € Gx such that h*(z) = hy () = 21{g*(z) > r(z)} — 1
for all x € X. Let g* denote the a-discretization of g as defined in Equation (2.1) for
some o < /2. Now, consider a sample (Si,g**(Sy)) € Sang- Let § = A((Su, ¢**(Sv)))
be the predictor returned by the algorithm when run on a sample labeled by ¢*®. Define
hy =21{g(x) > r(x)} —1 to be its thresholded function. Then, using the triangle inequality

on the indicator function, we have

B[ {hy(x) # y}) < B () # y}) + B [1{hae) £ ()} (A1)

Note that 1{h;(x) # h*(x)} = 1{hy(z) # hy(x)} < 1{|§(x) — g*(z)| > v}. To see why
the last inequality is true, we only have to consider the case where the indicator on the left is
1, otherwise, the inequality is trivial. Recall that 1{h;(z) # hg(x)} = 1 whenever §(z) and
g*(x) lie on the opposite side of witness r(x). Since ¢g* has to be at least v away from the
witness r(z), we obtain 1{|§(x) — g*(z)| > v} = 1. Next, using the fact that a < v/2, we
have 1{|g(x) — g*(z)| > v} < 1{]§(z) — g~“(x)| > v/2} because discretization can decrease
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the distance between these functions by at most /2. Furthermore, using monotonicity of v,

we get 1{|g(x) —g**(x)| = 7/2} < H{(|§(z) —g"*(z)|) = ¥(7/2)} . Combining everything,
we get a pointwise inequality

I{hy(x) # h*(2)} < H{P(|g(x) — g™ (@)]) = P(7/2)} < P(lg(x) — g™ (@)])-

1
(v/2)

Using this inequality gives an upperbound on the risk of hy, namely

E[1{hy(x) # h*(2)}] < Ely(|g(x) = g™ (@))]- (A.2)

Since § = A((Sy,9"*(Sv))), we can use the algorithm’s guarantee to get a further up-
perbound on the expectation above. In particular, if |Sy| > m(%,éﬂ), then with
probability at least 1 — d/2 over sampling Sy ~ Dy, we have

E [¢(|g(x) — ¢g~*(x)])] < inf E[¢(|g(z) — g"“(2)])] + “/’(’7/2)‘

Dx 9€G Dx 4

Note that inf,cq Ep, [¢(|g(z) — ¢"*(2)])] < Ep, [¥(|g*(x) — g°*(x)])] < ¢(«), where the last
step uses the fact that |¢*(z) — ¢~“(x)| < « and 1 is monotonic. Using L-Lipschitzness of

¢ and the fact that ¥(0) = 0, we get ¥(a) < La. Picking v = min(y/2, 61/’(7/2)), we get

infyeg Eny [¢(|g(x) — g7 (2)])] < 32
above, we get to Ep, [¢(|g(x) — g*’o‘(:ﬁ)|)] <@ “’/2) Using this guarantee on (A.2), we obtain

. Plugging this back to the inequality in the display

E [L{hg(2) # 1*(@)}] < 5.

This bound applied to (A.1) yields

E[1{h;(x) # y}) < jnf E[1{h(x) # )] + 5

Thus, we have shown the existence of a predictor h; € C'11(Sy) that achieves agnostic PAC
bounds for H. Let A be the predictor returned by step 4 of the algorithm. Next, we show
that for sufficiently large S7,, the predictor h also attains agnostic PAC bounds. Recall that
by Hoeffding’s Inequality and union bound, with probability at least 1 — §/2, the empirical
risk of every hypothesis in C't;(Sy,) on a sample of size > 5 log M

from its true error. So, if |SL| > 6% log w, then Wlth probablhty at least 1 — /2, the

is at most €/4 away
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empirical risk of the predictor h;(z) is

1 € < 3e
5 (Lg;& Lhy(z) # y} < E[l{hg(2) # y}] + o < inf E[1{h(z) # y} +

where the last inequality follows from the risk guarantee of h; established above. Since his
the empirical risk minimizer over Sy, we must have
Y @ A < g X Uhg(e) £ 9} < puf B £ )]+
— x — i(x in x —.
S| vr= 1Scl g 1= 8s y A

(z,y)ESL z,y)ESL

Finally, as the population risk of h is at most € /4 away from its empirical risk, we have

E[1{h(z) # y}] < inf E[1{h(z) # y}] +,

which is the agnostic PAC guarantee for H. Applying union bounds, the entire process,
running algorithm A on the dataset augmented by ¢*“ and the ERM in step 4, succeeds
with probability 1 — 4. This establishes that the Algorithm 9 is an agnostic PAC learner for
‘H. The sample complexity of Algorithm 9 is the number of samples required for Algorithm
A to succeed and the ERM in step 4 to succeed. Thus, the overall sample complexity of
Algorithm 9, denoted my(e, d), can be bounded as

m’H(675) <my <€¢€Z/2)’ g) -+ 68210g 4‘62:15(5[]”

eP(v/2) 6 8 2 8 4
= ma ( 1 ’2) <1 Tals (minw/z 6¢(7/2)/4)>> Tales

where the second inequality follows because |Cy1(Sy)| = |Saue] < (2/@)1%0] and we need |Sy|
to be of size m 4 (%, %) We also use the fact that a = min(3, Ewig)).

However, it is well known [Shalev-Shwartz and Ben-David, 2014, Theorem 6.8] that the

sample complexity of learning H in agnostic setting is

d + log(2/9)

€2

C

for some C' > 0. Thus, we must have my/(e,d) > C(d + log(2/4))/e*. However, this is a
contradiction because d can be arbitrarily large but my, (e, d) must have a finite upper bound
for every fixed €, d. Therefore, the function class G cannot be learnable with respect to 1 od;

whenever there exists a scale v € (0,1) such that fat,(G) = oo. [
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A.4 Rademacher Based Proof for Batch Regression

To show that the learnability of each Fj with respect to d; is sufficient for the learnability of F
with respect to £, norms for p > 1, we use the fact that £,(f(z),y) is a K-Lipschitz in its first
argument with respect to ||-|| norm, that is |6,(f(x),v) — {,(9(z),y)| < K || f(z) — g(x)] .,
and use the following bound on the Rademacher complexity of the loss class fo F = {(x,y) —

((f(x), 9} f € F}.

Lemma 11 (Foster and Rakhlin [2019]). Let F C Y be a multioutput function class. For
any 0 € (0,1), there exists a constants 0 < ¢ < 1 and C > 0 such that

R,(0, 0 F) < K inf 140+ -2 f/l ft(f)101+5<6”>d
n(lpoF) < Kinf (4o a €r-
p Cl(>0 \/ﬁ kjil « ce b g €
The result presented here is in fact the intermediate result in Foster and Rakhlin [2019], and

we provide a sketch of how their argument can be adapted to our setting.

Proof. Note that for f,g € F, we have [(,(f(z),y) — {,(g9(z),y)] < |6,(f(x),g9(z))] <
((f(x),9(x)) < K| f(z)—g(x)|,,. Furthermore, we have that |fx(z) — y*| < 1, so we
obtain |£,(f(z),y)| < K. Define the normalized £, loss as £,(f(x),y) := £,(f(x),y)/K. By

standard chaining argument, we know that

_ . 12 1 —
R,(loF)=KNR,({oF) §Ké1;%{4a+\/ﬁ/a \/log./\/Q(ﬁpo}",e,n)de}.

Since a cover with || - ||o norm is also a cover with respect to || - ||o norm, we have
that log Na(€,0F, e,n) < log Now(fo F,€,n). Since £,(f(z),y) is 1—Lipschitz with respect to
||||oo morm, following Lemma 1 of Foster and Rakhlin [2019], we obtain log N (£,0 F, €,n) <
S log Noo (Fi, €,n).

A result due to Rudelson and Vershynin [2006] states that for any 6 € (0, 1), there exists
constants 0 < ¢, < 1 and Cj > 0 such that

log Noo (Fr, €,n) < Cj fate, (Fr) log!*? (en/e).

Picking C' = max C and ¢ = miny ¢, we obtain the contraction inequality

) 120 1 | & 145 (€N
%n(ﬁo}")SKgg{é{éla%—\/ﬁ/a \l’;fatce(fk)log <€)de :

Using \/ZkKl fate.(Fy) log'™ (%) < YK \/fatcg(]:k) log! ™ (%) yields the desired con-
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traction inequality.

With Lemma 11 in our repertoire, the sufficiency proof is a routine uniform convergence

argument.

Proof. (of sufficiency in Theorem 5) Suppose each restriction Fy is learnable with respect to
di. Then, we know that for all £ € [K] and for all 1 > v > 0, we have fat., (F},) < oo [Bartlett
et al., 1996], [Anthony and Bartlett, 1999, Chatper 19]). Using Lemma 11, for 6 = 1/2, we

can find constants ¢, C' such that

K n
Rty 0 F) < K inf {4a+§:j/ \/fatce ]:k)logg/z( 6 )de}

Fix a > 0. The second term inside infimum vanishes as n — oo, yielding R, (£ o F) < 4aK.
As a > 0 is arbitrary, the Rademacher complexity R, (¢ o F) goes to 0 as n — oo. This
argument can be readily turned into non-asymptotic bounds on R, (¢, o F) if the precise
form of fat,(Fy) as a function of v is known. Since the empirical Rademacher complexity
vanishes, uniform convergence holds over the loss class ¢, o F and thus F is learnable with

respect to £, via empirical risk minimization. [ |

A.5 Online Multilabel Learnability with respect to Ham-
ming Loss

In this section, we provide the proof of Theorem 7.

Proof. We first prove that the online learnability of each restriction is sufficient for the online
learnability of /p.

Part 1: Sufficiency. Our proof is based on a reduction: given oracle access to online
learners { Ay}, for {F;} 5, with respect to £o.1, we construct an online learner A for F with
respect to £g. In fact, similar to the batch setting, the online multilabel learning algorithm
A is simple: in each round t € [T}, receive x;, query the predictions A (z¢), ..., Ax(z),
and finally predict the concatenation g, = (A;i(z¢), ..., Ax(z¢)). Once the true label y; =
(y},...,yk) is revealed, update each online learner A, by passing (z;,yF) for k € [K]. Tt
suffices to show that the expected regret of A is sublinear in 7" with respect to {g. By
Definition 4, we have that for all k € [K],

E |30 1) # ) — inf S 1{fulw) # 5} < RalD)
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where Rj(T') is some sublinear function in 7. Summing the regret bounds across all
k € [K] splitting up the expectations, and using linearity of expectation, we get that
B[S S HA() # 4] - B[S inf e S5 H{fu(xe) # yf}] < S Ru(T). Not-
ing that Y30, infrer 3o L{fu(ae) # yf} < infrer S5y S M{fi(we) # yf}, swapping
the order of summations, and using the definition of /5 we have that,

B |3 tulAla) | B | g Yt < 3 R

where A(x;) = (Ai(xy), ..., Ax(2z¢)). This concludes the proof of this direction since
S K | Ri(T) is still a sublinear function in 7.
Part 2: Necessity. Next we prove that if F is online learnable with respect to ¢y, then
each Fj is online learnable with respect to ¢y.;. Namely, given oracle access to an online
learner A for F with respect to £, we construct an online learner B for F; with respect
to £o.1. A similar reduction can be used to construct online learners for each restriction Fy,.
Similar to the batch setting, the online learning algorithm B is simple: in each round ¢ € [T,
receive x;, query 9; = A(z;) and predict §} = A;(x;). Once the true label y; is revealed,
update A by passing (¢, ;) where y; = (y},02,...,05) and {¢?}£, is an i.i.d sequence of
Rademacher random variables.

It suffices to show that the expected regret of B is sublinear in 7" with respect to £g.;.
As previously mentioned, we assume that the sequence (x1,91), ..., (z7,y%) is chosen by an
oblivious adversary, and thus is not random. Let y; = (y},02,...,0). By Definition 4, we

have that,

[Z@H )y Yt) — mfZEH ] < R(T,2%)

where the expectation is over both the randomness of A(z;) and (07, ...,0%) and R(T,2%) is
a sub-linear function of T'. Splitting up the expectation, using the definition of the Hamming

loss, and by the linearity of expectation, we have that

> Y E[Ldu(e) # = e Y Y E[1{f(r) £ 4Y] < BT26)

t=1 k=1

Next, observe that for every t € [T, for every k € {2,..., K}, the randomness of y¥ = oF

implies E [1{Ay () # y}] = B [1{f(2,) # y}| = 5. Thus,

L{fi(x) £y} + [(2_1} < R(T,2%).

. Lo K-11 &
Z:l]E 1{A;(x) #yt}"”Q} _}Ielgtzng
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Canceling constant factors gives, E {Zthl 1{A;(z;) # yt }] —infper L 1{fi(x) £y} <
R(T,2%), showing that B is an online agnostic learner for F; with respect to £g_;. [ |

A.6 MCLdim Characterizes Online Multilabel Learnability

In this section, we show that the MCLdim characterizes the online learnability of a multilabel
function class F C Y% with respect to any loss ¢ that satisfies the identity of indiscernibles.

Theorem 37 makes this more precise.

Theorem 37. Let { be any loss function satisfying the identity of indiscernibles. A function
class F C Y% is online learnable with respect to £ if and only if MCLdim(F) < oco.

Proof. (of sufficiency) We first show that finiteness of MCLdim is sufficient for online learn-
ability. The proof follows exactly like the proof of Lemma 5. We include it here again for
completeness sake. Let ¢ be any loss function satisfying the identity of indiscernibles and
F C V¥ be a multilabel function class such that MCLdim(F) = d < oo. Since F has finite
MCLdim, the deterministic Multiclass Standard Optimal Algorithm for F , hereinafter de-
noted MCSOA(F), achieves mistake-bound d in the realizable setting [Daniely et al., 2011].
Therefore, following the same procedure as in Daniely et al. [2011], we can construct a fi-
nite set of experts & of size [€] = X9_ (f)|1m(.7-’)|7 < (2KT)? such that for any (oblivious)
sequence of instances xy, ..., zr, for any function f € F, there exists an expert Ey € &, such
that f(z;) = E(x;) for all ¢t € [T]. Finally, running the celebrated Randomized Exponen-
tial Weights Algorithm (REWA) using £ as the set of experts and the scaled loss function

£ € [0, 1] guarantees that for any labelled sequence (z1,41), ..., (z7, yr),

> ) ~ L Y0

t=1 f t=1

T
E Zf(ﬂt,yt) - }iznf ZK(E(%);%)
€€

t=1

where ¢, is the prediction of REWA in the ¢’th round. Thus, running REWA over the set of

experts £ using é gives an online learner for F with respect to £. [ |

Proof. (of necessity) To prove necessity, we need to show that if F is online learnable with
respect to ¢, then MCLdim(F) < oco. To do so, we show that if F is online learnable with

respect to ¢, then F is online learnable with respect to fy.; in the realizable setting. Let A
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be an online learner for F with respect to ¢. Then, by definition,

< R(T,2")

B |3 A, ~ ot 3 ()

where R(T,2%) is a sublinear function in 7. Since ¢ satisfies the identity of indiscernibles,

in the realizable setting, inf e S0, £(f (), y;) = 0. Therefore, under realizability,

[Zﬁ ] < R(T,2%).

Because there are only a finite number of inputs to ¢, there must exist a universal constant

a such that aly.; < ¢. Substituting in gives that,

R(T,25)
=t

<

T
E [Z 60_1 (.A Tt
t=1

Since a is a universal constant that does not depend on T,

(Taz ) ig still a sublinear
function in T, implying that A is also a realizable online learner for F with respect to £ ;.

This completes the proof as MCLdim characterizes realizable learnability and so we must
have MCLdim(F) < oo. |

A.7 Proofs for Bandit Online Multilabel Classification

In this section, we provide proofs for the characterization of online multilabel classification
under bandit feedback.

Proof. (of Theorem 10) The proof of Theorem 10 is nearly identical to the proof of Theorem
6. The only difference is that in Algorithm 4, we now need use the bandit Expert’s algorithm
EXP4 from Auer et al. [2002] instead of REWA. Similar to REWA, based on Theorem 2.3 in
Daniely and Helbertal [2013] and the fact that A, B and P are independent, EXP4 guarantees
that

E lie ]<E [ inf 3" U(E ytﬂ + oM [\ 2T €]

Eecép =1

where P(x;) denotes EXP4’s prediction in round ¢. The remaining proof for deriving the
upper bound

clr'—
[mf > UE(z) yt1<}leljffzg (1), ye) + s R(T", 1Y)

Eeép —
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is identical to that in Theorem 6, so we omit it here. Putting these pieces together gives the

stated guarantee. [

Proof. (of Theorem 9) Let ¢ = % We first show necessity: if F is bandit online
learnable with respect to ¢, then each restriction JFj, is online learnable with respect to £y.;.
This follows trivially from the fact that if A is a bandit online learner for F, then A is also
an online learner for F under full-feedback. Thus, by Theorem 8, online learnability of F
with respect to ¢ implies online learnability of restriction JFj, with respect to the 0-1 loss.
We now focus on showing sufficiency: if for all k& € [K], Fy is online learnable with respect
to 0-1 loss, then F is bandit online learnable with respect to loss £. Since |Y| = 2K < oo
and ¢ is a c-subadditive, by Theorem 10, it suffices to show that there exists a realizable
online learner for F with respect to £. However, using Theorem 8, online learnability of each
restriction Fj, with respect to 0-1 the loss implies (agnostic) online learnability of F with

respect to £. Since an agnostic online learner is trivially a realizable online learner, the proof

is complete. [ |

A.8 Equivalence of d; and v o d; Online Learnability

Proof. (of Lemma 6) Since 1 is a Lipschitz function, the proof of sufficiency follows imme-
diately from Corollary 5 in Rakhlin et al. [2015a], a contraction Lemma for the sequential
Rademacher complexity. Thus, we focus on proving necessity - if G is online learnable with
respect to ¥ o dy, then G is online learnable with respect to d;.

Since the sequential fat shattering dimension of G characterizes d; learnability [Rakhlin
et al., 2015a], it suffices to show that G being online learnable with respect to ¢ o d; implies
fat>*4(G) < 0 for every v € (0,1). Like in the batch setting, we prove this via contradiction.

Suppose, for the sake of contradiction, G is online learnable with respect to ¥ od; but there
exists a scale 7 € (0,1) such that fat*(G) = oo. Then, for every T' € N, there exists a X-
valued binary tree 7 and a [0, 1]-valued binary witness tree R both of depth 7" such that for
all 0 € {—1,1}T, there exists g, € G such that for all t € [T, 04(go(Ti(0<t)) — Re(o<t)) > 7.
Without loss of generality, assume that for any path o € {—1,1}7, the set of instances
{Ti(o<¢)}L, are distinct. This is true because we can construct a ~y-shattered tree of much
bigger depth and prune away repeated instances along a path to get a tree of depth T'. Define
Gr = {9, € Glo € {—1,1}T} to be the set of functions that shatter 7 with witness R. Let
X C X denote the set of examples that label the internal nodes of 7. Consider the binary
hypothesis class H = {—1,1}* which contains all possible functions from X to {—1,1}. By
definition of H, we must have Ldim(H) > T'. Therefore, 7, with left and right edges labeled
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by —1 and +1 respectively, is shattered by H. Let 7. denote such a tree. Note that for
all t € [T], we have Ti(0<¢) = Tri(0«t). Since Ldim(#) > T, any realizable online learner
for H must make at least % mistakes in expectation for an adversary that plays according
to a root-to-leaf path in 71 chosen uniformly at random. However, using an agnostic online
learner for G with respect to ¢ o d;, we construct a realizable online learner for H that
achieves a sublinear regret bound when an adversary plays according to a root-to-leaf path
in 7T chosen uniformly at random. Since fat™(G) = oo, T' can be made arbitrarily large,
eventually giving us a contradiction.

To that end, let A be an online learner for G with respect to 1 o d; with regret
RA(T). Let 0 ~ {—1,1}T denote a sequence of T i.i.d Rademacher random variables and
{(Tx1(0<t),00)}, the associated sequence of labeled instances determined by traversing 7.
using 0. Note that {(7+.(0),0:)}; is a sequence of labeled instances corresponding to
a root-to-leaf path in 75 chosen uniformly at random. By construction of H, there exists a
h%: € H such that h} (T +(0<t)) = oy for all ¢t € [T] and therefore the stream is realizable by
H. Let g% € G be the function at the end of the root-to-leaf path corresponding to ¢ in 7T,
the original tree shattered by G.

We now use A to construct an agnostic online learner for H with sublinear regret on the
stream { (7% +(0<¢),0¢) }—,. Our algorithm is very similar to realizable-to-agnostic conversion
in Theorem 6. Namely, we construct a finite set of experts, each of which uses A to make
predictions, but only updates A on certain rounds. Finally, we run REWA using this set of
Experts over our stream. For completeness’ sake, we provide the full description below.

For any bitstring b € {0,1}7, let ¢ : {t : by = 1} — im(G*) denote a function mapping
time points where b, = 1 to elements in the discretized image space im(G®). Let &, :
(im(G*)){#%=1} denote all such functions ¢. For every g € G, let ¢] € ®, be the mapping
such that for all ¢t € {t : b, = 1}, ¢¥(t) = ¢*(Ti(0)). Let |b] = |{t : by = 1}|. For every
b€ {0,1}7 and ¢ € Py, define an Expert Ej 4. Expert Ej 4, formally presented in Algorithm
10, uses A to make predictions in each round. However, E; 4 only updates A on those rounds
where b; = 1, using ¢ to produce a labeled instance (T;(c<;), ¢(t)). For every b € {0,1}T, let
Ey = Ugea, 1 Eb,s } denote the set of all Experts parameterized by functions ¢ € ®;. If b is the
all zeros bitstring, then &, is empty. Therefore, we actually define & = {Eo} UUyca,{Eb.0}
where Ej is the expert that never updates A. Note that 1 < |&] < (2).

With this notation in hand, we are now ready to present Algorithm 11, our main online
learner Q for H with respect to 0-1 loss. The analysis is similar to the one before, but we
include it below for completeness sake.

Our goal now is to show that Q enjoys sublinear expected regret. There are three main

sources of randomness: the randomness involved in sampling B, the internal randomness
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Algorithm 10 Expert(b, ¢)

Require: Independent copy of Online Learner A for ¢ o d;
1: fort=1,...,7T do
2: Receive example T 1(0<)
3 Predict §; = 2 1{A(Tx(0<)) > Ri(o<)} — 1
4: Receive y; = oy
5: if b, =1 then
6
7
8:

Update A by passing (75 +(0<¢), ¢(t))
end if
end for

Algorithm 11 Online learner Q for H with respect to 0-1 loss

Require: Parameters 0 < 8 <land 0 <a <3
1: Let B € {0,1}7 such that B, ~ Bernoulli( )
2: Construct the set of experts £p = {Eo} UUpea, {EB,¢} according to Algorithm 10.
3: Run REWA P using £ and the 0-1 loss over the stream

(7;,1(0<1), 01), ceey (E,T(0<T), CTT).

of each independent copy of the online learner A, and the internal randomness of REWA.
Let B, A and P denote the random variable associated with these sources of randomness
respectively. By construction, A, B, and P are independent.

Using Theorem 21.11 in Shalev-Shwartz and Ben-David [2014] and the fact that A, B and
P, are independent, REWA guarantees,

E [ET: H{P(Txi(o<)) # Ut}] <E L}gng g:l HE(Tei(0<)) # O't}‘| +E {\/ 2T In(|€p])

t=1

Therefore,
B | U Tacloa)) £ 00| =B [ UP(Tasloa) £ )

<E|juf S U(B(Ti(ow) # 0] + |2 (i)

Ecép =1

<E g UE, iz (Taalo) # at}] +E 2T n(jEs))|.

In the last step, we used the fact that for all b € {0,1}7 and g € G, By g9 € &
It now suffices to upperbound E {Zthl {E, o5 (Trt(o<)) # at}} . We use the same nota-
PB
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tion used to prove Theorem 6, but for the sake of completeness, we restate it here. Given an
online learner A for 1) o dy, an instance z € X, and an ordered sequence of labeled examples
L € (X x[0,1])*, let A(x|L) be the random variable denoting the prediction of A on the
instance z after running and updating on L. For any b € {0,1}7, ¢* € G%, and t € [T, let
Li_, = {(Te4(0<i), 9*(Tx(0<i))) - i < t and b; = 1} denote the subsequence of the sequence
of labeled instances { (7T ¢(0<;),g%(Tx+(c<i)))}iZ1 where b; = 1. Using this notation, we can

write

E Z IL{EB@%; (Ti(o<r)) # Ut}]

Mé

_E 1{2 LA(Te (o) |L%.) > Re(oar)} — 1 # at}l

oy
Il

1

!%
M’ﬂ

1{2 T{A(Ta( ‘7<t)‘LB<t> >Ri(oar)} —1# h;(ﬂ,t((kt))”

W
Il
—

IA
=
M%

AT (o) E5) — g;mt(aq))\zfy}]

1

o
I

A
&=
M’ﬂ

MQ

2)

g
{0 0 AT o))" Tasloa) 2 03}

Ob
Il
—

{
1 {|A 7;:15 U<t |LB<t) —90 (7:_Lt(0<t))| >

VAN
=
Mﬂ

i
X

w(% [Z Y odi(A(Txi(0) ‘L?BUQ)? gg’a(ﬂ,t<0<t)))]

The first inequality follows from v-shattering. Indeed, if 21{A(7y ;(0<;) |L%:’<t) > Ri(o<t)} —
1 # hi(Tei(o<t)), then A(7:_L7t(a<t)|L%‘;<t) and gr must lie on opposite sides of the witness
Ri(0<). The second inequality stems from the choice of & < . The third inequality follows

from the monotonicity of ¢). The last inequality follows from Markov’s. Now, we can continue

194



like before.

T
E Z¢Odl(A(

=E [Z o dy(A(Tep(o<)| L), g5 (Ten(o<)))

Ter(0<)|L%), 65 (Ten(021)))

P (B, = 1]
]P[Bt_l]]

[le o dy(A(Toa(0<) LS ), 92" (Taalo)) 1{Br = 1}]

To see the last equality, note that the prediction A(Evt(a<t)|Lg<t) only depends on bitstring

(B, ...,

By_1), the string (o7, ...,

0,-1), and the internal randomness of A, all of which are

independent of B;. Thus, we have

EWO¢M

(Tetloan)| L), 65 (Tes(o<)))1{B; = 1}]

=E |v1 0 di(Ai(x|LE.,), )| E[1{B, = 1}]
=K [t 0 dy(Ar (| LE.,), )| P[B, = 1]

as needed. Continuing onwards,

T

Z¢Od1

T
ﬁE

(Tai(o<)| LE,),

95 (Txi(0<t)))

;w o dy (A(Tes(O )| L% ), g2 (Taa(020))) 1 By = 1}]

> Yod (A(E,t(ff«)’Lgéit)a 95 (Txi(0<t)))

_t:Btzl
>

E
t:Btzl

b0 dy (A(Tealo<)| L), g;’am,t(o—«»)]B

> wodi(gy(Tei(o)), g5 (Tea(o<))) + Ra(|Bl)

_t:Btzl

The last inequality follows from the fact that A is an online learner for 1 o d; with regret

bound R4(7T) and is updated using a stream labeled by g

% only when B; = 1. Now, we
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can upperbound:

B| 3 0o (s (Teuloe) 03 (Taslo0))| + 7ELRA(B))
T
< 79E | = v(0)| + BR8]

< ;;IE [aL|B|] + ;E [RA(|B])]

=alT + ;;E [R4(|B))]

The first two inequalities follow from the fact that ¢ is monotonic, L-Lipschitz, 1(0) = 0,
and dy(g*(Tei(0<t)), g5 (Tit(0<1)) < . Putting things together, we find that

B[S 1OLilo) # 0| < B[S UE, 4 (Taoloa) # 0| +E [VETu(En])

i oLT + ZE [RA(|BI)]
= G)
OLT + L [Ra(|B])

= )

+E[ 2T1n(\531)}

+E

2T|B\ln(z)] |

where the last inequality follows from the fact that that ]5 Bl < ( )IBl. By Jensen’s inequality,

we further get that, E [\/QT]B| In(2 2)| < /275! In(2 (£), which implies that

oLT + ZERANBD] | [, 2
¢(%) +4/2T7 l(a).

Next, by Lemma 4, there exists a concave sublinear function R(|B|) that upperbounds

R4(|B|). By Jensen’s inequality, we obtain E[R4(|B|)] < R4(T?), which yields

Tﬁﬁ (T7) 11n 2
ey + /27541 ().

Picking o = ﬁ and 3 € (0,1), gives that Q enjoys sublinear expected regret

T . B |
E L; HO(Tx (o)) # Ut}] < e + o )TﬁRA(Tﬂ) + \/m

E lZ; ]l{Q(E,t(O-<t)) #op| <

E [Z HO(Txi(0<t)) # 04}

t=1

~

N2
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Since R4(T?) is sublinear in 77, Q is a realizable online learner for H with sublinear regret.

Thus, for a sufficiently large 7', E [Zthl H{O(Tri(o<t)) # at}} < L. This is a contradiction

because {(7++(0<), 0¢) -, is a realizable sequence of instances corresponding to a root-to-

leaf path in 73 chosen uniformly at random and thus any realizable online learner must suffer
seq

expected regret at least % Thus, if there exists a scale 7 > 0 such that fat? (G) = o0, there

cannot exist an online learner for G with respect to ¢ o d;. [
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APPENDIX B

Online Learning with Set-Valued Feedback

B.1 Relationships Between Combinatorial Dimensions

B.1.1 Proof of (i) in Theorem 14.

Fix p > 2 and v € (0, %] We first prove MS,(#H) < SL(#H). Let T be a II(Y)-ary tree
of depth d, = MS,(H) shattered by H. For each internal node v in 7, keep the outgoing
edges indexed by {0,},cy, where d, is a Dirac measure with point mass on y, and remove
all other edges. Let A, be the set labeling the outgoing edge from v indexed by 4,. Since
dy(Ay)) <1 —1~, we have y ¢ A,. Changing the index of edges from J, to y for all the
remaining outgoing edges, we obtain a Y-ary tree of depth d,. Repeating this process of
pruning and reindexing recursively for every internal node, a I1())-ary tree shattered by H
can be transformed into a YV-ary tree of the same depth shattered by H. Thus, we must have
MS,(H) < SL(H) for all v € (0, Il?] For v = 0, the shattering condition gives d,(4,) < 1,
which implies that y ¢ A,. The rest of the arguments are identical to case v € (0, %]
presented above. Therefore, MS,(#H) < SL(#) for all v € [0, =].

1

We now prove SL,(H) < MS,(#H) for v € [0, ;17] Let T bepa [p]-ary tree shattered by H.
We expand T to obtain a II())-ary tree of depth d at scale %. Let v be the root node in T,
and Ay, ..., A, be the labels on the outgoing edges from v. To transform 7 to a II())-ary
tree, we construct an outgoing edge for each measure. Fix a measure p € I1()). There must
bean A, € {A;,...,A,} such that u(A4,) <1-— %. Suppose, for the sake of contradiction, this
is not true. That is, u(A;) > 1 — % for all Ay, ..., A,, which further implies that p(A) < %.

Since N, A; = 0, we have Y = UV_; A¢ and thus

W) = u (U Af) <A <1

which contradicts the fact that p is a probability measure. Therefore, for every pu, there
exists a A, € {Ay,..., Ay} such that p(A,) <1 - %. For every measure p € I1()), add an
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outgoing edge from v indexed by p and labeled by A,. Pick the sub-tree in 7 following
the outgoing edge from v labeled by A, and append it to the newly constructed outgoing
edge from v indexed by p. Remove the two original outgoing edges from v indexed by
elements of [p] and their corresponding subtree. Upon repeating this process recursively for
every internal node v in T, we obtain a II(})-ary tree that is %—shattered by H. Thus,
we have MSi1(H) > SL,(#H). Using monotonicity of MSdim, we therefore conclude that
MS, (H) > SL,(#) for all v € [0, 1]

B.1.2 Proof of (ii) in Theorem 14.

Let p = H(S(Y)) < oo. Given p > 2 and (i), it suffices to show that SL,(H) > MS,(H) >
SL(H) for all v € [0, 113] We first show that MS,(#) > SL(H) for all v € [0, I%]

Consider a Y-ary tree T of depth d = SL(H) shattered by #H. Let v be the root node of
T, and {A,} ey be the sequence of sets labeling the outgoing edges from v. Since p < oo,
there must be a subsequence {A,,}_; C {A,},ey such that NY_; A, = 0. We keep the edges
labeled by sets { Ay, }1_; and remove all other edges, and repeat this process for every internal
node v in 7. The subsequence of length p may not be unique, but choosing arbitrarily is
permissible. Upon repeating this process recursively for every internal node in the tree T,
we obtain a tree 7' of width p such that the sets labeling the p outgoing edges from any
internal node are mutually disjoint.

Next, we expand T’ to obtain a II(})-ary tree of depth d at scale %. Let v be the root
node in 77, and {A, }/_, be the labels on the outgoing edges from v. To transform 7~
to a II())-ary tree, we now construct an outgoing edge for each measure. Fix a measure
p € II(Y). There must be an i € [p] such that pu(4,,) <1 - %. Suppose, for the sake of

1

contradiction, this is not true. That is, pu(A4,,) > 1 — ; for all i € [p|, which further implies

that u(Ag,) < > Since N{_; Ay, = 0, we have Y = U}_; A7 and thus

p p 1
pY) = n(Uady) < Xpdy) <300 <1,
i=1 i=1

which contradicts the fact that p is a probability measure. Therefore, for every pu, there
exists a y, € {y;}—, such that pu(A, ) < 1 - %. For every measure p € II(Y), add an
outgoing edge from v indexed by p and labeled by A, . Pick the sub-tree in 7" following the
outgoing edge from v indexed by ¥, and append it to the newly constructed outgoing edge
from v indexed by p. Remove p remaining outgoing edges from v indexed by y € {y;}7_;.
Upon repeating this process for every internal node v in 7’7, we obtain a II())-ary tree that

is %—shattered by H. Thus, we have MS1(H) > SL(#). Using monotonicity of MSdim, we
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therefore conclude that MS, (#) > SL(#) for all v € [0, %]

We now prove that SL,(#) > MS, (H). Suppose T is a II(Y)-ary tree vy-shattered by H
according to Definition 12. Let v be the root node of 7. Let A, be the set labeling the
outgoing edge from v indexed by 6,. Since §,(A,) <1 —~, we have that y ¢ A,. Therefore,
Nyey Ay = 0. Since p < oo, there must be a subsequence {A,,}i_; C {A4,},ey such that
Nr_, Ay, = 0. Keep the outgoing edges indexed by {d,,}}_; and remove all other edges along
with their subtrees. For each i € [p], change the index d,, to i. The root node v should now
have p outgoing edges, where each edge is indexed by a unique element i € [p] and labeled
by the set A,, such that N{_; A,, = . Repeat this process recursively on the subtrees
following the p reindexed edges results into a SL, tree of depth d, shattered by H. Thus,
SL,(H) < MS,(H) for v € (0, %] The case when v = 0 follows similarly.

B.2 Deterministic Learnability in the Realizable Setting

B.2.1 Upperbounds

Proof. (of upperbound in Theorem 16) We first show that Algorithm 7 is a mistake-bound
algorithm that makes at most SL(?) mistakes on any realizable stream. To show this, we
argue that (1) every time Algorithm 7 makes a mistake, the SLdim of the version space goes
down by 1 and (2) if the SLdim of the current version space is 0, then there is a prediction
strategy such that the algorithm does not make any further mistakes.

Let t € [T] be a round where Algorithm 7 makes a mistake, that is §; ¢ S;, and SL(H) > 0.
We show that the SL goes down by at least 1, that is SL(V;) < SL(V;—1) — 1. For the sake
of contradiction, assume that SL(V;) > SL(V,_1) — 1. As SL(V;) < SL(V;_1), we must have
SL(V;) = SL(V;—1) =: m. Since the SL did not go down and the algorithm made a mistake,
the min-max prediction strategy implies that for every y € ), there exists A, € S()) such
that y ¢ A, and SL(V;_1(4,)) = m. Next, construct a YV-ary tree 7 with x; labeling the
root node. For every y € Y, label the outgoing edge indexed by y with the set A,. Append
the Y-ary tree of depth m associated with version space V;_1(A,) to the edge indexed by y.
Note that the depth of tree 7 must be m + 1, thus implying SL(V;_1) = m + 1, which is a
contradiction. Therefore, it must be the case that SL(V;) < SL(V,_;) — 1.

Let t* € [T] be round when the algorithm makes its SL(#H)™ mistake. If #* does not exist,
the algorithm makes at most SL(#) — 1 mistakes. So, without loss of generality, consider the
case when t* exists. It now suffices to show that the algorithm makes no further mistakes.
We have already shown that SL(V;+) = 0. Next, we show that for any ¢ > ¢*, there must exist
y € Y such that for all A € §;()) we have y € A. Suppose, for the sake of contradiction,
this is not true. That means, for all y € ), there exists A, € S;/()) such that y ¢ A,.
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Consider a tree with z; in the root node, and every edge indexed by y € ) is labeled with
the set A,. As A, N{h(x;) | h € Vi_1} # 0, for every y, there exists a hypothesis h, such
that h,(x;) € A,. By definition of SL, this implies that SL(V;_;) > 1, which contradicts the
fact that SL(V;«) = 0. Thus, there must be a prediction strategy y € ) such that for any
set S; € §;()) that the adversary can reveal, y € S;. With the prediction strategy in step 4,

the algorithm makes no further mistakes. |

B.2.2 Lowerbounds

Proof. (of lowerbound in Theorem 16) We now show that for any deterministic learner, there
exists a realizable stream where the learner makes at least SL() = d mistakes. The stream
is obtained by traversing the Set Littlestone tree of depth d, adapting to the algorithm’s
prediction. Let 7 be a complete X-valued, Y-ary tree of depth d that is shattered by H.
Let (fi,..., fa) be the sequence of edge-labeling functions f; : V' — S()) associated with
T. Consider the stream {(7; (<), f:(9<¢))}i,, where Ti(§<1) is the root node of the tree,
and § = (J1,...,7q) is algorithm’s prediction on rounds 1,2,...,d. Note that we can use
the learner’s prediction on round ¢ to generate the true feedback for round ¢ because the
learner is deterministic and its prediction on any instance can be simulated apriori. Since
we have §; ¢ f;(J<;) for all t € [d] by the definition of the tree, the algorithm makes at least
d mistake in the stream above. Finally, the stream considered above is realizable because
there exists hy such that hy(7,(9<:)) € fi(9<;) for all t € [d]. This completes our proof. M

B.3 Randomized Learnability in the Realizable Setting

B.3.1 Upperbounds

B.3.1.1 Fixed-scale Randomized Learner

We give a fixed-scale learner in the realizable setting and prove a guarantee on its expected
number of mistakes. In particular, we show that the expected mistake bound of Algorithm

12, for any fixed input scale v > 0, is at most v7"+ MS,(#) on any realizable stream.

Lemma 12 (Fixed-scale Randomized Learning Guarantee). For any S()) C o(Y), H C
Y, and any input scale y > 0, the expected cumulative loss of Algorithm 12, on any realizable
stream, is < T 4+ MS,(H).

Proof. We show that given any target accuracy ¢ > 0, the expected cumulative loss of

Algorithm 12 is at most d. + €T on any realizable stream, where d. = MS.(H). In fact, we
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Algorithm 12 Randomized Standard Optimal Algorithm (RSOA)
Require: H, Target accuracy € > 0

1: Initialize V) = H

2: fort=1,...,7 do

3: Receive unlabeled example x; € X.

4: For each A € §()), define V;_1(A) :={h € V,_1 | h(x;) € A}.
5: Let $;()) ={AeS(): An{h(x,) | h e Vi_1} # 0}
6: if MS.(V;—1) =0 then
7 Let fi; € II(Y) be such that for all A € §;()) we have fi,(A) > 1 —e.
8: else
9: Compute
= MS.(Vi—1(A
fir = aiegnr(r;)n Joax (Vi1 (4)).
n(A)<l—e
10: end if

11: Predict §; ~ [i.
12: Receive feedback S; and update V; = V,_1(S;).
13: end for

show that Algorithm 12 achieves an even stronger guarantee, namely that on any realizable

sequence {(z, St)}, Algorithm 12 computes distributions ji; € II()) such that

S 1{(S) > €} < d. (B.1)

From here, it follows that E {Zthl 1{y; ¢ St}} < d. + €T. To see this, observe that

M’ﬂ

P (9 ¢ St ]

s -

-
Il

1

I
M%

P g ¢ S | 1{fu(S;) > e} + P9 & S | 1{u(S5)) < e}

<5 T

1

< Z {fu(Sy) > e} + €T

<d.+¢eT

We now show that the outputs of Algorithm 12 satisfy Equation (B.1). It suffices to
show that (1) on any round where [i,(S;) < 1 — e and MS.(V;_1) > 0, we have MS.(V;) <
MS.(Vi—1) — 1, and (2) if MS.(V;—1) = 0 then there is always a distribution fi; € II()’) such
that P [, ¢ S| < e.

Let t € [T] be around where [i;(S;) < 1—e and MS.(V;_1) > 0. For the sake contradiction,
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suppose that MS.(V;) = MS.(V;—1) = d. Then, by the min-max computation in line (4) of
Algorithm 12, for every measure p € II()), there exists a subset A, € S(Y) such that
pu(A,) <1 —¢cand MS.(V,—1(A,)) = d. Now construct a tree 7 with z; labeling the root
node. For each measure p € I1()), construct an outgoing edge from z; indexed by p and
labeled by A,. Append the tree of depth d associated with the version space V;_1(A4,) to
the edge indexed by u. Note that the depth of 7 must be d + 1. Therefore, by definition
of MSdim, we have that MS.(V;_1) = d + 1, a contradiction. Thus, it must be the case that
MS, (Vi) < MS.(Vi_y) — L.

Now, suppose ¢ € [T] is a round such that MS.(V;_1) = 0. We show that there always
exist a distribution f; € II(}) such that for all A € §;()) , we have ji;(A) > 1 — e.
Since we are in the realizable setting, it must be the case that S; € &;/()). Therefore,
f:(S)) > 1 —¢c and P[j, ¢ S;] < € as needed. To see why such a fi; must exist, suppose
for the sake of contradiction that it does not exist. Then, for all p € II()), there exists a
set A, € §/()) such that u(A,) < 1—e. As before, consider a tree with root node labeled
by z;. For each measure p € II()), construct an outgoing edge from z; indexed by p and
labeled by A,. Since A, N{h(z;) | h € Vi_1} # 0, there exists a hypothesis h, such that
h,(z;) € A,. By definition of MSdim, this implies that MS.(V;_;) > 1, which contradicts
the fact that MS.(V;_;) = 0. Thus, there must be a distribution fi; € II()) such that for any
set A € §()), we have [i,(A) > 1 —e. Since this is precisely the distribution that Algorithm
12 plays in step (3) and since MS.(Vy) < MS.(V;—_) for all ¢ > ¢, the algorithm no longer

suffers expected loss more than €. This completes the proof of Lemma 12. [

We point out that Filmus et al. [2023] also considers a randomized online learner in the
realizable setting that shares similarities with Algorithm 12. In particular, their algorithm
also maintains a version space and optimizes over probability distributions. However, they
only consider binary classification and use a different complexity measure. Moreover, the
idea of optimizing over probability distributions on a measurable space should also remind

the reader of the generic min-max algorithm proposed by Rakhlin et al. [2012a].

B.3.1.2 Multi-scale Randomized Learner

The RSOA (Algorithm 12) runs at a fixed, pre-determined scale y € [0, 1]. In this section, we
upgrade this result by adapting the technique from Daskalakis and Golowich [2022] to give
a randomized, multi-scale online learner (Algorithm 14) in the realizable setting. Lemma 13
presents the main result, which bounds the expected cumulative loss of Algorithm 14 on any

realizable data stream and gives the upperbound stated in Theorem 17.
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Lemma 13 (Multi-scale Randomized Online Learner). For any S(Y) C o(Y) and H C Y,

the expected cumulative loss of Algorithm 14 on any realizable stream is at most

v€[0,1

1
C inf {7T—|—/ MSn(’H)dn},
J v

for some universal constant C' > 0.

We highlight that the guarantee given by Lemma 13 is analogous to Dudley’s integral
entropy bound in batch setting and also matches Theorem 1 in Daskalakis and Golowich
[2022]. Compared to Lemma 12, the upperbound given by Lemma 13 can be significantly
better. For example, when the Measure Shattering dimension exhibits growth MS,(H) ~ 7P
for some p € (0, 1), the bound given by Lemma 13 is constant O(1), while the bound given
by Lemma 12 scales according to T (=8

The main algorithmic idea needed to obtain the guarantee in Lemma 13 is to figure out

how to make predictions using more than one scale. At a high-level, our multi-scale learner
1

2
{i}N, c TI(Y) in each round ¢t € [T]. Then, our multi-scale learner uses the Measure

uses a sequence of N scales {v;}¥,, where v; = to compute a sequence of measures

Selection Procedure, defined in Algorithm 13, to carefully select one of the measures [i; €

{ut}Y | and makes a prediction §; ~ fi;.

Algorithm 13 Measure Selection Procedure (MSP)

Require: Sequence of measures p1, ..., uy, valid sets S C o())
1: if there exists m € N such that for all 2 <i <m:

sup [pi(A°) — pi-1(A°)| < 2v,-1 but inf |1 (A) = pim41(A)| > 279,
AeS es

then
return m.
else

return N.
end if

Once the true label set is revealed, the multi-scale learner updates its self in the exact
same way as RSOA. Algorithm 14 formalizes the idea above.

We now prove Lemma 13, which closely follows the analysis by Daskalakis and Golowich
[2022].

Proof. Fix a N € N. Our first goal is to show that on any realizable stream, the expected

cumulative loss of Algorithm 14 is at most
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Algorithm 14 Multi-scale Online Learner (MSOL)

Require: H, number of scales N
1: Initialize: Vo = H, 7; = 5 for i € [N]
2: fort=1,...,7 do

3: Receive unlabeled example z; € X.
4: For each A € §()), define V;_1(A) :={h € V;_1 | h(x;) € A}.
5 Let S(Y):={AeSQ): An{h(zx)) |heV,1}#£0}
6: if MS,,, (Vi—1) =0 then
7 Let fi; € TI(Y) such that fi;(A) > 1 — ~y for all A € S§(Y).
8: else
9: for:=1,...,N do
10: if MS,,(Vi—1) =0 then
11: Let pi € TI(Y) such that pi(A) > 1 —; for all A € §()).
12: else
13: Let
i, S0
p(A)<1—;
14: end if
15: end for
16: Compute m; = MSP({pi}Y,,S:(Y)) and let ji; = py™.
17: end if
18: Predict ¢y ~ [i;.
19: Receive feedback S; € §;()) and update V; = V;_1(Sy).
20: end for
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N
INT +16)_ 7 - MS,,(H),
i=1
where v; = 5. To that end, let {(z;,S;)}/_; denote the realizable stream that is to be
observed by the learner. For all t € [T + 1], deﬁne the potential function

N
Oy =(T+1—t)yw+16> 7 MS,, (Vi)

i=1
It suffices to show that &, — &, > [1,(Sy) for all t € [T]. To see why this is sufficient,

observe that summing over all ¢ € [T] gives

T T N
Z 10(S5) < S(y — By ) = By — Bryy < Ty + 163 4 MS,, (H)
t=1 t=1

i=1

where the inequality follows from the fact that ®7,; > 0 and Vj = H. Finally, noting
that Egp, [1{h ¢ Si}] = fu(S) gives B[S, 14 ¢ Si}| < Tyw + 16 £, % MS,, (M) as
desired.

The rest of this proof is dedicated to showing that ®; — &,y > ,(SF) for all t € [T]. Fix
a t € [T]. Using the definition of ®;, we need to show that

v+ 16 g:%(MS%(thl) — MS,, (Vi) = fu(S7)- (B.2)

i=1

If fu(Sy) < v, then Inequality B.2 holds since for all ¢t € [T] and i € [N], MS,,(Vj—1) >
MS,,(V4). Thus, we focus on the case where fi;(S5) > .

Suppose f1:(S5) > yn. Then, MS,,, (Vi—1) > 1, the for-loop on line 5(a) runs, and the

* computed on line 5(b) is used to make a prediction. This is because

measure fi; = py"
when MS,, (V;—1) = 0, we are guaranteed the existence of a measure fi;, € II()) such that
[:(S§) < vn (see proof of Theorem 17) and by line 4, this would have precisely been the

measure the learner uses to make its prediction.
ﬂt(Sf )

We now show that when fi;(S5) > vy, there exists an index j € [N] such that v; >
and (S¢) > ;. This implies Inequality (2), because if i (S¢) > 7;, then MS, (Vic) >
and MS, (V;) < MS,,(V;—1), which follows from the definition of MSdim, and the min-max

prediction strategy in step 5(a:ii). Then, we can compute

N
v 41630 3(MS,, (Vi) — MS,, (V7)) > 1695 (MS,, (Vi) — MS,, (V) > un(S5).

=1
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which matches the guarantee of Inequality B.2. Accordingly, the rest of the proof will
focus on showing the existence of such an index j € [N]. To do so, let k € N denote the
smallest natural number such that f,(Sf) > v = . By definition of k, we have that
(S5) < k-1 = 2. Note that £ # N + 1 since that would imply that (S5) < 2% = YN
which contradicts the fact that f:(Sf) > vn. Thus, it must be the case that k € {1,..., N}.
Let my; = MSP({i}Y,,S:(Y)) denote the index output by MSP in round ¢. We consider
two subcases: (1) k€ {m;+1,...., N} and (2) k € {1, ...,m}.

Case I. Suppose k € {m; + 1,..., N}. Then, we show that j = m; + 1. That is, Y,,+1 >
“‘ S 850 and pHSE) > .41 Recall that f1,(SE) = ™ (S¢). Since m; < N, by definition, we
have that infses,(y) | (A) — pi™ T (A)| > 2v,,,. This implies that | (S¢) — p+(S¢)| >
2%9m,. Moreover, we have that p;"*(S5) = f1:(SF) < 27k < 29m,+1 = Ym,. Combining the two
inequalities, we get that p " (S€) > Vi, > Yme+1. Since [1,(SE) < 27,41, We also obtain
Vme+1 2 @ > §6 .

Now, suppose that k£ € {1,...,m;}. Then we know that p;"*(Sf) = 1:(S5) > V& = Yiny-
We further break this case down into two subcases: (a) k € {m; —3,m; — 2,...,m;} and (b)
ke{l,...m;—4}.

Case II(a). Consider the case where k € {m; — 3, m; — 2, ...,m;}. We show that j = my.
We know that fi,(S¢) < 29, = 2% 5 = 16743 < 167,,,. This 1mp11es that 7,,, > * t( . Since
we have that py" (Sf) = i (Sf) > Ym,, this completes the proof that j = my.

Case II(b). Consider the case where k € {1,...,m; — 4}. Here, we will show that
j =k + 1. Observe that,

This completes this case.

m¢—1 me—1

" (SF) = e P (SHI < D2 1mi(SF) = SHI < Y2 2w
i=k+3 1=k+3
> 1
<2 ) 52471%3:*
i=k+3

where the second inequality follows from the definition of m; = MSP({u¢}Y,,S:())). This

implies that " (SF) — py(SF) < %. Since pi™(Sf) > vk, we get that pf™>(SF) > % =
fie(S5)
16

4vk+s > Yrrs. Finally, recall that fi,(Sf) < 29, = 167413, implying that .3 > as
desired. This completes the subcase.
Overall we have shown that when [i;(Sf) > 7y, there exists an index j € [N] such that
v > “’ ) and 1] (S¢) > 7;. This means that for all t € [T'], &, — P41 > [1,(S5) and therefore
the expected cumulative loss of Algorithm 14 is at most vy T+, 7i - MS., (H), as needed.
Our next goal is to show that if v* = inf7>0{7T—l—f71 MS,,(H)dn}, then setting N = [

gives that

log 2y* W
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N 1
INT +16> 7 - MS,, (H) < C%r;% {’yT—i—/ MSn(”H)dn}

i=1 v

for some constant C' > 0. However, this follows from the fact that when N = {@W,
vy < 2v* and the fact that 16 >~ v, - MS.,(H) is, up to a constant factor, the appropriate

lower Reimann sum such that 16 3 ;- MS,, (H) < C’fwl* MS,,(H)dn. |

B.3.2 Lowerbounds

In this section, we prove the lowerbound given in Theorem 17. Fix v > 0. Let H and S())
be such that MS,(#) = d,. By definition of MSdim, there exists a X-valued, II(})-ary tree
T of depth d, shattered by H. Let (f1,..., fa) be the sequence of edge-labeling functions
fr - (V)" — S(Y) associated with 7. Let A be any randomized learner for H. Our goal
will be to use 7 and its edge-labeling functions (fi, ..., f4) to construct a hard realizable
stream for A such that on every round, A makes a mistake with probability at least . This
stream is obtained by traversing 7, adapting to the sequence of distributions output by A.

To that end, for every round ¢ € [d,], let fi, denote the distribution that A computes before
making its prediction ;. Consider the stream {(7;(fi<), ft(u<t))}t 1, where fi = (fin, ..., fla,)
denotes the sequence of distributions output by A. This stream is obtained by starting at
the root of T, passing 77 to A, observing the distribution fi; computed by A, passing the
label fi(fi<1) to A, and then finally moving along the edge labeled by fi;. This process then
repeats d, — 1 times until the bottom of 7 is reached. Note that we can observe and use the
distribution computed by 4 on round ¢ to generate the true feedback because a randomized
algorithm deterministically maps a sequence of labeled instances to a distribution. Moreover
the stream is realizable since by the definition of shattering, there exists a h; € H such that
h(Ti(jiz0)) € filii<e) for all ¢ € [d,].

Now, we are ready to show that this stream is difficult for A. By definition of the tree, for
all t € [d,], we have that i, (f;(fi<;)) < 1—r. Therefore, since A receives f;(fi<¢) as feedback
on round ¢, we have that P [A(T;(fi<t)) € fi(fi<t)] = Pgomp, [0 & fi(<e)] = 1= u(fi(fi<t)) =
7 for all ¢ € [d,]. Summing over all ¢ € [d,] gives that

Z]l{A ) & il zlP <)) & Filiizd)] = vd;.

This shows that A makes at least d, mistakes in expectation on the realizable stream
{(Te(fr<t), ft(ﬂgt))}tdll. Since our choice of v and the randomized algorithm A was arbitrary,

this holds true for any v > 0 and any randomized online learner. This completes the proof.
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B.4 Agnostic Learnability

B.4.1 Agnostic Upperbound

Proof. (of (i) in Theorem 18) Let (xy,51),...,(xr,Sr) be the data stream. Let h* =
argmin, ., 37, 1{h(x;) ¢ S;} be an optimal function in hind-sight. For a target accu-
racy € > 0, let d. = MS.(H). Given time horizon T, let Ly = {L C [T];|L| < d.} denote
the set of all possible subsets of [T] with size at most d.. For every L € Ly define an expert
FE; such that

Er(zy) := RSOA (¢ | L<y),

where Lo, = LN{1,2,...,t — 1} and RSOA_(z; | L) is the prediction of the Randomized
Standard Optimal Algorithm (RSOA), defined as Algorithm 12, running at scale ¢ that
has updated on labeled examples {(z;,S;)}icr.,. Let € = Urer, {£1} denote the set of all
Experts parameterized by subsets L € Ly. Note that |£] = Y%, (ij) < T%. Finally, given
our set of experts £, we run the Randomized Exponential Weights Algorithm (REWA),
denoted hereinafter as P, over the stream (xi,S51), ..., (x7, S7) with a learning rate n =
\/2In(|€])/T. Let B denote the random variable associated with the internal randomness
of the RSOA. Then, conditioned on B, Theorem 21.11 of Shalev-Shwartz and Ben-David
[2014] tells us that

T

SIE[{P(r) ¢ S} )< juf S 1B () ¢ 51} + /20 n(le)
< flf%fgg L{E(z:) & Se} +/2d.T In(T),

where the second inequality follows because |£| < T%. Taking expectations on both sides of

the inequality above, we obtain

<E

géfgi 1{E(x;) ¢ St}] +1/2d.T'In(T),

Here, we have an expectation on the right-hand side because the Expert predictions are
random. Define R* = {t € [T] | h*(x;) € S;} to be the part of the stream realizable by h*.

E ; 1{P(z;) ¢ Si}
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Note that the set R* is not random because the adversary is oblivious. Then, we have

géfgzl L{E(z:) ¢ Si) = inf (E}; K E(x:) ¢ Si} + ; I{E(z:) ¢ St})
<inf > I{E(z) ¢ S} + > 1{W(z) ¢ S}

tER* tg¢ R*
T
= inf g{; WE(w) ¢ $i} + jnf ; 1{h(z;) & S},

where the first inequality above follows because 1{h*(x;) ¢ S;} = 1 for all ¢ € R*. Thus, the

expected cumulative loss of P is

T

< ,{2{[; {h(z;) ¢ S;} +E géfgt;;* 1{E(x,) ¢ St}] +1/2d.Tn(T)

(B.3)

Thus, it suffices to show that the second term on the right side of the inequality above is
<d.+¢€T.

To do so, we need some more notation. Let us define ji; = p-RSOA.(x; | L) to be the

E LX; 1{P(z:) ¢ S}

measure returned by RSOA,, as described in step 4 and 5 of Algorithm 12, for x; given
that the algorithm has been updated on examples of the time points ¢ € L. We say that
u-RSOA. makes a mistake on round ¢ if 1{/;(Sf) > ¢} = 1. With this notion of the mistake,
Equation (B.1) tells us that RSOA,, run and updated on any realizable sequence, makes at
most d. mistakes. Since u-RSOA_(z | L) is a deterministic mapping from the past examples
to a probability measure in I1()), we can procedurally define and select a sequence of time
points in R* where u-RSOA., had it run exactly on this sequence of time points, would make

mistakes at each time point. To that end, let
t; = min {t € R*: 1 (Sy) > € where fi; = u-RSOA, (xt] {})}
be the earliest time point in R*, where a fresh, unupdated copy of -RSOA. makes a mistake,
if it exists. Given t;, we recursively define ¢; for i > 1 as
t; = min {t € R*: ju(S;) > € where fi; = ,u—RSOAS(xA {ty,... ,fi_l}) and t > fi_l}

if it exists. That is, ¢; is the earliest timepoint after £;_; in R* where u-RSOA, having updated
only on the sequence (x;,, S%,), ..., (x7,_,,5;,_,)) makes a mistake. We stop this process when

we reach an iteration where no such time point in R* can be found where ©-RSOA. makes
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a mistake.

Using the definitions above, let ¢;, ..., denote the sequence of timepoints in R* selected
via this recursive procedure. Define L* = {t1,1,..., } and let Ep. be the expert parametrized
by the set of indices L*. The expert E« exists because R* is a part of the stream that is
realizable to h* and Equation (B.1) implies that |L*| < d.. By definition of the expert, we
have Ep«(z;) = RSOA.(z, | L%,) for all ¢t € [T]. Let us define jij = p-RSOA.(z, | L%,).

Then, we have

};%g Z H{E(z:) ¢ Si}

teR*

< Y YEp(x) ¢ Si}

teR*

= > I{RSOA.(z¢ | LZ,) ¢ Se} (1{i(S7) < e} + L{i(S7) > e})

teR*

< > U{RSOA(xe | L) ¢ S} {1 (SF) < e} + > Wi (S) = ¢}

teR* teR*

< > HRSOA.(x | LZy) ¢ Si} L{(57) < e} +de,

teR*

where the last inequality follows from the definition of L* and the fact that |L*| < d.. Since
E[H{RSOA(z; | L) & Se} Wi (57) < e}] = a7 (S57) {A7 (5F) < e} <e,

we obtain

teR*

Finally, plugging this bound in Equation (B.3) yields

E [ET: {P(x) ¢ St}] < }g{i L{h(x;) & S¢} +de + T +/2d. T In(T).

Since € > 0 is arbitrary, this completes our proof. [ |

B.4.2 Agnostic Lowerbound

Proof. (of (ii) in Theorem 18) Let d = SLy(H) and d, = MS,(H) for v € [0,1]. The
lowerbound of sup,., 7d, on the expected regret in the agnostic setting follows trivially
from the lowerbound on the expected cumulative loss in the realizable setting (see (ii) in

Theorem 17). Moreover, when sup. ., d, = 0, there is no non-negative lowerbound on the
expected regret. Indeed, consider the case where ) = [5], S(¥) = {{3,4},{4,5}}) , and
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H = {h1, ha}, where h; is a constant hypothesis that always outputs 4. Then, sup_.,d, =0
trivially. However, the expected regret of the algorithm that always outputs 4 is —7'.

Next, we will focus on showing how the lowerbound of \/% can be obtained. When d = 0,

the claimed lowerbound is max {\/m , SUD,~q dw} = sup,~ 7 d, which we have already
established. Let d > 0 and 7 be a SLj tree of depth d shattered by H. With a binary
tree 7, we now use the technique from Ben-David et al. [2009] to obtain the aforementioned
lowerbound.

Consider T' = kd for some odd k € N. For ¢ € {£1}”, define 6; = sign (Zii(i_l)kﬂ ot)
for all ¢ € {1,2...,d}. Note that the sequence (61,...,5,) gives a path down the tree T.
The game proceeds as follows. The adversary samples a string o € {&1}7 uniformly at
random and generates a sequence of labeled instances (x1,S1), ... (zr, St) such that for all
ie{l,2,...,dyandallt € {(i—1)k+1,...,ik}, we have z; = T;(6<;) and S; = f;((G<i, 0¢)).
That is, on round ¢t € {(i—1)k+1,...,ik}, the adversary always reveals the instance 7;(5<;)
but alternates between revealing the sets labeling the left and right outgoing edges from
T:(6<;) depending on oy.

Let A be any randomized online learner. Then, for each block i € [d], we have

E > 1{A(x) ¢ S} = > 57 5
t=(i—1)k+1 t=(i—1)k+1

The inequality above holds because 5; is chosen uniformly at random from two disjoint sets
fi((6<i, —1)) and f;((6<;,+1)), so the expected loss of any randomized algorithm is at least
1/2.

Let hs be the hypothesis at the end of the path (61,...,74) in T. For each block i € [d],

we have

ik ik

) Eor [ odE
E Z 1{hs(x;) ¢ Si}| =E Z 1{c; # Ut}] =5~ iE Z 0, 0y
t=(i—1)k+1 t=(i—1)k+1 | t=(i—1)k+1
T T B ]
=55 E >
2 2 | t=(—Dk+1 | |
k k
< - - o)
- 2 8

where the final step follows upon using Khinchine’s inequality [Cesa-Bianchi and Lugosi,
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2006, Page 364]. Combining these two bounds above, we obtain

E|l > T{A@)¢S}t— > 1{hs(w) ¢S} 3
t=(i—1)k+1 t=(i—1)k+1
Summing this inequality over d blocks, we obtain
T
[Z l’t ¢ St} — 1nf Z ]]_ {h Tt ¢ St}‘|
t=1
T
ZE ZH{A iUt ¢ St —Zﬂ{ha-(ﬁlft) ¢ St}]
t=1 t=1
k dT
>dy = =1 —.
=05 =%
which completes our proof. [ |

B.5 Applications

B.5.1 Online Multilabel Ranking

In this section, we prove Lemma 7, establishing lower and upperbounds on Helly numbers
of permutation sets. Before we prove Lemma 7, we define some new notation. For any bit
string r € R, let P(r) := {i: " = 1} and let |r| := | P(r)| denote the number of 1’s. Given
two bit strings 7,7y where |ri| > |ry|, we say that ro C 7y iff P(ry) C P(r1). The following
property will also be useful. Let 1,7, € R and without loss of generality suppose |r1| > |ra].
If Y(r1) N Y(r2) # 0 then ro C r1. To prove the contraposition, suppose that ro € 7. Then,
there exist an index j € [K] such that 7 = 1 but ] = 0. Thus, every permutation in Y(r)
ranks label j in the top |rs|, but every permutation in Y(ry) ranks label j outside the top
r1|. That is, for all m, € Y(r3) we have 7 < |ry| but for all m; € Y(r), we have © > |r].
Since |ro| < |71, we have Y(r1) N Y(ry) = (0. We are now ready to prove the main claim. At
a high-level, our proof exploits the fact that if we have a sequence of bit strings such that

rg Crg-1 C ... C 7y, then we can iteratively construct a permutation that lies in all Y(r;).

Proof. (of Lemma 7) Let @ > 2 and let {r;}%, C R be a sequence of bit strings. It suffices
to show that if for all 7, j € [Q] we have Y(r;) N Y(r;) # 0, then we have Mg V(i) # 0.
Without loss of generality, suppose {ri}?zl is sorted in increasing order of size. That is,

for all 7,7 € [@] such that ¢ > j, we have |r;| > |r;|. Then, by the property above, for all
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i,j € [Q] where i > j we have r; C r;. We now construct a permutation 7 : [K] — [K] such
that for all i € [Q], we have ™ € Y(r;).

For every i € {2,...,Q}, let ¢; : P(r;) \ P(ri1) — [|7i]] \ [|ri=1]] denote an arbitrary
bijective mapping from P(r;) \ P(r;—1) to [|r]] \ [|ri=1]]. For i =1, let ¢y : P(ry) — [|r1]] be
a bijective mapping from P(rq) to [|r1|]. Finally, let ¢g11 : [K]\ P(rg) — [K]\ [|rol] denote
an arbitrary bijective mapping from [K]\ P(rg) to [K]\ [|rgl|]. Note that by definition, for
all 4,5 € {1, ..., @+ 1}, the image space of ¢; and ¢, are disjoint. Moreover, the union of the
image space across all bijective mappings ¢;’s is [K]. Accordingly, we now use these bijective
mappings to construct a permutation 7 € ). In particular, let 7 be the permutation such
that for all j € P(ry), we have ©/ = ¢1(j), for all i € {2,....Q} and j € P(r;) \ P(r;_1), we
have 7/ = ¢;(j) , and for all j € [K]\ P(rg) we have 7 = ¢g41(j) . We now need to show
that for all i € [Q], m € V().

Fix an i € Q and consider r;. It suffices to show that for all j € P(r;), we have 7/ < |r;|.
That is, m ranks the labels in P(r;) in the top |r;|. By the subset property, we have

%

P(r;) = P(r1) U |J P(r;) \ P(rj-q).

j=2

Consider some p € P(r;). Then, by the equality above, either p € P(ry) or p € Uj_y P(r;)\
P(rj_1). Suppose p € P(ry), then by definition 77 = ¢;(p) € [|r1]] and therefore 7? < |ry|.
Suppose p € Uiy P(r;) \ P(rj—1). In particular, suppose p € P(r;) \ P(r;_1) for some
Q) > j > 1. Then by definition, 77 = ¢,(p) € [|r;]] \ [|7j-1]] and therefore 7 < |r;| since
|7;| < |r;|. This shows that for every j € P(r;), m ranks j in the top |r;| and therefore
loq(m,m;) = 0. Since i € [Q)] is arbitrary, this completes the proof as we have shown that

ninl V(ri) # 0. u

B.5.2 Ranking Littlestone dimension

We end this section by defining an equivalent, arguably more natural, dimension that pro-
vides a tight quantitative characterization of online multilabel ranking learnability under
binary relevance score feedback. The key insight is that we can actually label the edges in
the SLy tree with bit strings instead of sets from S()). This intuition leads to the following

dimension for online multilabel ranking.

Definition 39 (Ranking Littlestone dimension). Let T be a complete X -valued binary tree
of depth d. The tree T is shattered by H C Y if there exists a sequence (fi,..., fa) of
edge-labeling functions f; : {£1}' — R such that for every path o = (0y,...,04) € {£1}<,
there exists a hypothesis h, € H such that for all t € [d], {p.1(he(Te(0<t)), fi(o<:)) = 0,
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but fi((0<t,+1)) € fil(o<t, —1)) and fi((0<t, —1)) € fi((0<t,+1)). The Ranking Littlestone
dimension of H, denoted RL(H,S(Y)), is the mazimal depth of a tree T that is shattered by
H. If there exists shattered trees of arbitrarily large depth, we say RL(H,S())) = oc.

Since bit strings map one-to-one with sets in S(V), r1 € ro,ro € 71 iff Y(r1) N Y(r2) = 0,
and (o1 (m,7) = 0 iff 7 € Y(r), it follows that SLy(H) = RL(H). Corollary 2 immediately
shows that RL(#) provides a tight quantitative characterization of online multilabel ranking

learnability in both the realizable and agnostic settings.

B.5.3 Online Multilabel Classification

Lemma 14 (Helly Number of Hamming Balls). Let Y = {0,1}* and S,(¥) = {B(y,q) :
y € Y}. Then, for all ¢ € [K — 1], we have

21t < H(S i( )

Proof. (of Lemma 14) Fix ¢ € [K — 1] and let S,()) = {B(y,q) : y € Y}. To see the
upperbound, observe that for any bit string b; € {0, 1}, there are 30_, (I:) sets in Sy(Y)
which contain b;. This follows from the fact that b, € B(b, q) if and only if by € B(by, q).
Therefore, [{A € §,(Y) : by € A} = |B(b1,q)| = X1, (f) The upperbound on H(S,(Y))
then follows from the fact that every sequence of sets of size at least 7 _, (f) + 1 must have
an empty intersection.

To establish the lowerbound, it suffices to construct a family of 2971 Hamming balls that
have an empty intersection, but every subfamily of size 29! — 1 has a common element. Let
S ={y1,..., 9201} C {0,1}¥ be a family of bitstrings that embeds a hypercube of size q+ 1
and is 0 everywhere else. That is, there exists a set of indices I C [K] of size |I| = ¢+ 1 such
that S;; = {0,1}9"! and S|kp;r = 00...00 , where S; denotes the restriction of bitstrings
in S to indices in I. We will first show that

29+1

D B(yi,q) =

To see why this is true, pick a y € {0,1}¥. Since S embeds a boolean cube in I, there exists
i,7 € [297] such that yj; = y;; and —y); = y; |1, where —y is obtained by flipping every bit in
y. Given that |I\ = q+1, we have (x(y,y;) > ¢+ 1 and thus y ¢ B(y;,q). Since y € {0,1}*
is arbitrary, N2, By, q) = 0.
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Next, we will show that for every j € [29%1], we have

N By a) # 0.

i#]
For each y; € S, define g; € {0,1}* such that g;; = —y;|r and g xp s = 00... 00 = y;ix]\1-
Recall that a ball of radius ¢ centered at a vertex v of a ¢ + 1 dimensional boolean cube
contains all vertices except —w. Thus, y; € B(gj, q) for all i # j. Therefore, §; € N;2; B(¥:, q),

completing our proof. [ |

As a result of Lemma 14, we do not generally have that SL(H) = SLy(H). Accordingly,
unlike multilabel ranking, the quantitative lowerbound implied by Theorem 18 does not
immediately follow from the structural properties in Theorem 14. Instead, Lemma 15 shows
that when K is sufficiently large, we are guaranteed that SLy(?) > 0 for any non-trivial
hypothesis class H C V¥, and thus the lowerbound of Theorem 18 still gives us a meaningful

lowerbound scaling with 7T'.

Lemma 15 (Lowerbound on SLy(H)). Fiz ¢ € N and K > 2q+ 1. Let Y = {0,1}¥,
S,(Y) = {B(y,q) : y € YV}, and H C Y™ be a hypothesis class such that |H| > 2. Then,
SLy(H) > 1.

Proof. (of Lemma 15) Suppose K > 2g + 1 and |H| > 2. Then, there exists a x € X and
a pair of hypothesis hy, ho € H such that hy(x) # he(z). Our goal will be to construct a
shattered SLy tree of depth one according to Definition 10 with the root node being labeled
by z. To do so, it suffices to find two disjoint balls S, Sy € S,()) such that hy(z) € Sy
and hs(z) € S;. We can then label the left and right outgoing edge from z by S; and S,
respectively.

Let p denote the number of indices where hi(z) and hy(x) disagree. Note that since
hy(x) # ha(x), we have p > 1. Let J C [K], |J| = 2¢ + 1 — p denote an arbitrary subset of
the indices where hi(x) and hs(x) agree. If 2¢ + 1 — p is even, partition J into two equally
sized parts J; and J,. If 2¢+1—p is odd, partition J into J; and J, such that |J;| —|Jo| = 1.
For every index in J; flip the bit in the corresponding position in hi(x). Let y; € Y be the
bit string resulting from this operation. Likewise, for every index in J, flip the bit in the
corresponding position in he(x). Let yo € ) denote the resulting bitstring. We now claim
that the balls B(y1,q), B(y2,q) € S;(Y) satisty the aforementioned properties.

First, we show that B(yi,q) N B(ys,q) = 0. By construction, y; and y differ in the
locations where hy(x) and ho(x) differ plus all the indices in J. Thus, ¢y (y1,y2) > 2q + 1.
Finally, we show that hi(x) € B(y1,q) and he(z) € B(ys,q). By construction of y; and
y2 and the fact that p > 1, we get that £y (hi(x),y;) < [WW < q and Ly (ha(x),yz) <
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qul_ﬂ < ¢q. Accordingly, we have that hi(z) € B(y1,q) and hy(z) € B(ys,q) as needed.
This completes the proof as we have given two disjoint balls, B(yi, ¢) and B(ys, q), such that
hi(z) € B(y1,q) and hy(x) € B(yz, q). [

Combining Lemma 15 and Theorems 16, 17, and 18 gives a quantitative characterization

of online multilabel classification in both the realizable and agnostic settings.

Corollary 5 (Quantitative Online Learnability of Multilabel Classification). Fiz g € N and
let K >2q+1. Let Y = {0,1}, §,(¥) = {B(y,q) : y € Y}, and H C Y™ be a hypothesis

class. Then, in the realizable setting,

SLy(H)

< inf M4(T.H) < SL(H).

In the agnostic setting,

SLy(H) T
8

We leave it as an interesting future direction to get matching upper and lowerbounds for

< inf Ra(T, 1) < SL(H) + V2 SL(H) T In(T).

online multilabel classification.

B.5.4 Online Interval Learning

In this section, we expand on Section 3.6 by providing one more application of set learning
to a real-valued setting that we term online interval learning. Consider an arbitrary instance
space X, a range space ) = [—B, B] for some B > 0, and a hypothesis class H C Y*. We
study an online supervised model where, in each round ¢ € [T, the adversary reveals an
example x;, and the learner makes a prediction ; € [—B, B]. The adversary then reveals
an interval [a, by], and the learner suffers the loss ]l{yjt ¢ [ay, bt]}. This framework models
natural scenarios where the ground truth is a range of values instead of a single value. For
instance, consider a model that predicts appropriate clothing size using some structural
features of a customer. Instead of one fixed size, there is usually a range of sizes that fits
the customer. Since any size outside a particular range is not useful to the customer, the
notion of 0-1 mistake is more natural than a regression loss. In fact, interval-valued feedback
is ubiquitous in experimental fields such as natural science and medicine because of the
inherent uncertainty in measurement.

By defining S()) = {[a, b:-B<a<b<B }, a qualitative characterization of online
interval learnability in terms of SL(#) and MS,(#) follows immediately from Theorems 16
and 18. Thus, in this section, we instead focus on establishing a quantitative characterization

of online interval learnability. As in ranking, we start by computing H(S())).
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Lemma 16 (Helly Number of Intervals). Let S(Y) = {[a,b] : —B<a<b< B}. Then,
H(S(Y)) =2.

Lemma 16 is a special case of the celebrated Helly’s Theorem (see Radon [1921], Eckhoff
[1993]). Since H(S(Y)) = 2, by Theorem 14, we know that for all v € [0,1], MS,(H) =
SL(H) = SLy(H). Therefore the SLy(H) characterizes both deterministic and randomized
online interval learnability in the realizable setting. Moreover, we can use Theorems 16, 17,
and 18 to give Corollary 6, a sharp quantitative characterization of online interval learning

in both the realizable and agnostic settings.
Corollary 6 (Ounline Interval Learnability). Let Y = [-B, B], S(¥) = {[a, b : —B<a<
b < B}, and H C Y% be a scalar-valued hypothesis class. Then, in the realizable setting,

SLa(H)
2

< inf My (T, H) < SL(H).

In the agnostic setting,

SLy(#) T < inf Ru(T, 1) < SL(H) + V2 SL(H) TIn(T).

218



APPENDIX C

A Unified Theory of Supervised Online Learnability

C.1 A More General Lower Bound

In Appendix C.4, we derive a lower bound on the expected regret for online learning algo-
rithms that satisfy Definition 14. Here, we show that the same lower bound in Theorem
20 applies to a much larger family of algorithms which can also use the realizations of past
plays to make future predictions. The proof is identical except now the adversary computes
and uses the “expected” measure that the learner will play on round to traverse down the
SM tree. We expand on this below.

In full generality, a randomized learner is a sequence of maps f1, fo,..., fr where f; :
X = (Z2) and f; : (X x V)t x 271 x ¥ — TI(Z). On round ¢, if the learner’s past
predictions are zi, ..., 21, then its prediction on round ¢ is z; ~ fi(T14-1, Y141, Z1:0—1, Tt)-

Now, we can define the “expected” measure on round t as:

gt(l‘l:t—h Y1:t—1, JJt)

= K E e E T 1y 211, T .
zi~f1(z1) [Z2~f2($1,y1,21,$2) [ Zg—1~feo1(T1t—2,Y1:6—2,21:6—2,¢ 1) [ft( Lit=1, YLit—1; 2L:t—1, t)]]]

Note that g;(x1.4—1, Y141, ;) is only a function of the data stream (x1,1),. .., (x7, yr) and
so it can be computed by the adversary before the game begins. Moreover, the expected
regret can be written in terms of the “expected” measures, and so our lower bounds applies
to this learning algorithm if the adversary uses g;’s to traverse down the SM tree as in the

proof in Appendix C.4.

C.2 Proof of Theorem 19

In this section, we show that SMdim reduces to existing combinatorial dimensions. We start
with Lemma 17, which shows that SMdim = Ldim.
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Lemma 17 (SMdim = Ldim). Let Y = Z, H C Z%, and ((y,2) = 1{y # z}. Then,
SM,,(H) = L(H) for ally € [0, 1].

Proof. Fix v € (0, 3]. We first show that SM, () < L(H). Let T be a X-valued, II(Z)-ary
tree of depth d = SM, () shattered by H. Let v be the root node of 7 and x denote the
instance labeling the node. Recall that v has an outgoing edge for each measure u € I1(Z).
Let {y,.}ucni(z) be the set of elements in ) that label the outgoing edges from v. We first claim
that there at least two distinct elements in the set {y,},cn(z). For the sake of contradiction,
suppose this is not the case. That is, there is only one distinct element that labels the
outgoing edges from v. Let y denote the element that labels the outgoing edges from wv.
That is, y, = y for all p € II(Z). Consider the Dirac measure ¢, that puts all mass on y.
Note that J, € II(Z) and therefore there exists an outgoing edge from v indexed by 4, and
labeled by y. However, it must be the case that IP..;, [y # 2] = 0. Since v > 0, the shattering
condition required by Definition 20 cannot be met, which is a contradiction. Accordingly,
there is at least two distinct elements in the set {y,},cr(z)-

Let y_1,y4+1 be the distinct elements of the set {y,},en(z), and p_1, 141 be the indices
of the edges labeled by y_; and y;; respectively. Let H_y = {h, : p € I(Z) 1y =
p—1} denote the set of shattering hypothesis that corresponds to following a path down T
that takes the outgoing edge indexed p_; from the root node. Likewise define H, ;. Keep
the edges indexed by p_; and pyq and remove all other outgoing edges along with their
corresponding subtree. Reindex the two edges using {£1}. The root node v should now
have two outgoing edges, indexed by {£1} and labeled by distinct elements of ), matching
the first constraint of a Littlestone tree. As for the second constraint, observe that for
all h.y € H_; and hy; € Hy; the shattering condition from Definition 20 implies that
Povpi [y-1# 2] =2 Hy—1 # hoa(2)} + 7 and Posyy [y # 2] 2 My # haa(2)} + 7.
However, this can only be true if both 1{y_1 # h_1(z)} = 0 = y_; = h_1(z) and
H{ys1 # hy(z)} =0 = yy1 = hyi(x). Accordingly, the hypotheses that shatters the
edges indexed by p—; and g4 in the original tree according to Definition 20 also shatters
the newly re-indexed edges according to Definition 16. Recursively repeating the above
procedure on the subtrees following the two reindexed edges results in a Littlestone tree
shattered by H of depth d. Thus, SM,(H) < L(H) for v € (0,3]. The case when v = 0
follows similarly and uses the fact that when v = 0, we define the shattering condition in
SMdim with a strict inequality (see last sentence in Definition 20).

We now prove the inequality that SM,(H) > L(H). Fix v € [0, 5]. Let T be a X-valued,
{x1}-ary tree of depth d = L(H) shattered by H according to Definition 16. Our goal will
be to expand 7 into a II(Z)-ary tree that is vy-shattered by H according to Definition 20.
Let v be the root node of T, x be the instance that labels the root node, and y_1, y,1 denote
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the distinct elements of ) that label the left and right outgoing edges from v respectively.
Let H 1 = {h, : 0 € {£1}% 0y = —1} C H denote the set of shattering hypothesis that
correspond to following a path down 7 that takes the edge indexed by —1 in the first level.
Define H ., analogously. Then, for all h_; € H_; and hy; € H,q, the shattering condition
implies that h_q(z) = y_1 and hy1(z) = yi1.

For every measure p € II(Z), we claim that there exists a o, € {1} such that
P, {ygu =+ z} = 11({¥s, }¢) = - Suppose for the sake of contradiction that this is not true.
Then, there exists a measure p € II(Z) such that for both o € {£1}, we have pu({y,}¢) < 7.
Then, 1 = u(2) = p({y-1}°U {y+1}°) < 27 < 1, a contradiction. Thus, for every measure
p € II(Z) there exists a 0, € {£1} such that P,.,, [ygu # z} > ~. Combining this with the
fact that for any h_y € H_1 and hyy € Hyq, we have y_1 = h_y(z) and y41 = hyq(x), gives
that, for every measure p € II(Z), there exists a 0, € {£1} such that for all h,, € H,, ,we
have P, {yau + z} > 1{¥s, # ho,(x)} + . Note that if we take y,, to be the label on an
edge indexed by u, then the inequality above matches the shattering condition required by
Definition 20.

To that end, for every measure p € II(Z), add an outgoing edge from v indexed by pu
and labeled by the y,,, where o, is the index as promised by the analysis above. Take the
sub-tree in 7 following the original outgoing edge from v indexed by o,, and append it to
the newly constructed outgoing edge from v indexed by p. Remove the original outgoing
edges from v indexed by {#1} and their corresponding subtrees. Recursively repeat the
above procedure on the subtrees following the newly created edges indexed by measures.
Upon repeated this process for every internal node in 7, we obtain a II(Z)-ary tree that is
~v-shattered by H of depth d. Thus, we have that L(H) < SM,(H) for v € [0, 3]. |

Next, we show an equivalence between SMdim and seq-fat.

Lemma 18 (SMdim = seq-fat). Let Y = Z = [—1,1], H C Z%¥, and ((y,z) = |y — z|. Then
for every v € (0,1] and ~' < 7,

sfat,(H) < SM,(H) < sfat..(H).

Proof. We first prove the upper bound. Let v € (0,1] and v < 7. Let T be a X-valued,
[I(Z)-ary tree of depth d = SM,,(H) shattered by H. Let v be the root node of 7 and z
denote the instance labeling the node. Recall that v has an outgoing edge for each measure
pu € II(Z). In particular, this means that v has outgoing edges corresponding to the Dirac
measures on Z, which we denote by {0,}.cz. Fix a z € Z and consider the outgoing edge
from v indexed by d,. Let y, € Y be the element that labels the outgoing edge indexed by
6, Let H, = {h, : p € I(Z)?, s = 6.} C H denote the set of shattering hypothesis that
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corresponds to following a path down 7T that takes the edge J, in the root node. Then, for
all h € ‘H, the shattering condition from Definition 20 implies that

2z —y.| > |h(x) —y.| +v > |h(zx) —y:| + 7.

Taking the supremum on both sides, gives that:

|z —y.| > sup |h(z) —y.| +7 =7 +7. (C.1)
heH.

where we let 7, = sup,eqy. [R(2) — y.|. Let L := [y, — (r. +7/),y. + (r- +7/)] C [-3,3]
denote an interval corresponding to z. Inequality (C.1) above implies that z ¢ I, (note that
I, changes depending on z). Since z € Z was arbitrary, it must be the case that z ¢ I, for
all z € Z. This means that N,cz I, = (). Since [—3, 3] is compact and {I,},cz is a family of
closed intervals whose intersection is empty, the celebrated Helly’s theorem states that there
exists two intervals in {1, },cz that are disjoint [Eckhoff, 1993, Radon, 1921]. Accordingly, let
21, 29 be such that I, NI, = (). As before, let y,, and y., be the labels on the outgoing edges
from v indexed by the Dirac measures ¢,, and 9,, respectively. Without loss of generality, let
Y., < Y., (we have strict inequality because we are guaranteed that I, and I,, are disjoint).
By inequality C.1, for all h,, € H., and h., € H., we have that

hzl (l’) € [yzl - Tzlaym + rz1] and hZQ (-T) € [yZQ - Tzw yZQ + T.ZQ] .

Let s = W € [—1,1] be a witness. Then, for all h,, € H,, and h., € H,,, we
have that s — h,,(z) > 7' and h,,(x) — s > . Relabel the two edges indexed by ., and
J,, with the same witness s. Reindex the two edges indexed by ¢, and J,, with —1 and +1
respectively. Remove all other edges indexed by measures and their corresponding subtrees.
There should now only be two outgoing edges from v, each labeled by the same witness.
Next, recall that for all h,, € H,, and h., € H., we have that s —h,, >+ and h,, —s > .
Accordingly, the hypotheses that shatter the edges indexed by 9., and 9., in the original tree
according to Definition 20 also shatter the newly re-indexed and relabeled edges according
to Definition 17. Recursively repeating the above procedure on the subtrees following the
two newly reindexed and relabeled edges results in a seq-fat tree 4/-shattered by H of depth
d. Thus, SM,(H) < sfat..(H) for 7' < 7.

We now move on to prove the lower bound. Let v € (0, 1] and T be a X-valued, {£1}-ary
tree of depth d = sfat,(#) shattered by H according to Definition 17. Our goal will be
expand 7T into a II(Z)-ary tree that is v-shattered by H according to Definition 20. Let v

be the root node, = the instance that labels the root node, and s be the witness that labels
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the two outgoing edges of v. Let H_y = {h, : 0 € {£1}? 0, = —1} C H denote the set of
shattering hypothesis that corresponds to following a path down 7 that takes the outgoing
edge indexed by —1 from the root node. Likewise define H.y. Then, for all h_y € H_,
and h,; € H,q, the shattering condition implies that s — h_i(x) > v and hy(z) — s > v
respectively.

For every measure 1 € II(Z), we claim that there exist a 0, € {—1,1} such that
E...llo, —2|] > |s — ou]. Suppose for the sake of contradiction that this is not true. That
is, there exists p € II(Z) such that for all 7 € {—1,1} we have that E,_, [|7 — z|] < |s — 7.
Then, when 7 = —1, we have that E,.,[2] < |s + 1] — 1 and when 7 = 1, we have
1—|s—1| <E,.,
together and using the fact that s € [—1,1] gives that 2 < |s + 1| + |s — 1| = 2, which is a

2], using the fact that |7 — z| = 1 — 72. Combining the two inequalities

contradiction. Accordingly, for every measure p € II(Z), there exists a 0, € {—1,1} such
that E.., [|o, — 2|] > |s —0o,|. Next, crucially note that for any 7 € {1} and any h, € H,,
we have |h,(x) — 7| = |s — 7| = |h, () — 5| < |s — 7| — 7 by the seqg-fat shattering condition
from Definition 17. Therefore, for every measure p € II(Z), there exists o, € {£1} such
that for all h,, € H,,, we have that E..,, [|o, — 2|] > |0, — ho, (z)]| + . Note that if we take
o, to be the label on a edge indexed by p, then E.., [|o, — 2|] > |0, — ho, ()] 4 7 exactly
matches the shattering condition required by Definition 20.

To that end, for every measure p € I1(Z), add an outgoing edge from v indexed by u and
labeled by the o, € {#1} promised in the analysis above. Take the sub-tree in 7 following
the original outgoing edge from v indexed by o, and append it to the newly constructed
outgoing edge from v indexed by u. Remove the original outgoing edges from v indexed by
—1 and +1 and their corresponding subtrees. Recursively repeat the above procedure on
the subtrees following the newly created edges indexed by measures. Upon repeating this
process for every internal node in T, we obtain a II(Z)-ary tree that is y-shattered by H of
depth d. Thus, we have that sfat,(H) < SM,(H). |

Next, we show that SMdim reduces to (k + 1)-Ldim from Moran et al. [2023].

Lemma 19 (SMdim = (k + 1)-Ldim). Let Z = {S : S C V,|S| < k}, H C Z*, and
Uy,z) = W{y ¢ z}. Then for every vy € [0, 5], we have SM,(H) = Ly41(H).

Proof. Fix v € (0,1]. We first show that SM,(#H) < Liy1(H). Let 7 be a A-valued,
II(Z)-ary tree of depth d = SM.,(H) shattered by H. Let v be the root node of 7 and x
denote the instance labeling the node. Recall that v has an outgoing edge for each measure
p e II(Z). Let {y,}uen(z) be the set of elements in ) that label the outgoing edges from v.
We first claim that there at least k + 1 distinct elements in the set {y,}en(z). For the sake

of contradiction, suppose this was not the case. That is, there are only £ distinct elements
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that label the outgoing edges from v. Let yy, ..., y, denote the k distinct elements that label
the outgoing edges from v, Consider the measure fi that puts all mass on {yi,...,yr}. Note
that o € II(Z) and let § € {y1,...,yx} be the label on the outgoing edge from v indexed
by fi. By definition of /i and g, it must be the case that P, ;[y ¢ 2] = 0. Since v > 0,
the shattering condition required by Definition 20 cannot be met, which is a contradiction.
Accordingly, there exists at least k + 1 distinct elements in the set {y,} cn(z)-

Let y1,...,Yk+1 be the distinct elements of the set {y,}.cn(z), and pu1, ..., pp41 be the
indices of the edges labeled by vy, ..., yrr1 respectively, breaking ties arbitrarily. For u; €
{m1, ..., w1}, let H,,, denote the set of shattering hypothesis that corresponds to following
a path down 7T that takes the outgoing edge p; from the root node. Keep the edges indexed
by g1, ..., pkr1, and remove all other outgoing edges along with their corresponding subtree.
Reindex the k + 1 edges using distinct numbers in [k + 1]. The root node v should now
have k + 1 outgoing edges, each indexed by a different natural number in [k + 1] and labeled
by a distinct element of ), matching the first constraint of a (k + 1)-Littlestone tree. As
for the second constraint, observe that for all h € H,,, the shattering condition implies that
P, [vi & 2] > 1{y; ¢ h(x)} + ~. However, this can only be true if 1{y; ¢ h(z)} =0 =
y; € h(zx). Accordingly, the hypotheses that shatter the edges indexed by g1, . .., i1 in the
original tree according to Definition 20 also shatter the newly re-indexed edges according
to Definition 18. Recursively repeating the above procedure on the subtrees following the
k + 1 reindexed edges results in a (k + 1)-Littlestone tree shattered by #H of depth d. Thus,
SM.,(H) < Ly41(#H) for v € (0,1]. The case when = 0 follows similarly and uses the fact
that when v = 0, we define the shattering condition in SMdim with a strict inequality (see
last sentence in Definition 20).

We now prove the inequality that SM,(H) > Ly (H). Fix v € [0,55]. Let T be a
X-valued, [k + 1]-ary tree of depth d = Lj1(#) shattered by H according to Definition 18.
Our goal will be to expand T into a II(Z)-ary tree that is y-shattered by #H according to
Definition 20. Let v be the root node of 7, x be the instance that labels the root node,
and {y;}**! denote the distinct elements of ) that label the k 4 1 outgoing edges from wv.
For each i € [k + 1], let H; = {h, : p € [k +1]%,p; = i} C H denote the set of shattering
hypothesis that corresponds to following a path down 7 that takes the outgoing edge indexed
by i from v. Then, for all i € [k + 1] and h; € H;, the shattering condition implies that
yi € hi(z) = Wy ¢ hi(z)} = 0.

For every measure 1 € II(Z), we claim that there exists a ¢, € [k + 1] such that
P, {yw ¢ z] > 7. Suppose for the sake of contradiction that this is not true. Then,
there exists a measure p € II(Z) such that for all i € [k+ 1], we have P, [y; ¢ 2] <. This
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implies that
P..,[3i € [k +1] such that y; ¢ 2] < (k+ 1)y < 1.

However, since pu is supported over subsets of )Y of size < k, we have
P.., [3i € [k + 1] such that y; ¢ 2] = 1, a contradiction. Thus, for every measure p € II1(2)
there exists a i, € [k + 1] such that P,., [yiu ¢ z} > ~. Combining this with the fact
that for every i € [k + 1] and h; € H; we have that y; € h;(x) gives that, for every
measure j € II(Z), there exists a i, € [k + 1] such that for all h;, € H;,, we have
P.. {yiu ¢ z] > WMy, & hi, ()} +~. Note that if we take y;, to be the label on an
edge indexed by u, then the inequality above matches the shattering condition required by
Definition 20.

To that end, for every measure p € II(Z), add an outgoing edge from v indexed by u
and labeled by the y;,, where i, is the index as promised by the analysis above. Take the
sub-tree in 7 following the original outgoing edge from v indexed by 7,, and append it to the
newly constructed outgoing edge from v indexed by pu. Remove the original outgoing edges
from v indexed by numbers in [k + 1] and their corresponding subtrees. Recursively repeat
the above procedure on the subtrees following the newly created edges indexed by measures.
Upon repeating this process for every internal node in 7, we obtain a II(Z)-ary tree of depth
d that is y-shattered by H. Thus, we have that Ly, (H) < SM,(H) for v € [0, 25]- |

Finally, we show that the SMdim = MSdim.

Lemma 20 (SMdim = MSdim). Let Y C 0(Z), H C Z%, and l(y,z) = 1{z ¢ y}. Then
for every v € [0, 1], we have SM,(H) = MS,(H).

Proof. The equality follows directly from the fact that E..,[((y,2)] = u(y®) and the
et that oy, [0 filp))] > (T flpz)) + 7 == hu(Tilne) €
felp<e) and e (fi(p<e)) <1 —7. u

C.3 Proof of Lemma 8

We now prove that given any target accuracy v > 0 and any e;realizable sequence
{(z¢, (ys,€¢)) }-,, Algorithm 8 computes distributions p; € I1(Z) such that

z_: HE.p, [((ye, 2)] = v + &} < SM,(H).

To prove this guarantee, it suffices to show that (i) on any round where E,, ., [((y:, 2¢)] >
v+e¢ and SM, (V1) > 0, we have SM,,(V;) < SM,(V;—1) —1, and (ii) if SM,(V;—1) = 0 there
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always exists a distribution i € II(Z) such that E,,.,, [((y:, 2¢)] < v+ &t.

Let t € [T] be a round where E,,,, [((y:, 2¢)] > v+ &, and SM,(V;_;) > 0. For the sake
contradiction, suppose that SM.,(V;) = SM,,(V;_1) = d. Then, by the min-max computation
in Algorithm 8, for every measure p € II(Z), there exists a pair (y,,,) € Y x [0, ¢] such that
E.w. [l(Yu, 2)] > €, + 7 and SM,(Vi_1(y,, €4)) = d. Now construct a tree 7 with x, labeling
the root node. For each measure u € I1(Z), construct an outgoing edge from z; indexed by
and labeled by y,. Append the tree of depth d associated with the version space V;_1(y,,€,)
to the edge indexed by . Note that the depth of 7 must be d+ 1. Furthermore, observe that
for every hypothesis h € V;_1(y,,€,), we have that E,, [¢(y,, 2)] > €(y,, h(x;))+7, matching
the shattering condition in Definition 20. Therefore, by definition of SMdim, we have that
SM.,(V;—1) > d+1, a contradiction. Thus, it must be the case that SM,,(V;) < SM.,(V;—;)—1.

Now, suppose t € [T] is a round such that SM,(V;_1) = 0. We show that there always
exist a distribution y; € II(Z) such that for all (y,¢) € C, , we have E,,,,, [((y, z)] < v +e€.
Since we are in the g;-realizable setting, it must be the case that (y, ;) € C;. To see why such
a [; must exist, suppose for the sake of contradiction that it does not exist. Then, for all €
II(Z), there exists a pair (y,,¢,) € C; such that E,., [((y,, 2)] > 7+ ¢€,. As before, consider
a tree with root node labeled by z;. For each measure p € II(Z), construct an outgoing
edge from z; indexed by p and labeled by y,. Since (y,,c,) € C;, there exists a hypothesis
h, € Vi1 such that ¢(y,, h,(x;)) < €,. Therefore, we have E,_, [((y,, 2)] > (y,, hu(z:)) +7
. By definition of SMdim, this implies that SM,(V;_;) > 1, which contradicts the fact that
SM.,(V;—1) = 0. Thus, there must be a distribution p; € II(Z) such that for for all (y, ) € C;
, we have E,,, [((y, 2)] < v+ ¢e. Since this is precisely the distribution that Algorithm 8
plays whenever SM,(V;_1) = 0 and since SM,,(V}r) < SM,(V;_1) for all ¢’ > t, the algorithm

no longer suffers expected loss more than v + &4 for all ¢ > ¢. This completes the proof.

C.4 Proof of lower bound in Theorem 20

We now prove the lower bound in Theorem 20. Fix v > 0 and d, := SM,,(#). By definition
of SMdim, there exists a X-valued, II(Z)-ary tree 7 of depth d, shattered by H. Let
(fi,-.., fa) be the sequence of edge-labeling functions f; : TI(Z)" — ) associated with 7.
Let A be any randomized learner for H. Our goal will be to use 7 and its edge-labeling
functions (f1,..., fa) to construct a difficult stream for A4 such that on every round, the
expected loss of A is at least v more than the loss of the optimal hypothesis in hindsight.
This stream is obtained by traversing 7 adapting to the sequence of distributions output by
A.

To that end, for every round ¢ € [d,], let p; denote the distribution that A computes
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before making its prediction z; ~ ;. Consider the stream {(ﬁ(uq),ft(ugt))}f;l, where
p= (p1, - -, pra,) denotes the sequence of distributions output by .A. This stream is obtained
by starting at the root of T, passing 77 to A, observing the distribution p; computed by A,
passing the label f;(u<1) to A, and then finally moving along the edge indexed by ;. This
process then repeats d, — 1 times until the end of the tree 7 is reached. Note that we can
observe and use the distribution computed by A on round ¢ to generate the label because A
deterministically maps a sequence of labeled instances to a distribution.

Recall that the shattering condition implies that 3h,, € H such that E,, ., [¢(fi(1<t), 2¢)] >
O(filp<t), hu(Ti(pi<t)) +y for all ¢ € [d,]. Therefore, the regret of A on the stream described
above is at least

d'Y

dy d;

Ra(T,H,0) > ZZt]EMt[f(ft(Mgt)a z20)] = D A filp<e), hu(Ti(pat)) = D7 = vd,.
t=1 t=1 t=1

Since our choice of v and the randomized algorithm A is arbitrary, this holds true for any

~v > 0 and randomized online learner. This completes our proof.

C.5 Proof of Lemma 9

Let p = H(), Z,¢). Fix v € (0,1] and v/ < 7. Let T be a X-valued, II(Z)-ary tree
of depth d = SM,(H) shattered by . Let v be the root node of 7 and z denote the
instance labeling v. Recall that v has an outgoing edge for each measure p € II(Z). In
particular, this means that v has outgoing edges corresponding to the Dirac measures on
Z, which we denote by {J.}.cz. Fix a z € Z and consider the outgoing edge from v
indexed by d,. Let y., € Y be the element that labels the outgoing edge indexed by d..
Let Hs, = {h, : p € I(Z2)), 1y = §,} C H denote the set of shattering hypothesis that
corresponds to following a path down 7 that takes the edge ¢, in the first level. Then, for
all h € Hjs, the shattering condition implies that

U(yz, 2) > L(yz, M) +v > Ly, h(x)) + 9.

Taking the supremum on both sides further gives that

U(yz,2) > sup L(y., h(z)) +7'.
heHs,

Let B, := By(y., 7. +7') € B¢(Y) be the ball centered around y, of radius r, + 7' where
7. = SUPpeyy, L(Yz, M(x)). The inequality above implies that z ¢ B, (note that B, changes
depending on z). Since z € Z was arbitrary, it must be the case that z ¢ B, for all z € Z.
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This means that N,cz B, = ). Then, using the fact that (), Z,¢) is a Helly space with Helly
number p, there exists p balls in {B,},cz such that their collection-wise intersection is also
empty. Accordingly, let z1,...,z, be such that N/_; B,, = (. As before, for every i € [p],
let y., denote the label on the outgoing edge from v indexed by the Dirac measure 6,,. By
definition, for all 7 € [p] and hs, € H;, we have that

h‘sz@' (@) € Be(yz;, 1,) := BZZ

Note that B,, is the v/ expansion of B,.. For each i € [p], relabel the outgoing edge from
v indexed by d,, with the tuple (y,,,7.,). For each i € [p], reindex the outgoing edge from v
indexed by 9., with i. Remove all other edges indexed by measures and their corresponding
subtrees. There should now only be p outgoing edges from v, each indexed by a number
i € [p] and labeled by a tuple in Y x [0, ¢|. Note that NY_; Be(y.,, 7., + ') = N, B, = 0,
which matches the second constraint imposed by Definition 24. As for the first constraint on
shattering, note that for all i € [p] and all hs, € H, we have that h;, (7) € B.,. Thus, the
hypothesis that shatters the edges indexed by 4., in the original tree according to Definition
20 also shatters the newly re-indexed and relabeled edges according to Definition 24. Thus,
for the root node v, both constraints imposed by Definition 24 are met. Recursively repeating
the above procedure on the subtrees following the p newly reindexed and relabeled edges
results in a p-dim tree 7'-shattered by H of depth d. Thus, SM,(H) < p-dim.(#) for

v < .
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APPENDIX D

Online Infinite-Dimensional Regression: Learning Linear
Operators

D.1 Upperbound Proofs for Online Setting

Our proof of Theorem 21 also relies on the following technical Lemma.
Lemma 21. Letv € V,w e W, and f € LIV, W). Then, we have (f(v),w) = tr(fo(v@w)).

Proof. (of Lemma 21) Let {1,,}5°, be an orthonormal basis of W and w = >2° | a1, for

an /5 summable sequence {ay, }nen. Then, by definition of the trace operator, we have

B(fo 0 @u) = 3 (f o (v & u)Wh)
:i< f()wn :< Zan¢n>— )v >7
which completes our proof. [ |

D.1.1 Proof of Lemma 10

Let =T, 01v(04) ® w(o). Since
T
rank (F Zrank o (o) @uwi(o4)) < T,

F can have at most T non-zero singular values. Let {s;}; be the singular values of the

operator F', possibly with multiplicities. Then, for ¢ € [1,2), we have

1

11, _@ )é ((i(sgﬁf (2:11>) (Zst> Ti % = |F|, To 7%,
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where the inequality is due to Hélder. As for ¢ > 2, we trivially have ||[F|, < [|F[l,. In
either case, we obtain
IFll, < max {7572, 1} |IFl.

Hence, to prove Lemma 10, it suffices to show that
1
E[IFll,] € crex T2,

Recall that by definition of the 2-Schatten norm, we have || F'||, = \/tr (F*F). Using linearity

of trace and Jensen’s inequality gives E [\/tr (F*F)| < /tr (E[F*F]). Then,

E [F*F]

-F (; orwi(ooy) ® vt(a<t)> (; o vy (o) ® wt(g<t)>]

=E tz 010, (Vi(0<t), vr(0<r)) wi(0<t) @ wr(0<r)]
=E Y |Joilo<)|? wi(o<) @ wt(a<t)] +E

Lt=1

; 010, (Vi (0<4), v(0<)) wi(o<f) @ wy(0<y)

rT
|3 (o) wilo) © o)
Li=1
To see why the second term above is 0, consider the case ¢t < r. We have

E (o0, (vi(0<t), vr(0<r)) wi(o<r) @ wp(0<r)]
=E []E [gtar <Ut(0<t>7 UT<0<T)> wt(g<t) & wr<0<r) | U<7’H
= E [0y (vi(0<t), vr(0<,)) wi(o<t) @ wi(o<,) Elo, | 0]

=0.
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The last equality follows because o, is independent of o, and thus E [0, | 0-,] = E[o,] = 0.

The case where ¢ > r is symmetric. Putting everything together, we have

tr (E =tr < [Z |lve(o<t || wi(o<t) ® wt(0<t)]>

E

1

ool tr<1utov<t>cazut<a<j>>]

t=1

E

W%Wm@W]

1

iM-

t

15 = (c162)° T,

VAN
NE

C

-
Il

1

which implies that E[||F|,] \/tr < \/(c102)2T — ¢1¢,T2. This completes our
proof.

D.1.2 Proof of Theorem 21

Define the normalized loss class {(u, v) — 255 || f(u) — v|* : f € F,} such that every function
in this class maps to [0, 1]. Applying [Rakhlin et al., 2015b, Theorem 2] to this normalized loss
class, we obtain that the expected regret of A is < 8¢? RadT(}" ), where F, = {5 f | f € Fp}
is the normalized operator class. Since Rady(F,) = 1 Rady(F,), the expected regret of A
is < 2Rady(F,). This completes the proof of the first inequality. We now focus on proving

the second inequality here. By definition, we have

Radr(F,) = sup E [sup > o || f(zi(ow)) — yt(0'<t>||2‘|

J€Fp t=1

(E [SUP ZUt [ f(ze(o<e))l ] +2E lSUP Z_Ut l"t(0<t))>yt(<7<t)>]

FE€Fp =1 f€Fp t=1

[imm% @

t=1

—W<FWZMNW@M+MhmiMWM&%WM>

z,y feEFp =1 feEFp =1

To handle the second term above, recall that Lemma 21 implies (f(x;(0<)),y:(0<)) =
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tr(f o (z(0<) ® yi(0<))). Using the linearity of the trace operator, we obtain
T
ZUt (zt(0<t)), ye(0<t)) = tr (f o ZUt zi(0<t) ® yt(0<t)>
t=1

T
Z Ot xt(0<t> ® yt<0<t)
t=1

Y

q

<71,

where ¢ :=1— ;17 is the Holder conjugate of p [Reed and Simon, 1975, Page 41]|. This implies
the bound
‘Z]

Z o1 2 (0<t) ® Yi(0<t)

o

sup Zat (x(0<)), yt(0<t)>] <E
fE€EFp t=1

sup || ]|,
fE€EFp

<cE

T
Z 0 T4 (0<1) @ yr(0<4)
t=1

where the last inequality follows from the definition of F,.
To handle the first term in the bound of Rady(F,) above, note that

1f(@e(oe))|” = (f(zilo<), fzi(0<)))
= (f"f(2(0<t)), ve(0<t))
=tr(f*f o (vi(0<t) @ 7i(041))),

where the final equality follows from Lemma 21. Using linearity of trace, and the generalized

Holder’s inequality for Schatten norms [Reed and Simon, 1975, Page 41], we obtain

T
sup 3 o0 o) ] <E |sup [fSll, {3 0rwi(0<) @ wilo<)
fE€Fp t=1 f€Fp t=1 q
T
S CQE ZO} l’t(0<t) & xt(0-<t) )
t=1 q

where the last inequality uses the fact that || f*f[|, < || f ||]23 Combining everything, we obtain
q]
1

where the final inequality follows from using Lemma 10 twice. Recalling that % =1-=

Y orwi(ow) @ mi(0<)

t=1

+2c E

T
Z 0 21(0<t) @ Ye(0<t)
t=1

Radr(F,) < *E

q

< 32}

=

completes our proof of second inequality.
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D.2 Proof of Theorem 23

D.2.1 Proof of lowerbound of %n_fil

Proof. Fix n,m € N. Let D be an arbitrary joint distribution on X x ), and U denote the
uniform distribution on {ey, ..., ey, }. For each o € {—1,1}"" define h, = X1 co; 1¥; R €;.
Note that h, ¢ F, for large n. The minimax expected excess risk of F is

fn D S~D" feF,

2 By B | B (10 =] - o, 760 ro'] |

where the first inequality follows upon replacing supremum over D, o with U and expectation

e =it & | B[l o] - mt B (150 - o1

over o respectively. Let S, € X™ denote the instances from labeled samples S € (X x V)"
We first lower bound the expected risk of the learner, and then upper bound the expected
risk of the optimal function in F,. Exchanging the order of the first two expectations, the

lower bound of the expected risk of the learner is

J7sw) - o]

fn(ei) — ho(e;)

inf E l E [
f Se~U™ |on{£1}mn [2~U

1 mn
=inf E [ E [Z
fo SaUT |o{£1}mm | Min S

1

Z an 61 — co; ’

> inf E [
frn N~Unif({1,,...,mn})" Uw{il}m"

‘fn €;) — Co'iwi

77777

)]

In order to get the second to the last inequality, we reinterpret sampling z uniformly from

> inf E =
- 1}131 N~Unif({1 mn})” | Mmn %V (a—N{:tl}mn [

{e1,...,emn} as sampling index i uniformly from {1,...,mn} and drawing e;. The final
inequality follows upon exchanging the sum and expectation and applying Jensen’s. Note

that, whenever i ¢ N, we have

1 4]

‘fn 61 CO’ﬂ/Jz

} =k [E‘E [an@%) —co;

) 1 7]

UN{:I:I}m" [
=E [2 (an(ez) —cti
> 2 llegs + vl

:C,

an +sz
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where we use the fact fn is independent of o; for all i ¢ N and triangle inequality. Thus,

combining everything, our lower bound is

1 2 o 1\"
> inf E — 2= —N"P@ N:2(1—>.
- 1}%1 N~Unif({1,,...,mn})™ [ Z ¢ ] mn ; <Z ¢ ) ¢ mn
For the last equality, we use the fact that the probability of i not appearing in the set N
obtained by n random uniform draw from {1,2,...,mn} with replacement is (1 — %)n

Next, we upperbound optimal expected risk amongst functions in ,. Consider

mn

fa,p = Z

Jj=1

CO'j
WQ% ®6j.

Clearly, || fopll, < c for all p € [1,00] and thus f,, € F,. Therefore, we can write

inf B [I7) = ho(@)IP] < E [Ifop(2) = ho(@)]

feFp a~U

1 mn )

= — > [lfopes) = holes)]]
mn
=1
2

1 mn co;

= %; W@h —cob;

= — Z Is 1 — 17
mn = (mn)/
2
1 1
— 2 _ 2 _
= (1= Gam) < (1 )
Thus, putting everything together, the minimax expected excess risk is
1\" 1
SEYCRLE LY
mn (mn)t/p

Zcz<1—21n>2—02<1—(mnl)1/p> ( for n > 2)

Next, pick m = [271101711 Then, we have that o1 <m< 3T So, the expression above
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is further lower bounded by

2 11 >C2<1_1>_ 2
(3nﬁn)% 2omiT ) 3nrT  AniT 12071

This completes our proof. [ |

D.2.2 Proof of lowerbound of £ n i

Our proof here follows similar arguments as the proof in D.2.1. However, the lowerbound in

this section is derived in the realizable setting.

Proof. Fix n,m € N. Let D be an arbitrary joint distribution on X x ), and let

U denote the uniform distribution on {eq,...,en,}t. For each o € {—1,1}"" define
fop = 00 WJZ' Y; ® e;. Note that f,, € F, for all p > 1. The minimax expected

excess risk of F is

En]-“fEIE[
(%) Lt

fe€Fp (z,y)~

)=o) - ot B 1) o]

>inf E
fn o~A{E1}mn | S~ ~(UX fop)™ acNU

i) = fep@)'] = g B, (1560 = ot

fe€Fp a~U
7)ot ]]

where the first inequality follows upon replacing supremum over D,o with U and expec-

>inf E
f O~AELI | S (U fo )

wNU

tation over 0. The second inequality follows because infjcr, Eqovr [H fx) — fmp(a:)Hﬂ <

Eots [ frp(®) = fop(@)|*] = 0 as fop € .
Let S, denote the instances from labeled samples S. We first lower bound the expected

risk of the learner fn Following the same calculation as in the first part of the proof, the

QH

SIRINES T

lower bound of the expected risk of the learner is

inf E [ E
f SINUTL O.N{:tl}mn

an fo,p(m)H

:ENU

cof|

.
1 A co;
> inf E E S () — —— b
- 1}111 N~Unif({1,,...,mn})™ UN{il}mn mn %\/ f (6) (mn)l/p¢ ]
2
A CO;
> inf E — nlei) — ’ i .
 fu N~Unif({L,..., mn})" %:V (aN{ﬂ:l}”m [ / ( ) ( )1/p¢ ) ]
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To get the second to the last inequality, we reinterpret sampling x uniformly from
{e1,...,emn} as sampling index i uniformly from {1,...,mn} and drawing e;. The final
inequality follows upon exchanging the sum and expectation and applying Jensen’s. Note

that, whenever ¢ ¢ N, we have

UN{E}M an(ez) —co; } =E [E—‘? [ fn(ez’) - (n:ng;l/pwi ] | fn]
1 (12 c A c N
=[5 ([0 ~ g | + e+ ) 1
c
- (mn)1/p

where we use the fact fn is independent of o; as ¢ ¢ N and triangle inequality. Thus,

combining everything, our lower bound is

> inf E 1 Z CQ C2 (1 1 )n
in — — _ ‘
T fu NURI({Lmah) | i S8 (mn)2/» (mn)2/p mn

For the last equality, we use the fact that the probability of ¢ not appearing in the set N
obtained by n random uniform draw from {1,2,...,mn} with replacement is (1 — %)n
Picking m = 2 and using the fact that (1 — ﬁ)n > 1—1/2 =1/2, we obtain the lowerbound
of %n_%.
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APPENDIX E

Controlling Statistical, Discretization, and Truncation
Errors in Learning Fourier Linear Operators

E.1 Fourier Linear Operators

In this section, we provide a formal treatment of Fourier linear operators and the correspond-
ing parametrization in FNOs. Recall that, in the Fourier Neural operator, one assumes that
X =Y = T9 and the kernel is translation invariant. This implies that /Cy defined in Section

6.1 is a convolution operator. That is,

Kov=koxv, where (kgxv)(y)= /d ko(y — x)v(x) dx.
T
The convolution is done elementwise, (KCov);(y) = 35—, ([k’g]z‘j *vj) (y), where [kgl;; : T —
R is the scalar-valued kernel defined by the (i,7)" component of ky and (Kyv); is the it
component of a R%valued function. Similarly, v; : T* — R is the j component function of
RP-valued function v. Next, using the linearity of the Fourier transform and the Convolution

Theorem, we can write

(Kgv), = F! (if([kg]ij) f@j)) .

where F is Fourier transform operator, and F~! is the inverse Fourier transform. Here,
F([kqli;) : Z* — C and F(vj) : Z¢ — C are Fourier transforms of [ky];; and v; respectively.
Note that only discrete Fourier modes are defined because all the functions are defined on a
periodic domain T?.

The key insight in FNO is that instead of parametrizing the kernel ky, we parametrize its
Fourier transform F(ky) directly. That is, we parametrize the kernel transform operator as
(Kgv), = F* ( L1 Mgl ]-"(Uj)) for some Ag : Z% — C?*P that maps Fourier modes to a

complex-valued matrix. Using the linearity of the inverse Fourier transform, we can write
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this more succinctly in a matrix form as Kgv = .7:*1<A5 f(v)).
Since F _1< Ag F (v)) is a function defined on periodic domain T, it has a Fourier series

representation. So, we can write

F A F)() = Y oml() As(m) (Fo)(m),

mezd

as o () := ¥ ™) and the m' Fourier coefficient of .F_1<Aﬁ }"(v)) is Ag(m) (Fov) (m).
We have not specified in what metric the sum on the right-hand side converges. However,
the convergence is not really an issue from a practical standpoint. In practice, Ag is a
trainable parameter, and it has been observed in Li et al. [2021] that parametrizing Agz as
a function from Z? to C7*? yields sub-optimal results, possibly due to discrete structure of
the lattice Z?. So, one picks a large K > 0 and parametrize Ag as a collection of matrices
{As(m) : m € Z% such that |m|,, < K}. In this case, the sum contains < K? terms and
thus always converges. If one still wants to deal with the infinite sum, a standard assumption
would be [Ag];; € £1(Z?) for all (4, j) pairs. That is, 3,,cz4 |[Ag(m)]i;] < oo for all (i, j) pairs.
Then, the Weirstrass M-test implies that the sum above converges uniformly over all y € T¢.
Reparametrizing Ky as F 1 (Aﬁ F (v)) was proposed by Li et al. [2021] from the perspec-
tive of the convolution theorem, as discussed earlier. However, a more natural way to derive

F1 (Ag F (v)) from Ky is to assume that ky has a Mercer-type decomposition.

Proposition 6. Let kg : Z — C?? be a kernel with decomposition

ko (y, )]ij = D [As(m)ij em(y) o-m(z) V(i J)

meZd
for some Ag : Z% — CPP such that Ag € (*(Z%). Then, Kyv = .7:*1(/\5 .F(v)) forallv e V.

Given such decomposition, a simple algebra shows that

/qrd[k9<y’x)]ij pr(x)dr = [Ag(k)]i; u(y)-

In other words, [Ag(k)];; are the eigenvalues of the integral operator defined by the kernel
[kglij. This suggests that the Fourier layer of FNOs is parametrizing the eigenvalues of an
operator while fixing the eigenfunctions to be ¢;’s. So, setting Ag(m) = 0 for m € Z%
amounts to parametrizing the low-rank version of such operator. This viewpoint shows that
FNO is just a special case of a Low-rank Neural Operator defined in [Kovachki et al., 2023,
Section 4.2].

More importantly, Proposition 6 (see Appendix E.1.1 for the proof) provides a natu-
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ral way to generalize Fourier Neural Operators. That is, we can consider [ky(y,z)];; =

Yomes [Ag(m)]ij Yim(y) om(x), where J is some countable index-set and {©, }mes, {@m tmes
are some orthonormal sequences. Some common orthonormal sequences that allow efficient
computation like FFT include the Chebyshev polynomial and wavelet basis. Some works
have already explored the practical advantage of replacing Fourier basis with wavelet basis

in certain problem settings Gupta et al. [2021], Tripura and Chakraborty [2023].

E.1.1 Proof of Proposition 6

We now end this section by proving Proposition 6.

Proof. Let A\;j(m) := [Ag(m)];; and assume that

[ko(y, x Z )\l] Om(Yy) o—m(x).

meza

Using this decomposition, we obtain
(Kov),( / Z ko (y, 2)]ij vi(z) do

- /sz S° Xi(m) Pn(y) @m(@) v;(x) da

Jj=1 meczd

= ouly) iAixm) [ o) vy(a) o

mezZd

Note that swapping the integral and the summation is justified through Fubini’s because the

sum over Z¢ converges absolutely (as Ag € £!) and T is a bounded set. Since
L, e-m@ vj@yde = [ e ;@) de = Fug)(m),
we can write

meZd

(Kov)i(y) = > om(y )i)\ij(m> F(v)(m).

Next, consider the function w := F 1 ( N F (vj)). Our proof will be complete upon
showing that w(y) = (Kv);(y) for every y € T?. Since the function w : T¢ — C is defined

on a periodic domain, it has a Fourier series representation. That is,

_ Z eQﬂi(m,y) Z 627r1 my)z/\” (m)’

meZd meZd
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where the final equality follows because

F (./—"_1 <i )\Zj .F(%))) (m) = i/\z](m) F(%)(m)

J=1 J=1

Asusual, Ag € ¢! implies that the sum above converges uniformly over y € T¢. Recalling that
om(y) = 2™ m¥) we have shown that (Kpv)i(y) = w(y) for all y € T¢. This subsequently
implies that

Finally, using the linearity of the inverse Fourier transform and writing this in the matrix
form establishes that Kov = F~1(Ag F(v)) for any v € V. [

E.2 Proof of Proposition 1

Proof. Fixv € V and define w := F~! ( A f(v)). By definition of the operator F 1 ( A f(-)),
we have

w=FAF)).

Using the Fourier series representation of w, we have

w(-)= Y 2 Hm) (Fuw)(m) = > e im) \ F(v)(m).

mezZd meZd

This step is rigorously justified because A € ¢!. Noting that

6727ri(m71> U(LU) dx = <907m7 U>L2 )

(Fo)m) = |

Td

we can write

w() _ Z 627ri<m,.> )\m <@_m,U>L2 ‘

meZd

Thus, w = 3 ,nezd Am (P—m» V) 12 Pm, Where the convergence is uniform over T¢. This implies
that

FEAF@) = 3 M (0-m0) g2 P

meZd

Since this equality holds for every v € V, we have

F_l(AF(')): Z Am Om & P—m.

meZd

240



E.3 Technical Lemmas

In this section, we state and derive some technical Lemmas that we use to prove Theorems
25 and 26.

Lemma 22. For any u € H*(T4,R) , we have

]| d
s < "t vYm € Z*\{0}.
| <90 u>L2 | = (27‘(’)5 ’m‘go m \{ }

Proof. Fix m € Z%\{0} and let |m;| = |m|o = max;<;<q|m;|. Clearly, m; # 0. Integrating
by parts s times with respect to variable z; in = (z1,...,24), we obtain

e 2m i(m,z)

(@) = /T Cufa)e ) dp = (—1)° / CDIC) Pe—

Td (—2mim;)®
1 S
- —maas' :
(27Timj> <S0 J u>

Here, all boundary terms vanish because T? does not have a boundary ([Grafakos, 2008,

Proof of Theorem 3.3.9]). Taking absolute value on both sides, we obtain that
17 | (@ w) | = (27) ™ | (o, D) |

Finally, using the fact that ‘<<p,m, 8ju>’ < ||ul

4= completes our proof. [

Lemma 23. For any u € H*(T%, R), we have

s 2
> T+ M) [{ommuw) P < lully. -

meza

Proof. Fix m € Z\{0} and let |m;| = |m|o = max;<;<q|m;|. Clearly, m; # 0. Integrating

by parts s times with respect to variable z; in z = (z1,...,24), we obtain
—2mi(m,x) d 1)* 93 6_2ﬂi<m7x> d
(pomi) = [ ul@)e o= (1) [ @) Sy e

1 S
- <2mmj> (o 05 ).
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Here, all boundary terms vanish because T does not have a boundary ([Grafakos, 2008,

Proof of Theorem 3.3.9]). Taking absolute value on both sides, we obtain that

0 | {fm ) | = (2) | {ip, D)
Noting that |m;| = |m|s, squaring and summing over all m € Z%\{0} to get

osull’
-U

J 2’

S mE ey P =217 > [ (pom, Ou) P < (2m) 7

mezd\{0} meza\{0}

where the final inequality uses Parseval’s identity and the fact that dju € L?(T4,R). Thus,

we obtain

> A+ Iml) Hommu) [P = D0 [{ommu) P+ D0 ImI [ {omm, u) |

mezZ? mez? meZ4\{0}
< fJull?, + 2m) > 030,
< ful2 + o],
< [l
completing our proof. [ ]

Lemma 24. For any u € H*(T% R) such that s > 0 and K € Z~q, we have

el
S g2 < L

d
meZ

Proof. Observe that

s 1
> Hemu) = 2 (o ) eom ) g
mezd . mezd 2
1 S
< Tare 2 AFmi)e-m )
d
meZs
2
] |3
- K2s )
using Lemma 23. -

Lemma 25. For any u € H*(T% R) such that s > d/2, we have
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3d 1
MV 25 —d JR2s—d

> pm,u)

d
meEL

Proof. First, we use Cauchy-Schwarz to get

> r<¢_m,u>|=¢ > <1+\m|gg>|<¢_m,u>|2J o

d d d
m€Z>K m€Z>K m€Z>K

Lemma 24 implies that the first term is < ||u|[,,.. To bound the second term, note that for

any j € N, we have |[{m € Z% : |m|s = j}| = 2(2j + 1)4~1. This is because one of the entry

of m has to be 5 and other d — 1 entries could be anything in {—j...,—1,0,1,...,5}. So,
1 2(2j +1)*! d 1 d 25+d—
—_ = — <3 _3/ t2std=l gt
o B~ 2 g =0 e
s 1
C 25 —d K24
for all s > d/2. Thus, overall, we obtain
> I Y
_ u s 3
« SO my H 25 o d KQS—d
mEZS p
completing our proof. [ ]

Lemma 26. Let G := {j/N :j€{0,...,N — 1}d} be the N-uniform grid of [0,1]%. Then,

for any m € Z% , we have

Nd 3 erilema) — N[k = m (mod N)).

zeG
Here, we say k = m(mod N) if 3¢ € Z¢ such that k = N¢ + m.

Proof. We first prove it for d = 1. For this case, we need to show that
1 = )4
NZ ™% = 1[k = m(mod N)].

First, consider the case where k = 7N + m for some 7 € Z. Then, e2mitk=m) g — 2mitj — |

by Euler’s identity. Thus, the overall sum must be 1. Next, assume that k& Z m (mod N).
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Then, the geometric series formula implies that

N—

)4 1
2ri(k—m)xy —
Z V=

=0.

1— 27r1(k: m)j
1-—

— 27r1(k m)%
Here, the final equality holds because 27 {*=™)i = 1 by Euler’s identity, whereas 27 ik=m% £
1 for every j € {0,1 ..., N — 1}. This completes our proof for the case d = 1.

Next, to prove it for general d, we write the sum as d-fold summation

1 N-1 N-1 i ) ia

Nd Z 6271'1 (k—mz) _ 7 627r1 (k1—m1) 5 N '627r1(k:d—md)ﬁ
zeG j1:0 ]d:O

N—

Z 627r i(k:t—mt)jﬁt )
jt=0

—_
—_

Using the result of d = 1 case for each term in the product, we have

Nd S emitmma — T 1k, = my (mod N)] = L[k = m (mod N)).

zeG t=1

Lemma 27. Let u € H*(T% R) such that |jull,,. < B and vV := {u(z) : © € G} be its

values on the uniform grid G. Then, for all |m|s < N, we have

[DFT(uN)(=m) = (pomw) | < | D (poienim )]
LezZ\{0}
Proof. Recall that
—271'1mx
DFT(u™)(—m) Nd > ).

zeG

Pick some M > N and write

u(@)= Y (p_pu) i 4 (x) — > (o) e2mith)

kezd kezd

<M <M
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We can then write

DFT(u™)(—m)

= L O, U 627ri<k,$> 4+ | w(z) — O, U 627Ti<k,17> e—27ri<m,z>
Nd

zeG keZ%M keZ‘éM
_ Z <§0 X U> 1 Z 627ri<k—m,;t>
= ke ~i
kezd |, N z€G

1 Ti(k,x —2mi(m,x
o 2 | ul@) = D0 (g T | e mEmine)

d
zeG keng

1 i(k,z —2mi(m,x
= > (p-pu) IL[kEm(modN)]—l—mz u(x) — 3 (p_p,u) 2k | gmamitm),

d d
keZl ), zeG kezZd

where the final equality follows from Lemma 26 as |m|, < N. Note that we can swap sums
over G and Z% in the first term because the sums converge absolutely when s > d/2 (see

Lemma 25). Thus, we obtain
| DFT(u™)(=m) = {p-m,u) |

<| Y (pwu) Lk = m(mod N)] — (p_p,u)

d
Kezd

1 Ti(k,x —2mi(m,x
DI KICI R DR CRN R i

d
zeG kEZSM

Using the uniform bound over x € G for the second term and the following identity for the

first term

> {p-mu) Uk =m(mod N)] — (p-m,u) = >, (p-pu) L[k =m(mod N)],
keZl keZd ) \{m}
we obtain

[ DFT(u™)(=m) = (¢, u) |

< > {p—ku) 1k =m(mod N)]| +sup |u(z) — > (o u) 2milk,)

€G
kezd \ \{m} v keZl ),

Recall that we have (i) | (¢p_,u) 2" %™ | < B and Y ez 2 ik,z)

< oo for

(o_r,u) e
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s > d/2 using Lemma 25. The Weierstrass M-test implies that the second term converges

to 0 uniformly over x € T¢ as M — oco. Thus, we obtain

Z (p_k,u) 1k = m(mod N)| —— Z (p_k,u) 1[k = m(mod N)]

€z \{m} Mmoo e\ my}

= 3 {p—nemyu),

tezd\ {0}

which completes our proof.

Lemma 28. For any s € N such that s > d/2, we have

>

kezd\ {0}

23d2

’kl?s —

Proof. Recall that [{m € Z% : |m| = j}| = 2(2j+1)¢". This is because one of the entry of

m has to be £ and other d — 1 entries could be anything in {—j...,—1,0,1,...,5}. Thus,

1 > 2(2j + 1)t d—1 1 d—1 2-3%'x? 2 gd—2

Z ’€|28§Z ;23 <23 Z2d+1— -3 22— 6 =73
tezi\{o} "loo Jj=1 Jj= 1)

The third inequality uses 2s —d < 1 as s > d/2 and s € N. [ |

[ |

E.4 Proof of Upper Bound (Theorem 25)

Before we prove Theorem 25, we need some notation. For any T € T such that T =

Y mezd Am ©m @ ©_pm, we define

rT):= E [||Tu—w||i2}:

(vw)~p w)p

Z | A {9 —m, V) — (P—m, w>|2]

meZd

1 n
= ﬁz HTU’ o wi”ig - Z Z ’)‘ 90 myvi> - <(10*mawi>’2
=1

=1 mezd

where {(v;,w;)}, is the sample accessible to the learner on a uniform grid of [0, 1]¢. Then,

using these definitions, we can write

ETNTow) =B [r(T) = jut o(1)| = E|r(T) = inf v(T)| + inf (T) = fut +(T)
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where T is the truncated class defined as

TK = Z )‘m Pm X P—m sup |)\m| S C

d meZ4
mEZSK <K

Furthermore, defining

Ty € argmin 7(T),
TeETK

we can decompose

ETY. T, ) = E[r(TY) - r(Ti)| + E [r(fK) — inf #(T)| + inf #(T) - inf ~(T).

TeTk TeTk TeT

@ (1D (111)

First, it is easy to see that

(III) < sup _inf |r(T) —r(Tk)|.

reT Tr€Tk

To upper bound (II), let T} € Tk such that r(T%) = infrer, (7). Formally, for every
e > 0, we may only be guaranteed the existence of T% such that r(7%) < infrer, r(T) + €.
However, as € can be made arbitrarily small, we can just choose it to be smaller than any
error bound we obtain at the end. So, the arguments below are rigorously justified.

Given such T}, we can write
(I1) = E[r(Tx) — r(T})) = E[r(Tk) — 7(Tx)] + E[F(Tk) — 7(T)] + E[F(T;) = r(Ti)].

The last term of the sum vanishes because E[F(T)] = r(T}). As for the second term, Tk
minimizes empirical loss over the samples, implying 7(Tx) < 7#(T%). For the first term, we

use the trivial bound r(Txk) — 7(Tk) < supper, [7(T) — 7(T')]. Overall, we obtain

10 < | sup [+(7) ~ 77

TeETK
Finally, we upper bound the term (I). Given K and N, for any 7" € T such that
T = ZmeréK Am Pm @ ©_m, define

()= T3 Y M DT (m) — DT ) + -3 S o)

1= d = d
=lmezd =lmezd
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Technically, the term 7y (T") also depends on K, but we drop K to avoid cluttered notation.
Here, the first term above is the empirical DFT-based least squares loss of T define in 6.4.2.
The second term is introduced purely for technical reasons to make our calculations work
(see Section E.4.2). Since the second term does not depend on 7', our estimator T N is still

the operator obtained by minimizing 7. Then, note that
(1) = E[r(TY) — in(TH)] + EFn(TR) — in(Tk)] +Efin(Tx) — 7(Tx)]

Note that the second term above satisfies ?N(f}}f ) — ?N(f k) < 0 almost surely because T N

minimizes 7 (7") over all T € Tg. For the first and the third term, we use the bound

E[r(TY) — Pn(TH)] < E[sup |r(T) — 7x(T)]]

TeTK

and

E[fn(Tk) —r(Tx)] < E[sup [r(T) — Fn(T)]].

TeTk

Thus, we have

(1) < 2B | sup [1(T) = 7n(T)]| < 2E | sup [r(T) = 7(T)|| +2E | sup [7(T) — 7n(T)]]

TeTK TeTx TeTx

where the final step uses the triangle inequality. Combining everything, we have established
that

ETR. T 1)
<3E | sup |r(T) — ?(T)@ +2E [ sup [F(T) —7n(T)|| + sup _inf |r(T) —r(Tk)|
TeTk TeTk TeT Tk€ETK

The first term is the statistical error, the second is the discretization error, and the final

is the truncation error. Next, we bound each of these terms individually.

E.4.1 Upper bound on the truncation error supy.s infr e [7(T) —
r(Tx )|

Pick any T' € T. Then, there exists a sequence { A, },,ez¢ such that T'= 3, c7a Ay ©m @@ -
Define

Ty = Z Am Pm @ P

d
mEZSK
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Clearly, T € Tx. Then, we have

r(T) —r(Tk) = (17w = wl72 = I Twv — wl72]

vaw)op

= (ITulz2 = I Twvlz2 +2 (Tk — T)v, w)]

(Urw)NN’
= ( I%N Z ’)\m‘2| <90*m7 |2 +2 Z 30 m, U > <90m7w>
vw~H meZiK mEZd

The final equality uses the following facts. First, we have

2

= X Pall{e-mv) "

L2 meZ4

’TU“H =

D A (- V) Om

meZ4

Analogously,
ITwvlzz = D2 (Al (0-mi0) [*

d
mEZSK

As for the second term, we use

(T — T)o, <Z A AP —ms V) Py w > Yo A (P 0) (Pmy w0) -

mEZd mEZd

Next, using the fact that |A\,,| < C followed by Lemma 24, the first term is

B*C?
D

d
meLS

As for the second term, using |A,,,| < C' followed by Cauchy-Schwarz implies

d d d
mEZ mEZ>K mEZ>K

2 Y P {oom, ><wm,w>|sch > |<so_m,v>|2J > o) < 20

where the final inequality holds because of Lemma 24. Since T' € T is arbitrary, we have

shown that
B*C(C +2) - B*(C +1)?

f T)—r(Tk)| <
sup uf, (7) = (Tl < == < =
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E.4.2 Upper bound on the discretization error

Fix T € Tx. Then, there exists {/\m}mez‘ix with |A,| < C such that T = Y A P QP .-
Then, recall that B B

iy v A DET (v )(—m) — DET (w})(=m)[ + nzn: Z; {Dms wi) |*.

1= d
¢ 1mEZ§K

Moreover, we also have

N 1 & 1
T<T) - EZ Z |>\m <90—m7vz> <¢—m7wz | + — n Z Z SO mawz 27
i=1 mezd i=1 ez,
which yields
rn(T) = 7(T)
1 & 2
=2 5 (A DET@Y)m) —~ DET()m)f* = D o) = oo ) ).
= mEZSK

Next, we define

iy, = DFT(U;N)(—m) —{p_m,v;) and By, = DFT(wlN)(—m) —(Q_m, w;) .
We can then write

A DET(0) (=m) — DET(w))(=m)|
= ’)\m <807m7 Ui> - <S07m7 wz> + /\m Qym — Bzm|2
< |)‘m <90—mvvi> - <<p—m7wi> |2

+ 2|)\m <Q0—m7 Ui> - <Q0—m7 wz> | |>\maim - /Bzm| + |/\mazm - Bzm|2

Thus, we obtain

1 n
<. z; (21Am {@ms i) = (s wi) | Amim — Bimm| + | Amtim — Bim?)
=1 me S

Next, using Cauchy-Schwarz inequality, the first term of the summand can be bounded
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as

Z |)\m <90—m7 Ui) | ’)\mo%m - /82m|

d
mEZSK

1 m 2s
mGZ%K mGZ‘éK + | |oo

|>\maim - 5im|2
SJ S P21 ) [ ) 2| S

|)‘m05im - 61m|2

L+ [m|%

<BC | >

d
mGZSK

)

where the final inequality uses Lemma 24 and the fact that |\,,| < C. Similar arguments
show that

|>\maz’m - Bzm|2

L4 [m[%

Y Hpemwi) | [(An@im — Bim)| < B | Y

d d
mezL MELL

Overall, we have shown that

~ ~ |)\mazm - ﬁzm|2 2
T) - #(T)| < 2B(C+1) | Y AmCtim — Bim
[P (1) = 7(T)] < max [ 2B(C + 1) Tt 2 Pnain — Bl

d d
mGZSK mEZSK

Now, recall that Lemma 27 implies

max{|iml, | Bim|} <

> <90—(2N+m)> U>

tez4\{0}

Y

which subsequently yields

2
|/\maim - Blm|2 S (C + 1)2

Z <90—(4N+m)a U>

tez4\{0}
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Thus, we have

Z |)‘mazm - 61m|2
mGZ%K
2

<(C+1)? >

d
mEZSK

1
oo B (2 o) I, 00 ) o)

meZ‘éK €79\ {0} ez4\{0}

Z <80—(12N+m)a U>

tez4\{0}

where the final step follows from Cauchy-Schwarz inequality.
To upper bound the first sum within inner parenthesis, note that |m + ¢N| > [{N|w —
|M|so > N|l|oo — N/2 > N/2|l|«. Here, we use the fact that |m|,, < K < N/2. So, we have

1 9 2s 1 22577'2 3d 2
2 T+ [m 1 N2 = (N) 2 s Ne
¢ez4\ {0} m % teza\foy 1¥10

where the final inequality uses Lemma 28. Next, note that

mEZ%K LezZ9\{0} keZd

where the second inequality follows from Lemma 24. The first inequality holds because for
cach k € Z%, we have [{(m,0) : m + (N =k, m € Z%; and ¢ € Z\{0}}| < 1. That is,
for each k € Z?, there is only one possible pair (m, £) such that k = m + ¢N. Suppose, for
the sake of contradiction, there exists k € Z? such that two distinct pairs exist in the set,
namely (mq,¢;) and (mg, ls). Note that my + €1 N — (mg + (o N) = k — k = 0, which implies
(my —msg) = (fa — £1)N. Clearly, we cannot have ¢ = {1, otherwise, we will have ms = my,
contradicting the fact that there are two distinct pairs. So, we must have ¢y # ¢;. That is,
|lo — l1]0o > 1, and thus |my — ma|s > N. Moreover, |m; — ma|o < [M1|oo + [Maloo < 2K,
which implies that 2K > N. This contradicts the fact that K < N/2. Therefore, overall,

we have shown that

22s,n.2 3d72 BQ(C + 1)2

Z |)\mazm - Bzm‘Q S N28

d
mEZSK
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Next, we have

2:m\/372 B(C + 1)
N '

L+ |m|%

d d
mELL g mELL i

B2

Therefore, by combining everything, we have shown that

s+1 P2 2 2 248 s+1 P2 2
n(T)—7(T)| < 2TBC+]) wwuw#gd* <2 2TB(C+]) V32,
| ( Ns N2s Ns

The final inequality holds when N*® > 2571 71/34-2 which is satisfied as long as N > 6. As

T € Tk is arbitrary, we have shown that the discretization error

2543 342B2(C + 1)? 2513/ md B2(C 4 1)?
2E [ sup [7(T) — ry(1)|] < 2 VAT BCHT 2TV O L)
TeTk Ns Ns

E.4.3 Upper Bound on the Statistical Error

In fact, we will bound E [supgpcs |r(T) — 7(T)|]. This can be viewed as the limit of the
statistical error as K — oo. To that end, let oq,..., 0, denote iid random variables such

that o; ~ Uniform({—1,1}). Standard symmetrization arguments show that

1 & 9
E [sup |r(T) —7(T)|| <2E (sup|— ) o;||Tv; —w;
sup (1) = AT < 28 s 307 = s |
1 n
=2E | sup *Zai Z [ A (0= Vi) _<90—m,wi>|2
AMee<C |T 2 ez
Note that

| A {p—m, Vi) — <‘P—m7wi>|2
= (A {@—m, Vi) — (L —m> Wi)) (A {P—m, Vi) — {P—m, wi))
= Pl H{pmms vi) 2 = (An (@ms 03) (@mms 03} + A (9 i) (0ms 03)) + | {pms wi) [

The first and the last term above are real numbers, so the term in the parenthesis must

also be a real number. Using triangle inequality, the term Rademacher sum above can be
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upper-bounded as

E| sup ZUZ ST i APy 1) = (P wi)|?
[Agoe <C nz 1 meza
<E| sup ZU% Z IAn? | (o, vi) |2
[Algoe <C nz 1 meZad

(i)

+E| sup —ZUZ Z Am A@—m; Vi) (P—m, W)

_WZ‘X’SC mezZd ]
(ii)
1 - -
+E| sup |[=Y_0i > A (@ wi) (0o, s) Zoz > {mwi) [P]] -
| Meo<C |Vt ez | mezd

(iii) (iv)

Let us start with the term (iv) first. Swapping the sum over m and ¢ and using triangle

|

inequality yields

n

Zaz > (oo wy) |2 > oi | (oo, wi) [°

meZd

Jextefs

mGZd

n 1/2
<X L (Tlemmlt)
mezd "V \i=1

where the final step follows from Khintchine’s inequality. Note that swapping the sums is

justified because both sums converge absolutely.

For the term (iii), swapping the sum over m and 7 and using the fact that |\,,| < C yields

(iii) =E | sup Zal Z (P—my W;) (O, V)
Aeo<C |y hezd

1 < -

=K sSup - Z )\m Z 0 <807m7 wl> <(107m7 U’i>
Aeo<C |1 7d i—1

1 [

S CE Z *Zgi <907m7wi> <90*mavi>
mezd | T i=1
1/ 1/2
<oy ! (Z om0 o) |2) ,
mezd Tt \i=1

where the final step uses Khintchine’s inequality. Since |\,,| < C, we can use the same
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arguments to show that

(i) <C Y 1

meZd n

and
1 /o 1/2
@< L (Slemult)
mezd ¥ \i=1
Next, note that we can bound | (pg,u) | < B for all ||ul
implies that | (p_m,u) | < W for all m # 0. Thus, we obtain the bound

s < B. Moreover, Lemma 22

B2C? 1/ B 1 \Y?
(i) < +C? — ( >
v T 2\ i
1 B2 1 1
<B¥(C?— 4 ——

7t G v 2w, T
L_'_B2027T23d_2i
vn (2m)2s  \/n’

where the final inequality uses Lemma 28. Similar calculations can be done to show that

< B%*C?

1 B*r?34-% 1

1 B*Cr? 342
SN () < B2~ 4 2 9 -, Z2nre 2
(i), (iii) < B*C— + NG + RN

vn (2m)2

Thus, we have overall shown that

and (iv) < B?

Si-

E {sup |r(T) = 7(T)]

< 2((i) + (ii) + (i) + (iv))
TeT

29d—2
2(B*C? + 2B2C + B?) <1+7T k ) !

(2m)2 ) V/n
_ 2B*(C+1)? 723072
BT (1 ! <2w>2s>
B*(C +1)?

\/_

IN

S B+ 1)
2

where we use the fact that




as 2s > d and s > 1. Therefore, the overall statistical error is

3E [sup |r(T) — 7(T)|

TeT

NG

1 < 8B%(C + 1)2'

E.5 Proof of Lower Bound (Theorem 26)

Proof. To define a difficult distribution for the learner, we need some notations. Let

Yo =0 and P, = \}5 (0-m + om) form € Z4\{0}.

Note that t,, : T — R is a real-valued function such that |||, = 1. We work with
Um's to ensure that the distribution is only supported over real-valued functions. For any
{ Ak }reza such that A\, = A_y € R, the operator T'= 3", ,cza Ao & p_p, satisfies

m

1
Thm = 5 Amem + Ampom) = Z5 (P-m+ Pm) = Anthm - Vm € z"\{0}.

Clearly, Ty = Agtby. Next, let us define a sequence {7, }meze such that

B d B
g an m = S ——
o Vs+1 i Vs + 1|mls,

Finally, define a set

¥m € Z2\{0}.

J={meZ": m eNandm; =0 Vj#1}.

For any M, N € N, define Jif = {m € J : m; £ 0 (mod N) and m; < M}. Let r € Z4
such that r € J and r; = 1. That is, r = (1,0,0,...,0). For any ¢ € Z, we write
qr = (q,0,0,...,0).

We now describe a difficult distribution for the learner. To that end, first draw a £ :=
{&m}meza such that &, = £_,, is drawn from Uniform({—1,1}). Then, given such &, let p
be any joint distribution on ¥V x W such that its marginal on V assigns 1/3 mass uniformly
on {Vmwm tm € .7]{}7}, 1/3 mass on 7o)y, and the remaining 1/3 mass on VK+5)r V(K +j)r
for either j = 1 or 7 = 2 ensuring that K + j Z 0 (mod N). Moreover, given a v = Y,y
drawn from the marginal of i, assign w | v to be &y, if k # 0. On the other hand, if
k =0, then w | v is {ny Ve YN
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This is a valid distribution as

2
ol = S [0 .= X (mbyn)PLik =0 forall j£1]
kENE : |k|oo<s kENE : |k|oo<s
=0 > Imf2
k1=0
< (s+ 1)v2 ml
< B’

Similar arguments show that [|w|?,, < B2.
Next, we establish that

B[e (T T 2~ (L 2y ]
; n\Lrs/ le)| = 3(5 + 1) 8n (K + 2)25 N2s |-
Since the lower bound above holds in expectation, we can use the probabilistic method to
argue that there must exist a sequence £* such that
BQ

. 1 2 1
gnTN7 ) 1VE* > — | .
(T, Tober) 2 5077 <8n+(K+2)25+N25>

We now proceed with the proof of the claimed lowerbound. Let IA}J(V denote the estimator

produced by the algorithm. Then, there exists {/A\m}mezg . such that

f}}’ = Z Xm ©m @ Y_m.

d
mEZSK

For convenience, we will extend the sum to the entire Z?¢ and write f}(\’ = > mezd A Om &
©_m, where \,, = 0 for all m € Z .

Given a &, we now lowerbound the expected loss of YA}]{V on jte. Using the definition of the
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distribution ¢, we have

E (IT8v - w3

(v7w)~;u§
1 1 ~ 2 1~ 2 1 2
=5 )\m_m 2+*)\ - r r r + - |0 — j)r i)r
3 ‘j]\]/\[]|m§zv ( § ) Tm 3 H 0Y0%0 — ENr YNr YN 23 H V(K+5)r V(K +j) 12
A R W
> gy O T LA < 0 4 PR 4 B
wyu@%

N 2
> 3|7731\]4V| ]l[j\ & < 0]+ )‘373;712\77« I 7(K3+2)r.
Here, the first inequality use the fact that (Xm —&n)? > 1 whenever mem < 0 and
(eo,enr)2 = 0. The second inequality uses the fact that r € JjJ as long as M, N > 1
and that Y, 5y, > Virpa), for j € {1,2}.
Next, we establish the upper bound on the loss of the best-fixed operator. Given &, define

an operator

> & om Q@ p_m.

mEZ‘iO
Clearly,
%gfﬂwug (| 7w = wii?]

< E, (T = wi]

=E [HTﬁv —wl|72 ‘U = 701/10} Plv = yotho] + E [HTEU — w72 ‘v # %%} Plv # yotbo)
<110 = &Enr e riHiQ Zl))

< M

<5

where we use the fact that T:v = 0 whenever v = yyeg and T¢v = w otherwise. Overall, we

have shown that

TN o 2 o o
o TRy = wlia] = jnf B 70— w2 ]
i o5 e R A
> )‘7’7"<0 - 5 -
= 3| TN LA < 0 + 3 T3 3
1 1NE <0 < B?
N ],
—3<s+1>< | T3 | P(K+2)%
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where the final inequality holds becausg Yo = Vr = \/% and y(g42)r = m.
Next, we establish lowerbound of A3. To that end, let S, = {(v;,w;)}"; denote the
n samples accessible to the learner over the uniform grid of size N. Recall our notation
No=A{vi(z) : x € G} and w) = {w;(z) : © € G} for discretized samples. Take a sample
(vi, w;) ~ pe. Then, we must have v; = vy, for some k € Z¢. Consider the case that k # 0.
Then, by definition of the distribution ., it must be the case that k& # 0 (mod ) N. Then,

Lemma 26 implies that

DFT(v)(—0 Nd Z e o—2mif@,0) _ \/%l;w (Z e 2milha) | Z e27ri<k,:v)> —0.

zeG zeG zeG

On the other hand, if v; = vy, then we have

DFT(v;)(=0) = 5 Z Yotz Z 1=1.

zeG ccGG

Additionally, when v; = vy, we have w; = Yy, ¥n,. In this case, Lemma 26 implies that

F}/NT YN —2mi(Nr,z 2w i(Nr,x _ INr

Using these facts, we can write the empirical least-square loss as
N 2
*Z >° [An DET(@N)(=m) = DET(w})(=m)|

i=1 mEZd

_ |>\0 \/_/VNT

Z 1{v; = Yotbo] + iiﬂ[vi # Yotbo) ‘DFT(wfV)(—m)‘Q
+— Z > P DFT(N)(=m) — DET(w)(—m)|

=1 mezd  \{0}

Thus, the least squares estimator for \y must be Xo = v/29n,. That is,

g2 __ 2B2 2B
0T N T TN, T (st DN
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Note that this choice of XO is valid as 3\0 < 1. Thus, so far, we have shown that

}

E TRy —wli] - E [T - wli:

(0,0)~ g
B2 [1[\& <0 2 1
- N + 2 + 2
3(s+1) | T | Nz (K +2)%

Our proof will be complete upon establishing that

1

1 B s, [ <o)

1
>7
8n

for an appropriate choice of M. To that end, let ,ug be the marginal of y¢ on V and SY € V"
denote the restriction of samples S,, € (V x W)™ to its first arguments. Then, we can change

the order of expectations to write

Ply,br ¢ SY]

N —

NEr < = NEr < >
£|,E, (e <ol - & [elstie <o]]
To understand why the final inequality holds, observe that when the event 4, ¢ SY occurs,
the learner has no information about &.. This implies that &. and )\, are independent.
Consequently, given that 1, ¢ SY, the event 5\,@ < 0 has a probability of at least 1/2
since &, is sampled uniformly from {—1,+1}.

Next, it remains to pick M such that

To get this, we choose M = 2n. It is easy to verify that |7JJ| > n whenever N > 1. This

is true because no more than half of integers in {1,2,...,2n} are divisible by N. Thus, we
have .
1 1\ _ 1
Pyt & SV = (1 - ><1_> >
et 82= (1- 5w ) 2 (1-50) 2 ;
for any n > 1. Noting that ]Jﬁ| < 2n completes our proof. [ |

E.6 Additional Experiments

In this section, we present additional experiments with y-axis on log scale to illustrate the
decay rate. Each plot includes the fitted slope s and the corresponding smoothness parameter

~v. The data generation, training, and evaluation setup follow Section 6.5. For each input
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function v sampled at smoothness v, the noise term ¢ is sampled at smoothness 1.5-7. Figures
E.1, E.2, and E.3 plot the statistical, truncation, and discretization errors, respectively. In
each panel the reported value m is the slope of a line fitted to log(error) versus logn, log K,
or log N, as appropriate.

The statistical error decays faster than our predicted 1/4/n rate, with slopes close to or
better than —1.0, even better than our lower bound. This may be due to the Gaussian dis-
tribution used in experiments, rather than worst-case inputs. Additionally, the error appears
to vary slightly with ~, suggesting that smoother inputs might allow sharper statistical rates,
at least for well-behaved distributions.

For truncation error, the observed rates are generally faster than predicted for v = 1.5, 2,
and slightly slower (but close) for v = 3. Recall that our theory predicts m to be 2+.

Interestingly, the discretization error remains nearly constant with a slope around —1.1
across all values of v, whereas the theory predicts the estimated slope to be . This dis-
crepancy may stem from the experimental setup: our theory considers the test resolution
N5 — oo, while the experiments fix a finite Ny = 512. A more detailed analysis under finite

training and testing resolution could help clarify this behavior.

o
10 —— y=15m=-157
¥y=2,m=-165
—8— y=25m=-164

—— y=3,m=-179

10-1 4

102 4

Testing Error

103 4

1074

T T T T T T
0 200 400 600 800 1000
Training Sample Size (n)

Figure E.1: Statistical error decay across sample sizes for different smoothness values 7.
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10-1 4

1072 4

Testing Error

1077 4

T T T
10 20 30 40 50 60
Truncation Mode (K)

Figure E.2: Truncation error plotted against truncation mode for various values of ~.

100

10-1 4

Testing Error

102

T T T T
0 50 100 150 200 250
Grid Size (N)

Figure E.3: Discretization error as a function of grid resolution for various smoothness levels
7.
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APPENDIX F

On the Benefits of Active Data Collection in Operator
Learning

F.1 Proof of Theorem 27

F.1.1 Specifying Data Collection Strategy and The Estimator

We first specify the estimator that achieves the claimed guarantee in Theorem 27. Let
{\j, 0132, be the sequence of eigenpairs of K defined by solving the Feldholm integral

equation
| K@) ei@) dvia) = Neily). pre .

Given the Oracle call budget of n, the input functions that the learner selects are

©1, P2, - -, Pn as source terms. For each i € [n], the learner makes an oracle call and obtain
w; = O(py).
Consider the estimation rule

n
argmin » || Ly; — wil|3s -

L is linear ;—1

Solving this optimization problem boils down to solving the linear equation

Zwi@)@i:LO(ZS@i@@i)-

i=1 i=1

It is clear that this system is ill-posed and has infinitely many solutions. The family of

solutions can be written as

n n T
L= (Zwi ®<pz~) (Z%@%) :
=1 =1
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where T indicates the pseudoinverse. Each particular choice of pseudoinverse yields a distinct

solution. Since ;’s are orthonormal, a natural one is
n T n
<Z%~ ®%> =) ¢i®yi
i=1 i=1

This choice of pseudoinverse yields the estimator
- n
Fn = Z w; ® Pi,
i=1
which will be our estimator interest.

F.1.2 Rewriting Risk using Karhunen—Loéeve Theorem

Next, we bound the risk of this estimator. Pick any v ~ p. Since v is defined using a
centered and squared-integrable stochastic process with continuous covariance kernel K, the
celebrated Karhunen—Loéve Theorem [Hsing and Eubank, 2015, Theorem 7.3.5] states that

o() :i INE )

where §;’s are random variables defined as

1
vy ], vaw) 5@ ().

Here, v, (w) is simply just v(z), but we write the dependence on w explicitly to highlight the
fact that v is generated by stochastic process on the probability space (€2, %, P).
It turns out that §;’s are uncorrelated random variables with mean 0 and variance 1. In
particular, we have
Elg]=0 and E[§§] =1[i =j].

The precise convergence statement is
2

lim supE ||v(x) — i \/)Tjﬁjgoj(x) = 0. (F.1)

m—00 reEX

We refer the reader to standard texts [Hsing and Eubank, 2015, Theorem 7.3.5] or [Lord
et al., 2014, Theorem 7.52| for the full proof of Karhunen-Loéve Theorem.

Fix m € N such that m > n and define II,, to be a projection operator onto the first
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m eigenfunctions of K. That is, for each v with Karhunen—Loéve decomposition v(-) =

Y52 A & (), we define
M (v) = >N &),
=1

Since both F,, and F are linear operators, we can write

= E |[Fa(11(0) = F (1)) + (B2 = F) (0 = (@)
< E |[Fa(.(0) = F (@),
+2E|| 2

2
L2

The inequality follows upon using triangle inequality and expanding the square. For the

cross term, Cauchy—Schwarz inequality yields
(F = F) (v - )] ]
Ll E - F) - m0)

& [ (16) - F (1.0,
< \/IE B (@) = F (1a(0)

2
L2’

Thus, we can write

VL

where we define

0= B, [[Fa (11 0)) = F (1),
(I) ;= E [H (Fo—F) (v —u(v)) ;} .

Next, we will bound (I) and (II) separately.
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F.1.3 Bounding (I).

Pick any v ~ p. Then, we know that there exists {€;};en such that v = >72, \/ijj@j. So,
I, (v) = 30, \/E &;;, which subsequently implies that

13n@m(”)) = F, (i \/Tjgj %‘) = i \/yjéj Fulip;) = i \/;jfj wj,

where the final equality uses the fact that n < m and F,(¢;) = 0 for all j > n. Defining
0 = O(pi) — F(¢;), we obtain w; = F(¢;) 4+ 6;. This allows us to write

F, (Hm(v)) = i:l\/x& (F (i) + 6:)
=F (i \/)Ti@%) + Zi: \/)\7@&51‘
= F (11, F(Z \féjsoj)JrZ\féu

j=n+1

So, we can rewrite (I) as

B, LB (1) = F (10

@Z\KMF(X;\fﬁsO) }

:Ig:fj\/;i&@? -2 <Z\r&5“F(]%l\F§]%)>]
(S50}
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The cross-term vanishes upon swapping sum and integral as &;’s are zero mean and uncor-
related. For the first term, note that

“B[(Z e Shes) |

MNEGT 02 +2 0 >0 AN EIGE] (0 65)

1<i<j<n

% '&

Il
.M:

@
I
—

Il
M:

Ail16:]172 + 0

.
Il

The final inequality uses the fact that O is e-approximate for F. For the third term, similar

!

arguments show that

< |IFll;, E

\f& ©;

L2 Jj= ”+1

tlr(£meo)

2 2
= [IFllgp Z A llpsllz

Jj=n+1

::HFWEp 2: AT

j=n+1

Thus, we have established that

<522>\ +||F|]Op Z A

Jj=n+1

F.1.4 Bounding (II)

For any v ~ pu, we have

EE-F) (- )],

| < | =F E [l - D))
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Let v = 351 /A; & Then,

E [[[v — T (o)) =E | o - i N ]

fo (100~ £ R oto) )
=/, (“@ - fﬁ VA mx)) ] v (z)

<v(X)-sup E

reX

Il
=

(v(w) - f: INE soj(l’)) ] |

The third equality uses joint measurability, finiteness of v, and Tonelli’s theorem to exchange

the order or integration. Therefore, we have established that

(v(az) -3 mx)) } .

(1) < |[Fn — F

2
- v(X)-sup E
©op zeX

F.1.5 Combining (I) and (II)

For each m > n, we have established

E [Hﬁn(v) _F(v)

VAL

’ ] < (1) + 2,/(1) (ID) + (ID),

LQ

where

(D) < 52;>\i Il > A

j=n-+1

() < |[Fn - F

2
o

P

-v(X) - sup E
reX

(v<x> -3 mx)) } .

It now remains to choose m such that the upperbound is minimized. To that end, we will

take m — oo. Since wy, ..., w, € L*(X), we must have H?”

linear operator, for any n € N, we must have

~

el

op

< Q.
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Importantly, the norm of F,—F may grow with n, but is independent of m and does not
grow as m — oo. Moreover, as v is a finite measure, we must have v(X) < oo. Therefore,
Karhunen-Loeéve Theorem [Hsing and Eubank, 2015, Theorem 7.3.5] (also see Equation
(F.1)) implies that

) < ||F, - F

() sup B (v(z) -y g w(w)) moce, g

o
p =

On the other hand,
i=1

j=n+1

Overall, we have shown that

2 n 9 (o]
LQ}gaQZAﬁHFHW AL
=1

j=n+1

E o - 7o)
This completes our proof of Theorem 27.

F.2 Examples of Covariance Kernels

In this section, we build upon and present a more rigorous analysis of the material discussed

in Section 7.3.3 of the main text.

F.2.1 Fractional Inverse of Shifted Laplacian

Li et al. [2021] and Kovachki et al. [2023] generated input functions from GP(0, a(—V? +

BI)~7) for some constants «, 3,y > 0. Here, V2 is the Laplacian operator defined as

In this section, we will consider X to be a d-dimensional periodic torus T and the base
measure v is Lebesgue. We identify T? by [0, 1] with periodic boundary conditions.
Let us define a function ¢,, : T¢ — C as ¢,,(z) = 2™ for every m € Z%. Recall that
©m is the eigenfunction of V? with eigenvalue —47?|m|3. In particular,
d 82 d

V2627rim-z — Z @ eQﬂ'im-x — Z(Qﬂimj)2€27rim-x — —471'2‘771’3 e27rim-:p'
j=1%"j J=1
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Since {¢,, : m € Z%} forms a complete orthonormal system in L?(T¢), there are no other
eigenfunctions of V2. A simple algebra shows that ¢,,’s are also he eigenfunctions of shifted
Laplacian —V? + I with eigenvalues being (8 + 472|m|3). Finally, the spectral mapping
theorem implies that {(A,, ) : m € Z%} is the sequence of eigenpairs of a(—V? + 1),
where the eigenvalues are

Am = @ (ﬁ + 47?2]m\§)77 .

Next, we need to show that these eigenvalues are summable to use Theorem 27. Note that

S A=Y a(Brdrtimpd) T <ap+ S0 Y |l

meZad meZd (271')2 meZai\{0}

It is easy to see that

SooomlZ < i 2+ 1)1 <3y M <00
meZ4\{0} j=1 j=1

as long as 2y > d. The first inequality holds because |{m € ZN\{0} : |m| = j}| <
2(2j + 1)?"1. This is true because at least one of the entries has to be &5 and other d — 1
entries could be anything in {0,%1,...,£5}. So we have Y, cza | A\m| < 00, implying that
the operator a(—V? + BI)™7 is in trace class as long as 2y > d.

Finally, it is easy to see that the operator a(—V? + BI)77 is integral operator associated
with the kernel

K(y,z) = Z Am Om(Y) ©m(T).
meZzd
Upon writing the Fourier series of v € L*(T), it is obvious that (a(—V2 + BI)_VU) (y) =
Jx K(y,x)v(x)dr forally € X. As >, cz | Am| < 00, the convergence is absolute and uniform.
Since K is a uniform limit of the sum of continuous functions, K must also be continuous.

Moreover, as A,,, = A_,,, the kernel K must be real-valued. In particular, we have

K(y,z) = > A om(y) om(2)

_ mgd A2’" (om (@) om(@) + 0-m(y) P-m(@))
= Y Ancos (27Tm (y — $))

meZa

=Y )\m(cos(27rm -y) cos(2mm - x) + sin(27wm - y) sin(2wm - x))

meZd

This is a generalization of the cosine covariance kernel often considered in computational
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PDE literature (see [Lord et al., 2014, Example 5.20]). Since cos(f) = cos(—#), it is obvious
that K is symmetric. As K is a continuous and real-valued covariance kernel defined on
a bounded domain T¢, we can use Theorem 27 for such K. In principle, we could use
the Fourier modes ¢,,’s as source terms to define the estimator discussed in Section 7.3.1.
However, the proof of Theorem 27 assumes that the eigenfunctions of the kernel are real-
valued. So, we will first show that we can write the eigenfunctions of K solely using sine and
cosine functions without having to use complex exponentials. This allows us to use these sine
and cosine functions to define the estimator discussed in Section 7.3.1, and invoke results of
Theorem 27.

F.2.1.1 Cased=1

When d = 1, it is easy to see that {1} U {v/2cos(27jz),v/2sin(2mjz) : j € N} are the
eigenfunctions of K. Writing the expansion of K and using Fubini’s to switch the sum and

the integral, we get
1 1
/ K (y,2)V2cos(2mjz) dx = \jv/2 COS(Q?ij)§ + A V2 COS(—Qﬂ'jy)§ = \;V2 cos(2mjy).
T

Note that the first equality holds because cos(27jz) is orthogonal to all other cosine and sine
functions except for cos(2mjz) and cos(—2mjz). The final equality holds because A\; = A_;

and cos(f) = cos(—#). A similar calculation shows that
1 -1
/ K(y, x)V2sin(2mjx) de = \jV/2 sin(277jy)§ A V2 sin(—27rjy)7 = \;V/2sin(27mjy).
T

Finally, we have [; K(y,x)1dx = A\gl. Thus, A; for j € N are the eigenvalues for sine/cosine
functions and \g for 1. Since {1} U {v/2cos(2mjx), v/2sin(2mjz) : j € N} forms a complete
orthonormal system of L?(T,R), there cannot be any more eigenfunctions of K. Next, we
will plug in the values of A;’s in Theorem 27 to get the precise rates.

Pick an odd n € N and suppose the n input terms used to construct the estimator in
Section 7.3.1 are {1}U{v/2cos(2mjx), v/2sin(2mjz) : j < (n—1)/2}. Then, the upperbound
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is

(n—1)/2 o0
e? (Ao+ > 2Aj)+\|F||§p > 2

J=1 j=(n+1)/2
(n—1)/2 —y ) 0o _y
<afT+e2 > a (B + 47?2]'2) +20F5, Y.« (5 + 47r2j2>
=1 j=(nt1)/2
2 (2 20 >
<cfaf + o T IF12 DO
(47T2)'Y j=1 j Y (471_2)’y P j:(n—i—l)/? j2’y

2

op

2 (n—1)/2 2 o0
<e?af™ +ea + a / a4 | / 2 dt
JRAT (n—1)/2

(4m2)v (472 (4m2)
2 2 2 2a 9 1 227-1

< 2 — 2 F
R T T e A T T I e

Since 2 - 22771 < (472)7 and 277! < (472)7, the overall error is at most

9 B_,y i X (6] + «Q ||FHc2)p 1 f 1 > 1
9 (6% (0] or a —.
27 —1) " 2y—1 (n— 1)1 779

Since v > 1/2, the reducible error goes to 0 as n — co. As an example, Li et al. [2021] uses
a = 625, f =25 and 7 = 2 in their experiment for 1d-Burger’s equation. In this case, we
get the convergence rate of n=2 for the reducible error. Note that this rate of cubic order is
faster than the usual passive statistical rate of 1/n. In fact, for any value 7, one can take

v = (7+1)/2 to get the rate of n=". Thus, every polynomial rate is possible depending on

the choice of .

F.2.1.2 Cased>1

Recall that {1} U {v/2cos(2mjz), v2sin(27jx) : j € N} are the eigenvalues of K for d = 1

with eigenvalues \; := a (8 + 47%5%)" . Define a set of functions
d
E=1[{1} v {V2cos(2mjz;), V2sin(2mjz;) : j € N}.
i=1

For each element e € £ | there exists a tuple j := (i, ..., ja) € Nd such that

e(:c) = wjl (*Tl) - 'wjd71($d*1) ’ wjd(a:d)v
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where 9, (z;) € {v/2cos(2mj;x;), v/2sin(2mj;z;)} for j; > 0 and /2 for j; = 0. Let us denote
the collection of all such functions by £;. Then, we have £ = U jend &;. We prove the following

result on the eigenpairs of K.

Proposition 7. For each j € N¢, define \; = a (8 + 47?|j|3)"". Then,

U U {(/\j’ 6)}

jENg eng

is the set of eigenpairs of K on TY.

We defer the full proof of Proposition 7 to the end of this subsection. First, we use
Proposition 7 and Theorem 27 to get the precise rate for kernel K. Pick r such that the

source terms used to construct the estimator defined in Section 7.3.1 are

U &

jENg:|j|oo§r

Note that [E| = 1 and |&;] < 2¢ for all |j]o > 0. Thus, there are n < (r + 1)92% source

terms. Then, the upperbound is

<ot Y 2N HIFIG X0 20N

0</jloc<r iloo>r
_ . - . -
=2aB+20 Y a(Bar?liff) 24 R, Y o (B+47%3)
0<lsleo<r [dloc>r
_ . - . -
= 2 Y a(B+4ar’lilL) T+ 2RI, Y o (B+4n°li[%)
0<|jloo<r iloo>r
_ " _ _ - _
<B4y a(B+4n%K) T (k+ D) 2 [FI2, o (84 4%K?) T (k+1)"
k=1 k>r
a2t a2?
<efaf 42 E 2R kA
iy 2 [
92d a22d r a22d )
< 2,37 4 29 2 / w=1-27 g (1) 2 / pd=1-2y gy
Seel T Sy Y ey b FIFley T2y
, a2 , a2 ] . a2 ] 1

<efaf T +e

(4m2)v te (4m2)7 2y — d * HOp (472)Y 2y —d r2 =4’

for all 2y > d. Recall that n < (27 +2)%. So, we have n'/?/2 — 1 < r. For n*/¢ > 4, we have
r > n'/?/4. Thus,

1 427—(1
>~ T2
r2y—d TL% -1

Note that (472)7 = (27)%7 > 224427=4_ Moreover, as 2y > d, we also have (472)7 > 2%,
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Therefore, our upper bound is at most

2
a >+Oz||FHop 1

2 -
€ <aﬁ +04+27_d Sy —d T

Since 2v/d —1 > 0, the reducible error above goes to 0 when n — co. Again, as an example,
Li et al. [2021] uses o = 732, 3 = 49 and v = 2.5 in their experiment for 2d-Navier Stokes.
In this case, 2y/d = 2.5, yielding the convergence rate of n~! for the reducible error. Note
that this rate is faster than the usual passive statistical rate of 1/n. However, as usual, for
any value 7, one can take v = d(7 + 1)/2 to get the rate of n=". Thus, every polynomial
rate is possible depending on the choice of ~.

We now end this section by providing the proof of Theorem 7.

Proof of Proposition 7. Since Ujena Ueee, {€} forms an orthonormal basis of L*(T? R), there
cannot be anymore eigenfunctions of K. Thus, it suffices to show that (\;, ) is an eigenpair

for any e € £; and j € NZ. To prove this, we will establish that

/w > 1{|mi| = ji Vi € [d]} cos (2mm - (y — 2) ) e; () dx = e;(y), (F.2)

meZd

where ¢; is an arbitrary element of £;. Recall that
/d cos (27rm (y — x))ej(x) dz = 0 if 3i such that |m;| # j;.
T

This is true because if 3i such that |m;| # j;, then we can write cos (27rm (y — x)) =
oS (27r Doz (Yo — :Eg)) cos(2mm;(y; — x;)) — sin (27r Doz M (Yo — xg)> sin(2mm; (y; — x;)).
Moreover, e;(z) = ¥; (z1)... ¥, (xa-1) - Vj,(z4), where 1;,’s are either sine, cosine, or
a constant function. Our claim follows upon noting that 1;,(z;) is orthogonal to both
sin(27mm;(y; — x;)) and cos(2mm;(y; — x;)).

Thus, Equation (F.2) together with the fact that A, = \; for all m € {k € Z* : |k;| =
ji Vi € [d]} implies that ()\;,e;) is the eigenpair of K. As j € N¢ and e; € &; are arbitrary,
this completes our proof.

Now, it remains to prove Equation (F.2). We will proceed by induction on d. For the
base case, take d = 1. If j =0, e; = 1 and our claim follows trivially. Suppose j # 0. Since

cos(f) = cos(—0), we have
> 1{|m| = j} cos (27Tm(y — x)) = 2cos(2mj(y — x))

mEZ

= 2cos(2mjy) cos(2mjx) + 2 sin(27jy) sin(2mjz).
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If e;(z) = /2 cos(2mjz), then
/ (2 cos(2mjy) cos(2mjx) + 2 sin(27mjy) sin(27jz)) V2 cos(2mjx) dr = v/2 cos(2mjy).
T
If e;(z) = v/2sin(27jz), a similar calculation shows that

/T(Q cos(2mjy) cos(2mjz) + 2 sin(2mjy) sin(2mjz)) V2 sin(27jx) dr = v/2sin(27jy).

This completes our proof of the base case.

Suppose (F.2) is true for d — 1. We will now prove it for d. Note that

Ccos (27Tm (y — x)) = CO0S (QWZmi(yi - xz)>

=1

= cos (27T:lillmi(yi — m) cos (2mma(ya — xa))

d—1
— sin (27r Z m;(y; — xl)> sin (2mmg(ya — xq)) -

=1

First, observe that when summed over all m € Z? such that |m;| = j; for all i € [d], the
sine term vanishes. That is,

> 1{lmil = ji; Vi € [d]} <sin (2ﬁ§mi(yi - m) sin (27rma(yq — xd))>

meZ4d i=1
d—1

:( > 1flml = j;} sin <2ﬂzmi(yz~—xi)>)

mezd— 1 =1

X ( Z {|mg| = ja} sin (2mma(yq — xd)))

mMgEL

= 0.

The final step follows here because the term in the second parenthesis above is always 0.
There are two cases to consider. If j; = 0, the summand only has one term and our claim

holds as sin(0) = 0. On the other hand, if j; # 0, then we are have sin(6) + sin(—6) = 0.
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Therefore, we obtain

> 1{|mi| = j; Vi € [d]} cos (2mm - (y — x))

meZd

:( > 1l = ji Vi € [d— 1]} cos (%imi(yz-—xi)))

meZd—1 =1

S ( S U{Jmal = ja} cos (2mma(ya — xd»)

mgEZL

A similar factorization can be done for e; to write

ej(x) = (w1) . Yj,(za),

where 1);,’s are either sine, cosine, or a constant function.

However, 1;, is some e;, defined on T. Thus, using the base case, we have

|3 timal = ja} cos @mmalya = 7)) 5,(xa) dra = i, (va)

mq€EZ
Similarly, using the induction hypothesis, we have

/Tdil ( Z 1{|m;| = j; Vi < d} cos (27{2:117@(% — xz)>) :ll—[lll/zjl(xz) d(xy,...,Tq1)

meZd—1
d—1
= H ¢j1’ (y1> .
=1

Combining everything, we obtain

d d
[ 3 vl =i ¥ € [d)ycos (2mm -y — ) [T (o) de =TT o)

meZ4

The final step requires using the factorization of cosine and writing integral over T¢ as product

of integral over T?~! and T. This completes our induction step, and thus the proof. [ |

F.2.2 RBF Kernel on R.

Let K be the RBF kernel on R. That is, K(x,y) = exp (—%%hr — y|2) for all x,y € R. For

now, let v is a Gaussian measure with mean 0 and variance o? on R. Then, it is known
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[Williams and Rasmussen, 2006, Section 4.3.1] that K(z,y) = >X52, A; v;(7) »;(y), where

Y 2a b J
T Va4+b+ce \a+b+e

() == exp(—(c — a)z?) H;(V2cx).

Here, a = (40%)7%, b = (20*)71, ¢ = va? + 2ab, and H,(-) is the Hermite polynomial of order
7 defined as
j d’ 2
Hj(z) = (—1)’ exp(a” )ﬁe xp(—27).
Note that this is the eigenpairs of K(y,z) over the entire R, whereas we need eigenpairs
over some compact domain X C R. The eigenpairs of K(y,x) are generally not available

2

in closed form for arbitrary X'. However, the variance of the Gaussian measure ¢* can be

tuned appropriately to localize the domain R to appropriate X of interest. For example, let
X =[—1,1]. Then,

[ Kty ive) = [ Ko ey dvta) - [ Kya) ) dulo).

|z[>1

Since [p K(y,x) ¢j(z)dv(x) = X\jp;(y), we have

[ Ko@) dvle) = v < [ 1K) lesta) dvta)

<[ KR [ @)
< on () i

where the second term is upper bounded by 1 as gp? integrates to 1 over the whole domain
R. Note that exp( ‘x u? ) < 1and /r([-1,1]¢) < 3.9 x 1072 when ¢ = 0.1. So, o can be
appropriately tuned such that (\;, ¢;j);>1 is a good approximation of the eigenpair of K for

our domain X of interest. Next, we use these eigenvalues to study how the upper bound in
Theorem 27 decays as n — 0.

Let v := b/(a +b+c). Tt is clear that v € (0,1). Since ¢ = Va2 + 2ab > a, we also
have ,/ +b '~ < 1. Thus, we obtain A; < ~7. Plugging this estimate in the upperbound of
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Theorem 27, we obtain

n—1 00 n—1 0
EYNHFIE Y A< va + IIFlliva]
1=0 i=n

1-— 7 "

= [
T I, T
1

< & + P2, ).
(1—7)< ")

Therefore, the reducible error vanishes exponentially fast as n — oo.

F.2.3 RBF Kernel on R?

Let K(y,z) = exp(—|z — y|3/(2¢?)), where x,y € R?. Then, it is clear that
d d

= [T exp(—|zi — wil?/(2¢%)) =: 1] Ki(ys, =2).

i=1

=1

If (Nij, pij)jen are the eigenpairs of K; under the weighted measure standard Gaussian mea-

sure on R, then
d d
{ (H Aijs H %‘jz)
i=1 i=1

are the eigenpairs of K when v is multivariate Gaussian with mean 0 and covariance o?I.

(j17j27 s ajd) € Ng}

This follows immediately upon noting that

/]Rd H @i (x;) dv(x H/ Ki(yi, z;) piji (z;) dv(z; H)\Uz i, (x;).

Finally, these are the only eigenpairs because the product functions [I%; ¢y, for all possible
g1, j4 € Ny form a complete orthonormal system of L?(R?) under the base measure v.
Pick m such that m > d, and suppose the n source terms in Theorem 27 are {p;; : i €

[d] and 0 < j < m — 1}. That is, we have n = m? source terms. So, the upperbound is

m—1 m—1 d 9 d
e > I + IIFIE, > IT N
P e GrogmeNd i1

max{ji,....jat=m

The first summation is

—_

m—1 m—

[ - I v <05 = (=) < 5

41=0 jg=01i=1 i=1 j;=0 i=1 ;=0

S,
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On the other hand,

d ) ) o0 00
> [Th. < > e <Nty < / rda dr.
(j1,da)ENg =1 (1,70 ENG r=m met
max{j1,....jd}>m max{j1,....jd}>m
The second inequality follows because the number of tuple (ji, ..., j4) that sum to r is < rd.

It is easy to see that the integral converges faster than 1/n’ for every ¢ > 1. To see this, pick
t > 1. Then, there exists ¢ > 0 such that 7" < cr~#%=1=¢  Note that ¢ may depend on v, d,

and t, but it does not depend on r. Thus, we obtain

C

X d.r o —dt—1
N
/m—l Y " (m — 1)

1/ this rate is ¢//n? for some ¢/. That is, our overall upper bound is

Since m =n

1 Cl
2 2

gf-—— +||F —.
(1 ’Y)d || ||op nt

for some ¢ for every t > 1. Therefore, the reducible error vanishes at a rate faster than every

polynomial function of 1/n.

F.2.4 Brownian Motion

Let us consider the case where X' = [0, 1], the base measure v is Lebegsue, and the stochastic
process in Section 7.2.2 is Brownian motion. Recall that the Brownian motion is a Gaussian

process with covariance kernel
K(s,t) = min(s, t) s, t €10,1].

It is well-known [Hsing and Eubank, 2015, Example 4.6.3] that the eigenpairs of K is given

Aj = # and ©;(t) == V2sin ((] - ;) 7rt> Vj € N.
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Plugging this in the upperbound of Theorem 27 yields the bound

n [e.e] 1
2 __
27r2 1 s 1

€ 9 1 /00 1

< _
2 H Hop 2 n ( 1/2) dt
€ 9 1 2

:7—’_” ||0p722n_1

Therefore, the reducible error vanishes at rate ~ %

F.3 Numerical Approximation of Eigenfunctions

In Section 7.3.3, we provided analytic expressions for the eigenfunctions of certain covariance
kernels. However, for some kernels of interest, closed-form expressions for the eigenfunctions
are generally not available. In such cases, numerical approximation is necessary. Here, we
will briefly mention some key concepts behind the numerical approximation of eigenfunc-
tions of kernels. The material presented here is based on [Williams and Rasmussen, 2006,
Section 4.3.2], so we refer the reader to that text for a more detailed discussion and relevant
references.

Let dv(x) o p(x) dx for some density function p. For example, if v is Lebesgue measure

n [—1,1] x [-1,1], then p(x) = 1/4. Then, the solution of Feldolm integral

/X K(y,x) pj(x)dv(z) = Njp(y)

is approximated using the equation
1N

v 2 Ky mi) wi(ws) = Aes(y)-
=1

Here, x1,29,...,xN are iid samples from p. Taking y = x1,...,zy, We obtain a matrix
eigenvalue equation

KUj = ’)/j Uj,

where K is a N x N matrix such that [K] = K(x;,z;). The sequence (v;,u;);>1 is the
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eigenpair of K. Then, the estimator for eigenfunctions ¢;’s and eigenvalues \;’s are

o
;(x:) ~ VN [ug]; PN

The v N normalization for eigenfunction is to ensure that the squared integral of ¢; on the

observed samples is 1. That is,

[ st dvta) = 3o (o) = 3 VTl VR i =y = 1.

=1

As for the eigenvalues, the proposed estimator is consistent. That is, v;/N — X; when
N — oo [Baker and Taylor, 1979, Theorem 3.4].

The estimator for eigenfunction only allows evaluation on points xy, ..., 2y used to solve
the matrix eigenvalue equation. To evaluate the eigenfunction on arbitrary input, one can

use a generalized Nystrom-type estimator, defined as

©ily) ~ YN > K (y, ) [ug);.

,-)/] =1

F.4 Proof of Lower Bound
Proof. Let {¢;}jen be the eigenfunctions of K. That is,
| E@.2) i) de=Nigily) VieN.

We now construct a hard distribution for the learner. Fix some p € (0,1) and let &, &, . ..

denote the sequence of pairwise independent random variables such that

—/1/p  with probability £

& = 0 with probability 1 —p -
\/% with probability §

Given such sequence, define a function v such that

= f:l VA& i)
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Note that -
[0l = D Aj&F < o0
j=1

as supjey &% < 1/pand 352, A; < co. Thus, v is a random element in L?(X). Let p denote
the probability measure over L?(X) induced by the random sequence {;};en. It is easy to
see that E[v(z)] = 0 for each z € X. Moreover, for every x,y € X', we have

Efo() v(y)] = E (i o3 mx)) (i o3 ¢j<y>)]
=E S Aj f ©i(x) oY) + 2D /A &€ i) goj(y)]

]:]_ Z<]

=3 M EGle e
:i_o:l i (@) ;(y)

= K(y,z),

where the final equality holds due to Mercer’s theorem and the convergence is uniform over
z,y € X. Therefore, we have shown that ¢ € P(K). Let 0 := {o,};>1 be a sequence
of iid random variables such that o; ~ Uniform({—1,1}). Fix ¢ > 0 and for each such
o€ {—1,1}", define

Foi=c¢) 0,90 ®p;

i=1

For each m € N, we will show that

2B, 5|
O | V1p~u™ |V

F(v) = Fo(v)

Noting that ||F«|| op = € completes our proof. The rest of the proof will establish this

inequality.
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Since {®;}jen is the orthonormal bases of L*(X), Parseval’s identity implies that

2

o= 3 () B0 5)[ = 3 (B ) = o)

~

[Fav) = Fo(v)

Recall that F*(¢p;) = cojp;, where F* is the adjoint of F. Thus, for any v ~ p, we have

(F(v), ;) = (v,F*(¢)) = (v,c050;) = coy /N &,

which subsequently implies

|Fav) = Fo(v)

o= S E0 e —con el

Using this fact, we can write

]E{ E {E [H?n(u)—Fa(v)

Al

7 | vime~pn [vep
:ICE}: vlﬂ]ﬁ:@u" DINE# _j; ‘<ﬁn(v)>90j>—c(yj \/)ijjr”_

In the final step, we changed the order of integration. Note that drawing n samples of
vy, ...,0, and drawing ¢ can be done in any order, as they are interchangeable. Finally, the
draw of v ~ p occurs during the test phase, independent of the previously drawn samples
V1., and o.

Next, let E, ,, denote the event such that

(vi,05) =0 Vi<i<nand1l<j<m.

Then, we will lowerbound

e}

5 (R ) - o e |

J=1

E
~p

£

(2
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conditioned on the event £, ,,. First, note that

PN 2 [ m ~ 2
E, [B|X [(Fateh6) — o g ” 2 B, |2 B[R~ o 8 ]]
[ m =N 2
> £, [ (Bl(Fu0 ) e el |
where the final step uses Jensen’s inequality. Next, we use the fact that when the event
E, ., occurs, the learner has no information about oy,...,0,. This is because the input
data shows no variation along the directions spanned by ¢, ..., ¢,. Given that O is the

perfect oracle for F,, any information provided by the oracle O must be independent of how
F, operates on the subspace spanned by 1, ..., ¢,. Specifically, for every 1 < i < n and
1 < j < m, the output of the oracle O(v;) must be independent of ¢;. If this condition

holds, then the estimator f‘n must also be independent of o4, ..., 0,,. Thus, conditioned on
the event E,, ,,, for any 1 < j < m, we have

E|(Fu(v), 05) = coj A | =E |E ||(Falv), 05) — coj A U\{Uj}”
= & [S[(Fu@) 05) — e Y2 6]+ [(Balods ) + €D
1
> 5‘20\/)‘73‘53"
= ley/ A6l

The first equality uses the fact that conditioned on o\{o,}, the function F,.(v) is independent

=

of o;. Thus, conditioned on the event £, ,,,, we have shown that

E

v~

E

g

i (F), ;) — oy \/;jfj‘z

> E
() :

J=1

ZCQ /\]532 = CQZ/\]' EKJZ] = C2Z>\j.
j=1 j=1
Therefore, our overall lowerbound is

E

Ul:nNiun

E

v~

The final step uses the fact that P[E,, ,,] = (1 —p)™™. It now remains to pick p to obtain
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the claimed lowerbound. Let us pick p = 5=—. Then, we have (1 — p)™ > 1/2 as long as

2mn’

n > 1, yielding the lowerbound of
2

c
) >N
j=1
Since m € N is arbitrary, our lowerbound holds for every fixed m. Noting that ||F,[|,, = ¢

for every o completes our proof.

F.5 Experiments

This section presents additional experimental results using the same setup as described in
Section 7.5. The results show that the Fourier Neural Operator (FNO) performs poorly
with actively collected data. This is likely because the training data are not i.i.d. samples
from the test distribution, requiring FNO to generalize out of distribution when trained on

actively collected data.

F.5.1 Poisson Equation

—— Linear Estimator (Active) 10! 4
Linear Estimator {Passive)
—— FNO [Active) ‘—/\/\/\[\
12 4 —— FNO (Passive} 10° 4

Relative testing error
Relative testing error

—e— Linear Estimator (Active)

2 1075 4 Linear Estimator (Passive)
—— FNO (Active)
0 1054 ™ FNO (Passive)
T T T T T T T i
0 50 100 150 200 10° 10! 10?
Training sample size Training sample size
(a) (b)

Figure F.1: Error Plots for various estimators for Poisson Equation. The plot on the right
shows the same plot in log scale.
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F.5.2 Heat Equation

10° 4 — w

10-1 4

10-2 4

Relative testing error
(=
(=]
L
"

—— Linear Estimator (Active)
Linear Estimator (Passive)
—— FNO (Active)

10-6 4 —— FNO (Passive)

T T
10° 10? 10?
Training sample size

Figure F.2: Error Plots for various estimators for Heat Equations in log-log scale.

107 4

1071 4

10-2 4

1073 4

1074 4

Relative testing error

1075 4

106 4

10-7 4

10! 102
Training sample size

Figure F.3: Convergence rate of the active linear estimator for Heat equation with actively
collected data for different values of .
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APPENDIX G

Is Zero-Shot Super-Resolution Possible In Operator
Learning?

G.1 Proof of Theorem 29

G.1.1 Constructing the Class §
Define a function g : [0,1)? — [0, 1] such that
g(y,x) = yx.

Recall that the integral operator of the function g(y,x) is an operator Gp,s such that

(Grase0)) ) = [ 9y 2) o) d

We will first modify g for certain values of y and take our ground truth to be the integral
operator of that modified g.

For any sequence £ := {, }ycqn[o,1), where each & ~ Unif({—1,1}) independently, define
a function f¢ : [0,1) — [—1,1] by

&, ifyeQnio,1),
fe(y) =

y, otherwise.

Since fe(y) = y almost everywhere and the identity function y — y is measurable, it follows
by Folland [1999, Proposition 2.11] that f¢ is also measurable.
Now, for each sequence ¢ € {—1,1}@0D  define a function g : [0,1) x [0,1) — R by

9e(y, ) = fe(y) x.
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Note that ¢(y,z) = ge(y, ) almost everywhere.
Let G¢ denote the integral operator associated with this function. By construction, we

have

Ge()) = fely) - [ wolw) de,

which implies that G¢(v) € span(fe) for all v € L*([0,1)). That is, G¢ is a rank-one operator.

Moreover,

2

1
/ r? dr)
0

1 r1 1 r1
IGellZ, = Gellis = [ [ loctw. )P dyde = [ [ lg(y,a) dyde =

Ol

Thus, [|Gell,, < 1. Define a class of operators

G:={G¢ | £ e {-1,1}0700},

G.1.2 Proof of part (i)

Let u be any probability measure supported on L?(X), such that every v ~ u satisfies
0<a<|v(z) <1 forall z € X. Suppose the ground truth operator G € G. By definition
of G, there exists a sequence § := {&,}ycqnjo,1) such that G = Ge.

Consider any sample (vq,w;). Then,

1

1
wiy) = Gelw)(®) = | ge(y.2) vi(a) da = fely) [ wv1(a) da.
Since fe(y) =&, for all y € Vivain € QN [0,1), and
1 1 c
/ v (z) dx > c/ rxdr == >0,
0 0 2
we can recover &, for all y € Viain via

_ W (y) ‘
Jo zvy () da

Sy

Now define an estimator ].5/ := Gg such that

53,/ = gy for all Yy € ytrain-
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Then, for any v € L*(X),

~/

F(v)(y) = 5; /01 zv(z)de =&, /01 2v(z)de = Ge(v)(y), VY € Viain-

Therefore,

1
E,.,

> (F)w - G(v)(y))2] = 0.

|ytrain| yeytrain

This completes our proof of part (i).

G.1.3 Proof of part (ii)

Let p be any probability measure supported on L?(X) such that every v ~ p satisfies
O<a<|v(z)|<1lforallz e X.
Our proof is based on probabilistic method. In particular, we show that for any estimation

rule ﬁ‘n, the following bound holds

2?(1-5\2). (G.1)

h{ LY (P - Go)w)’

’ ytESt ‘ YEVtest

By a standard probabilistic argument (see Alon and Spencer [2016]), it follows that there
exists a particular sequence {* and the corresponding operator G := Gg¢+ such that

E[l > (Fe)w - cew)|| 25 (-3

| yteSt | yeytcst

Using the fact that Ny = mN; completes our proof.
We now proceed to prove Equation (G.1). We can rewrite the left-hand side of Equa-

tion (G.1) and restrict the summation to points in the test grid not included in the training

grid as
1 ~ 2
E E E |— F(v — Ge(v
€ |viysonp [vNM [|ytest| yeyztest ( ( )(Z/) 5( )(y)) ]]]
1 ~ 2

2 E E |E Fn v — Ge(v ,

I Rl e [g [|ytest| yeytestz\ytrain ( ( )(y> 5( )(y>) ]]]
where the final step follows by Fubini’s theorem, since the random variables vy, ..., v, ~ u,

the test sample v ~ p, and the sequence & ~ Unif({—1,1})27%Y are all drawn independently.

In particular, the order of integration over &, the training data, and the test data can be
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exchanged freely.

Note that for any ¥ € Viest \ Virain, the squared error can be lower bounded as

~ 2 ~

(Fu0)) - Ce0)))” = (Falo)s) &, [ e “v(a)ds)
= (Bu)(w)” = 2Ba0)w) &, [ wvtayde+ ([ wo(e) o)

2

> —Qf‘n(v)(y) &y /01 zv(z) dr + </01 zv(z) dm) .

2

Next, we show that the first term vanishes in expectation. More precisely, for fixed

e\6)|

_ 5]\% [ﬁn(v)(y) : </01 zv(x) da:) g {fy ‘ &\ fy]l
— 0,

training samples vy, ..., v, and a test point v ~ p, we have

IgE [ﬁn(v)(y) &y /01 zv(z) dx

E\&y | &y

_E ln-z lﬁ‘n(v)(y)-ﬁy | ' vu(z) da

since e, [§, | £\ &§] = 0. The first step uses the law of iterated expectation. The second
step follows from the fact that, for any fixed vq,...,v, and v, the random variable &, is
conditionally independent of F,(v)(y) given € \ &,. This is because the estimator F,, only
has access to the values of £, at the training grid Viyam. For any y ¢ Vi, the learner
receives no information about §,, and therefore the estimator’s prediction at such y must be
independent of &, conditioned on £ \ &,.

To bound the second term, observe that since v(z) > a for all = € [0, 1), we have

(/lev(l‘)dx)Q > (/le-adx>2:a2 (/ledx>2: CZ.

Combining this bound with the previous steps, we conclude that

1 ~ 2
E E E F(v — Ge(v
& | V1, Unp [ku [lytest’ yeyztest< ( )(y) 5( )(y)) ]]]
2
> Ly
yteSt yeytest\ytrain
_ @ Piest \ Vorain|
4 |ytest| '

Noting that |Viest \ Verain| = |Viest| — [ Virain| completes our proof of part (ii).
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G.2 Proof of Theorem 30

Proof. We begin by decomposing the error over the test grid as

1 N
Eo-,

|ytest| YEVsest

1
= Eyey

| yteSt | yeytrain

1
+ E’UNH

> (Fa)y) - G(v)(y))2] :

| yteSt | YE Vtest \ytrain

For each y € Viest \ Virain, let 10 (y) € Virain denote a nearest neighbor of y in the training
grid, that is

|y - l'll'l(y)|2 < |y - Z//|2 for all y/ € ytrain-

Here, ties may be broken arbitrarily. Then for any such y, we have:

Fa(0)(y) — G()(v)|

= |Fa(0)(y) = Fu(v) (n(y)) + Fa(v) (an(y)) — G(o) (mn(y)) + G(v) (nn(y)) — G(v)(y)|

< [Fa(0)(y) = Fao)(un(y))] + [Fa(v)(nn(y)) — Go)(nn(y))| + [G(v) (n(y)) = G(0)(y)]
<

cly = mm(y)[3 + |Fa(v) (mn(y)) = G(v) (n(y))| + cly — ()l
2cly — nn(y)[§ + [Fn(v)(nn(y)) — G(v)(n(y))

)

where we have used the assumption that both F,(v) and G(v) are uniformly Hélder con-

tinuous with exponent o and constant c. Using the inequality (a + 0)? < 2(a® + b%), we
have

B, (0)(y) — Glo) ()| < 8¢y — mn(y) 3 + 2[F (v) (un(y)) — G(v)(un(y))
‘2

< 8B + 2|, (v)(nn(y)) — G(v)(nn(y))| -

’ 2

Thus, we have

1

vrp D}test‘ yeVs

est \ytrain

e\ Dl 20,y
‘ytest’ b

> (R - G<v><y>)2]

> [Fa()(mm(y)) - Go)(m(y))| .

| Vrest ’ YEVtest \Verain
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Note that

S |Fu(v)(nn(y)) — G(v)(nn(y))

YE Vtest \ytrain

=Y Y [F@) - Go))

2€YVtrain yeytest \ytrain

g(sup > 1[nn<y>=z])- > [Fa@)(:) - G)(2)

2€Vtrain YEVtest \Verain

=(w-1- > |Fa0)(z) - G)(2)

2€Vtrain

Note that the final equality holds because the point itself is the nearest neighbor for all
Y € Virain- Thus, we have shown that

|yl| > (ﬁn<v><y>—e<v><y>)1

VL
yeytest \ytrain

1 ~ 2

< |ytest \ YVirain ‘Fn(UXZ) _ G(v)(z)‘

8B +2(w—1)- E

B |ytest| e ‘yteSt’ 2€Vtrain
— M . 8c2ﬁ2a + M . 2(V — 1) . Su(ﬁn, G, ytrain>-
‘ytest’ |ytest’

Therefore, by combining everything, we have shown that

1

o |yteSt ‘ yeytost

E (Fa(v)(y) - G<v><y>)1

D)test \ ytrain| .
|ytest‘

< D}train| . (21/ _ 1) . SH(I?’”, G,ytrain) +

< 8c? 32,
‘ytest’

Here, 2(r—1) becomes 2v—1 as we also account for extra term from the decomposition in the

ﬁI'St Step Of thlS prOOf' FinaHY7 nOting that |ytest \ ytrain| - ‘ytest| - ‘ytrain| fOI’ ytrain g ytest
completes our proof.
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G.3 Proof of Corollary 3

Proof. Let y := (y1,...,Ya) € Viest- By construction of the test grid, each coordinate can be

written as y; = ]% for some r; € {0,1,..., Ny —1}. Since Ny = mNy, we can further express
_n b
yJ n m N1 ’
Now define a point ¥ := (v}, ..., y)) € Viain by rounding each r;/m to its nearest integer:
o s/l
J Nl ’
where [r;/m] denotes the closest integer to r;/min {0, 1, ..., Ny—1}, with ties rounded down.

Note that although r;/m can exceed Ny — 1, we always map it to Ny — 1, as 1 = Ny /Ny is
not in the training grid.

By this construction, ¥’ € Yiam is the nearest neighbor of y, and the Euclidean distance

i [%]
m m

Next, to bound v, consider how many test points y € Yt can be mapped to a fixed

satisfies

2
vl
<y

1 d
=ly—yls < —
8=y ylg_N1 Jz_:l

training point ¢’ € V. Fix a coordinate j € {1,...,d}, and suppose y; = ]i,—jl, where
t; €{0,...,Ny =1} \ {Ny — 1}. Then y; = = . N% is mapped to y; if and only if

T 1 1 m m
EE tj_i’tj+§ A T € mtj—E,mtj—l-?.

Since r; € {0,..., Ny — 1}, this interval contains at most m integer values. However, in the

edge case when t; = N; — 1, the interval becomes
] S (m(Nl — 2) —+ %, le — 1:| s

which contains at most 1.5m integer values.
Therefore, for each coordinate, there are at most 1.5m admissible values of r;, so the total

number of test points assigned to a single training point is bounded by

v < (1.5m)%
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Finally, noting

|ytrain| _ i
|ytest| md
and
v —1=2(15m)* —1 < 24!
completes our proof. [ |

G.4 Refined Bound for Uniform Grid

Recall that in the proof of Corollary 30, each test point ¥ € Viest \ Virain 18 assigned to its
nearest neighbor in YV ain. In a uniform grid, this nearest-neighbor mapping can lead to edge
cases near the boundary (e.g., near y; = 1), where a disproportionate number of test points
may be mapped to a single training point. To address this, one can modify the assignment
rule to use a slightly adjusted rounding scheme rather than strict nearest-neighbor mapping,
ensuring a more balanced reuse across the grid.

To that end, y := (y1,...,Ya) € Yrest Such that y; = mrj\,l for some r; € {0,1,..., Ny — 1}.
Now define a point ¥ := (v1, ..., y)) € Vuain by mapping each y; to

, _ Lfm)

Instead of mapping r;/m to the closest integer, we map it to its floor value, which is close

but not the nearest neighbor. Clearly,

<

2 _Vd
Ny’

i VJJ
m m

Next, we bound the number of test points y € Vst can be mapped to a fixed training point
Y € Virain- Fix a coordinate j € {1,...,d}, and suppose y; = ;[—jl, where t; € {0,..., Ny —1}.
rj

Then y; = - N% is mapped to yj if and only if

T
E S [tj,tj+1) — TI; & [mtj,mtj—l—m).

Thus, r can take < m values.

Therefore, for each coordinate, there are at most m admissible values of r;, so the total
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number of test points assigned to a single training point is bounded by

me.

Redoing the proof of Theorem 30 where each y € Viest \ Virain is mapped to ¢ € Vivaim yields

the claimed bound of

md

28, (Fry Gy Vi) + (1 - 1) 8c? . (‘/C_Z>a.

G.5 Proof of Proposition 2

Let

u(y) == /Qg(yyaf) f(z) dz.
Then for any y1,y» € 2, we have
aly) = ue)] = | [ (901.2) = 9(0,)) £ () o
s/WmmJ»—g@%wHﬂ@wm

< ([ 1otwn.2) ~ o, 2)Pax) 17
< el =l 50l - |l

Here, ¢ is a uniform bound on the Holder coefficient of y — ¢(y, z), valid for almost every

z € Q. Since Q is bounded, we conclude that u € C%*(Q), completing the proof.

G.6 Proof of Proposition 4

Proof. Let
wly) = o [ kga)v@)dz +b(y) ).
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Then, using the fact that o(-) is 1-Lipschitz, we have

(o) = w()] = |o( [ ko) vla)de+ o)) =0 [ koe) o(@) do +biww))
<| [, k@) o) do 4 bun) = [ b, w) (@) do — blue)
= | [, (o, 2) = Ky ) v(a) i+ blan) — blae)

/X(/f(yhiv) — k(y2, ) v(z) dz| + [b(y1) — b(ys)|

IA

Note that |b(y1) — b(y2)| < [b] |y1 — ye|*. Similarly,

’/ (y1,7) — k(y2, 7)) v() dv

sup |E(y1,2) — k(3y2, 2)|2 vol(X) [|v]| 2

= [K] 1 — yo|* \/vol(X) [0l

where [k] is supremum over all Holder coefficient [k(-, z)]. Recall that [k] < oo by assumption.

Thus, combining everything, we have

() = w(y)] < (K] y/¥ol(X) ol + B]) = wel™

This completes our proof. [ |

G.7 Proof of Theorem 31

Note that

1

o |yteSt | yeytest

Eu(Fr, G, Xiest, Viest) = (?n(%est)(y) - G(U)(y)>2 :

We can write

Fo (02 (1) — G(0) (9)]
= [Fn(00) (4) = Fn(020) (%) + Fa(0),0) (4) = G(0) (9)]
Fr(0120) )]+ F(0120,) () = G(0) ()]
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Thus, using the inequality (a + b)? < 2(a® + b?), we have

gy<ﬁn7 G7 Xtesta ytest)

o~ o~

- 2vIE'M [ ! Z |Fn(U\Xtest)(y) - Fn(vxtram)(y)IQI

|ytest | YEVrest

+2 K

v

> (0 (4) — G(v)(y)\2]

| yteSt | yeytest

For the second term, using the same arguments as in the proof of Theorem 30, we obtain

1 Z A 2 y rain =
]:E ‘Fn(letrain)(y) - G(”)(y)‘ S | : | ’ (2V - 1) ' gﬂ(Fn7 G7 Xtrainy ytrain)
e |yt65t| YEVtest |ytest|

o P\ Dhnl g 2 520
|ytest|

This completes the contribution of the second term in the bound stated in Theorem 31.

So, it remains to bound

1

2 E

[

Z |ﬁn(v|Xtest>(y) - ﬁn(w;{mm)(’yw] .

|yteSt ‘ yeytost

Again using (a + b)? < 2a? 4 2b?, we can further write

2 E

v~

(Fo(03400) () — F”(U'X"ai“)(y)f]

| yteSt | yeytest

(Fa(v)(w) - E(vmwxy)f]

<4 E
S vk |:|ytest| yGthest

vy > (Fu0)®) ~ Falopn,) @)
" |yteSt| yeytest
S 4(5k’1 + 8k’2)'

The final step uses the fact that Xyam = Xk, and Xiest = X, -
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APPENDIX H

Operator Learning for Schrodinger Equation: Unitarity,
Error Bounds, and Time Generalization

H.1 Extended Related Works

In recent years, there has been considerable work on using machine learning methods to
solve the static (time-independent) Schrodinger equation for many-body electronic systems.
See the review article by Hermann et al. [2023] for an overview. These methods typically
parametrize the ground state wave function 1y using a neural network and optimize the
parameters by minimizing the energy functional (s, H 1)) 2. This framework has also been
extended to the time-dependent Schrodinger equation for many-electron systems by Nys
et al. [2024]. This line of work is closely related to Physics-Informed Neural Networks
(PINNSs), which approximate solutions to PDEs by fitting a neural network ansatz that
satisfies the variational form of the governing equations; see Shah et al. [2022] and [Cuomo
et al., 2022, Section 3.2.2.3]. However, these methods effectively act as solvers, requiring
optimization for each new instance, and thus do not amortize computational costs. In
contrast, our focus is on learning the global evolution operator directly from data, enabling
fast and efficient evaluation for new initial conditions without retraining, thereby significantly
reducing downstream computational cost.

An early work in learning solution operators for the Schrodinger equation was by Mills
et al. [2017], who trained a neural network to predict ground-state wave functions from po-
tentials for the time-independent Schrodinger equation. More recently, Stepaniants [2023]
proposed an operator learning approach that models the solution operator mapping po-
tentials to ground state wave functions by learning the associated Green’s functions in a
reproducing kernel Hilbert space (RKHS). A similar strategy was studied by Boullé et al.
[2022], who used rotational neural networks to learn Green’s functions for static Schrodinger
equations. In addition, Boullé et al. [2022] also considered learning the green functions

associated with time dependent propagator for 1-dimensional Harmonic oscillator.
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A slightly more general framework was studied by Mizera [2023], who used Fourier Neural
Operators (FNOs) [Li et al., 2021] to estimate the time evolution operator for simple quan-
tum systems, such as random potentials and the double-slit potential. They also studied the
ability of the learned operator to generalize across time, extrapolating beyond the training
time range. Their learned operator is more flexible than ours in that it takes both the ini-
tial wave and the potential function as inputs, rather than assuming a fixed Hamiltonian.
Relatedly, Niarchos and Papageorgakis [2024] studied learning the phases of amplitudes in
scattering problems. Beyond isolated systems, Zhang et al. [2024] and Zhang et al. [2025a]
extended FNO-based architectures to model dissipative quantum systems that interact with
an environment and are possibly driven by external fields, again evaluating time general-
ization. Most recently, Shah et al. [2024] trained FNOs to learn the evolution operator for
relatively larger quantum spin systems (up to 8-qubit systems), studying both single-step

and multi-step time extrapolation.

H.2 Extensions to Non-Periodic Domains

Extending the results from Sections 9.3 and 9.5 to general bounded domain Q C R? is
straightforward. This requires choosing an orthonormal basis of L?(£2) and defining a corre-
sponding Sobolev-type space. While any orthonormal basis of L?(€2) could be used, the most

natural choice is the eigenfunctions of the Laplacian, which satisfy the eigenvalue problem,
—Au = Mu, subject to appropriate boundary conditions.

Common boundary conditions include Dirichlet, Neumann, and Robin.

For the special case Q = T?, the Laplacian eigenvalues are {47%|k|2 : k € Z}, and the
corresponding eigenfunctions are Fourier modes {py}reze. This motivates defining a more
general Sobolev-type space using the eigenpairs of the Laplacian. Let {A;}32, denote the
eigenvalues such that 0 < A\; < Ay < ..., and let {¢;}32, be the corresponding eigenfunc-
tions. Then, the Sobolev-type space is defined as

HS(Q):{f€L2 i1+\)\| f,¢j)L2|2<oo}.

7j=1

For specific choices of {2, this space might be defined more naturally using a weight
function ((\;)® for some function ¢ : (0,00) — (0,00), or by indexing the eigenvalues with
another countable set, such as N? or Z?. Nevertheless, this general formulation captures the

essential structure of the space. To avoid such indexing issue, one can define this space more

299



implicitly as

Q) = {f € [2(Q) | (T— A)/2f ¢ L?(Q)}.

The operator (I — A)*/? is called Bessel potential, and this space is also referred to as Bessel
potential space. It is important to note that, unlike in the case of the torus, the equivalence
between this Sobolev-type space and the classical Sobolev space defined using differential
operators does not generally hold for arbitrary domains 2. However, in applied operator
learning, sample functions are typically generated using their spectral representation. Thus,
we argue that the spectral definition of smoothness is arguably more natural from a practical
perspective than the one based on differentials.

To construct the estimator from Section 9.3.1, given a sample budget of n, one queries the
first n eigenfunctions ¢1, ¢9, ..., ¢, instead of Fourier modes. The proofs then remain valid
without modification, as they only rely on the fact that Fourier modes form an orthonormal
basis of L?(T?). However, because the eigenvalues are indexed by N in H*(£2), the parameter
s in this setting serves as an analog of s/d in H*(T¢).

In the experiments presented in Section 9.6, we also consider the case where € is a sphere
and use spherical harmonics, which are the eigenfunctions of the Laplacian on a sphere. Simi-
larly, Bessel functions serve as the Laplacian eigenfunctions in cylindrical domains. However,
for general domains €2, explicit eigenfunctions may not be available in closed form. In these
cases, alternative bases such as orthonormal polynomials or wavelets, which are defined al-
gebraically rather than through an eigenvalue problem, may be used. These bases form a
complete system for sufficiently regular €)' that contains €2. A Sobolev-type space can then
be defined using these algebraic bases and retain the theoretical guarantees established in

this work.

H.2.1 Comparison to Function Generation in Applied Literature

Next, we discuss how our assumption that the initial wave g lies in H?*(£2) is implicit in the
function generation strategies commonly used in applied operator learning. In the applied
literature, input functions are typically sampled from a Gaussian measure, N(0, (—A+1)~7),
or through some elementary push-forward of this distribution. This distribution, widely
used in the applied stochastic PDE literature [Lord et al., 2014], was first introduced in the
operator learning setting by Bhattacharya et al. [2021] and has since been implemented in
works such as [Li et al., 2021, Kovachki et al., 2023].

Let (\j,#;)%2, be the eigenpairs of —A in 2 with the given boundary conditions. By
the Spectral Mapping Theorem, the eigenvalues of the covariance operator (—A + I)~# are

(Aj + 1)7?, while the eigenfunctions remain ¢,’s. Applying the Karhunen-Lo¢ve Theorem
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[Hsing and Eubank, 2015, Theorem 7.3.5], a sample u ~ Normal(0, (—A + I)~#) drawn from

this distribution has the decomposition
=Y N+ 1) ¢5(x),
7=1

where {§;}32, are uncorrelated standard Gaussian random variables, meaning §; ~
Normal(0, 1) and E[¢;&;] = 1[i = j]. Thus, sampling u is reduced to generating a sequence of
independent Gaussian random variables (gj);?';l. In practical implementations, this is done
by truncating the sequence to (&)L,

Using this decomposition, we compute

EH(U, ¢j>L2|2] = ()\] + 1)75E[|£]‘2] = <)‘j + 1)*B
Thus, for any s > 0, we have

o

E > (1 + M) u, o) 2P| =D (14 X)%(\ + 1)~ ZA +1)*
=1 =1 =1
Recall that \; — oo as j — oo. Thus, for large enough 5 > 0, there always exists s < 3 such
that 3232, (A\; + 1)*=# < oo. This shows that 3 controls the expected smoothness of samples
from this distribution. More importantly, on average, these sampled functions belong to a
Sobolev-type space. For a more detailed discussion of how 3 and s relate when Q = T¢, we
refer the reader to [Subedi and Tewari, 2025a, Section B.1].

A similar strategy is used in Lu et al. [2021], where functions are sampled from a Gaussian
process with a covariance kernel given by the radial basis function (RBF) kernel, k(z,y) =
exp (—%) . Since the eigenvalues of the RBF kernel decay exponentially fast, a similar
analysis shows that the sampled functions belong to an extremely smooth space, essentially
corresponding to the limiting case s = oo. This argument is not specific to the RBF kernel—-
any kernel with sufficiently fast eigenvalue decay produces functions with high regularity.

Therefore, the requirement that input wave functions ¢» belong to a smooth space H?*(£2) is
both reasonable and consistent with what is often an implicit assumption in applied operator

learning literature.

H.3 Proof of Proposition 5

Proof. Let u,v € L*(€)). Expanding the inner product,
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Fa Bl = w3 wnlvopidis)

|k|o<>§Kn |k|oo§Kn L2

= Z <U, ()Ok>L2 <U7§0€>L2 <wk7w€>L2-
[kfoo,[€|co <Kn

Using the assumption on the PDE solver, we have

(Wi, we)r2 = (P(owr), P(we)) 2 = (@n, pe) 2 = 1[k = £].

Substituting this into the sum,

<F\‘N(u)v ?n(U»Lz = Z <u’ @k>L2 <U7 90€>L2 l[k = é]

|kloo,€]co <Kn

— Z (u, or) 12 mm'

|l oo < Kn

Using Parseval’s identity, we can rewrite this as

Z <u7§0k>L2 <U790k>L2 = Z <u7 ()Ok>L2 <U790k>L2 - Z <U, @k>L2 <Uagpk>L2

|k|ooSKn kezd ‘k‘oo>Kn

= (u, )2 — > (u,on)r2 (v, 0x) e
|k|oo>Kn

Property (i) follows since the second summation vanishes when u, v belong to the span of

{orp : k €Z% |kl < K,}. To establish property (ii), setting u = v in the above expression,

(72 = llullz = D> [{u, ) 2]* < [Jull7e.
[k|oo>Kn

This completes the proof. [ |

H.4 Proof of Theorem 32

Proof. Recall that
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For each k such that |k|,, < K,,, define the error term
O = wir — For).

By Assumption 5, it follows that ||0x]|,» < e. So, for any wave function ¢ € H*(T?), we can

expand

Fo(@) = > wi (), on)

|k|oo <Kn

= ¥ Fen@oln+ X 6 e

|kl oo <K koo <Kn

:F( Z Pk <¢a%0k>L2) + Z O (s r) 12 5

k|00 <K koo <Kn

where the last equality follows from the linearity of F. Then, applying the triangle inequality,

[Fn(w) = F (1)

L2 =||F Z Pk <77/}790/€>L2> + Z 61€ <77Z)790k>L2 - F(,@Z))

|kloo <Kn |kloo <Kn

LQ

=|F > ¢k<¢7wk>L2—¢)+ > Ok (Vo)

|kloo <Kn |kloo <Kn

L2

IN
eS|

+
L2

Z 5k <¢7(pk>L2

koo <Kn

Y

L2

Z Pk <1/)7 90k>L2 - 1/1)

‘k‘oofKn

To bound the first term, note that the operator norm of F from a L? to L? is 1 as F is a

unitary operator. So,

F( > @k(%@khz—@b) < Y ok (k) — ¥
(koo <K re lIkle=Ks 1
= [ > (o)
el K
_ (1+ [k[3)® )
J&Kn (1 ke | 0]
1
< Va2 |k|§>:z<n(1 +[E13)% [ (¥, @r) 12 |2
< KL ([l -

The first equality follows from Parseval’s identity.
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To bound the contribution from the PDE solver error, we use triangle inequality to get

Z Ok <1/’7 80k>L2

1] oo <Kn

< Z ||5I€||L2 | <7vb7 ka>L2 |

L2 |k|oo§Kn

Sé Z |<¢7<Pk>1;2|

[koo <Knp
ngmgg;n gii::g;l(¢7wsz
< J = o T O T
==l JZ T
= ¢ [l o

where

1
%:ﬂ %, D

oo <K

Thus, we have established that

~

|E. () = F()

2 Sl (2m + K°)

Note that K, = (n'/¢ —1)/2 > n'//3 as long as n > 3%. This yields that K * < 3°n~%/4.
To bound 7, recall that [{k € Z¢ : |k|o = j}| = 2(2j + 1)?"L. This is because one of the
entry of m has to be £j and other d— 1 entries could be anything in {—j...,—1,0,1,...,j}.
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Thus,

1 1 1
2
B= Y e < Y oo <1t T
o TR S 2 r Ry ST 2 Ty
K, . d—1
5 2(2j + 1)
<1+ —_
jz::l (14 52)°
K, . d—1
n 2(2 1
<1+ Z —( i+l

128
j=1 J

1

Kn
d—1
<1423 o
=17

K. 1
SJ/l t25—d+1 dt
1, if 25 > d,

< log(K,), if 2s=d,

Kd=2  if 25 < d.

Our proof completes upon noting that K, < n'/?. [ |

H.5 Proof of Theorem 33

Proof. We will break down the proof into multiple steps.

Defining the Hamiltonian: Considering the case where the potential is zero, meaning

V(z) = 0 for all z € T% In this case, the Hamiltonian simplifies to

2
He " A
2m

The corresponding solution operator is given by

; T
F=exp <—;T H) = exp <z§A) )
m

Note that the Fourier modes are eigenfunctions of this operator. Specifically, for any wave
vector k, we have
Am? k2T
——T
m
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This follows from expanding the operator exponential and using the property

d 8262Trzkoc d 09 omik ) )
Mg =3 T 2 5 rmiphetnis = _anhi,
j=1 L j=1
Definin
° 42|k |2RT
M= exp | —i— 2 )
2m

we can express the action of the solution operator as

F(or) = nepr-

Specifying a PDE Solver. Our next step is to specify the exact details of the PDE
solver that satisfies the e-approximate assumption while also allowing us to construct hard
instances to establish the lower bound. To that end, let P be the PDE solver defined as

P(u) = F(u) + epy, for every u € L*(Q).

Here, ¢ is simply the constant function 1 on the domain. That is, our PDE solver oracle
returns the true solution shifted by epg noise. While such a PDE solver is not practical, it
is still a valid e-approximate oracle since |[po||zz = 1, and thus our upper bound in Theorem

32 applies.

Writing out the Estimator. For this solution operator and the PDE solver specified

above, our estimator has a more concrete form. In particular, we can write

)

= Y Mek®@erte Y, o gk
|k|oo <Kn [kloo <Kn

Defining the Test Function. Given a sample size budget of n, we now construct a hard
test wave function . to establish the claimed lower bound. To do this, choose a large
M > n, which will be specified later, and define ;. as

Qﬁtes‘c - Z CkPk,

|kfoo <M

for some coefficients ¢, > 0.
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Establishing the Lower Bound. For the wave function i defined above, the true

evolution under F is given by
F(wtest) - Z Ck Mk Pk-
|kfoo <M
On the other hand, the estimator F, produces

Folest) = > Glgr+e > o

[k|oo <Kn [k|oo <Kn

Rewriting the second term,

Fp(Vest) = > Ckﬁk<ﬁk+€( > Ck) ©o-

|kloo <Kn |koo <Kn

Thus, the difference between the estimated and true evolution is

Fru(rest) — F(Yrest) = € ( > Ck) Co— D, Chlk Pk

|k[oo <Kn Kn<|kloo<M

Using Parseval’s identity, we obtain

= 2
HF”(wteSt) - F(wtest) 2 = 52 Z Cr| + Z |Ck7]k|2
|k|oo <K Kn<|kloo<M
= Y lal+ X lal’
|kloo <Kn K <|k|oo <M

where the last step follows from the assumptions that ¢, > 0 and |n;| = 1 for all k € Z%. To
establish the claimed rate, we now choose ¢ appropriately while ensuring that ||¢est| = 1
and [|ttest || < 2. To that end, we fix an index ¢ such that |¢| = [K, + 1] and set

1

TR

This ensures that
1 S 1 S 1

2 2
cLl” > lep|l” = .
Kn<%o<M| 2 e (L4 [€3)s ~ K2s ™ n2s/d

It now remains to bound Y=<, |ck|, for which we proceed with a case analysis.
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Case (I): s > d/2. In this case, we can simply set

co:=1/1—¢c2
and assign ¢, = 0 for all k£ ¢ {0, ¢}. It is straightforward to verify that
|hiest|[3e = (1 —¢F) + ¢ =1,

and

’ | wtest |

3{5:cg+(1+\€]§)sczz1—c§+1§2.

Thus, we obtain

1
> el > el =\/1—c%zﬁ

|kloo <Kn

since ¢, < 1/2 for sufficiently large K,.

Case (II): s < d/2. Define

R, = Z 1.

0<[k|oo<Kn

Now, set

1
R, (1+ K2)

for all 0 < |k|oo < K, and let ¢ = 0 for all |k| > K, such that k # ¢. It follows that

Cr =

1 1

[Ytestll72 = leol® + +
o |k|§g:;<n R,(1+ K7 (L+ )
1 1
= |cof® + + 5

(L+ K2 (1+|[K,+1]3)*

For sufficiently large n, the second and third terms can each be made at most 1/3, allowing
1 > ¢g > 0 to be chosen appropriately so that ||{test|| ;2 = 1 and e is a valid wave function.
Next, note that
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) ) (14 |k[3)® s 2
o =leol+ Y. o (L E)
0<|k|oo <K, Rn(l + Kﬁ)

|| 77btest |

1
§|Co|2+ Z Ri—i_l

0<|klco<Kn ="

<3.

Thus, the sum is

1 1 Ry,
> — . p— o — N e
X lal= > R,(1+ K2) \/Rn(l + K2)* i (14 K3)°

k| oo <Ky 0< k| oo <K

Since R, > K¢, we obtain

> el 2 K& 2 Vel T =0

|koo <Kn

aln

Thus, we have established the lower bound of

£2 4 p=2/d, if 25 > d,
>

2 i~ 4 p2/d if 2s < d.

However, this is a lower bound for the squared norm. Using the inequality va? 4 > >
%(!a\ + |b|) completes our proof. -

H.6 Refined Upper Bound Under Stronger Assumptions on
PDE Solver.

Proof of Theorem 34. Our proof here largely follow the proof of Theorem 32 provided in
Appendix H.4. Recall that, for any wave function ¢, we established in the proof of Theorem
32 that

[Faw) = F()| , < +

L2

Z Ok <¢a SDk>L2

|koo <Kn

F ( Z Pk (¢>@k>L2 —%D)

|koo <Kn

L2
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The first term does not have any randomness. So, following the same argument as in that

proof, we can show that

<K [l <3%en i
L2

F ( Z Pk (¢><Pk>L2 —w)

koo <Kn

Here, we used the definition of K, and the fact that [[¢|

the term with d;’s. Since this is a random variable, we want to bound its expectation. To

= < c. Now, it remains to bound

that end, Jensen’s inequality implies

2

E < |E

Z 5]6 <¢7 (pk>L2

|kloo <Kn

Z 5]6 <¢7 (pk>L2

|kloo <Kn

L2 L2

Note that

2

Z 5k <77Z)790k>L2

[koo <Kn

(T el T @)

L2 |k|oo§Kn ‘k|oo§Kn L2

- Z <¢790k>L2 m<5kaaﬁ>L2

k], €0 <Kn
= Z | <77Z)7 on>L2 |2 ”516”%2 + Z <¢a 90k>L2 <77ZJ7 90€>L2 <6k‘7 5€>
bloo <Fn [y,

Note that the cross terms k # ¢ vanishes in expectation due to part (ii) of Assumption 6.

Using part (i) of Assumption 6 yields

2

E|ll X oo | = X @ on) PEI6]7:]
ng Z <w7§0k>L2
|kloo <Kn
<e’

Y

where the final step uses the fact that ||¢||3, = 1. This shows that

E Z 51{? <¢> ka>L2

|koo <Kn

<e.

L2

This completes our proof. [ |
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H.7 Proof of Theorem 35

Proof. Note that

q—1
Flp— oo = (F —Fo)yp = S F0 " /(F, — F) F 4.

Jj=0

Applying the triangle inequality,

qu

IF,

(F, — F)

Using property (ii) of Proposition 5 iteratively g — j — 1 times, we obtain

Furthermore, applying Theorem 32, we obtain the bound

FUE, - F)

<)

|, —F)

2 S Qe (27 +307) .

Thus, we conclude that

IFn — Foll g2 < (29 + 30 7%) ST F ¢l

=0

H.8 Proof of Corollary 4

H.8.1 Proof of Part (i)

Proof. Let V(x) = a for all z € T%. Then, for every Fourier mode ¢y, the Hamiltonian acts

as hQ h2 -

The second equality holds because ¢y is an eigenfunction of —A with eigenvalue 472 |k|3.

Next, applying the time evolution operator, we get

: 2
_ipg —%T@—m 47r2|k|§+a)
e Lk
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Since the modulus of the complex exponential factor is always one, we can use this identity
to establish that

IF@)le = | > (L4 KB [(F(), e} 2]

kezd

= SRy <Z <w,w>F<w>,<pk>

kezd LEZ4

2

2

= (R <Z (6, o) e T (B0 e) w,gok>
L2

kezd Lezd
= [ 22 L+ [EB) [ (¥, 00) 17,
kezd
: — 474 4n?lg+a)
where the final equality uses the fact that (¢, pr) = L[k = ¢] and |e " =1
Applying this iteratively for j steps, we obtain || F/(1)||3s = ||¢||3s for all j € N. |

H.8.2 Proof Part (ii)

Proof. Our result follows directly from the bound in [Delort, 2010, Theorem 1], originally
established by Bourgain [1999], which states that

c(144T) |

7],

= [[( 5T [l <

This can be further refined using [Delort, 2010, Equation 1.3], yielding the bound

ol <+

for any fixed € > 0. Substituting this into our generalization bound gives

[Fo(w) = FU(w) e (29 +3507/9) (1 + T,

< Il

H.8.3 Proof Part (iii)

Proof. Since the Hamiltonian H is time-independent, the evolution operator satisfies

Fj w _ e*ijTH/hw'
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Defining () as the wave function at time ¢ with initial condition ¢(0) = v, we write
Flop = ¢(5T).

Thus, bounding the Sobolev norm of F7 ¢ reduces to bounding ||+ (t)]
for all t > 0. To proceed, define the operator

s in terms of |[1)(0)]

HS

s/2

A= (I — (47! A)

Note that
2 2
AN = [ D (ror) e Nor|| = [ D0 (W, ou) 2 (1 + [K[3) 0
kezd 1,2 kezd 2
= > (L + kI3[ (@, r) 2 P
kezd
= [[%ll3,: -

Thus, we focus on bounding [|[A®9)(t)|| 2.

Energy Functional. Define the energy functional

E,(t) = [ A*(t)]]Z2-

Using the product rule rule in a Hilbert space, we obtain

d

g Bs(t) = (N(0), A 12 + (A, A (0))) 12 = 2Re ({A*(0r)), A*)12) -

Since the Schrodinger equation states
h i
oY =1—AY — =V
W =g Ay = VY,

applying A® to both sides yields

S _-hs is
A () =5 A (M) = S A (V).

Thus, we obtain the energy functional equation

d

) h s i s s
%ES@) =2Re <<1 %A (Ay) — ﬁA V), A ¢>L2> .
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Note that

I%<biA%M&AW>:ReGJ%M%AWJV@):O

This follows because (A*(Aw), A®1) is a real number. To see why, observe that we can

rewrite

(A (AY), A%) = ((A°AAT*) A%, A*Y).

Since (A*AA™%) is a self-adjoint operator on L? the inner product must be real. So, the
only contribution comes from

i S
— A (V).

Thus, we obtain

SE0) = — (A (V) A%) 2

Applying the Cauchy—Schwarz inequality,
d 2 s s 2, s
G B0 = FIN V)| AWllz2 = A (V)llz24/ Es(?).

Bounding the Sobolev Norm of V1. By assumption, V belongs to H"(T%). We will

now establish
[Vbllas < al|V|agr (|92

for some universal a > 0 that only depends on s, d,r. This is a Holder-type inequality for the
Sobolev norm of a product of two functions, commonly known as a Sobolev multiplication
inequality. This inequality is established in the proof of [Behzadan and Holst, 2021, Theorem
5.1] for the domain R? (take p; = py = p = 2, s; = r, and sy = 5). The proof works verbatim
for T¢ as it only uses the Sobolev Embedding Theorems, which continue to hold on T¢.

Thus, rewriting in terms of A® yields

A (V)| 2 < al|V e |12]

HSH

which upon using the definition of energy functional implies

IA*(V)[l2 < al[V ]|y Es(t).
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Applying Gronwall’s Inequality. Substituting this inequality into our bound for

L E,(t), we obtain

d
‘ H?Es(t)

2a
—E,(t)] < =
B0 < v

Applying Gronwall’s inequality on [0, ¢], we obtain
2a
E,(t) < Ey(0) exp (h||V||HT -t> .

Finally, using the equivalence of norms,

1 (®)15 < 14(0)]

2a
2o exp (Ve ).

Taking square roots on both sides and defining ¢ := %“, we conclude

[9(2)]

e < [[¥(0)]

#e exp (¢ ||Vl - 7).

H.9 Experimental Potentials Details

We here provided more detailed descriptions of the potentials studied in the main text.
Free Particle If a particle is not exposed to an external potential, V(x) = 0 for all x € Q.

Harmonic Oscillator Molecular vibrations are naturally modeled with a potential V' (z) =

1
2

Double Slit For a particle traveling across a barrier of potential V at © = x¢ with two slits

mw?|z|3, where m is the particle mass and w the angular frequency of the oscillation.

centered at y; and y, each with width w that are sufficiently far apart such that |y; —y»| > w,
the system potential is given by V (z,y) = Vo when x = 29 and [y—y1| > 9§ and |[y—ys| > 7,
whereas V (z,y) = 0 otherwise.

Random Potentials To demonstrate robustness over arbitrary smooth potentials, a random
potential V' (x) was drawn from a Gaussian Random Field identically to how such draws were
made to define initial conditions, with a =1, =1, and v = 4.

Coloumb Potential For a particle exposed to a radially symmetric electric field, such as in

a Hydrogen atom, the potential is given by V (z) = ke We specifically focus on the case

r2 -
of a fixed radius of r = 1, for which the system can modeled as a uniform field in spherical
coordinates. As discussed, both the pseudospectral solver and estimator were computed

using spherical harmonics for this setup.
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Paul Trap for Qubit Design A Paul trap is a device that confines charged particles,
such as ions, using oscillating electric fields. Notably, therefore, such a potential is time-
dependent. For a detailed mathematical treatment of the Paul trap, see [Major et al., 2005,
Chapter 2]. A broader discussion on how Paul traps are used to localize charged ions for
qubit encoding in their energy states can be found in the review article by [Bernardini et al.,
2023]. In 2D, the potential function is given by V(z,y,t) = %gos(“t) (2?2 + y?).

Shaken Lattice Optical lattices are a common design pattern for trapping neutral atoms
with laser interferometry Deutsch et al. [2000]. The promise in certain applications, such as
quantum computing, is subsequent manipulation of such trapped atoms Zhang et al. [2006].
One mechanism of control is known as “shaking,” in which the phase of the potentials is
manipulated to affect the momenta of the trapped particles Zheng and Zhai [2014], Kiely
et al. [2016], Weidner et al. [2017]. If the shaking is restricted to a single axis, the potential
is then given by V(z,y,t) = Vj cos[k(x — Asin(wt))] + Vp cos(ky).

Pulsed Gaussian Recent works have begun investigating the stability of bound states
under pulsed external potentials, such as that of deuterons as studied in Rais et al. [2022].

In particular, stability was assessed in the presence of external Gaussian pulses, given by the
_(t=t)?

potential V' (z,y,t) = Vyexp (—(I_“)Q — (y_y0)2) > € 207

2 2
202 20

We further provide the choices of parameters used for the experiments in H.1.

Table H.1: Parameter values used in the implementation of each potential.

Potential Name Parameter Values

Free Particle —

Barrier Vo =50.0, w=10.2
Harmonic Oscillator —m = 1.0, w = 2.0
Random Field (GRF) a=1,=1,v=4

Paul Trap Uy =10.0, V) =15.0, w = 3.0, 79 = 2.0

Shaken Lattice Vo = 4.0, kiat = 4w, A =0.08, wg, = 15.0

Gaussian Pulse V =100.0, zop = 0.0, yo = 0.0, 0, = 0y = 1.2,
or = 1.0, teenters = {0.0}

Coulomb k=1.0,e=1.0

Coulomb Dipole Vo=1.0

H.10 Experiment Results Over Noise Levels

We below present the additional results to accompany those presented in 9.6.
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Table H.2: Average relative errors across different Hamiltonians for a relative noise level
of 0.01%, computed over 100 i.i.d. test samples, with standard deviations in parentheses.
Note that, for the Coulomb and dipole potential, the FNO columns instead refer to SFNO
models. Dashes for DeepONet and UNO indicate that they do not handle functions on a
spherical domain.

FNO UNO DeepONet Linear
Barrier 5.111e-02 (2.543e-02)  3.160e-02 (1.611e-02) 1.661¢-01 (8.485¢-02) 1.955e-04 (5.894e-05)
Coulomb 4.746e-02 (9.560e-03) — — 1.550e-04 (6.582¢-06)
Dipole 4.362-02 (9.411e-03) — — 1.549¢-04 (7.103e-06)
Free 1.995e-02 (1.001e-02) 1.848e-02 (6.146e-03) 1.306e-01 (7.648¢-02) 1.904e-04 (3.065e-05)
Gaussian Pulse 5.024e-02 (2.948e-02) 4.531e-02 (2.219e-02) 2.284e-01 (1.022e-01) 2.012e-04 (6.267e-05)
Harmonic Oscillator  6.899e-02 (3.591e-02) 5.559e-02 (1.578e-02) 1.544e-01 (8.427¢-02) 1.954e-04 (4.911e-05)
Paul Trap 1.204e-01 (6.423e-02)  8.9156-02 (2.669¢-02) 5.267e-01 (6.064e-02) 1.982e-04 (5.174e-05)
Random 2.5260-02 (1.576e-02) 7.334e-02 (1.656e-02) 3.048¢-01 (1.081e-01) 1.962e-04 (5.490e-05)
Shaken Lattice 7.083e-02 (3.959¢e-03) 1.148e-02 (4.810e-03) 2.384e-01 (9.088e-02) 1.921e-04 (4.245e-05)

Table H.3: Average relative errors across different Hamiltonians for a relative noise level of
1.0%, computed over 100 i.i.d. test samples, with standard deviations in parentheses. Note
that, for the Coulomb and dipole potential, the FNO columns instead refer to SEFNO models.
Dashes for DeepONet and UNO indicate that they do not handle functions on a spherical
domain.

FNO UNO DeepONet Linear
Barrier 5.634e-02 (2.388e-02) 2.879e-02 (9.208e-03)  1.54e-01 (6.566e-02) 1.591e-02 (1.321e-04)
Coulomb 5.463e-02 (1.069e-02) — — 1.462e-02 (1.673e-04)
Dipole 7.903e-02 (2.250e-02) — — 1.458e-02 (1.609e-04)
Free 5.906e-02 (3.533e-02) 2.294e-02 (6.8526-03) 1.401e-01 (8.664e-02) 1.591e-02 (1.281e-04)
Gaussian Pulse 6.296e-02 (2.55e-02)  3.595e-02 (1.105e-02) 2.547e-01 (7.022e-02) 1.594e-02 (1.272e-04)
Harmonic Oscillator  3.560e-02 (1.146e-02)  3.66e-02 (1.233e-02)  4.123e-01 (8.527e-02) 1.592e-02 (1.467e-04)
Paul Trap 1.12e-01 (4.197e-02)  9.392e-02 (2.574e-02) 6.134e-01 (9.994e-02) 1.592e-02 (1.369e-04)
Random 1.924e-02 (5.013e-03)  2.66e-02 (6.725¢-03)  2.005e-01 (7.011e-02) 1.591e-02 (1.318e-04)
Shaken Lattice  7.168e-02 (3.097e-03) 2.905e-02 (8.274e-03) 2.090e-01 (9.046e-02) 1.590e-02 (1.297e-04)

H.11 Additional Experiments for Partial Observation

Here we present the additional results for partial observation under a masking probability

of 20% to accompany those presented in 9.6.3.
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Table H.4: Average relative errors across different Hamiltonians for a masking probability of
20%, computed over 100 i.i.d. test samples, with standard deviations in parentheses. Note
that, for the Coulomb and dipole potential, the FNO columns instead refer to SFNO models.
Dashes for DeepONet and UNO indicate that they do not handle functions on a spherical
domain.

FNO UNO DeepONet Linear

Barrier 2.282¢-01 (3.934¢-02)  1.634e-01 (4.013e-02)  4.574e-01 (1.088e-01) 1.596e-03 (1.508e-05)
Coulomb 2.483e-01 (4.045e-02) — — 1.463e-03 (1.643e-05)
Dipole 2.224e-01 (4.358¢-02) — — 1.464e-03 (1.736e-05)
Free 1.767e-01 (2.721e-02)  1.522¢-01 (2.136¢-02)  4.242¢-01 (1.127¢-01) 1.597e-03 (1.673e-05)
Gaussian Pulse 2.796e-01 (5.107e-02)  5.404e-01 (7.378e-02)  3.879¢-01 (1.053e-01) 1.598e-03 (1.965e-05)
( ) ( (
( )
( )
( )

Harmonic Oscillator  2.020e-01 (5.281e-02)  2.082¢-01 (3.244e-02)  4.182e-01 (6.639¢-02) 1.595e-03 (1.416e-05)
Paul Trap 2.826e-01 (5.004e-02) 1.000e+00 (8.714e-04) 6.165e-01 (4.276e-02) 1.594e-03 (1.458e-05)
Random 2.074e-01 (3.237¢-02)  1.889¢-01 (3.114e-02)  3.61e-01 (9.507e-02) 4.640e-03 (1.095e-04)
Shaken Lattice  1.224e-01 (1.065¢-02) 1.468¢-01 (1.739¢-02)  3.066e-01 (1.020e-01) 1.596e-03 (1.711e-05)

—_— — — —

H.12 Additional Experiment for Time Generalization

In Table H.5, we present additional results for time generalization under a relative noise of

1% to accompany those presented in 9.6.4.

Table H.5: Average relative time-generalization errors across different Hamiltonians for a
relative noise level of 1%, computed over 100 i.i.d. test samples. Standard deviations are
shown in parentheses.

Hamiltonian j=1 j=2 j=4 j=28 j=16

Barrier 1.590e-02 (1.215e-04) 2.412e-02 (2.718e-03) 2.429e-02 (2.911e-03) 2.326e-02 (2.419e-03) 2.288e-02 (2.404e-03

Coulomb 1.461e-02 (1.574e-04) 1.464e-02 (1.744e-04) 1.459e-02 (1.559e-04) 1.460e-02 (1.726e-04) 1.458e-02 (1.681e-04

Dipole 1.461e-02 (1.716e-04) 1.465e-02 (1.662e-04) 1.461e-02 (1.646e-04) 1.460e-02 (1.553e-04) 1.466e-02 (1.725e-04
1

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
Free 1.593e-02 (1.493e-04) 1.592¢-02 (1.395¢-04) 1.593e-02 (1.294e-04) 1.594e-02 (1.196e-04) 1.590e-02 (1.300e-04)
Gaussian Pulse 1.592e-02 (1.097e-04) 2.245¢-02 (3.847e-03) 2.435e-02 (5.065¢-03) 2.466e-02 (5.202e-03) 2.563e-02 (5.738¢-03)
Harmonic Oscillator  1.593e-02 (1.380e-04) 1.592e-02 (1.248e-04) 1.585e-02 (1.322e-04) 1.581e-02 (1.371e-04) 1.576e-02 (1.182e-04)
Paul Trap 1.593e-02 (1.178¢-04) 1.519¢-01 (2.011e-02) 4.538e-01 (4.887¢-02) 6.345e-01 (4.912e-02) 6.671e-01 (4.591e-02)
Random Lattice 1.590e-02 (1.320e-04) 1.590e-02 (1.349¢-04) 1.589¢-02 (1.376e-04) 1.591e-02 (1.377e-04) 1.588e-02 (1.407e-04)
Shaken Lattice 1.591e-02 (1.359e-04) 1.677e-02 (2.702e-04) 1.677e-02 (2.449e-04) 1.627e-02 (1.478e-04) 1.703e-02 (2.380e-04)

H.13 Additional Experimental Results

We present in H.6 the results for the case where the test functions have a spectrum to match
that of the linear estimator, i.e. where |k|,, < K,. Noise was disabled for this test, i.e.

o = 0 was used in the data generation.
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Table H.6: Average relative errors across Hamiltonians assessed over a batch of 100 i.i.d.
test samples with a restricted spectrum.

FNO

UNO

DeepONet

Linear

Barrier
Coulomb
Dipole
Free
Gaussian Pulse
Harmonic Oscillator
Paul Trap
Random
Shaken Lattice

4.231e-02 (1.711e-02)
8.033¢-02 (1.926¢-02)
5.3620-02 (1.438¢-02)
1.45e-02 (7.094¢-03)
5.412¢-02 (3.173¢-02)
3.48¢-02 (1.887¢-02)
1.264¢-01 (5.449¢-02)
1.483¢-02 (6.859¢-03)
7.036e-02 (2.764¢-03)

6.767e-02 (3.416e-02)

2.167e-02 (1.021e-02)
1.062e-01 (6.663¢-02)
4.439¢-02 (1.78¢-02)
5.246¢-02 (2.538¢-02)
5.872¢-02 (2.138¢-02)
1.17e-02 (4.428¢-03)

2.616e-01 (7.999¢-02)

1.962¢-01 (8.468¢-02)
2.788¢-01 (8.848¢-02)
1.855¢-01 (7.109¢-02)
6.663¢-01 (9.779¢-02)
2.093¢-01 (6.123¢-02)
2.031e-01 (6.624¢-02)

3.085¢-15 (2.219¢-16)
4.639¢-05 (1.447¢-05)
4.660e-05 (1.706e-05)
2.57e-15 (1.713e-16)
3.129¢-15 (1.119¢-16)
3.068¢-15 (1.028e-16)
3.394e-15 (4.389¢-17)
3.014e-15 (1.708e-16)
3.055¢-15 (1.347e-16)

H.14 Compute Resources

All experiments involving the linear estimator were run on a standard-grade CPU. The deep

learning-based approaches, namely the FNO and DeepONet, were trained on an Nvidia RTX

2080 Ti.
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