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ABSTRACT

Serially correlated high dimensional data are prevalent in the big data era. In order to predict
and learn the complex relationship among the multiple time series, high dimensional modeling has
gained importance in various fields such as control theory, statistics, economics, finance, genetics and
neuroscience. We study a number of high dimensional statistical problems involving different classes
of mixing processes. For example, given a sequence (X;), one might be interested in predicting X;

using the past observations X;_1,---, X;_q4.

The vector autoregressive (VAR) models naturally admit a linear autoregressive representation that
allows us to study the joint evolution of the time series. In the high-dimensional setting, where both
the number of components of the time series and the order of the model are allowed to grow with
sample size, consistent estimation is impossible without structural assumptions on the transition
matrices. One such structural assumption is that of sparsity. The lasso program is a celebrated
method for sparse estimation. The majority of theoretical and empirical results on lasso, however,
assume iid data. In addition, it is common for real data sets to contain missing and/or corrupted
data. In the autoregressive scenario, both the independent and dependent variables are affected, and
hence requires careful consideration. We study the problem based upon the framework proposed in

Loh and Wainwright [2012]

In addition, many theoretical results on estimation of high dimensional time series require specifying
an underlying data generating model (DGM). Instead, we assume only (strict) stationarity and
mixing conditions to establish finite sample consistency of lasso for data coming from various families

of distributions. When the DGM is nonlinear, the lasso estimate corresponds to that of a best



linear predictor which we assume is sparse. We provide results for three different combinations of
dependence and tail behavior of the time series: a-mixing and Gaussian, S-mixing and subgaussian
tails, and S-mixing and subweilbull tails. To prove our results for the second set, we derive a
novel Hanson-Wright type concentration inequality for S-mixing subgaussian random vectors that
may be of independent interest. Together, applications of these results extend to non-Gaussian,

non-Markovian and non-linear times series models as the examples we provide demonstrate.

vi



CHAPTER I

Introduction

This thesis establishes high probability guarantees for the restricted eigenvalue (RE)
and deviation bound (DB) conditions for a wide range of geometrically mixing pro-
cesses with subweibull observations. To the best of our knowledge, similar guarantees
have not been given in the literature before. We also provide the RE and DB guar-
antees for noisy and corrupted data under the modified lasso framework(Loh and
Wainwright [2012]). The RE and DB conditions, in addition to the sparsity assump-
tion, allow (via a standard result) us to give high probabilistic non-asymptotic lasso

guarantees in the respective scenarios.

The information age and scientific advances have led to explosions in large data
sets as well as new statistical methods and algorithms aimed at extracting valuable
information in them. On the data side, it is common to see massive dependent data
collected from, for example, micro-array experiments, social networks, mobile phone
usage, high frequency stock market trading, daily grocery sales, etc. At the same

time, the high speed Internet makes big data warehouses readily accessible.

The surge in big data has stimulated exciting developments in statistical models
and algorithms to do prediction and/or gain scientific understanding in the data.

Among the plethora of methods, the linear parametric models remain highly popular



thanks to its superiority in interpretability, computational efficiency, and the rich and
sophisticated theoretical literature. For example, given a sequence of observations
(X¢), one might be interested in predicting X; using linear combinations of the past

observations X;_1, -+, X;_q4.

The vector autoregressive (VAR) models are a linear parametric family that allows
researchers to model interrelationships among variables that exhibit temporal depen-
dence. The transition matrices in a VAR capture the co-evolutionary dynamics of
the system of variables and are the central objects of estimation in this thesis. Many
theoretical results on estimation of high dimensional time series require specifying
an underlying data generating model (DGM) which in reality is almost never known.
Instead, we view the VAR models trained on the data as a predictive tool and do not
assume any parametric DGM. When the underlying DGM is really VAR, the lasso es-
timates correspond to those of the transition matrices; otherwise, they are estimates
of a best sparse linear predictor. Alternative to their DGM, dependent data can be
characterized by (1) their dependence structure, and (2) the probability distribution
of marginal observations. We provide lasso guarantees for (strictly) stationary time

series data that satisfy some dependence and tail behavior conditions.

There are three popular approaches to measuring dependence: physical and predic-
tive dependence measures [Wu, 2005], spectral analysis [Priestley, 1981, Stoica and
Moses, 1997, Basu and Michailidis, 2015], and mixing coefficients [Bradley, 2005].
We adopt the mixing coefficients route. One of the advantages of this measure is
that the mixing coefficients with respect to a process is “invariant” under measurable
transformation of the original process. This allows us to study dependence structure
of more complicated processes from simpler ones. We consider a full spectrum of

(geometric) mixing processes — from independent to identical data.



The other dimension in analysis of a time series is the marginal distribution of ob-
servations. In particular, the tail behavior of the random variable has direct impact
on the dimension and sample size scalings of the lasso bounds. Because of that, we
study and define a class of subweibull(~y) (with v > 0) random variables characterized
by tails decaying in the same order of magnitude as that of a Weibull(7y) one. The
parameter v serves as a measure of how heavy the tail is. The subweibull family
subsumes the well-known subgaussian (7 = 2) and subexponential (7 = 1) classes.
It is common in the literature (eg, see Foss et al. [2011]) to call a random variable
heavy-tailed if its tail decays slower than exponential. This is natural because their
moment generation functions fail to exist at any point. As such, the subweibull

family also includes some heavy tailed random variables.

The crux of this thesis consists of non-asymptotic lasso guarantees for full spectrum of
(geometrically) mixing processes with subweibull(vy) observations and are discussed
in details in Sections II and III. Specifically, we present results for three different
combinations of dependence and tail behavior: a-mixing and Gaussian (Section II),
f-mixing and subgaussian tails (Section III), and [-mixing and subweilbull tails
(Section II). To prove our results for the second set, we derive a novel Hanson-
Wright type concentration inequality for S-mixing subgaussian random vectors that
may be of independent interest. To illustrate the applicability of the theory, we
give examples on nonlinear time series (autoregressive conditionally heteroscedastic
model), misspecified and non-Markovian model (VAR with endogenous variable left
out), heavy-tailed time series (subweibull VAR). Justification of the mixing and
subweibull assumptions for these examples are provided. This concludes the part on

general mixing processes.



On the other hand, when the true DGM is VAR, the lasso estimates correspond to
those of the transition matrices which we assume to be sparse. Despite the rela-
tively simpler scenarios, in real data applications, we are faced with issues such as
noisy or missing data. We consider the simple Gaussian data corruption and missing
completely at random problems in Section IV and provide the associated lasso guar-

antees. It is based on the modified lasso framework proposed by Loh and Wainwright

2012)].

The thesis is concluded with future directions of research in Section V.

1.1 Recent Work on High Dimensional Time Series

While we mention a few related work in the introductions of the ensuing chapters
as motivation, we wish to emphasize that several other researchers have recently
published work on statistical analysis of high dimensional time series. Song and
Bickel [2011], Wu and Wu [2015] and Alquier et al. [2011] give theoretical guarantees
assuming that RE conditions hold. As Basu and Michailidis [2015] pointed out, it
takes a fair bit of work to actually establish RE conditions in the presence of depen-
dence. Chudik and Pesaran [2011, 2013, 2014] use high dimensional time series for
global macroeconomic modeling. Alternatives to lasso that have been explored in-
clude quantile based methods for heavy-tailed data [Qiu et al., 2015], quasi-likelihood
approaches [Uematsu, 2015], two-stage estimation techniques [Davis et al., 2012] and
the Dantzig selector [Han and Liu, 2013, Han et al., 2015]. Both Han and Liu [2013]
and Han et al. [2015] studied the stable Gaussian VAR models while this chapter
covers wider classes of processes as our examples demonstrate. Fan et al. [2016]
considered the case of multiple sequences of univariate a-mixing heavy-tailed de-

pendent data. Under a stringent condition on the auto-covariance structure (please



refer to Chapter 2.7 for details), the paper established finite sample {5 consistency
in the real support for penalized least squares estimators. In addition, under mu-
tual incoherence type assumption, it provided sign and /., consistency. An AR(1)
example was given as an illustration. Both Uematsu [2015] as well as Kock and
Callot [2015] establish oracle inequalities for the lasso applied to time series predic-
tion. Uematsu [2015] provided results not just for lasso but also for estimators using
penalties such as the SCAD penalty. Also, instead of assuming Gaussian errors, it
is only assumed that fourth moments of the errors exist. Kock and Callot [2015]
provided non-asymptotic lasso error and prediction error bounds for stable Gaussian
VARs. Both Sivakumar et al. [2015] and Medeiros and Mendes [2016] considered
subexponential designs. Sivakumar et al. [2015] studied lasso on iid subexponential
designs and provide finite sample bounds. Medeiros and Mendes [2016] studied adap-
tive lasso for linear time series models and provide sign consistency results. Wang
et al. [2007] provided theoretical guarantees for lasso in linear regression models
with autoregressive errors. Other structured penalties beyond the ¢; penalty have
also been considered [Nicholson et al., 2014, 2015, Guo et al., 2015, Ngueyep and
Serban, 2014]. Zhang and Wu [2015], McMurry and Politis [2015], Wang et al. [2013]
and Chen et al. [2013] consider estimation of the covariance (or precision) matrix of
high dimensional time series. McMurry and Politis [2015] and Nardi and Rinaldo
[2011] both highlight that autoregressive (AR) estimation, even in univariate time
series, leads to high dimensional parameter estimation problems if the lag is allowed

to be unbounded.



CHAPTER II

Lasso Guarantees for §-Mixing Heavy Tailed Time Series

2.1 Introduction

High dimensional statistics is a vibrant area of research in modern statistics and ma-
chine learning [Bithlmann and Van De Geer, 2011, Hastie et al., 2015]. The interplay
between computational and statistical aspects of estimation in high dimensions has
led to a variety of efficient algorithms with statistical guarantees including meth-
ods based on convex relaxation (see, e.g., Chandrasekaran et al. [2012], Negahban
et al. [2012]) and methods using iterative optimization techniques (see, e.g., Beck
and Teboulle [2009], Agarwal et al. [2012], Donoho et al. [2009]). However, the bulk
of existing theoretical work focuses on iid samples. The extension of theory and al-
gorithms in high dimensional statistics to time series data, where dependence is the
norm rather than the exception, is just beginning to occur. We briefly summarize

some recent work in Section 1.1 below.

Our focus in this chapter is to give guarantees for /1-regularized least squares estima-
tion, or lasso [Hastie et al., 2015], that hold even when there is temporal dependence
in data. The recent work of Basu and Michailidis [2015] took a major step forward in
providing guarantees for lasso in the time series setting. They considered Gaussian

Vector Auto-Regressive (VAR) models with finite lag (see Example 1) and defined



a measure of stability using the spectral density, which is the Fourier transform
of the autocovariance function of the time series. Then they showed that one can
derive error bounds for lasso in terms of their measure of stability. Their bounds
are an improvement over previous work [Negahban and Wainwright, 2011, Loh and
Wainwright, 2012, Han and Liu, 2013] that assumed operator norm bounds on the
transition matrix. These operator norm conditions are restrictive even for VAR mod-
els with a lag of 1 and never hold (Please see pp. 11-13 in the Supplement of Basu
and Michailidis [2015] for details) if the lag is strictly larger than 1! Therefore, the
results of Basu and Michailidis [2015] hold in greater generality than previous work.

But they do have limitations.

A key limitation is that Basu and Michailidis [2015] assume that the VAR model is
the true data generating mechanism (DGM). Their proof techniques rely heavily on
having the VAR representation of the stationary process available. The VAR model
assumption, while popular in many areas, can be restrictive since the VAR family
is not closed under linear transformations: if Z; is a VAR process then C'Z; may
not expressible as a finite lag VAR [Liitkepohl, 2005]. We later provides examples
(Examples 2 and 4) of VAR processes where leaving out a single variable breaks
down the VAR assumption. What if we do not assume that Z; is a finite lag VAR
process but simply that it is stationary? Under stationarity (and finite 2nd moment
conditions), the best linear predictor of Z; in terms of Z;_4, ..., Z;_1 is well defined
even if Z; is not a lag d VAR. If we assume that this best linear predictor involves
sparse coefficient matrices, can we still guarantee consistent parameter estimation?

This chapter provides an affirmative answer to this important question.

We provide finite sample parameter estimation and prediction error bounds for lasso

in two cases: (a) for stationary Gaussian processes with suitably decaying a-mixing



coefficients (Section 2.3), and (b) for stationary processes with subweibull marginals
and geometrically decaying [-mixing coefficients (Section 2.4). The class of sub-
weibull random variables that we introduce includes subgaussian and subexponen-
tial random variables but also includes random variables with tails heavier than an
exponential. We also show that, for Gaussian processes, the S-mixing condition can
be relaxed to summability of the a-mixing coefficients. Our work provides an alter-
native proof of the consistency of the lasso for sparse Gaussian VAR models. But
the applicability of our results extends to non-Gaussian and non-linear times series

models as the examples we provide demonstrate.

It is well known that guarantees for lasso follow if one can establish restricted eigen-
value (RE) conditions and provide deviation bounds (DB) for the correlation of noise
with the regressors (see the Master Theorem in Section 2.2.3 below for a precise
statement). Therefore, the bulk of the technical work in this chapter boils down to
establishing, with high probability, that RE and DB conditions hold under the Gaus-
sian a-mixing Propositions I1.3 and I1.2) and the subweibull S-mixing assumptions
respectively (Propositions I1.7 and I1.8). Note that RE conditions were previously
shown to hold under the iid assumption by Raskutti et al. [2010] for Gaussian random

vectors and by Rudelson and Zhou [2013] for subgaussian random vectors.

2.1.1 Organization of the Chapter

Section 2.2 introduces our notation, presents the common assumptions and states
some useful facts needed later. Then we present two sets of high probability guaran-
tees for the lower restricted eigenvalue and deviation bound conditions in Sections 2.3
and 2.4 respectively. Section 2.3 covers a-mixing Gaussian time series. Note that

a-mixing is a weaker notion than S-mixing and all the parameter dependences are ex-



plicit. It is followed by Section 2.4 which covers S-mixing time series with subweibull

observations and we make the dependence on the subweibull norm explicit.

We present five examples, two involving a-mixing Gaussian processes and three (-
mixing subweibull vectors. They are presented along with the corresponding the-
oretical results to illustrate applicability of the theory. Examples 1 and 2 concern
applications of the results in Section 2.3. We consider VAR models with Gaussian
innovations when the model is correctly or incorrectly specified. In Examples 3, 4,
and 5, we focus on the case of subweibull random vectors. We consider VAR models
with subweibull innovations when the model is correctly or incorrectly specified (Ex-

amples 3 and 4). In addition, we go beyond linear models and introduce non-linearity

in the DGM in Example 5.

These examples serve to illustrate that our theoretical results for lasso on high di-
mensional dependent data estimation extend beyond the classical linear Gaussian
setting and provides guarantees potentially in the presence of one or more of the
following scenarios: model mis-specification, heavy tailed non-Gaussian innovations

and nonlinearity in the DGM.

2.2 Preliminaries

Consider a stochastic process of pairs (X, Y;)i2, where X; € RP Y, € RY, Vi
One might be interested in predicting Y; given X;. In particular, given a depen-
dent sequence (Z;)L,, one might want to forecast the present Z; using the past
(Zi—dy- .-, Zs—1). A linear predictor is a natural choice. To put it in the regression
setting, we identify Y; = Z; and X; = (Z;_4, ..., Z;_1). The pairs (X;,Y;) defined as

such are no longer iid. Assuming strict stationarity, the parameter matrix of interest
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O* € RP*? jg

(2.2.1) 0* = argmin E[||Y; — ©'X,||2].
OcRrxa
Note that ©* is independent of t owing to stationarity. Because of high dimensionality

(pg > T), consistent estimation is impossible without regularization. We consider

the lasso procedure. The ¢1-penalized least squares estimator O € RP*7 is defined as

~ 1
(2.2.2) O = argmin —|| vec(Y — XO)||3 + Az |[vec(O)]], -
ocrexa T’

where
(2.2.3) Y = (Y, Ys, ..., Yp) e R X = (X1, X, ..., Xp) € RT*P,

The following matrix of true residuals is not available to an estimator but will appear

in our analysis:
(2.2.4) W =Y — X0~
2.2.1 Notation

For scalars a and b, define shorthands a Ab := min{a, b} and aVVb := max{a, b}. For a
symmetric matrix M, let Apax (M) and Ay, (M) denote its maximum and minimum

eigenvalues respectively. For any matrix let M, r(M), [|M]||, [|M]]|,,, and ||M]|z

o0
denote its spectral radius max; {|\;(M)|}, operator norm /Amax(M'M), entry-wise
{+ norm max; ; |M; ;|, and Frobenius norm /tr(M'M) respectively. For any vector
v € RP, |v]|, denotes its £, norm (3 7, |vg|7)1/9. Unless otherwise specified, we shall
use ||-|| to denote the ¢, norm. For any vector v € RP, we use |[v||, and [|v||, to

denote Y P 1{v; # 0} and max;{|v;|} respectively. Similarly, for any matrix M,

[IM]l|, = |lvec(M)]|, where vec(M) is the vector obtained from M by concatenating
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the rows of M. We say that matrix M (resp. vector v) is s-sparse if || M]||, = s (resp.
|v]l, = s). We use v" and M to denote the transposes of v and M respectively. When
we index a matrix, we adopt the following conventions. For any matrix M € RP*9,
for 1 <i<p, 1<j<gq, wedefine M[i,j] = M;; := e,Me;, M[i,:] = M;, := e¢,M
and M[:, j] = M.; := Me; where ¢; is the vector with all Os except for a 1 in the ith

coordinate. The set of integers is denoted by Z.

For a lag | € Z, we define the auto-covariance matrix w.r.t. (X, Y;), as X(I) =
Yxy) (1) = E[(Xe; Y2)(Xeg; Yir)']. Note that ¥(—1) = X(I)'. Similarly, the auto-
covariance matrix of lag [ w.r.t. (X), is ¥x(I) := E[X: X[ ], and wrt. (Y); is
Yy (l) = E[Y;Y/,]. At lag 0, we often simplify the notation as ¥x = ¥x(0) and

Yy = Xy (0). The cross-covariance matrix at lag [ is Yxy (1) := E[X,Y/

1] Note the

difference between 3 x,y(l) and Xx y(I): the former is a (p+¢q) x (p+ ¢) matrix, the
latter is a p x ¢ matrix. Thus, ¥(x,y)(/) is a matrix consisting of four sub-matrices.
Using Matlab-like notation, ¥(x,v)(l) = [Ex, Xx,v; Xy,x, Ly]. As per our convention,
at lag 0, we omit the lag argument [. For example, ¥y y denotes Xx y(0) = E[X,;Y/].

Finally, let [= LTX be the empirical covariance matrix.

2.2.2 Sparsity, Stationarity and Zero Mean Assumptions

The following assumptions are maintained throughout; we will make additional as-
sumptions specific to each of the subweibull and Gaussian scenarios. Our goal is to
provide finite sample bounds on the error O — ©*. We shall present theoretical guar-
antees on the ¢y parameter estimation error || vec(© — ©%)]|2 and also the associated

(6 — 09)T(6 — 0%

(in-sample) prediction error

‘ ~

‘F'

Assumption 1. The matrix ©* is s-sparse, i.e., ||[vec(©*)||, < s.
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Assumption 2. The process (X;,Y};) is strictly stationary: i.e., Vm, 7, n > 0,

d
((me Ym)a ) (Xm—‘rna Ym+n)) = ((Xm-l—’ra Ym+7)7 ) (Xm+n+7'7 Ym—l—n—i—r))-

where “Z” denotes equality in distribution.

Assumption 3. The process (X, Y;) is centered; i.e., Vt, E(X;) = Opx1, and E(Y;) =

qul .

2.2.3 A Master Theorem

We shall start with what we call a “master theorem” that provides non-asymptotic
guarantees for lasso estimation and prediction errors under two well-known condi-
tions, viz. the restricted eigenvalue (RE) and the deviation bound (DB) conditions.
Note that in the classical linear model setting (see, e.g., Hayashi [2000, Ch 2.3])
where sample size is larger than the dimensions (n > p), the conditions for consis-
tency of the ordinary least squares(OLS) estimator are as follows: (a) the empirical
covariance matrix X'X/T Rt @ and @ invertible, i.e., A\pin(Q) > 0, and (b) the

regressors and the noise are asymptotically uncorrelated, i.e., X’'W /T — 0.

In high-dimensional regimes, Bickel et al. [2009], Loh and Wainwright [2012] and Ne-
gahban and Wainwright [2012] have established similar consistency conditions for
lasso. The first one is the restricted eigenvalue (RE) condition on X'X/T (which
is a special case, when the loss function is the squared loss, of the restricted strong
convezity (RSC) condition). The second is the deviation bound (DB) condition on
X'W/T. The following lower RE and DB definitions are modified from those given

by Loh and Wainwright [2012].

Definition 1 (Lower Restricted Eigenvalue). A symmetric matrix I' € RP*P satisfies

a lower restricted eigenvalue condition with curvature a > 0 and tolerance 7(7',p) > 0
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if,
Yo € RY, v'Tv > alloll; — (T, p) [lv]]7 -
Definition 2 (Deviation Bound). Consider the random matrices X € R7*? and
W € RT*? defined in (2.2.3) and (2.2.4) above. They are said to satisfy the deviation

bound condition if there exist a deterministic multiplier function Q(X, W, ©*) and

a rate of decay function R(p, q,T") such that,

1, .
TIX Wil = QX, W,0")R(p, ¢, T).

We now present a master theorem that provides guarantees for the ¢y parameter
estimation error and the (in-sample) prediction error. The proof, given in Chapter 2.5
builds on existing result of the same kind [Bickel et al., 2009, Loh and Wainwright,
2012, Negahban and Wainwright, 2012] and we make no claims of originality for

either the result or for the proof.

Theorem II.1 (Estimation and Prediction Errors). Consider the lasso estimator
@) defined in (2.2.2). Suppose Assumption 1 holds. Further, suppose that [ =
X X/T satisfies the lower RE(a,T) condition with o > 32s7 and X W satisfies the

deviation bound. Then, for any Ay > 4Q(X, W,0*)R(p, q,T), we have the following

quarantees:

(2.2.5) Hvec((:) — OM)|| < 4vsAr/a,
~ n o~ 2 2

(2.2.6) H‘(@ —e)1® -0 < 322T8.

With this master theorem at our disposal, we just need to establish the validity of
the restricted eigenvalue (RE) condition and deviation bound (DB) conditions for
stationary time series by making appropriate assumptions. We shall do that without

assuming any parametric form of the data generating mechanism. Instead, we will
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impose appropriate tail conditions on the random vectors Xy, Y; and also assume that
they satisfy some type of mixing condition. Specifically, in Section 2.3, we consider
a-mixing Gaussian random vectors. Next, in Section 2.4, we consider S-mixing sub-
weibull random vectors (we define subweibull random vectors below in Section 2.4.1).
(Classically, mixing conditions were introduced to generalize classic limit theorems in
probability beyond the case of iid random variables [Rosenblatt, 1956]. Recent work
on high dimensional statistics has established the validity of RE conditions in the
iid Gaussian [Raskutti et al., 2010] and iid subgaussian cases [Rudelson and Zhou,
2013]. Omne of the main contributions of our work is to extend these results in high

dimensional statistics from the iid to the mixing case.

2.2.4 A Brief Overview of Mixing Conditions

Mixing conditions [Bradley, 2005] are well established in the stochastic processes
literature as a way to allow for dependence in extending results from the iid case.
The general idea is to first define a measure of dependence between two random
variables X, Y (that can vector-valued or even take values in a Banach space) with

associated sigma algebras o(X),o(Y'). For example,

a(X,Y)=sup{|P(ANB) — P(A)P(B)| : Aco(X),Beo(Y)}.

Then for a stationary stochastic process (X;)5° one defines the mixing coefficients,

—00?

for [ > 1,

a(l) = a(X—oo:t; Xt—i—l:oo)-

We say that that the process is mixing, in the sense just defined, when a(l) — 0 as
I — oo. The particular notion we get using the o measure of dependence above is

called “a-mixing”. It was first used by Rosenblatt [1956] to extend the central limit
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theorem to dependent random variables. There are other, stronger notions of mixing,

such as p-mixing and S-mixing that are defined using the dependence measures:

p(X,Y) = sup{Cov(f(X),g(Y)) : Ef =Eg=0,Ef* =E¢* =1}

I J

1
BX.Y)=sups D > |P(SiNTy) — P(S)P(T)]
i=1 j=1
where the last supremum is over all pairs of partitions {Ay,..., A;} and {By, ..., B}

of the sample space €2 such that A; € 0(X),B; € o(Y) for all ¢,j. The p-mixing
and [-mixing conditions do not imply each other but each, by itself, implies a-
mixing [Bradley, 2005]. For stationary gaussian processes, p-mixing is equivalent to

a-mixing (see Fact 3 below).

The S-mixing condition has been of interest in statistical learning theory for obtaining
finite sample generalization error bounds for empirical risk minimization [Vidyasagar,
2003, Sec. 3.4] and boosting [Kulkarni et al., 2005] for dependent samples. There
is also work on estimating S-mixing coefficients from data [Mcdonald et al., 2011].
The usefulness of S-mixing lies in the fact that by using a simple blocking technique,
that goes back to the work of Yu [1994], one can often reduce the situation to the iid
setting. At the same time, many interesting processes such as Markov and hidden
Markov processes satisfy a f-mixing condition [Vidyasagar, 2003, Sec. 3.5]. To the
best of our knowledge, however, there are no results showing that RE and DB con-
ditions holds under mixing conditions. Next we fill this gap in the literature. Before
we continue, we note an elementary but useful fact about mixing conditions, viz.
they persist under arbitrary measurable transformations of the original stochastic

process.

Fact 1. The range of values that the a, § and p-mixing coefficients can take on are

bounded(see e.g. Bradley [2005]): Consider the probability space (€2, F, P), for any
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two sigma fields A, B € F, we have
0<a(A B)<1/4, 0<B(AB) <1, 0<p(AB)<1

Fact 2. Suppose a stationary process {U;}L_, is a, p, or B-mixing. Then the sta-
tionary sequence {f(U;)}L_,, for any measurable function f(-), also is mixing in the

same sense with its mixing coefficients bounded by those of the original sequence.

2.3 Gaussian Processes under a-Mixing

Here we will study Gaussian processes under the a-mixing condition which is weaker

than that of the S-mixing. We make the following additional assumption.

Assumption 4 (Gaussianity). The process (X3, Y;) is a Gaussian process.

Assume (X;,Y;)L, satisfies Assumptions 2, 3, and 4. Note that X; ~ N(0,Xx)
and Y; ~ N (0,Xy). To control dependence over time, we will assume a-mixing, the

weakest notion among «, p and S-mixing.

Assumption 5 (a-Mixing). The process (X3, Y;) is an a-mixing process. Let S, (1) :=

ZlT:O a(l). If a(l) is summable, we let & := Tlim Sa(T) < oc.
—00

We will use the following useful fact [Ibragimov and Rozanov, 1978, p. 111] in our

analysis.

Fact 3. For any stationary Gaussian process, the o« and p-mixing coefficients are
related as follows:

Vi>1, a(l) < p(l) <2ra(l).

Proposition II.2 (Deviation Bound, Gaussian Case). Suppose Assumptions 2-5

hold. Then, there exists a deterministic positive constant ¢, and a free parameter
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b > 0, such that, for T > b’%l log(pq), we have

p HH X'TWHL < QUX, W.0")R(p.q. )] = 1 - Sexp(~blog(pa)

where
* b+1 *
0, w,0) = smy L8 (el (14 a2 + s )
SUSPp
lo
R@4J72&07-£¥@-

Remark 1. Note that the free parameter b serves to trade-off between the success
probability on the one hand and the sample size threshold and multiplier function Q
on the other. A large b increases the success probability but worsen the sample size

threshold and the multiplier function.

Proposition I1.3 (RE, Gaussian Case). Suppose Assumptions 2-5 hold. There

42elog(p)

exists some universal constant ¢ > 0, such that for sample size T > ——=>5= we
cmin{1,n%}

have, with probability at least 1 —2 exp (—%T min{1, 772}) that for every vector v € RP,

(2.3.1) [W'To| > allv]|3 = 7(T, p)|lo|I3,
where
D hn(Sx) (T,p) = /e~ min{1, 7?}] d
= 5 /\min ) ’ = Iy L, ’
(8} 2 X T p (8} C410g(p) 77 an
_ >\min<EX>
T 108750 (T) M (B )

Remark 2. Note that, in Theorem II.1, it is advantageous to have a large o and a
smaller 7 so that the convergence rate is fast and the initial sample threshold for the
result to hold is small. The result above, therefore, clearly shows that is advantageous

to have a well-conditioned > x.
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2.3.1 Estimation and Prediction Errors

Substituting the RE and DB constants from Propositions I1.2-11.3 into Theorem II.1

immediately yields the following guarantees.

Corollary II.4 (Lasso Guarantees for Gaussian Vectors under a-Mixing). Suppose
Assumptions 2-5 hold. Let ¢, ¢ be fized constants and b be free parameter defined as

in Propositions I1.2 and I1.3. Then, for sample size

log(p) b+ 1 }

o 42¢,128s} 1 -
Cmin{17n2}max{ e, 128s}, log(pq)

)\min (EX)
1087TSa (T) )\max (EX)

szax{

where n =

we have, with probability at least 1 —2 exp (—%T min{1, 772}) —8exp(—blog(pq)), that

the lasso error bounds (2.2.5) and (2.2.6) hold with

1
(07 2)\m1n( X)

)\T = 4Q<X7 W7 6*)R(p7 q, T)

where
. b+ 1 .
0x, w,0) =smy L (sl (14 ma o) + s )
XUSP
lo

Remark 3. If the a-mixing coefficients are summable, i.e., So(T) < & < oo, VT,

then we get the usual convergence rate of O( %). Also, the threshold sample
size is O (slog(pg)). This is in agreement with what is happens in the iid Gaussian
case. When «a(l) is not summable then both the initial sample threshold required for

the guarantee to be valid as well as the rate of error decay deteriorate. The latter

becomes O( M)' We see that as long as S,(T) € o (\/T), we still have
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consistency. In the finite order stable Gaussian VAR case considered by Basu and
Michailidis [2015], the a-mixing coefficients are geometrically decaying and hence

summable (see Example 1 for details).

2.3.2 Examples

We illustrate applicability of our theory in Section 2.3 using the examples below.

Example 1 (Gaussian VAR). Transition matrix estimation in sparse stable VAR
models has been considered by several authors in recent years [Davis et al., 2015,
Han and Liu, 2013, Song and Bickel, 2011]. The lasso estimator is a natural choice

for the problem.

Formally a finite order Gaussian VAR(d) process is defined as follows. Consider
a sequence of serially ordered random vectors (Z,)?, Z, € RP that admits the

following auto-regressive representation:
(2.3.2) Zy=MAZy -+ AgZ g+ &

where each A,k = 1,...,d is a sparse non-stochastic coefficient matrix in RP*? and

innovations & are p-dimensional random vectors from N(0,X,) with Ay (2:) > 0

and Apax(2e) < 00.

Assume that the VAR(d) process is stable; i.e. det (Ipxp — Zzzl Akzk) #0,V]|z| <
1. Now, we identify X; := (Z,--- ,Z{_4,,) and Y, := Zy g for t =1,...,T.

We can verify (see Section 2.8.1 for details) that Assumptions 1-5 hold. Note that
0 = (A4,...,Ay) € R®P*P_ Ag a result, Propositions 11.2 and 1I.3, and thus Corol-

lary I1.4 follow and hence we have all the high probabilistic guarantees for lasso on

Example 1. This shows that our theory covers the stable Gaussian VAR models for
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which Basu and Michailidis [2015] provided lasso errors bounds.

We state the following convenient fact because it allows us to study any finite order
VAR model by considering its equivalent VAR(1) representation. See Section 2.8.1

for details.

Fact 4. Every VAR(d) process can be written in VAR(1) form (see e.g. [Liitkepohl,

2005, Ch 2.1]).

Therefore, without loss of generality, we can consider VAR(1) model in the ensuing

Examples.

Example 2 (Gaussian VAR with Omitted Variable). We study OLS estimator of
a VAR(1) process when there are endogenous variables omitted. This arises natu-
rally when the underlying DGM is high-dimensional but not all variables are avail-
able/observable /measurable to the researcher to do estimation/prediction. This also

happens when the researcher mis-specifies the scope of the model.

Notice that the system of the retained set of variables is no longer a finite order
VAR(and thus non-Markovian). There is model mis-specification and this example
also serves to illustrate that our theory is applicable to models beyond the finite

order VAR setting.

Consider a VAR(1) process (Z;, =)' such that each vector in the sequence is

generated by the recursion below:

(Z1;2) = A(Zi—1;2021) + (241, E=4-1)
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where Z, ¢ R?, £, € R, £z, € RP, and &=, € R are partitions of the random vectors

(Z;, =) and & into p and 1 variables. Also,

Azz Ays
A =

A=; Az

(1

is the coefficient matrix of the VAR(1) process with A zz 1-sparse, Az p-sparse and
r(A) < 1. & = (Exi-1;Ez4-1) for t = 1,...,T + 1 are iid draws from a Gaussian

white noise process.

We are interested in the OLS 1-lag estimator of the system restricted to the set of

variables in Z;. Recall that

O* := argminE (HZt - B/Zt71|‘§>
BcRprXp

Now, set X; := Z; and Y, := Z;y for t = 1,...,T. It can be shown that (6*)" =
Agzz + Az=Y=7(0)(Xz)"'. We can verify that Assumptions 1-5 hold. See Section
2.8.2 for details. As a result, Propositions 11.2 and II.3, and thus Corollary II.4
follow and hence we have all the high probabilistic guarantees for lasso on this non-

Markovian example.

2.4 Subweibull Random Vectors under S-Mixing

Existing analyses of lasso mostly assume data have subgaussian or subexponential
tails. These assumptions ensure that the moment generating function exists, at least
for some values of the free parameter. Non-existence of the moment generating func-
tion is often taken as the definition of having a heavy tail [Foss et al., 2011]. We now
introduce a family of random variables that subsumes subgaussian and subexponen-

tial random variables. In addition, it includes some heavy tailed distributions.
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2.4.1 Subweibull Random Variables and Vectors

Among the several equivalent definitions of the subgaussian and subexponential ran-
dom variables, we recall the ones that are based on the growth behavior of mo-
ments. Recall that a subgaussian (resp. subexponential) random variable X can
be defined as one for which E(|X|?)'/? < K,/p, ¥p > 1 for some constant K (resp.
E(|X[?)/? < Kp, ¥p > 1). A natural generalization of these definitions that allows

for heavier tails is as follows. Fix some + > 0, and require

1X1l, = (B[X[")V? < Kp', vp > 1Ay

There are a few different equivalent ways to imposing the condition above including a
tail condition that says that the tail is no heavier than that of a Weibull random vari-

able with parameter . That is the reason why we call this family “subweibull(y)”.

Lemma I1.5. (Subweibull properties) Let X be a random variable. Then the follow-
ing statements are equivalent for every v > 0. The constants Ky, Ko, K3 differ from

each other at most by a constant depending only on ~.
1. The tails of X satisfies
P(IX| > 1) < 2exp {—(t/K))"}, Vi > 0.
2. The moments of X satisfy,
1X1], := (E[X[")'? < Kyp'/™, ¥p > 1A
3. The moment generating function of | X |7 is finite at some point; namely

E[exp (| X|/K3)"] < 2.
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Remark 4. A similar tail condition is called “Condition C0” by Tao and Vu [2013].
However, to the best of our knowledge, this family has not been systematically
introduced. The equivalence above is related to the theory of Orlicz spaces (see, for

example, Lemma 3.1 in the lecture notes of Pisier [2016]).

Definition 3. (Subweibull(vy) Random Variable and Norm). A random variable X
that satisfies any property in Lemma I1.5 is called a subweibull(y) random variable.
The subweibull(y) norm associated with X, denoted ||X||%, is defined to be the
smallest constant such that the moment condition in definition Lemma II.5 holds.

In other words, for every v > 0,

1X 1, = sup(B|X[")"/Pp~/.
p>1

It is easy to see that H-wa, being a pointwise supremum of norms, is indeed a norm

on the space of subweibull(vy) random variables.

Remark 5. Tt is common in the literature (see, for example Foss et al. [2011]) to call
a random variable heavy-tailed if its tail decays slower than that of an exponential
random variable. This way of distinguishing between light and heavy tails is natural
because the moment generating function for a heavy-tailed random variable thus
defined fails to exist at any point. Note that, under such a definition, subweibull(~y)

random variables with v < 1 include heavy-tailed random variables.

In our theoretical analysis, we will often be dealing with squares of random vari-
ables. The next lemma tells us what happens to the subweibull parameter v and the

associated constant, under squaring.
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Lemma I1.6. For any v € (0,00), if a random variable X is subweibull(2y) then

X? is subweibull(~y). Moreover,

1X2]ly, < 2701 XI5,,

We now define the subweibull norm of a random vector to capture dependence among
its coordinates. It is defined using one dimensional projections of the random vector
in the same way as we define subgaussian and subexponential norms of random

vectors.

Definition 4. Let v € (0,00). A random vector X € R? is said to be a subweibull(7)
random vector if all of its one dimensional projections are subweibull(y) random

variables. We define the subweibull(y) norm of a random vector as,

X, = sup [lo'X [l

veESP—

where SP~! is the unit sphere in R?.

Having introduced the subweibull family, we present the assumptions required for the
lasso guarantees. In proving our results, we need measures that control the amount

of dependence in the observations across time as well as within a given time period.

Assumption 6. The process (X;,Y;) is geometrically S-mixing; i.e., there exist

constants ¢ > 0 and v; > 0 such that
B(n) < 2exp(—c-n"), Vn € N.

Assumption 7. Each random vector in the sequences (X;) and (Y;) follows a

subweibull(vs) distribution with ||X,5||¢72 < Kx, ||Y;||w72 <Ky fort=1,---,T.

Finally, we make an joint assumption on the allowed pairs ~;, .
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Assumption 8. Assume v < 1 where

(e2)
y=—+— .
"o 72

Remark 6. Note that the parameters 7, and 7, defines a difficulty landscape with
smaller values of 71,79 corresponding to harder problems. The “easy case” where
v > 1 and v > 2 are already addressed in the literature (see, e.g., Wong et al.
[2017]). This chapter serves to provide theoretical guarantees for the difficult scenario
when the tail probability decays slowly (7, < 2) and/or data exhibit strong temporal
dependence (7; < 1) and hence extends the literature to the entire spectrum of

possibilities, i.e., all positive values of v; and ~s.

Now, we are ready to provide high probability guarantees for the deviation bound

and restricted eigenvalue conditions.

Proposition I1.7 (Deviation Bound, 5-Mixing Subweibull Case). Suppose Assump-
tions 1-3 and 6-8 hold. Let ¢ > 0 be a universal constant and let K be defined

as
K =22 (Ky + Kx (1+ [|04]]))*.
2,4
Then with sample size T > Ci(log(pq))” ~, we have
Lx log(pg) :
P (LI WIL, > Catcy/ EED ) < 2exp(—log(pa))

where the constants Cy,Cy depend only on ¢ and the parameters 1,72, ¢ appearing

i Assumptions 6 and 7.

Proposition I1.8 (RE, 5-Mixing Subweibull Case). Suppose Assumptions 1-3 and

6-8 hold. Let

K = 2Y"K%.
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Then for sample size

54K (2C; log(p)Y? [ 54K\ [Cy\TH
T > e}
= max { Amin(EJX) ’ Amin(EJX) C’1

we have with probability at least

(Amin(EX))’y

— —cT7 C =
1 = 2T exp{—¢T"}, where ¢ = (54K)72C,

that for all v € RP,
1 2 2 2
7 1 Xvlly 2 aflolly =7 lofly -

where o = %)\min(EX) and T = 3 - <1°§:#>. Note that the constants Cy,Cy depend

only on the parameters vy, %2, ¢ appearing in Assumptions 6 and 7.

2.4.2 Estimation and Prediction Errors

Substituting the RE and DB constants from Propositions I1.7-11.8 into Theorem I1.1
immediately yields the following guarantee.

Corollary I1.9 (Lasso Guarantees for Subweibull Vectors under $-Mixing). Suppose
Assumptions 1-8 and 6-8 hold. Let ¢’,Cy,Cy, ¢ be constants as defined in Proposi-

tions IL7-IL8, and let K = 2% (Ky + Ky (1 + [|©*]]))2.

Then for sample size

[\

T > max {01(10g(PQ));1’

e () (@)

we have with probability at least

1— 2T exp {—¢T"} — 2exp(—c'log(pq))
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that the lasso error bounds (2.2.5) and (2.2.6) hold with
1
= = Amin(X
@ = 5 Amin(Xx)
)\T = 4Q(X7 W7 @*)R(p7 q, T)

where

Q(-X7 Wa @*) - CQKa

log(pq)
-

R(pa q, T) =
Remark 7. The impact of mixing behavior is limited to the initial sample size and
the probability with which the error bounds hold. The parameter error bound itself

resembles the bounds obtained in the iid case but with an additional multiplicative

factor that depends on the ‘effective condition number” K /Ay (Xx).

2.4.3 Examples

We explore applicability of our theory in Section 2.4 beyond just linear Gaussian
processes using the examples below. Together, these demonstrate that the high
probabilistic guarantees for lasso cover cases of heavy tailed subweibull data, presence

of model mis-specification, and /or nonlinearity.

Example 3 (Subweibull VAR). We study a generalization of the VAR, one that has
subweibull(vz) realizations. Consider a VAR(1) model defined as in Example 1 except
that we replace the Gaussian white noise innovations with iid random vectors from
some subweibull(v,) distribution with a non-singular covariance matrix ¥.. Now,
consider a sequence (Z;),; generated according to the model. Then, each Z; will be a

mean zero subweibull random vector.

Now, we identify Xy := (Z],---,Z,_,.,) and Y; :== Z g for t =1,...,T. Assuming

that A;’s are sparse, [|A]| < 1 and (Z;); is stable, we can verify (see Section 2.8.1
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for details) that Assumptions 1-3 and 6-8 hold. Note that ©* = (Ay,...,Ay) €
R¥P>P_ As a result, Propositions 11.7 and IL.8 follow and hence we have all the high
probability guarantees for lasso on Example 3. This shows that our theory covers

DGMs beyond just the stable Gaussian processes.

Example 4 (VAR with Subweibull Innovations and Omitted Variable). Using the
same setup as in Example 2 except that we replace the Gaussian white noise inno-
vations with iid random vectors from some subweibull(+,) distribution with a non-
singular covariance matrix .. Now, consider a sequence (Z;); generated according

to the model. Then, each Z; will be a mean zero subweibull random vector.

Now, set X; := Z, and Y; := Z;4q for t = 1,...,T. Assume [|A|| < 1. It can be
shown that (0*) = Azz + Az=Y=2(0)(X2)'. We can verify that Assumptions 1-3
and 6-7 hold. See Section 2.8.2 for details. Therefore, Propositions I1.7 and I1.8 and
thus Corollary I1.9 follow and and hence we have all the high probabilistic guarantees

for subweibull random vectors from a non-Markovian model.

Example 5 (Multivariate ARCH). We explore the generality of our theory by con-
sidering a multivariate nonlinear time series model with subweibull innovations. A
popular nonlinear multivariate time series model in econometrics and finance is the
vector autoregressive conditionally heteroscedastic (ARCH) model. We choose the
following specific ARCH model just for convenient validation of the geometric (-
mixing property of the process; it may potentially be applicable to a larger class of

multivariate ARCH models.
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Let (Z;)[Z}' be random vectors defined by the following recursion, for any constants
c>0,me (0,1), a >0, and A sparse with ||A]| < I:

Zt - AZt,1 + Z(thl)gt
(2.4.1)

Y(z) ==c- Chpa,b (”sz) Loxp

where & are iid random vectors from some subweibull(,) distribution with a non-
singular covariance matrix Y, and clip,; (z) clips the argument x to stay in the
interval [a, b]. Consequently, each Z; will be a mean zero subweibull random vector.

Note that ©* = A’ the transpose of the coefficient matrix A here.

Now, set X; := Zyand Y; = Z;1 fort = 1,...,T. We can verify (see Section 2.8.3 for
details) that Assumptions 1-3 and 6-7 hold. Therefore, Propositions I1.7 and I1.8, and
thus Corollary I1.9 follow and and hence we have all the high probabilistic guarantees

for lasso on nonlinear models with subweibull innovations.

2.5 Proof of Master Theorem

Proof of Theorem II.1. We will break down the proof in steps.

1. Since © is optimal for 2.2.2 and ©* is feasible,
1 ~ 1|2 ~ 1 2 N
=y = %8|+ 2r [vec®)] < ZlIY = XO7I + Az [1vec(©)l,

2. Let A := O — ©* ¢ RPx¢

< ZH(AXW) + g (Ilvec(©)1l, - HVQC(@)H1>

o

Note that
[veeer + &)~ vec(or)l, = {lvec(@3)], — [Jvectds)]| )

+ Hvec(Agc)

= lvec(®)],

~

= Hvec(ASc)

~

o Hvec(AS)

1
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where S denote the support of ©*.

3. With RE constant « and tolerance 7, deviation bound constant Q(Xx, Xy)

and A > 20Q(Zx, Sw)y/ B9 we have
~ 112 A
of [A[[ =l vee(ds
F
RE 1] )
< XAl
2

IN

}

r(AX'W) + /\T{Hvec(AS)Hl - Hvec(ASc) 1
AW+ A rec(s) | = ectder

IN

g

IN

I vee( )R Wil + Ar{|[vec(As)|| - [|vec(As.)

J

[ vec(A)LQ(Sx, Zw )R (p, ¢, T) + )\T{Hvec(As)Hl _ Hvec(Agc)

o Nl Nl N

NS

}

1

< || vee(A) 1Ay /2 + )\T{Hvec(Ag)Hl - Hvec(ASc)

J

A .
<% s

’ 1

4. In particular, this says that 3 Hvec(As)H > Hvec(ASC)
1

<4/s ]
1

A .
- 7T Hvec(ASc) X

1

< 2\r Hvec(A)

1

So Hvec(A) vec(A)

X <4 Hvec(As)

5. Finally, with o > 32s7,

% Hvec(A) ‘2 < (a — 16sT7) HV60(A)H2

F F

< a[vec(d)||, — 7l vee(&) 2

< 2X7| vee(A)|y

< 2v/s\r|| Al
6.
A AN
Hvec(A) ‘ < Vs
F (6%
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7. From step 4, we have

S]] <o s

Then, from step 6

2
. < 8Ary/s

‘XA vec(A)

1
TH ‘ < 32035/«

2.6 Proofs for Gaussian Processes under a-Mixing

We will also need the following result to control spectral/operator norms of matrices.

Fact 5 (Schur Test). For any matrix M, we have
2
M < max |[M[l; - max [|M]],
Therefore, for any symmetric matrix M € R™", ||[M]|| < max;<;<, [|[M;||;-

Claim 1. For any random vectors X € R” and Y € R", we have

Il + Iy [l
2

I XY = B [Y X <

Proof. We have,
B XY= I [y X7

= sup E[YX']

lull <1, flvll<1

= sup  E[(Y'u)(X")]

lull <1, llvl|<1

< sup  VE[(Y'u)2]W/E[(X'v)?] by CauchySchwarz ineq.

ull<1, llv]<1

= sup E [(Y’u)Q] sup E [(X/U)Z]

[[ull<1 [vll<1

= VIEXXIVIEY Y
< JNE XX+ I Y]]
= 2
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The proof of Proposition I1.3 relies on the following result.

Lemma I1.10. For a second order stationary p-mizing sequence of random vectors

{ X1}, their I-th auto-covariance matriz can be bounded as follows:
IExDIF < pDIIEx O, v € Z.

Proof. Recall the definition of p-mixing, for random vectors X and Y on the proba-

bility space (2, F,P), let A :=0(X) and B :=o(Y).

p(X,Y) = sup{cor(f(X),g(Y))| f € L*(A),g € L2(B)}

> cor(u'X, v'Y) V fixed u, v
|E[v/ Xv'Y]|
- U, UNON-Zero
VEWX)2E(v'Y)?

Hence, Yu, v fixed,

WE[XY || < p(X,Y)V/EWX)2/E('Y)?

sup [WE[XY'|v| < p(X, Y)\/8upE(u’X)2\/sup]E(v’Y)2

But,

IELXY | = sup [WELXY o < p(X,Y), joup E(w X fsup E(wY)?
For a stationary time series {X;}, recall that V¢,

Ex(l) = E[X: X))
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By stationarity, V¢,
p(Xe, Xiqa1) = p(1).

Hence,

IEx DI < p X (O)]I

]

Proof of Proposition I1.2. Note that by Fact 2 a and p-mixing are equivalent for
stationary Gaussian processes. The proof will operate via arguments in p-mixing

coeflicients.

Il By g R Il By SR

By Assumption (3), we have

EX,; =0,Vi and

EY, =0,Vj

By first order optimality of the optimization problem in (2.2.1), we have

EX/,(Y — XO0*) = 0,Vi = EX./W, = 0,Vi, j

We know Vi, j

(2.6.1)

X, W] = [X[ W — E[X W
1

(X + Wl[* = B[ X + Wyl[P]) = (I1XKall* = E[1Xl*]) = (IW11* = E[IW,]*)]

<

2
1 1 1
< S 1K+ Wil = B[1Xei + W [P + 5 [IXall* = E[IXall”]| + 5 [IIW]1” — B[ W1]]
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Therefore,

P (% XW,| > 3t)
< P (g 14 W2~ B+ Wyl > 0) + P i |1l ~ EIXP) > )
+ P (7 W2~ EITW,1P) > ¢)
This suggests proof strategy via controlling tail probability on each of the terms
IXelI? = B[ X ]I, W l1* = BIIW 117 and [[[ X + Wy [1* = E[ X + W5 [7]]. As-

suming the conditions in Proposition I1.2, we can apply the Hanson-Wright inequality

(Lemma II.11) on each of them because we know that
Vi, j

X:i ~ N<07 2X;i)7 1= 17 y P, and

W;j = Y;j - [X@ﬂ;j ~ N(O,ijj), ] = 17 e, q

since both {X;}Z, and {Y;}L, are centered Gaussian vectors.

So,

X':i _'_ W] ~ N<O7 EXZ + EW] + szjyx:i + EX;Z‘,W;J')

We are ready to apply the tail bound on each term on the RHS of (2.6.1). By Lemma

(I1.11), 3 constant ¢ > 0 such that V¢ >0

X-Z' 2 —E Xz 2
Xl (S| <t w.p. at least 1 — 2exp(—cT min{t,t*})
T,
W, —E|W,|?
W Wl <t w.p. at least 1 — 2exp(—cT min{t,t*})
Tl[Zw, ||

<t w.p. at least 1 — 2exp(—cT min{t, *})
T[=x.vws |




35
With Claim 1, the third inequality implies, for some ¢ > 0, that w.p. at least
1 — 8exp(—¢T min{t, t*})

the following holds

X + Wl[* — B[ X + W42 _ [ X + W |1* — B[ X + W,"

- <t
2T+ ([, T, |
Therefore,
X,W,, -
1 < 3t w.p. at least 1 — T mindt
3T([|Sx. |l + |HZW1H|) < 3t w.p. at least 8 exp(—&T min{t, t*})

Appealing to the union bound over all i € [1---p] and j € [1---¢], for any A

Pl max X,;W,; > A] < pgP[X[W,; > A

Pl By g R

We can conclude that

P max L < 3t] > 1 — 8pq exp(—&T min{t, t*})
1<i<p1<i<e 3T (|| Sx,. | + [||Zw, ||)
Now, for a free parameter b > 0, chooset = %, for T > %&og(pq) we have

P

&T 1<i£%%}<(j<q(”|zx”

S0P S S

’HX’TWHL < \/(H 1) log(pq)

1w, )
> 1 — 8exp[—blog(pq)]

Let’s find out what |||Sw,, ||| and [[|Zx,, ||| are. Recall W =Y — X©*. So,

(2.6.2) Sw, = Sy, + Ixer, + Sy, xer, + Oxer, Y.

By Claim 1, we have

(2.6.3) 5w

< 2[[Ey,

+2[[Sxer

Let’s figure out each of the summands on the RHS of equation (2.6.3) above.
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Sxer [l k] = E [(XO%)(XO%5)] [, k]
— E[¢}(X0%) (X0} er]
—E [(X,0%)((€:)' X
— E[(0%)X,.X} 07

= (03)' [EX,. X}, ] 05

With the equality above,

[|Zxe: ||| < max | (Zxes )k, by Fact 5
T
<2 p() 9515 IEx O] by Lemma IL.10
=0

Therefore,

max |HEX@2

T T
< max 2y p(1) 1015 IEx (O)I = 2Zx (0] Y p(1) max [|©%]]3
=0 =0

1<i<p T 1<i<p 1<i<p
Similarly,
T
max [ Sy | < 2{|Zy ()] ;p(l)
and
T
s 1S, 1] < 2SO 3 ()

So,. by inequality (2.6.3)

T

* |12
i WSl <432 o0 (Il s 51+ 15 )

Therefore,

T
max _ ([|Xx,

s (14 12w, 1) < 437 o) (Ul (14 w031 ) + =

77777 =0
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Finally, to state the final result:

For a free parameter b > 0, chooset = w, for T > w we have with
probability at least
1 — 8exp[—blog(pq)]

that

|

Also, because of Fact 3, we have

Xw (b+1)log(pa) , - »
T HLS\/ g 420 (=Xl (1 + max 1035 ) + 12y

=0

H‘X’WHL < \/(b+ 1) log(pq)

* |12
A Lo sy (el 1+ s 10212 + i )

]

Proof of Proposition I1.3. Note that, by Fact 3, a and p-mixing are equivalent for
stationary Gaussian processes. The proof will operate via arguments involving p-

mixing coefficients.

For a fixed unit test vector v € R?, ||v||, = 1, consider the Gaussian vector Xv € R”.
To apply the Hanson-Wright inequality (Lemma (I1.11)), we have to upper bound

the operator norm of the covariance matrix Q of Xuv.

Q takes the form

VEX  Xjv o - v’]EXlXJ’»v o VEXG X

Q= | VEX,Xv VEX, X!v VEX, X

VEXrXjv - VEXpXiv oo VEXpXjw
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We can thus use Fact 5 and Lemma I1.10 to upper bound || Q||| by

T

> pIIEx ()]

t=0
Now, we can apply Lemma II.11 on any fixed unit test vector v € R?, |jv]], = 1.

Recall I' := XX ¢ RP*?. Using Lemma I1.11, we have, V5 > 0

P[['(I' = Sx(0)v > 7l QJI[] < 2 exp{—cT min(n, 7°)} =

A

P['(I' = Sx(0)v >0 Y p()IIEx ()] < 2exp{—cT min(y,7*)}

Using Lemma F.2 in Basu and Michailidis [2015], for any integer k& > 0, we extend

it to all vectors in J(2k) := {v € R? : ||v|| < 1, ||v]lo < 2k}:

T

P | sup [o/(1=Sx(0)o] >0 p(DIEx(0)]
veJ(2k) —0

2lep

< 2exp{—cT min{n, n*} + 2k min{log(p), log( ok

)}
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By Lemma 12 in Loh and Wainwright [2012], we further extend the bound to all

Yv € RP,

(8 = SxO)el > 200 3 oI (1ol + 7 1017

21
w.p. < 2exp{—cT min(n,n*) + 2k min(log(p), log( QZP))}

¢
(8 = (0] < 27 Y OISO (013 + £l

21
w.p. > 1 — 2exp{—cT min(n,n*) + 2k min(log(p), log( 2;])))}

4

)l > 200 3 s O (1013 + 1012 ) + dun (S5 O ol

t=0

21
w.p. > 1 — 2exp{—cT min(n,n*) + 2k min(log(p), log( QZP))}

Intuitively, we know the quadratic form of a Hermitian matrix should have its

magnitude bounded from below by its minimum eigenvalue. To achieve that, pick

mm(ZX( ))
54 Zt ) P( ))\max(EX (0)) ’

n= So, we have

)\mm(zX( ))

L1
[0To] > S Amin(Ex (0)[[o]l5 - lvll

w.Dp.

21
> 1 — 2exp{—cT min(1,n?) + 2k min(log(p), log( 2Zp))}

because min(1,n?) < min(n, n?).

Now, we choose k to make sure the first component in the exponential dominates.

For now, assume p > 22, Let k = [c

410g mm{l n*}]. Now, choose T such that

k>3 Let T > %, where s is the sparsity.
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42elog(p)

Finally, we have, for T' > S {12}’

with probability at least
1-2 exp{—T% min{1,7°}}

the following holds

. 1 Amin(Xx(0))
[0'Tv] > S Auwin(Sx (0) lv]l; — = —lvll}
2 2k
= Amin (Ex (0) Hh o7
Also, let 7 : 08750 (T (0] WE CAN bound 7 with 7 by Fact 3. O]

2.6.1 Hanson-Wright Inequality

The general statement of the Hanson-Wright inequality can be found in the paper
by [Rudelson and Vershynin, 2013, Theorem 1.1]. We use a form of the inequality
which is derived in the proof of Proposition 2.4 of Basu and Michailidis [2015] as an
easy consequence of the general result. We state the modified form of the inequality

and the proof below for completeness.

Lemma I1.11 (Variant of Hanson-Wright Inequality). If Y ~ N(0,x1, Q

nxn

), then

there exists universal constant ¢ > 0 such that for any n > 0,

1 :
(2.6.4) P Y15 =EYIl5| > nllQll| < 2exp [~enmin {n,7’}].

Proof. The lemma easily follows from Theorem 1.1 in Rudelson and Vershynin [2013].
Write Y = QY2X, where X ~ N(0,I) and (Q"?)(Q"?) = Q. Note that each
component X; of X is independent A/(0, 1), so that || X;[|,, < 1. Then, by the above

theorem,
1 1
P |+ Y13 - TH@)] > allQll]| =P | IXQx ~ EXQX] > Q)

Q) mllQll
<2 -
= exp[ m{ Qi il H

< 2exp [—emin {n,7°}]  since [|Q[F < nlIQII*
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Lastly, note that Tr(Q) = Tr(EYY’) = ETr(YY’) = ETe(Y'Y) = ETx|Y|]* =

E Y| O

2.7 Proofs for Subweibull Random Vectors under S-Mixing

2.7.1 Proof Related to Subweibull Properties

Proof. (of Lemma I1.5) Property 1 = Property 2: Since we can scale X by Kj,
without loss of generality, we can assume K; = 1. Then we have, for p > ~,
E|X|p:/ P(IX] > u)du
0
= / P(|X]| >t)ptt~adt using change of variable u = ¢*
0

S/ 2~ ptP~Ldt by Property 1
0

2 o0 11—
_ P e v v dv using change of variable v = t7

9 p/y
< i (g) since I'(z) < 2%, Va > 1.
BN

Therefore, for p > 7,

(B|XP)P <22 (1/y) ! Ppt (/) < € pt
where C, = 4(1/y Vv 1)(1/7)Y7. If o < 1, this covers all p > 1. If v > 1, we have, for
p=1,....[v] -1,

(E X777 < 2Mr(1 /) /Ppt/e max L(i/y)"/ < C,
1=1,..., Y=

.....

(E |X|p>1/P <(C,V Cfly) ,pl/V.
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Property 2 = Property 3: Without loss of generality, we can assume Ky = 1. Using

Taylor series expansion of exp(-), for some positive A,

((A X
Eexp[(A[X[)?] = E 1+Z ‘ )
o0 o p
<1+ Z (()\ /W;Z, by Property 2 and Stirling’s approx.
p/e
p=1

Z“’ 1
= )\,Y p = - < 2

p=0

where the last inequality holds for any A satisfying eyA? < 1/2;i.e., A < (26’7)_1/ ks
Therefore Property 2 holds with K3 = (267)1/ kS

Property 3 = Property 1: Without loss of generality, we can assume K3 = 1. For all

t >0,

P(1X] > ) = P (exp (IX[™) > exp (1))
<exp(— (")) Eexp (| X|™) by Markov’s inequality

< 2exp (= (7?)) by Property 3

Proof. (of Lemma I1.6) By definition,
X2 _ -1/ E XQ p\1/p
121, = supp™ (B |X7[)

2
— sup <p—1/(2v) (E| X’ZP)l/ZP)

p>1
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Now we make a change of variables p := 2p. Then, we have,
2 1/ ~—1/(27) P 17\ ?
I, =2 (57 (21x7) )
7 p>2

S\ 2
S 21/’)/ sup (ﬁ—l/(?’y) (]E ’X’f)> l/p)

p>1

_\ 2
—9ol/v (supﬁ_l/(%) (IE |X|;5> 1/p>

p=1

1 2
=2 X|,, . O
2.7.2 Subweibull Norm Under Linear Transformations

We will need the following result about changes to the subweibull norm under linear

transformations.
Lemma I1.12. Let X be a random vector and A be a fized matriz. We have,

[AX g, < [IAN- X1,

Proof. We have,

IAX],, = sup [[WAX]|, = sup [[(Av)X],,

flvllo<1 vl <1

< sup |lwX],

l[ull <[I Al

= Il sup [l X1, = [IAI1XI,, -

llull,<1

]

2.7.3 Concentration Inequality for Sums of 5-Mixing Subweibull Random Variables

We will state and prove a modified form of Theorem 1 of Merlevede et al. [2011].
This concentration result will be used to prove the high probability guarantees on
the deviation bound (Lemma II.7) and lower restricted eigenvalue (Lemma II.8)

conditions.
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Lemma II.13. Let (Xj);rzl be a strictly stationary sequence of zero mean random
variables that are subweibull(ys) with subweibull constant K. Denote their sum by
St. Suppose their B-mizing coefficients satisfy B(n) < 2exp(—cn™). Let v be a

parameter given by

Further assume v < 1. Then for T > 4, and any t > 1/T

Sr (tT)" 2T
7. =L < — ——
(2.7.1) ]P{ T >t}_TeXp{ K7C1}+6Xp{ e

where the constants C,Cy depend only on v1,v2 and c.

Proof. Note that, in this proof, constants C,C,C5, ... can depend on ¢,y; and s
and C', Cy in the proof are not the same as the eventual constants C, Cy that appear

in the lemma statement.

Further, we will assume that K = 1. The general form then follows by scaling the
random variables by 1/K and applying the lemma with ¢ replaced by ¢t/ K. The proof
consists of two parts. First, we will state a concentration inequality of Merlevede
et al. [2011] and bound a certain parameter V' appearing in their inequality using the
f-mixing assumption. Second, we will simplify the expression that we get directly

from their concentration inequality to get a more convenient form.

Step 1: Controlling the V parameter using S-mixing coefficients First, recall that

Theorem 1 of Merlevede et al. [2011], under the condition of our lemma, gives
P{|s T v v
>u) < —— _—
{17l > u} < eXp{ 01}+6Xp{ (3’2(1+TV)}

(2.7.2) exp {‘ % P {oi <1U(g<u)>)}}
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First of all, we need to control the quantity V' that appears in the denominator of
the second term of (2.7.2). V is a worst case measure of the partial sum of the
auto-covariances on the clipped dependent sequence (X;)Z,. It is increasing in time
horizon T" and related to dimension p and sparsity s and hence not an absolute
constant. To the best of our knowledge, V' is not controllable under the weaker a-
mixing condition. As Merlevede et al. [2011] mention in their Section 2.1.1, using
results of Viennet [1997], we have, for any S-mixing strictly stationary sequence (V)

with geometrically decaying S-mixing coefficients; i.e.,
B(k) < 2exp{—ck™} for any positive k
the associated quantity V' can be upper bounded as

V <EX]+4) E(BX7)

k>0

for some sequence (By,) with values in [0, 1] satisfying E(By) < (k). In our case, (X3)
is stationary and we know that its finite moments exist because of Assumption 7.

Then,

V <EX]+4) E(BX7)

k>0
<EX7+4 Z \VE(BHE(X}) Cauchy-Schwarz ineqeuality
k>0

=EX? + 4\/E(Xf) Z \/E(B,f) all finite moments of X exist

<EX] +4E(XH) > VE(B)

§C7

where the second to last inequality follows because By, € [0,1] = B < Bj. The

last inequality comes from the fact that \/E(By) < \/B(k) < v2exp {—ick"} =
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(v/E(By)) summable. Moreover since X; is subweibull(,) with constant 1, both
EX? and E(X}) are bounded with constants depending only on v,. Note that C

depends on ¢, y; and 7s.

Step 2: Deriving a Convenient form  Eventually we will apply the concentration
inequality above with u = ¢T', and we will choose ¢ such that u = t7T" > 1. Under the
condition that v > 1, we will now show that the term appearing in the exponent in

the third term in (2.7.2),

(u) (1=)

(2.7.3) —(log(u)) ,

is larger than a v-dependent constant. Along with the fact that V' is a constant in

the second term, the second and third terms in (2.7.2) can then be combined into

one.
Let u > 1. Note that the expression (2.7.3) remains positive and blows up to infinity

as u approaches 1 from above. Taking derivative with respect to u, we obtain

d ut= u™Y 1
du (log(w) ~ log(u) {“ — - log<u>]

1
Observe that the derivative is negative when u < u* = e™=7; for v > u*, it becomes
positive again. Hence, the expression (2.7.3) reaches its minimum at u*, where its

value is,

which is positive since v < 1. [
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2.7.4 Proofs of Deviation and RE Bounds

Proof. (of Proposition I1.7) Note that constants C7,Cs, ... can change from line to
line and depend only on 71,7, ¢ appearing in Assumption 6 and Assumption 7, and

on the constant ¢ appearing in the high probability guarantee.
Recall that W =Y — XO*, and
IX'Wl,, = _ max _|[X'W];]

S0 PhA ) >

= max |(XZ)/W]|

B By g R

By Assumption 3, we have
EX,;=0,Vi=1,---,p and

EY;=0,Vj=1,---,¢q
By first order optimality of the optimization problem in (2.2.1), we have
E(X.) (Y —X0*) =0,Yi = E(X,;,))W,; =0,Vi,j
We know Vi, j

(X)W

Therefore,
1 !/
1 1
< P (g 14 W2 — B + WP > 1) + P o |1l ~ EIXP) > )

+ (5 [IW, 1P E[IW, )| > o)
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We will control the tail probabilities for each of the terms |[|X;||? — E[||X.|%]],
W12 — E[||W|?]| and ||| X.; + W;||> — E[|X.; + W ;]||?]|. Before we apply Lemma I1.13,
we have to figure out their subweibull norms. We will first calculate the subweibull(7z)

norm of Xy;, Wy; and X;;+W,;. This will immediate yield control of the subweibull(v,/2)

norms of their squares via Lemma I1.6.

Recall that

Wt: - Yt: - (XG*)t:

= Yt: - Xt:®*
Therefore, we have,
||Vth||72 < ||VV:::||72 by Definition 4
Y - X0,
< HYt:H72 + ||Xt;@*||72 HHW is a norm
< [[Yell,, + [IXe]l., €71 by Lemma [1.12
< Ky + [|0"]| Kx by Assumption 7.
We also have,
X+ Wi, < IXall, + Wil [, is a norm

< Ky + Kx (1+[[©7]).

Using Lemma I1.6, we know that the subweibull(v5/2) constants of the squares of

Xti, Wy and Xy; + Wy, are all bounded by

K =227 (Ky + Kx (1+ [|©*]1)?.
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We now apply Lemma I1.13 three times with 5 replaced by ~,/2, to get, for any

t>1/2T,
1 ) (2tT)7 42T
P <f (X)W > 3t> < 3T exp {—m} + 3exp {_K2—Cg ,
where v = (1/71 + 2/72) ! is less than 1 by Assumption 8.

Now, taking a union bound over the pg possible values of ¢, j, gives us

1 (2tT)” 44*T
P —||IX'W 3t | < 3T — 3 —— 0.
(FIxWiL > 3¢) < 37pgenp {200 s apgenp {50}

If we set,

t = K max {02 W’ % (log(3qu))1/7}

then the probability of the large deviation event above is at most

2 exp(—c'log(3pg)).

Note that the constant ¢ can be made arbitrarily large but affects the constants

C1, Cy above.
In the expression for t above, we want to ensure that two conditions are met. First,
the 1/ VT term should dominate. That is, we want,

log(3pq)

> — v
T 27 (log(3T'pq)) ",

which, in turn, is implied by

log(;pq) > % (logBT)Y"  and /08P 5 T2 g0y

[\

Both of these are met if 7" > Cg(log(pq))a_l.

Finally, the condition ¢ > 1/27 should be met.That is,

log(3 1

which happens as soon as T > C2 /4. O]
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Proof. (of Lemma II.8) Recall that Xi,--- , X; € R? are subweibull random variables

forming a [-mixing and stationary sequence.

Step I: Concentration for a fixed vector ~ Now, fix a unit vector v € R?, [jv[|, = 1.
Define real valued random variables Z;, = v'X;, t = 1,--- ,T. Note that the S-mixing
rate of (Z;) is bounded by the same of (X;) by Fact 2. From Lemma I1.6, we know

that ||Z? < 22/ \|Zt||12%. Moreover, || Z|l, ~ < [|X¢ll, . Therefore, we can

Hw’vz/Q -
invoke Lemma T1.13 for the sum Sp(v) = 0/, (Z? — EZ?) with 7, replaced by 72/2,

v = (1/y1+2/7) " and K = 22/ K% to get the following bound, for T > 4 and

T)Y T
IP’{ >t}§Texp{—§évgl}+exp{—[é2cz}

Step II: Uniform concentration over all vectors Let J(2k) denote the set of 2k-

t>1/T,
ST(U)

sparse vector with Euclidean norm at most 1. Then, using union bound arguments

similar to those in Lemma F.2 of Basu and Michailidis [2015], we have

P{ sup Sr(v) > St}
vesky | T
(tT)" t*T
< o~ o ~ .
< exp {log(T) 0 + klog(p) ¢ + exp e + klog(p)

From the 2k-sparse set, we will extend our bound to all v € RP. To do so, we will

apply Lemma 12 in Loh and Wainwright [2012]. For k£ > 1, with probability at least

T 2T
7.4 — 1 — 1 — —_
(2.7.4) 1 —exp { og(T) K0 +k og(p)} exp { 20, + klog(p)}

the following holds uniformly for all v € RP

1 1
Flsr(o) = 21t (1ol + 1 101



o1

Let Sp(v) == * | Xvl||5 and note that EXp(v) = v/Sx (0)v. Therefore, 757 = Sr(v)—

EiT(v). Using these notations, the above inequality implies that

B20) 2 o ©x0) v 27 ¢ (Juli + 1 1ol

1
> DO ol = 27 ¢ (015 + £ 117

27t 9

—= Il

)‘min(zX (O))
2k

= [[o[l; umin (2x(0)) — 27¢) —

1
= |vll3 5)\min(2X(0)) - o7,

where the last line follows by picking ¢ = 2 Anin(Xx(0)).

Step III: Selecting parameters The only thing left is to set the parameter k ap-

propriately. We want to set it so that

tT)y  t*T
2klogp:min{( ) }

K7Cy" K2Cy
so that the failure probability in (2.7.4) is at most 1 — 27T exp(—klogp). We want

the minimum above to be attained at the first term which means we want

K\ 15 [Cy\ T
> (2 L2
_(t> (Cl>

Under this condition, we have

L 7y
- 2K7Cylogp’
To ensure that £ > 1, we need
L/~
7> DA (2C log(p))
Amin(zX(O))

To conclude, we have the following RE guarantee. For sample size

e () ()

=N
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we have with probability at least

(Amin (Ex(0)))”

_ _ AT /
1 —2T exp{—cT"}, where ¢ = (5AR)72C,

we have, for all v € RP,
o 2 2
Er(v) = afloly =7 vl

where

o = D (Sx(0)), T=0 (log(p)> '

2.8 Verification of Assumptions for the Examples

2.8.1 VAR

Note that every VAR(d) process has an equivalent VAR(1) representation (see e.g.

[Liitkepohl, 2005, Ch 2.1]) as

(2.8.1) Zy=AZ_, +§&
where
(2.8.2)
_ - - - A, A, Ag 1 Ay
Zt Et
I, 0 © 0 0
- Zyq . 0 -
Ly = ‘ & = . and A:= | L, 0 0
Zi—d+1 0
- < (pdx1) -~ (pdx1) 0o 0 - I, 0

L 4 (dpxdp)

Because of this equivalence, justification of Assumptions 5(Gaussian case) and 6
(subweibull case) will operate through this corresponding augmented VAR(1) repre-

sentation.
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For both Gaussian and subweibull VARs, Assumption 3 is true since the sequences
(Z:) is centered. Second, ©* = (Ay,---,A,;). So Assumption 1 follows from con-

struction.

For the remaining assumptions, we will consider the Gaussian and subweibull cases

separately.

Gaussian VAR (Z;) satisfies Assumption 4 by model assumption.

To show that (Z;) is a-mixing with summable coefficients, we use the following facts

together with the equivalence between (Z;) and (Z;) and Fact 2.

Since (Zt) is stable, the spectral radius of A, T’(A) < 1, hence Assumption 2 holds.
Also the innovations € has finite first absolute moment and positive support ev-
erywhere. Then, according to Tjgstheim [1990, Theorem 4.4, (Z,) is geometrically
ergodic. Note here that Gaussianity is not required here. Hence, it also applies to

innovations from mixture of Gaussians.
Next, we present a standard result (see e.g. [Liebscher, 2005, Proposition 2]).

Fact 6. A stationary Markov chain {Z;} is geometrically ergodic implies {Z,;} is

absolutely regular (or f-mixing) with
B(n) =0("), v€(0,1)

By the fact that S-mixing implies a-mixing (see Section 2.2.4) for a random process,
we know that a-mixing coefficients decay geometrically and hence is summable. So,

Assumption 5 holds.
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Subweibull VAR To show that (Z;) satisfies Assumptions 2 and 6, we establish

that (Z;) is geometrically ergodic. To show the latter, we use Propositions 1 and 2

in Liebscher [2005] together with the equivalence between (Z;) and (Z;) and Fact 2.

To apply Proposition 1 in Liebscher [2005], we check the three conditions one by

one. Condition (i) is immediate with m = 1, E = RP, and p is the Lebesgue

measure. For condition (ii), we set £ = R?, 1 to be the Lebesgue measure, and m =

[inf,ccpea ||u —v||y] the minimum “distance” between the sets C' and A. Because

C is bounded and A Borel, m is finite. Lastly, for condition (iii), we again let

E =RP, i to be the Lebesgue measure, and now the function Q(-) = ||-|| and the set

K={zeRr: |z| < w} where ¢ =1 — H‘A‘H Then,

e Recall from model assumption that H)A‘H < 1; hence,

)< (1-3) el -«

E [H Zt—H gt+1

2= <|Jo

2]+ E(

for all z € E\K

e Forall z € K,
&

ce

2E)

E [H Zt+1 gt+1

2= <[

<[4]

e Forall z € K,

O

QE)

0 <]l <

ce

Now, by Proposition 1 in Liebscher [2005], (Z;) is geometrically ergodic; hence (Z;)

will be stationary. Once it reaches stationarity, by Proposition 2 in the same pa-

per, the sequence will be f-mixing with geometrically decaying mixing coefficients.

Therefore, Assumptions 2 and 6 hold.
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We are left with checking Assumption 7. Let v be the subweibull parameter associ-

ated with (&).

Assume that the spectral radius of A is smaller than 1; i.e. 7(A) < 1. This is an

equivalent notion of stability of VAR process.

By the definition of the spectral radius,
lim [ A™ Y™ = r(A) <1
m—0o0
In other words, there exists a positive integer k < oo such that H|AkH| < 1.

By the recursive nature of the time series,

k
1Zills, < MASNIZelle, + 3 A E-psille,

=1

To simplify notation, let C; := H}Ak_’m Using stationarity, we have the following

e, i
1Zly, < ——02 ¢ | < oo
Y= 1 — AR 2

i=1

The last inequality follows because C; < oo, Vi =1,--- | k.

Thus, the sequence (Z;) satisfies Assumption 7.

2.8.2 VAR with Misspecification

Assumption 3 is immediate from model definitions. By the same arguments as in
Chapter 2.8.1, (Z;, =) are stationary and so is the sub-process (Z;); Assumption 2
holds. Again, (Z;, =) satisfy Assumption 5 (for Example 2) and Assumption 6 (for
Example 4) according to Chapter 2.8.1. By Fact 2, we have the same Assumptions

hold for the respective sub-processes (Z;) in the respective cases.

To show that (0*) = Azz+Az=2=7(0)(X2(0))!, consider the following arguments.
By Assumption 2, we have the auto-covariance matrix of the whole system (Z;, Z;)

as
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Yx(0) Xx=(0)
X(z,3) =

Recall our ©* definition from Eq. (2.2.1)

O* := argminE (HZt - B,Zt—1||§>

BeRpXp

Taking derivatives and setting to zero, we obtain
(2.8.3) (0%) =2z(-1)(22)""
Note that
Yz(=1) = Z(zz (=)L :p1,1: pi]
=E(AzzZ 1 +Az=E 0 +E241) 2,

=E(AzzZiZi_y + AgSe 2y + €201 2]

= Azzzz(O) + Azgzgz(O)

by Assumption 2 and the fact that the innovations are iid.

Naturally,
(") = AzzE2(0)(22(0) " + Az=Xz2(0)(22(0)) " = Azz + Azz¥z2(0)(2£(0)

Remark 8. Notice that A z= is a column vector and suppose it is 1-sparse, and Az,
is p-sparse, then ©* is at most 2p-sparse. So Assumption 1 can be built in by model

construction.

Remark 9. We gave an explicit model here where the left out variable = was univari-

ate. That was only for convenience. In fact, whenever the set of left-out variables =
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affect only a small set of variables = in the retained system Z, the matrix ©* is guar-
anteed to be sparse. To see that, suppose = € R? and A z=z has at most sy non-zero

rows (and let Az to be s-sparse as always), then ©* is at most (sop + s)-sparse.

Lastly, for Example 2, the sub-process (Z;) is Gaussian because is obtained from
a linear transformation of (Z;, =;) which is Gaussian; we have Assumption 4. For
Example 4, note that Z, = M(Z;, Z;) where M = [I,,,0; 0/, 0] is a sub-setting matrix
that selects the first p entries of a (p + 1)-dimensional vector. Hence, the fact that
Z; is subweibull follows from the same arguments in Chapter 2.8.1 pertaining to
establishing the subweibull property in conjunction with applying Lemma I1.12 on

Zy = M(Z;, Z,); so, Assumption 7 holds.

Remark 10. Any VAR(d) process has an equivalent VAR(1) representation (Lutke-

pohl 2005). Our results extend to any VAR(d) processes.

2.8.3 ARCH

Verifying the Assumptions. To show that Assumption 6 hold for a process defined
by Eq. (2.4.1) we leverage on Theorem 2 from Liebscher [2005]. Note that the original
ARCH model in Liebscher [2005] assumes the innovations to have positive support
everywhere. However, this is just a convenient assumption to establish the first
two conditions in Proposition 1 (on which proof of Theorem 2 relies) from the same
paper. ARCH model with innovations from more general distributions (e.g. uniform)
also satisfies the first two conditions of Proposition 1 by the same arguments in the

Subweibull paragraph of Chapter 2.8.1.

Theorem 2 tells us that for our ARCH model, if it satisfies the following conditions,

it is guaranteed to be absolutely regular with geometrically decaying (-coefficients.
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e & has positive density everywhere on R? and has identity covariance by con-

struction.
e X(z) = o(||z||) because m € (0,1).
o IIS(2) I < 1/(ac), |det (S(2))| < be

o r(A) <[JAfl <1

So, Assumption 6 is valid here. We check other assumptions next.

Mean 0 is immediate, so we have Assumption 3. When the Markov chain did not
start from a stationary distribution, geometric ergodicity implies that the sequence
is approaching the stationary distribution exponentially fast. So, after a burning

period, we will have Assumption 2 approximately valid here.

The subweibull constant of 3(Z;_1)&; given Z;, ;1 = z is bounded as follows: for every

2,

IE(2)E,, < IIEE)IHIE by Lemma II.12

s,

< Ker =: KE

where K, := sup H&M
t

By the recursive relationship of (Z;);, we have

1Zelly, < WA Zealls, + K-

s,

which yields the bound || Z;||,, < Kg/(1—||A]||) < co. Hence Assumption 7 holds.

ly,
We will show below that ©* = A’. Hence, sparsity (Assumption 1) can be built in

when we construct our model 2.4.1.
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Recall Eq. 2.8.3 from Chapter 2.8.2 that
0" =3y (~1)(27)~"
Now,

Yz(-1)=EZZ,_, by stationarity
—E(AZ 1+ 5(Z)E) 7, Eq. (2.4.1)
=AEZ, 1 Z] |+ EX(Zi1)6 7,
= AXz + Elcclip,, (1 Ze-1]") £:2; 4]
=AYz + E[c& Z; s clip, ([ Zea][™)]
=AY, + cE[E)E [Z,_iclip,y, (| Zi-1]|™)] i.i.d. innovations

=AX, & mean 0,

where clip,, () := min{max{z, a}, b} for b > a.

Since Yy is invertible, we have (0*) = Xz(—1)(Xz)"! = A.



CHAPTER III

Lasso Guarantees for Time Series Estimation Under
Subgaussian Tails and f-Mixing

3.1 Introduction

Efficient estimation methods in high dimensional statistics [Bithlmann and Van
De Geer, 2011, Hastie et al., 2015] include methods based on convex relaxation
(see, e.g., Chandrasekaran et al. [2012], Negahban et al. [2012]) and methods using
iterative optimization techniques (see, e.g., Beck and Teboulle [2009], Agarwal et al.
[2012], Donoho et al. [2009]). A lot of work in the past decade has improved our
understanding of the theoretical properties of these algorithms. However, the bulk of
existing theoretical work focuses on 7id samples. The extension of theory and algo-
rithms in high dimensional statistics to time series data is just beginning to occur as
we briefly summarize in Section ?? below. Note that, in time series applications, de-
pendence among samples is the norm rather than the exception. So the development
of high dimensional statistical theory to handle dependence is a pressing concern in

time series estimation.

In this chapter, we give guarantees for ¢;-regularized least squares estimation, or
Lasso [Hastie et al., 2015], that hold even when there is temporal dependence in data.

Recently, Basu and Michailidis [2015] took a step forward in providing guarantees for

60
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Lasso in the time series setting. They considered Gaussian VAR models with finite
lag (see Example 6) and defined a measure of stability using the spectral density,
which is the Fourier transform of the autocovariance function of the time series. Then
they showed that one can derive error bounds for Lasso in terms of their measure
of stability. Their bounds are an improvement over previous work [Negahban and
Wainwright, 2011, Loh and Wainwright, 2012, Han and Liu, 2013] that assumed
operator norm bounds on the transition matrix. These operator norm conditions
are restrictive even for VAR models with a lag of 1 and never hold if the lag is
strictly larger than 1! Therefore, the results of Basu and Michailidis [2015] are very

interesting. But they do have limitations.

A key limitation is that Basu and Michailidis [2015] assume that the VAR model
is the true data generating mechanism (DGM). Their proof techniques rely heavily
on having the VAR representation of the stationary process available. The VAR
model assumption, though popular, can be restrictive. The VAR family is not closed
under linear transformations: if Z; is a VAR process then C'Z; may not expressible
as a finite lag VAR [Liitkepohl, 2005]. We later provides an example (Example 8) of
VAR processes where omitting a single variable breaks down the VAR assumption.
What if we do not assume that Z, is a finite lag VAR process but simply that it is
stationary? Under stationarity (and finite 2nd moment conditions), the best linear
predictor of Z; in terms of Z;_g4,...,Z;_1 is well defined even if Z; is not a lag d
VAR. If we assume that this best linear predictor involves sparse coefficient matrices,
can we still guarantee consistent parameter estimation? This chapter provides an

affirmative answer to this important question.

We provide finite sample parameter estimation and prediction error bounds for Lasso

in stationary processes with subgaussian marginals and geometrically decaying (-
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mixing coefficients (Corollary 111.4). It is well known that guarantees for Lasso fol-
low if one can establish restricted eigenvalue (RE) conditions and provide deviation
bounds (DB) for the correlation of the noise with the regressors (see Theorem 1V.2
in Section 3.6.2 below for a precise statement). Therefore, the bulk of the techni-
cal work in this chapter boils down to establishing, with high probability, that the
RE and DB conditions hold under the subgaussian S-mixing assumptions. (Propo-
sitions I11.2, I11.3). Note that RE conditions were previously shown to hold under
the iid assumption by Raskutti et al. [2010] for Gaussian random vectors and by
Rudelson and Zhou [2013] for subgaussian random vectors. Our results rely on novel
concentration inequality (Lemma II1.1) for S-mixing subgaussian random variables
that may be of independent interest. The inequality is proved by applying a blocking
trick to Bernstein’s concentration inequality for iid random variables. All proofs are

deferred to the appendix.

To illustrate potential applications of our results, we present four examples. Ex-
ample 6 considers a vanilla Gaussian VAR. Example 7 considers VAR models with
subgaussian innovations. Examples 8 is concerned with subgaussian VAR models
when the model is mis-specified. Lastly, we go beyond linear models and introduce
non-linearity in the DGM in Example 9. To summarize, our theory for Lasso in high
dimensional time series estimation extends beyond the classical linear Gaussian set-
tings and provides guarantees potentially in the presence of model mis-specification,

subgaussian innovations and/or nonlinearity in the DGM.

3.2 Preliminaries

Lasso Estimation Procedure for Dependent Data Consider a stochastic process of

pairs (X¢, Y3)22, where X; € RP, Y, € R? V¢. One might be interested in predicting



63

Y; given X;. In particular, given a depedndent sequence (Z;)__,, one might want
to forecast the present Z; using the past (Z;_q4,...,Zs—1). A linear predictor is a
natural choice. To put it in the regression setting, we identify Y, = Z;, and X; =
(Zi—dqy- -, Zi—1). The pairs (X;,Y;) defined as such are no longer iid. Assuming strict

stationarity, the parameter matrix of interest ©* € RP*? is

(3.2.1) 0* = argmin E[||Y; — ©'X,|7].

OcRPXq

Note that ©* is independent of t owing to stationarity. Because of high dimensionality
(pqg > T), consistent estimation is impossible without regularization. We consider

the Lasso procedure. The /;-penalized least squares estimator O € RPX is defined

as
~ 1
(3.2.2) O = argmin —|| vec(Y — XO)|3 + Az ||vec(0)]|, -
ocrrxa 1’
where

(3.2.3) Y =(Y1,Ys, ..., Yr) € R4 X = (X1, X, ..., Xp) € RT*P,

The following matrix of true residuals is not available to an estimator but will appear

in our analysis:

(3.2.4) W =Y — XO*.

Matrix and Vector Notation  For a symmetric matrix M, let Ay (M) and Apin (M)

denote its maximum and minimum eigenvalues respectively. For any matrix let M,

r(M), [IM]|, [IM]|., and ||[M]|; denote its spectral radius max; {|A\;(M)|}, op-

[ele})

erator norm \/Amax(M'M), entrywise (o, norm max;; M, ;|, and Frobenius norm

tr(M'M) respectively. For any vector v € R?, |[v[|, denotes its £, norm (37, EARES
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Unless otherwise specified, we shall use ||-|| to denote the ¢, norm. For any vector
v € RP, we use ||v]|, and |v]|_ to denote Y P, 1{v; # 0} and max;{|v;|} respec-
tively. Similarly, for any matrix M, [|M]||, = |[vec(M)||, where vec(M) is the vector
obtained from M by concatenating the rows of M. We say that matrix M (resp.
vector v) is s-sparse if |M|, = s (resp. |[v]|, = s). We use v and M’ to denote
the transposes of v and M respectively. When we index a matrix, we adopt the
following conventions. For any matrix M € RP*? for 1 <i < p, 1 < j < g, we define
M]i, j] = M;; := e/Me;, M[i,:] = M. := €M and M[:, j| = M,; := Me; where ¢;
is the vector with all Os except for a 1 in the ith coordinate. The set of integers is

denoted by Z.

For a lag [ € Z, we define the auto-covariance matrix w.r.t. (X Y;); as () =
Sxny () = E[(X4; Yy)(Xepa: Ye)']. Note that 3(—1) = X(I)’. Similarly, the auto-
covariance matrix of lag [ w.r.t. (Xy), is ¥x(I) := E[X;X[,,], and wrt. (Y;), is

Yy (1) = EVY/

1. The cross-covariance matrix at lag [ is Xxy(I) := E[X,Y/,,].

Note the difference between ¥(x,y(l) and Xx y(I): the former is a (p 4+ ¢q) x (p+ ¢)
matrix, the latter is a p x ¢ matrix. Thus, ¥ x,y)(l) is a matrix consisting of four
sub-matrices. Using Matlab-like notation, ¥x,v)(l) = [Ex, Xx,v; Xy,x, Zy]. As per
our convention, at lag 0, we omit the lag argument [. For example, ¥y y denotes

Sy (0) = E[X,Y]].

A Brief Introduction to the 5-Mixing Condition ~ Mixing conditions [Bradley, 2005]
are well established in the stochastic processes literature as a way to allow for de-
pendence in extending results from the iid case. The general idea is to first define a
measure of dependence between two random variables X, Y (that can vector-valued

or even take values in a Banach space) with associated sigma algebras o(X),o(Y).
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In particular,
1
BX,Y) = sup 2 ; |P(A; N B;) — P(A;)P(B;)|
where the last supremum is over all pairs of partitions {Ay,..., A;} and {By, ..., B}

of the sample space Q such that A; € o(X),B; € o(Y) for all i,j. Then for a

[e.9]

stationary stochastic process (X;)2

one defines the mixing coefficients, for [ > 1,

6(” - 5(X—oo:t7 Xt+l:<>o>~

The S-mixing condition has been of interest in statistical learning theory for obtaining
finite sample generalization error bounds for empirical risk minimization [Vidyasagar,
2003, Sec. 3.4] and boosting [Kulkarni et al., 2005] for dependent samples. There is
also work on estimating S-mixing coefficients from data [Mcdonald et al., 2011]. At
the same time, many interesting processes such as Markov and hidden Markov pro-
cesses satisfy a S-mixing condition [Vidyasagar, 2003, Sec. 3.5]. Before we continue,
we note an elementary but useful fact about mixing conditions, viz. they persist

under arbitrary measurable transformations of the original stochastic process.

Fact 7. Suppose a stationary process {U;}’_, is [S-mixing. Then the stationary
sequence {f(U;)}l_,, for any measurable function f(-), also is mixing in the same

sense with its mixing coefficients bounded by those of the original sequence.

3.3 Main Results

We start with introducing two well-known sufficient conditions that enable us to
provide non-asymptotic guarantees for Lasso estimation and prediction errors — the
restricted eigenvalue (RE) and the deviation bound (DB) conditions. Note that in the

classical linear model setting (see, e.g., Chap. 2.3 in Hayashi [2000]) where sample
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size is larger than the dimensions (n > p), the conditions for consistency of the
ordinary least squares (OLS) estimator are as follows: (a) the empirical covariance
matrix X'X/T L Q and Q invertible, i.e., Amin(®) > 0, and (b) the regressors and

the noise are asymptotically uncorrelated, i.e., X'W /T — 0.

In high-dimensional regimes, Bickel et al. [2009], Loh and Wainwright [2012] and Ne-
gahban and Wainwright [2012] have established similar consistency conditions for
Lasso. The first one is the restricted eigenvalue (RE) condition on X'X /T (which
is a special case, when the loss function is the squared loss, of the restricted strong
convezity (RSC) condition). The second is the deviation bound (DB) condition on
X'W. The following lower RE and DB definitions are modified from those given by

Loh and Wainwright [2012].

Definition 5 (Lower Restricted Eigenvalue). A symmetric matrix I' € RP*? satisfies
a lower restricted eigenvalue condition with curvature o > 0 and tolerance 7(7', p) > 0
if

Vo e R, o'Tv > a [lo]3 = ~(T.p) Jo].
Definition 6 (Deviation Bound). Consider the random matrices X € RT*? and
W € RT*? defined in (3.2.3) and (3.2.4) above. They are said to satisfy the deviation
bound condition if there exist a deterministic multiplier function Q(X, W, ©*) and

a rate of decay function R(p, ¢, T') such that:

1 *
ZIXWII, < Q(X, W, 0" (p, . T).

We will show that, with high probability, the RE and DB conditions hold for depen-
dent data that satisfy Asumptions 9-13 described below. We shall do that without

assuming any parametric form of the data generating mechanism. Instead, we will
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assume a subgaussian tail condition on the random vectors X;,Y; and that they

satisfy the geometrically S-mixing condition.

3.3.1 Assumptions

Assumption 9 (Sparsity). The matrix ©* is s-sparse, i.e. ||vec(©)], < s.

Assumption 10 (Stationarity). The process (X, Y;) is strictly stationary: i.e.,

Vt, 7, n >0,

d
((Xt7 Yt)a T (Xt+n7 Y;f+n>> = ((Xt+7'7 }/;JrT)? R (Xt+7—+n> }/t+‘l'+’n))'

(13

where “£” denotes equality in distribution.

Assumption 11 (Centering). We have, V¢, E(X;) = 0,x1, and E(Y;) = Ogx1 -

The thin tail property of the Gaussian distribution is desirable from the theoretical
perspective, so we would like to keep that but at the same time allow for more
generality. The subgaussian distributions are a nice family characterized by having
tail probabilities of the same as or lower order than the Gaussian. We now focus
on subgaussian random vectors and present high probabilistic error bounds with all

parameter dependences explicit.

Assumption 12 (Subgaussianity). The subgaussian constants of X; and Y; are
bounded above by /Kx and /Ky respectively. (Please see Section 3.6.1 for a

detailed introduction to subgaussian random vectors. )

(Classically, mixing conditions were introduced to generalize classic limit theorems in
probability beyond the case of iid random variables [Rosenblatt, 1956]. Recent work
on high dimensional statistics has established the validity of RE conditions in the

iid Gaussian [Raskutti et al., 2010] and iid Subgaussian cases [Rudelson and Zhou,
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2013]. One of the main contributions of our work is to extend these results in high

dimensional statistics from the iid to the mixing case.

Assumption 13 (#-Mixing). The process ((X,Y:)), is geometrically S-mixing, i.e.,

there exists some constant ¢z > 0 such that VI > 1, 5(1) < exp(—csl),

The S-mixing condition allows us to apply the independent block technique developed
by Yu [1994]. For examples of large classes of Markov and hidden Markov processes
that are geometrically S-mixing, see Theorem 3.11 and Theorem 3.12 of Vidyasagar
[2003]. In the independent blocking technique, we construct a new set of independent
blocks such that each block has the same distribution as that of the corresponding
block from the original sequence. Results of Yu [1994] provide upper bounds on the
difference between probabilities of events defined using the independent blocks versus
the same event defined using the original data. Classical probability theory tools for
independent data can then be applied on the constructed independent blocks. In
Section 3.6.3, we apply the independent blocking technique to Bernstein’s inequality

to get the following concentration inequality for S-mixing random variables.

Lemma ITI.1 (Concentration of f-Mixing Subgaussian Random Variables). Let Z =
(Zy1,...,2Z7) consist of a sequence of mean-zero random variables with exponentially
decaying B-mizing coefficients as in 13. Let K be such that max/_, [|Z,],, < VK.

Choose a block length ar > 1 and let ur = |T/(2ar)|. We have, for any t > 0,

1 . [ ur t
PLEIZIE - ENZIE) > ) <dexp (~Comin {227, %2}

—2t
+ 2(pur — 1) exp (—cpar) + exp ( KMT) .
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In particular, for 0 <t < K,

1
P| =121l — B[ 2|5l > ¢

t2
<4exp (—C’Bﬂ)

—2t
+ 2(ur — 1) exp (—cgar) + exp < K’uT) .

Here Cg is the universal constant appearing in Bernstein’s inequality (Proposition I11.7).

Remark 11. The three terms in the bound above all have interpretations: the first is
a concentration term with a rate that depends on the “effective sample size” pur, the
number of blocks; the second is a dependence penalty accounting for the fact that
the blocks are not exactly independent; and the third is a remainder term coming
from the fact that 2a; may not exactly divide T. The key terms are the first two and
exhibit a natural trade-off: increasing ar worsens the first term since pur decreases,

but it improves the second term since there is less dependence at larger lags.

3.3.2 High Probability Guarantees for the Lower Restricted Eigenvalue and Deviation
Bound Conditions

We show that both lower RE and DB conditions hold, with high probability, under

our assumptions.

Proposition IT1.2 (RE). Suppose Assumptions 9-13 hold. Let Cg be the Berstein’s

inequality constant, C' = min{Cp, 2}, b = min{@)\min(Zx), 1} and ¢ = § max{cg, Cb?}.

Then for T > (%log(p))g, with probability at least 1 — 5exp <—C’T%) — 2(T% _
1) exp <—05T%> , we have for every vector v € RP,

VT > as ||v]|* = (T, p) ||U||f,

where g = %)\min(Ex) , and 7o(T,p) = 27bK x log(p)/cT% )
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Proposition I11.3 (Deviation Bound). Suppose Assumptions 9-13 hold. Let K =

VEy +VKx (14 |0*]]) and & € (0,1) be a free parameter. Then, for sample size

K4 117 2 %
T > max { (log(pq) max {— K2}> : {— log(pq)} } :
2Cp g

we have
1 *
P | I Wl < QX W.6)R(.0.7)]
1 1-¢ 1 e
>1—15exp —§log(pq) —6(T" > —1)exp —ECBT
where
o [2K4 _[log(pq)

@(X7 Wu@ ) - C_B’ R<pJQ7T) - T1-¢ :

Remark 12. Since £ € (0, 1) is a free parameter, we choose it to be arbitrarily close to

zero so that R(p, ¢, T) scales at a rate arbitrarily close to %. However, there is
a price to pay for this: both the initial sample threshold and the success probability

worsen as we make & very small.

3.3.3 Estimation and Prediction Errors

The guarantees below follow easily from plugging the RE and DB constants from
Propositions I11.2 and II1.3 into a “master theorem” (Theorem IIL5 in Section 3.6.2).
The “master theorem”, in various forms, is well-known in the literature (e.g., see

Bickel et al. [2009], Loh and Wainwright [2012], Negahban and Wainwright [2012]).

Corollary III.4 (Lasso Guarantee under Subgaussian Tails and S-Mixing). Suppose

Assumptions 9-13 hold. Let Cg,C,c,b and K be as defined in Propositions II11.2 and



71

111.3 and C := min{C, cgt. Let & € (0,1) be a free parameter. Then, for sample size
2 2
T > max log(p) max % s 10,
& )\min(EX)
K4 T 2 3
<log(pcI) maX{E,W}) : b 10g(m)} }

we have with probability at least

1 1 1 ~ 1
1 —15exp (—5 log(pq)) —6(T* ¢ — 1) exp (—icﬁTg) —5(T2 —1)exp (—C’Ti)

the Lasso estimation and (in-sample) prediction error bounds

(3.3.1) Hvec@ — 09| < 4v5Mr/a,
Y R 2
(3.3.2) ‘H(@ — )16 - 0 i < 322T3.
hold with
0= Auin(5), A = 4Q(X, W.0")R(p.q.7)
where

. 4
.= X' X/T, Qx, we)— 22 RpgT) - —logl(f)Q) .
Cp ¢

Remark 13. The condition number of Xy plays an important part in the literature
of Lasso error guarantees [Loh and Wainwright, 2012, e.g.]. Here, we see that the
role of the condition number Ayax (X x)/Amin(Zx) is replaced by Kx /Anin(Xx) that

now serves as the “effective condition number.”

3.4 Examples

We explore applicability of our theory beyond just linear Gaussian processes using

the examples below. In the following examples, we identify X; := Z; and Y; := Z;1,
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for t = 1,...,T. For the specific parameter matrix ©* in each Example below, we
can verify that Assumptions 9-13 hold (see Section 3.6.5) for details. Therefore,
Propositions I11.2 and II1.3 and Corollary I11.4 follow. Hence we have all the high
probabilistic guarantees for Lasso on data generated from DGM potentially involving

subgaussianity, model mis-specification, and/or nonlinearity.

Example 6 (Gaussian VAR). Transition matrix estimation in sparse stable VAR
models has been considered by several authors in recent years [Davis et al., 2015,
Han and Liu, 2013, Song and Bickel, 2011]. The Lasso estimator is a natural choice

for the problem.

We state the following convenient fact because it allows us to study any finite order
VAR model by considering its equivalent VAR(1) representation. See Section 3.6.5

for details.

Fact 8. Every VAR(d) process can be written in VAR(1) form (see e.g. [Liitkepohl,

2005, Ch 2.1]).

Therefore, without loss of generality, we can consider VAR(1) model in the ensuing

Examples.

Formally a first order Gaussian VAR(1) process is defined as follows. Consider a
sequence of serially ordered random vectors (Z;), Z; € RP that admits the following

auto-regressive representation:
(3.4.1) Zy=AZ, 1+ &

where A is a non-stochastic coefficient matrix in RP*? and innovations & are p-

dimensional random vectors from N(0,3.) with Apin(Ze) > 0 and A\pax (X)) < o0.
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Assume that the VAR(1) process is stable; i.e. det (Ix, — Az) # 0, V|z| < 1. Also,

assume A is s-sparse. In here, ©* = A’ € RP*P,

Example 7 (VAR with Subgaussian Innovations). Consider a VAR(1) model defined
as in Example 6 except that we replace the Gaussian white noise innovations with
subgaussian ones and assume |[||A|| < 1.

For example, take iid random vectors from the uniform distribution; i.e. Vt, & “
U ([—\/3, \/ﬂp). These &; will be independent centered isotropic subgaussian ran-
dom vectors, giving us we a VAR(1) model with subgaussian innovations. If we take

a sequence (Z;) 1! generated according to the model, each element Z; will be a mean

zero subgaussian random vector. Note that ©* = A’

Example 8 (VAR with subgaussian Innovations and Omitted Variable). We will
study estimation of a VAR(1) process when there are endogenous variables omit-
ted. This arises naturally when the underlying DGM is high-dimensional but not
all variables are available/observable/measurable to the researcher to do estima-
tion/prediction. This also happens when the researcher mis-specifies the scope of

the model.

Notice that the system of the retained set of variables is no longer a finite order
VAR (and thus non-Markovian). This example serves to illustrate that our theory

is applicable to models beyond the finite order VAR setting.

Consider a VAR(1) process (Z;, =)' such that each vector in the sequence is

generated by the recursion below:

(Z1;2) = A(Zi—1;2021) + (2421 E=4-1)
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where Z, ¢ R?, £, € R, £z, € RP, and &=, € R are partitions of the random vectors

(Z;, =) and & into p and 1 variables. Also,

Azz Agzs
A =
A=y A==
is the coefficient matrix of the VAR(1) process with A z= 1-sparse, Az, p-sparse and
Al < 1. & == (Exi-1;E24-1) for t = 1,...,T 4+ 1 are iid draws from a subgaus-

sian distribution; in particular we consider the subgaussian distribution described in

Example 7.

We are interested in the OLS 1-lag estimator of the system restricted to the set of

variables in Z;. Recall that

O* := argminE (HZt - B/Zt—1||§>
BeRprXp

We show in the chapter that (0*) = Azz + Az=Y=2(0)(Xz) ! is sparse.

Example 9 (Multivariate ARCH). We will explore the generality of our theory by
considering a multivariate nonlinear time series model with subgaussian innovations.
A popular nonlinear multivariate time series model in econometrics and finance is
the vector autoregressive conditionally heteroscedastic (ARCH) model. We chose the
following specific ARCH model for convenient validation of the geometric S-mixing
property; it may potentially be applicable to a larger class of multivariate ARCH
models. Consider a sequence of random vector (Z;)_}' generated by the following

recursion. For any constants ¢ > 0, m € (0,1), a > 0, and A sparse with [|A|| < 1:

Zt - AZt_l + E(Zt_l)gt
(3.4.2)

5(2) = c-clipgy ([[2]]™) Tpxp
where & are iid random vectors from some subgaussian distribution and clip,; ()

clips the argument x to stay in the interval [a, b]. We can take innovations & to be iid



(0]

random vectors from uniform distribution as described in Example 7. Consequently,
each Z; will be a mean zero subgaussian random vector. Note that ©* = A’, the

transpose of the coefficient matrix A here.

3.5 Simulations

Corollary II1.4 in Section 3.3 makes a precise prediction for the ¢, parameter er-

ror

‘@* — ém . We report scaling simulations for Examples 6-9 to confirm the
F

sharpness of the bounds.

Sparsity is always s = ,/p, noise covariance matrix Y. = I,, and the operator
norm of the driving matrix set to [|A]| = 0.9. The problem dimensions are p €
{50, 100,200, 300}. Top left, top right, bottom left and bottom right sub-figures in

Figure 3.1 correspond to simulations of Examples 6, 7, 8 and 9 respectively.

In all combinations of the four dimensions and Examples, the error decreases to zero
as the sample size n increases, showing consistency of the method. In each sub-figure,

the /5 parameter error curves align when plotted against a suitably rescaled sample

T
slog(p)

size ( ) for different values of dimension p. We see the error scaling agrees nicely

with theoretical guarantees provided by Corollary II1.4.

3.6 Supplement

3.6.1 Sub-Gaussian Constants for Random Vectors

The sub-Gaussian and sub-Exponential constants have various equivalent definitions,

we adopt the following from Rudelson and Vershynin [2013].
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size for Examples 6-9.
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Definition 7 (Sub-Gaussian Norm and Random Variables/Vectors). A random vari-

able U is called sub-Gaussian with sub-Gaussian constant K if its sub-Gaussian norm
_1
U, :=supp 2(E|U[)"/?
p>1

satisfies ||U][,, < K.

A random vector V' € R" is called sub-Gaussian if all of its one-dimensional projec-

tions are sub-Gaussian and we define

VI, = sup V'V
V]I, UeRn:”v”SlH [

Definition 8 (Sub-exponential Norm and Random Variables/Vectors). A random
variable U is called sub-exponential with sub-exponential constant K if its sub-

exponential norm
U1, == supp " (E|U")"/?
p=1
satisfies ||U]],, < K.

A random vector V' € R" is called sub-exponential if all of its one-dimensional

projections are sub-exponential and we define

Ull,, == sup [0V
V1, = s 14V,

Fact 9. A random variable U is sub-Gaussian iff U? is sub-exponential with || Hsz =
2
1T, -

3.6.2 Proof of Master Theorem

We present a master theorem that provides guarantees for the ¢y parameter esti-

mation error and for the (in-sample) prediction error. The proof builds on existing
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result of the same kind [Bickel et al., 2009, Loh and Wainwright, 2012, Negahban
and Wainwright, 2012] and we make no claims of originality for either the result or

for the proof.

Theorem IIL.5 (Estimation and Prediction Errors). Consider the Lasso estimator
@) defined in (3.2.2). Suppose Assumption 9 holds. Further, suppose that D=
X X/T satisfies the lower RE(a,T) condition with o > 32st and X' W satisfies the

deviation bound. Then, for any A\ > 4Q(X, W,0*)R(p, q,T), we have the following

quarantees:

(3.6.1) Hvec@—@*) < 4/shr/a,
- P 2 32)\%s

6.2 —-eNT(e -] <.

502 6 -errr-en <™

Proof of Theorem IV.2. We wil break down the proof in steps.

1. Since © is optimal for 3.2.2 and ©* is feasible,

2 -~ ]_ * *
=38l B, = o -5 n

2. Let A := O — ©* € RPx¢

LIRA[[ < 2eaxew) + ap (fvec©r)l, - [vec®)]| )
Note that
Hvec(@* + A)Hl — |[vec(©)|; >{|lvec(©%), — ‘ Vec(AS)HI}
+ Hvec(Agc) T [|[vec(©¥)]],
= Hvec(Agc) X vec(Ag) .

where S denote the support of ©*.
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3. With RE constant « and tolerance 7, deviation bound constant Q(Xx, X )

and A\r > 2Q(Xx, Xw) @, we have

~ 1112 N
ol [A]| ~rlivee(d) I}

¢ lmxmn%
% tr(A/ —i—/\T{Hvec(As)Hl - Hvec(ASc) 1}
< % Al IO W)l 4+ A [ vee(As)|| = |[vee(dse)]| )
< 2 vec( AN I WIl, + Arf|[vee(ds)| — [vec(dsn)]| 3
< 2] vee(A) hQ(Sx, )R (p, 0, T) + Ard [ vee(Ag)| — [[vec(Ase)| }
< llvee(A) [1hw/2 + A |vee(As) | = [[vee(Aso)|| }
<2 o], - [t

<2\p Hvec(A)

’ 1

4. In particular, this says that 3 Hvec(AS)H > Hvec(ASc)
1 1

So Hvec(A) ‘1 <4 Hvec(As)Hl < 4\/§Hvec(A)H

5. Finally, with a > 32sT,

2

a vec(A) ‘2

< (v — 16sT7) HVGC(A)H

F F

2

< a|vec(B)|, - 7l vee( &)1

< 27| vee(A)|y

< 25| Allr

PRING

‘ F (6]

Hvec(A)
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7. From step 4, we have

1 NIIE A
— <
LIA[J7 < 30 )

Then, from step 6

‘XAH‘; < 8\rv/s Hvec(A)

1
TH ‘ < 32M\is/a

3.6.3 Proofs for Sub-Gaussian Random Vectors under 5-Mixing

Proof of Lemma III.1.

Following the description in Yu [1994], we divide the stationary sequence of real
valued random variables {Z;}L , into 2uz blocks of size ar with a remainder block
of length T' — 2urar. Let H and T be sets that denote the indices in the odd and
even blocks respectively, and let Re to denote the indices in the remainder block. To

be specific,

O = UL, 05 where Oj:={i:2(j — l)ap +1 <4 < (2§ — L)ar}, Vj

E:=UZE; where Bj = {i: (2] — )ar +1 <i < (2f)ar}, Vj

Let Z, := {Z; : t € O} be a collection of the random vectors in the odd blocks.
Similarly, Z, := {Z; : t € E'} is a collection of the random vectors in the even blocks,
and Z, := {Z; : t € Re} a collection of the random vectors in the remainder block.

Lastly, Z := Zpo U Z, U Z,

Now, take a sequence of i.i.d. blocks {Zoj :j = 1,--+, i} such that each Zoj is

independent of {Z;}Z_, and each Zoj has the same distribution as the corresponding
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block from the original sequence {Z; : j € O;}. We construct the even and remainder
blocks in a similar way and denote them {Z g, j=1,--+,u} and Zge respectivey.
Zo = u;‘;ZO]. (Zg = U?‘LZEJ.) denote the union of the odd(even) blocks.

For the odd blocks: Vit > 0,

PIIIZIE ~ E(1Z3)] >
= EL{2I1Z]3 ~ E(IZI3)]} > o)
< EL{AZIE ~ENZ D)} > 1] + (e — 1Blar)
= B[ 2ol ~ EQVZIB) > 3] + (ter — 1)Blar)

1 HT B _
= P[”—Tl D N1 Zoill5 = B(11Z6,]13)| > tar] + (ptar — 1)B(ar)
=1
[ tPur t
< 2exp { ~Camin { T I+ (i, — 1)5(0r)

Where the first inequality follows from [Yu, 1994, Lemma 4.1] with M = 1. By Fact

2
(9), the corresponding sub-exponential constant of each ‘ Zo,|| < arK where K is

the sub-exponential norm because of fact 9. With this, the second inequality follows

from the Bernstein’s inequality (Proposition (II1.7)) with some constant C'g > 0.

Then
[ Pur tpr
2exp {—CB min {?, (" (Har —1)B(ar)
< 2exp{ —Cpmin Gl tr + (pr — 1) exp{—cpar}
- K2 K b
So,

2 . [ ur t
PLNIZIE-B(IZIR)] > 1 < 2exp { ~Comin {2, B L (ur 1) exp{-caar)
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Taking the union bound over the odd and even blocks,

1 . [ ur t
PLEIZIB-B(ZIB) > 8 < texp { ~Comin { 1, 2 b or 1) exp{—cpor)

For 0 <t < K, it reduces to

1 t2
B[ [1Z]13 ~ E(IZIB)| > ] < 4exp {—CB%} + 2(ur — 1) exp{—cpar}

For the remainder block, since || Z, |3 has sub-exponential constant at most apK <

KT/(2ur), we have

P | 218~ U2 > o] <o () <o ()

Together, by union bound

1 t? —2t
P | 7218~ EIZI) > ] < dexp{-Co" i b 2ur—D) exp{-coar}+oxp{ L)

KQ

O

Proof of Proposition I11.2. Recall that the sequence Xi,---, Xy € RP form a -

mixing and stationary sequence.

Now, fix a unit vector v € R, ||v]|* = 1.

Define real valued random variables Z; = Xjv, t = 1,--- | T. Note that the § mixing
rate of {Z;}1_, is bounded by the same of {X;}7, by Fact 7. We suppress the X

subscript of the sub-Gaussian constant v/ K x here, and refer it as v K.

We can apply Lemma I11.1 on Z := {Z;}_,. Set t = bK. We have,
1
P| 511211 = E(I1Z113)] > 0K | < dexp {=Cpbur} + 2 — 1) exp{—csar} + exp{—bpr}

< 5exp{—min{Cp, 2}b*pr} + 2(ur — 1) exp{—cga, }
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Using Lemma F.2 in Basu and Michailidis [2015], we extend the inequality to hold

for all vectors J(2k), the set of unit norm 2s-sparse vectors. We have

1
P | sup —|[Z]3 - E([Z]3)] > bK

vel(zky T

< 5exp{—Cb’ur + 3klog(p)} + 2(1: — 1) exp{—cga; + 3klog(p)}

The constant C' is defined as C' := min{Cjp, 2}.

Recall I := X/TX, the above concentration can be equivalently expressed as

P | sup ‘v’ (f — EX(O)> v’ <bK
veJ(2k)

> 1 — 5exp{—Cb’ur + 3klog(p)} — 2(ur — 1) exp{—cga, + 3k log(p)}

Finally, we will extend the concentration to all v € R? to establish the lower-RE
result. By Lemma 12 of Loh and Wainwright [2012], for parameter £ > 1, w.p. at

least

1 — 5exp{—Cb’ur + 3klog(p)} — 2(s — 1) exp{—cpa; + 3klog(p)}

we have

" 1
v (p - EX(())) U‘ < 27TKD [an? + ||v||?}

This implies that

27TbK

o'To 2 [[o]]* Puin (Ex (0)) — 27bK] — o]l

w.p. 1 — 5exp{—Cb*ur + 3klog(p)} — 2(u: — 1) exp{—cga; + 3klog(p)}.
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Now, choose set k = min {Cb? 4, cgar}. Let’s choose that, for some € € (0, 1),

610g(

=T¢ and pp = T'¢. Then,

1 1
= c—— min{ar, ur} = c—— min{7T¢, T*¢
log(p) tor.pr} log(p) t /

Where ¢ = § max{cg, Cb?}. To ensure k > 1, we require T’ > (1 log(p))min{g’fﬁ}

With these specifications, We have for probability at least

1-— 5exp{—0b2T%} - 2(T% - 1) exp{—cﬁT%/Q}

that
. 27bK log(p)
/ 2 2
T2 ol Do (Bx(0)) — 270K] — e 8 ol
Now, choose ¢ = % since it optimizes the rate of decay in the tolerance parameter.

Also, choose b = min{ sz Amin(Ex(0)), 1}; this ensures that Ay (2x(0)) — 270K >

3 Amin (8x(0)).

In all, for 7 > (1 log(p))2 w.p. at least

1 — 5exp{—Cb T2} —2(T2 — 1) exp{—csT% /2}

270K log( )

. 1
V'To > [|0]]? 2 Amin (Zx (0
> ol D (x(0) - T2

loll7 -

Proof of Proposition II1.3.

Recall [|X'W]|, = maxi<icpi<j<q [X'W]ij| = maxi<i<pi<j<q [ X Wyl

Il iy ST P US>



85

By lemma condition (11), we have

EX, =0,¥i and

EY.; =0,Vj
By first order optimality of the optimization problem in (3.2.1), we have
EX (Y — X©*) =0,Vi = EX,;W,; = 0,Vi,j
We know Vi, j

|Xfiwij| - |X,1Wy - E[X/ZW]“
1
=3l (X + W12 = E[| X + W,]%])
— (IXalP? = E[IX.]1%]) = (IW )12 = E[[W,]1%]) |

< 5 11X + Wyl = B[ X + W]

+ N | —

5 I — BIXP]| + 5 (W]~ E[IW %)
Therefore,
P (1 X W[ > 3t)
T
< P (g 14 W2 — B + Wyl > 1) + P 5 (1l ~ EIXAP) > ¢)
+ P (7 W2 — EITW,1P) > ¢)

This suggests proof strategy via controlling tail probability on each of the terms
IXelI? = B[ X P]], W l1* = BIIW 7] and [[[ X + W[ = E[ X + W5 [7]]. As-
suming the conditions in lemma II1.3, we can apply lemma III.1 on each of them.

We have to figure out their sub-Gaussian constants.
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Let’s define
Kw:= sup [[Wy,,
1<t<T,1<j<q
and
Kxiw = sup 1 Xe: + Wi,

U4yl >

. We have to figure out the constants Kw and Kw.x.

Now,

sup sup [[Wy,, < sup [[Wgl[,, by definition of sub-Gaussian random vector
1<t<T 1<i<q 1<t<T

= Wi, by stationarity

Let’s figure out HW1;||¢27

Wl: = Yl: - (XG*)I:

= Yl: - Xl:@*
Thus,
Wiy, < 1Y, + X107, since |||, is a norm
<Y1y, + 1 X, O by lemma I11.6
=V Ky + 07|V Ex by stationarity
Therefore,

(3.6.3) Kw <V Ky + (|0 Kx
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Similarly,

sup Hth'JFWth@Sl sup ||th‘||¢2+1 sup  [|[Wy,

Il oy SRy By PR Sl =

s,
_________

< Xy, + Wy,

< VEKy + VEx (1+[67])

where the last inequality follows from equation (3.6.3).

Therefore,
(3.6.4) Kxiw < VEy + vV Ex (1+ |67
Take

(365) K = maX{Kx, Kw, Kx+w} S \ Ky -+ KX (1 + |||@*|||)

For £ € [0,1], set ar = T¢ and pp = T'%. Applying lemma III.1 three times with

sub-Gaussian constant K, we have
1 /
P T X, W.;| > 3t
1
< P (57 1%+ WP~ B+ W) > t)
1 2 2
+ P (7 |1l = B > ¢

1
P (ﬁ W] — EJIW P > t)

< dexp{—Cp 7l 2T — 1) exp{—cgT"} + exp{—ﬁtT +H
442714 ¢ c 2 e
+ 4exp{—C’BT} +2(T" % — 1) exp{—csT*} + exp{—ﬁtT I3
A2T1-¢ ¢ ¢ 2 e
+ 4exp{—Cp e F+2(T 7% — 1) exp{—csT*} + exp{—ﬁtT 1
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By union bound,

1 1
PIZIIXWIl >3] =P[ _ max _ —|X;Wy| > 3]

1<i<p, 1<5<¢q

A2T1—¢
K4

£271-¢
K4

+ 6(T1_6 -1) exp{—cBTg + log{pq}}

2
< 3pq {4 exp{—Cp }H 2T — 1) exp{—csT¢} + exp{—ﬁtTl_g}}

4
= 12exp{—Cp + log{pq}}

2 _
+ 3 exp{—ﬁtT1 Jun log{pq}}

To ensure proper decay in the probability, we require

T > ma log(pgq) ma uS K? e 210( )1
= X g\rq X 20, ) cs g\rq
¢ K log(pg)
’ 2T17£OB

1<, 72K*log(pq) 1
P f|||XW|HOO> e, < 15exp —510g(PQ)

m
—

With

1
+6(T" % — 1) exp {—ﬁcﬁTE}

where K = /Ky + vVKx (1 + [|©*]])

]

Lemma II1.6. For any sub-Gaussian random vector X and non-stochastic matriz

A. We have

1AX[,, < [[AlXT,,
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Proof. We have,

|AX],, = sup [[VAX],,

l[v]lp<1

= sup [(A%v)X],

flvllo<1

< sup |u'X]|
ful,<IAl v

= [IA[l] sup [lu'X],,

lJull,<1

= (AL, -

3.6.4 Bernstein’s Concentration Inequality

We state the Bernstein’s inequality [Vershynin, 2010, Proposition 5.16] below for

completeness.

Proposition IT1.7 (Bernstein’s Inequality). Let Xy, -+, Xy be independent centered
sub-exponential random variables, and K = max; || Xil|,, . Then for every a =

(a1, -+ ,ayn) € RY and every t > 0, we have
t2 t
P —(C'gp min ,
{ < (wuau; Kuanm”

N
> X
=1
3.6.5 Verification of Assumptions for the Examples

> t} < 2exp

where C'g > 0 is an absolute constant.

VAR

Formally a finite order Gaussian VAR(d) process is defined as follows. Consider
a sequence of serially ordered random vectors (Z,)?, Z, € RP that admits the

following auto-regressive representation:

(366) Zt = Ath,l + -+ Adthd + gt
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where each A,k =1,...,d is a non-stochastic coefficient matrix in RP*? and inno-
vations &; are p-dimensional random vectors from N(0,%,). Assume Ay (X)) > 0

and Apax(2e) < 00.

Note that every VAR(d) process has an equivalent VAR(1) representation (see e.g.

[Liitkepohl, 2005, Ch 2.1]) as

(367) Zt == AZt—l + gt
where
(3.6.8)
- . o A Ay A1 Ay
Zt gt
I, 0 O 0 0
- L . 0 -
Zy = & = and A:= |0 T, 0 0
Zi—d1 0
- = (pdx1) - 7 (pdx1) 0o 0 - I, 0

L 4 (dpxdp)

Because of this equivalence, justification of Assumption 13 will operate through this

corresponding augmented VAR(1) representation.

For both Gaussian and sub-Gaussian VARs, Assumption 11 is true since the se-
quences (Z;) is centered. Second, ©* = (A4, -, Ay). So Assumption 9 follows from

construction.

For the remaining Assumptions, we will consider the Gaussian and sub-Gaussian

cases separately.

Gaussian VAR (Z;) satisfies Assumption 12 by model assumption.

To show that (Z;) is f-mixing with geometrically decaying coefficients, we use the

following facts together with the equivalence between (Z;) and (Z;) and Fact 7.
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Since (Z;) is stable, the spectral radius of A, 7(A) < 1, hence Assumption 10 holds.
Also the innovations £ has finite first absolute moment and positive support every-
where. Then, according to Theorem 4.4 in Tjgstheim [1990], (Z,) is geometrically
ergodic. Note here that Gaussianity is not required here. Hence, it also applies to

innovations from mixture of Gaussians.
Next, we present a standard result (see e.g. [Liebscher, 2005, Proposition 2]).

Fact 10. A stationary Markov chain {Z;} is geometrically ergodic implies {Z;} is

absolutely regular(a.k.a. f-mixing) with

So, Assumption 13 holds.

Sub-Gaussian VAR~ When the innovations are random vectors from the uniform
distribution, they are sub-Gaussian. That (Z;) are sub-Gaussian follows from argu-
ments as in Chapter 3.6.5 with () set to be the identity operator in this case. So,

Assumption 12 holds.

To show that (Z;) satisfies Assumptions 10 and 13, we establish that (Z;) is geomet-
rically ergodic. To show the latter, we use Propositions 1 and 2 in Liebscher [2005]

together with the equivalence between (Z;) and (Z;) and Fact 7.

To apply Proposition 1 in Liebscher [2005], we check the three conditions one by
one. Condition (i) is immediate with m = 1, E = RP, and p is the Lebesgue
measure. For condition (ii), we set £ = R?, 1 to be the Lebesgue measure, and m =
[inf,ccpea ||lu —v||,]| the minimum “distance” between the sets C' and A. Because

C' is bounded and A Borel, m is finite. Lastly, for condition (iii), we again let
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E =RP| i to be the Lebesgue measure, and now the function Q(-) = ||-|| and the set

2E|[& |

K={zeR": |z|| < ——} wherec=1— H‘AH‘ Then,

e Recall from model assumption that H)AH‘ < 1; hence,

)< (1-3) el -«

E || Zn)| £

5= <[4

2]+ E(

for all z € E\K

e Forall z € K,

o ) ~ ] 2]E‘8t
B{|| Ziaf[| 2= ] < || A1t + &b < 4] —
e Forall z € K,
oF ||,
0<|[]z]| <
ce

Now, by Proposition 1 in Liebscher [2005], (Z,) is geometrically ergodic; hence (Z;)
will be stationary. Once it reaches stationarity, by Proposition 2 in the same pa-
per, the sequence will be S-mixing with geometrically decaying mixing coefficients.

Therefore, Assumptions 10 and 13 hold.

VAR with Misspecification

Assumptions: Assumption 11 is immediate from model definitions. By the same
arguments as in Chapter 3.6.5, (Z;, Z;) are stationary and so is the sub-process (Z;);
Assumption 10 holds. Again, (Z;, Z;) satisfy Assumption 13 according to Chapter
3.6.5. By Fact 7, we have the same Assumptions hold for the respective sub-processes

(Z;) in both cases. Assumption 12 holds by the same reasoning as in Chapter 3.6.5.

To show that (0*) = Azz+ Az=%=7(0)(X2(0))~!, consider the following arguments.
By Assumption 10, we have the auto-covariance matrix of the whole system (Z;, Z;)

as
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Yx(0) Xx=(0)
X(z,3) =

Y=x(0) X=(0)
Recall our ©* definition from Eq. (3.2.1)

O* := argminE (HZt - B,Zt—1||§>

BeRpXp

Taking derivatives and setting to zero, we obtain
(3.6.9) (0%) =2z(-1)(22)""
Note that
Yz(=1) = Z(zz (=11 p1,1: pi]
=E(AzzZ, 1 + Az==i1 + E241) Z_4

= E (AZZthlzt/_l + AZEEt,th/_l -+ SZ,tflzt/_]_)

= Azzzz(O) + Azgzgz(O)

by Assumptions 10 and the fact that the innovations are iid.

Naturally,
(") = Azz52(0)(22(0)) " + Az=¥z2(0)(22(0)) " = Azz + Az=X=2(0)(X2(0))

Remark 14. Notice that Az= is a column vector and suppose it is 1-sparse, and Ay
is p-sparse, then ©* is at most 2p-sparse. So Assumption 9 can be built in by model

construction.

Remark 15. We gave an explicit model here where the left out variable = was univari-

ate. That was only for convenience. In fact, whenever the set of left-out variables =
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affect only a small set of variables = in the retained system Z, the matrix ©* is guar-
anteed to be sparse. To see that, suppose = € R? and Az= has at most sy non-zero

rows (and let Azz to be s-sparse as always), then ©* is at most (sop + $)-sparse.

Remark 16. Any VAR(d) process has an equivalent VAR(1) representation (Lutke-

pohl 2005). Our results extend to any VAR(d) processes.

ARCH

Verifying the Assumptions. To show that Assumption 13 holds for a process de-
fined by Eq. (3.4.2) we leverage on Theorem 2 from Liebscher [2005]. Note that the
original ARCH model in Liebscher [2005] assumes the innovations to have positive
support everywhere. However, this is just a convenient assumption to establish the
first two conditions in Proposition 1 (on which proof of Theorem 2 relies) from the
same paper. Our example ARCH model with innovations from the uniform distri-
bution also satisfies the first two conditions of Proposition 1 by the same arguments

in the Sub-Gaussian paragraph of Chapter 3.6.5.

Theorem 2 tells us that for our ARCH model, if it satisfies the following conditions,

it is guaranteed to be absolutely regular with geometrically decaying (-coefficients.

e & has positive density everywhere on R? and has identity covariance by con-

struction.
e X(z) = o(]|z||) because m € (0,1).
o [IZ(2)7HIl < 1/(ac), |det (X(2)) | < be

o r(A) < IAfl <1

So, Assumption 13 is valid here. We check other assumptions next.
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Mean 0 is immediate, so we have Assumption 11. When the Markov chain did not
start from a stationary distribution, geometric ergodicity implies that the sequence
is approaching the stationary distribution exponentially fast. So, after a burning

period, we will have Assumption 10 approximately valid here.
The sub-Gaussian constant of ¥(Z;_1)& given Z;_; = z is bounded as follows: for
every z,
I5()El,, < ISEIEN, by Lemma 1116
< OG- lleédlly,

<= - H U(“/§> ﬁ)‘

P2

S C/Cb =: KE

The second inequality follows since &, ud U ( [—\/5, \/ﬂp> and a standard result that

Fact 11. Let X = (Xy,---,X,) € R? be a random vector with independent, mean
zero, sub-Gaussian coordinates X;. Then X is a sub-Gaussian random vector, and

there exists a positive constant C' for which

X1, < C - max|1Xil,

The forth inequality follows since the sub-Gaussian norm of a bounded random

variable is also bounded.

By the recursion for Z;, we have

1Zelly, < WA Ze-1lly, + K.

[

which yields the bound || Z]|,,, < Kg/(1 —||A]||]) < co. Hence Assumption 12 holds.

||¢2
We will show below that ©* = A’. Hence, sparsity (Assumption 9) can be built in

when we construct our model 3.4.2.
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Recall Eq. 3.6.9 from Chapter 3.6.5 that
0" =3y (~1)(27)~"
Now,

Yz(-1)=EZZ_,
=E(AZ, 1 +X(Z,1)&) Z]
— AEZ,\Z!_, + ES(Zi )& 2,
= AX 7 + Elcclip,, ([|Ze1]|™) &2, 4]
=AYy + E[c&iZ;_clip,, (| Ze-1]™)]
=AY, + cE[&]E [ng—ldipa,b (||Zt—1||m)]

=AY,

where clip, , () := min{max{z, a}, b} for b > a.

Since Y7 is invertible, we have (0*) = Xz(—1)(Xz)"! = A.

by stationarity

Eq. (3.4.2)

1.1.d. innovations

& mean 0,



CHAPTER IV

Lasso Guarantees for Gaussian Vector Autoregressive
Processes with Missing or Noisy Data

4.1 Introduction

The information age and scientific advances have led to explosions in large data
sets as well as new statistical methods and algorithms aimed at extracting valuable
information in them. On the data side, it is common to see massive dependent data
collected from, for example, micro-array experiments, social networks, mobile phone
usage, high frequency stock market trading, daily grocery sales, etc. At the same

time, the high speed Internet makes big data warehouses readily accessible.

The surge in big data has stimulated exciting developments in statistical models and
algorithms to exploit these data sets. Among the plethora of methods, the linear
parametric models remain highly popular thanks to its superiority in interpretabil-
ity, computational efficiency and the rich and sophisticated theoretical literature.
The vector autoregressive (VAR) models are a linear parametric family that allows
researchers to model interrelationships among variables that exhibit temporal de-
pendence. When we assume the innovations in VAR are Gaussian, observations
generated according to a VAR are also Gaussian. There are in general two objects of

interest in the estimation — inverse covariance matrix and transition matrices. The

97
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former amounts to estimating contemporaneous correlations between components
and the latter directed correlations between components at different time points.

We focus on the latter in this paper.

The main difficulty in high dimensional estimation of the VAR lies in the fact that
the number of parameters far out number that of the data points we usually have
at our disposal. As a result, consistent estimation is impossible without imposing
restrictions on the parameter space. Sparsity is a common and natural assumption
to make when we believe that evolution of variables do not depend on all the others.
This corresponds to an ¢, constrain on the parameters which is non-convex and hence
poses serious challenges on the computational side. Researchers often relax it to the
closest convex f; constraint. The ¢; penalty on the parameters together with the

square error loss constitutes the (Lagrangian form) celebrated lasso procedure.

The literature of lasso, however, mainly focuses on the iid sample scenario, leaving
that of the dependent data case relatively sparse. This paper serves to provide
theoretical guarantees for lasso on VAR data when the data are either corrupted or
missing completely at random. The analysis crucially depends on the results from
the work of Basu and Michailidis [2015] and Loh and Wainwright [2012]. The set
of lasso guarantees presented here extends the previous work in two ways: (1) we
remove the restriction on operator norm of transition matrix being smaller than 1 as
in Loh and Wainwright [2012] and thus generalize the guarantees to any stationary
VAR(d) models, and (2) by incorporating the modified lasso framework from Loh
and Wainwright [2012], we generalize the results in Basu and Michailidis [2015] to

addressing cases of corrupted and missing data.
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We give a brief review of historical development of the lasso theory in VAR estimation

below.

Brief Review of Lasso Theory on VAR  Several researchers [Bickel et al., 2009, Loh
and Wainwright, 2012, Negahban et al., 2012] have analyzed the lasso and established
consistency of it under sufficient conditions — restricted strong convexity(RSC) or
restricted eigenvalue (RE) for square error losses on the gram matrix X'X/y and
deviation bound (DB) on correlation between design matrix and error X'E/n (more
details in Section 4.2). Unfortunately, on fixed design matrices, it is in general NP-

hard to check RE-type assumptions.

To get around that Raskutti et al. [2010], Rudelson and Zhou [2013] have established

high probability guarantees of these conditions on random iid subgaussian data.

Negahban and Wainwright [2011], Loh and Wainwright [2012] provided a more in-
depth analysis and showed high probability validity for the RSC and DB conditions
for a VAR(1) process X; = AX; 1 + ¢ under the assumption that operator norm of

transition matrix [|A]| < 1.

However, as pointed out by [Basu and Michailidis, 2015, see pg 11-13 in supple-
mentary|, ||A[| < 1 is a stringent assumption and in general does not hold for any
VAR(d) model for d > 1. Basu and Michailidis [2015] took the spectral density route
in analyzing the VAR and provided the RE and DB guarantees in terms of stability

measure and fundamental properties of the process.

We build upon the work of Basu and Michailidis [2015] and Loh and Wainwright
[2012] to give high probabilistic lasso error bounds for general stable Gaussian VAR

with missing or corrupted data.
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4.2 Preliminaries

4.2.1 Matrix and Vector Notations

For a symmetric matrix M, let . (M) and Ay (M) denote its maximum and
minimum eigenvalues respectively. For any matrix let M, (M), ||[M]||, [|M]||,., and
IM||| > denote its spectral radius max; {|\;(M)|}, operator norm /Amax(M'M), en-
trywise £, norm max; ; |M; ;|, and Frobenius norm /tr(M'M) respectively. For any
vector v € RP, [[v]|, denotes its £, norm (7, lv5]7)}/9. Unless otherwise specified,
we shall use [|-|| to denote the ¢, norm. For any vector v € RP, we use ||v||, and ||v]|
to denote > 7 1{v; # 0} and max;{|v;|} respectively. Similarly, for any matrix M,
[IMll, = ||vec(M)]|, where vec(M) is the vector obtained from M by concatenating
the rows of M. We say that matrix M (resp. vector v) is s-sparse if ||[M]||, = s (resp.
|v]l, = s). We use v' and M’ to denote the transposes of v and M respectively. For
a given vector v € RP| its i-th element is denoted v[i]. When we index a matrix, we
adopt the following conventions. For any matrix M € RP*? for 1 <i:<p, 1 <j <g,
we define M[z, j] = M;; = e/Me;, M[i,:] = M, := €;M and M[;, j] = M,; := Me;
where e; is the vector with all Os except for a 1 in the ¢th coordinate. The set of
integers is denoted by Z. Realizations z, y, x are written in lower case letters, random
variables and vectors X, Y, Z upper case letters, and random matrices X,Y,Z bold

upper case letters.

For a lag [ € Z, we define the auto-covariance matrix w.r.t. (X Y;); as 3(I) =
Sy () = E[(X4; Yy)(Xepa: Ye)']. Note that 3(—1) = X(I)’. Similarly, the auto-
covariance matrix of lag [ w.r.t. (Xy), is ¥x(I) := E[X;X[,,], and w.rt. (Y;), is
Yy (l) = E[Y;Y/,;]. The cross-covariance matrix at lag [ is Xxy(l) := E[X;Y/,].

Note the difference between ¥ x,y)(l) and Xx y(1): the former is a (p +¢) x (p +¢)
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matrix, the latter is a p x ¢ matrix. Thus, 3(x,y)(/) is a matrix consisting of four
sub-matrices. Using Matlab-like notation, ¥x,v)(I) = [Xx, Xx,v; Xy,x, Zy]. As per
our convention, at lag 0, we omit the lag argument [. For example, ¥y y denotes

Sy (0) = E[X,Y]].

4.2.2 VAR

For a p-dimensional vector-valued stationary time series (X;), a vector autoregres-
sive model of order d (VAR(d)) with independent Gaussian innovations admits the

following representation

Xi=A X, 1+ +AXi_g+ €, where

e N (0,%,), Cov(e,e’) =0Vt #s
The class of VAR models provide a systemic way to model temporal and cross-
sectional correlations between variables. One way to interpret a Gaussian VAR
model is one via the directed graph. A non-zero entry in the transition matrix
A,[i, j] can be understood as a directed link from X;[j] to X;,x[i]. An undirected
link between X;[i] and X;[j] indicates contemporary correlation between the variables

and is represented by the non-zero (i, j)th entry in ! since the errors are Gaussian.

We note a useful fact: any VAR(d) process has an equivalent VAR(1) representation.
Therefore, without loss of generality, we can focus on VAR(1). Consider writing a
VAR(d) model

Xi=A X+ +AX g+ e

as a VAR(1):
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j@ ::Z&jzb4'+-é

where
A Ay Ajr Ay
X
I, 0 0 0
3 X ;
Xy = A=1 0 1, 0 0
Xi—dr1
dpx 1 0 0 I, 0

dp X dp

€ —

€t

dpx1

In particular, a process (X;) is stable if and only if its equivalent representation (X;)

is stable.

We denote the cross-covariance matrix with respect to (Xt) as Fg, such that Vi, j €

{d_|_1’...7]\[}7

V[, j] ==K {X (Xj)}

In particular, if we assume stationarity, the variance matrix of (X't) is¥g :=E [

N . .
['3(4,9).

Xo(Xy)

Stability  of a stochastic process is an important concept in time series. Much of

the literature focus on the stable time series.

To gain some intuition about stability, note that the a VAR(1) process can be equiv-

alently represented, via backward substitution, as

, J A
fom AR Y Al

=0

|
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Stability requires that the infinite sum

w ~
§ Aiet—i
i=1

exists in mean square.

Intuitively, we want \Az(A)] < 1 for all i. Equivalently, it can be shown that
the VAR(d) process is stable iff all the eigenvalues of the matrix valued reverse

characteristic polynomial A(z) = I, — Zle A,z are non-zero on the unit circle

{zeC:|z| =1}. Le.

d
det(A(2)) = det(I, = > Ayz) #0, V2| < 1.

t=1
As such, stability is a qualitative, all-or-none concept. Basu and Michailidis [2015]

defined a quantitative measures of stability for a VAR process:

Stability of the process guarantees that all the eigenvalues of the Hermitian matrix
A*(z).A(z) are positive, whenever |z| = 1. Hence, we can take the minimum eigen-
value of A*(2).A(z) evaluated at |z| = 1 as a measure of stability of the VAR(d)

process:

fin (A) = min Apin(A* (2)A(2))

z]=1

And, a related quantity:

pmasx (A) = max Apax (A(2)A(2))

|2]=1

Note that fimin(A) and pmax(A) are well-defined because of the continuity of eigen-
values and compactness of the unit circle {z € C : |z| = 1}. Further, these are

positive if the corresponding process is stable.
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This is useful because it plays a central role in bounding the eigenvalues of the auto-
covariance matrices of a VAR(d) process. Using these quantities, Basu and Michai-
lidis [2015] established bounds of the auto-covariance matrices (Proposition IV.1) in
terms of the fundamental properties of the underlying process. This result together
with application of the Hansen-Wright inequality constitute the crux in proving our

lasso guarantees.

Proposition I'V.1 (Eigenvalues of a Block Toeplitz Matrix). Consider a p-dimensional
stable Gaussian VAR(d) process {X;} with characteristic polynomial A(z) and error
covariance matrix X.. Denote the covariance matriz of the np-dimensional ran-
dom vector {(X,,), (Xn_1),+ ,(X1)'} by T2 = [L(r — 8)pxpli<r.s<n, where T'(h) =

E[X¢(Xi1n)'] is the auto-covariance matrix of order h of the process {X;}. Then

Amin (25)

Anax (2e)
< - 7
Nmax<A>

< Amin Fﬁ S Amax Ff =
< Amin(I7)) (T7) ()

This result is provides a bound on the dependence across observations at different

time points of a VAR process. This is crucial in our analysis.

4.2.3 Lasso Estimation Procedure For Transition Matrix

We focus on estimating the transition matrices. In high dimensional settings, the
number of parameters scales as p?d. Therefore, consistent estimation is impossible
without regularization. In particular, we assume that {Aq,--- , Ay} are sparse and

impose ¢; penalty in our estimation.

Regression Notation =~ We are interested in estimating the transition matrices via
minimizing a least squares objective. Before stating the optimization problem, we

collect the matrix representations of the data here for reader’s convenience:
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For a sequence of samples {Z;}M,  we can write the autoregressive of order d rela-

tionship in regression form

Y=XB+E
where

(Zm)' (Zy—a) o (Zm—a)
Y = X_ =

(Za)' (Zan) - (Zo)

(M—d+1)xp

A} (M)
B — E =

A’ e/

¢ (pd)xp ( ) (M—d+1)xp

(M—d+1) (pd)

Modified Lasso Framework  We introduce the modified lasso framework proposed

by [Loh and Wainwright, 2012] here.

Given a sequence of duples (X, Y;), the target parameter matrix we are after is

B* = argminE||Y; — X/B||

BcRpdxp

The corresponding estimator from the samples is

(4.2.1) B = argmin | Y — XB||%

BeRpdxp

It can be written equivalently, upon expanding the squares,as
B = argmin |[Y — XB|)%
BeRpdxp

= argmin — Tr(2Y'XB) + Tr(B'X'XB)

BeRpdxp
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If we believe that B* is sparse, we can encourage sparsity in B by penalizing the least
squares objective with ¢; norm of the parameters and obtain the penalized version

of the lasso:

B = argmin [|[Y — XBJ|% + Ay|| vec (B)|1

BeRrdxp

= argmin — Tr(2Y'XB) + Tr(B'X'XB) + Ay || vec (B)]1

BeRprdxp

Observe that if we replace the cross products EX'X and EY’X by their unbiased and
consistent estimators I' and 4, the above program remains consistent for B*. This

gives rise to the modified lasso framework proposed by Loh and Wainwright [2012]:

(4.2.2) B = arg min — Tr(24B) + Tr(BTB) + Ay|| vec (B)]1

BeRpdxp

This opens the door to designing I and 4 when we are faced with real data application
issues such as missing data or data corruption. Denote the “effective” sample size

asT =M —d—+1.

4.3 Theoretical Guarantees

4.3.1 Lasso Consistency and Sufficient Conditions

We shall start with what we call a “master theorem” that provides non-asymptotic
guarantees for lasso estimation and prediction errors under two well-known condi-
tions, viz. the restricted eigenvalue (RE) and the deviation bound (DB) conditions.
Note that in the classical linear model setting (see, e.g., Hayashi [2000, Ch 2.3])
where sample size is larger than the dimensions (T" > p), the conditions for consis-

tency of the ordinary least squares(OLS) estimator are as follows: (a) the empirical
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covariance matrix X'X/T L Q and Q invertible, i.e., Amin(Q) > 0, and (b) the

regressors and the noise are asymptotically uncorrelated, i.e., X'W /T — 0.

In high-dimensional regimes, Bickel et al. [2009], Loh and Wainwright [2012] and Ne-
gahban and Wainwright [2012] have established similar consistency conditions for
lasso. The first one is the restricted eigenvalue (RE) condition on X'X/T (which
is a special case, when the loss function is the squared loss, of the restricted strong
convexity (RSC) condition). The second is the deviation bound (DB) condition on
X'W/T. The following lower RE and DB definitions are adopted from Loh and

Wainwright [2012].

Definition 9 (Lower Restricted Eigenvalue). A symmetric matrix I' € RP*P satisfies
a lower restricted eigenvalue condition with curvature a > 0 and tolerance 7(7',p) > 0

if

Y

Yo e R?, v'Tv > a|loll; — (T, p) ||o]l;

Definition 10 (Deviation Bound). Consider the random matrices I' € RP>#4, 4 ¢
RP*P4 and B* € RP*?? defined above. They are said to satisfy the deviation bound
condition if there exist a deterministic multiplier function Q(X,B*) and a rate of

decay function R(p,d,T") such that,

1

T

A

§— BT

| <ox.erp.d.1)

We now present a master theorem that provides guarantees for the ¢y parameter
estimation error and the (in-sample) prediction error. The proof, given in Appendix
A of Wong et al. [2017], builds on existing result of the same kind [Bickel et al., 2009,
Loh and Wainwright, 2012, Negahban and Wainwright, 2012] and we make no claims

of originality for either the result or for the proof.
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Theorem IV.2 (Estimation and Prediction Errors). Consider the lasso estimator
B defined in (4.2.2). Suppose that T satisfies the lower RE(a, ) condition with o >

32st and (I, %) satisfies the deviation bound. Then, for any A\r > 4Q(X, B*)R(p,d, T,

we have the following guarantees:

(4.3.1) Hvec<f3 ~ B)|| < 4v5Ar/a,
. A a 2 2

(4.3.2) B~ ByiB- B < 32A7s
F (6%

With this master theorem at our disposal, we just need to establish the validity of
the restricted eigenvalue (RE) condition and deviation bound (DB) conditions for

VAR processes when there are (1) data corruption or (2) missing data.
4.3.2 Missing and Corrupted Data

We study lasso estimation on stable Gaussian VAR data under two simple noisy and

missing data scenarios. We state the corresponding I and 4 in each case below

Data Corruption Instead of observing the complete data matrix X, we see Z =
X+ W where W is a random matrix independent of X, with each row W;. sampled

L.i.d. from N(0, Xy ). Assume Yw is known.

Define the matrices of noises as

(WM—l)/ o (WM—d)/ (WM)/
W = w =
(Wdfl)/ o (WO)/ (Wd)/
T xdp Txp
Define
!
o (X+W)T(X+W) S, and

= (1/T)(X + W) (Y +w)

2>
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(X+ W) (X+W)

Note that I' defined this way is negative definite since -

is positive semi-

definite containing zero eigenvalue(s) and Yy is positive definite.

Missing Data  Instead of observing complete data matrix X, we have Z = X ©' W
where W is a random matrix independent of X, with each element W;; sampled

i.i.d. from Ber(p), for some positive parameter p.

Define
. X (X M
P ( @W)(TQW)® and
. XoW)(Yow)
- T
where M := F(W'W) satisfies
p?, ifi# g

Mij =
p, othewrwise .
We can check (see the proof in the Appendix) that the [ and 4 defined as such
are unbiased and consistent for X'X and Y’'X respectively. Next, we state the high

probability guarantees for the RE and DB conditions below under each scenario.

4.3.3 High Probabilistic Guarantees for Additive Data Corruption Case

Consider a stable Gaussian VAR process. For the I' and 4 defined in Section 4.3.2

pertaining to the corrupted data scenario, we have the following guarantees

Lemma IV.3 (RE Bound for Corrupted Data). There exists constant ¢ > 0 such

42e-k log(pd)

that, for sample size T' > cmin{n 2} 7

with probability at least 1—exp {—% min{7, 772}},
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we have
I' ~ RE(a,7)
where
mm( ¢) 2log(pd)a
o= , T= and
2ftmax (A) T'min{n,n?}
1 Amln( e) (Amax(zs) )_l
n= — + Amax PN
54 fimax (A) \ figmin (A) ()

Lemma IV.4 (DB Bound for Corrupted Data). There exist constant C' > 0 such

that, for sample size T > log(d®p?), with probability at least 1 — 14(dp)=C, we have

1

1 < [log(d®p?)
T

ﬁ/ - (B*)/A —_—— T Q(B*v EVV? 26)

where

Q(B*7 EWu Ee) - |:Amax<Ev~V> (3 + 2 max HB?
J

)
(At (24 e =)

4.3.4 High Probabilistic Guarantees for Multiplicative Noise Case

Consider a stable Gaussian VAR process. For the I' and 4 defined in Section 4.3.2

pertaining to the missing data scenario, we have the following guarantees.

Lemma IV.5 (RE Bound for Missing Data). There exist constants ¢; such that,

with probability at least 1 — ¢y exp{—csT min{1, Lmin(Z }} we have

A~

I' ~ RE(a, 7)
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Amin(ze)
o = 9
Q,Uma)c( )
1 1\* ) A
T = ¢ Og(pd)a-max (—) Amax E)umax<~),1 , and
T P Amin(ze)ﬂmin<14>
2 1 Amax(ze)
£ = omes
P ,umin(A>

Lemma IV.6 (DB Bound for Missing Data). There exist constants c¢; such that,

with probability at least 1 — ¢; exp{—cq log(pd)}

where

1

T

A

5 (BT log(pd)

T

< co€” max || Bj|;
max 7

4.4 Proofs of Corrupted Data Case

To better differentiate the I' and 4 in the corrupted and missing data case in the

proofs, we match the notation [ = GZ" and ¥ = R*™". Also, N = T denote the

sample size. Let Z = X + W. We begin by stating a variant of the Hansen-Weight

inequality which serves as the basis of the proofs.

4.4.1 Variant of Hanson-Wright Inequality

The general statement of the Hanson-Wright inequality can be found in the paper

by [Rudelson and Vershynin, 2013, Theorem 1.1]. We use a form of the inequality

which is derived in the proof of Proposition 2.4 of Basu and Michailidis [2015] as an

easy consequence of the general result. We state the modified form of the inequality

and the proof below for completeness.
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Lemma IV.7 (Variant of Hanson-Wright Inequality). If Y ~ N (0nx1, Qpxn), then

there exists universal constant ¢ > 0 such that for any n > 0,
1 .
(4.4.1) P Y15 =ENYIE] > nllQll| < 2exp [—cnmin {n,7°}].

Proof. The lemma easily follows from Theorem 1.1 in Rudelson and Vershynin [2013].
Write Y = QY2X, where X ~ N(0,I) and (QY?)(QY?) = Q. Note that each
component X; of X is independent A/(0, 1), so that || X;[|,,, < 1. Then, by the above

theorem,

1
P {5 Y2 - Te(Q)] > nllQll

—r[Livax -mxax - il

(w1l il
< 2 X — 9
= ¢ p[ m{ QI el }]

< 2exp [—emin {n,7°}]  since [|Q[lF < nl|QII*

Lastly, note that Tr(Q) = Tr(EYY') = ETr(YY’) = ETr(Y'Y) = ETr|V]|]* =

E|Y]?. O

4.4.2 Proof of Restricted Eigenvalue Guarantees

Goal: Show G%" :=Z'Z/N — X3, ~ RE(«,7) for some o, 7 > 0.
pdXxpd

1. Show G%" is unbiased for ¥ g := X'X/N

E[GY"] = E[EEWIXIW) 30 But X LW and E(X) = E(W) = 0. There-

fore,

1
E[GY"] = FEX'X + EW'W] - % = 5.

2. Show the result for one fixed pu € R4
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Let S; := % Then, GCZOr — X =8z —2X;. Our goal is to control for all fixed

test vector pu € RY,

1(S: =Xz = <(Zp)(Zp) — N'S ;]

1
N

to be positive for the set of “sparse” vectors.

Essentially, we aim to show that the sample covariance matrix of the vectors

Zu € RY satisfies the “RE” condition for a single vector in the unit ¢, ball.
First of all, note that Zu ~ N(0,Q), where Q = E[(Zu)(Zp)'] € RVN*N,

Now,

= W (EX: X)) + p(BW; W)

= W TR, jlp + pl i, 5]

= W' TZ[i, ]

To apply Lemma IV.7, we need to take a closer look at the two quantities (1)

Tr(Q) and (2) [|Q]-

It is easy to see that Tr(Q) = 4/ S0, 20,0 = Nu'S;p.
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To control [|Q]||, we will invoke IV.1. Fix u € RY, with [jull, = 1

N N
U,QU - Z Z urusQ’rs

r=1 s=1

N N
— N
(4.4.2) =2 2w TRl

r=1 s=1
= (peu)TF(1®u)

< Amax(T'3) since ||p®@ul| =1

It remains to bound Amax(F]Zy ).

But

Amax(TY) = Ao (T +TH) since X' ILW*, Vt, s

S Amax(rg) + Amax(r%)

Recall that {X"}N_ is a VAR(1) process in R%; i.e. X"t1 = AX" + €. Also,

{X™}N_ is stable since is stable. So, { X"}, 41 has the reverse characteristic

polynomial, for any test vector u € R%

Aw)y= I — A u

- dpxdp dpxdpdpx1

Similarly for {W"}N_,. .

Therefore, by Proposition IV.1,

Ao (T) € Ty S
Hmin Hmin

Because of the structure of € and W, Amax(2e) = Amax(Be) and Apax(E45) =
Apax(Xw). Also, pimin(I) = 1. Thus, we can simply the above bound as

Amax(ze)
Amax FN S — + Amax 2
(I'z) ) (Ew)
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Now, we are ready to apply Lemma IV.7, Vn > 0,

Pl (G — )l > n(/::—g)) § A ()]
= Pl (82 = 2l > n(CEE ¢ o (2)

< 2exp [—cN min{n, n’}]

3. Extending the result from one fixed . € RP? to a uniform bound over a 2s—sparse
net.

Define x(2s) := {u € R : ||ull, < 1, ||ull, < 2s}, for some integer2s > 1.

Applying Lemma F.2 in Basu and Michailidis [2015], for some constant C' > 0,

/ cor Amax 26
Pl sup (G = Sul > (-2 ()
nen(2s) min (A)
2lepd
< 2exp (—C’N min{n, 7’} + 2s min <log(pd), log ( ;p )))
s

4. Getting the lower-RE condition

To simplify notation, let

A = (—t’:’;gﬁ)) + Amax(ZW)> ;. Z:= —CN min{n, n*}+2s min (log(pd),log (QI;Sd))

We can establish, for all natural number s > 1

cor

sup [V(GF = Xg)v| > nA wp. <2exp=
VvEKR(2s)
— sup [V(GF —Xg)v| <nA wp.>1—-2expZE
vER(2S)
1
— V(G — Xg)v| < 2TnA (HyHg + - Hva) Vs> 1, Vv, wp.>1—2exp=
s

2TnA
s

— V'GZ'v > [Amin(B ) — 27TnA] v — Iv||¥, Vv, w.p. > 1 —2exp=

where the second last inequality follows from Lemma 12 in supplement of Loh

and Wainwright [2012].
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5. Choose n and s

Now, we want

Amin(S5) — 270A > 0

Choose 1 such that
2TnA < Apin(X5) — 1< —

Hence, we can choose n < i/\mm(zx)f Note that n > 0 since Y, is positive

1 Amin (EE)

definite by assumption. Again by Proposition IV.1, we can set n = zx o ()

Now, we have, by result 2, w.p. > 2exp ( CN min{n, n’} + 2s min (log(pd) log (21€pd))).

vGYY > allvl; -7 |IvIly

where o = “:ﬂ“i(z )) T =

@
s

To obtain the right coverage probability, we choose

~ Ncmin{n, n*}
~ 2log(pd)

6. The final guarantee on RE.

This gives us that for sample size

42e - klog(pd)

N >
~ c-min{n,n?}

with probability at least
N
1 —exp {—% min{7, 772}}
that

GY" ~ RE(a,7)
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where
Amin (Ze) 2log(pd)a 1 Apin () (Amax(Ze) )—1
=g T = N oy’ dT]:— ~ _{—A/\maxz~
2ftmax (A) N min{n, n*} 54 pmax(A) \ fimin(A) ()
4.4.3 Deviation Bound
Recall that
cor Z/Z cor 1

First, we will establish unbiasedness of R“”*. Due to independence of W and X

E[GY B* — R™| = %3 B* — X3B* =0

To establish the deviation bound boils down to controlling, with high probability,

chor _ G%)rB*

max’

cor cor * 1 * k
R — GY'B' = {W/(E + &) +X/(£ -~ WB") + X'E + (N2 - WW)B}

We will control each term separately, and then apply the triangle inequality. The

general strategies:

o (NXy, — W'W)B*, apply Lemma IV.7.
e X'E taken care of as in Basu and Michailidis [2015].

e W E X1 & and X1l W. We can handle these terms similarly.
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Control ||(NXy — W'W)B*||

max

Define A := NX;;; — W'W € RrP4 For all i, j, let e; € R% and €; € R? denote

the canonical basis vectors. We have,

NSy = WW) B[, = IAB7]

max max

— max |¢}A B
[2¥)

< max B3 . (Ir%z;x le;Aejl)

<

ma || B[, max{l(e: + ¢,V Ales + )| + [efAci| + [¢fAe,[}
J 2y}

1
2
Note each of the three terms above are of the form v’ Av. So, we will derive a general
recipe to control such a quadratic form. This is accomplished in two steps — first

using concentration bound, followed by applying the union bound and lastly choosing

1. First, control v’Av using Lemma IV.7. For a unit vector v € RP?
A =NX; —WW
VAv = N(W'Egzv — (Wo) (Wo))
Let Y = Wou € RY. We have Y follows a normal distribution with mean
E(Y) = 0. Define @ := EY'Y’
Then, using similar arguments as in Chapter 4.4.2, we know
Tr(Q) = Nv'Sjv
Also,

1R,y < Amax(T5)
Amax(Zyi)

< = Apax (X3 by Proposition IV.1
,Umin(]) ( W)
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Now,
Y15 =YY = (Wo) (Wo)
Tr(Y) = Nv'Sv
So, | |Y]l; = Tr(Q)] = [v/(W'W — NZy v | = [v/Au].

. Apply Lemma IV.7

For any 1 > 0 and constant C' > 0,

1 )
P{N\U/AU! > [|Q[} < 2exp(—cN min{n,n’})
1
= P{N|U/A’U| > NAmax (X))} < 2exp(—eN min{n, n*})
1
= P{ A0 | > ()} < 2exp(— min{n. 7))

= P{% max | B

,leiAej| > 2mjax | B

1 nAmaX(EVT/)} < eXp(_CN min{na 772})

Let n =4/ %. For N > 2(log(p) + log(d), 0 < n < 1 and min{n, n*} = n*.

Therefore,

(4.4.3)

log (p*d?)

B (S} < 2exp(—eN )

]P’{%mjax | B | leiAe;| > mjaXHB:*j

. Take union bound over 1 < 4,5 < pd.

log(p2d?) p*d?
o -/ - <9 -
1 N Amax( W> - 2(p2d2)c

1 * *

P (N max HB:J’H1 max le;Aej| > max | B
In all, for N > log(p?d?)

log(p*d?)

1
P (N INSy — WW)B|,... < T@2(B*,W)) > 1 - 2(pd)*°

where Q3 (B*, W) = max; HB*}Hl Amax(245,)
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Controlling interaction H|X’E|H

max

This follows from Eq.(2.11) in Basu and Michailidis [2015]. With positive constants

c1—¢2, we have with probability at least 1 — 6 exp{—c; log(pd)}, Ve;, €,

XEle, < o] 1080d) 1 fimax (A)
(4.4.4) el [X'Ele; < e/ =2 {Amax(zg) (1+ TR A))}

Controlling maximum norm of interaction between independent matrices

We first derive a concentration for interaction between Gaussian random vectors.
We isolate it as a lemma.
Lemma IV.8. Given Gaussian random matrices C, D € RN¥*9 such that C._D.

Then, we have the following guarantees: ¥n > 0

>0 (IEcull + 1Ep0ll) | < 6exp (—eN min{n, n*})

[wron

Proof of Lemma IV.S8. For unit test vectors u,v of the right dimensions, because

C1LD,

(Cu)'(Dv) = [(HCu—i—DvH — NE ||Cu+ Dv|| )

l\DI»—

— (ICull” = NE || Cul]*)
— (IIDvl* = NE || Do||*)]
[

(HCU + DUH2 - Tr(zCu+Dv>)

l\JI»—

= (ICull* = Tx(Sew))
( |Dv|| — Tr( ZDU))}
We apply Lemma IV.7 on each of the three summand above with their corresponding

[|I2]]. Then we invoke Proposition IV.1 to get an upper bound on the corresponding
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=111

P || (€ 00| > el + I5oul] < Gexp (~e minga. )

We apply Lemma IV.8 to each of W, E, X, & and X, W pairs followed by Proposi-

tion IV.1 to obtain Ve;, e,

(4.4.5)

1
P N eEW(E + E)ej| > 1 (Amax(Ze) + 2Amax(Ey)) | < dexp (—cN min{7, 772})

We know
Amax(Ze)
| < Smaxise)
sl < S
and
IZe—wa- [l < IZwll + Xy -
< Apax (X)) + ||\B*|||2AmaX(EW) operator norm sub-multiplicative
= Amax(Zy) (14 [1B7]I)
Hence,

1 I~/ * *||2 AmaX<Ee)
iy FIREXEWER (Aom) (1 17) + 222 )

< 4exp (—cNmin{n, n})
Combinging the inequalities
Combining equations (4.4.3),(4.4.4), (4.4.5) and (4.4.6), we have wp less than

14 exp{—cN min{n,n*}}
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6; ‘Rcor GcorB*

_'_

(Amax(2e) + 2Amax(Z37))

(B2 (1 + i) )

Amax(ZW)}:|
)

(s (2 T + 50

Choose n = 4/ %. Then, for N > log(d?p?), for constant C' > 0, with probability

+2max || B3|,

=1 [Amax(zﬁ/) (3 + 2 max ||B’;
j

at least 1 — 14(dp)~¢ that

log(d?p?

‘HG%)r_ (B*)chorm )Q(B*,EW,ZJ

max —

where

Q(B*, Sy, ) = [Amax(Z )(3+2max||B |, + 1Bl )

() (24 =g+ i) )]

4.5 Proofs of Missing Data Case

We will modify Lemma 17 in Loh and Wainwright [2012] for the missing data case
with a different bound on the operator norm(Eq. (G.6) in Loh and Wainwright
[2012]). The rest of the proofs for RE and DB bounds follow similarly as in Loh and

Wainwright [2012].
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Given a realization of U = U, we write the random matrix XV := X ® U. Similarly,
denote ZZU = Z; ® U;. For any unit test vector w, XY/ is a zero mean mixture of

Gaussians. Its covariance matrix is such that its (i, j)th component is

Qi = E[(X7 1) (X 1)']35
— E(XY)) (XY
=By ZV ' Z v
= EuiZu’QZj
= mE [ZZZ]] )
= TR0, flpe
where 17 and o are vectors p with 0’s in the positions corresponding to those of ZZU

and Z]U respectively. Note that their magnitudes are at most 1.

Hence, by a similar argument as in Eq.(4.4.2) and using Proposition IV.1 on Fg , we

arrive at

Amax(ze)
il <~

The rest will follow from similar logic as in the Proof of Corollary 4 in Loh and

Wainwright [2012].



CHAPTER V

Future Directions

The previous chapters have laid out the theoretical guarantees of the RE and DB
conditions for data satisfying either (1) the VAR model, or (2) geometrically mixing
processes. In the former, we have provided lasso consistency for data corrupted
with Gaussian noise or when we have data missing completely at random. In the
latter, we have results for full spectrum of geometrically o and S-mixing processes
with subweibull observations. As illustrations of the theory, we have also given
examples satisfying the subweibull and geometrically mixing assumptions. These
include nonlinear time series (autoregressive conditionally heteroscedastic model),
misspecified and non-Markovian model (VAR with endogenous variable left out),

heavy-tailed time series (subweibull VAR).

I conclude my thesis by listing a few plans for future directions of research here.

Lasso guarantees for general mixing processes observed with noise and/or missingness

The key mathematical tool in the analysis of Section IV is the Hansen-Wright
inequality for Gaussian vectors. The proof scheme follows discretization of the pa-
rameter space, extension to a sparse net, and finally to any vectors in the space.

The same proof strategies can be employed to extend the lasso guarantees to a and
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[S-mixing subweibull stationary time series as in Sections II-III. In general, given a
concentration inequality, and any unbiased consistent estimators for X'X and X'W,
we can establish high probabilistic guarantees for the RE and DB conditions per-

taining to the modified lasso.

Provably efficient streaming estimator for time series data In the large data era,
when we receive new data points sequentially in time, it is computationally costly to
update the batch estimator upon each new sample. For example, even with the simple
OLS estimator, we have to invert an N x N gram matrix each time we recalculate

it. It will be expensive if the sample size N is, say, in the order of millions.

One way around it is to update the estimator incrementally with the new sample
instead of the whole set of data. We call this an online, aka streaming, estimator.
This is useful if we can establish that, when sample size approaches infinity, the
online estimator converges to a limit which is close to that of its batch counterpart

within accuracy of statistical error.

In particular, the online mirror descent (OMD) algorithm, with appropriate choice
of Bregman divergence, can achieve regret error bounds with graceful dimension
scaling (logarithmic). We can hope to obtain an average loss (less that evaluated at
optimal) with respect to the iterate average from the OMD algorithm to be roughly
in the order of the lasso. Following the work of Duchi et al. [2012, 2010], we can
contemplate a “slow rate” of lasso convergence under a specific setting of AR model

with respect to the squared losses.

Guarantees for Other Regularized Estimators on Mixing Processes A large body of

the literature in high dimensional statistics rely on establishing sufficient conditions
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similar to the RE(or RSC) and DB ones. Most of the theoretical analysis has been
done under the iid assumption. We expect similar proof strategies can be employed
to establish consistency guarantees for regularized estimating procedures under the
context of geometrically mixing subweibull stationary time series. For example, Loh
and Wainwright [2013] has established that under a suitable RSC condition and
proper scaling on the sup norm of the gradient of the loss function, the estimation
error bounds of SCAD and MCP scale roughly in the same order as the lasso. Ne-
gahban et al. [2012] has provided a unified framework for some class of decomposable
penalties under the sufficient conditions of appropriate forms of RSC on the loss and

DB on the gradient.
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