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ABSTRACT

This dissertation presents theoretical advancements in reinforcement learning (RL), focusing
on two key settings: online RL under the infinite-horizon average-reward criterion and offline
constrained RL under partial data coverage.

The first part addresses the online setting, where the objective is to optimize long-run
average rewards through interaction with the environment. A family of value-iteration-based
algorithms is proposed by approximating the average-reward objective using a carefully tuned
discounted surrogate. This part resolves an open problem by establishing a computationally
efficient algorithm for linear Markov decision processes under a weak structural assumption.
The proposed algorithm employs span-constrained value clipping and a decoupled planning
strategy that mitigates statistical inefficiencies arising from the complexity of the function
class.

The second part is motivated by safety-critical applications and studies the offline setting,
where the agent must learn a policy from a fixed dataset without further interaction. Primal-
dual algorithms are developed for both linear MDPs and general function-approximation
regimes, based on the linear programming formulation of RL. These methods are oracle-
efficient and provably sample-efficient under partial data coverage. Moreover, they extend
to the constrained RL setting, where the policy must satisfy additional safety constraints
defined by auxiliary reward signals and threshold levels.

Together, the contributions of this dissertation advance the theoretical foundations of

reinforcement learning in settings that prioritize safety and long-term performance.
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CHAPTER 1

Introduction

Reinforcement learning (RL) is a general framework for solving decision-making problems,
and has been applied across a range of domains including robotics, healthcare, education,
and industrial engineering. A common feature of these applications is that a decision-making
agent encounters varying situations, and its actions influence future situations. The RL
framework captures this dynamic by modeling the problem as an interaction between an
agent and an environment, where the agent’s actions affect the environment’s state transi-
tions. The role of the problem designer employing the RL framework is to construct a reward
signal that incentivizes a reward-maximizing agent to exhibit the desired behavior. Given
such a reward signal, the objective of the agent is to learn a policy that selects actions to
maximize cumulative rewards through its interaction with the environment.

Within the reinforcement learning framework, different problem settings arise depending
on the nature of the application. One important aspect is the choice of performance measure
for the agent. In the finite-horizon formulation, the focus is on the agent’s performance over
a fixed, finite number of time steps. In contrast, the infinite-horizon formulation considers
the agent’s performance over an unbounded sequence of interactions. In this setting, there
are broadly two approaches to aggregating rewards over time: one based on the discounted
sum of rewards and the other based on the long-term average reward.

Another important aspect is the data collection scheme. In online reinforcement learning,
data is collected through direct interaction with the environment. In this setting, the agent
must balance exploration and exploitation: it needs to explore the environment to learn its
dynamics while simultaneously exploiting current knowledge to maximize rewards. In offline
reinforcement learning, by contrast, the agent is provided with a fixed, pre-collected dataset
and must learn a policy from this data, without further interaction with the environment.

Finally, an additional aspect considered in this thesis is the presence of constraints. In the
standard, unconstrained reinforcement learning formulation, the objective of the agent is to

maximize cumulative reward. However, in safety-critical applications, the problem designer



may wish to enforce constraints on the agent’s behavior to ensure safe operation. Con-
strained reinforcement learning addresses this by formulating the problem as a constrained
optimization problem, in which the goal is to find a policy that maximizes the primary
reward subject to constraints imposed on auxiliary reward signals.

This thesis examines reinforcement learning problems that span the aforementioned as-
pects, with a focus on advances in algorithmic design and accompanying theoretical guar-
antees. The thesis is organized into two parts: the first part addresses online reinforcement
learning with an infinite-horizon average-reward performance criterion, while the second part
focuses on offline constrained reinforcement learning. The remainder of this chapter presents

the necessary preliminaries for the mathematical formulation of these problems.

1.1 Markov Decision Processes

The reinforcement learning problem is typically modeled as Markov Decision Processes
(MDPs) [Puterman, 2014], which capture the sequential interaction between an agent and an
environment. In an MDP, the actions taken by the agent influence the evolution of the state
of the environment, and the agent receives rewards based on the actions it takes. Formally,
MDPs are defined by the tuple (S,.A,r, P,dy) where S is the set of all possible states the
environment can be in, A is the set of all actions the agent can take, r : S x A — [0, 1] is the
reward function that determines the reward received by the agent when taking an action in
a state, P : S x A — A(S) is the transition probability kernel that governs the transition of
the state of the environment when the agent takes an action in a state. Finally, dy € A(S)
is the initial state distribution that governs the distribution of the initial state. Here, we use
the notation A(X') to denote the probability distribution over the set X’

Interaction Protocol In this thesis, we restrict our attention to the following interaction
protocol between an agent and an environment. The protocol begins with the environment
sampling an initial state from dy. Then, at each time step, the agent selects an action,
receives a reward determined by the reward function r, and the environment transitions
to the next state sampled from the transition kernel P. Since the interaction proceeds

without a fixed terminal time, this setting is referred to as the infinite-horizon setting.



Protocol 1: Infinite-Horizon Setting

1 Environment samples s; € S from distribution dj.
2 fort=1,2,... do

3 Agent takes action a; € A.

4 Agent receives reward r, = r(s;, ;).

5 Environment transitions to the next state sampled from s,11 ~ P(-|s;, a;).

Policy At each time step ¢, when the agent selects an action a; € A, it has access to
the full history (s1,a1,...,8¢-1,a1-1,5¢). Thus, in general, the agent may follow a policy
that maps the history up to time t to a probability distribution over the action space A.
However, all the settings considered in this thesis admit the existence of a stationary policy
that determines the action distribution solely based on the current state, ignoring the past
history. Therefore, we restrict our attention to stationary policies.

A stationary policy is defined as a function 7 : & — A(A) that maps each state to a
distribution over actions. Given a stationary policy 7, the transition kernel P, and the
initial state distribution do, the distribution over the trajectory (si,a, S, as,...) is fully
specified. We denote by P™ the probability measure induced by the interaction of 7, P, and

dy, and by E™ the corresponding expectation.

1.1.1 Linear Markov Decision Processes

In real-world applications, the state space S may be extremely large or even infinite. In such
scenarios, the learner must be able to generalize to states that were not encountered during
training. To enable this generalization, it is necessary to impose structural assumptions on
the underlying MDP.

A widely used assumption in the reinforcement learning theory literature is the linear
MDP assumption [Jin et al., 2020]. This assumption introduces structure into the MDP
by positing that the dynamics and rewards can be represented through a low-dimensional
feature mapping over state-action pairs. The linear MDP framework enables generalization
to unseen states by leveraging this shared feature representation.

The additional assumption made under the linear MDP setting is stated as follows.

Assumption 1 (Linear MDP [Jin et al., 2020]). We assume that the transition and the
reward functions can be expressed as a linear function of a known d-dimensional feature map
@ : S x A— Re such that for any (s,a) € S x A, we have

T(S’a) = <QO(S,Q),9>, P<S/|S’a) = <90(37a)’u’(3/)>

3



where pu(-) = (pui(+), ..., 1a(+)) is a vector of d unknown measures on S and @ € R? is a

known parameter for the reward function.

As is commonly done in the literature on linear MDPs [Jin et al., 2020], we further assume,
without loss of generality (see Wei et al. [2021] for justification), the following boundedness

conditions:
lle(s,a)lla <1 forall (s,a) € S x A,

161> < Vd, (1.1)
I2(S)]2 < V.

1.2 Infinite-Horizon Discounted Setting

In the infinite-horizon discounted setting, the agent and the environment interacts under the
infinite-horizon protocol (Protocol 1). The performance metric of a stationary policy 7 in

this setting is the expected discounted sum of rewards defined as

Zv”r(st,at)] . (1.2)

We define related quantities called value functions that condition on the initial state or

Jy(m):=E"

state-action pair:

V7i(s)=E" Z'yt_lr(st,atﬂsl = s]
L t=1

Qg(saa) =E" Z'yt_lr(st,at”Sl =3S,a1 = (1,] .

Lt=1

We write the optimal value functions under the discounted setting as

V*(s) = max Vf(s), Qi;(s,a) = max Q] (s, a).

v T

When clear from the context, we suppress the subscript v and write V7™, Q™, V* and QQ*. The

goal of RL in this setting is to find a nearly optimal policy that maximizes J7 (s) for each s.

1.3 Infinite-Horizon Average-Reward Setting

In the infinite-horizon average-reward setting, the agent and the environment interacts under

the infinite-horizon protocol (Protocol 1). The performance metric in this setting is the



expected average of rewards, defined as

J™(s):=liminf E"

T—o00

Zr(st,at) | so=s

t=1

N =

The goal of RL in this setting is to find a nearly optimal policy that maximizes J7(s) for

each s.



CHAPTER 2

Infinite-Horizon Average-Reward RL

2.1 Introduction

Among the various RL settings, the infinite-horizon setting is particularly well-suited for
applications where optimizing long-term performance is the primary objective. Examples
include production system management [Yang et al., 2021, Gosavi, 2004], inventory man-
agement [Gijsbrechts et al., 2022, Giannoccaro and Pontrandolfo, 2002] and network rout-
ing [Mammeri, 2019], where interactions between the agent and the environment continue
indefinitely, and the natural goal is to optimize long-term rewards.

In the infinite-horizon framework, there are two widely-used definitions of long-term re-
wards. The first is the infinite-horizon discounted setting, where the objective is to maximize
the discounted cumulative sum of rewards, with exponentially decaying weight assigned to
future rewards. The second is the infinite-horizon average-reward setting, where the objec-
tive is to maximize the undiscounted long-term average of rewards, assigning uniform weight
to future and present rewards. Learning in the average-reward setting is more challeng-
ing because its Bellman operator is not a contraction, and the widely used value iteration
algorithm may fail when the transition probability model used for value iteration is not
well-behaved. This complicates algorithm design, especially when the underlying transition
probability model is unknown and must be estimated.

Seminal work by Auer et al. [2008] introduces a value iteration based algorithm for the
infinite-horizon average-reward setting in the tabular case, where the state space and the
action space are finite. To address sensitivity of the value iteration algorithm to the transi-
tion probability model, they maintain a confidence set that captures the true, well-behaved
transition probability model. Their algorithm employs an extended value iteration approach,
which optimally selects the transition probability model from the confidence set at each iter-
ation. This extended value iteration method has since been extensively used in the tabular
setting [Bartlett and Tewari, 2009, Fruit et al., 2018, Zhang and Ji, 2019]. Beyond the tabu-



lar case, the method has also been adapted to the linear mixture MDP setting [Modi et al.,
2020, Ayoub et al., 2020], where the transition probability model has a low-dimensional
structure [Ayoub et al., 2020, Wu et al., 2022, Chae et al., 2025].

The extended value iteration method is limited to tabular and linear mixture MDPs, as
it relies on sample-efficient transition probability estimation, which is infeasible for settings
like linear MDPs with large state spaces [Jin et al.; 2020]. Due to these limitations, re-
searchers have explored alternative approaches for such settings. For example, Wei et al.
[2021] propose a reduction to the finite-horizon episodic setting by dividing the time steps
into episodes of a fixed length. This approach achieves a regret bound of (5(T3/ 1), which
is suboptimal, where T" denotes the number of time steps. They also introduce a policy-
based algorithm that alternates between policy evaluation and policy improvement steps
to directly optimize the policy. This approach achieves an order-optimal regret bound of
(’3(ﬁ ), but it requires a strong ergodicity assumption on the transition probability model
for sample-efficient policy evaluation. Lastly, they propose another approach that achieves
an order-optimal regret bound by directly solving the Bellman optimality equation as a fixed
point problem, bypassing the need for value iteration. However, the fixed point problem is
computationally intractable.

A recent work by Wei et al. [2020] on infinite-horizon average-reward RL uses a reduction
to the discounted setting to leverage value iteration-based algorithms. They propose a Q-
learning-based algorithm for the tabular setting that solves the discounted setting problem
as a surrogate for the average-reward problem, achieving a regret bound of (5(T 2/3). This
chapter explores this idea further and presents an computationally efficient algorithm under
the infinite-horizon average-reward setting with linear MDPs, that achieves a sharper regret
bound of O(VT).

The chapter is organized as follows. Section 2.2 formalizes the performance measure under
the infinite-horizon average-reward setting, and discusses structural assumptions necessary
for nonvacuous result. Section 2.3 introduces the key technique of approximating the average-
reward setting by the discounted setting, which is used throughout the chapter. Section 2.4
applies the technique to the tabular setting. Section 2.5 applies the technique to the linear
MDP setting. Finally, Section 2.6 discusses a modification of the algorithm for computational

efficiency.

2.1.1 Key References and Related Work

This chapter is based on the following papers written during my PhD.

1. Reinforcement learning for infinite-horizon average-reward linear MDPs via approxi-



mation by discounted-reward MDPs. AISTATS 2025. [Hong et al., 2025].

This paper proposes a new algorithm for online reinforcement learning under the
infinite-horizon average-reward criterion. The central idea is to approximate the
average-reward objective using a carefully tuned discounted surrogate, enabling the
use of value-iteration-based methods. This paper develops algorithmic techniques and

regret analysis for both the tabular setting and the linear MDP setting.

2. A computationally efficient algorithm for infinite-horizon average-reward linear MDPs.
ICML 2025. [Hong and Tewari, 2025a].

This paper improves the computational efficiency of the above approach in the linear
MDP setting. It eliminates the dependency of computational complexity on the size

of the state space by introducing a novel algorithmic trick and accompanying analysis.

3. Learning infinite-horizon average-reward linear mixture mdps of bounded span. AIS-
TATS 2025. [Chae et al., 2025].

This paper is a related work that applies a similar discounted-approximation technique
to the setting of linear mixture MDPs. While closely related in spirit, this paper is not

discussed in detail in the thesis for brevity.

2.2 Preliminaries

Online RL algorithm aims to find an optimal policy by interacting with the environment.
Initially, without knowledge about the dynamics of the underlying MDP, the performance
of the agent is bound to be bad. The performance of the agent would improve over time as
the agent learns about the environment as it explores the MDP. The overall performance of
an online RL algorithm employed by the agent under this setting is measured by the regret
against the best stationary policy 7* that maximizes J™(s;). Writing J*(s1):=J" (s1), we

define the T-step regret as
T

Rp:=> (J*(s1) = r(si,ar)).

=1

Since the reward function takes values in the range [0, 1], it follows that J*(s;) € [0,1], and

hence the regret is trivially bounded above by T'. The question is whether there exists an
algorithm with regret sublinear in 7T'.

As discussed by Bartlett and Tewari [2009], without additional assumptions on the struc-

ture of the MDP, the agent may incur linear regret if it enters a state from which it is

impossible to reach the states that yield high long-run rewards. This scenario suggests the



need for structural assumptions that ensure the agent can eventually recover from visiting
suboptimal states. A rather strong assumption that allows sublinear regret is the ergodicity
assumption that requires the Markov chain induced by any policy to be ergodic, i.e., irre-
ducible and aperiodic. With this assumption, the agent can always recover from a bad state
by running any policy due to irreducibility.

A weaker assumption that still allows sublinear regret is the weakly communicating as-
sumption, which asserts that the state space can be partitioned into a set of transient states
and a set of communicating states. The states in the transient set are visited only finitely
often with probability 1 under any policy, and they do not affect the long-term performance
of any policy. For every pair of states in the communicating set, there exists a policy such
that the agent can reach one state to the other in finite number steps, which allows agent to
recover from a suboptimal state.

An even weaker assumption, popularized by Wei et al. [2021], is the following.

Assumption 2 (Bellman optimality equation). There exist J* € R and functionsv* : S — R
and ¢* : S x A — R such that for all (s,a) € S x A, we have

J + ¢ (s,a) = r(s,a) + [Pv*](s,a)

v'(s) = maxq'(s, a).

As shown by Wei et al. [2021], under Assumption 2, the policy 7* that deterministically
selects an action from argmax, ¢*(s, a) at each state s € S is an optimal policy. Moreover, 7*
always gives an optimal average reward J™ (s;) = J* for all initial states s; € S. Since the
optimal average reward is independent of the initial state, we can simply write the regret as
Ry =1 (J* —r(s;, ;). Functions v*(s) and ¢*(s, a) are the relative advantage of starting
with s and (s, a) respectively. A problem with large sp(v*) to be more difficult since starting
with a bad state can be more disadvantageous. As is common in the literature [Bartlett and
Tewari, 2009, Wei et al., 2020], we assume an upper bound H of the span sp(v*) is known

to the learner.

2.3 Approximation by Discounted Setting

The key idea of the algorithms presented in this chapter, motivated by Zhang and Xie
[2023], is to approximate the infinite-horizon average-reward setting using the infinite-horizon
discounted setting with a discount factor v € [0, 1) that is carefully tuned. When ~ is close
to 1, the optimal policy for the discounted setting becomes nearly optimal for the average-

reward setting. This is supported by a classical result from Puterman [2014], which states

9



that the discounted cumulative reward of a stationary policy converges to its average reward
as v approaches 1.
The following lemma formally establishes the connection between the infinite-horizon

average-reward setting and the discounted setting.

Lemma 1 (Lemma 2 in Wei et al. [2020]). For any v € [0,1), the optimal value function

V¥ for the infinite-horizon discounted setting with discounting factor ~y satisfies
(i) sp(V*) < 2sp(v*) and
(i) |(1—=~)V*(s) — J*| < (1 —7)sp(v*) forallseS.

The lemma above implies that the difference between the optimal average reward J* and
the optimal discounted cumulative reward normalized by the factor (1 — «) is small when
~ is close to 1. Therefore, the policy that is optimal under the discounted setting can be
expected to be nearly optimal for the average-reward setting, provided that the discount

factor « is chosen sufficiently close to 1.

2.4 Tabular Setting

In this section, we introduce an algorithm designed for the tabular setting, where the state
space S and action space A are both finite, and no specific structure is assumed for the
reward function or the transition probabilities. The structure of the algorithm, along with
the accompanying analysis, will lay the groundwork for extending these results to the linear
MDP setting.

2.4.1 Algorithm

Our algorithm, called discounted upper confidence bound clipped value iteration (y-UCB-
CVI), adapts UCBVI [Azar et al., 2017], which was originally designed for the finite-horizon
episodic setting, to the infinite-horizon discounted setting. At each time step, the algorithm
performs an approximate Bellman backup with an added bonus term B\/W (Line 10)
where Ny(s,a) is the number of times the state-action pair (s, a) is visited. The bonus term
is designed to guarantee optimism, ensuring that ¢, > Q* for all t = 1,...,7T. A key
modification from UCBVI is the clipping step (Line 12), which bounds span of the value
function estimate V; by H, where the target span H is an input to the algorithm. Without
1

clipping, the span of the value function V; can be as large as fu— while with clipping, the

span can only be as large as H. As we will see in the analysis, this clipping step is crucial to

10



Algorithm 2: v-UCB-CVI for Tabular Setting

Input: Discounting factor v € [0,1), span H, bonus factor f.

Initialize: Q1(s,a), Vi(s) < ﬁ; No(s,a,s") < 0, No(s,a) < 1, for all
(s,a,s') e S x AxS.

1 Receive initial state s;.

2 for time stept =1,...,T do

3 Take action a; = argmax, Q;(s;, a).

4 Receive reward r (s, a;).

5 Receive next state s;41.

6

7

8

9

Ni(st, apy Se41) < Nie—1(se, ar, Se1) + 1

Ni(sg,ap) < Ni—1(sg,ae) + 1.

(Other entries of N; remain the same as N;_1.)

P,(s'|s,a) < Ny(s,a,s)/Ny(s,a), V(s,a) €S x A.

10 Qui1(s,a) < (r(s,a) +y[PV](s,a) + B//Ni(s,a)) A Qi(s,a), Y(s,a) e S x A
11 Vit (s) < (max, Quar(s,a)) A Vi(s), Vs€eS.

12 Vi1 (s) < Viga(s) A (ming Viyy (') + H), Vs € S.

achieving a sharp dependence on ﬁ in the regret bound, which enables the 6(@) regret
through tuning . Running the algorithm with the discounting factor set toy =1—1/ VT
and the target span set to H > 2 - sp(v*) guarantees the following regret bound.

Theorem 1. Under Assumption 2, there exists a constant ¢ > 0 such that, for any fixed § €
(0,1), if Algorithm 2 is run withy = 1—+/1/T, H > 2-sp(v*), and B = cH+/Slog(SAT/9),
then with probability at least 1 — O, the total regret is bounded by

Rr <O <H\/SQAT 1og(SAT/5)) .

In the theorem above, the constant ¢ in the definition of § is specified in Lemma 2 in
the following subsection. The resulting regret bound matches the best known regret bound
for computationally efficient algorithms in this setting. A comprehensive comparison with
previous work on infinite-horizon average-reward tabular MDPs is provided in Section 2.4.3.

An interesting direction for future work is to improve the regret bound by a factor of v/S

through a refined analysis using Bernstein-type concentration inequalities, inspired by the
refined analysis of UCBVI in Azar et al. [2017].

2.4.2 Regret Analysis

This section outlines the proof of Theorem 1, with the complete argument deferred to Ap-

pendix A.1. The key component of the analysis is the following concentration inequality.

11



Lemma 2. Under the setting of Theorem 1, there exists a constant ¢ such that for any fived
d € (0,1), we have with probability at least 1 — § that

(P = PYVil(s,a)| < ¢ H\/Slog(SAT/5)/Ni(s, a)

for all (s,a,t) € S x A x [T].

Without clipping, the span of V; would be ﬁ rather than H, causing the deviation term
[(P,— P)V;](s, a) to scale with ﬁ instead of H. Replacing the ﬁ factor with H via clipping
is essential for achieving a regret bound of (5(\/T ) when tuning .

In Theorem 1, the bonus factor parameter (5 is chosen based on the concentration bound
established in the preceding lemma. This choice guarantees that the deviation term [(ﬁt =
P)Vi(s,a) is bounded by 3/+/Ni(s,a), which corresponds to the bonus term used by the

algorithm. With this result in place, the following optimism result can now be established.

Lemma 3 (Optimism). Under the setting of Theorem 1, we have with probability at least
1—9 that

Vi(s) > V*(s), Qis,a) > Q*(s,a)
for all (s,a,t) € S x A x [T].

The proof uses an induction argument (e.g. Lemma 18 in Azar et al. [2017]) to show
V,(s) > V*(s). To establish that the clipped value function V;, no larger than V; by design,
still satisfies Vi(s) > V*(s), we use sp(V*) < 2-sp(v*) < H (Lemma 1), which guarantees
the clipping operation does not clip V; below V*.

Now consider the high probability events established in Lemma 2 and Lemma 3 to hold.
By the value iteration step (Line 10) of Algorithm 2 and the concentration inequality in
Lemma 2, it follows that for all t =2,..., T,

7(s¢,a1) > Qi(se, ar) — 7[ﬁt—lvt—1](3t7 ar) — B/v/ Ne-1(s¢, ar).
Furthermore, by the optimism guarantee of Lemma 3, it holds that
Vi(se) < ‘N/t(St) < max Qi(st,a) = Qi(s4, ar),

which implies
T(Stvat) > Vt(St) - V[Pvt—l](st;at) - 25/ Nt—l(staat)~
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Hence, the regret can be bounded by

Ry

hE

(J* = 7r(s,ar))

~~
Il

1

(J* = Vi(se) + Y[PVica] (s, ar) + 28/v/ Ni—1(s¢, a4)) + O(1

] =

~
||
(V]

where the first inequality uses the fact that J* < 1, which can be decomposed into

T T
— Z(J* Vt St Z Vicq 3t+1 V;S(St))
t=2

-~ -~

(a) ()

T T
Z PVi1(st,at) — Vica(S41)) + 2521/\/ Ni-1(st,at) + O(1)
t=2

N ~

(e) (d)

The terms (a), (b), (¢), (d) can be bounded separately as follows.

Bounding Term (a) Using the optimism result (Lemma 3) that says V;(s) > V*(s) for
all s € § and Lemma 1 that bounds |J* — (1 —)V*(s)| for all s € S,

T

(J' = (L =Vi(s)) £ D (I = (L =)V7(s0))

< T(1—7)sp(v7).

] =

~
||
(V]

Bounding Term (b) Note that for any s € S, the sequence {V;(s)}/_; is monotonically
decreasing due to Line 11-12 in Algorithm 2. Moreover, since V(s) € [0 L 1) for all t =
1,...,T, the total decrease in V(s) from ¢ = 1 to T is bounded above by . Hence,

T T
1
tz:; Vici(si+1) — Vilsy)) < Z Vici(si41) — Viga(si41)) + O <1 — 7)

< fj(v;_1<s>—vt+1<s>>+0( =)
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Bounding Term (¢) Term (c¢) is the sum of a martingale difference sequence where each
term is bounded by H. Hence, by the Azuma-Hoeffding inequality, with probability at least
1—9, term (c) is bounded by H \/WU/(S) . Without clipping, each term of the martingale
difference sequence can only be bounded by ﬁ, leading to a bound of 6(%\/? ), which is
too loose for achieving a regret bound of O(v/T).

Bounding Term (d) We can bound the sum of the bonus terms (d) using a stan-
dard argument (Azar et al. [2017], Lemma 21 in Appendix A.1) by O(BVSAT) =
O(H\/S2AT log(SAT/5)).

Combining the above, and rescaling ¢, it follows that with probability at least 1 — 9,

Ry < (’)(T(l — )sp(v) + & + H\/Tlog(1/5) + H\/SQATlog(SAT/cS)).

Choosing v = 1 — 1/v/T gives

Ry <O (H\/SQAT 1og(SAT/5)) ,

which completes the proof of Theorem 1.

2.4.3 Related Work

Seminal work by Auer et al. [2008] on infinite-horizon average-reward setting in tabular
MDPs laid the foundation for the problem. Their model-based algorithm called UCRL2
constructs a confidence set on the transition model and run an extended value iteration that
involves choosing the optimistic model in the confidence set each iteration. They achieve
a regret bound of O(DSVAT) where D is the diameter of the true MDP. Bartlett and
Tewari [2009] improve the regret bound of UCRL2 by restricting the confidence set of the
model to only include models such that the span of the induced optimal value function is
bounded. Their algorithm, called REGAL, achieves a regret bound that scales with the
span of the optimal value function sp(v*) instead of the diameter of the MDP. However,
REGAL is computationally inefficient. Fruit et al. [2018] propose a model-based algorithm
called SCAL, which is a computationally efficient version of REGAL. Zhang and Ji [2019]
propose a model-based algorithm called EBF that achieves the minimax optimal regret of
O(+/sp(v*)SAT) by maintaining a tighter model confidence set by making use of the estimate
for the optimal bias function. However, their algorithm is computationally inefficient. There
is another line of work on model-free algorithms for this setting. Wei et al. [2020] introduce

a model-free Q-learning-based algorithm called Optimistic Q-learning. Their algorithm is a
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Table 2.1: Comparison of algorithms for infinite-horizon average-reward RL in tabular setting

Algorithm Regret (5() Assumption
UCRL2 [Auer et al., 2008] DS\ AT Bounded diameter
T REGAL [Bartlett and Tewari, 2009]  sp(v*)vV SAT Weakly communicating
PSRL [Ouyang et al., 2017] sp(v*)SVAT Weakly communicating
T OSP [Ortner, 2020] VimixSAT Ergodic
SCAL [Fruit et al., 2018] sp(v*)SVAT Weakly communicating
UCRL2B [Fruit et al., 2020] SVDAT Bounded diameter
T EBF [Zhang and Ji, 2019] sp(v*)SAT Weakly communicating
Optimistic Q-learning [Wei et al., 2020] sp(v*)(SA)3T3 Weakly communicating
MDP-OOMD [Wei et al., 2020] Vs nAT Ergodic

UCB-AVG [Zhang and Xie, 2023] sp(v*) S5 A%/ T Weakly communicating
v-UCB-CVI [Hong et al., 2025] sp(v*)SVAT  Bellman optimality equation

Lower bound [Auer et al., 2008] Q(VDSAT)

reduction to the discounted setting. Although model-free, their algorithm has a suboptimal
regret of O(T?/?). Recently, Zhang and Xie [2023] introduce a Q-learning-based algorithm
called UCB-AVG that achieves regret bound of O(v/T). Their algorithm, which is also a
reduction to the discounted setting, is the first model-free to achieve the order optimal regret
bound. Their main idea is to use the optimal bias function estimate to increase statistical
efficiency. Agrawal and Agrawal [2024] introduces a model-free Q-learning-based algorithm
and provides a unified view of episodic setting and infinite-horizon average-reward setting.
However, their algorithm requires additional assumption of the existence of a state with
bounded hitting time.

Comparison of algorithms for infinite-horizon average-reward RL in the tabular setting can
be see in Table 2.1. The sign  indicates that the corresponding algorithm is computationally

inefficient.

2.5 Linear MDP Setting

In this section, the key ideas developed in the previous section are applied to the linear MDP
setting (see Section 1.1.1 for the definition). As discussed by Jin et al. [2020], although the
transition model P is linear in the d-dimensional feature mapping ¢, the transition kernel
P retains infinite degrees of freedom due to the unknown measure p, making the estimation
of P challenging.

For sample-efficient learning, the key observation is that [Pv](s, a) is linear in (s, a) for
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any function v : § — R. That is, there exists a vector w; € R? such that

[Pu](s, a) = {p(s,a), wy),

since

[Pv](s,a): ://es v(s)P(ds" | s,a)
:// Sv(s’)((,o( ,a), u(ds'))

= <Q0( ,CL), U(S,)Pl'(d ,)>

s'eS
This representation allows the estimation of [Pv](s,a) via linear regression, circumventing
the need to estimate the full transition kernel P.

Exploiting the linearity, for a function V : § — R, we can estimate w*(V') given a

trajectory data (s1,as,...,S1,a:_1,S¢) via linear regression as follows:
t—1
wy(V):= At_l Z V(sr41) - p(5r,ar)
=1

where Ay = AT+ 302 (s, ar)p(st, a;) . With such a regression coefficient, [PV](s,a) can
be estimated by

[BV](s,a): =(gp(s,a), @, (V = V(1)) + V(s1).

We estimate [PV](s,a) by estimating [P(V — V(s1))](s,a) and then adding back V' (sy).
This allows bounding the norm of the regression coefficient ||w;(V — V(s1))|]2 by a bound
that scales with the span of V instead of the magnitude of V', which is required for getting
a sharp regret bound.

Naively adapting the algorithm design and analysis for the tabular setting to the linear
MDP setting would result in a regret bound that is polynomial in S, the size of the state
space, when bounding 3°1_ (Vi1 (s;41)—Vi(s:)). Also, algorithmically making the state value
function monotonically decrease in ¢ by taking minimum with the previous estimate every
iteration, as is done in the tabular setting for the telescoping sum argument, would lead to
an exponential covering number for the function class of the value function, in either 7" or S
[He et al., 2023]. A major challenge in algorithm design and analysis is sidestepping these
issues. The algorithm presented in the next section for the linear MDP setting addresses

these issues.
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Algorithm 3: v-LSCVI-UCB

Input: Discounting factor v € (0, 1), regularization A > 0, span H, bonus factor £.
Initialize: t < 1, k < 1, t, < 1, Ay < M, Ag < M, Q1(-,-) + ﬁ for t € [T].
Receive state s;.

for time stept =1,...,T do

3 Take action a; = argmax, Q¥(s;, a). Receive reward r(s;, a;). Receive next state

N =

St
4 Ay < No1 + o(se, a)p(se, ar) T

5 if 2det(Ag) < det(A;) then

6 k—Fk+1,t, < t+1, Ay — A,
// Run value iteration to plan for remaining 7 —t; + 1 time steps
in the new episode.
7 VEa() « ﬁa VEn () < ﬁ
8 foru=T,T—-1,...,t, do
o whoy AL (s, an) (Vi (s741) = Vil (s1).
10 Er) = (1) 7Rl whin) + Vi (1) + Blle () ) A s
11 VE(-) + max, QF(-, a).
12 B VE() < VF() A (ming VF(s') + H).

2.5.1 Algorithm

The algorithm presented in this section, referred to as discounted least-squares clipped value
iteration with upper confidence bound (y-LSCVI-UCB), extends the LSVI-UCB algorithm of
Jin et al. [2020], originally developed for the finite-horizon episodic setting, to the infinite-
horizon discounted setting. The main modifications introduced to adapt to the discounted

setting are summarized below.

Clipping the Value Function The value function estimates are clipped to restrict their
span (Line 12), following the same strategy employed in the tabular case discussed in the
previous section. This clipping operation enforces a bounded span, which is critical in
controlling the bias arising from approximation and enables a regret bound with improved
dependence on the discount factor, saving a factor of 1/(1 — 7).

In the previous algorithm, v-UCB-CVI, designed for the tabular setting, the value itera-
tion procedure is interleaved with the decision-making process. Specifically, at each time step
t, the agent selects an action greedily with respect to the most recently updated action-value
function @;. This design structure is common across value iteration-based and ()-learning-

based algorithms in both infinite-horizon average-reward tabular MDPs [Zhang and Xie,
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2023] and infinite-horizon discounted tabular MDPs [Liu and Su, 2020, He et al., 2021]. Un-
der this interleaved design, the value function sequence {V;} is algorithmically required to
be monotonic in order to control the telescoping sum >, (Vi—1(si41) — Vi(s1)).

However, in the linear MDP setting, enforcing monotonicity of {V;} by defining
Vi :=min(V;_1,V;) would cause the complexity of the function class from which value es-
timates are drawn to grow with 7. In particular, the logarithm of the covering number of
the function class would scale with T, leading to vacuous regret bounds.

To avoid this issue, a novel algorithmic structure is adopted that decouples the value
iteration updates from the decision-making process. This structural separation allows the
algorithm to maintain a fixed function class and leverage concentration tools without incur-

ring complexity penalties tied to time horizon T

Planning until the End of Horizon Prior to executing any action at time ¢, the algo-
rithm performs a sequence of T'— t value iteration steps to construct a series of action-value
functions Qr, Qr_1,...,Q¢ (Lines 7-12). At each decision point ¢, the agent then selects
a greedy action with respect to );. This algorithmic structure resembles that of value
iteration-based algorithms for the finite-horizon episodic setting [Azar et al., 2017, Jin et al.,
2020], in which Bellman updates are used to generate action-value functions corresponding
to each time step of a fixed-length episode, and actions are chosen greedily according to these
functions throughout the episode. Under this structure, );_; becomes one Bellman update
ahead of Q;. As a result, the key quantity of interest becomes 3/, Viy1(s141) — Vi(s¢), which

can now be bounded by telescoping sum.

Restarting when Information Doubles If all 7" action-value functions are generated
at the initial time step via approximate value iteration and subsequently used for decision-
making over T steps, the collected trajectory data cannot be leveraged for improving future
decisions. To address this limitation while retaining the pregeneration scheme, we period-
ically restart the value iteration process based on the growth of an information measure
derived from the observed data. Specifically, we initiate a new sequence of value iterations
whenever a chosen information criterion doubles, enabling the algorithm to incorporate newly
collected trajectory data into future planning. To implement this mechanism, we adopt the
rarely-switching covariance matrix technique introduced by Wang et al. [2021]. This ap-
proach triggers a restart when the determinant of the empirical covariance matrix doubles
(Line 5).

The algorithm y-LSCVI-UCB, based on the design discussed above, has the following

guarantee.
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Theorem 2. Under Assumptions 2 and 1, running Algorithm 3 with inputs v = 1 —
V1og(T)/T, X\ = 1, H > 2 - sp(v*) and B = 2c5 - Hd\/log(dT/§) guarantees with proba-
bility at least 1 — ¢,

Ry < O(H+/d3T log(dT/6)).

The constant cs is an absolute constant defined in Lemma 4. A refined analysis of the
variance of the value estimate [He et al., 2023] may improve our regret by a factor of Vi,

which would be an interesting future work.

2.5.2 Regret Analysis

This section outlines the proof of the regret bound presented in Theorem 2. The first step
is to show that the value iteration step in Line 10 with the bonus term J||¢(-, ~)HA;1 with
appropriately chosen [ ensures the value function estimates V; and ); to be optimistic
estimates of V* and Q*, respectively. The argument is based on the following concentration

inequality for the regression coefficients. See Appendix A.2.1 for a proof.

Lemma 4 (Concentration of regression coefficients). With probability at least 1 — ¢, there
exists an absolute constant cz such that for B = cg - Hd\/log(dT'/d), we have

(@, w — )] < Bl

for all episode indices k and for all vectors ¢ € R where wh* : = [(VF(s) — VF(s1))dp(s) is
a parameter that satisfies (@p(s,a), wr*) = [PVF¥|(s,a) — VF(sy).

With the concentration inequality, we can show the following optimism result. See Ap-

pendix A.2.2 for an induction-based proof.

Lemma 5 (Optimism). Under the linear MDP setting, running Algorithm 3 with input
H > 2. sp(v*) guarantees with probability at least 1 — & that for all episodes k = 1,2,...,
u=tg,....,T+1 and for all (s,a) € S x A, we have

Vi(s) =2 V*(s),  Quls.a) > Q"(s,a).

Now, we show the regret bound under the event that the high probability events in the
previous two lemmas (Lemma 4, Lemma 5) hold. Let ¢ be a time step in episode k such
that both ¢ and ¢ + 1 are in episode k. By the definition of Q%(-,-) (Line 10), we have for all
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t=tg,...,T+1and (s,a) €S x A that

r(s,a) 2 Qi (s, a) = Y({p(s,0), wiy) + min Vi (s) = Bllep(s, a)50)
> Qi (s,a) —7[PVi1](s,a) — 4Blle(s, a) 5,

where the second inequality uses the concentration bound for the regression coefficients in
Lemma 4. It also uses ||ar;||A;1 < 2|[z|[5-1 (Lemma 30). Hence, we can bound the regret in

episode k by

tp41—1

RF = Z (J* —1r(se,ar))
t=ty
tp41—1

< Y (= Qe a) + [PV (se ar) + 4Bllep (s, a0) 1 50).

t=tg

which can be decomposed into

tet1—1 tg41—1
= Z (J* = (1 =)V (5e01)) + Z S (si01) — Qf (51, a1))
t=tg t ti
(@) ®
tpr1—1 tpt1—1
+y Y [PVE (st a0) = VB (s100) +48 Y llep(stran) 5.
t=ty, t=ty

(c) (d)

where the first inequality uses the bound for r(s;, a;). With the same argument as in the
tabular case, the term (a) summed over all episodes can be bounded by 7'(1 — «y)sp(v*)
using the optimism V*(s;11) > V*(s;41), and Lemma 1 that bounds |J* — (1 — v)V*(s)]
for all s € S. Term (d), summed over all episodes, can be bounded by O(8v/dT logT)
using Cauchy-Schwartz and Lemma 29. Term (c), summed over all episodes, is a sum of
a martingale difference sequence, which can be bounded by O(sp(v*)y/T log(1/9)) since
sp(VF) < 2-sp(v*) by the clipping step in Line 12.
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Bounding Term (b) To bound term (b) note that

V;f]il (5¢41) < ‘Zil (5¢41)

= max Q§+1<5t+1> a)

= Qf+1(5t+17 ii1)

as long as the time step £+ 1 is in episode k, since the algorithm chooses a;,; that maximizes

QF 1 (St41,-). Hence,

tet1—1 thy1—2

> (VEi(sir1) — QF (s, ar) < ﬁ + ) (@ (5141, ar1) — QF (51, ar))

t=ty, t=tg
<0 (_1 )
> 1—~
1

where the second inequality uses telescoping sum and the fact that QF < - Since the
episode is advanced when the determinant of the covariance matrix doubles, it can be shown

that the number of episodes is bounded by O(dlog(T)) (Lemma 31). Combining all the
bounds, and using 8 = O(sp(v*)dy/log(dT/)), we get

log(T) + H+/Tlog(1/6) + H\/d3Tlog(dT/5)>.

Ry < (’)(T(l — 7)sp(v*) + T

Setting v =1 — +/(logT) /T, we get
Ry <O (H d3Tlog(dT/5)) ,

which concludes the proof of Theorem 2.

2.5.3 Computational Complexity

The algorithm y-LSCVI-UCB runs in episodes and since a new episode starts only when the
determinant of the covariance matrix A; doubles, there can be at most O(dlog, T') episodes
(see Lemma 31). In each episode, we run at most 7' value iterations. In each iteration
step u, the algorithm computes miny V/(s') which requires evaluating V/(s') at all s’ € S,
which requires O(d?SA) computations. Also, the algorithm computes w” +1, Which requires
O(d? + Td) operations. All other operations runs in O(d? + A) per value iteration. In total,
the algorithm runs in O((log, T)d*SAT?). See Appendix A.2.3 for detailed analysis.

The FOPO algorithm by Wei et al. [2021] that matches the regret bound under the same
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set of assumptions, has a time complexity of O(T%log, T). Although the time complexity of
~v-LSCVI-UCB is an improvement over previous work in the sense that the time complexity
is polynomial in problem parameters, it has linear dependency on S. The dependency on S
arises from taking the minimum of value functions for clipping. The algorithm presented in

the next section gets rid of this dependency by employing an efficient clipping.

2.6 Linear MDP Setting: Computational Efficiency

This section presents the algorithm called discounted Deviation Controlled Least Squares
Clipped Value Iteration with Upper Confidence Bound (y-DC-LSCVI-UCB, Algorithm 4),

which improves computational complexity of the algorithm presented in the previous section.

2.6.1 Computationally Efficient Clipping
The algorithm design for computational efficiency is centered around bounding the term

T—

Z 141 (St41) t++1 (St+1),

=1

where {‘Zf}ue[t;ﬂ is the sequence of value functions generated at time step ¢, and {V;! }yepry
is the sequence of clipped value functions generated at time step t. Note that the clipped
value function V}, | in the summation is generated at time step ¢, prior to observing the next
state s;y1. With unlimited compute power, the y-LSCVI-UCB algorithm by previous work
uses Mingeg XZZFI(S) as the clipping threshold, which allows bounding V}’; evaluated at s;14
by

V(i) = CLIP(VS (sea)s min Vi (5), min V7, (5) + H)

< ‘/tz-l(st—i-l)

where the inequality only holds because minges Vtﬁrl(s) < \Z’;l(stﬂ). The algorithm ~-
LSCVI-UCB also reuses the sequence of value functions most of the time steps, such that
XZZFI(SHl) = \Zﬁl(stﬂ), allowing the bound Vi, (sy41) — iﬁl(stﬂ) <0.

For computational efficiency, suppose we use m; as the clipping threshold instead of
Minges ‘7;11(3), where m; is computed using states si,...,s; only. Then, the bound

Vi (si1) < ‘Zﬁrl(stﬂ) may no longer hold because
Vtt+1<5t+1) CrL1p( t+1(3t+1) mg, my + H) > my
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and we may have m; > \N/tz_l (s¢41) since we cannot look ahead s;,1 when choosing the clipping

threshold m,;. We can instead get a bound with an error term:

V;:t+1(5t+1) = CLIP(V?Jrl(StH)S my, my + H)

< ‘211(5t+1) + max{m; — ‘7tt+1(5t+1), 0}.

One key idea of handling the sum of the error terms is to choose my 1 = Vi (S441) A my
(Line 14), leading to
Vi(sia) < Vi (sern) + 4

where Ay = my — myy1. Then the sum of the errors A; can then be bounded using a
telescoping sum.

The clipping threshold m;; = 17tt+1(st+1) A m; may change every time step. Hence, after
advancing to the next time step ¢+ 1 and computing the new threshold m;, the algorithm
computes Qiﬂ afresh, which involves generating a sequence of value functions V%“, e ttfll
by running clipped value iteration with the new threshold m; ;. Therefore, unlike previous
work that ensures \Zﬁrl(stﬂ) = ‘Zﬁ:ﬁl(stﬂ) by reusing the sequence of value functions, we

need to control the difference between ‘Zﬁrl(stﬂ) and IZ’fll(stH) to be able to bound

Vi (se1) < Vi (se) + Ay = VE (s001) + A

. . . . . 7t o~ T/t
The next section discusses the algorithm design for ensuring V,° ; = V|1

2.6.2 Deviation-Controlled Value Iteration

Previous discussion suggests we need to bound the difference between sequences of value
functions {VJ}UG[T] and {‘Zf“}uem generated by value iterations using different clipping
thresholds m; and m;.;. We would expect that the difference between sequences of value
functions to be bounded by the difference in clipping thresholds m; — m;,;. Surprisingly, a
naive adaptation of the previous work v-LSCVI-UCB, fails to control the difference. To see
this, consider the following clipped value iteration procedure that generates a sequence of
value functions {V'}, at time step ¢ using the clipping threshold m;.

We argue that controlling the difference ||V 1= Vjillﬂoo < A for A = my —my; at value
iteration index u + 1 does not necessarily control the difference ||V — V|| at the next
value iteration. To see this, suppose ||V 1= XN/JLI loo < A. Then, by value iteration, we have

IV = Vi oo < 11Q% = @4 loo & 1P(Viir = Vi) lloo

U
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Vi () < ﬁ

foru=T,T—1,...,tdo
L) (76 APV + Bllel ) ) A
Vi) - max, Q4 (-, a).
VI(-) < CLp(VE(-); my, my + H).

It is natural to expect that ||V, — VA oo < A would imply || B(VE,, — VA [l < A. This
is true when [P,V](s,a) is an expectation of V() with respect to an empirical probability
distribution ID;(|, -), which is the case for the tabular setting (see Appendix A.3.3.1 for
more discussion). However, in the linear MDP setting, and more generally in general value
function approximation setting, [P,V](s,a) is defined through a regression: [PV](s,a) =
(p(s,a), w,(Vt,, — Vi), which can be arbitrarily larger than A as shown in the next

lemma.

Lemma 6. There exist @y,..., ¢, € R with |¢;]| <1 fori=1,....n, and y1,...,y, €R
with ly;| <A, i=1,...,n for any A >0, such that

(. )] > 5AV

for some ¢ € R where w,, is the regression coefficient w, = A1 Y " vy where A, =

To address this issue, we propose a novel value iteration procedure that explicitly controls
the deviation of a sequence of value functions from its previous sequences. The key idea is
to clip the value function @Z so that its values do not deviate too much from value functions
sz_l and QVZ_Q from previously generated sequences of value functions (Line 6-8). With this

scheme, we can bound the difference between \Zf and f/;“ as follows.

Lemma 7. When running v-DC-LSCVI-UCB (Algorithm 4), we have
|‘7$+1(5> - ‘7;(5” < My—1 — Myt

forallt € [T], we[t:T] and for all s € S.

The lemma above says that the sequence of value functions {VJ“}MG[HLT] generated at
time step ¢t + 1 deviates from the chain of value functions {?t}ue[t .7) by at most my_1 —myq.
This deviation control enables bounding the term 3/ ' Vi | (si41) — Vtirll(stﬂ), which we

demonstrate in the next section.
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Algorithm 4: v-DC-LSCVI-UCB [Hong and Tewari, 2025a]

Input: Discounting factor v € [0, 1), regularization constant A > 0, span H > 0,

bonus factor 5 > 0.
Initialize: A; < M\, m_ 1<—oo Mo — 00, My 4— 7= 7,QO( )+ ﬁ,
Qu'() + 15

1 Receive state s;.
2 fort=1,...,7T do
3 Vi () <
4

ﬁ.

foru=T,T—-1,...,tdo
: L) = (76 + APV ) + Bl ) ) A 25
6 u( ) ) Qé_l(a)/\QZ 2(’7')' B
P L) e (@) — me o m) V(@2 — i+ m).
8 QZ( ) — CLIP(QZ(?)aLZ(7)>U5(7))
9 Vj( )  max, Q. (-, a).
10 B V) « CLIP(‘N/J(-);mt,mt + H).
11 | Take action a; <— argmax, 4 QL(st, a).
12 Receive reward T(St, at). Receive next state s;1.
13 N1 /}f + (se, a:)p(se,a0) "
14 | M1 — ‘/;Z_I(S]H_l) VAN my.

2.6.3 Regret Analysis

In this section, we outline a regret analysis for our algorithm. Central to the regret analysis

is the following concentration bound for the estimate fA’tV.

Lemma 8. With probability at least 1 — 9, there exists an absolute constant cg such that for

B =cg- Hd\/log(dT'/9),
[BV,](s,a) = [PV{](s,0)| < Blle(s,a)] 50

forallt € [T],welt:T] and (s,a) € S x A.

A proof for the lemma above first finds a concentration bound for fA’tV for a fixed value
function V : § — R using a concentration bound for vector-valued self-normalized processes.
Then, an e-net covering argument is used to get a uniform bound on the function class that
captures all value functions V! encountered by the algorithm. For this to work, we require
the function class to have low covering number. We can show that the log covering number
of the function class that captures functions @Z can be bounded by (5(d2), which amounts

to covering the d x d matrices A;. Since @, is a function of 5 functions in this function
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class, the log covering number of the function class that captures Q' is bounded by 6(d2).
With the concentration inequality, and the fact that the algorithm uses 3|[¢(s,a)[[y-1 as the

bonus term, we get the following results.

Lemma 9 (Optimism). With probability at least 1 — 6, for allt € [T] and u € [t : T| and
s €S, we have
Vi(s) = V*(s),
as long as the input argument H is chosen such that H > 2 - sp(v*).
Lemma 10. With probability at least 1 — 6, we have for allt € [4:T] and v € [t : T that

Qu(s,a) <7(s,a) + [PV, (s, a) +28]@(s, a) [y + 2(me—s — my)

for all (s,a) € S x A.

Using the lemma above, the regret can be bounded by

Ry = Zf:l(J* — (8¢, a1))
< i = Qi(se ar) + APV (st ar) + 28] (s0, ar) [+ + 2(mu—s —my)) + O(1)

which can be decomposed into

=T = (L= DV (s500) + S (Vi) = T (50)

—~ —~

(a) (b)
+7 Y ([PVE ) (s, a0) — VAASm)HMZL (st ar)l[y-1 + O(

~\~ ~~

(©) (

1
L=y

).

=

where we use Q!(s;,a;) = V/!(s;) by the choice of a; by the algorithm. Each term can be

bounded as follows.

Bounding (a) By the optimism result (Lemma 9), we have V!(s) > V*(s) for all ¢t € [T
and u € [t : T with high probability. It follows that

= (L= )V (sia) < J* = (L= )V (s041)
< (1—7)sp(v")

where the last inequality is by the bound on the error of approximating the average-reward

setting by the discounted setting provided in Lemma 1. Hence, the term (a) can be bounded
by T'(1 —~)sp(v").
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Bounding (b) Using Lemma 7 that controls the difference between V™ and V!, we have

Vi (se) = CLIP(VtH(StH) my, my + H)
< CLIP(%+1<St+1) Myy1, Mey1 + H) + my — My
< VtH(StH) + my — My

< Vtz-i_ll(st—i-l) +2my—1 — 2myp

where the second inequality holds because V! H(stﬂ) > myyq by Line 14. Hence, term (b)
can be bounded by O(1 ) using telescoplng sums of VtJrl (Sg41) — Vt(st) and 2my_1 —2my, 1,
and the fact that Vj < 1= and m; < ;= for allt € [T] and u € [t : T].

Bounding (c¢) Since V! is F-measurable where F; is history up to time step ¢, we have
E[VY 1 (se1)|Fe) = [PVi4](se, ar), making the summation (c¢) a summation of a martingale
difference sequence. Since sp(V}' ;) < H for all ¢t € [T], the summation can be bounded by
O(sp(v*)VT) using Azuma-Hoeffding inequality.

Bounding (d) The sum of the bonus terms can be bounded by O(8v/dT) using a standard
analysis from literature on linear MDP.
Combining the bounds, and choosing H > 2 - sp(v*) and 8 = O(sp(v*)d) specified in

Lemma 8, we get
Ry < O(T(1 = )sp(v*) + & + HVT + HVA@T).

Choosing v = 1 — \/1/T, we get Ry < O(HVdT), leading to our main result (see Ap-

pendix A.3.4 for a more detailed analysis):

Theorem 3. Under Assumptions 2 and 1, running Algorithm J with inputs v =1—+/1/T,
A=1, H=2-sp(v*) and p = 2cp - sp(v*)d/log(dT'/d) guarantees with probability at least
1-9,

Ry < O(sp(v*)\/d3T log(dT/8)log T).
where cg is defined in Lemma 8.

The regret bound for our algorithm ~-DC-LSCVI-UCB matches the regret bound of the
previous algorithm y-LSCVI-UCB.
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2.6.4 Computational Complexity

Our algorithm -LSCVI-UCB+ runs up to 7" steps of value iteration every time step, resulting
in O(T?) value iteration steps. This can be seen by the nested loop structure of the algorithm,
where the outer loop is indexed by ¢ for the time step and the inner loop is indexed by u
for the value iteration step. The computational bottleneck of the algorithm is computing
@tu(s, a) for all a € A and all s € {s1,...,s,1}, which involves computing the regression
coefficient w;(V;, ;). Computing the regression coefficient takes O(T' + d*) operations.

In total, the computational complexity of our algorithm is O(T3d?A), which is polynomial
in the problem parameters T, d, A and is independent of the size of the state space. Although
our algorithm enjoys a polynomial-time computational complexity, it is super linear in 7T,
just as the the OLSVL.FH algorithm [Wei et al., 2021] and the previous work y-LSCVI-
UCB [Hong et al., 2025]. We leave further improving the computational complexity to be

linear in T as future work.

2.6.5 Related Work

Table 2.2 compares our work with previous approaches for infinite-horizon average-reward
linear MDPs. All algorithms in this table uses the Bellman optimality equation assumption.
FOPO solves the Bellman optimality equation directly as a fixed-point problem, which is
computationally intractable, with brute-force solution requiring computational complexity
that scales with 7% where d is the dimension of the feature representation. OLSVI.FH
reduces the problem to the finite-horizon episodic setting. This approach is computationally
efficient, but has suboptimal regret bound. LOOP generalizes FOPO to the general function
approximation setting, but inherits the computational complexity that scales with 7% for
solving a fixed-point problem. ~«-LSCVI-UCB reduces the average-reward problem to the
discounted problem and achieves an order-optimal regret bound. However, its computational
complexity scales with the size of the state space S. Our work is the first computationally
efficient algorithm to achieve (5(\/T ) regret without making strong assumptions.

There is another algorithm called MDP-EXP2 [Wei et al., 2021] directly optimizes for the
policy by alternating between policy evaluation and policy improvement. This approach is
computationally efficient and achieves an order-optimal regret bound, but requires a strong

assumption that all policies induce Markov chains that have uniformly bounded mixing time.
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Table 2.2: Comparison of algorithms for infinite-horizon average-reward linear MDP

Algorithm Regret (5() Computation poly(-)
FOPO [Wei et al., 2021] sp(v*)Vd3T T A, d
OLSVLFH [Wei et al., 2021] Vsp(uH)(dT)i T,Ad
LOOP [He et al., 2024] sp(v*)3d3T T A, d
7-LSCVI-UCB [Hong et al., 2025] sp(v )V d3T T,S A d
7-DC-LSCVI-UCB [Hong and Tewari, 2025a]  sp(v*)vVd3T T, A d
Lower Bound [Wu et al., 2022] Q(d\/sp(v*)T)

2.7 Discussion

2.7.1 Anytime Algorithm

All algorithms 7-UCB-CVI, v-DC-LSCVI-UCB and «-LSCVI-UCB presented in this chapter
require the knowledge of the time horizon T to tune the discount factor v in order to achieve
a T-step regret bound of 6(@) This limitation can be addressed using the standard
doubling trick, which allows us to obtain a regret bound of (5(\/T ) for any horizon T'. The
doubling trick is a standard technique in online learning to convert an algorithm with O(\/T )
regret guarantee for a fixed known 7' to an anytime algorithm that does not take T' as an
input and guarantee T-step regret of O(\/T ) for any T'. The idea is to run the algorithm in
phases, where each phase lasts twice as long as the previous one. At the beginning of each

phase, the algorithm is restarted with parameters tuned for that phase length.

2.7.2 Knowledge of Span of Optimal Bias Function

Throughout this chapter, we assume that an upper bound of the span of the optimal bias
function sp(v*) is known to the learner. In practice, if one has a general sense of the diameter
of the MDP, which is the expected number of steps needed to transition between any two
states in the worst case, the diameter can serve as an upper bound, since the diameter is
guaranteed to be an upper bound of sp(v*) when the reward function is bounded by 1.

The problem of relaxing the assumption on the knowledge of sp(v*) has been addressed
only recently in the tabular setting [Boone and Zhang, 2024]. The proposed approach esti-
mates the difference in values of the optimal bias function between two states by the total
reward collected when transitioning from one state to the other. Extending such relaxation
techniques to the linear MDP setting remains an open problem and a direction for future

research.
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2.7.3 Other Related Work

Infinite-Horizon Average-Reward Setting with General Function Approximation
He et al. [2024] study infinite-horizon average reward with general function approximation.
They propose an algorithm called LOOP which is a modified version of the fitted Q-iteration
with optimistic planning and lazy policy updates. Although their algorithm when adapted
to the linear MDP set up achieves O(y/sp(v*)3d®T), which is comparable to our work, their

algorithm is computationally inefficient.

Infinite-Horizon Average-Reward Setting with Linear MDPs There is another
work by Ghosh et al. [2023] on the infinite-horizon average-reward setting with linear MDPs.
They study a more general constrained MDP setting where the goal is to maximize average
reward while minimizing the average cost. They achieve O(sp(v*)Vd3T) regret, same as our
work, but they make an additional assumption that the optimal policy is in a smooth softmax

policy class. Also, their algorithm requires solving an intractable optimization problem.

Reduction of Average-Reward to Finite-Horizon Episodic Setting There are works
that reduce the average-reward setting to the finite-horizon episodic setting. However, in
general, this reduction can only give regret bound of O(7%?). Chen et al. [2022] study
the constrained tabular MDP setting and propose an algorithm that uses the finite-horizon
reduction. Their algorithm gives regret bound of O(T2/3). Wei et al. [2021] study the linear
MDP setting and propose a finite-horizon reduction that uses the LSVI-UCB [Jin et al.,
2020]. Their reduction gives regret bound of O(T?%/3).

Online RL in Infinite-Horizon Discounted Setting The literature on online RL in
the infinite-horizon discounted setting is sparse because there is no natural notion of regret in
this setting without additional assumption on the structure of the MDP. The seminal paper
by Liu and Su [2020] introduce a notion of regret in the discounted setting and propose a Q-
learning-based algorithm for the tabular setting and provides a regret bound. He et al. [2021]
propose a model-based algorithm that adapts UCBVI [Azar et al., 2017] to the discounted
setting and achieve a nearly minimax optimal regret bound. Ji and Li [2024] propose a

model-free algorithm with nearly minimax optimal regret bound.

Approximation by discounted setting The method of approximating the average-
reward setting by the discounted setting has been used in various settings. It is used in
the problem of finding a nearly optimal policy given access to a simulator in the tabular
setting by Jin and Sidford [2021], Wang et al. [2022], Zurek and Chen [2023], Wang et al.
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[2023]. Tt is also used in the online RL setting with tabular MDPs: Wei et al. [2020] propose
a Q-learning based algorithm, but has O(T2/3) regret. Zhang and Xie [2023] improve the
regret to (5(\/T ) by making use of an estimate for the span of optimal bias function. The
reduction is also used in the linear mixture MDP setting by Chae et al. [2025].

Span-constraining methods Learning in the infinite-horizon average-reward setting re-
quires an assumption that ensures the agent can recover from a bad state, leading to a
bounded span of the optimal value function. For statistical efficiency, previous work makes
use of this fact by constraining the span of the value function estimates. Bartlett and Tewari
[2009] modify the extended value iteration algorithm by Auer et al. [2008] to constrain the
confidence set on the model so that the spans of the models in the set are bounded. Fruit et al.
[2018] propose a computationally efficient version of the algorithm proposed by Bartlett and
Tewari [2009]. Zhang and Ji [2019] improve the algorithm proposed by Bartlett and Tewari
[2009] by constructing tighter confidence sets using a method for directly estimating the bias
function. Zhang and Xie [2023] study a Q-learning-based algorithm that projects the value
function to a function class of span-constrained functions. Hong et al. [2025] and Chae et al.
[2025] propose a value iteration-based algorithm and clips the value function to constrain its

span.
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CHAPTER 3

Offline Constrained Reinforcement Learning

3.1 Introduction

The previous chapter discussed the online reinforcement learning framework, where the agent
interacts with the environment to collect data for policy improvement. However, in many
real-world scenarios, such interaction, particularly when guided by a suboptimal policy, may
be costly or unsafe [Kumar et al., 2021, Tang and Wiens, 2021, Levine et al., 2018]. For
example, in autonomous driving, allowing an agent to learn from scratch through direct
interaction may result in collisions. In such settings, learning from a pre-collected dataset
without further interaction becomes a desirable alternative, especially when such data is
readily available. In the case of autonomous driving, for instance, the agent may have access
to trajectory data collected by human drivers.

In safety-critical applications, it is often necessary to impose constraints on the behavior
of the agent. For instance, in autonomous driving, the agent may be required to obey speed
limits and avoid collisions, while still aiming to reach the destination efficiently. The con-
strained reinforcement learning framework [Altman, 1999] provides a natural formulation for
incorporating such requirements. It aims to learn a policy that maximizes a primary reward
signal while satisfying constraints defined by auxiliary reward signals. These constraints are
typically specified by designing suitable safety-related signals and setting thresholds that
must be satisfied.

This chapter focuses on the offline constrained reinforcement learning problem, where
the objective is to solve a constrained RL problem using a pre-collected dataset. Offline
constrained RL inherits the central challenge of offline reinforcement learning [Levine et al.,
2020], namely the issue of distribution shift [Levine et al., 2020], which arises due to the
mismatch between the state-action distribution of the offline dataset and those induced by
the candidate policies.

A commonly adopted condition that enables sample-efficient learning of an optimal pol-

32



icy is the uniform data coverage assumption [Antos et al., 2007], which requires the offline
dataset to provide sufficient coverage over the state-action distributions induced by all poli-
cies. However, this assumption is typically impractical, as it demands the dataset to include
states visited by suboptimal policies that would never be encountered by an optimal policy.
Such a full data coverage is difficult to obtain in real-world scenarios where data collection
is limited or costly.

Recent work has sought to relax this requirement by studying offline RL under a partial
data coverage assumption, where the dataset is only assumed to cover the distribution of a
single target policy [Jin et al., 2021]. However, existing methods under this relaxed condition
suffer from either suboptimal sample complexity or computational inefficiency. This chapter
introduces a computationally efficient algorithm for offline constrained RL under the partial

data coverage assumption. The algorithm is based on a linear programming formulation.

3.1.1 Key References and Related Work

This chapter is based on the following papers written during my PhD.

1. A primal-dual algorithm for offline constrained reinforcement learning with linear
MDPs. ICML 2024. [Hong and Tewari, 2024]

This paper studies offline constrained reinforcement learning in the linear MDP setting.
It introduces a primal-dual algorithm based on the linear programming formulation of

RL and proves sample-efficiency under partial data coverage assumptions.

2. Offline constrained reinforcement learning under partial data coverage. Preprint 2025.
[Hong and Tewari, 2025b]

This paper extends this line of work to general function approximation settings. It de-
velops an oracle-efficient primal-dual algorithm and generalizes the approach to handle

additional safety constraints via a constrained RL formulation.

3. A primal-dual-critic algorithm for offline constrained reinforcement learning. AISTATS
2024. [Hong et al., 2024]

This earlier paper also addresses offline constrained RL in the linear MDP setting.
However, it requires full data coverage for all policies and uses a different algorithmic
structure. Due to these differences and the stronger assumptions required, this paper

is not discussed in detail in the thesis.
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3.2 Preliminaries

3.2.1 Constrained Reinforcement Learning

We formulate constrained RL with a Constrained Markov decision process (CMDP) [Altman,
1999] defined by a tuple M = (S, A, P,ro,{r;}/_;,7,do). Unlike an ordinary MDP, the
CMDP allows for multiple reward signals: a primary reward ry, and there are I additional
rewards ry,...,r;. For each reward signal r;, ¢ = 0,1,... 1, we define the discounted return
of a policy 7 as J;y(m) :=E"[> "2 v'r:(ss, a)]. Similarly, the state value function and state-

action value function of © with respect to r; are defined as
Vi(s) :=E" 320 v rilse ar)lso = 8], QF(s,a): =E7 [} 22 v'ri(se, ar)|so = s,a0 = a] .

The goal of CMDP is to find a stationary policy 7 that solves the following optimization

problem:
max Jo(7)
i (3.1)
subject to J;(m) > 1;/(1—7), i=1,...1
where 7; € [0,1], i = 1,..., I are thresholds specified by the designer.
We assume the following Slater’s condition, a commonly made assumption in constrained
RL [Le et al., 2019, Chen et al., 2021, Bai et al., 2023, Ding et al., 2020] for ensuring strong

duality of the optimization problem.

Assumption 3 (Slater’s condition). There exist a constant ¢ > 0 and a policy w such that
Ji(m) > (i +¢) /(1 —7) foralli=1,...,1. Assume ¢ is known.

As discussed in Hong et al. [2024], Slater’s condition is a mild assumption since given the
knowledge of the feasibility of the problem, we can guarantee that Slater’s condition is met

by slightly loosening the cost threshold.

3.2.2 Linear Programming Formulation of RL

Recall that reinforcement learning aims to find an optimal policy of the following optimiza-
tion problem

wepeh )

where II denotes the set of stationary policies and J, () represents the discounted value of
policy m, as defined in Equation (1.2). The linear programming (LP) formulation of this

problem, introduced by Manne [1960], reformulates the optimization over policies into a
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linear program whose decision variable is the occupancy measure. The occupancy measure

associated with a policy 7, denoted by pu™ € A(S x A), is defined as

w(s,a):=(1—7) nyt’lP’T(st =Ss,a; = a).

t=1

Intuitively, u™(s,a) represents the expected discounted visitation frequency of the state-
action pair (s, a) under policy 7, normalized so that ™ forms a probability distribution over
the space S x A.

Leveraging the relation (1 —v)J,(m) = (u™,r), the LP optimizes (u,r) over admissible

occupancy measures ft:

max  (p,T)
w0 (3.2)
subject to E'Tp = (1 —7)dy +~vP " p.

where the optimization variable is g € RI*Al. The bold-faced variables r € RIS*A4l d, € RIS
and P € RIS*AXISI denote the vector or matrix representations of the functions r, dy and P,
respectively. The linear operator E is such that [ETu](s) = >, u(s,a’) and [EV](s,a) =
V(s) for all s,a. The constraint, known as the Bellman flow constraint, ensures p is an
admissible occupancy measure induced by some policy.

The linear programming formulation can be adapted to the constrained RL setting as

follows:
max {4, o)
subject to E'p = (1—7)dy +vP (3.3)

</.1/,’I°Z'>ZTZ', Zzl,l

Policy Extraction Consider a procedure for extracting policy from an occupancy measure

1, not necessarily admissible:

T als ':M i s, a Lo erwise
Nl = U S ) > 0, ot (3.4)

It is known that given an admissible occupancy measure p, the extracted policy 7(u) induces
the occupancy measure y, i.e., u = p™®. With this fact, we can find an optimal occupancy
measure p* by solving the linear program to find optimal p*, and extracting policy 7* = m(u*)

from it.
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3.2.3 Offline Dataset

The offline reinforcement learning (RL) setting assumes access to a dataset

D = {(sj, a5, 57) }j1-
The pairs (s;,a;) for j = 1,...,n are assumed to be independent and identically distributed
samples drawn from a data distribution pup € A(S x A), and each s} is sampled from the
transition kernel P(- | s;,a;). This i.i.d. assumption on the offline dataset is standard in the
offline RL literature [Xie et al., 2021, Zhan et al., 2022, Chen and Jiang, 2022, Zhu et al.,
2023] and is used to facilitate the derivation of concentration bounds.

A central challenge in sample-efficient offline RL is the issue of distribution shift, which
refers to the mismatch between the state-action distribution of the offline dataset and that
induced by the target (optimal) policy. To enable reliable learning from offline data, it is
necessary to impose an assumption on data coverage that ensures the distribution induced
by the target policy is adequately represented in the dataset.

A commonly used assumption in this context is the concentrability assumption, which
places an upper bound on the ratio between the occupancy measure of the target policy and

that of the behavior policy. The normalized occupancy measure of a policy 7 is defined as

p(s,a) = (1= )E" | > 4'{s; = s,a, = a}| .
t=0

Intuitively, pu™(s,a) represents the normalized visitation frequency of the state-action pair
(s,a) under policy m. The normalization ensures that p™ is a probability distribution over
S x A, satisfying > u"(s,a) = 1. We use the notation p™ € RIS*Al to denote the vector
representation of the function (s, a).

The concentrability assumption is formally stated below.

Assumption 4 (Concentrability). Let 7 denote an optimal policy, and let u* = u™ . Then,
forall s € S and a € A with up(s,a) > 0,

()
ND(Sa(I)

where C* is a known constant.

This assumption is widely adopted in the offline RL literature [Munos, 2003, 2005]. It
requires that the ratio p*(s,a)/up(s,a) is bounded for all state-action pairs (s,a) where

wup(s,a) is strictly positive.
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3.3 Linear MDP Setting

This section discusses the algorithm design and theoretical analysis for the linear MDP set-
ting (see Section 1.1.1 for the definition). The linear structure induces a low-dimensional
factorization of key quantities, which allows learning statistically and computationally effi-
cient.

In this section, a technical assumption is additionally imposed, following Wagenmaker
et al. [2022], to control the complexity of the measure embedding . Specifically, it is

assumed that there exists a constant Dy, such that
1] (S)[l, < DyVd,

where

[ (S): = (|1 ()], - [Pals)])

s€S
This condition holds, for example, when each 1); is a probability measure on S. In that case,
the ¢; norm of each %); is bounded by 1, and thus the assumption holds with D, = 1.
Let P € RIS*AXIS| denote the matrix representation of the transition kernel P, where the

entry at row (s,a) and column s is defined as
(P)(s,a),s = P(s' | s,a), forall (s,a,s) e S xAxS.
The linear structure of the MDP implies that the transition matrix admits a factorized form

P =W

Y

where ® € RIS*4*4 j5 the known matrix whose rows are the feature vectors (¢(s, @) (s.0)esx A;
and ¥ € R?™IS! is the unknown matrix whose rows correspond to the measures (1;(s'))ycs-
This factorization enables the use of linear regression techniques in estimating the transition
dynamics and propagating value functions.
We use r = 0 and P = ®W, which hold by the linear MDP assumption, to rewrite the
linear program (3.2) as
max (0, 2"p)

subject to E'pu=01—-yr+1y97e"

Note that the optimization variable g € RIS*Al is high-dimensional and depends on the
cardinality of S. Following Gabbianelli et al. [2024a], for the purpose of computational and
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statistical efficiency, a low-dimensional optimization variable is introduced:
A=®"p cRY,

which has the interpretation of the average occupancy measure in the feature space.

With this reparametrization, the primal linear program becomes

max (0, \)
©n=>0, A
subject to ETp = (1 — )y +yPTA
A=dTp,

where E is the state-action to state marginalization matrix and v, € RISl is the initial state
distribution.
The corresponding dual program is given by
min - (1 —7){vp, v)
subject to ¢ =60 + yWv

Ev > &,

where the dual variable v € RIS! corresponds to the state value function and ¢ € R is such
that ®¢ € RIS*Al represents the state-action value function.

The Lagrangian associated with the primal and dual problems is

L()‘a 1 'U,C) - (1 _7)<V07’U> + <A7 0+’7\I”U - C> + <H, QC - E’U>
=(\0)+ (v, (1 -7 +7PN - ETp) + (¢, ®Tpu—N).

Note that the optimization variables A, ¢ € R? are low-dimensional, whereas p € RIS*Al
and v € RISl are not. To enable the use of a primal-dual algorithm that operates only on low-
dimensional variables, a parameterization of u and v via a policy variable 7 is introduced,
following Gabbianelli et al. [2024a]:

paa(s,a) = m(a | s) [(1—7)vols) +7(1b(s), )], (3.5)
venl(s) =Y mla | s)(¢ p(s,a). (3.6)
acA

The parameterization in (3.5) ensures that the Bellman flow constraint EXpy . = (1 —

Y)vo + yPT X is satisfied by construction. Similarly, the choice of v in (3.6) ensures that
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the inner product (u, ¢ — Ev¢ ) = 0 holds.
Using the above parameterization, the Lagrangian function can be expressed entirely in

terms of the low-dimensional variables A, ¢, and the policy :

f(Av Ca 7T) = <A7 00> + <C7 (I)T“')\Jr - A> (37)
= (L =)0, ver) + (A, 60+ 7¥ver —C). (3.8)

Although this formulation introduces the policy m as an additional object to track, it
remains computationally efficient. In particular, only the distribution 7(a | s) for state-
action pairs (s,a) that appear in the dataset needs to be maintained. See Appendix B.3 for
further computational details.

Previous work on offline linear MDPs [Gabbianelli et al., 2024a] runs a primal-dual al-
gorithm over the variables ¢ and B = AT\, where At denotes a pseudoinverse of a suitable
scaling matrix. Their approach estimates the gradient of the Lagrangian with respect to
these variables and performs a gradient descent step on ¢ for each gradient ascent step on
B. This results in a double-loop algorithmic structure.

Since each gradient descent or ascent step requires a fresh batch of independent samples to
control the estimation error, the double-loop structure incurs a sample complexity of O(e™?)
for achieving e-optimality.

In contrast, the approach developed here avoids the double-loop structure and achieves
a sample complexity of O(e~2). This is accomplished by constraining the variable X to lie
within a carefully constructed confidence set that enables uniform estimation of the gradient
of the Lagrangian across all relevant choices of A, ¢, and 7.

The details of this construction and the associated analysis are presented in the following

subsections.

3.3.1 Regret Analysis

We use Q™ € RIS*Al to denote the matrix representation of the function Q™ such that
(Q™)sa = Q7(s,a) and V™ € RISl the vector representation of the function V™ such that
V7 = V7™(s). With these notations, the well known Bellman equation Q"(s,a) = r(s,a) +
vPV7™(s,a) (see e.g. Puterman [2014]) can be written compactly as

Q =r+yPV" =®(0 +y¥V") = &(™ (3.9)
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where r € RIS*Al is the matrix representation of the reward function r and we define
C":=0+4+~TV™ c R

This shows that the action value function is linear in the feature vector:
Q"(s,a) = (p(s,a),{").

Due to the boundedness assumptions |02 < v/d and [||4](S)||2 < DyV/d, and the fact that

V7™(s) €0 ] the norm of the parameter ¢™ is bounded by

¢l < VA +7DM O<M>

71—

L —x

We define DC::\/E+ %.
For a given policy 7, recall that ¢™ € R? is the parameter such that the action-value
function satisfies Q™ = ®¢™. It can be shown that for any A € R,

FCT A ) = J(m).

Furthermore, defining A™ = ®7u™, which represents the average occupancy in the feature

space under policy 7, it can also be shown that for any ¢ € R,

f(G AT, m) = J(m).

Proofs of these identities are provided in Appendix B.5.2.
As a result, for any sequences {m}, {¢;} € R% and {\;} C R? the suboptimality gap

can be decomposed as

J(’ﬁ*) - J<7Tt) = f(ChA*?’]r*) - f(cﬂta Atth)
= (Lf(Ctv ASm) = f(C, A ) + (Lf(Ct, A m) — f(Ge A th)

-~

Vo
REG] REG]

+ (f(Ct, A, ) — f(CT )\tyﬂ'tZ)’

-~

REGf

where A* = A™ denotes the feature occupancy vector under the optimal policy.
This decomposition expresses the suboptimality J(7*) — J(m;) in terms of the regrets of

the three players: the policy player, the dual variable player, and the primal variable player.
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If the cumulative regrets 3. REGT, 3., REG}, and Y REG{ are all sublinear in 7T,

then the average suboptimality satisfies

T
1 . « _
?Z(J(W ) = J(m)) = J(7") = J(7) = o(1),
t=1
where @ = Unif(my, ..., mr) is the mixture policy that selects one of 7y, ..., 7y uniformly at

random and executes the selected policy throughout the episode.
The remainder of this section outlines regret analyses for the three players. These analyses
motivate the algorithm introduced in Section 3.3.2.

3.3.1.1 Bounding Regret of m-player

Using Equation (3.8), the regret of m-player simplifies to

Reg? - f(Ch )‘*7 ﬂ-*) - f(Ct7 >‘*7 7Tt>
= <V*7 U¢yme — thﬂrt>

= (", 2o (a]) = m(al)){Ce (-, a))).

where we define v™ = (1 — v)vy + yPTA™ as the state occupancy measure induced by 7
and write * = v™ . The regret can be bounded if 7-player updates its policy using an

exponentiation algorithm [Zanette et al., 2021]

i1 =0 (a Z ‘1’(@)
i=1

where o(q) for g € RIS*4l is a softmax policy with

exp(q(s, a))
o €xp(q(s,a’))’

o(q)(als):= 5

Based on the standard mirror descent analysis by Gabbianelli et al. [2024a] (Appendix B.4.1)
we can show that, choosing a = O((1 — v)+/log |A|/(dT)) gives

T
1 1
—E REGT <O ——+/(dlog|A|)/T
thl t — (1_7 ( g| |)/ )

which vanishes as 7' increases. Consequently, choosing 7' to be at least Q((cflff)'gt ‘2) gives

%Zthl Regy < e. Note that when the exponentiation algorithm is employed, the m-player
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does not need to know the value of ¢; when choosing 7, allowing the m-player to play before
the (-player. Another benefit of the exponentiation algorithm is that the policy chosen by

the m-player is restricted to the softmax function class I1(D,) where II(-) is defined as
II(B):={o(®z) : z € By(B)}. (3.10)

and D, :=aT'D.. The restriction allows statistically efficient estimation of quantities that

depend on policies in [I(B) via covering argument on I1(B), as we will see in later sections.

3.3.1.2 Bounding Regret of (-player

Using Equation (3.7), the regret of (-player simplifies to

REGg = f(Cts As ™) — F(C™, A, 7t)
= (& — ¢ D i — ).

Recall that py , = 7o E[(1 —v)vg +vyPTA]. The only unknown quantity in the regret is
WP\ € RIS, Note that (s, a) = (P(s'|s,a))yes is a next-state distribution given current
state-action pair (s,a), and ey is an unbiased estimator for Wl p(sg,ar). Hence, if A is a
linear combination » )", ckp(sk, ax), we can construct an unbiased estimator » )" | cyey for
PPN, Motivated by this observation, to facilitate the algorithm design for the (-player, we
will restrict the A-player to choose a linear combination of feature vectors that appear in the
dataset to allow estimating W7 . Specifically, we strict the A-player to choose A; from the

following set where the bound B will be chosen later.

Cn(B):= {%chgo(sk,ak) SCl, ..., Cp € [—B,B]} . (3.11)

Given the restriction, we can parameterize the value of A; by the coefficients ¢; € [-B, B]"

for some bound B, and write A; = A(¢;) where we define

Ale):= - Z ckp(Sk, ag)

k=1

Following the previous discussion, we define the estimates for \IIT)\(C) and pa(c),r parame-
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terized by ¢ € [-B, B|™

— 1 <&
P X(c):=— Z Cres,

n
k=1
Piae),r: =70 E[(1 —~)vy +vETA(c)].

These estimates enjoy the following concentration bound, which can be shown using matrix

Bernstein inequality. See Appendix B.4.2 for a proof.

Lemma 11. For a fized X(c) = £ 370, cpp(sp, ax) with |cx| < B fork =1,...,n, and a
policy T, we have

- log(d/d
187 trern — B Fireralla < O (B M)

n

with probability at least 1 — & conditional on the data of state-action pairs {(sg,ar)}i_;-

For estimating the regret (¢ — ¢™, @7 pix(er)m — A(et)), we need a uniform concentration
bound on the estimates ® fix(,)~ over A(c) and 7. The restriction on the 7-player to choose
a policy in the softmax function class defined in (3.10) allows converting the concentration
bound for a fixed policy 7 in Lemma 11 to a uniform concentration bound over all policies
in the softmax function class via a covering argument. The conversion is possible due to the
fact that the log covering number for the softmax function class is bounded by (5(d) (see
Lemma 41 in Appendix B.1). However, such a conversion to a uniform concentration bound
over all A(c) for ¢ € [-B, B]" is elusive since a naive covering argument on the space of
parameters [—B, B]" will give a log covering number bound of O(n). To sidestep this issue,
we exploit the fact that C,(B) can be spanned by a set of spanners {¢(s;, a;)} ez for some
index set Z C {1,...,n} of size at most d. This can be seen by the following lemma by

Awerbuch and Kleinberg [2008].

Lemma 12 (Barycentric spanner). Let K C R be compact set. Then, there exists a spanner
{1, - b} C K such that any vector & € K can be represented as x = Zle ci; where
¢ € [-C,C] for alli = 1,...,d. Such a spanner is called a C-approzimate barycentric
spanner for IC. If IC is finite, we can find a C-approximate barycentric spanner in time

complexity O(nd?*log d).

Applying this lemma, we can compute a 2-approximate barycentric spanner {¢(s;, a;) }jer
for {¢p(sk,ar)}p_; where Z C {1,...,n} is an index set of size d. Given any ¢ € [-B, B]",
we can convert it to ¢’ € [-2B,2B]" with ¢, nonzero only if k& € Z such that A(¢) = A(¢).
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This can be seen by
1 n
Ale) = n Z kP Sk, ar)
k=1

- Z (% Z bijk) p(sj,a;) = A(c)

jeT

where the coefficients by; € [—2,2] are such that (s, ax) = >,z brjp(s5, a;), which exist
by the fact that {¢(s;,a;)} ez is a 2-approximate barycentric spanner of {¢(sy, ax)}r_,. We

summarize the definition of the conversion from ¢ to ¢’ that satisfies A(c) = A(¢').

Definition 1. Given a dataset {(si,ar,s))}r—;, let {@(s;,a;)}jer be a 2-approzimate
barycentric spanner for {@(sk, ar)}i_, with |Z| < d. We define the conversion of ¢ € R™ to
c eR" as
1 n . .
=y o _ibeicr ifjel
D P L (3.12)
0 otherwise.

where by; are the coefficients such that ¢ (sk, ar) =Y. 7 brjp(s;, ;) with by; =0 for j ¢ T.

jezT

Given ¢; € [—B, B]" such that A(e;) € C,(B), let ¢; € [-2B,2B|" be the conversion
such that A(c}) = A(¢;) with only the coefficients with indices in Z nonzero. The converted
coefficients ¢; € R™ live in a low dimensional space {c¢’ € [-2B,2B|" : ¢j; = 0 if j ¢ Z} with
the log covering number of O(d). To use a covering argument, let ¢/ be the covering center

closest to ¢;. Then we can decompose the regret of the (-player as

REG% = <Ct - Cﬂta (I)T/J’)\(Ct)ﬂl't - A(Ct»
= <Ct - Cﬂt’ q)TIJ’)\(cg)th - (I)Ty’)\t(c;’),ﬂ't> + <Ct - Cﬂ't, (pT“’)\(C;’)JFt - (I)Tﬁ'k(c,’/)JrJ
+ <Ct - Cﬂta (I)Tﬁ)\(c;’),m - (pTﬁ)\(c;),ﬂ'J + <Ct - Cﬂt’ (pTﬁ)\(CDJFt - A<C:f)>

The first term can be bounded since A(c}) ~ A;(c}). The second term can be bounded
using a union bound of the concentration inequalities on <I>Tﬁ)\(cu),7r over ¢’ in the cover of
[—2B,2B]¢. The third term can be bounded since ¢, ~ ¢/. The last term, interpreted as a
regret of the (-player against a dynamic action ™, can be bounded by a greedy (-player
that minimizes (-, ®" fixc)r, — A(c})). The greedy strategy requires (-player to play after
A-player and m-player. The bounds lead to

T
1 ¢ Bd  [log(Bdn/d)
— < .
7 ;:1 REG; <O (1
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In summary, we can bound the regret of (-player if (-player plays ¢; € By(D,) that minimizes
(-, @T [xe))m — Al€;)). The greedy strategy requires (-player to play after A-player and 7-
player. See Appendix B.4.2 for detailed analysis.

3.3.1.3 Bounding Regret of \-player
Using Equation (3.8), the regret of A-player simplifies to
REG, = f(C, A", ) — f(Ceo Aey )

= <A* - At?\e + V‘IJUCt,ﬂ't - CE>

¢

The sum of REG) over t = 1,...,T is the regret of the A-player against a fixed action \*
where the reward function at time ¢ is (-, &). From the previous section, we require A player
to play before (-player, whose play affects &. Hence, the decision of A-player at time ¢
must be made before the knowledge of &;. Assuming for now that &; is known (&; is in fact
unknown and needs to be estimated since ¥ is unknown), the regret of A-player can be made
sublinear in 7" by employing a no-regret online convex optimization oracle (defined below)
on C,(B) as long as A* € C,(B).

Definition 2. An algorithm is called a mo-regret online convexr optimization oracle with
respect to a convex set C if, for any sequence of conver functions hy,..., hy : RT — [=1,1]
and for any X € C, the sequence of vectors Ay, ..., Ar € C produced by the algorithm satisfies
1
7 2 i) = he(N) < €5,(T)

t=1

A

for some €,,,(T) > 0 that converges to 0 as T — co.

The online gradient descent algorithm [Hazan et al., 2016] is an example of a compu-
tationally efficient online convex optimization oracle. Employing a no-regret online convex
optimization oracle with convex set C,(B) on the sequence of functions (-, &;), the A-player
can enjoy a sublinear regret against any fixed A € C,(B). However, A* may not lie in
Cn(B) for any B. In fact, we can construct an example where A* is not in the span of
{p(sk, ar)}r_; with probability at least 1/2 (Lemma 44). To sidestep this problem, we show
A* can be approximated by a vector A* in Cn(C*):

Lemma 13. Under the concentrability assumption 4, there exists \* € Re of the form
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A = LS i awp(sy, ag) with ¢, € [0,C%], k=1,...,n such that

3 A <0 (m/%)

with probability at least 1 — 6.

Note that this lemma is the only place the data coverage assumption is needed for our
analysis and this is where we require choosing B = C*. Also, in our algorithm, computing
A* is not needed. Only the existence of such a vector A" is needed in the analysis. With the

lemma above, we can approximate the regret as

REG} = (A — X, 0 + 7Pvg, -, — Ci)

~ <A* - Ata 0 + 'Y‘I"Ug't,m - Ct)

and argue that the sum of the above quantity over t = 1,...,T is sublinear since the regret
against PN C.(C™) is sublinear when employing a no-regret online convex optimization
oracle. Now, we deal with the fact that the term Wwvg, », is unknown and needs to be
estimated. Observing that (p(s,a), ¥v) = Eyop(jsa)lv(s’)], we can estimate v € R?
for any v € RIS by regressing v(s’) on ¢(s,a) using the triplets (s,a,s’) in the dataset D.
Following the literature on linear bandits [Abbasi- Yadkori et al., 2011], we use the regularized

least squares estimate
To:=(nA, + 1) T v(s)e(sr ar) (3.13)

where A, : = L3 @(sk, ar)@(sk, ap)” is the empirical Gram matrix. By the well-known
result for linear bandits (e.g. Theorem 2 in Abbasi-Yadkori et al. [2011]), we have the

following high-probability concentration bound (Lemma 46) for the estimate U where v

S — [0, D,]:
W — o,z , <O (Dv\/dlog(n/é)) .

Since we need concentration bound of @Ctﬂrt where v¢, -, are random, we need a uniform
bound over all possible functions v¢, .. Since the domain of v has cardinality |S|, a naive
covering argument on the function space of v will make the bound scale with poly(|S]).
To avoid this, we use a careful covering argument exploiting the fact that m; is a softmax
function parameterized by a d-dimensional vector and (; are d-dimensional vectors. With

covering, we can show the following uniform concentration bound.
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Lemma 14. Consider a function class
V={ver€(S—[0,D)]): ¢ €BD),mell(D)}.

With probability at least 1 — &, we have

|¥v — ol 5 ,, <O (DU\/dlog(DcDﬂn/5)>

uniformly over v € V where Wo is the least squares estimate defined in (3.13).

See Lemma 14 in the Appendix for detail. With the uniform concentration bound, we

can continue bounding the regret of A-player as follows.

~

<A* - At? 0 + f}/\I]’szﬂrz - Ct> = <X* - At? 0 + 7@Ct,ﬁt - Ct> + 7<3\‘* - )‘ta \II,UCtJI't - @;Ctﬂrt>’

The sum of the first term across t = 1,...,T can be bounded by employing online convex

optimization algorithm. We can bound the second term as follows.

<)‘* - )‘ta \II'UCtﬂTt - ‘Ivat,Trt> < HA* - )‘tH(_/A\n+I/n)—1 H‘IJUCtJt - \IIUCt,mHXn.g_I/n

< ”A* - At”fﬂl ||lIJ’UCt77Tt - \I’th7ﬂt||Kn+1/n

v~ v~

©) (i1)

where the second inequality follows since A* — A; is in the column space of ]A\n (77) can
be bounded using Lemma 14. (i) can be bounded by the following technical lemma. See

Appendix B.2.1 for a proof.
Lemma 15. For any X(c) = = > crp(si, ay) with ¢, € [-B,B], k=1,...,n, we have

IAG)2, < dB?.

Combining all the bounds, we get the following.

T

1 ~ [ Cd3? |1 T

?ZREG?§O<? d Og(dn /6)> _|_€/\ (T)
t=1

— n opt

where O hides loglog|A|. See Appendix B.4.3 for details.
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3.3.2 Algorithm and Regret Bound

Motivated by the regret decomposition analysis presented in the previous section, a primal-
dual algorithm is introduced that operates over T steps. At each step ¢, the three players—the
A-player, the (-player, and the w-player—select actions denoted by A;, {;, and 7, respectively.

Since the analysis requires the (-player to act greedily with respect to the previously
chosen strategies of the other players, the algorithm is structured such that the A-player and
the m-player play first, selecting A; and 7, respectively, after which the (-player responds
with a greedy choice of ;.

Algorithm 5: Primal-Dual Algorithm for Offline Linear MDPs
Input: Dataset D = {(s;,a;,7;, s;) _1, no-regret online convex optimization oracle
OCO.

Initialize: 7 uniform, ¢} + 0, a + +/log |A|/T.
1 fort=1,...,7T do

2 Gt  argmingcg,p) (<, ST Linen)rm — A(c))).
Alci1) ¢ OCO(0 — & + YW, 1,; Ca(C)).
Convert ¢4 to ¢, using Definition 1.
5 | m —o(aX, ).

Return: 7 = Unif(my, ..., 7r)

=W

The regret analysis of the three players in the previous section leads to our main result

in the following theorem.

dlog |A]
(1-7)%e?

produced by Algorithm 5 satisfies J(7) > J(7*) — € with probability at least 1 — & as long as

(02 Log (dn(log | A}/ (5e(1 - 7))
”29( (1)t )

Theorem 4. Under Assumptions 1 and 4, as long as T is at least

), the policy

Our work is an improvement over the work by Gabbianelli et al. [2024a] who give

6( % ) sample complexity.

3.3.3 Extension to Constrained RL Setting

This section extends the algorithm and accompanying analysis developed in the previous sec-
tion for offline unconstrained reinforcement learning to the offline constrained reinforcement
learning setting. Recall that the constrained reinforcement learning problem is formulated

as the optimization problem in (3.1).
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Algorithm 6: Primal-Dual Algorithm for Offline Linear CMDPs
Input: Dataset D = {(s;,a;,75,57)}j—1, Duw, T

Initialize: m uniform, ¢} < 0, a < /log |A|/T.
fort=1,....,T do

2 = argminCEBd(DC)@, ‘I’Tﬁx(cg),m —A(c)).

3 | wy; < argming.p ar{w, 7 — OTX).

4 | Aer) « OCO(0) — ¢ + Ow, +vPvq, 1,:C(CF)).
5 Convert ¢4 to ¢, using Definition 1.

6 | 1ol S ®G).

Return: 7 = Unif(my, ..., 7r)

[y

Analogously to the linear MDP setting discussed previously, to enable sample efficient

learning over arbitrarily large state spaces, the following linear structure is assumed on the
CMDP.

Assumption 5 (Linear CMDP). We assume that the transition and the reward functions

can be expressed as a linear function of a known feature map @ : S x A — R? such that

ri(s,a) = (p(s,a),0:),  P(s']s,a) = (p(s,a),9(s))

for all (s,a,8") € Sx Ax S andi = 1,...,1, where 8; € R? are known parameters and

P = (V1,...,%q) is a vector of d unknown (signed) measures on S.

Also, similarly to the linear MDP setting, we require the data coverage assumption (As-
sumption 4) that says
1 (s, a)
(s, a)
for a known upper bound C* for all (s,a) € S x A where 7* is optimal for the optimization
problem (3.1).

The structure of our algorithm for the constrained RL setting is similar to that for the

<C"

unconstrained RL setting. The difference is that we add the w-player that adjusts the weights
on the rewards rq,...,r;. Closely following the analysis for the unconstrained setting, we

can show the following sample complexity for the constrained setting.

Theorem 5. Under Assumptions 4,3 and 5, the policy ©™ produced by Algorithm 5 with
threshold T and D,, = 1 —I—é and T at least Q((le_‘)f)'g) and large enough such that €}, (T) < e
satisfies Jo(7) > Jo(m*) — € and J;(T) > 7, — € with probability at least 1 — 6 as long as the

sample size is

(C*)2d* log(dn(log | A|)/ (6pe(1 = 7)))
n= g ( (1 —7)2¢p% ) '
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See Appendix B.5 for details.

3.3.4 Discussion

The preceding discussion relies on the concentrability assumption (Assumption 4), which
requires that p*(s,a)/u(s,a) < C* for all s € S and a € A. With a careful analysis, the
same result can be shown under a weaker assumption based on the notion of feature coverage
introduced in Gabbianelli et al. [2024a]:

Assumption 6 (Feature coverage). For an optimal policy ©*, we have
(AOT(AT2A* < C* and X* € Col(A)

where X*:=E,«[¢(s,a)] and Col(-) is the column space.

The feature coverage assumption requires A*, the expected occupancy of the target policy
in the feature space, to be covered by covariance matrix induced by the data distribution ugp.
Under the feature coverage assumption, A* can be approximated by a linear combination of
p(sk,ar), k=1,...,n (Lemma 45). This result is analogous to Lemma 13 that uses concen-
trability assumption instead. It follows that the result in Theorem 4 with the concentrability
assumption (Assumption 4) replaced by the feature coverage assumption (Assumption 6). A
limitation of our work is that we use a stronger notion of feature coverage compared to the
one used by Gabbianelli et al. [2024a], who assume (A*)T(AT)A* is bounded. However, they
require the knowledge of A and their sample complexity is (5(6_4).

Very recently, Neu and Okolo [2025b] improve the primal-dual algorithm presented in this

thesis to work with the weaker notion of feature coverage.

3.3.5 Related Work

In Table 3.1, we compare our work to previous works. The column N shows how the
sample complexity bound scales with the error tolerance e. The first five algorithms are for
offline RL with general function approximation. The algorithms can be reduced to the linear
function approximation setting by taking a value function class consisting of linear functions.
The computational efficiency of algorithms for the general function approximation setting is
judged based on the efficiency when applied to linear function class. As the table shows, our
algorithm is the first computationally efficient algorithm with sample complexity O(e~?) for
finding e-optimal policy under partial data coverage assumption. Moreover, our algorithm

supports constraints on additional reward signals.
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Table 3.1: Comparison of algorithms for offline RL with linear MDPs

Partial ~ Comp’ Support

Algorithm coverage efficient constraints
FQI [Munos and Szepesvari, 2008] No Yes No €2
CBPL [Le et al., 2019] No Yes Yes €2
Minimax [Xie et al., 2021] Yes No No €2
CPPO [Uehara and Sun, 2022] Yes No No €2
Minimax [Zanette, 2023] No No No €2
Primal-Dual [Gabbianelli et al., 2024a] Yes Yes No et
Primal-Dual [Neu and Okolo, 2025b] Yes Yes Yes €2
Primal-Dual [Hong and Tewari, 2024)] Yes Yes Yes €2

Offline RL with General Function Approximation Offline RL with general function
approximation is widely studied in the discounted infinite-horizon setting. When casting the
linear function approximation setting to the general function approximation setting, we get
the realizability and Bellman completeness for free when using linear function class since the
value function under linear function approximation is linear. In Table 3.1, we only compared
works on general function approximation that assumes realizability, Bellman completeness
and data coverage. There are other works that relax Bellman completeness assumption at
the cost of introducing another assumption. For example, Xie and Jiang [2020], Zhan et al.
[2022], Zhu et al. [2023] relax Bellman completeness assumption and introduce marginalized

importance weight assumption.

Offline RL with Episodic Setting Offline RL with linear function approximation has
been studied in the finite-horizon episodic setting. Zanette et al. [2021] propose a computa-
tionally efficient actor-critic algorithm with pessimism to achieve O(e~?) sample complexity
under partial data coverage. Jin et al. [2021] propose a computationally efficient value it-
eration based algorithm with pessimism to achieve O(¢~2) sample complexity under partial
data coverage. However, they require the knowledge of the covariance matrix induced by the
state-action data distribution. Although their results are computationally efficient and work
under partial data coverage, they do not apply to the infinite-horizon discounted setting. Wu
et al. [2021] study offline constrained RL with a more general way of specifying constraints.

Their focus is on episodic setting with linear mixture MDP.
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3.4 General Function Approximation Setting

In this section, we study a more general function approximation setting. Introducing La-
grangian multipliers V' € RISl for the Bellman flow constraints in the linear program (3.2),

the Lagrangian function is
L, V):i=(u,7) + (V,(1 = 7)dy + vP pu — E" )

By the saddle point theorem for convex optimization (e.g. [Boyd and Vandenberghe, 2004]),
a saddle point (p*, V*) of L over RL‘EXAl x RISl is optimal. Also, as shown by Zhan et al.
[2022], such a saddle point (p*, V*) is a saddle point of L when the domains are restricted
to U x V provided that p* € Y and V* € V (see Lemma 56 in Appendix). However, they
show that a saddle point of L over & x V is not necessarily optimal as shown in the following

proposition.

Proposition 1. There exists a MDP (S, A,r,v,dy) and function classes U C Rix“‘l and
V C RS with p* € U and V* € V such that there exists a saddle point (Ji, ‘7) of the
Lagrangian function L associated with the linear programming formulation of the MDP over

U xV, such that the extracted policy m(p) is not optimal.

This proposition suggests that finding a saddle point of L over &/ x V may not give an
optimal solution even when U/ x V contains an optimal solution. As a workaround of this
problem, Zhan et al. [2022] add a regularization term —olE,[f(1/pp)] to enforce strong
concavity L in terms of u. However, this approach leads to sample complexity for finding
¢ near optimal policy scales with 1/¢%. In our paper, we propose a simple workaround that
does not affect the sample complexity. Specifically, we add an assumption that the function

class V is rich enough:

Assumption 7 (All-Policy State-Value Realizability). We have V™ € V for all stationary
policy 7.

With this stronger assumption on V, we can show that a saddle point of L over U x V is
optimal, as formally stated in the following:
Lemma 16. Consider function classestd C RS*4 and V C RS such that pweldandV: e V.
Suppose V™ €V for all policy w. Then, for any saddle point ([, ‘7) of L(-,-) over U XV, the
extracted policy w(fi) is optimal.

With the result in the proposition above, we consider an algorithm that finds a saddle

~

point (fz, V') that solves max, ey minyey L(p, V'), then returns the policy 7 = 7(i) extracted
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from . Since computing the Lagrangian function requires the knowledge of the transition
probability kernel P, we need to estimate the Lagrangian function. To facilitate the estima-
tion, we change the measure from p to up by multiplying the importance weight w = p/pup

and express the Lagrangian in terms of w instead of u as follows.
L(w, V) :=(1 =)V (s0) + Eyu, [(w(s, a)(r(s,a) +y[PV](s,a) = V(s))].

Analogous to Lemma 16, we can show that if a function class W for the MIW contains the
optimal w* = p*/up and a function class V contains V7™ € V for all stationary policy 7, then
a saddle point of L(w, V') over W x V is optimal. In addition to the realizability assumption

on V (Assumption 7), we make the following realizability assumption on W.
Assumption 8. For an optimal policy ©*, we have w* = u™ /up € W.

With the realizability assumptions, we consider an algorithm that finds a saddle point of

the estimated Lagrangian:

n

gle%glelg L(w, V) :=(1—~)V(so) + lZw (8i,ai)(r(siya;) + 9V (s) = V(s;))  (3.14)

S

where L(w, V) is an unbiased estimate of L(w, V). After finding a saddle point (@, V), we
need to extract policy from @w. In general, the policy extraction from an importance weight
w € W can be done by the policy extraction from the corresponding occupancy measure

pu=w-pp and using (3.4):

1
waj(sa)jDMZ Z _ if Zw s,a)up(s,a’) >0, —— otherwise. (3.15)

[m(w))(als) = M

-~

The policy m(w) extracted from a solution (w, V') of the saddle point problem (3.14) gives

the following guarantee.

~

Theorem 6. Under Assumptions 4, 7 and 8, if (w,V) is a saddle point that solves (3.14),
then the extracted policy T = w(w) satisfies

J(7) > J(7") — e,

)/n).

Note that the theorem statement assumes the function classes W and V are finite. We can

with probability at least 1 — § where g, = O(<£

generalize this result to infinite function classes using a covering argument, which replaces
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the cardinalities of the function classes with their covering numbers. One drawback of this
approach, common in approaches for offline RL that uses linear programming formulation, is
that the policy extraction step requires the knowledge of ;1p. However, it may be impractical
to have such a knowledge. As a workaround, Zhan et al. [2022] propose a behavior cloning to
learn the policy 7(up). However, such an approach requires access to an additional function
class for the behavior policy, which may be impractical. In the next section, we propose a

Lagrangian decomposition and reparameterizing trick as a workaround.

3.4.1 Lagrangian Decomposition

To handle the case where the data generating distribution pp is unknown, we use the La-
grangian decomposition that adds a dummy occupancy measure variable p to the original
linear program (3.2):

Jmax (. 7)

subject to ETv = (1 —~)dy +vP
p=v.

Introducing the Lagrangian multiplier @ € RIS*Al for the constraint u = v, the Lagrangian

function becomes

Lip,v;Q, V) = (1 =v)(do, V) + (p,7 + 7PV - Q) + (v,Q — EV)
=(r.pu)+(V,1=7)do+vP'p— E'v) + (Q,v — p).

The Lagrangian decomposition [Shepardson and Marsten, 1980, Guignard and Kim, 1987] is
a classical method for decomposing an optimization into subproblems by introducing copies
of optimization variables. To our knowledge the method is first used in the context of
MDP by Mehta and Meyn [2009]. Since then, the method has been used in RL in various
settings [Neu and Okolo, 2023, Gabbianelli et al., 2024b, Hong and Tewari, 2024, Neu and
Okolo, 2025a].

It appears that we have made the problem more complex for nothing, but with a reparam-
eterization trick, we can expose a policy variable 7, so that the policy extraction step (3.15)
can be bypassed, eliminating the need to know the data generating distribution pup. The
reparameterization trick is first introduced by Gabbianelli et al. [2024b] for offline RL with
linear MDPs, but without a clear justification. In the remainder of this section we discuss
the reparameterization trick, and argue that naive adaptation of the trick to the general

function approximation setting may fail.
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We motivate the trick by observing that an optimal p* and v* satisfy

v*(s,a) = 7" (als)v"(s) = 7" (als)((1 — 7)do(s) + [P 7] (s))

where 7* is the policy extracted from v*. Note that we expressed v* in terms of 7* and pu*.

For the purpose of finding an optimal p* and v*, we can restrict the search space for (u*, v*)
from lexfll X lexfll to

FU I :={(p,vr ) - p €U, m e 11}

where II is a policy class that contains an optimal policy 7* and U is a function class that

contains p*, and
Vr(s,a): =7(als)((1 = 7)do(s) + [P pl(s)).

Necessarily, any (u, v) € F(U, II) satisfies the Bellman flow constraint, and it follows that the
Lagrangian function is not dependent on the corresponding Lagrangian multiplier V. With
a slight abusive notation, we write the Lagrangian function as L(u, m; Q) = L(i, vru; @),
suppressing the dependency on V', when (g, v) is restricted to F (U, I1). With this restriction,
a natural algorithm is to find a saddle point of L over F(U,II) x Q, then extract a policy.

However, the following shows that such an algorithm may fail.

Proposition 2. There exists a MDP (S, A,r,v,dy) and function classes U C Rix““, QC
RS*A and policy class I1, with p* € U, Q* € Q and 7 € II such that there exists a
saddle point (1, Vg x; @) of the Lagrangian function L associated with the linear programming
formulation of the MDP over F(U,11) x Q, where the policy T is not optimal.

To deal with the problem of spurious saddle points, we make the following assumption.

Assumption 9 (All-Policy State-Action Value Function Realizability). We have Q™ € Q

for all stationary policy .
Indeed, with the assumption above, we get the following guarantee.

Lemma 17. Consider function classes U C RIS*Al and Q C RIS*Al such that u* € U and
Q™ € Q for all policy m € 1, where 11 is a function class that contains an optimal policy 7*.
If (1, vaz; @) is a saddle point of L over F(U,TT) x Q, then the policy T is optimal.

As done in the previous section, we can change variable w = p/up for estimating the
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Lagrangian as

Lp,m Q) = (p,m) +(Q, Ve — ) = (1 = Y(Q(,7), do) + {p, 7 + yPQ(, 7) — Q)
~ (1= 7)Q(s0,m) + 3 2oy wisi, @) (r(si, ai) + vQ(s], ™) — Q(si, ai))
=: Z(w,w; Q)

where 7 € II is the policy that parameterizes v = v, r and Q(s,7) = > 7(al|s)Q(s,a). With

the estimate, we consider an algorithm that finds a saddle point (@, 7; Q) of the estimate

in L : 3.16
whpx  min (w,m;Q), (3.16)

then returns 7. This algorithm has the following guarantee.

*

Theorem 7. Let I be a function class for policies such that 7 € II where m* is an optimal
policy. Under Assumptions 4, 8 and 9, if (W, 7; @) is a saddle point that solves (3.16), then
we have

J(7) > J(7") — ey

with probability at least 1 — § where €, = (’)(1(1—7 V1og(IWI|QJ|11|/8)/n).

We have not yet addressed the computational challenges of finding the saddle point. In
the next section, we introduce an oracle-efficient primal-dual algorithm that approximately
solves the saddle point problem. As discussed there, this algorithm does not require access

to a policy class II.

3.4.2 Oracle-Efficient Primal-Dual Algorithm

We propose an oracle-efficient primal-dual algorithm that solves the saddle point prob-
lem (3.16). Inspired by Xie et al. [2021], Cheng et al. [2022], we view the problem of
finding a saddle point as a Stackelberg game between the primal variables w and 7, and the
dual variable (), with the w-player and the m-player as the leaders and the @Q-player as the

follower:

(w*, 7*) € argmax L(w, T; Qu.x)
weW,rell

s.t. Qur € argmin E(w,w; Q).
QeQ

Our primal-dual algorithm aims to solve this game iteratively by optimizing for the leader
variables and the follower variable, alternately. Specifically, the w-player employs a no-regret

algorithm using a no-regret oracle that enjoys the following guarantee.

56



Definition 3 (No-Regret Oracle). Given a set X C RIS*Al we say O is a no-regret oracle
with respect to X if for any sequence of linear functions hy : X — R with |h(x)| < 1 for all
re X, t=1,...,T, the oracle sequentially outputs x; € X for each t given the sequence

hi,...,hy_1 as an input such that
T
Z ht J}t) < O(T)

where &* = argmax, .z >y, hi(z).

The w-player employs a no-regret oracle with respect to the function class W to generate
a sequence wy, ..., wr € W, based on the sequence of functions {L(-,7,;;Q¢)}", (Line 2).
The objective is to maximize Zt 1 (wt,ﬂt, @), and the no-regret oracle ensures that the
sequence competes effectively with the optimal fixed w* in hindsight. An example of such
an oracle is the online gradient ascent algorithm, which takes a gradient step followed by
projection onto WW. See Appendix C.3 for details.

The m-player optimizes the policy using mirror descent updates (Line 3). Intuitively, the
mirror descent updates increase the weight on the action with high action value. A key
advantage is that they eliminate the need for an explicit policy class I1, as the policy class is
implicitly defined by the value function class Q. Specifically, with an additional assumption
that Q is convex, the policies encountered during mirror descent are softmax policies of the

form:

exp(cQ(s; -))
v exp(cQ(s,a))’

The @Q-player chooses a function Q that minimizes /L\(w, ;) (Line 4). Due to the linearity

H(Q,C)::{w:w(-b)zz QGQ,ce[O,C]}.

of Z(wt, 7¢; - ), the minimizer can be computed given a linear optimization oracle that solves
the problem of the form argmingg(c, Q). The algorithm runs for T iterations and returns

a policy sampled uniformly at random from 7y, ..., 7p.

Algorithm 7: PDORL

Input: Dataset D = {(s;, a;, s;) -, function classes W and Q, no-regret oracle O,
learning rate a > 0, number of iterations 7.
1 fort=1,...,T do

2 | w4 OL(,m1; Q)i W).
3 m(+]s) o 7Tt_1(~|S)EXp(OéQt_1(', s)), for s € {s},...,s,}.
4 Q; < argming o L(wy, m; Q).

Return: Uniform(my,...,7r)

The policy returned by the algorithm has the following guarantee.
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Theorem 8. Under Assumptions 4, 8§ and 9, running Algorithm 7 with a no-regret oracle O
with sublinear regret Regr, o = (1—~)\/log | A|/v/T and T large enough such that Regy /T <
1/y/n and T > n, we have with probability at least 1 — 0 that

J(@) = J(7") —en

where 2, = O (£ [log(Ws s OV, |- o) Vi jsyin) (2. 1 ) /6) /).
The proof of the theorem relies on the fact that the suboptimality of the returned policy

can be decomposed into the regrets of the three players, and that each regret can be bounded

using the property of the strategy employed by each player. See Appendix C.1.7 for detail.

3.4.3 Extension to Constrained RL

The corresponding linear program, with Lagrangian decomposition, is
Jmax - {p,To)
subject to E'v = (1 —v)dy +vP "'
n=v
<[,l,,7'i> > Tis 1= 1,[

The corresponding Lagrangian function is
L(/L,I/;Q,V,A) = <l’l'7r0> + <V7(1 _fy)d(] +7PTIJ’_ ETV> + <Q7V _l'l’> + <)‘7RTH’_T>

where R € RIS*AXI is the matrix containing the reward functions 71,...,7;. As done
for the unconstrained RL setting, we restrict (u,v) to be in F(U,II), so that v(s,a) =
m(a|s)((1 — v)do(s) + y[PTu](s)) for some 7 € II, and reparameterize p as an importance

weight w = pu/pup. Then, we can rewrite the Lagrangian and estimate it as:

Lp,mQ,N)

= (1 ={Q(,7), do) + (k70 + RA+7PQ(-, ) — Q) — (A, 7)

w(sj, a;)((ro+ Y Airi)(sj, a5) +9Q(s), @) — Q(s;, 7)) — (A, 7)

j=1 i=1

SEES

~ (1 —=7)Q(s0, ) +
=: Z(w,ﬂ'; Q, ).

To derive a uniform concentration bound for the Lagrangian estimate across all A\, we

require a bound on A. To achieve this, we assume the Slater’s condition (Assumption 3)
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Algorithm 8: PDOCRL

Input: Dataset D, function classes W and Q, learning rate a > 0, dual bound
B > 0, no-regret oracle O, number of iterations 7.

1 fort=1,...,T do

2 wy £— O(Z('yﬂ-t—ﬁQt—la/\t—l);W)~

3 | m(]) = maa () exp(aQial:, ).

4 Q¢ < argminge o L(wy, 74 Q, Adp—1).
5 A¢ < argminy cgar E(wt, e Qr, A).

Return: Uniform(ry,...,7r)

that ensures the existence of a feasible policy that satisfies the constraints with a positive
margin ¢. Then, it can be shown that the optimal dual variable is bounded as stated in the

following lemma.

Lemma 18. Consider a constrained optimization problem (3.1) with thresholds T =
(T1,...,71). Suppose the problem satisfies Assumption 3 with margin ¢ > 0. Then, the
optimal dual variable X* of the problem satisfies ||X*||; < é.

The lemma motivates an algorithm that solves the following saddle point problem:

max min L w, T Q, A 3.17
weW,rell Q€Q7,\€iAI ( Q ) ( )

where AT = {A e R, : ST\ <1}, We can show that a solution (@, 7; Q, \) to the saddle

point problem has the following guarantee.

Theorem 9. Let II be a function class for policies such that 7 € 11 where m* is an optimal
policy. Under Assumptions 4, 8, 9 and 3, if (w,T; @,/):) is a saddle point that solves (3.17),

then T satisfies

Jo(%\) 2 J()(?T*) — &n, Jl<7?) Z Ti — €n, 1= 1,. .. ,I.

where e = O (L + £5)0" oW ymOV, |- oo Niysgiry (@ - ) /) /).

For computational efficiency, we present a primal-dual algorithm. The algorithm design
is similar to PDORL (Algorithm 7) for the unconstrained problem. The main difference is
the introduction of the A-player that greedily minimizes Z(wt, m; Qr, A) at each time step t.
We present below our algorithm called Primal-Dual algorithm for Offline Constrained RL
(PDOCRL).

The policy returned by the algorithm has the following guarantee.
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Table 3.2: Comparison of algorithms for offline RL with value function approximation

Partial  Comp’ Requires

Algorithm coverage efficient D N

FQI [Munos and Szepesvéri, 2008] No Yes No €2
Minimax [Xie et al., 2021] Yes No No €
Minimax [Zanette, 2023] Yes No No €2
PRO-RL [Zhan et al., 2022] Yes No Yes €6
A-Crab [Zhu et al., 2023] Yes No No €2

ATAC [Cheng et al., 2022] Yes No No e?
CORAL [Rashidinejad et al., 2022] Yes No Yes €2
PDORL [Hong and Tewari, 2025b] Yes Yes No €2

Theorem 10. Under Assumptions 4, 8, 3 and QF € Q for all i = 0,1,...,1 and for all
stationary policy w, running Algorithm 8 with a no-regret oracle O with sublinear regret Regy,
learning rate a = (1 —~)\/log|A]/VT, dual bound B = 1+ é and T large enough such that
Regr/T < 1/y/n and T > n, we have with probability at least 1 — § that

J0<7T\) > J()(?T*) — En, JA%) > Ti — €n, 1= 1,. .. ,[.

where &, = O (4 + £5)C* f10g(WNa a0V, [+ [N jsyiry(: - 1)/0)/m).

3.4.4 Related Work

In this section, we compare our algorithm, PDORL (Algorithm 7), with prior work on offline
reinforcement learning with function approximation, where the performance objective is the
infinite-horizon discounted sum of rewards. See Table 3.2 for the comparison.

Note that our algorithm is the only oracle-efficient algorithm that achieves sample com-
plexity of €2 under partial data coverage that does not require the knowledge of the data
generating distribution pp.

Hong and Tewari [2024] propose a primal-dual algorithm where the primal variable is
the policy and the dual variable is the Lagrangian multiplier associated with the constraint.
The update rule for the dual variable requires checking whether the current policy violates
the constraint, which demands data coverage for every policy encountered. Le et al. [2019]
propose a primal-dual algorithm, using fitted Q-iteration and fitted Q-evaluation algorithms
as subroutines. These likewise assume full data coverage and require a function class for the
value function that is closed under the Bellman operation. Zhang et al. [2024] propose an

oracle-efficient, linear programming based algorithm for offline constrained RL that achieves
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Table 3.3: Comparison of algorithms for offline constrained RL

Partial ~ Oracle Requires

Algorithm coverage efficient D N
PDCA [Hong and Tewari, 2024] No No No 9
MBCL [Le et al., 2019] No Yes No %
POCC [Zhang et al., 2024] Yes Yes Yes (1(_0;))2262
PDOCRL [Hong and Tewari, 2025b] Yes Yes No %
Lower bound [Rashidinejad et al., 2021] (19* 5
¥)e

O(e?) sample complexity with only partial data coverage. However, their approach rely on
an auxiliary function class A that maps the Bellman flow error to its £; norm. See Table 3.3
for a detailed comparison. Entries highlighted in red indicate suboptimality relative to our
work. The last column is sample complexity for finding e-optimal policy. C* is the coefficient

that measures the data coverage of an optimal policy.

3.5 Discussion

Throughout this chapter, we assumed that an upper bound C* of the concentrability coef-
ficient of an optimal policy is known to the learner. In practice, it is unreasonable to have
such a knowledge.

By modifying the analysis, it can be shown that the algorithm returns a policy that
competes with the best policy among those covered by the dataset. Therefore, even if the
value of C* is misspecified in the sense that it does not upper bound the concentrability
coefficient of the optimal policy, the returned policy remains meaningful as long as C* upper
bounds the concentrability coefficient of a sufficiently good policy.

When the well-specified upper bound C* is unknown, the learner faces a tradeoff. Selecting
a large value of C* allows the returned policy to compete with a broader class of policies,
but at the expense of a looser suboptimality guarantee relative to the best policy in this
larger set. On the other hand, selecting a smaller value of C* yields a tighter suboptimality
bound, but limits the comparison to a smaller set of policies. An interesting direction for
future work is to develop principled methods for selecting C* that effectively balance this
tradeoft.
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CHAPTER 4

Conclusion

This thesis advances the theoretical foundations of reinforcement learning (RL) by addressing
two important challenges: online RL with the infinite-horizon average-reward criterion, and
offline constrained RL under partial data coverage. In both settings, the emphasis lies
in designing algorithms that are both statistically and computationally efficient, and in
establishing finite-time performance guarantees.

In the first part (Chapter 2), we focused on the online average-reward setting, which
is particularly relevant in applications where long-term performance is important. We in-
troduced a family of algorithms that reduce the average-reward problem to the discounted
setting using a carefully tuned discount factor. This reduction enabled us to leverage value-
iteration-based methods while maintaining tight control over approximation errors. In the
tabular case, we proposed a clipped value iteration algorithm (y-UCB-CVI) that achieves
sublinear regret by combining optimism with a span-constrained value function update. In
the linear MDP setting, we introduced a novel planning architecture (y-LSCVI-UCB) that
decouples value iteration from policy execution and restarts planning episodes based on in-
formation growth. We also proposed a computationally efficient variant (y-DC-LSCVI-UCB)
that avoids explicit state enumeration by introducing an efficient clipping scheme and a
deviation-controlled planning strategy.

In the second part (Chapter 3), we turned our attention to offline constrained reinforce-
ment learning, where the agent must optimize a policy under safety constraints using only
a fixed dataset. This setting is motivated by safety-critical domains where online explo-
ration is infeasible. We developed a primal-dual algorithmic framework grounded in the
linear programming formulation of constrained RL. In the linear MDP case, we showed that
under partial feature coverage, it is possible to learn near-optimal policies while satisfy-
ing constraints. In the general function approximation setting, we extended our methods
using a Lagrangian decomposition and proposed an oracle-efficient primal-dual algorithm

that adapts to both unconstrained and constrained objectives. Importantly, our analysis
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establishes finite-sample guarantees without requiring the knowledge of the underlying data
distribution of the offline dataset.

Future directions include designing memory-efficient algorithms for both settings. In the
online setting, our algorithms require maintaining full value functions across value iterations,
which may be costly when run for many time steps. For the offline constrained setting, our
current algorithms provide guarantees on the awverage policy across primal-dual iterates,
requiring storage of all intermediate policies. Developing a primal-dual algorithm with last-
iterate convergence, guaranteeing near-optimality and constraint satisfaction at the final
policy, would not only reduce storage requirements but also simplify policy deployment in
practical systems.

Another important direction for future work is to relax assumptions such as the knowledge
of sp(v*) and C*. While recent work in the tabular setting explores estimating sp(v*) from
data, extending such ideas to the linear or general function approximation settings remains
open. Similarly, treating C* as a tunable hyperparameter raises the question of how to
balance the tradeoff between statistical guarantees and policy class coverage. Developing
adaptive or data-driven methods for selecting these quantities would improve the practicality

and robustness of algorithms in both online and offline settings.
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APPENDIX A

Analysis of Infinite-Horizon Average-Reward
RL

A.1 Tabular Setting

Central to the analysis of the concentration bound for the approximate Bellman backup is

the following concentration bound for scalar-valued self-normalized processes.

Lemma 19 (Concentration of Scalar-Valued Self-Normalized Processes [Abbasi-Yadkori
et al., 2012]). Let {e:}°, be a real-valued stochastic process with corresponding filtration
{Fi}2o- Let e|Fi—1 be zero-mean and o-subgaussian. Let {Z;}3°, be an R-valued stochas-
tic process where Zy € Fy_1. Assume W > 0 is deterministic. Then for any 6 > 0, with
probability at least 1 — 9, we have for all t > 0 that

/ t 2
(Zi:l 2553)2 < 20_2 IOg W + zs:l Zs

W+ 72~ VAT

A.1.1 Proof of Lemma 2

To show a bound for |(P, — P)V,(s,a)| uniformly on ¢ € [T], we use a covering argument on
the function class that captures V;. Note that the value functions V; defined in the algorithm

always lie in the following function class.
Viabuar = {v € RS 1 v(s) € [0, ﬁ] for all s € S}.

We first bound the error for a fixed value function in Viapuae. Afterward, we will use a

covering argument to get a uniform bound over Vi.pular-
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Lemma 20. Fiz any V' € Vigpuiar- There exists some constant C' such that for any § € (0,1),
with probability at least 1 — 9, we have:

(P = PV 0)] < Coto) AT
for all (s,a) € S x Aandt=1,...,T.
Proof. Fix any (s,a) € S x A. By definition, we have:
~ 1 t
(P~ PVI0) = sy DT = 5.0 = alV (5e) = [PV (5.))

Let e, =V (s41) — [PV (84, a0), Zy =1{s; = s,a; = a}, and W = 1. Since the range of &
is bounded by 2-sp(v*), it is sp(v*)-subgaussian. By Lemma 19, we know for some constant
C, with probability at least 1 — 9, for all t =1,...,T, we have

(P, = P)V](s,a)] = %

<C-: sp(v*)\/log(\/m/é)

Ny(s,a)

log(7/6)
Ny(s,a)

< C-sp(v)

Applying a union bound for all (s,a) € S x A gives us the desired inequality.
O

We use N, to denote the e-covering number of Viapuar With respect to the distance
dist(V, V') = ||V — V'||s. Using a grid of size €, since functions in Viapuar has the range
[0, ﬁ], it can be seen that log N, < Slog ﬁ Now, we prove a uniform concentration
bound using a covering argument on Viapular-

Proof of Lemma 2. Note that V; € Vi.puar for all . Consider an e-cover of Viapuar- For any

Vi € Viabular, there exists V; in the e-cover such that sup, |Vi(s) — ‘Z(s)] < e. Thus, we have

(P = P)V(s,0)| < |[(B,= P)Vil(s, a)| +|[(B, = P)(Vi= Vi)](s, a)| < |[(F,= P)V](s, )| +2e.
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We then apply Lemma 20 and a union bound to obtain:

D log(SATN_/§
(P = P)Vi](s,a)| < C Sp(v*)\/ Og(Nt(s,a)/ ) 4 9
log(SAT/d) + Slog(1 1—
< C- Sp(v*)\/ og( /9) ‘fJ‘Vt(SOig /(e(1—=7))) o
Picking € = \/LT concludes the proof. 0

A.1.2 Proof of Lemma 3

Proof of Lemma 3. We prove by induction on ¢ > 1. The base case t = 1 is trivial since
Algorithm 2 initializes V;(-) = ﬁ, Q:(-,-) = -&. Now, suppose Vi,...,V; > V* and

1=y
Q1. Q> Q.
We first show that Q;1(s,a) > Q*(s,a). By the Bellman optimality equation for the
discounted setting, we have for all (s,a) € S x A that

Q*(5,0) = r(s,0) + 1[PV")(5,a).
Fix any pair (s,a) € § x A. By the definition of (), in Line 10 of Algorithm 2, we have

(s,a) +~[PVi(s.a) + B/v/Ni(s,a)) A Qu(s, a)
> (r(s, a) + v[PVi](s,a)) A Qu(s,a)
> (r(s,a) +7[PV*](s,0)) A Q"(s,0)
=Q"(s,a)

Qiy1(s,a) = (r(s,a)

)
r(s,a
r(s,a

where the first inequality is by the concentration inequality in Lemma 2 and our choice of
£ in Theorem 1, and the second inequality is by the induction hypotheses V; > V* and
Q; > Q*. The last equality is by the Bellman optimality equation.
Now, we show Vi41(s) > V*(s). By the definition of V,,1 in Line 11 of Algorithm 2, we
have _
Vigi(s) = (mL?X Qir1(s,a)) A Vi(s)
> (max Q*(s,0)) A V*(s)
= V*(s)

where the inequality is by the optimism of ();; we just proved, and the induction hypothesis
Vi> V™
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Finally, by the definition of V;,; in Line 12 of Algorithm 2, we have
Vir(s) = Via () A (min Viga () +5p(07)) 2 Vi () = V7 (s),
which completes the proof by induction. O

A.1.3 Omitted Proofs

Lemma 21 (Sum of Bonus Terms). Consider running Algorithm 2. The sum of the bonus

terms can be bounded by

> V1/Ni (s, ar) < 2V SAT,

Proof. Recall that Ny(s,a) = 14+ 3! I{s, = s,a; = a}. For convenience, write n,(s,a) =
S I{s; = s,a; = a} such that N;(s,a) = 1+ ny(s,a). Then,

T nr(s,a)
Y VUN(sna) <Y Y > V1/n
t=1 s€S acA n=1
< QZZ v nr(s,a)
s€S acA

< 2VSAT

where the second inequality uses the identity ZTJLI 1/y/n < 2v/N, and the last inequality is
by Cauchy-Schwarz and the fact that > > nr(s,a) =1T. O

A.2 Linear MDP Setting

A.2.1 Concentration Bound for Regression Coefficients

Central to the analysis of the concentration bound for the approximate Bellman backup is

the following concentration bound for vector-valued self-normalized processes.

Lemma 22 (Concentration of vector-valued self-normalized processes [Abbasi-Yadkori et al.,
2011]). Let {e:}52, be a real-valued stochastic process with corresponding filtration {F:}52,.
Let | Fi_1 be zero-mean and o-subgaussian. Let {¢;}2, be an R¥-valued stochastic process
where ¢p € Fi_1. Assume Mg is a d x d positive definite matriz, and let Ay = A0+ZZ:1 BT
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Then for any § > 0, with probability at least 1 — &, we have for all t > 0 that

<o (2 et )

t
> bt
s=1

2
A7t
Lemma 23. Let V : § — [-B, B] be a bounded function. Then, w*(V) = [V (s')dpu(s')
which satisfies [PV](s,a) = (p(s,a),w*(V)) for all (s,a) € S x A, satisfies

lw* (V)] < BVd.

Proof.
<B

2

o )l = | [ VEauts)

/S dp(s')

where the first inequality holds since p is a vector of positive measures and V' (s') > 0. The

< BVd
2

last inequality is by the boundedness assumption (1.1) on wu(S). O

Lemma 24. Let w be a ridge regression coefficient obtained by regressing y € [0, B] on
x € R? using the dataset {(x;, y;)}7; so that w = A1 3" @y, where A =30 xx? + .
Then,

|lwlls < By/dn/A.

Proof. For any unit vector u € R? with |lul|; = 1, we have

’U,T/I\_1 i T;Y;

=1

|'u,Tw| =

<B Z lul A |

=1

<B Z VuTA-luy/xl A,
i—1

where the second inequality and the fourth inequality are by Cauchy-Schwartz, the third
inequality is by A = A, and the last inequality is by Lemma 28.
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The desired result follows from the fact that [|w||s = maxy. |21 |u” w|. O

The following self-normalized process bound is an adaptation of Lemma D.4 in Jin et al.
[2020]. Their proof defines the bound B to be a value that satisfies ||V < B. Upon
observing their proof, it is easy to see that we can strengthen their result to require only

sp(V) < B. The following lemma is the strengthened version.

Lemma 25 (Adaptation of Lemma D.4 in Jin et al. [2020]). Let {x:}:2, be a stochastic
process on state space S with corresponding filtration {F:}2,. Let {¢:}:2, be a Re-valued
stochastic process where ¢, € Fi_1, and ||¢yll2 < 1. Let Ay = X+ D7 ¢ Then for any
0 > 0 and any given function class V, with probability at least 1 — 9, for all n > 0, and any
V eV satisfying sp(V') < H, we have

2

> 6 (V(xy) = B[V (2,)| Fia])

d n+ A\ N. 8n2e?
< 4H? |- <
A_1_4H |:210g( 3 )—l—log 5}—1— 3

where N is the e-covering number of V with respect to the distance dist(V, V') = sup, |V (z)—
V(z)].

Lemma 26 (Adaptation of Lemma D.6 in Jin et al. [2020]). Let Vijpear be a class of functions
mapping from S to R with the following parametric form

V() = (maxw’ (-, a) + v+ Bve(, a) Alep(,a) A M (A1)

where the parameters (w, 3,v, A, M) satisfy |w| < L, 8 € [0,B], v € [0,D], M > 0
and the minimum eigenvalue satisfies Apin(A) > N, Assume ||@(s,a)|| < 1 for all (s,a)

pairs, and let N be the e-covering number of V with respect to the distance dist(V,V') =
sup, |V (x) — V'(x)|. Then

log V. < dlog(1 + 8L/¢) +log(1 +4D/e) + d*log[1 4 842 B%/(\?)].

For the next lemma, we define value functions V" to be the functions obtained by the
following value iteration (analogous to Line 7-12 in Algorithm 3):

With this definition, we show a high-probability bound on || 3>°_, ¢ (s, aT)[Vu(t)(sTH) —
PV (s,, ar)]||y-+ uniformly on w € [T and ¢ € [T']. Since the tuple (¢ — 1, Vi Ay,) encoun-

tered in Algorithm 3 is the same as the pair (¢, Vu(t)7 A;) for some t € [T], the uniform bound
implies bound on || S>%*5" @ (sy, a2)[VE(sr41) — PVE(sr, ar)]||, 1 for all episode k.
2z

Lemma 27 (Adaptation of Lemma B.3 in Jin et al. [2020]). Under the linear MDP setting
in Theorem 2 for the v-LSCVI-UCB algorithm with clipping oracle (Algorithm 3), let cz be
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Vil ()« L
for u = T T—-1,...,1do
) AT S (s @) (V. (5r40) — ming T ()
3 () 204, w0 + ming T ) + Bl llar)) A -
V()()<—maxaQu (,a).
V)« V() A (ming V(o) + H).

the constant in the definition of = cgHd+/log(dT'/d). There exists an absolute constant C
that is independent of cz such that for any fized § € (0,1), the event € defined by

Vu e [T], t € [T]:

< € Hdylog((cs + 1)dT/5)

ZsosT,aT V(sr1) = [PV)(s7,ar)]

satisfies P(€) > 1 — 4.

Proof. Forallt =1,...,T, by Lemma 24, we have ||w,||2 < H+/dt/\. Hence, by combining
Lemma 26 and Lemma 25, for any ¢ > 0 and any fixed pair (u,t) € [T'] x [T], we have with
probability at least 1 — §/7T% that

2
a-)] ST—H) [PVu(t)](ST,aT)]
At
2 t+ A AHVdt 8d1/2 32
< 4H%*| =1 dl d*log [ 1
< [dog(A)+ o< 5ﬁ>+ og(+€2k)
l T2 Jr8t2e52
(0] — .
AW X\

Using a union bound over (u,t) € [T] x [T] and choosing e = Hd/t and X\ = 1, there exists
an absolute constant C' > 0 independent of cg such that, with probability at least 1 — 4,

2
< C* - d*H*log((cg + 1)dT/6),
A7!

Z o(sr, aT)[Vu(t)(ST+1> - [PVU(t)](sT, ar)]

which concludes the proof. O

Proof of Lemma 4. We prove under the event £ defined in Lemma 27. For convenience, we
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introduce the notation V*(s) = V*(s) — miny V.¥(s'). With this notation, we can write

tpe—1

wﬁ = Aal Z QO<57'7 af)vuk<3‘r+1>'

T=1

We can decompose (¢, wF) as

(o, wq]j> = (¢, A;: Z P(s7, aT)[PVuk](STv a-))

(. J
v~

(a)
te—1

{051 D plsrar)(Vi(sra1) = PVl (s7,a,)) -
T=1

J/

-~

(0)

Since wh* = [ VF(s)dp(s) = w*(V}F) and VE(s) € [0, H] for all s € S, it follows by Lemma 23
that ||w**||, < Hv/d. Hence, the first term (a) in the display above can be bounded as

te—1 tr—1

(&, 0D (s, an)[PVSI(sr,ar)) = (@, A7 D) @l ar)p(sr, ar) wy7)

T=1

= (¢, W) — Mg, A wh™)
< (¢, wh) + N[l |k [y o
< (¢, wh*) + HVAd| @]+

where the first inequality is by Cauchy-Schwartz and the second inequality is by Lemma 23.
Under the event € defined in Lemma 27, the second term (b) can be bounded by

tr—1

(@A"Y @(sr,ar) (Vi (s71) — [PV (57, ar))

tp—1

Z P(sr, aT)(Vuk<ST+1) - [PVuk](ST, ar))

< 1l

-1
Ay

< C - Hayflog((cs + 1)T/3) - ],

Combining the two bounds and rearranging, we get

(¢ wh — wk*) < C - Hdy/(log(cs + 1)dT/8) - ||,
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k*

for some absolute constant C' independent of c¢g. Lower bound of (¢, w —w?

) can be shown

similarly, establishing

(. wh —wh)| < C - Hdyflog((cs + 1)dT/0) - ]l 1.

It remains to show that there exists a choice of absolute constant cs such that

Cylog(cs + 1) + log(dT/8) < c5\/log(dT/5).

Noting that log(dT'/d) > log2, this can be done by choosing an absolute constant cs that
satisfies C'y/log 2 + log(cg + 1) < cg4/log 2. O

A.2.2 Optimism

Proof of Lemma 5. We prove under the event £ defined in Lemma 27. Fix any episode index
k > 1. We prove by induction on u =T+ 1,T,...,1. The base case u = T'+1 is trivial since
Vi (s) = ﬁ > V*(s) for all s € S and Q% (s,a) = ﬁ > Q*(s,a) for all (s,a) € S x A.

Now, suppose the optimism results V' ,(s) > V*(s) and Q% (s,a) > Q*(s,a) for all
(s,a) € S x A hold for some u € [T]. For convenience, we use the notation V*(s) =
V¥(s) —miny V¥(s'). Using the concentration bounds of regression coefficients w* provided

in Lemma 4, which holds under the event &£, we can lower bound Q*(s, a) as follows.

Qi(s.0) = (r(5,0) + 7((p(s. 0 wh) + min VI () + Bllgls, )l 1) A T
> (r(s,0) + 2Gpls. ) whey”) + min VL () A
= (r(s,a) + YPVF,  (s,a)) A ﬁ
> (r(s,a) +yPV*(s,a)) A ﬁ
= Q"(s,a)
where wk, | * is a parameter that satisfies (p(s,a),wk, *) = [PVF ](s,a). The second

inequality is by the induction hypothesis Vuk+l > V* and the last equality is by the Bellman

optimality equation for the discounted setting and the fact that Q* < ﬁ

We established QF(s,a) > Q*(s,a) for all (s,a) € & x A. It remains to show that
VE(s) > V*(s) for all s € S. Recall that the algorithm defines V() = max, Q*(-,a).
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Hence, for all s € §, we have

Vi(s) = V*(s) = max Qi(s,a) — V*(s)
> Qu(s,a7) = Q" (s,a7)

>0

where we use the notation a! = argmax, Q*(s,a) so that V*(s) = Q*(s,a’), establishing
VE(s) > V*(s) for all s € S. Hence, for all s € S, we have

VE(s) = V() A (min VE(s) + 2 5p(0")

u u

> V*(s) A (min V*(s) +2 - 5p(v"))

= V*(s)

where the last equality is due to sp(V*) < 2-sp(v*) by Lemma 1. By induction, the proof
for the optimism results V*(s) > V*(s) and Q¥(s,a) > Q*(s,a) for u =T +1,T,...,1is
complete. O

A.2.3 Computational Complexity

The algorithm -LSCVI-UCB runs in episodes and the number of episodes is bounded by
O(dlogT). In each episode, value iteration is run for at most 7" iterations. In each itera-
tion u in episode k, one evaluation of miny V¥(s'), #, evaluations of V¥(-) of V¥(:) and a
multiplication of d x d matrix (A ') and a d-dimensional vector is required.

One evaluation of mingy \Zf“(s’ ) involves S evaluations of Vuk() One evaluation of 17uk (+)
involves A evaluations of Q¥(-,-). One evaluation of Q%(-,-) requires O(d?) operations. In
total, one evaluation of miny V¥(s') requires O(d2SA) operations.

Now, computing w? requires evaluating V¥, (-) for at most T states, which requires
O(d?AT) operations; adding at most T' d-dimensional vectors, which requires T'd operations;
and multiplying by d x d matrix, which requires d? operations.

In total, computing w* requires O(d?A(S + T')) operations. Hence, running at most T’
value iterations in each episode requires O(d?A(S + T')T') operations, and since there are at

most O(dlogT) episodes, total operations for the algorithm is O(d®A(S + T)T), which is
polynomial in d, S, A, T.
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A.2.4 Other Technical Lemmas

Lemma 28 (Lemma D.1 in Jin et al. [2020]). Let A; = >\, ¢! + A where ¢; € RY and
A > 0. Then,

t
D dlNe <d.
i=1
Lemma 29 (Lemma 11 in Abbasi-Yadkori et al. [2011]). Let {¢:}i>1 be a bounded sequence
in R with ||@ylla <1 for allt > 1. Let Ao =1 and A, = >_\_, ¢pip? + 1 fort > 1. Then,

t
>IN i < 2logdet(A,) < 2dlog(1 +t).

i=1
Lemma 30 (Lemma 12 in Abbasi-Yadkori et al. [2011]). Suppose A, B € R4 are two

positive definite matrices satisfying A = B. Then, for any € € RY, we have

det(A)
det(B)’

lz][a < =[5

Lemma 31 (Bound on number of episodes). The number of episodes K in Algorithm 3 is
bounded by

T
K <dlog (142,
= Og2(+)\d)

Proof. Let {A;}, and {A;}L, be as defined in Algorithm 3. Note that

T T
tr(Ar) = tr(Mg) + > tr(@(se, a)e(si,a)’) = Ad+ Y llo(si, ar)l3 < Ad+ T
t=1 t=1

By the AM-GM inequality, we have

det(Ar) < (@)d < (M%T)d.

Since we update Aj only when det(A;) doubles, det(Ar) > det(Ag) > det(A;) - 2K =

A% . 2K Thus, we obtain
T
K <dl 1+ —
= alog ( + )\d)

as desired.
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A.3 Linear MDP Setting: Computational Efficiency

A.3.1 Concentration Inequalities

Lemma 32 (Adaptation of Lemma B.3 in Jin et al. [2020]). Under the linear MDP setting
in Theorem 2 for the v-LSCVI-UCB algorithm with clipping oracle (Algorithm 3), let ¢z be
the constant in the definition of B = 05Hd\/w. There exists an absolute constant C'
that is independent of cg such that for any fived § € (0,1), the event € defined by

Vue[T], tel[T]:

< C- Hdyflog((cs + 1)dT/6)

At

i: @(s7,a7)[Vy (8741) = [PV,](5r, a7)]

satisfies P(E) > 1 — 0.

Proof. By Lemma 24, we have ||wy||s < H/dt/\ for all t = 1,...,T. Hence, by combining
Lemma 38 and Lemma 25, for any ¢ > 0 and any fixed pair (u,t) € [T] x [T], we have with
probability at least 1 — §/T? that

t—1

> elsr an)Vilsrin) = [PV(sr, )]

2

=1 A;1
2 t+ A AHVdt 8d'/? 52 1?2
<4H?|=log [ —— ) +dlog [ 1 d’log ( 1 log | —
< [dog()\>+ og<+€\/x>+ og(—ir 2\ >+og<5)
8t2e?
A

Using a union bound over (u,t) € [T] x [T] and choosing ¢ = Hd/t and A\ = 1, there exists
an absolute constant C' > 0 independent of cz such that, with probability at least 1 — 4,

t—1

Z o (5, CLT)[VJ(ST_H) - [PVJ](ST’ ar)]

T=1

2
< C*- d*H?*log((cs + 1)dT/5),
At

which concludes the proof. O

A.3.2 Proof of Lemma 4

Proof of Lemma 4. We prove under the event £ defined in Lemma 32. Recall the definition

[PV (s,a) = (p(s, ), W (VY — VE(s1))) + Vi(s1)

5



where @, (V! — Vi(s1)) = A7 (VE(sr41) — ViE(s1)) - @(ss,a,). For convenience, we

introduce the notation V*¥(s) = V¥(s) — VF(s;) and w!, = w;(V.!). With these notations, we
have
[PV, ](s,a) = (@(s,a),w,) + V,(s1), w, = At_1 Z P(sr, aT)Vuk(ST-H)-
T=1

We can decompose (p(s,a),w!) as

t—1

+{((5,0), A7 Y plsrar)(Vi(sra1) = [PV](s7,a0)) -

T=1
g

-~

()

Since V(s) € [-H, H] for all s € S, it follows by Lemma 23 that |[w*(V})|| < Hv/d. Hence,
the first term (a) in the display above can be bounded as

t—1 t—1

(p(s,a), A7) @(sr,ar) [PV](s7,a0)) = ((s,0), A7 Y (s, ar) (s, ar) w" (V)
= (p(s.a), w(Vy)) = Me(s, a), A, "w™ (V)
< (p(s,a), w* (V) + Alop(s, )|y [w" (Vi) |
< (p(s,a),w* (V) + HVAd||p(s, a)| -+

where the first inequality is by Cauchy-Schwartz and the second inequality is by Lemma 23.
Under the event € defined in Lemma 32, the second term (b) can be bounded by

(p(s,a), A7 i P(sr,a:)(Vy(sr41) = [PV](57, ar))
< lle(s,a)lly Z_:SO(STaar)(VJ(ST+1) — [PV.](s7.a7)) -

< € Hayflog((cs + 1)dT/8) - [l(s,a) |1

Combining the two bounds and rearranging, we get

(. w!, —w" (V) < € Hdy/(log(cs + 1)dT/6) - || ]| -1

76



for some absolute constant C' independent of ¢g. Lower bound of (¢, w!, — w*(V}})) can be

shown similarly, establishing

(@, wl, —w* (V)| < C - Hdyflog((cs + 1)dT/0) - ]l 1.
Hence,

[BVE)(s,a) — [PV)(s.0)| = [{@(s.a), @e(VE — Vi(s2)) + Vi(s1) — (p(s,a), w7 (V)
= |(ip(s. 0), wl, — w* (V1))
< € Hdyflog((cs + 1)dT/8) - | ]

where the last equality uses the fact that w*(V) = [ V(s')u(s’) is linear. It remains to

show that there exists a choice of absolute constant cg such that

C\log(cs + 1) + log(dT/8) < c5\/log(dT/5).

Noting that log(dT'/d) > log2, this can be done by choosing an absolute constant cs that
satisfies C'y/log 2 + log(cg + 1) < cg4/log 2. O

Lemma 33. The clipping operation CLIP(z; L, U) has the following properties:
(i) Cuip(z; L,U) = Cuip(z —¢; L — ¢, U — ¢) + c.
(i) Crip(z; L,U) < Crip(y; L,U) if v < y.
(iii) CrLip(z; L,U) < x if and only if x > L.
(i) Crip(z; L,U) > Crip(z; L', U") if L> L' and U > U'.

Proof. The proofs are straight from the definition. m

A.3.3 Deviation-Controlled Value Iteration
A.3.3.1 Positive Result for Tabular MDPs

In this section, we show that the scheme used in the algorithm y-LSCVI-UCB+ for control-
ling the deviation between chains of value functions with different clipping thresholds is not
necessary in the tabular setting.

To reuse the notations developed for the linear setting, we treat the tabular setting with

the size of the state space S and the size of the action space A as the SA-dimensional
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linear MDP setting where each pair (s,a) € S x A is mapped to a one-hot encoded vector
P(s,a) = esq) € R¥ where the entry associated to (s, a) is equal to 1 and all other entries 0.
We show that under the tabular setting, Algorithm 9 that removes the step for clipping Q"
from -LSCVI-UCB+ successfully control the deviation of a chain of value functions from its
previous chain. Note that the algorithm uses the doubling-trick that updates the covariance
matrix used for regression only when its determinant doubles. The trick is used to facilitate
the analysis of the difference Q! (s,a) — Q!!(s,a) shown in the proof of the lemma below.
We use A = 0 and treat A; ' as the pseudoinverse of A, and set ||¢o(s, )|y = ﬁ when
l¢(s,a)llp-+ = 0, that is, when the direction (s, a) is never explored. Then, as shown
in the following lemma, the deviation between chains of value iterations is controlled even

without the extra scheme used for the linear MDP setting.

Lemma 34. When running v-LSCVI-UCB+ algorithm without deviation control under the
tabular setting, for allt € [T], u € [t : T], we have

VI (s) — ViE(s)] < my — mygs
VY (s) — V,

u

S

~

(s)] < my —mypq

forall s € S.

Proof. We introduce the notation Ny(s,a) = S.'_ | I{s, = s,a, = a} and Ni(s,a,s') =
S s, = s,a, = a,5,41 = '}, which is the visitation counts up to (excluding) time
step t of the state-action pair (s, a) and state-action-state triplet (s, a, s’), respectively. Note
that in the tabular setting, we have [ﬁtV](s, @) = 3 gNy(sas)>0(Ne(s,a,8") [Ni(s,a))V (s'),
which is the expectation of V' with respect to the empirical transition probability kernel P;:
P,(s'|s,a) = Ny(s,a,s)/N,(s,a). Hence, P, is linear such that [P,Vi](s,a) — [PVa](s,a) =
[P,(Vi — Va)](s,a), and it satisfies [P,A](s,a) < ||Alls for any function A : & — R. We
exploit these facts to prove the lemma.

We show by induction on v = T+ 1,...,1. Fix ¢ such that both ¢ and ¢ + 1 are in
the same episode k. For the base case u = T + 1, we have V;*{(s) = Vi (s) = ﬁ
for all s € S, and trivially, we have |V71{(s) — Vi, (s)] < m¢ — myy1. Now, suppose
(VI (s) — VL (s)| < my — myqq for all s € S for some u € [T]. Then,

u

QL (s,a) — QL (s,a)| < V([P Vil )(s,a) — [P Vi (s, ) < my — myg

where the first inequality is by the fact that (- A ﬁ) is a contraction and the second

inequality is by the previous discussion on IStk being a expectation with respect to a proper

probability kernel in the tabular setting. Since max, (-, a) is a contraction, it follows that
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[Vi(s) — VI (s)| < my — myi1. Hence, using the fact that m, > my 1, we have

Vi(s) = Vi (s)

= Crip(V,

u

(s):my, my + H) — CLIP(VI Y (8); mygr, mysy + H)
< CLIP(VI(s) + my — mypy; my, my + H) — CLIP(VI(8); mysr, mysy + H)
= CLIP(VI ' (8): mugr, musy + H) +my — myy — CLIP(V () gy, mor + H)

u

=My — M
where the second equality uses the property (i) of the clipping operation. Similarly, we have

VEi(s) — VI (s) = CLp(V(s);my, my + H) — CLIP(V N (s); myyy, mes + H)

u

> CLp(V!(s); my, my + H) — CLip(V T (s); my, my + H)
> CLIp(V! V.

where the second equality uses the property (i) of the clipping operation. The two inequalities

establish [V!(s) — V! (s)| < my —myy1 as desired. By induction, the proof is complete. [

A.3.3.2 Negative Result for Linear MDPs

Proof of Lemma 6. For convenience, let n = 2m. If n is odd, we can take ¢, = 0
and similar argument holds. Take ¢y, - ¢, = (1,1/2,0,---,0) and @1, , Pom =
(n,—1/2,0,--- ,0) where n > 0 is to be chosen later. Take y; = -+ = ys,, = A and

A = 1. Then, A, = diag(n’n,n/4,0,...,0)+ I and > vi¢; = (nAn,0,...,0). Hence,
w, = (2% 0,...,0). It follows that, choosing ¢ = (1,0,...,0), we get

772n+17 ’
_ nAn
(10,6} = =
Choosing 1 = 1/v/n, we get [(w,, ¢)| = $Ay/n, which completes the proof. ]
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Algorithm 9: v-LSCVI-UCB+ without Deviation Control
Input: Discounting factor v € [0, 1), regularization constant A > 0, span H > 0,
bonus factor g > 0.
Initialize: k < 1, tp < 1, Ay < X, mq + ﬁ

1 Receive state s;.

2 fort=1,...,7T do
3 Vi) < 1=
4

1—v-

foru=T,T—1,...,tdo
: L) = (76 +APLVEIC ) + Bl ) ) A 75
6 VE(-) « max, QL(-, a).
" Vi(e) = Cu(Vi(); me, me + H).
8 Take action a; <— argmax,. 4 Q%(s¢, a). Receive reward r(s;, a;). Receive next

state sqy1.

9 A ANt + (st a:)p(se,a:) "
10 M1 <= Vi (Se41) Ay
11 if 2det(As,) < det(A¢y1) then
12 Lk<—k‘+1,tk<—t+1.

A.3.3.3 Deviation-Controlled Value Iteration for Linear MDPs
Lemma 35. For allt € [T], w € [t : T|, we have

|‘71f+1(5) - VJ(SM <My — My

’VJH(S) - VJ(SN <M1 — My

forall s € S.

Proof. We first show that V/+1(s) — Vii(s) > —my_y 4+ myyq and Vi (s) — Vi(s) > —my_q +

myy1. By definitions of Q! and QF, we have
Qi (s,a) = CLIP(QY (s, a); Li (s, a), Ut (s, a))
> L (s,a)

= (@Z(S, a) —my +my) V (@ZA(& a) — my_1 + myp1)

> @Zfl(& a) — me_1 + My,
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and

Q' (s,a) = CLIP(Q' (s, a); LL (s,a), Ul (s, a))
< Ul(s,a)
= @tu_l(s, a) A CNQZ_Q(S, a)
< Q' (s,a).

Chaining the two inequalities, we get Q%' (s,a) > Q! (s,a) — my_1 + my, 1. It follows that

Vi (s) = max Q' (s, a)

> max QZ(Sa a) — my_1 + My

= sz<3) — M1 + My,

which shows the first claim. Hence,

VI (s) = CLip (VI (s); myyr, mypr + H)

(
> CLip(V(s) — my—1 4+ my1; mysr, mysq + H)

(

(

%

fd g =

= CLIP

~+

(s);my—1,me—1 + H) —my_1 +myiq
)

> CLp(V,

w(8);me,my + H) —my g +myp

= Vi(s) — my_1 + myy,

where the second equality is by Property (i) of the clipping operation and the second in-
equality is by Property (iv) of the clipping operation and the fact that m;_; > m;. This
shows the second claim.

Now, we show that VI+1(s) — Vi(s) < my_y — myyy and VI (s) = VEi(s) < my_y — myqs.

By definitions of Q™! and Q! we have

QM (s,a) = CLIP(@Z—H(S7 a); LI (s, a), U (s, a))
< Ui(s,a)
= Q' (s,a) AN QT (s,a)

< Q4 Y(s,a),
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and

QL (s,a) = CLp(Q',(s,a); L, (s,a),Ul(s, a))
> L! (s,a)
= (@’;‘1(3, a) —my +myi1) V (@32(5, a) —my_q + meyq)
> QLM (s,a) — my + My

> @2_1(87 a) — my_q + My

Chaining the two inequalities, we get Q''(s,a) < Q! (s,a) + m;_1 — my;1, and it follows

that

VA = max Q4 (s, a)
a

< max Q' (s,a) +my_y — myyy

= Vi (8) + my_1 — myy,
which shows the first claim. Hence,

VIL(s) = CLip(V T (s); myyr, meyy + H)

U
< CLip(V?

(

(
< Crip(V,

(

(

) 4+ my — Myg1; Myyr, Myyr + H)

[SENEES

= Crir(V,

u

~

8); Mg, Mys1 + H) +my — mypq

< Cruip(V!(s

u

(
(s)
() + my — myq1;my, my + H)
(s)

)

sy, My + H) +my —myyq
= VJ(S) + my — Myyq

< VEH(s) + mi_1 — myg.

A.3.4 Regret Analysis

We first prove the optimism result that says the value function estimates are optimistic

estimates of the true value function.

A.3.4.1 Proof of Lemma 9

Proof of Lemma 9. We prove under the event £ defined in Lemma 32, which holds with
probability at least 1 — . We prove by induction on ¢ and wu.
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Suppose V7 (s) > V*(s), V7 (s) > V*(s) and Q7(s,a) > Q*(s,a) hold forall 7 = 1, . -1
and uw € [r : T] and (s,a) € S x A. If we show that V/(s) > V*(s), Vi(s) and Q! (5 a) >
Q*(s,a) for all w € [t : T] and (s,a) € S x A, the proof is complete by induction on t. We
show this by induction on u =T + 1,T,...,t

The base case u = T + 1 holds since V}_(s) = 7 = V*(s) for all s € S. Now, suppose
VI (s) > V*(s) for all s € S for some u € [t +1: ] Then,

u+1

Qi(5,0) = (r(5,0) + 1(BVL (5.0 + Bllep(s,0)ll o) A T
> (r(s,0) + PVEal(s,0) A 7=
> (1(s,0) [PV Y5, ) A T
=@ (5,0 A

-7
=Q"(s,a)
where the first inequality is by the event &, the second inequality by the induction hypothesis.

The second equality is by the Bellman optimality equation. This shows @L(s, a) > Q*(s,a)
for all (s,a) € S x A as desired. Additionally,

QL(5,a) = CLp(BL (s, 0); L (s,a), UL(5, )
> CLIP(Q*(s,a); Lt (s,a),Ul(s,a))
> Q*(s,a) ANU!(s,a)
= Q' (5,0) A (O (5,0) A QL 25, a)

Q" (s, a)

where the second inequality is by the clipping property (ii), and the last inequality holds by
induction hypothesis. It follows that

u

Vi(s) = mgx@i(s,a) > mgx@*(s,a) =V*(s).

Note that by induction hypothesis, V7(s) > V*(s) for all 7 € [t — 1], u €
[t . T] and s € S. Hence, m, = min{V' Y (s,), Vi 2(s1-1),....Vii(s2) >
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min{V*(s;), V*(s¢-1), ..., V*(82), ==} > mings V*(s). It follows that

71'}/

Vi(s) = CLIp(V(s);my, my + H)

> Crup(V*(s);my, my + H)

> CLIp(V*(s); 21}61‘151 V*(s'), 21}61‘151 V*(s')+ H)

> V*(s)
where the last inequality uses the fact that H > 2 - sp(v*) is chosen such that sp(V*) < H.
We have shown that if V! ;(s) > V*(s) holds for all s € S, then V/!(s) > V*(s), Vi(s)
and @Z(s,a) hold for all (s,a) € S x A. By induction on u = T,...,1, it follows that
Vi(s) > V*(s), Vi(s) > V*(s) and Q' (s,a) > Q*(s,a) hold for all (s,a) € S x A. The proof

is complete by induction on t. O
Now, we show an upper bound of the action value function estimate, which is a direct

consequence of the concentration inequality in Lemma 32.

A.3.4.2 Proof of Lemma 10

Proof of Lemma 10. We prove under the event £ defined in Lemma 32, which holds with
probability at least 1 —¢. Fix any ¢ € [T] and u € [t : T|. By event £, we have

Qus,0) = (r(5,0) + APV 115 @)+ BllpC, Vo) A 72—

L=y
S T(‘Sv CL) + ’Y[PVJJFI](S, CL) + 2&”‘)‘)(57 a)HA;l
for all ¢ € [T']. Hence, by Lemma 35, we have for ¢ > 4 that

Qi %(s,a) < (s a) +1[PVH](s,a) + 28] p(s. a)l| o
) +P(Vii)l(s,a) + 28lle(s, a)ll g1 + mi—s — mi—y + my—p — my
< r(s,a) +7[PVi](s,a) + 28]le(s, a)lly-r + 2(mi—s — my).

(VAN
<
—~
»
)

Therefore, for ¢t > 4, we have

Q' (s,a) = CLIP(@Z(S, a); L (s,a),Ul(s,a))
< Ul(s,a)
= Qi (s,0) A QT (s,0)
< (s, a) +[PViial(s, a) +28[e(s, a) || y-1 + 2(me—s — my)

84



A.3.4.3 Proof of Main Theorem
Now, we are ready to prove the main theorem.

Proof of Theorem 2. We prove under the event £ defined in Lemma 32, which occurs with

probability at least 1 — 0. By Lemma 10, we have for ¢ > 4,
Q. (s,a) < r(s,a) +v[PV,](s,a) + 2B[p(s, a)|[ o1 + 2(me—3 — my).

Plugging in u < t, s < s, a < a;, we get

Ry

[M] =

(J* = 7r(st,ar))

o~
Il

1

IN

M= 1D~

(J" = Q156 ar) + V[PV (50, ) + 2B[p(s0, ar) [ a1 + 2(mu—z — my)) + O(1)

T
(= (L =7)Via(se41) +Z i (see1) — Qilse, ar))

(i
W~

/

g

(0)

4

—
S
N2

([PVi)(st ar) = Vi (se01)) +283 llep(se, ar)ll 1 +O( ﬁ)

t=4

[M] =

+7

N

( ~

J/

~ ~~

(c) (d)

Bounding (a) By the optimism result (Lemma 9), we have V!(s) > V*(s) for all ¢t € [T
and u € [t : T with high probability. It follows that

J = (1 =)V (sp41) < T — (1= 9)V*(5441)
< (1 —")sp(v")

where the last inequality is by the bound on the error of approximating the average-reward

setting by the discounted setting provided in Lemma 1. Hence, the term (a) can be bounded
by T(1 = 7)sp(v*).
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Bounding (b) Using Lemma 7 that controls the difference between V™ and V!, we have

V;tt+1<8t+1> = CLIP(‘ZtJrl(StJrl);mta my + H)
= CLIP(‘7t (8e41) = My + Mygr; Myyr, Myga + H) +my —my
< CLip( t+1<5t+1> M1, Myr1 + H) +my — myyq
< Vt+1(3t+1) + My — My

< VIR (Sp41) + 2my—y — 2myg

where the second inequality holds because ‘N/t';l(stﬂ) > my41 by Line 14. Hence, Term (b)
can be bounded by (9( ) using telescopmg sums of Vi+1 (St+1) — Vt(st) and 2my;_1 —2my 41,
and the fact that V! < —7 and my < 7 forall t € [T] and u € [t : T].

Bounding (c¢) Since V! is F-measurable where F; is history up to time step ¢, we have
E[V} 1 (se1)|F) = [PVi4](8e, ar), making the summation (¢) a summation of a martingale
difference sequence. Since sp(V}' ;) < H for all ¢t € [T], the summation can be bounded by
O(sp(v*)y/T log(1/0)) using Azuma-Hoeffding inequality.

Bounding (d) The sum of the bonus terms can be bounded by

- T 1/2
BZ ||90(3ta at)”/\;1 S B\/T (Z ||§0(St7 at)”i*)
t=1 t=1
< O(BdT 1logT)

where the first inequality is by Cauchy-Schwartz and the last inequality is by Lemma 29.
Combining the four bounds, and choosing H = 2 - sp(v*) and choosing f =

O(sp(v*)d+/log(dT'/§)) specified in Lemma 4, we get

Ry < O(T(1 = 7)sp(v) + 1 + sp(v*)\/T log(1/6) + sp(v )/ T log(dT/6)logT).

Choosing 7 such that ﬁ = /T, we get

Ry < O(sp(v*)\/d3T log(dT /) log T).
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A.3.5 Covering Numbers

In this section, we provide results on covering numbers of function classes used in this paper.
We use the notation N (F,|| - ||) to denote the e-covering number of the function class F
with respect to the distance measure induced by the norm || - ||.

We first present a classical result that bounds the covering number of Euclidean ball.

Lemma 36. For any € > 0, the d-dimensional Fuclidean ball B4(R) with radius R > 0 has

log-covering number upper bounded by
log Nz (Ba(R), || - [l2) < dlog(1 + 2R/e).

Using this classical result, we bound the covering number of the function class that cap-

tures the functions Q,(-, -) encountered by our algorithm.

Lemma 37 (Adaptation of Lemma D.6 in Jin et al. [2020]). Let Q be a class of functions
mapping from S x A to R with the following parametric form

QC,) = (whe(-,) + v+ Byl ) TA () A M (A.2)

where the parameters (w, 5,v, ) satisfy ||w| < L, § € [0,B] and v € [0,D], and A is a
positive definite matriz with minimum eigenvalue satisfying A (A) > A > 0. The constant
M > 0 is fized. Assume ||p(s,a)|| <1 for all (s,a) pairs. Then

log No(Q, || - |lso) < dlog(1 4+ 8L/e) +log(1 +8D/¢) + d*log[l + 8d/*B?/(\?)].

Proof. Introducing A = 32A~!, we can reparameterize as

Q(.) = (w'e() +v+ Vel )T Ap(,)) A M

where the parameters (w, v, A) satisfy ||wl|l, < L, ||A|| < B*X\™!, v € [0, D]. For any pair

of functions @, Q2 € Q with parameterization (wq, vy, A1) and (ws, va, As), respectively,
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using the fact that - A M is a contraction, we get

1Q1 = Qalloe < sup|(w) @(s,a) +v1 + V/p(s,a)T Arp(s, a)) (A.3)

— (wy p(s,a) +v2 +/p(s,a)T Ayp(s, a))]
< sup |(wd+vi+ VO TAP) — (wy P+ v+ /T Ardd)]

#:l|#lla<1
< sup (wi—wy) @+ vy — s+ sup  /[PT (A — Ar)@
¢l @ll2<1 ¢l @ll2<1

= |lwy — walz + [v1 — va| + V/[|A1 — Aso
< lwy — wallz + vy — va| + /|| A1 — As||p (A.4)

where the third inequality uses the fact that |\/z — /y| < m holds for any z,y > 0
and || - || denotes the Frobenius norm.

Let Cy be an g/4-cover of {w € R? : ||lw|| < L} with respect to the L2-norm, C4 an
2 /4-cover of {A € R™>?: ||A||p < d*/?B2\~'} with respect to the Frobenius norm, and C,
an ¢/2-cover of the interval [0, D]. Then, treating the matrix A € R¥? as a long vector of

dimension d x d, and applying Lemma 36, we know that we can find such covers with
log |Cw| < dlog(1+8L/¢), log|Ca| < d*log(1+8d"2B%/(\e?)), log|C,| < log(1+48D/¢).

Hence, the set of functions

CQ = {Q € RSXA : Q(7 ) = wT90<'7 ) + v+ \/90<7 )TA‘P(v ')>w € CwaA € CA?“ € CU}

has cardinality bounded by log |Cq| < dlog(1 + 8L/e) + d*log(1 + 8d*/2B?/(A\e?)) + log(1 +
8D /e). We can show that Cg defined above is an e-cover for Q as follows. Fix any @ € Q
parameterized by (w,v, A) and consider Q € Q parameterized by (w, v, Av) where w € C,
with ||w — ||y < e/4, 7 € C, with [v—7| < e/4 and A € C4 with ||A — Az < £2/4. Then,
by the bound (A.4), we have ||Q — Q|| < € as desired. This concludes the proof. O

Lemma 38. Let V be a class of functions mapping from S to R defined as

V= {maaXQ('a &) : Q(a ) = CLIP(Ql('a )7 QQ('7 )\/Q?)(a ')7 Q4<'7 ')/\Qf)('a ')7 Ql? cee 7@5 S Q}
where the function class Q is defined in Lemma 37. Then,

og No(V, || - [loo) < 5dlog(1 + 8L/) + 5log(1 + 8D /) + 5d*log[1 + 8dY>B%/(Ae2)].
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Proof. Let W be a class of functions mapping from S x A — R of the form
Q('v ) = CLIP(Q1<'7 '); Q2('7 ) N Q?)('? ')7 Q4('7 ) A QS('? ))

where Q1,...,Q5 € Q. Let Cy be an e-cover of the function class Q with size log|Co| <
dlog(1+8L/e)+log(1+4D/e)+d*log[1+8d/2B?/()\e?)]. Such a cover exists by Lemma 37.
Let C be defined as

C={Qc RS*A Q) = CLP(Q1(-,); Q2+, )VQs(+, ), Q- )AQs (-, +), Qu,..., Q5 € Co}.

Then, we have log|C| < 5log|Cy|, and we can show that C is an e-cover of W as follows.
Consider a function W € W, with W(-,-) = CLIP(Q1(+,-); Q2(-, ) VQ3(-, ), Qa(, ) AQ5(+,+))
where Q1,...,Q5 € Q. Let CNQZ € Cp be the approximation of @); for ¢ = 1,...,5 such
that ||Q; — Qille < & Such a Q; exists since Cy is an e-cover of Q. Let Q(-,-) =
CLIP(Q1(+,); @2 +) V Q3(+,), Qal+,+) AQs(-,-)). Then, @ € C and

Q(,+) = CLIP(Q1(,); Q2(, ) V Q3(+, ), Qu(,) A Qs(+,+))
< CLP(Qi () + & (Qal--) +€) V(Qs(-, ) + ), (Qal-, ) + ) AQs(-,-) +¢))
= CILP(Qi(+); Qo) V Q3 (-, ), Qu(, ) AQs(-, ) +
Q) +e.

_|_

Similarly, we have

Q( ) CLIP(Ql( ) ) ( ) \ Q?)('v ')7@4('7 ) N Q5('7 ))
> CLIP(Gh (-, )—5 (@a(,-) =) V (Qs(-) = ), (Qul-) =) A(@s(,-) —2))
= CILP(Qr(+); Qo) V Qs ), Qu(,) A Qs+, ) —
Q) —e

Y

which shows [|Q — Ql|s < £, and that C is an e-cover of W. Since max, is a contraction
map, it follows that V = {max, Q(-,a) : Q € W} is covered by V = {max, Q(-,a) : Q € C}.
The proof is complete by observing that log |V| < log|C| < 5log|Co|, and that there exists
e-cover Cy for Q with log |Co| < dlog(1 + 8L/e) + log(1 4 8D /¢) + d?log[l + 8d"/2B?/(\e?)]
by Lemma 37. [
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APPENDIX B

Analysis of Offline Constrained RL with
Linear MDPs

B.1 Covering Numbers

Lemma 39 (Covering balls. e.g. Wainwright [2019]). For any € € (0, 1), we have

2r

log N (Bu(r), | -l ) < dlog (1 ¥ ?) |

Lemma 40 (Lemma 7 in Zanette et al. [2021]). Consider a feature mapping ¢ : S x A — R4
such that ||@(s,a)|l2 < 1 for all (s,a) € S x A. Then for all s € S, we have

> Imor(als) — mo(als)| < 86 — 6]
acA

for any pair 0,60 € RY such that ||@ — '], < L.
2

Lemma 41 (Covering softmax function class. Lemma 6 in Zanette et al. [2021]). For any
e € (0,1), we have

168
log N'(II(B), | - e ) < dlog (1 i —)

€

where the norm || - |1 is defined by

|7 — 7' ||co.1 : =sup Z |7 (als) — 7' (als)].

5€C 4ed

Lemma 42 (Covering number bound for the space of v). Consider the function class

V=A{ver: C€B(De), mell(Dr)}
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where ve  © S — R is defined by ve (s) =Y, m(a|s)(C, ¢(s,a)). Then,

NV Moo €) S NB(DE), | - 2, €/2) x N(I(Dxr), || - lloo,1, €/ (2D¢))

and it follows that
log N(V, || - lloes €) < O(dlog(D¢ Dy /e)).

Proof. Consider C, = {v¢r € (S — [0, = ]) ¢ € C¢,m € Cr} where C¢ is an €/2-cover of
B(D,) with respect to || - ||z and C, is an e/(ZDC) -cover of II(D,) with respect to || - ||co.1-
Such covers with |C¢| < (1+4D;/e)® and |C,| < (1+32D¢D, /¢)? exist by previous lemmas.
Consider any ve € V. Then, there exists ¢’ € C; and 7’ € C, with || — (|| < €/2 and
|7 = 7|l soq = SUDyes D ogea |T(als) — '(als)] < €/(2D¢). Then for any s € S, v € C,

satisfies
V¢ () = verm(s)] = |Z (s,a)) = >_'(als)(¢, (s, a))]
= |Z —'(als))(¢, ¢(s, a)) +'(als)(C — ¢, ¢(s,a))]
<DCZ|7T(L| — 7'(als |+Z s)e/2
<e
It follows that C, is an e-cover of V with respect to || - || with |C,| = |C¢||C,| and we are
done. 0

B.2 Concentration Inequalities

Lemma 43 (Matrix Bernstein). Consider a finite sequence {Sk} of independent, ran-

dom matrices with common dimension dy X dy. Assume that ES, = 0 and ||Sk|]| < L
for each index k. Let Z = Y, Sy and define v(Z):=max{|E[ZZ"]|,|E[ZTZ]||} =
max{[| 32, E[SkSE I, | 24 ELSi Silll}. Then,

P(|Z]] = t) < (di + da) exp <ﬁ)

and it follows that with probability at least 1 — &, we have

3

1 Z]] < +v/20(Z) log((dy + d3) /).
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Lemma 44. There ezists an example where X* = E,[¢(s,a)] is not in the span of

p(s1,a1),...,0(8n,a,) with probability at least 1/2.

Proof. Consider the case where & = {s}, A = {a1,a2}, d = 2, and ¢(s,a;) = e; and
p(s,az) = ey. Let p = p* and u(s,a;) = p and u(s,as) =1 —p. Let F be the event where
A* is not in the span of ¢(s1,a1),...,¢(sy,a,). Then,

as long as we choose p < 1 — 271/7, O

Proof of Lemma 13. Let ¢, = w*(sg,ax) = p*(sg, ax)/p(sk,ar), & = 1,...,n. Note that
w(sg,ar) > 0, k = 1,...,n must hold, otherwise such s, a; cannot be sampled. By the
concentrability assumption, we have ¢, € [0,C*], k = 1,...,n. Let z, = cpp(sg, ax) for
k=1,...,n. Then, ||z| < C* and

(s, a)
(s, a)

Elzi] = E(sa)ouw (s, a)p(s, a)] = Eayop { go(s,a)] = Es.0)opr [0(5,0)) = A"

Define S, = z — A", k = 1,...,n Then, E[S;] = 0 and ||Sk|l2 < [|zk]l2 + E[||zx|l2] < 2C*
and [|[E[ST Si]|l2 < E[z] 2] < (C*)? and ||E[S,S}]|l2 < (C*)?. Applying matrix Bernstein

inequality (Lemma 43) on {Sk}}_;, we have

_Aw2<40ﬂ%«d+nmy+¢a0ﬂﬂ%«d+nm)
- 3n

n

1 — 1
NS = (12wt
Hn ];:1 k|2 ||nw (8%, ax)p(sk, ax)

with probability at least 1 — ¢ and the result follows. O

Lemma 45. Under the feature coverage assumption 6, there exists A* e R of the form
A= LS ckp(sk, ax) with ¢, € [0,C%], k=1,...,n such that

Al <O <C* /1og<:/6>>

with probability at least 1 — 9.
Proof. Since A* € Col(A), we have A* = AATA* and it follows that

A= AATX
= E[p(s,a)p(s,a)"ATN]
= EKCP(S? CL), ATA*>90(37 CL)]
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Let ¢, = (p(sk, ar), ATA*). Then, by Cauchy-Schwartz, we have
[ex] < llp(sr, ar) 2| ATl < €

where the last inequality follows by the feature coverage assumption. Using matrix Bernstein

inequality as is done in the proof of Lemma 13, the result follows. n

B.2.1 Proof of Lemma 15

Proof of Lemma 15. Consider X = 23" cr(sy, a) with |cp| < B, k = 1,...,n. Let
A, = UDUT be the eigendecomposition of A, = LS i @(sk, an)p(sk, ar)’ where
D = diag(dy,...,dy) with d; > --- > d; > 0. Then, we have D = UTA,U =
IS U o(sk, ar)p (s, ax)"U and it follows that d; = £ 370 (u;, p(sy, ax))? where d;
is the ith diagonal entry of D. Also,

where the second equality follows by & = UU Tz = Zf:1<w, u;)u; for any vector € R%

So,

p
ATAIA =Y <

where d’' is the number of strictly positive diagonal entries in D and the first inequality

follows by Cauchy-Schwartz. [
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B.2.2 Proof of Lemma 14

Lemma 46. Let v:S — [0, D,]. With probability at least 1 — 0, we have

1o — Wol|,; ., <O (DU dlog(n/6)>

where Bu is the least squares estimate defined in (3.13).

Proof. Note that | ®v|, < D,v/d by the boundedness assumption on ¥. The result follows
directly from Theorem 2 in Abbasi-Yadkori et al. [2011]. O

Proof of Lemma 14. Let C be an (1/n)-cover on V. By Lemma 42, such a cover with log |C| <
O(dlog(D¢Dxn)) exists. Applying a union bound over C and using the concentration bound

in Lemma 46, we get

H\Il'v—@

whrr = © (Dv\/dlog(Dchn/@) (B.1)

for all v € C with probability at least 1 —d. For any v € V, we can find v’ in the cover that

satisfies ||v — v'|| < 1/n. Hence,

H\Im—ﬂ < [ W(v — ) + U — Bv' + B0 — To| ;5

nxn +I

(nAn + 17" Y (0 (51) = v(s1)) s, ax)

k=1

< (v —V)z,1 +

n[AXn,—I—I

+0 (Dv Vi log(DCD,rn/(S)) .
The first term can be bounded using the boundedness assumption on ¥ by

%0 = v)25 ;S I1¥(@ = V)|3llnA, + I[l2 < d/n* - (1+n) < O(1)

nKn+I
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as long as n > d. The second term can be bounded by

n 2

(A +1)™ > " (v/(s1) — v(sh))e (s, ar)

k=1 nA+I
- Z — o(s )l ) (A + 17D s5) — o(sh)) ol )
k=1
< Z 1(v'(s%) — v(si,)) sk, an)ll3
< Z —v(s}))?
<1
where the first inequality uses nA + I > I. The result follows. n

B.3 Computational Efficiency

In this section, we explain why our algorithms are computationally efficient by showing that
the algorithms only require computing quantities for states that appear in the offline dataset
to compute the policy m; at each step. This is how we avoid computation complexity that

scales with the size of the state space.
Recall that 7, = o(a 31—} ®¢;) and by definition of o(-),

exp(a Yin; p(s,a)'¢)
S explad it ¢(s,a)7¢)

We argue that the algorithm only needs to compute m;(als) for the states s that appear

mi(als) =

as the next state in the dataset D. There are two parts where the object 7; is used in the

algorithm:

Line 3 in Algorithm 5 and Line 4 in Algorithm 6 In these lines, the object 7, is used

to compute
n

Bog, = (A + 1) vg,m, (1) (50, ar)
k=1

where v¢, -, (5,) = (nA + I)~! Yoo Te(alsi) (G, (s), a)). As we claimed, we only need to
compute m(-|s},) for s, that appear in the dataset D.
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Line 2 in Algorithm 5 and Line 2 in Algorithm 6 In this lines, the object 7; is used
to compute ®T 1y, , for A; of the form A, = %Zzzl ckp(Sk, ax). By definition,

A — 1
fiaw =70 B[(1 = 7)v + 78X = 70 B[(1 = Y)esy + 7 D cxey]
k=1
and it follows that
. 1 <
(I)Tl”kmrt =(1- V)Q)T(Wt o Ee,,) + 75 ; Ck(I)T(Wt ’ Ees;)
1 n
= (1=7) ) mls0, a)(s0,a) + v D o> mlalsy)e(sha).
a 1

k= a

Again, we only need to compute m(+|s},) for s, that appears in D.

B.4 Regret Analysis

B.4.1 Bounding the Regret of m-Player

Lemma 47 (Mirror Descent, Lemma D.2 in Gabbianelli et al. [2024a]). Let q1,...,qr be a
sequence of functions from S x A to R with ||gi||cc < Dy fort =1,...,T. Given an initial
policy m : S — A(A) and a learning rate o > 0, define the sequence of policies m, ..., Tryq
such that

mr1(als) o< mi(als) exp(ag(s,a)).

Then, for any comparator policy 7*, we have

H(x'|m) , oTD;
a 2

STST U ) (ls) = mills), ails, ) <

t=1 seS

where H(r||7") =" s V™ (s)D(m(:|s)||7'(-|s)) is the conditional entropy.

Lemma 48 (Lemma B.3 in Gabbianelli et al. [2024a]). The sequence of policies w1, ..., mr

produced by an exponentiation algorithm m, = o(« 25:1 ®¢;) satisfies

3 . 0 aT D? D?
ZZVW (s) Z(W*(a|8) —m,(al$)) (&, (s, a)) < 1 gol-A’ i 230 ¢

t=1 seS acA

where |[Gll2 < De, t =1,...,T and [[@(-,)] < Dy
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B.4.2 Bounding the regret of (-player

Proof of Lemma 11. Recall fixe)«(s,a) = w(als) [(1 — y)vo(s) + v(¥TA(c)),] where we use

the notation (x)s to denote the sth entry of vector . We can write

- Z MA(C)7W(87 a>90(87 a)
= Z (als) vo(s) + 1(TTA()) (s, a)
(- S (also)e(s0. a) + VZ(‘I'TA(C))S S n(als)g(s,a)

a a

= (1=7)¢(s0, 7 +’YZ (T7A(c))sp(s,m)

where we use the notation ¢(s,7) = > m(a|s)e(s,a). Recall that A(c) =
LS 1 aup(sk, ag) where ¢ € [-B,B], k = 1,.
expanding ®7 px ) », we get

,n. Following the same argument for

&7 fixor = (1= 7)(s0,7) + vz<ﬁ<c)>sw<s, )

Also, using ®'A(e) = I3 a®To(spar) = EY aP(skar) =

% 2 k-1 CkE[es; |sk, ax], we get

@ pre)r = (1 —7)e(s0. 7 +’YZ (TTA(e))sp(s, )

n

= (L= )p(s0.m) + 1 3~ cBlip(si ) sw. o).

k=1

Hence,

H‘I’ (MA (e),m MA H2 =

ch i) — Elp(s} ™) 5, ax])

<o (B 1og<;z/5>>

where the last inequality uses Matrix Bernstein inequality (Lemma 43) with S =

crp(sy, ™) — ckBlp(sy, )| s, arl. a

2
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Lemma 49. Given a fivzed X € C,(B), we have for all m € II(D,) that

- log(d/d) + dlog(D,d
‘|¢TMA,7T_(§THA7TF||2 S O (B\/ Og( / )+ Og( n))

n

with probability at least 1 — 6.

Proof. Consider an e-cover of I1(D,) with covering balls when measuring distances with the
norm || —7'||so1 = SUPges D _pea [T(als) —7'(als)|. By Lemma 41, there exists such a cover

with log covering number

16D,
log N(I(Dy), || - ||oo,€) < dlog (1 + 5 ) )

Fix any 7 € II(D,) and consider its nearest cover center 7’ measuring distances by || - ||oc,1-
Then,

127 pox e — " Baellz < | @ pune — @  paw [l + | @7 pan e — 7 fiaw |2
) (i1)
+ 2" Baw — " Bas [l2-

-~

(i)

Note that
" pnr =) 1anl(s,a)ip(s,a)
— :i;w(a|s)[(1 —vo(s) + (TN (s, a)
- (i — ) Xa:ﬂ(a|50)cp(so, a) + 7;<@TA)S Za:w(a\s)cp(s, a)

= (1= 7)@(s0.m) +7 > (T X)0(s,7), (B.2)

where we use the notation ¢ (s, 7) = > m(a|s)e(s,a). The first term (i) can be bounded
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S (@A)l — )

S

S (n(also) — #'(also))(s0, )

a

1Dt s — @ parllz < (1 =) [lp(s0, 7 = )|, +

2

=(1-7)

2

D (@7X), ) (w(als) —7'(als))e(s. a)

S a

< (1=7) ) In(also) —7'(also)l (50, a) |2
+9 Y (LTI Y Iw(als) — ' (als)llle(s, @)l

+7

2

< (1 —7)e + 7215 A
< (1 =)+ 72Dy V|| All2
< (1 —=7)e +~yeVdD,B

where the second to last inequality uses the boundedness assumption on ¥ and the last
inequality follows by ||A|l2 < B.
The second term (i) can be bounded by a union bound of the concentration inequality

in Lemma 11 across all 7’ in the cover, resulting in the following bound

HQTH)\,W’ - QT//,Z)\J/HQ < @) (B\/log(d/é) + dlog<D7r/€)) .

n

To bound the third term (ii7), note that

®fing = (1 - 7)(s0.7) +7 > (¥TX) (s, 7)
= (1= )pls0,7) + 2 3 cuspsf ). (B.3)
k=1

where A = 230 | cpo(sk, ax). Therefore,

_ . Y
|B7 Bixm — 7 finrlla < (1 =9)llp(s0, 7 — 1)l + - > alle(si,m =)
k=1

< (I —7)e+9Be
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where the last inequality uses [|¢(s,m7 — @)z = | >, (7(als) — 7'(a|s))p(s,a)lls <
Y o.lm(als) —7'(als)|||l(s,a)|l2 < e. Combining the bounds of the three terms, we get

|
197 ixx — DT fins]2 < O (B\/ 08(d/0) + dlog(Dr/e) m&) |

n

Choosing € = 1/v/dn, we get the desired result. O

Lemma 50. The sequences {m},{A(c})},{C:} produced by Algorithm 5 satisfies

REG] = (¢~ ¢ @ aa e, — Ale])) < O ( crd | flostdn log |A))/ ‘”)

n

fort=1,....T with probability at least 1 — 9.

Proof. Recall that Z C {1,...,n} is an index set of size d such that {¢(s;,a;)};ez is a
2-approximate barycentric spanner for {¢(sg, ax)}r_,. Let C,(C*) = {c € [-2C*,2C*]"

c; = 0if j € Z}. Consider a e-cover of C, (C*) with respect to distance induced by || - [|o
where ¢ is to be chosen later, and let ¢ be the closest covering center to ¢;. There exists a
cover with covering number (1 + 4C*/¢)?. We can decompose the regret of (-player at step

t into

REG] = (¢ — €™, " pixeny ., — A(c)))
= \<Ct - ¢, ‘I)Tux(c;),m - @ Mxt(cg),m}j—\((} — ¢, T ey

)

(a) (b)
+ (G - ¢ @ By m, — P Biaie))m) + (G — ¢ @ fia(e)m — )\(CQ)Z-

-

(© (d)

v — O By n,)

J/

Bounding (a) Recall from equation (B.2) that
" pux = (1= 7)p(s0,m) +7 Y (T N)ep(s,7)

where we use the notation ¢(s,7) = Y 7(a|s)p(s,a). Also, since ||c; — ¢/||~ < e, we have

n

> (e — chi)e(sn ar)

k=1

1

1A(e) = Alet)ll, = Z e — cilll(se, ar)ll2 < e
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Hence,

BT tiacey — B tiacernm o = 2 ST = Ale/))ospls, )|

seS

<7 D 1T (A() = Al (s, )l

seS

<y l(E' (A Alei)))sl

seS
< yels| oM 1y
S ’YﬁDwd

where we use the notation |W| for the matrix that takes element-wise absolute value
of . The second inequality follows since |[|¢(s, 7). = ||>-,7(als)e(s,a)lls <
Yo.m(als)e(s,a)lls < >, m(als) = 1. The last inequality follows by the boundedness
assumption on ®. Hence, choosing ¢ = 1/v/dn, Term (a) can be bounded by

<Ct ;r;ttv i)T“'Atﬂrt - QT”'AQJFJ < ||Ct - C$t||2||‘I’THAtm - QT“')\QJH ||2
27D<D¢\/E
<
— ﬁ

Bounding (b) The second term can be bounded by a union bound of the concentration
inequality in Lemma 49 over a (1/v/dn)-cover of C, (C*) = {c’ € [-2C*,2C*|" : ¢; = 0if j €
7}, which gives

(G —¢™, ‘I’TIJJA;,m - ‘I’Tﬁxg,wJ < ¢ — CﬂtHQH‘I’Tﬂxxg,m - ‘I’Tﬁxg,m’b

<o (Dcc*\/dlog(lzzdn/é))

Bounding (¢) Recall from (B.3) that @7 fix » = (1—7)e(so,7)+ 2 >, crp(s), 7). Since
e, — ¢]lo < 1/v/dn, we have

n

—AD (el — e (shm)

k=1

< v/Vdn.

2

1D Bxeryme — B Bae)mll2 =

It follows by Cauchy-Schwartz that

(G —¢™, @ firerym — BT Bae)m) < O(De/Vdn).
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Bounding (d) Recall that (-player chooses ¢; € By(D:) greedily that minimizes
(-, @ [xe))m — Acy)) and that ¢, € Bq(D). Hence, the term (d) can be bounded by

<Ct - Cmv QTI/]’A(C;),W - A(c;» S 0.

Combining all the bounds, and using D¢ :=+v/d + %g < O(%) and D, = oT D, <

O(/log |A|T), we get

RicS < 0 <1C*d \/log(dnT(log|A|)/5)>_

B.4.3 Bounding the Regret of \-Player

Lemma 51. The sequences {m},{A(ct)},{C:} produced by Algorithm 5 satisfies

1 R < 0 <C*d3/z \/log(dnT(log Al /5)) L (D)

11— n opt

with probability at least 1 — 6.

Proof. The regret of A-player at step ¢ can be bounded by

REG, = f(C, A", m) — f(Ci A(er), )
= (A" = X(er), 0 + 7 Pvg, , — Ci)
= (A" = Aer), 0+ v0v¢, r, — &)+ YA = A(er), Tog,x, — Vg, m,)
+ (A — )\*, 0+ Qv r, — Ci)-

The average of the first term over ¢t = 1,...,T is €} . (T') which vanishes as T increases since

opt
the A-player employs a no-regret online convex optimization oracle (Definition 2) on the
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sequence of functions (-, 0 + 'yagm — (). The second term can be bounded as follows.

<A* - A(Ct)a \IvatJFt - \II’UCtﬂTt> < ||>‘>|< - A(Ct)”(nxn+1)*1 ||\Ivat,7Tt - \IvatJFtHnKnJrI

1~ —
S %HA - A(Ct)H/A\ILH\II,UCtJFt - \IIUCt,WtHnKn+I

< %C*\/ﬁ - O(Dy/dlog(DDenf5))

<0 (C*d3/2 wogmmg rA|>/6>>

1—7 n

where the second inequality follows since n[A\n + I = nKn and the fact that both A\* and
A(e;) are in the column space of K; the third inequality follows by Lemma 15 and Lemma 14
and the fact that the range of vy, ,, is [0, D¢] so that we can set D, = D;; the last inequality
follows by D, < O(%) and D, = aT'D; = O(y/T log |A|). The third term can be bounded
by

<A* - X*a 0 + V‘IJUCt,ﬂ't - Ct> < H}‘* - S‘*HQHO + ")/‘Ivat,ﬂ't - CtHQ

<0 (c* M) - O(DVd)

n

<o ( C*d log(d/6)>

1—7 n

where the second inequality follows by Lemma 13 and the last inequality follows by the
bound D, < (9(%) and the boundedness assumption on ¥. Combining the three bounds
completes the proof. n

B.5 Details in Offline Constrained RL Setting

B.5.1 Lagrangian Formulation

Recall that in the linear CMDP setting, the optimization problem of interest is

max Jo(m)

subject to  Ji(m) > 7, i=1,...,1.
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which we denote by P(7) parameterized by the thresholds 7 € Rf. We write the Lagrangian

function corresponding to the optimization problem P(7) as
Lim,w):=J(r)+w- (J(r) — 1)

where J(-) = (Ji(),...,Ji(+)), T = (71,...,77) and w € R! is the Lagrangian multipliers
corresponding to the constraints. The linear programming formulation of the constrained
reinforcement learning problem is:
max  (ro, )
subject to (ri,m) >1, i=1,....1,
E"pu=(1—-vvy+~vP"p.

Using r; = ®60;,7=0,...,I, and P = ®¥, which holds by the linear CMDP assumption
(Assumption 5), the linear program can be written as
T
max (6o, ®" p)
subject to 0;,9Tp) >, i=1,...,1,
E'pu=(1-yv+y97d

Note that the optimization variable g € RIS*Al is high-dimensional that depends on the
size of §. With the goal of computational and statistical efficiency, we introduce a low-
dimensional optimization variable A = &7y € R?, which has the interpretation of the aver-
age occupancy in the feature space. With the reparametrization, the optimization problem
becomes
S
subject to O N >1, i=1,...,1,
E'pu= 01—y +7PTX
A=d"p.

The dual of the linear program above is

. - ~
Jon - (1=, ) — (w,T)

subject to ¢=60y+0Ow+yPv
Ev > ®(.
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where we write ® = [01 e 01] € R™!. The Lagrangian associated to this pair of linear

programs is

LA, p;v,w,¢) = (1 — ) {vo,v) + (X, 00+ 7Pv — ) + (u, 8¢ — Ev) — (w, 7 — OTA)
= (X, 600) + (v, (1 =Yg + 7O - ETp) + (¢, 2" — A) — (w, 7 — OTA).

Note that the optimization variables X,¢ € R? and w € R’ are low-dimensional, but
p € RIS*Aland v € RIS are not. With the goal of running a primal-dual algorithm on
the Lagrangian using only low-dimensional variables, we introduce policy variable m and

parameterize p and v, as was done for the unconstrained RL setting, by

piag(s,a) = m(als) [(1 = y)ro(s) +7(d(s), A)]
UCJT(S) = Z 71'(&’8) <Cv ‘P(Sv a))

a

Note that the choice of py , makes the Bellman flow constraint EXp = (1 — v)vy + yP7A
of the primal problem satisfied. Also, the choice of v, makes (px ., ¢ — Eve,) = 0.
Using the above parameterization, the Lagrangian can be rewritten in terms of {, A, w, 7 as

follows:

g ¢ w, ) = (X, 00) + (¢, P pn. — A) — (w, 7 — OTN) (B.4)
= (1= 7) (0, v¢x) + (X, 00+ 7¥ver — §) — (w, 7 — O ). (B.5)

At the cost of having to keep track of 7, we can now run a primal-dual algorithm on the
low-dimensional variables ¢, A and w. As is the case for the unconstrained RL setting, the
introduction of 7 in the equation does not make the algorithm inefficient because we can

only keep track of the distribution 7(s|a) for state-action pairs that appear in the dataset.

B.5.2 Technical Lemmas on Lagrangian

For a linearized reward function u = ry + w - r where we use the notation r to denote
the vector of reward functions 7y, ...,7; such that u(s,a) = ro(s,a) + Y., wiri(s,a), the

Bellman equation becomes

Q. =®(0)+Ow+yIV)]) = B¢, (B.6)
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where we write Q7 and V] as the value functions of the policy m with respect to the

linearized reward function ry + w - r and define

¢ =0+ Ow + PV

Note that if w € DyAl, we have ||¢T|ls < 1 + Dy, + 2Y4+2w) — (Dw‘/a>. We define

1—v 1—v

vxf(1+D)
D¢:=1+ D, + WALtDu)

Lemma 52. Let ¢T be the parameter that satisfies QT, = ®CT for a given w € R! and a

policy . Then,
L(m,w) = g(¢h, A\, ™, w)

for all X € R? in the span of {p(s, a)}(s,a)e$xA-

Proof. For convenience, define the reward function u(s,a) = ro(s,a) + S.r_, wirs(s,a). By
the linear CMDP assumption, we have u = ®(8y + Ow) where u € RS*4l is the vector

representation of the reward function u. Also, by the definition of v¢ » in (3.6), we have

Vegan(s) = D mlals)(Ch, (s, a)) = Y m(als)Qy (s, a) = Vii(s).

a

Since we assume A € R? is in the span of {¢(s,a)}(saesxa, there exists a € RIS*Al such

that A = ®” . Hence, using the form (B.5) of the Lagrangian function, we have

9(Co, A mw) = (1= 7){wo, ve,) + (X, 00 +7%vg; — () — (w, 7 — O X)
= (L=7){v, Vig) + (A, 00+ Ow +7y¥V,7 — (1) — (w,T)
= (1 =)0, Vi) + (a0, ®(6p + Ow + 7PV, — (1)) — (w,T)
= (1 =), Vi) +{,u+7PVy - Qp) — (w, 7)
= (L =) (v, Viy) — (w,7)
= L(m, w)

where the second to last equality uses the Bellman equation (3.9) and the last equality is by
L(m,w) = Jo(m) + w - (J(m) — 7) and the fact that Jo(7) + w - J(7) is the value of m with

respect to the linearized value function rq + w - 7. O

Lemma 53. Under the linear MDP setting, let ™ be the parameter that satisfies Q™ = ™
for a policy w. Then,

J(m) = f(¢T, A, m)

for all X € R? in the span of {¢(s,a)}(sa)esxA-
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Proof. This is a direct corollary of Lemma 52, which can be seen by setting w = 0. [

Lemma 54. Given a policy m, let u™ be the occupancy measure induced by m and let AT =
®Tp™. Then, for any ¢ € R? and any w € R!, we have

L(m,w) = g(¢, A", w, 7).
Proof. By the definition of py - in (3.5), we have

) (L= 7)vo(s) +v((s), A™)]
) [(1=)ro(s) +v(2p(s), @ p™)]

"(s,a).

par (s, a) = m(als
(al

a|s

Il
)

Il
=

Using the form (B.4) of the Lagrangian function, we have
g(C7 Aﬂ—a w, 7T) - <A7r7 00> + <C7 @TNAW,W - A7r> - <’LU,7' - GTAW>
60) — (w, T — OB ")
= (u",7) — (w, 7 — R"p")
)

where the second equality uses par » = ™ and A™ = &7 p™; and the third equality uses the
matrix notation for the reward functions R = {r(s, a) } (s oerisxal je(rj; the last equality uses
Ji(m)=(pu",ri),i=1,...,1. O

Lemma 55. Under the linear MDP setting, let u™ be the occupancy measure induced by a
policy ™ and let \™ = ®T u™. Then, for any ¢ € R, we have

J(m) = f({, AT, ).

Proof. This is a direct corollary of Lemma 54, which can be seen by setting w = 0. O]

B.5.3 Proof of Theorem 5

For a given w € R! and a policy 7, define ¢ € R? to be the parameter that satisfies
Q5, = ®(;, where Q7, is the state-action value function of the policy m with respect to
the reward function ro + w - r. Using ¢(¢Z, A\, w,7) = L(m,w) for any A that is a linear

combination of {¢(s,a)}(smesxa (Lemma B.4) and ¢(¢, A", w, ) = L(7, w) for any ¢ € R?
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where A™ = 7™ (Lemma B.5), we have

L(ﬂ-*>wt> - L(Wtaw) = g(Cta)‘*alwtaﬂ-) - g( v, )‘(c;)?waﬂt))

= (\Q(Cu A*7 Wy, 7T*) - Q(Cm )\*7 Wy, 7Tt)/)
REGT
+ (g(Ct, X% wy, ) — (G, Alc)), wy, th)
R;:;Q

+ (g(Cta )‘(02)7 wy, 7Tt) - g(cta )\(C;), w, th)
REGY

+ (g(ctv )‘(62)7 w, Wt) - g( 171T;tt7 A(C;), w, Wt)j)
R::Zg

where 7* is an optimal policy for the optimization problem P(7) and we use the notation
A" = X\™". Note that the suboptimality L(7*, w;)— L(m;, w) is decomposed into regret terms
of the four players. As long as we show that the sum of the four regrets over t = 1,...,T are
sublinear in 7" and the dataset size n, we obtain %Zthl L(m*,w;) — L(m, w) = L(7*,w) —
L(m,w) = o(1) where w = %23:1 w; and 7 = Unif(m,...,77) is the mixture policy
that chooses a policy among 7y, ..., 7 uniformly at random and runs the chosen policy
for the entire trajectory. Then, for large enough 7" and n, we get L(7*, w) < L(T,w) + ¢
where € vanishes as 7" and n increase. Such a pair is a near saddle point of the Lagrangian
function L(-,-) and it can be shown that the mixture policy 7 is a near-optimal solution
of the optimization problem (3.1). Specifically, we can show that if the Slater’s condition
(Assumption 3) holds, then a near saddle point (7, w) of L(-, -) with L(m, w) < L(7, w)+O(€)
for all policies 7 and w € (1 + %)AI satisfies

where 7* is the optimal policy for P(7), implying that 7 is a nearly optimal solution for the
optimization problem.

In the rest of the section, we sketch the analysis that shows that L(r, w)— L(7, w) < € for
large enough T' and n = O(e?). With the decomposition of L(m,w;) — L(m;, w) into regrets
of the four players discussed previously, we study how the four regrets can be bounded in

the next four subsections.
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B.5.3.1 Bounding Regret of m-Player

Using the expression (B.5), the regret of m-player simplifies to

Reg? = Q(Cn A*7 Wy, 7-(*) - Q(Cm )\*7 Wy, 7Tt)
= <V*7IUCt,ﬂ' - th,ﬂ't>

= (", 2a(mlal) = m(al)(G, ¢ (- a)))-

where v* = (1 — v)vy + YPTA* is the state occupancy measure induced by 7*. This is
identical to the regret term for the m-player in the unconstrained RL setting. As is done in
the unconstrained RL setting, choosing a = O((1 — v)+/log |A|/(dT)), we get

T
1 1
— REG] <O ——/(dlog|A|)/T
F o Ree <0 (o (ios AT

dlog|A|

m) gives

which is sublinear in 7. Consequently, choosing T to be at least €
%Zle Regy <.
B.5.3.2 Bounding Regret of (-Player

Note that the regret for the (-player simplifies to

REG% = Q(Cm A(C;)flﬂ, 7Tt) - g( o A(c{f)7 w77Tt)

wt )

= <Ct - 17;;7 QT"I’At,ﬂ't - At>

which has the same form as in the unconstrained case. The proof is essentially the same
as the proof in Section B.4.2 for the unconstrained setting. The only difference is that
D, < (’)(Df“—*/g) where D, =1+ % Following the proof, we get

nggo( Cd \/log(dnT(loglAl)/(écb)))_

(1—7)¢ n
B.5.3.3 Bounding Regret of \-Player
Using the expression (B.5), the regret of A-player simplifies to
REG? = f(Ce, X wy, ) — f(Cy A, wy, )

= <A* — At,go =+ ’}/\II'Uct’ﬂ-t — Ct + @'UJE>

¢
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Following the analysis for the unconstrained setting in Section B.4.3, we get

4 *(3/2 og(dnT (lo
%;Rmﬁ co ((f_d7)¢\/1 g(dnT(l iIAD/(M))) Lo (T)

B.5.3.4 Bounding Regret of w-Player

Using expression (B.4), the regret of w-player simplifies to
g(Cﬁ >‘<cl/t)= Wy, 7Tt> - g(Cﬁ A(d‘,)v w, 7Tt) = <wt —Ww, T — GT)‘t>

which is bounded by 0 since the w-player choose w; € D,,A! that minimizes (-, 7 — @T\,).
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APPENDIX C

Details of Offline Constrained RL with

General Function Approximation

C.1 Analysis for Offline Unconstrained RL

C.1.1 Invariance of Saddle Points

Lemma 56 (Lemma 31 in Zhan et al. [2022]). Suppose (x*,y*) is a saddle point of f(x,y)
over X X Y, then for any X' C X and Y' C Y, if (z*,y*) € X' x )', we have:

(x*,y*) € argmin argmax f(z,y),
zeX’ yey’

(z*,y*) € argmax argmin f(z,y).
ye)’ TeX’

C.1.2 Proof of Proposition 1

Recall the linear programming formulation of MDP M = (S, A, 7,7, dy):

max  (p, )

subject to E'p = (1—7)dy +vP p
where p € RL‘EXAl. Consider the associated Lagrangian function
L(p; V) = (p,r) +(V, (1 =7)do + vP'p — E"p)

where V' € RISl is the Lagrangian multiplier. Let (u*, V*) be a saddle point of L over
R'fXA' x RISl such that the policy 7(u*) extracted from p* is optimal. Consider having
access to function classes U C R‘fx“‘” and V C Rl that capture the saddle point so that

p* €U and V* € V. A natural procedure for solving the linear program with access to the
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function classes is to find a saddle point (2, V') of L over U x V and extract the policy 7().

However, we show that such a procedure does not necessarily give an optimal policy.

Proof of Proposition 1. We explicitly construct a MDP (S, A, r,~v,dy) and function classes
U,V as follows (see Figure C.1). Let S = {s¢,l1,71,l2,7m2} and A = {L, R}. Let the reward
function be defined as r(l;,a) = 1, r(ls,a) = 2 for all a € A, and all other entries of the
reward function are 0. Let v = 1/2 and dy(sp) = 1 such that the MDP starts from s
deterministically. The states l;, [ and r, are absorbing, such that both actions L and R
taken at these states do not change states, i.e., P(s|s, L) = P(s|s,R) =1 for s =ly,l3, 7. In
other states sy and ry, the action L has equal probability of transitioning to the states in the
level below, i.e., P(li|so, L) = P(r1|so, L) = 1/2 and P(ly|r1, L) = P(re|r1, L) = 1/2. On the
other hand, action R has probability 1/4 of transitioning to the left state and probability
3/4 of transitioning to the right state, i.e., P(l1|so, R) = P(ls|r1, R) = 1/4 and P(r1|so, R) =
P(rg|r, R) = 3/4.

It can be seen that the optimal state value function V* has values V*(so) = 1,V*(l;) =
2,V*(ry) = 2,V*(ly) = 8, V*(ry) = 0 and an optimal occupancy measure p* is the one
induced by the policy that always chooses the action L: p*(so,L) = 1/2,u*(l1, L) =
/4, p*(ry, L) = 1/8, u* (I3, L) = u*(re, L) = 1/16, and all other entries 0. By straightforward
calculation, we get

L( V*) = 5V*(s0) = 2pu(ri, R).
Note that L(p, V*) depends on p only through the value p(rq, R). Hence, any p is a best
response to V* that maximizes L(u, V*) as long as u(ry, R) = 0. Consider function classes
V = {V*} and U = {p*, 1} where g is a function with p(sg, R) = 1/2 and p(ly, L) =
i(ly, R) = 1/4, and the function values for other entries are 0. The policy 7 extracted from
i chooses the action R at the initial state sg. Since fi(rq, R) = 0, it is a saddle point of L.

However, 1 is not an optimal solution of the linear program, since it is not feasible. O]

C.1.3 Proof of Lemma 16

Proof of Lemma 16. Recall the linear programming formulation

max  {p, )

subject to E'p= (1 —7)dy+~vP"
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Figure C.1: An example MDP with spurious saddle points.

and its Lagrangian function
L V) = (p,7) +(V,(1 =7)do + 7P pp — B p).

Let (pu*, V*) be a saddle point of the Lagrangian function L over RL‘EXAl x RISl Then, by the
saddle point theorem for convex optimization, u* solves the linear program. In particular,
p* satisfies the Bellman flow constraint and the extracted policy 7% = w(p*) induces p*. It
follows that

L(p*, V) = (p",r) = (1 =) J(7")

for all V' € RIS, Also, rewriting the Lagrangian function as
L(p; V) = (u, 7 + 7PV — EV) +(V, (1 — 7)dy),
it can be seen by the Bellman equation r +vyPV™ = Q™ that

L(p; V™) = (VW (1 = 5)do) = (1 = 7)J (m(u))

for all p.

Consider any pair of function classes U C RIS*Al and ¥V C RISI such that uw* € U and
V* eV, and that V™ € V for all policy 7. Let (j, ‘7) be any saddle point of L over U x V),
and let 7 = 7(11) be the policy extracted from pi. Then, since i is the best response among

functions in U to ‘7, and p* € U, we have

~

L(//Iv ‘7) > L(M*, V) = (1 - P)/)‘](ﬂ—*)

On the other hand, since V is the best response to 7i and V7 € V where 7 = n(fi) is the
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policy extracted from i, we have
L@, V) < L, V) = (1 =9)J (7).

It follows that J(7) > J(7*) and that 7 = 7(u) is optimal. O

Proof of Lemma 17. Suppose (1, V; @) is a saddle point of L over F (U, I1)x Q. First, we show
that if (u,v) € F(U,1I) and 7 = w(v) is the policy extracted from v, then L(u, v; Q™) = J(m).
It can be seen by
Lp,v;Q7) = (r,p) +(Q, v — )
= (r,m) + Y Q" (s, a)(w(als)((1 = y)do(s) +7[P l(s)) — (Q7, )

= (r,p) + Y _V™(s)(1 = )do(s) +v[PT () — (Q, )

= (r,p) + (V™ (1 = y)do + P ) — (Q", )
+ {u,r +yPVT = Q")

™

where the last equality is by the Bellman equation Q™(s,a) = r(s,a) + y[PV7™](s,a). Also,
L, v*5Q) = (r,p*) = (1= 7)J(x*). Since (u*,v*) € F(U,TI), we have

J(x*) = L(p*, v Q) < L(f,7; Q) < L(i,0; Q") = J(7)

where we denote by T = 7(V) the policy extracted from 7. The inequalities hold since
(v, v; @) is a saddle point. It follows that 7 is optimal. H

C.1.4 Proof of Theorem 6

We first show the following concentration bound.

Lemma 57. Consider a Lagrangian function estimate L:

n

L(w, V) = (1 =)V (s0) + % > wlsiai)(r(sia;) + 7V (s7) = V().

i=1

Given a function class YW and V for w and V' respectively, with boundedness condition

|wlleo < C for all w € W and ||V < ﬁ for all V. € V, we have for all w € W
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andV €V that

L. V) = L, V)| < 01 + ) Viog WV )

with probability at least 1 — .

Proof. Fix w € W and V € V. Let Z; = (1 — v)V(so) + w(si, a;)(r(si,a;) + YV (s}) —
V(s;)). Then, E[Z;] = L(w, V), and |Z;| < O(1 + %) By Hoeffding’s inequality, we have
LSNP LEZ] -2 <O((1+ %)\/log(l/é)/n). The desired uniform concentration bound
follows by a union bound over W x V. O

Now, we are ready to prove the theorem.

Proof of Theorem 6. Let (w, ‘A/) be a saddle point that solves
max min Z(w, V),
weW Vey
and let 7 be the policy extracted from w. We have for all policy 7 that

Lw™, V™) = (1 —=~)V7™(so) + (", +yPV™=V™) = (1 —~v)J(n).

Let 7* be an optimal policy with w™ &€ W. Then,

I
&~

(1 =)J (")

IN

IA

IAIA
N

A
=
|
2
=
2
+
[\
M

where g, = O((1 4 C*/(1 — 7))/log(IW||V]/8)/n). O

C.1.5 Proof of Proposition 2

Proof of Proposition 2. We use the same MDP constructed for proving Proposition 1. Let
S = {so,l1,71,l2,72} and A = {L, R}. Let the reward function be defined as r(l,a) = 1,
7(la,a) = 2 for all a € A, and all other entries of the reward function are 0. Let v = 1/2 and
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do(sg) = 1 such that the MDP starts from sy deterministically. The states [y, I, and ry are
absorbing, such that both actions L and R taken at these states do not change states, i.e.,
P(s|s,L) = P(s|s, R) =1 for s = l,l3, 9. In other states sy and 7y, the action L has equal
probability of transitioning to the states in the level below, i.e., P(ly|so, L) = P(r1|so, L) =
1/2 and P(ly|r1, L) = P(ra|r1, L) = 1/2. On the other hand, action R has probability 1/4
of transitioning to the left state and probability 3/4 of transitioning to the right state, i.e.,
P(ly|so, R) = P(l3|r1, R) = 1/4 and P(r|sg, R) = P(ra|ri, R) = 3/4.

It can be seen that the optimal state-action value function Q* has values Q*(sg, L) =
Q*(s0,R) = 1,Q*(l1,R) = Q*(lh,L) = 2,Q*(r,L) = 2,Q*(r,R) = 0,Q*(ls,L) =
Q*(lo, R) = 8,Q*(r2, L) = Q*(r9, R) = 0 and an optimal occupancy measure p* is the
one induced by the policy that always chooses the action L: pu*(so, L) = 1/2,u*(l1, L) =
1/4, w*(r1, L) = 1/8,u*(l2, L) = p*(r2, L) = 1/16, and all other entries 0. By straightfor-

ward calculation, we get

L v s Q%) = (1= 1)Q"(s0,7) + (0", 7 + YPQ* (. 7) — Q)
= L (50 D) (50, L) + 4 [PQ* (1)) (50, L) — Q" (50, L)

2
+ p* (I, L)(r(ly, L) +~[PQ* (-, m)|(l, L) — Q*(I1, L))

m)

( 7))

e (r1, L) (r(ry, L) +9[PQ™ (5 m)](ry, L) — Q7 (r1, L))

+ 1 (lg, L) (r(ly, L) +4[PQ(-, m)](l2, L) — Q"(la, L))
"

(2, L) (r(ly, L) +[PQ*(-, m)](r2, L) — @7 (r2, L))

T2
Note that L(p*, v« ; Q) does not depend on 7. Hence, any (p*, v, ) is a best response
to Q* that maximizes L(u*, v+ ; Q).

Consider function classes @ = {Q*} and U = {p*} and Il = {#*, 7} where 7 always
chooses the action R. Then, 7 is not optimal, but both (u*, v, r+; Q") and (p*, v, 7 Q)
are saddle points of L over F(U,II) x Q, and the learner cannot identify the optimal policy
m*. O

C.1.6 Proof of Theorem 7

We first show the following concentration bound.

116



Lemma 58. Consider a Lagrangian function estimate

n

L(w, Q) = (1= 7)Q(s0,7) + % > w(si, ai)(r(si ai) +1Q(s), m) — Q(si, az))

i=1
Given a function class W, Il and Q for w, m and @), respectively, with boundedness condition
|w]|oo < C for allw € W and ||Q]|c < ﬁ for all Q € Q, we have for allw € W, w € 11
and ) € Q that

~

‘L(U},ﬂ'; Q) - L(U},ﬂ'; Q)‘ S En-

with probability at least 1 — & where €, = (’)(& Vieg(IW|[TI|[Q]/d)/n).

Proof. Fixwe W, nell and Q € Q. Let
Z; = (1 =7)Q(s0,m) + w(ss, ai) (r(si, a;) + vQ(s}, ) — Qs4, ai)).-

Then, E[Z;] = L(w,m;Q) and |Z; — E[Z;]| < O(%) By the Hoeffding’s inequality, we have

L(w7Q) - Ll Q)] < O v/Iog(1/3)/m).

By a union bound over (w,7,Q) € W x II x Q, the proof is complete. ]
Now, we are ready to prove the theorem.

Proof of Theorem 7. Let (w,T,; @) be a saddle point that solves

max minf W, T,
weW,rell QeQ (w,m Q),

We have for all policy 7 that

L(U},’ﬂ'; QW) = <M7T> + <Q7r7 V= :u>
= () + D> Q" (s,m)((1 = 7)do(s) + [P pl(s) — (Q", )

(1 - 7)<Qﬂ<'77r)v d0> + <:u7 T+ V[PQW(U 7-[')] - Qﬂ>

Also,
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for all (). Hence,

IN

IN

IA IA
&~ o o o

A
=

|
2
b\
=)

+

[\}

™
3

where £, = O((1 + 1) /log(IWI[T[|Q]/8)/n). O

C.1.7 Proof of Theorem 8

We first show that the softmax policy class that captures the policies encountered by the

algorithm has low covering number.

Lemma 59. Consider two value functions Q,Q" : S x A — R with [|Q" — Q|| < 1. Then,
for all s € S, we have

> Imoi(als) = molals)] < 81Q = @l

acA
where g (+|s) x exp(Q(s,-)) denotes the softmax policy induced by Q).

Proof. Straight from the definition, we have

ep(Q(s,a")
>, ep(Q(s,a)

= oxp(Q'(5,0) = Q(s,)) Y mor(a"]s) exp(Q(s, a”) — Q' (s,a"))

)

< exp(24)
< 1+44A

where we use the notation A = ||Q" — Q|- The second to last inequality follows since
> o T (a”|s) = 1. The last inequality follows by the identity exp(z) < 1+ 2z for z € [0, 1].
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Rearranging, we get

ror(als) — mqlals) < drq(als)A.

Switching the roles of @ and @', we get mg(als) — g (als) < 4ng (als)A, and it follows that
mq(als) — mor(als)| < 4Amax{mg(als), 7o (als)} < 4A(mq(als) + 7o (als)).

Summing over a € A, we get the desired inequality. O]

Lemma 60. For any € € (0,1), we have
log N(IN(Q, C), || - [loc,1,€) < 1og N(Q, || - [|oo; €/(8CY))

where the norm || - |1 is defined by

I = 7|l =sup Y _ |m(als) — ' (als)].
SES
acA

Proof. The result is a direct consequence of Lemma 59. m

With the bound on the covering number of the softmax policy class, we show a uniform

concentration bound on the Lagrangian estimate.

Lemma 61. Consider a Lagrangian function estimate

n

L(w,m5Q) = (1= 7)Q(s0,7) + % Zw(sz‘, a;)(r(si, ai) +7Q(sy, ™) — Qsi, as))

i=1
Given a function class W, 11 and Q for w, m and @), respectively, with boundedness condition
|w|loo < C for allw € W and ||Q|| < ﬁ for all Q € Q, we have with probability at least
1 — 6 that, for allw e W, m € Il and Q € Q,

~

|L(w, m; Q) — L(w,m; Q)| < &p.

where €, = O(%\/log(Nl/\/a(W, I o) N1y (ML A - Hl1,00) N1 (25 1] - lloo) /6) /7).

Proof. Consider coverings COV, || - |lss €)s C(IL, || - |1,00, €) and C(Q, || || s €) for W, II and Q,
respectively, where e = 1/4/n with cardinalities bounded by N: (W, ||[lo0), N=(IL, || - ||1.00) and
N(Q, || - |lso), Tespectively. Following the proof of Lemma 58 and applying a union bound
over the coverings, we get with probability at least 1 — ¢ that for all @ € COW, || - ||oo, ),
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7€ CL| - |l100,€) and Q € C(Q, || * ||, €) that

L0, 7 Q) - wﬂ@n
O loBNe OV, | I NATL I V(. - 1)/8) )

IN

Given any (w,m,Q) € W x II x Q consider w, 7, Q) in respective coverings such that |jw —
W < &, max, ||7(-]s) — 7(-|s)|l1 < ¢ and ||Q — Ql|oc < &. Then, we have the following

inequalities:
L(w,mQ) = L(w,m Q) = (1 = 7)(Q — Q)(s0,7)
+ = Z Swaz Q Q)( ) (Q - Q)(Si,ai))

< (1—=7)e+2C¢,

and
L(w, Q) — L(w,7: Q) = (1 —1)Q(s, 7 — 7) + % Zw(sz, a;)Q(sh, m — )
i=1
< £
€+ :,
and
B, Q) = T, 75 Q) = - (= )50, 1) (50, 1) + 1201, ) = Qs a0)
%
< .
=15

Summmg up, we get L(w T Q) — (’J} 7:0Q) < (’)( ) Similarly, we get the reverse inequal-
ity (w Q) — (w Q) < (9(1(’:—7) Using the fact that L is an unbiased estimate of L,
and taking expectations on both sides of the inequalities, we get |L(w,m; Q) — L(w, 7; Q)| <
O(%) It follows by the choice e = 1/4/n that

| L(w, Q) — (wa)|<yL(wa) L(w

where ¢, is defined in the theorem statement. O

Before showing the theorem, we provide a guarantee for the strategy employed by the
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m-player.

Lemma 62 (Lemma D.2 in Gabbianelli et al. [2024b]). Let Q1,...,Qr : S x A — R be a
sequence of functions so that ||Q¢|lec < D fort=1,...,T. Given an initial policy m and a

learning rate o > 0, let

T (ts) o< m(+[s) exp(a@u(s, -))

foralls eS8 fort=1,...,T. Then, for any comparator policy 7, we have

H(m*||m) T D?
+
Q 2

SN 1T ()@ (ls) = ml-ls), Quls, ) <

t=1 se8
where H(w||7'): =32 s n™ () KL(7(:|s)[|7'(-]5)).
We are now ready to show the theorem.

Proof of Theorem 8. Let ® = Unif(wy, ..., mr) be the policy returned by Algorithm 7. It is
a policy that first uniformly randomly draws from {my,..., 77}, then follows the policy for
the entire trajectory. It follows that J(7) = %ZL J(m), and

(1= 7)) = (L= )I(7) = 7 D L', 75 Q1) — L, 13 Q")

T

t=1
L I
+ T ZL(w*, 7 Qi) — L(wy, w5 Q1)
t=1
1 I
+ T Z L(wg, 74 Q) — L(we, w3 Q™).
t=1

Note that the suboptimality of the policy 7 is decomposed into average regret terms of the

three players. We bound each of the regret terms as follows.
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Regret of m-player The one-step regret of m-player can be written as

L(w™, 7% Q) — L(w", m; Qp) = (1 = )(Qe(-, 7" — me), do) + v{p", PQ:(-, 7" — m))
(1= Qu(, 7" — ), do) +A(Qu(-,7* — m0), PTyu")
= (Qu(, 7" — ), (1 —)do + P ")

= (B, Qu(-, 7" —m))

Y Qs - )

seS

=N () (1s) — (1), Quls. ).

SES

Hence, the regret of m-player can be bounded as

D (LW, 75 Q) = Lw,mi Q) = )Y i (s){m* (-]s) = mi(-]s), Qu(s, )

t=1 t=1 seS
< H(m*||m) N aTD?
- « 2

< log | Al N aT
T a 2(1—7)?

2
S — T'log | Al

where the first inequality is by Lemma 62 and the second inequality is by a trivial bound of
relative entropy: H(7*||m1) = Egwpr [K L(7*(-|8)||m1(+|5))] < log|A|. The last inequality is by

the choice of o = (1 — v)y/log | A]/vVT.

Regret of w-player Note that the policies encountered by the algorithm is in the function
class I1(Q, T'). By the concentration bound in Lemma 58 and the covering number bound of

I1(Q,T) provided by Lemma 60, the one-step regret of w-player can be bounded by

L(UJ*, Tt, Qt) - L(wtﬂTt; Qt) < E(W*,Wt; Qt) - Z(wu T, Qt) + 2ey,

where ¢, = O((%)\/log(/\/l/\/g(w, | Nloo) N1 sy (25 || - 1) /6) /). Hence, the regret of
w-player can be bounded by

T

T
ZL(@U*ﬂTt;Qt) L(wg, m5 Q1) < ZL w*, 5 Q) — L(wy, m; Q) + 28,1

t=1

< Regr + 2¢,T
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where the second inequality holds by the fact that the w-player employs a no-regret oracle.

Regret of ()-player The one-step regret of ()-player can be bounded as

L(wtﬂTt; Qt) - L(wu T, Qm) < E(wt, Tt Qt) - Z(wtﬂﬁ; Qﬂt) + 2¢,
<2,

where the first inequality is by the concentration inequality in Lemma 58 and the second
inequality is by the fact that @-player chooses (); € Q greedily and that Q™ € Q by the
all-policy realizability assumption. Hence, the regret of ()-player can be bounded by

T
ZL<wta7Tt§ Qi) — L(we, m; Q™) < 22,7

t=1

Combining the regret bounds, we get

(1=)J(x") = (1 =2)J(7) < 7= VI AVT +Regr/T + de,

C.2 Analysis for Offline Constrained RL

C.2.1 Convex Optimization

Proof of Lemma 18. Let 7 be an optimal policy of the optimization problem P(7).
Define the dual function f(Q,A) = MAX) pSx A, cpS*A L(p,v;Q, ).  Let (Q*,A*) =
ArgMiNgepsx4 Aer! f(Q,A). Trivially, A\¥ > 0 for all i = 1,...,I. Also, by strong dual-
ity, we have f(Q*, A\*) = Jo(7*).

By the definition of the dual function, for any policy w, we have

(1= ) dolm®) = (@ N) 2 L™ i@, \)
= <:U’7T7TO> + <:U’TF7RT)‘*> - <>‘*7T>
I

= (L= d(m) + (1 =) N () = 7). (C)

I—7

Let 7 be a feasible policy with J;(7) > (7, + ¢)/(1 —~) for all i = 1,..., 1. Such a policy
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exists by the assumption of this lemma. Then, using the display above, we get

T;

I—7

(1 =7)Jo(m") = (1 —V)Jo(%)Jr(l—’V)ZAZ‘(Ji(%) - )

I
>(1=7)h@) +ed> A
i=1
= (1 =7)Jo(7) + 2l A1
Rearranging and using 1/(1 — ) > Jo(7*) > Jo(7) > 0 completes the proof:

(1 =9)Jo(m*) = (1 =) Jo(7)
2

1Ay < <1
2

C.2.2 Proof of Theorem 9

We first show a concentration bound on the Lagrangian estimate.

Lemma 63. Consider a Lagrangian function estimate

L(w,m;Q,\)

= (1 =7)Q(s0, ) + % D w(sga)((ro+ Y Airi)(sj,a5) +9Q(s5, ) — Q(s5, a5)) — (A, 7)

j=1 i=1

Given a function class W, Il and Q for w, m and QQ, respectively, with boundedness condition
|wl|loo < C for allw € W and ||Q||o < ﬁ for all Q € Q, we have with probability at least
1 —0 that, for allw e W, m€ll, Q € Q and)\e%oAI,

~

|L(w, m;Q,\) — L(w, m;Q,\)| < &,.

where €, = O((; + ﬁ)C\/log(/\G/\/ﬁ(W? 1 o) N1y (T L {1,000 N1m (s I - o) /0) /7).
Proof. Fixwe W, mell, Qe Qand )\ € éAI. Let
I
Zi = (1= 7)Q(s0,m) + w(sj,a;)((ro + > Airi)(s5,a5) + ¥Q(s, ™) — Q(s5,a5)) — (A, 7).

i=1

Then, E[Z;] = L(w,m;Q, ) and |Z; — E[Z;]| < O(§ + 1%). By the Hoeffding’s inequality,
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we have
C C

L(w, 7 Q,\) = L(w, m,Q,\)| < O((7 + 7= Vlog(1/)/n).

Given any (w,m, Q,\) € W x Il x Q x iAI consider w, 7, Q, A in respective coverings such
that ||[w — ]| < €, max, ||7(:|s) — 7T(:|s)]1 < &, [|Q — Qlloc < € and ||]A — ||y < e. Then,

following a similar calculation as in the proof of Lemma 58, we have

L(w, Q. \) — L( Q,\) < 2Ce
L(w,m5Q, A) = L(w, m5.Q, A) < (1 —7)e +2Ce
L(w,m QN — Lw, 5 Q.0 e+ ——
—
A ) > = < 2e €
vaﬁaQy/\ _Lw,’ﬁ',Q,)\ S —
( ) H ) -7 ¢

Summing up, we get E( 7 Q, )\) (w QN < (9(161—57 + fp) Similarly, we get the
reverse inequality E(w,ﬁ Q,\) — (w,ﬂ, Q,\) < (’)(161—57 + %). Using the fact that L is an
unbiased estimate of L, and taking expectations on both sides of the inequalities, we get
|L(w, 7 Q,\) — L(w,7;Q,\)| < O(f}7 +2). It follows by the choice ¢ = 1//n that

|L(w,m;Q, \) — E(wﬂﬂ QN
< |L(w, 7 Q, \) — L(w, 7 Q, M| + |L(w, 7 Q, A) — L(w, 7 Q, 3
+|L(w, 7 Q, A) — L(w, ;,Q, \)|
<én

where ¢, is defined in the theorem statement. O

Definition 4. We say (z,y) is a {-near saddle point for a function L(-,-) with respect to
the input space X x Y if L(x,y) < L(z,y) + & for allz € X andy € Y.

Lemma 64. If (Z,y) is a saddle point of Z(, ) over X x Y and |L(x,y) — Z(x,y)| < &/2
for all (x,y) € X X Y, then (Z,y) is a {-near saddle point of L(-,-).

Proof. Since (Z,7 is a saddle point of L(, -), we have for all (z,y) € X x A that
L(w,§) = L(@y) < Lz, 5) = L@ y) + £ <&,

as required. O

Lemma 65. Assume that Slater’s condition (Assumption 3) holds. Suppose (W, T; @,X) is
a &-near saddle point for the Lagrangian function L(-,-;-,+) with respect to (W x II) x (Q X
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(1+ é)AI). Then, we have

JoF) > Ta) =

T §
l—v 1-7v

(Optimality)

)

Ji(m) > , foralli=1,...1 (Feasibility)

—_

where ™ is an optimal policy in I1.

Proof. We first prove Jo(w) > Jo(n*) — £. Since (w,T; CA),/):) is a &-near saddle point for
L(-,+;-,-) with respect to (W x II) x (Q x (1 + l)AI) and 7 € II, we have L(w*,7%;Q, \) <
L(w*, 7%,Q,\) + € for all A e (1+ 2)AT. Choosing A = 0, we get

>/)

L(w*, 75Q, ) < L(@,7; QF,0) + & = (1 — ) Jo(7) +&.

Rearranging, we get

where the second inequality uses the feasibility of 7*. This proves the near optimality of 7
with respect to 7*.

Now, we prove near feasibility of 7. Consider a saddle point (w*, 7*; @*, A*) of L. Then,
by (C.1), we have

I
() = () 2 3N KD f = ml\y (C.2)

where we define m = min;e((Ji(7) — 12'7).
Recall from the proof of the near optimality that L(w*,7*; @\,X) < L(w, 7;Q, \) + & for
all @ € Q and A € (1 + é)AI holds since (w,T; @,X) is a &-near saddle point. Choosing A

such that \; =1+ i for j = argmin(Ji(T) — 1%5) and A; = 0 for other j’s, we get

where we define Qf = Qf + Zle AiQ7T, which is the action value function of m with respect
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to the reward rg + Zfil Air;. On the other hand, the feasibility of 7* gives

T;
-~

Mwiﬁiiﬂ=%1—wAWﬂ+%1—w§:Q@Mﬁ7— ) > (1 =) Jo(").

Combining the previous two inequalities, and (C.2), we get

(L4 1/)m+ 15 2 ) = JfR) 2 m] X

Rearranging, we get

—£

1+ 1/0— |[X]h <@ =ym <A =)4(7T) -7

forall2=1,...,1. It follows that

~ §
(L =y)Ji(7) =27 — > 7 =8
L+ 1/ =X
where the last inequality uses the fact that ||\*||; < 1/¢. This completes the proof. O

Proof of Theorem 9. By Lemma 63, we have with probability at least 1 — § that for all
weW, mell, Qe Qand X\ € (1+ 1)AT,

@

~

|L(w, m;Q,\) — L(w, m;Q,\)| < e,

where €, = O((; + ﬁ)C\/IOg(/\G/\/ﬁ(Wa I o) N1y ym(IL 1] - 1,00 )Ny (20 - lloo) /6) /7).
Let (w,T; @,/):) be a saddle point of L. Then, by Lemma 64, it is a (2¢,)-near saddle point
of L, and the result follows by Lemma 65. O

C.2.3 Proof of Theorem 10

Lemma 66. Assume that Slater’s condition (Assumption 3) holds. Define L(m,\) = (1 —
Y Jo(m) + (1 —~) S Ni(Ji(m) — =) If L(7*,X) < LR A\ +¢€ forall A € (1+ é)AI, then

we have

‘ m

- (Optimality)

1 — 1 foralli=1,...1 (Feasibility)
5 _

)
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Proof. To show the near optimality, observe that
L(x*, %) < L(7,0) +& = (1= 1) Jo(7) + €.
Rearranging, we get

~

(L=7)Jo(m) = L(7*, A) =&

> (L =7)Jo(77) = ¢,

as desired.
To show near feasibility, consider a saddle point (u*, 7*;Q*, A*) of L(:,;-,-) defined in

Section 3.4.3. Then, 7* is an optimal policy, and for all A € éAI , we have
L(7,\) = L(w™, 7;Q*, \*) < L(w*, 7% Q, \) = L(m*, \).

Hence, choosing A = \*, we have L(7, \*) < L(7*,\*) = (1 — v)Jo(7*), and rearranging, we

get
I -
(1=)Jo(m") = (1 =) Jo(F) + (1 =7) D N (Ji(7) = = 2) 2 (L=m) (@) + (1= y)m| Al
i=1
where we define m = mine((J;(7) — 175 ). Also, choosing A to be A; = 1+ %0 where
i = argmine ) (Ji(T) — 17, we get

(L=7)Jo(m") < (L= 7)o(m") + (1= 7) D N(ilm") =
= L(7*,\) < L(F,\) + £

~ 1
= (1 =)JD(m) + (1 =7)m(1 + ;) +¢
where the first inequality follows by the feasibility of 7*. Rearranging, we get

1
Jo(m*) — Jo(7) <m(l+ —) + ———,
o(m") = Jo() S m(l+ )+ 77
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and combining with the previous inequality, we get

IR
m|X\ |l <m(l+ =)+ ——.
Xl < m(1+ )+ 2

Following the same calculation as in the proof of Lemma 65, we get the desired result. [

Proof of Theorem 10. Define L(m, \) = (1 —~)Jo(m) + (1 — ) o0, Mi(Ji(m) — 725). Let
7 = Unif{my,..., 77} be the policy returned by the algorithm and let N = %Zthl A¢. By
Lemma 66, it is enough to show that L(7*, A) < L(F, \) + &, for all A € (1 + é)AI. Consider

the following decomposition:
- 1 &
L(x", %) = LR A) = 7 30 L(w ) — L(mi, A

T
1
=7 > L', 75 Qu M) — Lw, ms Q5 A)

T
1
= = DLW, T Q) — (w7 Qi )
t=1
1 I
+ T ZL(w*,Wt; Qs At) — L(wy, w5 Qpy At)
t=1
1 7
+ T ZL(wt, 7 Qry M) — L(wy, w5 QY Ar)
t=1
1
+ T Z L(wy, m5 Q35 ) — L(wg, w5 QY5 A).

t=1

Regret of m-player Using the uniform concentration bound on the Lagrangian estimate

provided in Lemma 63, the summand in the first term can be bounded by

~

L(W*aﬂ'*§ Q¢ )\t) - L(W*,Wté Q+, )\t) < Z(’LU*,W*S Qs, )\t) - L(UJ*yﬂ't; Qb)\t) + 2¢p,
(1 - V)Qt(s()?ﬂ-* - Trt) + 7<:U’*7 PQt('77T* - 7Tt>>7

which coincides with the regret of m-player in the analysis of the primal dual algorithm for
the unconstrained RL provided in the proof of Theorem 8. Following the same proof, using

the fact that the 7w player employs , we get

T

2
ZL(U}*’W*; Qt7 )\t) — L(w*,ﬂ't; Qtp/\t> < E\/ TlOg ‘A|

t=1
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Regret of w-player Similarly, the summand in the second term can be bounded by
L(w*, m; Qp, ) — L(wg, w5 Qp, Ar) < E(w*, T Qt, Ae) — Z(wt, Tt Qt, Ae) + 280,

and the no-regret oracle employed by the w-player ensures the summation is bounded by

Reg, + 2¢,.
Regret of ()-player The summand in the third term can be bounded by
L(wg, 7 Qt, Ae) — Llwg, w5 QY5 Ar) < L(wy, 7 Qry \r) — Z(wtv T QY5 Ar) + 2€n,
which is bounded by 2¢,, since the Q)-player employs a greedy strategy.
Regret of M\-player The summand in the fourth term can be bounded by
L(wy, m; QY A) — L(we, m; QY A) < E(wt,ﬂt; QY ) — Z(wt,ﬂt; QYL A) + 2¢,,

which is bounded by 2¢,, since the A-player employs a greedy strategy.

Combining the four bounds, we get
L(7*,X) — L(®,\) < O(e),

and invoking Lemma 66 completes the proof. m

C.3 Online Gradient Descent

We show a guarantee on the online gradient descent algorithm where the sequence of func-

tions are linear:

Lemma 67. Given r; € X C R? where X is conver and n > 0, define the sequences
Ty ..., Tni1 € X and he, ..., h, € R such that for k =1,...,n,

T = Iy (zr + nhy)

where Ix(-) is a projection onto X. Then, with the assumption that ||hilla < G for all
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k=1,...,n, we have for any z* € X:

n

xy — x*||? nG?
S g < I G
— 2n 2

Proof. We start by bounding following term:

zks1 — 2|3 = W (2 + nhs) — 2%
<||x + nhy — 2|3
= o — 2|2 + 20z — 2%, he) + 12| P2

Rearranging, we get
2n{a” — ap, hu) < ok — 273 = llowey — 2[5+ 0%l

Summing over k= 1,...,n, we get
2 Y (= w ) < o — 23 = o — 25+ 07 Y 1ll3 < lan — 2*[3 + °nG>.
k=1 k=1
Rearranging completes the proof. O

Using the lemma above, we can get see that the online gradient descent algorithm can be
used as a no-regret oracle for the w-player in Algorithm 7. To see this, recall from the proof

of Theorem 8 that the w-player aims to minimize

T
ZL w*, m; Q) — L(wy, 45 Q)

t=1

3

3I>—‘

M=

( (85, a5) — wi(8i,a:) ) (1 (5, ;) + Qe (8}, ™) — Qu(si, ai))>

t

] =

(W* — Wy, hy),

t=1

where w* and w; are n-dimensional vectors with i-th entry corresponding to w*(s;,a;)
and wy(s;, a;), respectively. The n-vector h; represents the vector with i-entry r(s;, a;) +
YQu (s, ) — Qi(s4,a;). Note that [|hlla < /n(1+ ﬁ) forall t = 1,...,T. Applying the
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lemma, we get

T
~ C?n nT B>
ZLw 5 Q) — (wtﬂTta;Qt)S ” + 2 5
t=1

where B =1+ ﬁ Choosing n = C/(BV/T), we get the upper bound O(nCB+/T), which
is sublinear in 7.
The online gradient descent algorithm gives a similar guarantee when employed in Algo-

rithm 8 for the constrained RL setting.
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