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ABSTRACT

Learning theory is a subfield of machine learning research where we analyze the theoretical
properties of machine learning problems and algorithms through mathematics. This thesis
is a culmination of three standalone works in the field of learning theory.

First, we analyze the generalization bounds of the Transformer architecture to show that
it does not depend on maximum sequence length. To do this, we analyze the Rademacher
Complexity of the architecture and create novel covering number bounds on linear functions
that do not depend on the amount of samples. We also run a simulation and show the results
support our theoretical findings.

In the next chapter, we analyze a quirk seen in the training of modern large language
models. Most of these models are trained to only predict the next token of the output;
however, the output of the model is a sequence of tokens. We study this mismatch in train-
ing optimization and output through the lens of the surrogate loss consistency framework.
We analyze different ways of decoding these next-token predictors to see when we achieve
asymptotic consistency for two use cases when encoded as loss functions.

In the final work of this thesis, the theoretical learnability of multiclass forgiving 0-1 loss
functions is studied through the PAC-Learnability framework. We show a generalization the
Natarajan dimension [Natarajan, 1989] characterizes the learnability of many instantiations
of learning problems that use forgiving 0-1 loss functions. We also show how this setting can

be used to model other known settings in the literature.
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CHAPTER 1

Introduction

Machine learning is as large today as it has ever been and the practicality and usefulness
of deep learning techniques can not be understated. Moreover, the state of machine learn-
ing progress has grown rapidly over the last twenty years and the big data revolution has
transformed all of our lives immensely. From large language models to even having NFL
commentators discuss a model’s prediction of catch probability during a football game, deep
learning is all around us. While the practical use cases of these algorithms and models con-
tinues to grow, so does the need to ground the theory of the field. This thesis is a small part
in that effort.

This thesis explores various avenues of research on the theoretical underpinnings of deep
learning. The results from such work allow us to discover insights about how an architecture
works, understand practical limitations in real world settings, and even discuss when a
problem is learnable or not.

The summary of the chapters and their contributions are as follows:

o In Chapter 2, we study the architecture at the heart of large language models: the
Transformer [Vaswani et al., 2017]. Through repeated blocks of self-attention layers
composed with dense neural networks, this architecture has revolutionized the way the
world works. The Transformer uses sequence data as input and one parameter in the
architecture is the maximum sequence length it can handle. In the chapter, we study
the generalization bounds of the Transformer architecture (e.g. if we draw a sample
from a distribution D, how far off is the sample loss of our algorithm from its expected
loss on D) and we show that these high probability bounds do not depend on the

maximum sequence length.

o In Chapter 3, we study a different part of the large language models paradigm. Most
large language models are trained to, given a context, predict only the next token.
Then, a decoding algorithm chooses the next token and this process repeats the until

done. Thus, these next-token predictors are the object that is minimized through



training, however, what the end user cares about is the resulting output sequence. This
mismatch in what is being optimized over versus what is important is the dichotomy
we study. We use the surrogate loss consistency framework to study when minimizing
the loss on the next-token predictors optimizes the sequence outputs for various user
end goals encoded as loss functions. We find that, depending on whether the user
desires correctness versus creative generation, the decoding algorithms that optimize
the output sequence changes. This has been seen empirically in the recent literature
on decoding algorithms, but has never had firm theoretical grounding until now as far

as We are aware.

o In Chapter 4, we study when specific learning problems are even learnable. In a
multiclass classification scenario, we study the cases when the loss functions have a
range of {0,1} and allow for multiple outputs to have 0 loss for multiple labels. We
call these “forgiving” 0-1 loss functions. We use the Probability Approximately Correct
(PAC) framework to show that many instantiations of these learning problems are

characterized by a generalization of the Natajaran dimension.

o In Chapter 5, we conclude with final thoughts.



CHAPTER 2

Sequence Length Independent Norm-Based Generalization
Bounds for Transformers

In this chapter we study the generalization bounds of the Transformer architecture. When
training machine learning models, we train on a training set, but we want to do well on the
true distribution. The difference between this training loss and the expected loss over the
entire distribution is called the generalization gap. Being able to bound this gap is a useful
tool for analyzing an architecture as it gives insights into what model parameters make the
model need more samples to learn well.

We will provide a norm-based generalization bound for the Transformer architecture that
does not depend on the input sequence length. We employ a covering number based approach
to prove our bounds. We use three novel covering number bounds for the function class of
bounded linear mappings to upper bound the Rademacher complexity of the Transformer.
Furthermore, we show this generalization bound applies to the common Transformer training
technique of masking and then predicting the masked word. We also run a simulated study

on a sparse majority data set that empirically validates our theoretical findings.

2.1 Introduction

Since Vaswani et al. [2017] debuted the Transformer, it has become one of the most pre-
eminent architectures of its time. It has achieved state of the art prediction capabilities in
various fields [Dosovitskiy et al., 2020, Wu et al., 2022, Vaswani et al., 2017, Pettersson and
Falkman, 2023] and an implementation of it has even passed the BAR exam [Katz et al.,
2023]. With such widespread use, the theoretical underpinnings of this architecture are of
great interest.

Specifically, this chapter is concerned with bounding the generalization gap when using
the Transformer in supervised learning. These upper bounds can be used to help understand
how sample size needs to scale with different architecture parameters and they are a very

common theoretical tool to understand machine learning algorithms [Kakade et al., 2008,



Garg et al., 2020, Truong, 2022, Lin and Zhang, 2019].

One such architecture parameter is the sequence length of the input. Since the input of
Transformers can be thought of as a sequence of tokens (e.g. a sequence of word embeddings),
the maximum allowable length of an input sequence is called the sequence length.

The main contribution of this chapter is providing norm-based generalization bounds for

the Transformer architecture that have no explicit dependence on the input sequence length.

We also contribute 3 novel vector valued linear mapping covering number bounds that are
the key to obtain our generalization bounds. Furthermore, we give an example of a regime
where our bounds apply and we give empirical evidence that our theory holds.

Previously, the best known norm-based generalization bound scaled with the logarithm
of the sequence length [Edelman et al., 2022]. Removing the dependence on sequence length
leads to more intuitively appealing bounds since the total number of parameters in the
Transformer is independent of input sequence length. Since our bounds are norm-based they
have potential to provide meaningful guarantees even in overparameterized regimes where
parameter counting bounds might be less meaningful.

We are able to show this by going through the Rademacher complexity of the Transformer
and then using three novel linear covering number bounds to bound the Rademacher com-
plexity. Therefore, Section 1 goes over the necessary background needed. Section 2 shows
the novel covering number bounds for a linear mapping function class with bounded matrices
and inputs. In Section 3 we start dealing specifically with Transformers. Here we show a new
Rademacher complexity bound for a single layer Transformer. Section 4 provides details on
how our covering number bounds can be used in the multi-layer analysis of Edelman et al.
[2022] to get a sequence length independent norm-based generalization bound. Section 5
shows how a method of training used in BERT [Devlin et al., 2018] can be reduced to what
is studied in this chapter. Finally, in Section 7 we show an experiment on a simulated sparse

majority data set to empirically validate our theoretical findings.

2.1.1 Related Works

This chapter is most closely related to the work of Edelman et al. [2022], whom prove a norm-
based generalization bound that grows logarithmically with sequence length. Due to this,
they state Transformers have an inductive bias to represent a sparse function of the inputs.
We bolster this claim further by removing the dependence on sequence length altogether.
Another result similar to our is given by Zhang et al. [2022]. They are able to remove
the dependence on sequence length. However, the bound they get, which we shall call a

parameter counting-based bound, has several drawbacks which we discuss in Section 2.2.5.



Wei et al. [2022] also show generalization bounds for Transformers, but specifically study
binary classification setting with 0-1 loss and use a margin approach. Fu et al. [2023] freeze
some of the weight matrices at initialization and bound the excess risk in this setting as a
function of the amount of heads in the attention layer. This chapter’s bound also do not
depend on sequence length.

Outside of Transformers, using Rademacher complexity in deep learning to bound the
generalization gap has a rich history. Golowich et al. [2018] was able to use Rademacher
complexities to get a generalization bound independent of the depth and width of a neural
network. Truong [2022] is able to use Rademacher complexity to get nearly tight bounds
on neural networks under some assumptions on the data. Also, Bartlett et al. [2017] use
covering numbers and Rademacher complexity to get generalization bounds on multiclass

neural networks using a margin based approach.

2.2 Background

2.2.1 Matrix Definitions

For our matrix notation we will, in general, use capital letters for matrices and lowercase
letters for vectors. For a matrix W, we will use W.; to denote the it column of W and W;
to denote the i*" row unless otherwise noted.

Now, we will define a few well-used matrix norms. Let p,q,7,d € N and let W € R"™9,
The first norm, denoted as ||[W|, , will be defined as W]l = ‘ IWeall, s - - ||W,qu]THp'

Another matrix norm, also known as the operator norm, we will denote as ||W]|| gspe Lhis

one is defined as:
Wz,

zERIN0 HxHq

W

q—=p

One final matrix norm we will review is the Frobenius norm, denoted as ||W|| ., which is

defined as:

Wl =

We will also denote ||W{|,_,, as ||[W]|,. A well known property of the |-||,_,, operator is
that it is equal to the largest singular value of the input matrix. The Frobenius norm is also
well known to be equal to the the square root of the squared sum of the singular values of a

matrix. Therefore, we have ||W{|,_, < ||W]| for any matrix W.



2.2.2 Generalization Bounds

When training machine learning algorithms, we can only use a finite amount of data to
learn from, however, we want our resulting function to generalize well outside of our train-
ing sample. Thus, having guarantees with high probability on the difference between the
loss on our training sample and the loss on our testing population is extremely important.
Generalization bounds try to upper bound this loss gap.

Mathematically, if we have a hypothesis class H, sample space X, label space ), loss
function ¢, and distribution over the sample and label space D, then our generalization gap
for a set of samples and labels S = {(z;, v;)}1y, z; € X, y; € YV, on the hypothesis h € H is
defined to be

Eoyyp [{(h(z), )] — gnlah(xi), )

Notice how if we can have this value go to 0 with high probability over all sets of samples
and for all h € ‘H, then we can be confident that minimizing the sample loss will not impact

our generalization.

2.2.3 Rademacher Complexity

One such tool that can be used to upper bound the generalization gap is the Rademacher
complexity. Let us have the same set up as in the previous section. Then the Rademacher

complexity of a hypothesis class H is defined to be

1 n
Rad,(H,S) = —E, |su oih(z;
(H,5) = 1o [s0p 3 it(c)
where each o; are i.i.d. and take values £1 each with half probability and o = (o1, ...,0,).
It is well known that [Shalev-Shwartz and Ben-David, 2014a], if the magnitude of our loss
function is bounded above by ¢, with probability greater than 1 — ¢ for all A € H, we have

Eeayp [(A(E). 1)) = 3 (h(e:) )| <
2Rad,(( o H, S) + 4c 210gm(4/5)

where { o H = {(z,y) — {((h(z),y) | h € H}. Therefore, if we have an upper bound on

the Rademacher complexity, we can have an upper bound on the generalization gap.



2.2.4 Covering Numbers

The use of covering numbers is one such way we can bound the Rademacher complexity of
a hypothesis class. Let ¢ € Ry and let us have a function class F, Vf € F f : R — R*.
We say a subset F C F covers a set of inputs {x;}, if for every f € F, 3 f € F such that
sup,, ||f(x:) — fx) <€ We will use the notation Noo(F, €, {z:}i_q, [|]|,) for this. We will

define the covering number, Noo(F, €, n, ||||,) as

sup Noo(F, 6, {zitizy, [Ill,)

{xi};;l

It has been shown that for scalar valued hypothesis classes, the Rademacher complexity
can be upper bounded using the covering number of the hypothesis class [Dudley, 1967].

Using a slightly modified version, we have for a constant c:

, < [log Noo(F,€,m)
Rad,(f,S) < C(lslzl(f) ((H_/a \/ - de)

Notice that if we have a bounded function class, then the oo in the integral limit can become

the upper bound of the function class.

2.2.5 Two Types of Bounds

Suppose our inputs have dimension d and the inputs have an upper norm bound of B,.
Suppose our matrices have dimension k£ x d and have an upper norm bound of B,,. Here we
will note two different types of generalization bounds that can one can arrive at depending
on the perspective. One is where you have the norm bounds inside a log term and the
dimensions on the outside (e.g., O(\/ dklog(B,By))/n). The other is where you have the
bounds outside the log term and parameters inside (e.g., O(\/Ba;Bw log(dk))/n). We will

refer to the former as parameter-counting type bounds and the latter as the norm-based

type bounds. We note that these are not the only types of bounds, just these are the ones
relevant to this chapter.

Notice how, for parameter counting bounds, over-parameterized architectures can lead to
vacuous bounds. Also notice that parameter counting bounds do not take full advantage
of SGD’s implicit regularization since the norms are within the logarithm. In contrast, as
long as the norm bounds are reasonable, norm-based generalization bounds work well with
over-parameterized architectures and work well with implicit regularization.

For Transformers, there are norm-based bounds that scale logarithmically with sequence



length [Edelman et al., 2022] and parameter counting bounds that do not scale with sequence
length [Zhang et al., 2022]. This is a gap in the literature which this chapter intends to fill.

2.2.6 Self-attention and Transformers

We will follow the definition of self-attention and Transformers set forth by Edelman et al.
[2022] and keep with their notation.

Let W, € RF*4 W, € R™* and Wy, Wi € R>T be trainable weight matrices. Let
X € RT*? be the input, which can be thought of as sequence of T' d-dimensional tokens.
Also, let o be a L,-Lipshitz activation function that is applied elementwise and has the
property ¢(0) = 0. Finally, let RowSoftmax donote applying softmax on each row of its

input. Then, they define a Transformer head as
o (RowSoftmax (X WoW,X ") XW, ) W,

Since W and Wy are only ever multiplied with each other, we will combine WoW,! into a
single matrix Wox € R%? for convenience of analysis. Once we do this, note that the total
dimensionality (of Wok, We, W, ) is independent of T', the sequence length which counts how
many tokens are in each sample. The embedding dimension is d since it is the dimension
that the values in the sequence are embedded into and k is the hidden dimension.

For multi-head Transformers, we assume each head is summed up at the end of each layer.

That is, the output for a layer of a multi-head Transformer is:
H
>~ o (RowSoftmax (X Wy, qW, X 7) X Wi ,) Wi
h=1

Note how the ouput of a layer can be used as the input to another layer. This is how multi-
layer Transformer networks are created. Standard practice is to add layer normalization in
between each layer as this has been well studied to aid in optimization and generalization
[Ba et al., 2016, Wang et al., 2019, Xu et al., 2019]. Thus, keeping with the definitions and
notation previously set forth, we will inductively define an L-layer Transformer block:

Let WO = {W® WO, Wik} and let W = {W', ... WE=D1}. Also, let

F(X; W) = RowSoftmax (XWS WP XT) XD

oo (X W) = X



Then, the output of the i*" layer is defined to be

Gt (X WHH) =

where I1,,,,.,, projects each row onto the unit ball.

In our analysis we will focus on the scalar output setting for Transformers. Specifically,
we will follow how BERT trains for scalar output [Devlin et al., 2018]. In order to get a
scalar output, we add an extra input in the sequence that can be constant or trained. Let
this index be the [CLS] index. Let us also have a trainable vector w € R? Then, at the
last layer, take the output at the [C'LS] index, Yorg) € R? and multiply it with w to get our
output wTY[CLS} € R.

2.3 Linear Covering Number Bounds

In this section we will show three different covering number bounds for linear function classes
with different restrictions on input and matrix norms. To show the first one, we need the
following lemmas, the first one is attributed to Maurey [Pisier, 1981] and first used in this
context by Zhang [2002]:

Lemma 2.3.1. (Maurey’s Sparsification Lemma) Let H be a Hilbert space and let each
f € H have the representation f = Y% o;Vi where V; € H, |[Vil| < b and a; > 0 with
v =|lal|l; £ 1. Then, for any k € N, there exist k, ..., kq, ki € Z>o, Y4k <k, such that

2 212 2
2 1)
) k

1 d
|- 13w
ki:l

We note that the total amount of (ki,...kq)’s that fit the criteria above is less than or
equal to d*. This has been used to upper bound the covering number for linear functions
[Zhang, 2002, Bartlett et al., 2017] and we will use it similarly in our proofs.

For covering a class of scalar valued linear functions {zr — w'z | w €
R? w norm bounded} with inputs {x; € R}, it is known that we are able to remove
the dependence on n and replace it with a dependence on d. Kontorovich and Attias [2021]
show this and attribute it to folklore. Given a cover such as this, it is an immediate extension
to create a non-n-dependent cover of the function class {z — Wax, W € W} as long as each
row in each W € W is bounded by the norm restraint needed for the scalar valued cover

(specific details are in appendix section A.1).



Our first contribution generalizes the above by allowing us to consider more possible
norm bounds on W. It shows that, under certain norm restrictions for our input, the linear
mappings covering number for any set of size N is equivalent to the covering number on the

appropriately scaled standard basis (proof in Appendix Section A.2).

Lemma 2.3.2. Let W C R*? and let F = {x — Wx | W € W} with ||z|, < B,. Then,
for N > d, we have

Noo (Foe. N.|1l,) = Noo (Foe{Baer, ..., Buea}. |1 ll,)

2.3.1 Log Covering Number for |-||; Bounded Input and HHloo
Bounded Matrix

Now, we will show our three covering number bounds. Each of the three have different norm

bounds on the inputs and the matrices, allowing for flexibility when deciding which to use.

Lemma 2.3.3. Let N > d, W ={W e R™* [ |[W|, < By}, F ={z — Wz | W € W},
and let our inputs * € R? have the restriction ||z||, < B,. Then:
dB? B2
log N (Fo e, N, [|-ly) < —%—1og(2k + 1)

€2

Proof. We will abuse notation slightly by referring to YW at times instead of F (and similar
for W and F).
Let us have the set V = {v € R* | ||v]|; < B,}. Then notice by lemma 2.3.1 we have that
there exists an €¢/B, cover for V that has log size
B2 B?

‘22 ~ log(2k + 1)

Let this cover be V. We claim that

W=VaV.--@V
—_— —

d total times

is a cover for W.
To show this, let W € W and let W € W be the one where each column is the vector
that would be chosen to cover the corresponding column in . Then, notice for all i € [d]

we have

€

(W = W)Beed| = B, [Wis — W] < B e

10



Therefore

sup H(W — W)Byei|| < e
i€[d]
which, by lemma 2.3.2 shows that
dB? B?
log Noo (Foe, N, [J-ly) < —2—=1og(2k + 1)

€2

]

2.3.2 Log Covering Number for |||, Bounded Input and [-[|,,
Bounded Matrix

Lemma 2.3.4. Let N > d, W ={W € R™? | |[W|,, < B,}, F ={z — Wz | W € W},
and let our inputs * € R? have the restriction ||z||, < B,. Then:
2

B2B
1Og'/\/‘OO (f,E, N’ ||||2) f§

€2

log(dk)

where < hides logarithmic dependencies except Tk, d.

Proof. This proof uses Lemma 4.6 in Edelman et al., 2022 Edelman et al. [2022], which is

rewritten below for clarity.

Lemma 2.3.5. (Edelman et al., 2022 Lemma 4.6) Let W and F be as above. Then for any

set of points x1, ..., x, € R with ||x;|, < B, for all i, we have

2
T

B2B
logNOO (F,E, {xi}?:lv ||||2) 5 9

€2

log(dn)

With this, let W be an e-cover for W over the inputs {B,e;}%_, as stated in the lemma.
Then, by lemma 2.3.2, we have that the cardinality of W is also an upper bound for
N (F, e, N, |I-|l,), which is what we needed to show. O

2.3.3 Log Covering Number for |||, Bounded Input and ||,
Bounded Matrix

Lemma 2.3.6. Let N >d, W= {W e R®? | |W],;, < By}, F ={z — Wz | W € W},

and let our inputs x € R? have the restriction ||z||, < B,. Then:

2
T

B2B?
lOg-/\[oo (fa €, N; ||H2) < 2 lOg(de + 1)

11



Proof. Let V be the set of all the flatten matrices in V. Note how this implies Vv € V,
we have ||v]|, < B,. Then, by Maurey’s sparification lemma, we have that there exists an
e-cover V of log size at most %2“ log(2dk +1). We claim if we unflatten 1% (call this W), then
Wis a (Bge)-cover for W. Let W € W, let V be the flatten version of W. Then, let V be
the flattened vector we would choose for V in our cover and let W € W be the unflattened

version of V. Notice for any = € R?, ||z, < B,:

e, < [ ], el <

22

[w =), llelly = [V = 71, llzl, <

Therefore our covering number is at most @ log(2dk + 1) O

2.3.4 Observations on Results

Above we have showed a few different sharpenings of linear covering numbers with matrices
instead of vectors. Specifically, these do not rely on the sample size of the input. Also, all
but lemma 2.3.3 keeps the matrix dimensions inside the log term. We do note however, the
matrix bound in lemma 2.3.3 is a 1, 00 norm bound while the others are rather 2,1 or 1,1
norm bound. We know that for any matrix W, [[W|,, < d|[[W]|, . Thus if we were to
convert lemmas 2.3.4 and 2.3.6 into a norm bound on 2,00 and 1, co bounds we would have

a d>B2 term. This shows that lemma 2.3.3 is a stronger bound than it lets on.

2.4 Transformer Rademacher Complexity

2.4.1 Analysis for Single Layer Transformer

Let w € RY, W, € R4 W, € R™* Wy € R |lw||, < B,
i

!

< By,, and
1,00

< By,. Then we have our scalar one layer Transformer as wTY[C Ls] Where

1,00
Yiors) = W/!o (WUTXTsoftmax (XWQTK.T[CLS]))

Our Rademacher complexity is thus the following:

m
E sup E e,inWcTo (W,:X(:)softmax (X(i)WQKJC[cLs]))
w,We, Wy, W i
i=1

12



With this, we have the following theorem:

Theorem 2.4.1. Suppose we have the required norm restrictions denoted above along with
|z]|, < B: Yz € X. Also, suppose we have a covering number bound in the form of C'/€* for
the class {x — Wz | x € X,w € W} where X and Wi meets these requirements needed as
well. Finally, if we have m > d and m > In(2d). Then, an upper bound on the Rademacher
complezity of a single layer Transformer layer is:

2
(i (5 o) )

The proof is left in Appendix Section A.3 for ease of presentation.

We can now take lemmas 2.3.3, 2.3.4, and 2.3.6 to get bounds on the Rademacher com-
plexity. In the proof it can be seen the only matrix that needs to be covered in Wy, thus
we will only have a dependence on d and not k. We will show one corollary below and leave

the rest to Appendix Section A.4.

Corollary 2.4.1.1. Let us have the requirements needed for Theorem 2.4.1 along with
HWQKHLI < BWQK Let
B — B’wBWcLO'BWu

o = Bywg,\/2log(2d* + 1)

Then we have our Transformer Rademacher complexity being less than

Bla vm In(2d)
0 (B (\/m <1+ln (B%a)) + B, m))

2.4.2 Single Layer Multiple Heads

and let

Let H € N and let Yj, j € [H] each be a Transformer head. Then notice by linearity of

expectation:

The expectation above is the same as the single layer, thus multiple heads just adds a linear

H term to the Rademacher complexity.
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2.4.3 Multiple Layers

We have seen that we are able to get sequence length independent Rademacher complexities
(and therefore generalization bounds) for a single layer Transformer architecture. For mul-
tiple layers, it suffices to take the proof found in Edelman et al. [2022] and slightly rework

it so that it will work for an arbitrary linear covering number bound.

Theorem 2.4.2. (Slight Reworking of Theorem A.17 in Edelman et al., 2022) Suppose
we have a log covering numbers in the form of C1/€* and Cp,/€e* for the function class
{r = Wz |z e X, we W} where |z]|, < 1Vxr € X and ||z||, < B, Yo € X respectively.
Suppose we also have HWC@TH2 < B, HW&)THQ < Byo, Wq(;}(

with them meeting the needed covering number restrictions. Let

, < Baxa, |lw|l < B, along

L
a; = H L;BeaByo(1 + 4Bgk2)
Jj=i+1
T, = a?/?) + (2aiLo'Bc2Bv2)2/3 + (aiLan2)2/3

v = O 2Ly BaBuzar Bu)”* + C* (14 (BuLeBio)?)

L
y= M (35/3 z)

=2

Then, the log covering number of gfc'gllar 18
(v +m)°
€2

The proof is left in Appendix Section A.5 for ease of presentation.

Notice this is the covering number of the entire multi-layer Transformer. Thus, we can
recover an upper bound for the Rademacher complexity of it by using Dudley’s integral.

Substituting our covering number bounds into theorem 2.4.2 gives us the three corollaries.

We state one below and leave the rest to Appendix Section A.6.

Corollary 2.4.2.1. Suppose we have the norm bounds required in lemma 2.5.6 for each
W Wi, Wg}{, w and let the maximum be B. Let B, be the input bound. Suppose we also

14



have the bounds needed for theorem 2.4.2. Let

L
ai= [[ LoBe2Buw(1+4Bgk2)
j=i+1

T, = OZ?/?) + (2aiLO‘BCQB’U2)2/3 + (aiLoBv2)2/3

1/3
v = (B2BIn(2dk + 1)) " 0Ly BBy By +

(B>In(2dk + 1))1/3 (1+ (BuLoBi2)™?)

2 13 [ a3 L
n=(B*m@dk+1)) " (BY*Y 7

1=2

L+1

Then, the log covering number of g\, s

(v +m)°
2
The above covering number is precise, but unwieldy to look at. To get a better sense of

it, we can see that, ignoring polylog terms and constants, we get

1
B?B2B? (L, BBy B —

2

We do note that the multi-layer method does also work for one layer, however, it is
not quite comparable to the bound found in Section 4.1 due to the norm restrictions being
different. If we were to look at just the resulting values, the given single layer method
essentially trades the cross product terms in the cubed factor for a factor of B, which seems
like an acceptable trade. The proof for the single layer is also much more direct and easy
to digest. It also gives a linear dependence on the amount of heads when the multi-layer

method extended to multiple heads gives a dependence of H!*.

2.5 Theoretical Example: Word Prediction in NLP

Suppose we have a word embedding set up and a vocabulary of size K. One way to try to
learn is by masking a certain percentage of words in a sentence and asking the Transformer
to predict these words. Masking is done by taking the row that corresponds to the position
of the masked word (let us call this row i) and giving as input a specific vector instead of the
actual embedding of the word. Then the prediction is done by taking the vector in row ¢ in
the final layer of the Transformer and linearly transforming it into a size K vector. Then we

can softmax this vector and use cross entropy loss to train. This is one of the ways BERT
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[Devlin et al., 2018] is trained. Below, we will suppose only 1 word is masked for each input

for ease of presentation. Let us use the cross entropy loss with softmax:

Uiy, x) = =) y;log(softmax (z),)

i=1
where y € {0, 1} is a one-hot encoded value that specifies the correct word and z € R¥
is the output of our Transformer at the masked index. Let us call this problem set up

Transformer word masking. With this, we state the following theorem:

Theorem 2.5.1. The Rademacher complexity of Transformer word masking can be found
using Theorem 2.4.1 or Theorem 2.4.2, given the required norm assumptions and layer size
for the theorems hold.

Proof. First, we show this loss function is 2-Lipshitz in the ¢,, norm. We prove this in
Appendix A.7.

Therefore, if we let W be our linear map from the Transformer row to the vocabulary
scores and let YL(i) be the output of our L-layer Transformer on the i*" sample. We then have
by Foster and Rakhlin [2019]:
<

E [sup i el (W(Y,—fi))T)

wy i=1

NE

O(VK)maxE lsup
$ W)Y

7

€ (W(YLi))TL] =

s L

O(VK) max E [sup ZeiWs(YL(i))T]
WY =1
Notice that W." € R% and then by definition (YL(i))T € R?is a token from our Transformer
output. Thus, the resulting function class in the Rademacher complexity term is of the same
form needed to use Theorem 2.4.1 if L = 1 or Theorem 2.4.2 for L > 1. Therefore, we can
use theorems to find the Rademacher complexity of Transformer word masking if the norm

restrictions for the theorems hold. O

In order to get the generalization bounds from this Rademacher complexity, we require
a bounded loss function. Using clipped cross entropy has been shown to have advantages
over unbounded cross entropy [Hurtik et al., 2022, Wei et al., 2023], so using such a loss will

allow us to get our generalization bounds from this set up.
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2.6 Empirical example: Sparse Majority

The above sections show that, with bounded norms on the weight matrices, our generalization
gap should not grow with sequence length. Thus, in this section, we will discuss a simulated
study to see empirically if we find results that match our theory. We run a single layer
Transformer on a simulated sparse majority data set on a variety of sequence lengths and
we look at three results: (1) The total 1-norm of the weights in the Transformer, (2) The
cross entropy generalization gap of the best epoch, (3) The validation accuracy of the best
epoch for each sequence length.

The first two will show whether or not our theoretical findings are found in practice as
well. The last one is more of a practical concern—a situation where the generalization gap is
small but the network does not learn is not very useful.

The dataset we create is a sequence of zeros and ones where the label is determined by a
majority of a sparse set of the indices. More concretely, if we have a sequence S of length is
T, we have a set of indices is I, |I| < T, the label is

Y= l{ZiEI Si>%}

In order to more accurately emulate real uses of Transformers, we embed 0 and 1 each
into a d-dimensional vector where these two are orthogonal from each other. We also add
the positional encoding defined by Vaswani et al. [2017] to add positional information to the
sequence.

For our experiment we used a single layer of Tensorflow’s MultiHeadAttention layer
along with a second layer that extracts the [C'LS] layer and linearly transforms it into a
vector of size 2. The loss we use is the cross entropy loss. Notice how we can use Section
2.5 to make this fit in the regime we have been discussing in this chapter; we can act as if
the [C'LS] index is always masked and we have a vocabulary of size 2 (0 and 1).

The multihead attention layer has embedding dimension of 64 and 2 heads. The embed-
ding dimension was chosen to be large while still allowing for moderate computation time.
Only two heads were also chosen as well for computation time concerns. For our dataset,
we had the sparse index set cardinality to 9 and used 300 training samples on sequence
length 20, 40, 60, ..., 200 with a validation set size of 10000. The index set cardinality and
training set size were chosen after finding a small enough size where the smaller sequence
lengths could not always get perfect validation accuracy.

The Transformer trained on a NVIDIA Tesla V100 GPU for 200000 epochs with a batch
size of 128. 200000 epochs, while a lot, was needed to allow for the larger sequence lengths

to start to overfit. This batch size was also chosen after trial and error.
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We trained our model for each sequence length 5 times (new data set each time) and
recorded the 1-norms of the weights, the accuracy, and generalization gap of the best epoch.
Figure 2.2 shows the worst generalization gap for each sequence length. Figure 2.1 shows the
largest 1-norm of the weights for each sequence length. Figure 2.3 shows the best accuracy
for each sequence length. We note that each of these do not necessarily represent the same

run per sequence length.

W
20000
28000

2700

1 Morm of all Parameters

0 2 I il 80 [0 120 140 160 180 200
Sequence Length

Figure 2.1: Plot of the max sum of the absolute value of all the weights across sequence
lengths. The lack of any increasing trend further validates our assumption of bounded
weights being credible.

As we can see, the figure 2.1 shows that the weights do not increase with sequence length,
lending strength to our matrix norm assumptions.

We can also see in figure 2.2 the generalization gap also has no discernible trend and
figure 2.3 shows the accuracy plateaus as sequence length increases. These results further
help validate our theoretical findings and add evidence that longer sequence lengths do not
inhibit how well Transformers learn.

The code for these experiments can be found here.
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Generalization Gap
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Sequence Length

Figure 2.2: Plot of the max generalization gap across sequence lengths. There is no dis-
cernible trend in the plot, giving empirical validation to our theoretical results

2.7 Conclusion and Future Work

In this work, we give norm-based generalization bounds that do not grow with sequence
length. This fills a hole in the literature where we can now have sequence length independent
generalization bounds with the good properties the norm-based bounds give. We also give
empirical evidence to validate our theoretical assumptions and theorems.

Future work could include sharpening the linear covering number bounds and generalizing
them for more types of matrix/input norm bound combinations. Another avenue could be
analyzing exactly how the norm-based bounds and parameter counting bounds trade off with

each other.
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Figure 2.3: Plot of the maximum accuracy across sequence lengths. While this chapter
makes no claims on the accuracy, we can see the graph does plateau. Therefore showing our
models were learning well even at longer sequence lengths.
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CHAPTER 3

On Next-Token Prediction in LLMs: How End Goals
Determine the Consistency of Decoding Algorithms

Probabilistic next-token prediction trained using cross-entropy loss is the basis of most
large language models. Given a sequence of previous values, next-token prediction assigns a
probability to each possible next value in the vocabulary. From this, there are many ways to
turn these next-token predictions into token sequences. This chapter examines a few of these
algorithms (greedy /lookahead decoding, random sampling, and temperature-scaled random
sampling) and studies their consistency with respect to the user end goals of information
retrieval and creative generation through encoding these goals as loss functions. Although
the consistency of surrogate losses with respect to a target loss function is a well researched
topic, we are the first to study it in the context of LLMs (to the best of our knowledge).
We find that, so long as next-token prediction converges to its true probability distribution,
random sampling is consistent with outputting sequences that mimic sampling from the true
probability distribution. For the other goals, such as minimizing the 0-1 loss on the entire
sequence, we show that deterministic decoders have the edge over stochastic decoders. From
these results, we see that there is a dichotomy created between the goals of information
retrieval and creative generation for the decoding algorithms. This shows that choosing the
correct decoding algorithm based on the desired goal is extremely important and many of
the ones used are lacking theoretical grounding in numerous scenarios. While there has
been evidence for this empirically, this chapter gives rigorous theoretical grounding to these

results.

3.1 Introduction

The basis for nearly all large language models today is next-token prediction trained by min-
imizing the cross entropy loss function [Radford et al., 2018, Brown et al., 2020, Chowdhery
et al., 2023, Touvron et al., 2023, Devlin et al., 2019]. However, next-token prediction only

gives probabilities for the next token. Many tasks, such as machine translation or text gener-
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ation, require an output of a token sequence. Thus, we must have some decoding algorithm
that takes these next-token predictions and outputs a sequence. With a large amount of
test-time computation being used in state-of-the-art models [Jaech et al., 2024, Guo et al.,
2025], the mathematical foundations of these algorithms are of great interest.

In this chapter, we analyze the behavior of next-token prediction and how the choice of
decoding algorithms can impact the asymptotic optimality of the outputs. This work can

be thought of as studying surrogate loss consistency: we minimize a surrogate loss function

(cross entropy on next-token prediction), but are interested in a different target loss function
(e.g., Hamming loss between predicted and correct sequence). This notion of consistency
has been extensively studied in machine learning. Bartlett et al. [2006] showed results for
binary classification where they minimize a surrogate loss function and show consistency
with respect to the 0-1 loss. Tewari and Bartlett [2007] extend this approach to multi-class
classification. Gao and Zhou [2011], Koyejo et al. [2015], Wu and Zhu [2020] all have worked
on consistency for multi-label classification.

There has also been research into next-token prediction and decoding algorithms. Saunshi
et al. [2021] investigates how linearly transforming next word prediction can predict text
classification. Li et al. [2024] studies what can be learned by a single attention layer for
next-token prediction. Snell et al. [2024], Wiher et al. [2022], Shi et al. [2024] all investigate
a few types of decoding algorithms and empirically evaluate them. There has also been much
research on how next-token prediction learns [Bachmann and Nagarajan, 2024, Lin et al.,
2025, Thrampoulidis, 2024], but, as far as we are aware, we are the first to investigate the
consistency of next-token prediction and these decoding algorithms.

It is standard to analyze consistency in an asymptotic setting of sufficiently large sample
sizes and models where the surrogate loss has been fully minimized. We therefore assume
that our next-token predictor converges to the true next-token distribution and we only
have query access to it. Note that this emulates the training of our next-token predictor as
asymptotic minimization of cross-entropy results in correct next-token distributions. Given
this, we investigate our decoding algorithms with regards to two high-level goals central to

how large language models are used today: information retrieval, where the user is looking

for a “correct answer” and creative generation, where the user is looking for new samples
from the distribution of human language [Paal and Giesselbach, 2023, Petroni et al., 2019,

Brown et al., 2020]. We do this by minimizing a loss function that acts as a proxy for these

goals: the N-gram Hamming loss for correct information retrieval and the cross entropy loss
for the entire sequence for generating samples.
This chapter gives a framework to study the consistency of various decoding algorithms

with respect to different high level goals. We show that only deterministic decoding algo-
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rithms can be consistent for the N-gram Hamming loss, however, these have infinite loss for
the cross entropy loss for any non-deterministic true sequence output distribution. Therefore,
stochastic decoders are necessary to have a non-infinite loss for the cross entropy objective,
but fail at consistency for the N-gram Hamming loss. This shows there is no one-size-fits-all
decoding algorithm and one must adapt their decoder to their desired goal. While this di-
chotomy has been empirically studied [Wiher et al., 2022, Shi et al., 2024], we are the first
to give theoretical justification to this phenomenon as far as we are aware. There has also
been a recent line of work on adaptive decoding strategies [Zhu et al., 2024b,a, Dhuliawala
et al., 2024]. These decoding strategies change the decoder output distribution to be more
or less determinsitic-like depending on some criteria which aligns itself with the informa-
tion retrieval versus creative generation dichotomy. Therefore, our theoretical results are
consistent with these recent empirical findings.

We also show that there is no consistent polynomial-time decoding algorithm for all output
distributions for the N-gram Hamming loss and we create a small Markov chain experiment
to see the optimality of deterministic decoders. For the cross entropy loss, we show random
sampling is consistent for all probability distributions over the sequence outputs. Finally,
we give a rate for the suboptimality gap of the expected risk for temperature scaling with
respect to the temperature parameter.

This chapter is organized as follows: Section 4.2 goes over the requisite background and
notation needed for this chapter, including the decoding algorithms studied in this chapter.
Section 4.3 discusses the problem set up. Section 3.4 goes over the case where the goal
is information retrieval. Finally, section 3.5 shows results for when the goal is creative

generation.

3.2 Notation and Background

For notation, we will use ) as an output space, X as an input space, and ¢ as a loss
function. Since the outputs are sequences, y € Y will refer to the entire sequence, y; will
refer to index 4 in the sequence, and yj; will refer to the subsequence from indices 1 to 4.
In general, [j] is the ordered set (1,2,...,7) and y;.; = ¥iYiy1 -..y;. For two strings, the +
operator will mean concatenation. For probabilities, when one sees p(v | yji—1)), this is the
conditional probability of the v at index 7 given the sequence y};_;). We will often write this
as p(yi | yu—1))- To keep consistent with this notation, we will write p(y;) as the marginal of

the distribution at index 7 for the token y.
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3.2.1 Expected Risk

Given a loss function ¢, a probability distribution p over inputs X and outputs ), and a

hypothesis h : X — ), the expected risk is normally defined as follows:
R(h,p,l) = wE [£(h(x),y)] -

This value is oftentimes what is trying to be minimized when training a machine learning
algorithm [Shalev-Shwartz and Ben-David, 2014b, Bartlett et al., 2006, Tewari and Bartlett,
2007, Gao and Zhou, 2011], however, this set up does not have the required granularity
needed for our purposes. There has been work that has modified the expected risk so that
it can fit their use cases, such as needing a “pred” function to convert the output of their
algorithm into a prediction [Tewari and Bartlett, 2007, Ramaswamy et al., 2013, Ramaswamy
and Agarwal, 2016]. We will then also reformulate the expected risk so that it fits to our
problem.

We assume we have access to a next-token predictor, which can only output conditional
probabilities for the next token given the previous tokens and input. The notation for this will
be pntp(yi | Y—1)) for every y; in our vocabulary. These conditional distributions naturally
induce a unique probability distribution on the entire sequence, thus we will interchangeably
refer to py, as probability distribution itself. A ntp subscript on a probability distribution
is used to emphasize that the distribution is being used as a next-token predictor. Given
Dntp, We require a decoding algorithm D, which takes in an input z € X and a next-token
predictor ppt, (D only has access to conditional distributions of p,,;,) and uses them to output
a sequence y € Y. Since D can have internal randomness, we will refer to the distribution

of outputs produced by D as ppp,,,)lz- We will then define our expected risk as follows:

R(D, p, pnip, ) = E E (g, 9)]|,

TP | y~pl2,9~PD(p )|

where p | = is the conditional distribution of the output y given an input x.

3.2.2 Decoders

We will look at 3 types of decoding algorithms: Kp-lookahead decoding, random sampling,

and temperature-scaled random sampling.
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3.2.2.1 Kyp-Lookahead

The word “lookahead” has been used in a few different ways in LLM decoding [Snell et al.,
2024, Fu et al., 2024]. Here, we will define the Kp-lookahead algorithm as a generalization
of the well-known “greedy” decoding algorithm [Shi et al., 2024, Wiher et al., 2022]. For
choosing the next token(s), we will find all K-length combinations of our tokens and then

keep the first T" tokens of the maximum K-length sequence.

Algorithm 1 Kp-lookahead
Require: L e N, K < L, T < K, pu,(- | -), Vocabulary V
y — wn
while length(y) < L do
¢ + max{K, L — length(y)}
y = arg max,, .. UCEV{pntp(vl | Y)Putp(V2 |y +01) - Patp(ve | Y + v1e-1) }
H <+ min{T, L — length(y)}

Y <Y+ Y
end while

We note that K =T =1 is greedy decoding.

3.2.2.2 Random Sampling

Since next-token prediction outputs probabilities, random sampling will choose the next

token given these conditional probabilities.

Algorithm 2 Random Sampling
Require: L € N, pu,(- | -), Vocabulary V

W

Y
while length(y) < L do
Ynew ~ Prip(- | Y)

Y <= Y+ Ynew
end while

3.2.2.3 Temperature-Scaled Random Sampling

Temperature scaling is where one scales the next-token probabilities to encourage or dis-

courage exploration of the space. It is used in almost all, if not all, large language models

[Brown et al., 2020, Achiam et al., 2023, Chowdhery et al., 2023, Touvron et al., 2023].
Normally the probabilities are found by using a softmax on logits z;. Temperature scaling

is then done by using softmax on z;/T, where T is the temperature parameter. However,
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using only the probabilities themselves, we can do temperature scaling using temperature ~

as:

pyi |y, )
Z’UEV p(U ’ Y, 'r)’y

pscaled(yi | y[ifl]ax) =

We show the equivalence in Appendix B.2.1.
For this decoding algorithm, we will be randomly sampling the next token from the

temperature-scaled distribution.

Algorithm 3 Temperature Scaled Random Sampling

Require: L € N, v > 0, pu,(- | -), Vocabulary V
y % w»
while length(y) < L do

po(v ) =

ZuEV Pntp(uly)?

Ynew ™~ pv( | y)
Y = Y+ Ynew
end while

3.3 Problem Setup

Let X be a general input space. Let V be a vocabulary, * be a null character, and let L € N.

Then, let Y C {p1y2...y; **x |y, € V,j < L} be our sequence output space. Each
L—j indices
y € Y is thus a sequence padded to a finite maximum length using the null character. We

will also assume for any next-token predictor, if the current string has * in it, all mass for
the next token is at . This is done as * represents empty space and is only used in the
analysis to simplify dealing with strings of different lengths. The Transformer architecture
has a maximum sequence length it can output, thus this set up does not lose any generality
to modern day large language models.

Let us represent the true probability distribution as p* over X x ). Given an initial
next-token predictor pgtp, we will assume that it is iteratively updated using cross entropy

on the next-token distributions. Let each new iteration be p,.
Assumption 3.3.1. Vy € ¥, Vi € [L] pl,,(vi | yji—1)) = 0*(¥i | Yji—1)) in KL-Divergence.

It is standard to study surrogate loss consistency when the surrogate loss is asymptot-
ically minimized [Gao and Zhou, 2011, Tewari and Bartlett, 2007]. It can be easily seen

that minimizing cross entropy implies the KL-Divergence is 0. From a practical standpoint,
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this assumption is credible as, given proper data, modelling, and updating, the next-token
conditional distributions will converge to the true conditional distribution through the min-
imization of cross entropy. We then show in Appendix B.2.2 that this also implies p,, — p*
in KL-Divergence as well.
Now, given pﬁltp — p*, this chapter studies when our decoding algorithms have the prop-
erty
R(D, D" Dy €) =, ik R(h,p", 0).

3.4 Consistency for N-Gram Hamming Loss

Historically, N-grams have been important in sequence metrics like the BLEU score [Papineni
et al., 2002] and the ROUGE-N score [Lin, 2004]. N-grams are used to segment a sequence
into portions evaluate the correctness of each portion. We will take this idea and define a

new loss function, which we call the N-gram Hamming loss. Mathematically, we define it as:

L—N+1
Z 1{ﬁi:i+N—l7éyi:i+N—l}'

i=1
For N = 1 this is the Hamming loss and for when N = L we have the 0-1 loss, which
themselves are two canonical loss functions in machine learning. Intermediate losses when
N € [2,L — 1] might be useful in their own right, but here we consider them as a math-
ematically tractable representative for the various N-gram based metrics used in sequence
learning.

We want to determine for which probability distributions will our decoding algorithms
always produce the optimal output for all sets of inputs with positive measure. Below we

show what is optimal for the N-gram Hamming loss:

Lemma 3.4.1. Let p be a probability distribution over output sequences and let
L—N+1
9y) = > PWYiirn-1)-

=1

Then, the optimal output for N-gram Hamming is

arg max{g(y)}.

The proof of is left to the Appendix B.2.4 for ease of presentation. Note how this general-
izes the already known optimal outputs for the Hamming and 0-1 loss [Dembczyniski et al.,
2010].
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3.4.1 Exchanging Consistency for Optimality

Here we give a useful result that will allow us exchange the limit and expectation in the

expected risk, given a decoder meets the assumptions needed.

Proposition 1. Suppose ppp,.,)« s the probability distribution of the output of D(pny) | .

DPntp

Then, given an M-bounded loss function ¢ and

Vo € X,y € Y im (pog,, 1 (v) — Poisy, le()) = 0.
Then

im R(D, p", Py ) = R(D, 1", Pl ©).

We leave the proof to Appendix B.2.3 for ease of presentation. This allows us to deal
with the optimality of our decoding algorithms given a true sequence distribution p* instead
of the consistency of a sequence p'. The assumption is also very reasonable, if not even a
desirable trait for a decoder to have: it says that as p’ converges to p*, the probability of
our decoder outputting any sequence using p;tp should converge to the probability of our

decoder outputting that sequence under py,,.

3.4.2 Optimal Decoding for All Probability Distributions is Not

in Polynomial Time

To motivate the usage of various decoding algorithms for the N-gram Hamming loss, we
will show that, even if we have access to next-token predictons from the true sequence
distribution (p*), there does not exist a polynomial-time (in sequence length L) decoding
algorithm that is optimal for all probability distributions. We show in Section 3.4.4 that
stochastic decoders (i.e., decoders that can sometimes choose one value or another depending
on internal randomness) can be not optimal so long as they put non-zero mass on an non-
optimal output. Thus we are left with two types of decoders: deterministic decoders and
stochastic decoders that put all the probability mass on optimal outputs. Let us call the

latter optimal stochastic decoders.

Theorem 3.4.2. Let V be a vocabulary and let Y have mazximum length L. Let p be such

that |
Vyed, Yie L p(ylyu—1) = R
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Then, any optimal deterministic or optimal stochastic decoder algorithm D for the N-gram
Hamming loss must have a runtime of at least C(|V|F—1), assuming queries to the next-token

predictor take C time.

The proof is left to Appendix B.2.5. The idea of the proof relies on the pigeonhole
principle. If there are an exponential amount of values p(v|yj_1)) that can be queried, if we
only query a polynomial amount of them, there are many adversarial probability distributions
that fit the queried values, but have different optimal values. Even though the proof is done
on the uniform distribution, one can see how this idea can fit a large class of sequence

probability distributions.

Corollary 3.4.2.1. Optimal decoding of the N-gram Hamming problem takes exponential

time in L assuming black-box access to next-token probabilities.

Proof. Since accessing from memory is assumed to be constant time, we have shown there
is a distribution that will take Q(|V|¥) runtime. This, combined with the results in Section

3.4.4, gives us our result. O]

In modern large language models, these next-token probabilities are done using calls to a
Transformer architecture, which do not have O(1) runtime. However, for the N-gram Ham-
ming loss, we see that next-token prediction has an exponential lower bound for optimality

that no amount of Transformer optimization can fix.

3.4.3 Krp-Lookahead Decoding

For this subsection, ties are a curse. When choosing the next token(s), if we have at least
2 sequences in our next token(s) arg max such that at least 1 puts the algorithm not on a
path to an overall sequence arg max, then there is no way for our algorithm to be optimal for
all probability distributions. This is because there are two ways to break ties: deterministic
breaks or random breaks. For a deterministic tiebreak, we can adversarially create a prob-
ability distribution where we choose wrong. For random tiebreaks, we show in in Section
3.4.4 that it also can not be optimal. Therefore, we will only look at the class of probability
distributions where we will not run into any ties in any of our argmaxs. Let this class be
called P.

We note that restricting to this set means that we can not use the example given in
the proof of optimal decoding requiring exponential time. However, the proof does not rely
on ties, it instead relies on having no few conditional probabilities p(v|y;_1)) being large
enough to make all the others at that level irrelevant. Thus, one can imagine extremely

small perturbations to the example’s conditional distributions such that the distribution is
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in P, but is still very close to the uniform distribution. The rest of the proof would then

work out the same.
Lemma 3.4.3. Kp-lookahead decoding meets the criteria to use Proposition 1

The proof is left to Appendix B.2.6 for ease of presentation. Using this lemma, we only
need to concern ourselves with p* when trying to show consistency.

Now, in order for Kp-lookahead decoding to be optimal for the N-gram Hamming loss,
we give a reframing of Kp-lookahead in terms of what probability distributions it is optimal

for below:

Proposition 2. Let us have a probability distribution p* € P over X x Y and let

L—-N+1

C = {z | argmax Z P (YiiaeN—1 | ) = y' where
Y i=1

T _
Y(Te+1)min{(Te+T),L} =

( argmax  {p"(Y(Te+1)min{(Te+K),L} |ff’y[TTd)}>

Y(Te41):min{(Te+K),L} [T]

forceZy, Te<L—-T}.
Then, Kr-lookahead is N-gram Hamming loss optimal for p* iff
px(C) =1.

The proof is left to Appendix B.2.7.

Since Krp-lookahead is a greedy algorithm, this characterization can be interpreted as it
only being optimal for probability distributions that lend themselves well to greedy algo-
rithms. Thus, no matter how perfect the next-token predictor is, we are simply running a
greedy algorithm and these algorithms will fall into the same traps greedy algorithms have
been known to fall into. For example, in Appendix B.2.8 we give a Markov chain that is not
optimal by exploiting the characterization above.

Given this, it is natural to then ask how often do these decoders run into such a problem.
We set up a simulation study on Markov chains to empirically test optimality. We create
each graph by having its starting distribution and each transition distribution be Dirichlet
distributed with the parameters all being the same value, a. We group each graph by the «
parameter used and then take the average amount of times Kp-lookahead was optimal. Each
group has 200 graphs. We do note, while improbable, there can be ties in the Kp-lookahead
arg max in our simulations and the ties are broken by which path was seen first. More details

on the simulation study can be found in Appendix B.1.1.
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While this is a simple experiment, we note that our results show that we can not do much
more. Since we are looking for optmality and there is no polynomial-time optimal decoder,
we must use an exponential-time algorithm to find the optimal sequence. This immediately
narrows the experiments we can run since we can only use a model with a restrictively small
vocabulary and maximum sequence length.

In Figure 3.1, we plot the percent of times K;-lookahead was optimal in a group for the
1-gram Hamming loss against the average KL-Divergence from the uniform distribution for
that group. We can see that it does not do well no matter how short the sequence is. Even for
short sequences with low entropy distributions (very “peaky” distributions), K;-lookahead

decoding still guesses wrong about 10% of the time.

Optimality of K1-Lookahead for 1-gram Hamming Loss (Hamming Loss)
L=2 L=4 L=6 L=8
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Average KL-Divergence From Uniform Distribution

Figure 3.1: A plot of the amount of trials K;-lookahead was optimal for the 1-gram Hamming
loss (the Hamming loss). Each point represents the average optimality over 200 randomly
generated Markov chains with a set amount of nodes and Dirichlet parameter o. Smaller
as create more “peaky” distributions and thus have higher KL-divergence from the uniform
distribution, while larger as create more uniform distributions. There were 8 nodes in each
Markov chain for this figure and the sequence length goes up by two as one moves right in
the plots.

The next figure, Figure 3.2, we see how K;-lookahead does for the L-gram Hamming loss.
When K = L, K;-lookahead will be optimal, which is why each of them has one line that
is perfect. For the rest of the lines, we see they do better than they did for the Hamming
loss, which is interesting in its own right. This trend is generally seen when looking at the
other values of N, L, K as well. We leave a more thorough explanation and analysis of our
simulations to Appendix B.1.1, where we also empirically analyze Kx-lookahead decoding
as well.

A beam search is, instead of greedily choosing at each step in the lookahead algorithm,
one keeps the top B sequences at each step and uses them for the next steps. Once at the
end, then the beam search chooses the best out of the B outputs [Shi et al., 2024, Wiher
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Optimality of K1-Lookahead for L-gram Hamming (0-1 Loss)
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Figure 3.2: A plot of the amount of trials K;-lookahead was optimal for the L-gram Hamming
loss (the 0 — 1 loss). The same setup as Figure 3.1 otherwise.

et al., 2022]. We can easily extend our reframing of Kp-lookahead to a Kp-lookahead beam

search. Let argmax B be the set of the top B values.

Corollary 3.4.3.1. Let us have our decoder be a Kr-lookahead beam search with beam width
B. Let us have a probability distribution p* € P over X x Y and let

L—N+1
C = {z | arg max Z P (Wiian—1 | ) =y where
Y i=1

T
Y(Tet1)min{(Te+T),L} €

< arg max B {p*(y(Tc+1):min{(Tc+K),L} | , Z/[TTC])}>

Y(Tct+1):min{(Tec+K),L} [T]

forceZy, Te< L—-T}.
Then, Kp-lookahead is N-Hamming loss optimal for p* iff
pz(C) = 1.
Proof. The same as Proposition 2, but with arg max B instead of arg max. O]

Going back to greedy Krp-lookahead, let Px 7 be all probability distributions where
Krp-lookahead is optimal with respect to N-gram Hamming.

One could expect that increasing K would monotonically increase Pg pr n since the de-
coder is “looking” farther into the future. One would also expect that decreasing T would
monotonically increase P r n since taking less tokens now will allow us to reconsider later
when we have more information. However, we show below that neither of these are generally

the case.
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Proposition 3. Let Ky, Ky € [L — 1], where K; < Ky. Then VT € (K], VT, € [K3], and
VN € [L], we have Px, 1. N € Pry. 15N-

Proposition 4. Let K € {2,3...,L — 1}, Ne€ [L] and T € [K —1]. Then, if K <L —T,

we have Pxriin € Prrn

These proofs are left to Appendix B.2.9 and B.2.10, respectively. For Proposition 4, when
K > L — T, there can exist monotonicity. For example, in Appendix B.2.10 we show it for
when N = L.

These propositions show that the K and T hyperparameters have no general monotonicity
and their optimality is distribution specific. In the case of large language models, since
conditioning on different prompts changes the distribution, this shows that the optimal

hyperparameters of Kr-lookahead are input dependent.

3.4.4 Stochastic Decoders

Below we show any decoder that is stochastic in any way is not optimal, so long as there
is a non-zero probability of choosing a sequence that is not optimal. The proof is left to
Appendix B.2.11.

Proposition 5. Let our loss function be the N-gram Hamming loss. Let p be a probability
distribution over X x ). Then, any stochastic decoder that has a non-zero probability of
outputting a § € Y where § ¢ argmax, g(y) for a set of inputs that have non-zero probability

is not optimal.

3.4.4.1 Random Sampling and Temperature-Scaled Random Sampling

We show in Appendix B.2.12 that both of these decoding algorithms meet the criteria for
Proposition 1. Thus, since each of the runtimes of these scale linearly with L, by Proposition
1 and Theorem 3.4.2, we have that neither of these decoders are consistent for all probability
distributions. In fact, so long as v # oo, neither of these are consistent for any non-uniform

or non-deterministic probability distribution in P by Proposition 5.

3.5 Consistency for Sample Generation

One valid goal of a large language model is to sample responses from the distribution of
human speech [Paal and Giesselbach, 2023]. We know that for any two probability distri-
butions, minimizing cross entropy implies they will be equal to each other. Therefore, if

we want our goal to be sampling from a true sequence probability distribution, the cross
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entropy loss on the entire sequence is a natural choice. In this section we will not only use
cross entropy to train our next-token predictor, but also use it as a loss function for our
sequential output.

Given a decoding algorithm D and input z € X, the cross entropy loss is defined as

follows:
CEW | 2, pogupi) = E[~108 (PDupie(®))] -

y~p*|x

3.5.1 Deterministic Decoders

For deterministic decoding algorithms, it is easy to see by the definition of cross entropy
that for any non-deterministic probability distribution, these decoding algorithms will have

infinite cross entropy. Thus, they are not consistent.

3.5.2 Random Sampling

In the N-gram Hamming loss setting, we saw that random sampling is not consistent for all
non-deterministic or non-uniform probability distributions. Here, however, we will show it

is consistent for every probability distribution. The proof is left to Appendix B.2.13.

Proposition 6. Random sampling is always consistent under the cross entropy loss function

m our setting.

We note that, once we set up the surrogate loss framework, this essentially follows from
the definition of autoregressive modeling. We believe this shows how natural this framework
fits within this setting.

3.5.3 Temperature-Scaled Random Sampling

From the previous section we can see that when v = 1, we know temperature-scaled random
sampling is consistent with any true probability distribution. However, below we show it is

not consistent for nearly all true probability distributions when ~ # 1.

Proposition 7. When v # 1, temperature-scaled random sampling is only optimal when

each next-token distribution is a uniform distribution or a deterministic distribution.

The proof is left to Appendix B.2.14.

We next show how the expected risk increases as v changes. For convenience, we assume
below that for ) = VI. The proof method works in generality, however, the resulting log(|V])
term in the lower bound would be much less interpretable. A more in-depth explanation is

given at the end of Appendix B.2.15.
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Proposition 8. Let p be a probability distribution over Y and let p¥ be our temperature-
scaled random sampled distribution with respect to p. Let opt be the minimum expected cross
entropy obtainable with respect to p. Then, there exists constants C,Cy, Cs € Z that depend

only on p such that we have:

For~ > 1:
YO —opt < B [—log (p7(y))] — opt <
vCs + Llog (|V]) — opt.

For v < 1:

(Llog ([V]) —opt) =7Ce < E [~log (p"(y))] — opt <

(Llog (|V|) — opt) +~Cs.

We leave the proof to Appendix B.2.15.

We require two bounds due to how the behavior changes from when v < 1 to v > 1. We
know that as v approaches oo, our distribution becomes closer and closer to a point mass,
thus our cross entropy goes to infinity. The inequalities set forth in when ~ > 1 shows our
loss goes to infinity at a rate of ~.

As ~ approaches 0, we know our distribution will get closer and closer to the uniform
distribution. Thus, our cross entropy should go to — log (|V|‘L> = Llog (|V]), which we can
see through the inequalities when v < 1 that it also goes to Llog (|V]) as well at a rate of ~.

From this, we see temperature scaling behaves asymptotically as is expected in its scaling

parameter and it does so linearly.

3.5.4 Proper Losses

A proper loss function with regards to this work is a loss function whose minimum is obtained
by the true distribution. One well-used proper loss is the cross entropy loss and others include
the Brier loss and the spherical loss [Vovk, 2015].

Corollary 3.5.0.1. All the results regarding cross entropy loss from Sections 3.5.1 and 3.5.2
hold for any proper loss.

Proof. Cross entropy is a proper loss and since random sampling decoding is consistent with
it, we have that random sampling is consistent with respect to any proper loss. Further,

since we see that no deterministic function is consistent for non-deterministic probability
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distributions, we have that they do not limit to the true distribution. Thus, they can not be

consistent for other proper losses as well. O

This also shows how useful the surrogate loss consistency framework can be. Due to how
autoregressive modeling was created, the proof for Proposition 6 follows very easily once we
have set up our framework. If one wanted to directly show the same result for other proper
losses, it would most likely be much harder. With this framework we are able to show the

result for the one loss function where it is easy and have it apply to all other proper losses.

3.6 Conclusion and Future Work

In this chapter we explored the interplay between next-token prediction and the decoding
algorithms on the one hand and different end goals on the other. Adopting an asymptotic
viewpoint, we find that many of the decoding algorithms explored are not consistent for a
vast majority of goals and probability distributions. Further, we find evidence that we might
be asking too much of our the decoding algorithms.

Each goal we explore has one class (deterministic vs. stochastic) of decoding algorithms
that, except for degenerate cases, are not consistent. What is interesting is that they flip
depending on the goal. The N-gram Hamming loss can be thought of as trying to be “correct”;
you need to always guess the right answer if possible, hence why randomness hurts. However,
when trying to mimic a distribution, this randomness is necessary. A practical implication
of our insights is that the user intent should determine the decoding strategy to be used at
test time.

We believe there is a lot of interesting future work to be done in this area. One can
go deeper into theoretical analysis for these or other loss functions. We particularly found
theoretical analysis of the N-gram Hamming loss to be difficult due to the limited methods
that can be used to manipulate indicator functions. Future work could also make use of more
domain specific assumptions on probability distributions, such as power laws. Other work
can include investigating other decoding algorithms, such as Top-K or nucleus sampling, or
go even deeper into a specific decoder, such as temperature-scaled random sampling. One can
also make the role of stochastic gradient descent more explicit in the training of next-token

prediction and investigate if there are any differences that this could cause.
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CHAPTER 4

Characterizing the Multiclass Learnability of Forgiving 0-1
Loss Functions

In this chapter we will give a characterization of the learnability of forgiving 0-1 loss
functions in the multiclass setting with effectively finite cardinality of the output and label
space. To do this, we create a new combinatorial dimension that is based off of the Natarajan
Dimension [Natarajan, 1989] and we show that a hypothesis class is learnable in our setting if
and only if this Generalized Natarajan Dimension is finite. We also show how this dimension
characterizes other known learning settings such as a vast amount of instantiations of learning

with set-valued feedback and a modified version of list learning.

4.1 Introduction

(Classification is one of the most common tasks in machine learning. Within classification,
there is normally a split between binary classification (only two possible outputs) and mul-
ticlass classification (more than two possible outputs). The theoretical analysis of these
settings shares the same split. In binary classification and multiclass classification, the 0-1
loss has been extensively studied and characterized [Valiant, 1984, Ben-David et al., 1995,
Brukhim et al., 2022]. In binary classification, there are 16 possible loss functions ¢ such
that £(y,y') € {0,1}, but only two where £(y1,y2) # £(y1,%2) and £(y2, y1) # £(y2,y2). Thus,
a majority of these loss functions are uninteresting and the two that are interesting are the
opposites of each other (the 0-1 loss and 1 — ¢y_1). However, in classification for an output
space with cardinality k and a label space with cardinality ¢, there are (2°)* different 0-1
loss functions. Most of these loss functions take the form of more “forgiving” losses (i.e.
l(z,y) € {0,1}, but there can exist many z;,y; such that ¢(z;,y;) = 0). Even more so,
many of these settings can have interesting utility; settings such as paraphrase generation
in natural language processing [Zhou and Bhat, 2021], thresholding a metric, ranking with
partial feedback [Raman et al., 2023], classifying graphs up to isomorphisms (such as is done

for drug discovery [Yang et al., 2024]), and many others can all be seen as allowing for some
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tolerance on the output. This chapter attempts to characterize the learnability of a large
class of learning problems with these “forgiving” multiclass 0-1 loss functions.

The contributions of this chapter are as follows:

1. We give a new combinatorial dimension based off the Natarajan Dimension [Natarajan,

1989], which we call the Generalized Natarajan Dimension.

2. We show the Generalized Natarajan dimension characterizes learnability of for forgiving
0-1 loss functions in the multiclass setting with minimal extra assumptions on the loss
function. We also show that the Generalized Natarajan dimension is incomparable to

other known dimensions in the classification literature.

3. We show our characterization implies characterization of various other settings seen in

the machine learning literature.

The chapter is organized as follows. Section 4.2 discusses the necessary background in-
formation. Section 4.3 details the problem set-up. Section 4.4 shows the results needed to
characterize the forgiving 0-1 loss functions along with how the Generalized Natarajan Di-
mension relates to other dimensions in the literature. Section 4.5 gives concrete applications

of our characterization. Finally, Section 4.6 concludes and discusses possible future work.

4.1.1 Related Works

Under the PAC-learning model, binary classification learnability under the 0-1 loss is known
to be characterized by the VC-dimension [Vapnik and Chervonenkis, 1974, Shalev-Shwartz
and Ben-David, 2014b]. For multiclass classification, there has also been a further split
between finite and infinite label cases. For example, it is known that Empirical Risk Min-
imization (ERM) is a valid learner in the finite label case [Shalev-Shwartz and Ben-David,
2014b], however, Daniely et al. [2015] has shown that not every ERM is a learner in the
infinite label case. The Natarajan Dimension has been known to characterize the learnabil-
ity of the 0-1 loss in the finite label case for many years now [Natarajan, 1989, Ben-David
et al., 1995], but only relatively recently has the DS-Dimension been shown to characterize
the learnability of the 0-1 loss under the infinite label case [Daniely and Shalev-Shwartz,
2014, Brukhim et al., 2022].

For related work around PAC-learning general loss functions, Ben-David et al. [1995]
show the finiteness of the Natarajan dimension is sufficient of learnability of any finite-label
multiclass loss function. David et al. [2016] show that sample compression and multiclass
learnability are equivalent, but stop short of creating any combinatorial dimension to char-

acterize learnability. Hopkins et al. [2022] show conditions to go from realizable learning
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to agnostic learning. However, they require assumptions on loss functions that we do not
assume. Recently, Hanneke et al. [2025] were able to upgrade Hopkins et al. [2022] to give an
agnostic-to-realizable reduction for all multiclass loss functions with {0, 1} output, however,
their rates are of the order of 6% in our setting.

Other ways people have generalized PAC-learnability deal with altering the definition.
Alon et al. [2022] and Kalavasis et al. [2022] relax PAC-learnability to allow for partial
concept classes, which allows the hypotheses to be undefined on parts of the input space.
Bressan et al. [2025] alter realizable PAC-learnability to allow for more relaxed errors. We
can see our realizable setting is similar to what they study when they have z = 0 and w = /.
Using the reduction from Hanneke et al. [2025], one does get a characterization similar to the
one arrived at in this chapter. There are two things to note though. One is that their rates
have at least an multiplicative factor of 6%, which is worse than ours of 6% Second, is they
assume there exists a hypothesis that, with probability 1, outputs the correct label. Our
realizable case only assumes the infimum of the loss on our hypothesis class is 0. Thus, their
assumption is a noticeably stronger assumption than ours. We also show their dimension
is incomparable with ours; there exists hypothesis classes where our dimension and theirs
can be arbitrarily (and in some cases infinitely) larger than each other. Thus, even if their
characterization along with the agnostic-to-realizable reduction did characterize our setting,
our dimension is a more clean, precise, and interpretable characterization of the setting. In
their paper they state “it would be interesting to find characterizations beyond the J-cube
dimensions that allow to fully recover known multiclass sample complexity bounds”, the
upper bound of which we do recover in our setting.

We also note the similarities of our setting to the setting of list learning. List learning is
when the algorithm is allowed to output a list of possible outputs and the loss is given by
whether or not the label is present in the learner’s outputted list. We can see that, given
a multiclass hypothesis h and a loss function ¢ whose output is in {0, 1}, we can create an
equivalent A’ and ¢ where h'(z) = {y | {(h(z),y) = 0} and

0 ye{ylv"'ayk}

1 otherwise

C{yr, -y y) =

This shows that our setting is equivalent to a modified version of list-learning. List learning
was originally studied in Brukhim et al. [2022] and was shown to be characterized by the
k-DS dimension when output list size is bounded by k [Charikar and Pabbaraju, 2023].
However, we note the k-DS dimension does not necessarily characterize our setting. In their

setting, one is allowed to create a list learner that outputs any bounded list and then it is
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compared to the best 0-1 learner in the hypothesis class (H C V¥ but A(S) € (2y )X) In
our setting, we have to compare to other list learners, not 0-1 learners. We can also only
output lists that correspond to sets {y' | ¢(y,y’) = 0}. Hanneke et al. [2024] do show that
agnostic/realizable list learning and uniform convergence are all equivalent in the setting
where the the algorithms output is being compared to list learners whose lists are size k.
However, they still allow the algorithm to output any list and our lists are not constrained
to output a list of size exactly k. Thus, while there is this connection between the current
list-learning literature and our setting, they are distinct settings.

For learning with set-valued labels, Liu and Dietterich [2014] have studied a similar prob-
lem where there is a list with a “true” label and other “distractor” labels. They see how
well ERM works when trying to find the hypothesis that predicts the true label well. Our
setting, where any value in our label set is considered a “true” label, has been characterized
in the online setting [Raman et al., 2024b]. The batch setting characterization, however, has

remained open as far as we are aware.

4.2 Background and Notation

We will first set up the notion of learnability, which is known as Probably Approximately
Correct (PAC) learnability [Valiant, 1984].

Definition 4.2.1 (Agnostic PAC-learnability). Let X' be an input space, Z be our output
space, ) be our label space, H C Z% be a hypothesis class, and { : Z x Y be a loss function.
Then, H is agnostic PAC-learnable with respect to ¢ if there exists a learning algorithm A
and a sample function m : R x R — N such that Ve, 0 > 0, for every distribution D over
X x Y, if we have samples S generated from D, |S| > m(e,d), then we have:

P (Bo [((h(2), )] < juf Eo [((h(2), )] +€) 2 13

where h = A(S) € H.

When infcq Ep [0(h(z),y)] = 0, it is called the realizable case. We believe this is the
best way to generalize the realizable case to our setting as having to compete against a
function that has 0 loss is what matters, not competing against a function that predicts
the correct label. Were we to do the latter, there can exist cases where dh € H such that
Ep [0(h(z),y)] = 0, but we would not be in the realizable case. For example, let us have
H C YV and £(-,-) = 0. Then, for a distribution D on X where then our samples are of

the form (z,c(xz)) where ¢ € Y* \ H we can see this would be in the realizable case for our
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setting, but not for the stricter version.

One of the most important loss functions is the 0-1 loss function [Wang et al., 2022] and
it is a common place to start when studying a new setting (or its equivalent in the setting)
[Shalev-Shwartz and Ben-David, 2014b, Brukhim et al., 2022, Charikar and Pabbaraju, 2023,
Guermeur, 2007]:

0 y=y
boa(y,y) =
1 otherwise
For multiclass classification with finite labels using the 0-1 loss, it is known that this setting is
characterized by the Natarajan dimension [Natarajan, 1989, Shalev-Shwartz and Ben-David,

2014b]:

Definition 4.2.2 (Natarajan Dimension). We say that a hypothesis class H Natarajan shat-
ters a set S = {s1,...,sp,} if Ih1, ha € H such that

1. Vsi € S, h1<8i) §£ h2(8i>
2. VS C S 3h € H where Vs € S" h(s) = hi(s) and for all s € S\ S’ h(s) = ha(s)

The Natarajan dimension of a hypothesis class H, denoted Ndim(H), is the cardinality of
the largest set that the hypothesis class Natarajan shatters.

One nice property of the 0-1 loss function is the identity of indescernibles.

Definition 4.2.3 (Identity of Indiscernibles). A loss function ¢ : Y x Y — Rsq has the
identity of indiscernibles property if

Yy, 2 €Y, Lyi,y2) =0 <= y1 =1

This property is seen in many well-used loss functions such as the 0-1 loss and the squared
loss. Hopkins et al. [2022] show that this property can be used to create an agnostic learner
from a realizable learner and has been used to characterize learnability problems [Raman
et al., 2024a,b]. In fact, Hopkins et al. [2022] prove this result by relating the loss between
h(z) and h'(x) to the classification error P (h(z) # h'(x)). Thus, just like we saw in the dis-
cussion of the definition the realizable setting, this notion of equality of labels and loss values
has been extremely interlinked when the loss function satisfies the identity of indiscernibles.

In this work we will explicitly not assume the identity of indiscernibles or any generaliza-
tion of it to different output and label spaces. In fact, our assumptions assume hardly any

structure at all, allowing our results to generalize to many settings.

41



We shall now introduce some notation. Given a loss function ¢ : Z x Y — {0, 1}, let
C:=CW) ={(zy) | l(z,y) = 0}. We will refer to this the equality set. We also define
o(z) == o4(2) = {y | l(z,y) = 0}. Thus, o(z) is all the labels y where (z,y) achieves 0
loss. We similarly define 7(y) := 7(y) = {z | £(z,y) = 0}. We will oftentimes omit the ¢
subscript from o, 7 and ¢ parameter for C, but there is always an implicit loss function these
are referring to. Further, notice that from any one of C, ¢, o, or 7, we can reconstruct the
others.

Note how o, T create equivalence relations on Z and Y by z; ~, 20 <= 0(z1) = 0(22)
and similar for ) using 7. Let o(Z) and 7()) be these equivalence classes. We note that
0(2)] <00 = |7(Y)] < 2@l and |7(Y)]| < c0 = |0(Z2)] < 2I"W.

4.3 Setup

Let us have an output space Z and label space ). We analyze loss functions ¢ that satisfy

the following constraints:
e 1:ZxY—{0,1}.
e [0(2)| <o0and Vze Z, |o(z)| < o0
o Vz1,290 € Z, 0(21) ¢ 0(29). We note C means strict subset; we do allow equalities.

Hopkins et al. [2022] have showed that one can have a realizable learner that is not agnosticly
learnable in multiclass settings that do not have the identity of indiscernibles. The example
they show relies on the loss function taking 3 values, 0, 1, and c¢. Thus, assumption #1
allows our loss functions can only take values of 0 or 1, and our results show that this is
sufficient to have both agnostic and realizable learnability.

Assumption #2 is needed to allow our generalization of the Natarajan dimension to work.
The Natarajan dimension characterizes multiclass learnability for finite output spaces. We
can generalize this to infinite output and label spaces, so long as ¢ partitions our output
set into a finite amount of partitions and each output has 0 loss on a finite amount of
labels. Since our loss can only distinguish over equivalence classes, this can be thought of
as bounding the “effective” output and label space sizes. We will refer to this as effectively
finite.

Assumption #3 is here as the problem does not make intuitive sense without it. The
goal of our learning problem is to minimize the loss. Since we have full access to the loss
values, if the outputs that z; takes no loss on is strictly contained in the outputs 2z, takes

no loss on (i.e. 0(z1) C 0(z2)), why would one ever want to output z;? It would always be
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objectively better to output zo. Thus, without loss of generality, we assume this does not
happen, otherwise we can just replace all instances of z; with z5 in our hypothesis class. In
our characterization, this assumption is used in the proof that the finiteness of our dimension
is necessary for learning. In Appendix C.4.1 we show a counterexample to our main theorem

of characterization if this assumption is broken as well.

4.3.1 Example: Multilabel Ranking

A ranking learning problem is one where a learner is required to output a permutation of
[k] that indicates a ranking of k elements. An example could be outputting what a learner
believes to be the ranking of a person’s favorite movies. However, one might only care about
whether or not the learner got the person’s top 10 movies correct. Thus, while there are a
total of K outputs, the quality of the output need not depend on all K values, but only on
the top p < K. For more information on multilabel ranking, we refer the readers to Raman
et al. [2023].

For this example, we will assume the output and label space are the same. Given an input
space X, output/label space ) (permutations of [K]), and a hypothesis class H C Y7, we

can get the following losses:

0 Vielp vi=vy
sum@ 2 7
G2 () = _

1 otherwise

and
ey ) 0 {yn-wph =1y}
1 otherwise

The €577 loss cares about if the ranking is in the correct exact order for the top p values.
Meanwhile, the 27¢“? loss only cares about if the values in the top are correct and order
does not matter. These losses then create equivalence classes over our output/label space
by whether the top p are in correct order for £5“7? or whether the top p are the correct set
for €57 “P_ Further, no one ranking output dominates another output since they only get 0
loss on the values in their equivalence class. Thus, we can see this setting will match the
assumptions of our learning problem.

In Section 4.5.1.2 we show a characterization of this setting along with the characterization
of a more general version of the above that allows for the labels to be relevance scores of
labels and not themselves a ranking. This in turn, by the results of Raman et al. [2023],

show that our characterization applies to many well-used multilabel ranking setups.
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4.4 'The Generalized Natarajan Dimension

With spaces Z, ) and loss function ¢ as defined above, the goal of this chapter is to charac-
terize PAC-learnability of a hypothesis class.

First, notice if z ~, 2z’ and y ~, v/, then

Uz, y) =02 y) = L2, y) = €(2,y)

This shows that our loss function respects our equivalence relation, and thus 3¢77 :
o(Z) x 7(Y) — {0,1} that agrees with ¢. Thus:

Corollary 4.4.0.1. Let D be a distribution on X XY, and D77 be its quotient onto X X 1()).
Further, let h € Z¥, and h® be its quotient onto (o0(Z))*. Then

Ep[l(h(x),y)] = Eper [(77(h7(2), y)]

One can also very easily convert a (X,Z,),H,() learning problem into a
(X,0(2),7(Y),0 0 H,{>7) learning problem by creating the projection map p : Z — o(2),
and then using poh for predictions. This way it is also very easy to recover the original h € H.
This can also be easily implemented in code by replacing the quotient spaces o(Z2), 7()) with
the set of representatives for the equivalence classes and then mapping each element in Z, Y
to its representative. Thus, we can see that the learnability of (X,0(Z2),7()),0 0 H,(7T)
implies the learnability of (X, Z, Y, H, () while only using assumptions #1 and #2.

We also note that we use (X, Z¢, Y HC () as alternative notation to (X, o (Z), 7(Y), oo
H,¢>7). When the context is clear, we will drop superscripts and abuse notation between
the equivalence classes versions of Z, )V, H, ¢ and themselves.

Now, we introduce our new dimension, the Generalized Natarajan dimension, based off
Natarajan [1989).

Definition 4.4.1 (Generalized Natarajan Dimension). We say that a hypothesis class H and
loss function ¢ Generalized Natarajan shatters a set S = {s1, ..., S, } if Fhq, he € H such that

1. Vs; € S, a(hi(si)) # o(ha(s;))

2. VS C S 3h € H where Vs € S a(h(s)) = o(hi(s)) and for all s € S\ S a(h(s)) =
o (ha(s))

The Generalized Natarajan dimension of a hypothesis class H, denoted GNdim(H, (), is the

cardinality of the largest set that the hypothesis class generalized Natarajan shatters.
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From this we have the immediate corollary:

Corollary 4.4.0.2. Given a hypothesis class H and loss function { as studied in this chapter,

we have

GNdim(H,l) = Ndim(oc o H) = GNdim(o o H,(77)

The Generalized Natarajan Dimension effectively changes what it means to be equal.
One implicit property relied on when a loss function has the identity of indiscernibles is the
relationship between equality and loss value. Given Z = ), we have that y; = s if and only
if £(y1,y2) = 0 and y; # yso if and only if £(y;,y2) > 0. This allows us to use equality of our
labels to infer how the loss will act. This is now no longer the case; we can have y; # yo but
still have £(y1,y2) = 0. Because of this, our dimension needs to explicitly use the loss values
instead of being able to use the labels by proxy.

In Theorem 4.4.1 we show the Generalized Natarajan dimension characterizes our setting.
Thus, the proxy for equality needed is for the equivalency of the set of labels where z; and
29 achieve 0 loss for (i.e. o(21) = 0(22)). This is a very strict type of equality. One can think
of a setting where |Z| is very large (but finite) with o(z1) and o(z;) being almost equal.
However, since they are not exactly equal, this dimension does not get any smaller than the
Natarajan dimension. This is quite counter-intuitive as one would expect learnability to be
much easier in this setting due to the vast amount of values that will output 0 loss, but it
is not as you can always make a distribution that puts a lot of mass where o(z;) and o(z23)
differ.

4.4.1 Characterizing Learnability of Forgiving 0-1 Loss Functions

With this setup, we state our main theorem:

Theorem 4.4.1. A (X,Z,Y,H,{) learning problem is PAC-learnable if and only if
GNdim(H, () < oc.

We prove this through showing the necessity of GNdim(H,{) < oo in Lemma 4.4.2 and
then showing sufficiency in Lemma 4.4.3.

The only if direction is proven through an alteration of the No-Free-Lunch Theorem
[Shalev-Shwartz and Ben-David, 2014b]. The if direction is done through a reduction into
the (X,0(2),7(Y),H,¢"") learning problem. Once this reduction is done, we can bound
the the VC-dimension of the loss class by the Generalized Natarajan dimension. This then

shows that ERM is a learner and gives an upper bound on the sample complexity.
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Lemma 4.4.2. Let us have a learning problem (X, Z,Y,H,{) as has been studied in this
chapter. Then, (X, Z,),H,l) is PAC-learnable —> the Generalized Natarajan Dimension
of H is finite.

Proof Sketch. We show that GNdim(H,l) = co = (X, Z,Y,H, () is not learnable. To
do this, we modify the No Free Lunch Theorem to change the realizable distributions we
are looking over. In the No Free Lunch Theorem for the 0-1 loss, we have a shattered set
X and create distributions over X where the labels are labeled by the h; € H that witness
the shattering of X'. This does not work in our setting for two reasons: one is that our
output space and label space need not be the same and the second is, even if they were,
we can have h;(z) # f(z) but still have ¢(f(z),h;(z)) = 0. To fix this, we change our
realizable distribution to be uniform over the outputs in o(h;(x)) to make sure if h, b’ € H,
o(h(z)) # o(h(x)), then Jy such that ¢(h(z),y) # ((h.(x),y). The rest of the proof is then
modified to work with these changes. m

We give the full proof of the above in Appendix C.2.

Since we have shown necessity the of GNdim(H, () < oo, we now show sufficiency.

Lemma 4.4.3. Let us have a learning problem (X, Z,Y,H,{) as has been studied in this
chapter. Then, GNdim(H, () is finite = Learnability of (X, Z,Y,H,?).

We give two proofs of this lemma in Appendix C.3. Appendix C.3.1 uses the VC-dimension
of the loss class and Appendix C.3.2 shows a different proof of a special case of when Z = ).
While this specialized proof also gives a worse sample complexity bound than the VC-
dimension proof, it is included as we believe a direct proof through uniform convergence
adds intuition.

Given lemmas 4.4.2 and 4.4.3, we have now proved Theorem 4.4.1. We note the sufficiency
proof does not rely assumptions #3. Therefore, for any effectively finite learning problem
with a loss function whose output is in {0, 1}, we have that finite GNdim(H, () is sufficient
for learnability.

To find sample complexity, we use the VC-dimension of the loss class. Since we have
now shown that GNdim(H, ) characterizes our setting, Lemma C.1.1 shows that the VC-
dimension of the loss class does as well. From this, we use the well-known sample complexity

bounds of binary classification get the following result:

Corollary 4.4.3.1. Given an (X, Z,Y,H,¥) learning problem studied in this chapter, we

have the following bounds on the agnostic PAC-learning sample complexity:

m(e,8) <O (GNdz‘m(H,é) log (|7(2)]) + 1og<1/5>> |
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Bressan et al. [2025] state that a class is not learnable when there is at least a pair of
outputs that are difficult to distinguish. Our results show that, while true, this does not
tell the full picture. Two outputs being indistinguishable is also the only way we can get a
smaller upper bound for the sample complexity as well. In fact, over all learning settings that
satisfy our assumptions, the only way we can have our hypothesis class go from unlearnable
to learnable is through changing the loss function to have more equivalent outputs.

However, this can be a blessing or a curse. If a loss function ¢ and hypothesis class H pair
has Generalized Natarajan dimension d, then creating an ¢ such that C'(¢) C C({') can lead
to a larger Generalized Natarajan dimension, and thus possibly a larger sample complexity
required to learn. We show an example of this, albeit contrived, in the proof of Proposition
10.

We can see from above then how the “forgiveness” of a loss function is hypothesis class-
dependent. We also see that, for a given hypothesis class, all loss functions that induce the
same equivalence classes on Z will have the same Generalized Natarajan dimension. For
example, if a loss does not induce any equivalent outputs, then, by Corollary 4.4.0.1, we
have that our Generalized Natarajan dimension of this hypothesis class/loss pair is equal to
the Natarajan dimension of the hypothesis class. Thus, even if a loss function looks to be
more forgiving, in terms of learnability it might not be. Therefore, the colloquial meaning
of a “forgiving” loss function and what loss functions are truly more forgiving are at odds

with each other.

4.4.2 Relation to Other Dimensions

In Corollary C.1.1.1 of the appendix we show that the VC-dimension of the loss class also
characterizes our setting. The fact that the Generalized Natarajan dimension and the VC-
dimension of the loss class both rely on both the hypothesis class and the loss function is
crucial to them being able to characterize the setting. Below, we show that any dimension
that relies solely on comparing hypotheses through the normal notions of “shattering” will
not characterize our setting.

Here we give the incomparability results of the Natarajan Dimension and the d; dimension
[Bressan et al., 2025].

Proposition 9. Let X be our input space and Y, |Y| < oo be our label space. There exists
a hypothesis class H C Y™ such that ¥J C Y, Ndim(H) = d;(H) = oo, but there exists a
loss function { such that GNdim(H, () = 0.

Proof. Let |X| = oo, H = Y* and let £(y,y’) = 0 for all y,y’ € V. Note that, since H is all
functions from inputs to outputs, then, Ndim(H) = oo, and V.J C Y, d;(H) = co. However,
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since our loss partitions ) to all the same equivalence class, o o H contains only 1 element,

thus GNdim(H, () = 0. O

Proposition 10. For all ¢ € N, there exists a finite input space X, finite output space
Y, finite hypothesis class H, and loss function ¢ such that Ndim(H) = 1, and VJ C ),
dj(H) <1, but GNdim(H,¢) = q.

Proof. Let ¢ e N, X ={x1,...,2.}, Y ={y1, ..., Ygar1}, let

hi(5) = Yg(i—1)+45

and let H = {h; | i € [¢9]}. Notice how Ndim(#) = 1 as no hypotheses have any overlapping
outputs. In Bressan et al. [2025], they state that Ndim(H) > max; d;(H), thus VJ C Y,
dy(H) < 1. Now, let H' = [¢]*. Note there are |H'| = ¢?, thus create an arbitrary bijection
f:H — H. Partition ) on the following:

y~y <= 30, h € H 3z; € X where I (z;) = hi(x;) and f(R)(z;) =y, fF(h)(z:) =/

Notice this partitions ) such that each partition is equivalent to a specific ¢ € [qg] for the
outputs of H'. Thus, let

0 y~y
Uy,y) = :
1 otherwise
From the definition of the equivalence class, we can see that ¢ o H is then equivalent to all

functions from {xy,...,x,} to [¢], which has a Natarajan dimension of g. O

We do note that, due to our characterization results along with results in Ben-David et al.
[1995] and Bressan et al. [2025], we have that GNdim(H,{) = co = Ndim(H) = o0 =
max; dj(H) = oo. Thus, while the Generalized Natarajan dimension can be be infinitely
smaller and arbitrarly larger than these dimensions, it can not be infintely larger.

Since the Natarajan dimension characterizes the 0-1 loss in our setting, is is not sur-
prising to see cases where GNdim(#H,l¢) < Ndim(H), but it might be surprising to see
GNdim(H,l) > Ndim(H). However, we believe that looking through the angle of discern-
ment gives the intuition for why this can happen. The job of the algorithm is to, through the
samples given, discern which hypothesis are useful and which are not. Forgiving losses, while
bringing the actual loss values of all hypotheses down, does not need to add information on
which hypothesis might be better than others. For example, it might help some hypotheses
more than others, but the only way to tell is to find points on which these hypotheses differ.

Now though, this job is harder since hypotheses that did disagree before now agree on more

48



places. Since the algorithm needs to find a hypothesis that is close to the infimum, even
though all loss values are lowered, due to this difficulty in discernment it can be harder to
find such a hypothesis.

We also note that the same proof examples and ideas as above can be used to show
the incomparability of the Generalized Natarajan dimension to the DS-dimension [Daniely
and Shalev-Shwartz, 2014, Brukhim et al., 2022] and the k-DS-dimension [Charikar and
Pabbaraju, 2023].

Corollary 4.4.3.2. There exist input spaces X, X', output spaces Y,Y', hypothesis classes
HC Y H YV, and loss functions (.0 such that GNdim(H, () = 0 and DS(H) =k-
DS(H) = oo and GNdim(H', V') = q € N and DS(H') = k-DS(H') = 0 for any k € N,
kE>1.

One can see that Ndim(H) = oo = DS(H) = oo since all distributions over X and a
finite subset of ) is included is a subset of distributions over all X x ). Thus, we have as
well GNdim(H,l) = oo = DS(H) = oo. It is known that for any k < k', k-DS(H) >k'-
DS(H) [Charikar and Pabbaraju, 2023], thus we posit a conjecture that GNdim(H, () = 0o
does not imply k-DS(H) = oo for k > 1. This conjecture comes from the ideas stated in
Section 4.1.1 where the modified list-learning setting can be both easier and harder than the

normal list-learning setting.

4.5 Applications of Characterization

Given the minimal assumptions made on our learning setting, the Generalized Natarajan
dimension is able to characterize many machine learning scenarios. In this section we detail

some of these settings.

4.5.1 Characterizing Learnability of Set Learning

We define set learning as receiving set-valued feedback and checking whether or not the
output is in the set. More precisely, let X' be our input space, let Z, 2 < |Z| < oo, be
our output space, let our label space be ) C 2%, such that no y,3’ € Y have y C ¢/ or
y' C y, and let us have a hypothesis class H C Z%. The samples we receive are of the form

(x,v) € X x Y. Finally, our loss function becomes for any z € ) and for any y € Y-

0 z€ey
U(z,y) =

1 otherwise
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We give an example of what this loss function looks like for Z = {1,2,3} and ) = 22 \ {0}
in Figure 4.1.

{1y {2 {3) {12} {1,3} {23} {123}
1,0 1 1 0 0 1 0
2(1 0 1 0 1 0 0 )
3

1 1 0 1 0 0 0

Figure 4.1: An example loss matrix for the set learning setup where Z = {1,2,3} Y =
2{1231\ [}, Since each z € Z is only equivalent to themselves, we see this is characterized
by the Natarajan dimension. Note this would still be true if I = 281230\ {0, {1}, {2}, {3}}
as well.

label space ) = {0,1,..., B} (denotes how relevant a label is where higher is more
relevant), and a hypothesis class H C Z%, we can create the following loss functions. For a
given K and p, let

Note how these problems fit the assumptions in this chapter. Thus, we have the following

corollary:

Corollary 4.5.0.1. For all instantiations of set learning that meet our assumptions, the

learnability of the learning problem is characterized by the Natarajan dimension.

This problem has been characterized in the online setting [Raman et al., 2024b], but for a
majority of these instantiations the batch setting has remained open as far as we are aware
until now.

This is a very useful result as many problems can be formulated as a set-learning prob-
lem. For example, any setting that is classifying up-to equivalence classes is included under
this setting. This is because, for any y,v" € Y, {(y,y') = £([y], [v']) where [y], [¢y'] are the
equivalence classes ¥, v’ are in, respectively. In the following subsections we give two concrete

examples.

4.5.1.1 Classifying Graphs up to Isomorphism

Classifying graphs is well-used in fields such as drug discovery [Yang et al., 2024]. In cases
such as molecules, it does not matter which graph is outputted, so long as it is isomorphic
to the correct label graph. It is known that graph isomorphisms form a partition over the

graph space, thus we have the following;:
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Corollary 4.5.0.2. Given an input space X and output/label space of graphs of with finite
amount of edges/nodes, the Generalized Natarajan dimension characterizes learnability over

any 0-1 loss function that respects graph isomorphisms (i.e. Yy, y',y' € Y, y isomorphic to
Yy Uy,y") =y yh).

4.5.1.2 Multilabel Ranking

Since the example in Section 4.3.1 meets the assumptions of our learning problem, we can
see our characterization applies there.

To generalize this example to more real-life scenarios, we note that, as discussed in Raman
et al. [2023], labels are normally given by a relevance score, not an exact ranking. A relevance
score is an ordered set y € {0,1,..., B}* where the i*" value denotes how relevant the i

label is (a higher value means more relevant). They create two losses:

K
0P (z,y) =Y min (z;,p+ 1)y — C¥
i=1

and .
gprec@p<z’ y) — Z l{zigp}yi i 05’

i=1
where y° is the relevance score of the label ranked at z; and the C?¥ values are a normalization

constant that depend only on p and y that ensure

Izl’élg gprec@p(z’ y) = rzrélérzl fsum@l’(z, y) =0.

The loss £5“™P(z,y) essentially checks if the values and the order are correct for the top
p values and £5“™°P(z, y) checks whether or not the set of the top p values are correct. From
these, we can see there is no z, 2’ such that o(z) C o(2’) for either loss.

Raman et al. [2023] also show that, for either of the following sets, that if one loss is

learnable, then any loss in that set is learnable:

E(gsum@p) _
(eRZY [ 1=0 « "% =0y {{cRZY |2 Y — 4(z,y) = 0, y)}
E(gprec@p) _

{{eRZY|I=0 = PP =0}Nn{{cRZY|2L Y = ((z,y) = (<, 9)}.

where z ) 2’ denotes the order of the top p are the same and z £ 2’ denotes the set of the

top p are the same. Raman et al. [2023] show that many well-used ranking loss functions
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are captured in these sets of losses.
Now, let us create the following loss functions:

gsum@p( 7y) — 1{esum@l’(z,y)>0}

rec@
67" (2,y) = Lgrecon (2503
Notice how these are forgiving 0 — 1 loss functions that satisfy the assumptions for our
learning problem. Thus, the Generalized Natarajan Dimension characterizes these functions.
Further, notice £5“7%(z,y) € L(£54®P) and (57CP(z,y) € L(£P°®P). Therefore, we get the

following corollary:

Corollary 4.5.0.3. GNdim(H,5"C°?) characterizes all loss functions in L((P"*°®?) and

GNdim(H, 65" P) characterizes all loss functions in L((*™°P).

This is the first characterization that we are aware of that gives a dimension on the entire

hypothesis class and not on individual indices.

4.5.2 Characterizing Learnability of Modified List Learning

As noted in Section 4.1.1, we characterize a modified version of list learning for many possible
set-ups. This version is the “flip” of set learning where now our hypotheses output lists and
we want to minimize P (y € h(z)). Thus, given possible labels Y, || < oo, a set of lists
Z C 2Y where Vz,2' € Z, 2 ¢ 2, hypothesis class H C Z% and loss:

0 ve{vi, - ¥}

1 otherwise

a{yiu S >yin}>y> =

for |i] = n < ||, this gives us a list learning problem that satisfies our constraints. Thus,

we have the following corollary:

Corollary 4.5.0.4. The version of list learning described above is characterized by the Gen-

eralized Natarajan dimension.

4.6 Conclusion and Future Work

In this chapter we have characterized a large set of more forgiving 0-1 loss functions in the
effectively finite label multiclass setting.
Through the properties of our Generalized Natarajan dimension, we can see that the

Natarajan dimension will still characterize many of these loss functions as well. Many of
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these loss functions could be mostly zeros, but if the quotient space of the outputs is the same
as the output space, the learnability is the same as in the 0-1 loss. While this is unintuitive,
we believe this is due to how stringent PAC-learnability is. Since PAC-learnability requires
learnability over all distributions, one can see how, given a hypothesis class and a loss
function that does not reduce the output space, one can adversarially create a distribution
that puts a lot of mass on the areas where the sets o(h(x)) disagree. This will then nullify
the “forgiving” portion of the loss function. Overall, thinking through discernment shows
that forgiving losses might or might not actually live up to their name.

Further work can be done by finding a way to remove the assumption on the loss function
to allow for outputs where one output is “dominated” by the other. Also, seeing whether
or not extensions to effectively infinite output/label spaces would mirror the Natarajan/DS
dimension split as in the 0-1 loss case would be an interesting result. Finally, further work
of tightening the sample complexity bounds can be useful to give quantitative results on
forgiveness. For example, deriving a lower bound might show that forgiveness can help a
lot on specific distributions. Also, since our analysis of the upper bound of the sample
complexity goes through the VC-dimension of the loss class, there is potential work to show
the tightness of this bound.
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CHAPTER 5

Conclusion and Discussion

In this thesis we have looked at three settings in learning theory and have proven inter-
esting results in each. As the machine learning field continues to grow, it is important to
make sure the theory grows along with it. As this thesis shows, many theoretical questions
can have results that have practical implications. By blending practice and theory, we make
sure our practical results are not just noise, but legitimate progress.

While each chapter discusses future work in their respective settings, there is much future
work to be done in this field as well. There are many interesting questions that arise from
current machine learning practices that can be grounded in learning theory. As the work
from myself and others in my field have shown, theory can be applied to every aspect of
machine learning. I encourage any reader who is interested in applied machine learning
research to think about theoretical results in tandem with practical changes. This will make
sure the field stays grounded and I believe the insights from one can help progress the other.

Thank you for reading.
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APPENDIX A

Appendix For Chapter 2

A.1 Conversion from Scalar Valued Linear Covering Num-
ber Bound to Linear Mapping Covering Number
Bound

Suppose we have sets X', M C R?, where Yw € M, |Jw|, < B, and Vz € X, ||z||, < B, for
some positive values 7 and s. Suppose we also have a function class F = {z — w'z | w € W}
and a log covering number C for this function class on inputs {z;}%, C X. Let W C R**4,
where VIV e W, Vi € [k], ||W||, < By,

Now, given a W € W, let us choose

A

Wy
.|,
W= "lew
Wi

where WJT is the column vector that would be chosen to cover V[/jT in the scalar case. Then

notice for a positive value ¢ and for any ¢ € [n]:

o = W] = SO, = W) < ke

J=1

Thus we can see

log Noo (F, k%€, N, ||-],) < kC

Therefore, if C' does not rely on n, neither does this bound.

95



A.2 Proof of Lemma 2.3.2

Notice how the right hand side is a lower bound for the left hand side. Thus, we need to
show N (.7:,6, {B.ey,...,Beq}, ||||q) > Ny (]:, e, N, ||Hq) To do this, let F be a set of
size Ny (.7:, €,{Bgei,...,Bzeq}, ||Hq) such that it covers F on the set {B,eq, ..., Byeq} to
size e. We claim F also covers F over any set of size NV in our input space. Let W refer
to the matrices used in F. Let W € W and let W € W be the matrix we would choose to

cover W. Notice for any ||z||, < B,, we have

<Z|xl

W,

(W =) H HZW W)ae;

)=

Thus for any set of {z;}Y, where ||z||, < B, we have

< B max (H(M/i — W)

)=

max (H (W — W)B,e;

sup H (W — W x]H < sup max (H (W — W)B €;

FEIN] €[N] i€ld]

) = max (H (W — W)Byes

)=

which shows that it is also an upper bound and thus we have an equality.

A.3 Proof of Single Layer Bound (Theorem 2.4.1)

Before we start the analysis, for any vectors v,u € R% |jv|, < B,, notice the following
inequality:

v'u < Bymax|ejul = max seju
]G[d] je[d}vse{flzl}

We will also need this lemma that can be found in Edelman et al. 2022

Lemma A.3.1. (Corollary A.7 in Edelman et al. 2022) For 0,6, € RP, we have
Isoftmaz(6y) — softmas(6y) |, < 2116: — ball.

Using the fist inequality above we can see we get:

E [ sup Z EinWCTO' (WJXg)softmaX (X(i)WQKx[CLSO)

w,We Wy, Wok j—1

B,E l sup s Z eie;.rWCTO' (WUTX(Z)softmax (X(Z')WQKLU[CLSO)}
se{£1},j€[dWe, Wy Wk j=1
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But now notice that ejTVVCT is also just a row vector. Thus we can use the inequality again
to get:

B,Bw,E sup S Z eiejTa (WJX(I)SOftmaX (X(i)WQKI[oLS])) <

Since o is applied elementwise, we can bring ejT inside of the function. Also, since o(0) =
0, we can see that if we have W, be the zero matrix, we have 0 in our function class.
Therefore, we can get rid of the sign function by using the well known property of Rademacher
complexities of:

Rad,,(FU—F,S) < 2Rad,,(F,S)

This, along with the contraction inequality Ledoux and Talagrand [1991] allows us to upper
bound the above by

2B,Bw.L,E L sup Z e,-ejTWJX(I)softmax (X(z-) WQK;U[CLS])
€KWy, Wok i=1

Continuing using the first inequality in this section again, we see

2B, Bw.L,E L sup Z eiejTWJX(Ti)SoftmaX (X(i)WQKx[CLSO <

j€[K],Wo,WoK i=1

2B, Bw,L,Bw,E [ sup Z seie;rX(:)softmaX (X(i)WQKil'[CLS])]
se{*1}j€ld,Wor i=1

Let us call the expectation above E. We will now use covering numbers and Dudley’s integral
to bound E to get our final generalization bound. First, we will use our covering number

4B:C
€2

bound at scale € = €/2B2. Specifically, we will show that a set with a log size of In(2d)+
covers the function class in the expectation above. The In(2d) comes from the fact that we
will have to modify W to have it work for us. We do this by using the covering function

class
S={X— sejTXTsoftmax (XWQKx[CLS]) |se{-1,1},5 € [d), Wox € W}

Notice this allows for every WQ K € W, we have every combination of s and e;.

Now, using the lemma A.3.1 and the linear algebra results of ||[Pv[| < [|P][, . [lv]l, and
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X0 e = [ X7 e get:

HSG;-FX(—E)SOftmaX (X(Z-)WQKx[CLS]) — sejTX(Ti)softmaX (X(i)WQKI[CLS]) H S
HX(—Z-F)SOPCHI&X (X(z)WQKx[CLSO — X(I)SOPEHI&X (X(Z')VAVQK.T[CLSO H S

x5, . [sottmax (X Woraiows) — softmax (X Wonsicws)|, <
9 HX(Ti) - HX(i)WQKZU[CLS] - X(z‘)WQKQJ[CLS]HOO <

2 HX(Ti) zoo HWQKJJ[CLS] - WQKJJ[CLS]H <

QBiﬂ —e

4B2 :
€ Also, notice, due to

Therefore, we can see the log covering number of S is In(2d) +
the softmax in S, the largest value the function class can be is B,. Then, using Dudley’s

integral we have a constant ¢ such that

0>0

In(2d) Bz
inf § + (B —M/n / 62 de <
6>0

) fo}f (B./5)

When m > In(2d) standard analysis can find the minimum for § is when

B | 1n(2 4320
E/c<1nf5—|— \ln( 9) < —de <

1nf(5—|—( —0)

2
B QB\;TTL\@ B 285\/6
1—/2CD /m —  /In(2d)

Substituting this in and rearranging we get
2
Rl In(2d) n(2d) 2BV . [ Bu(yim —/n(2d))
=1 + B, + In -
1— /i m m vm 2B2\/C

2B2,/C g md) 2B2,/C | vm —,/In(2d)
v o T T ym T ese

Thus, multiplying this by ¢ and substituting this in for £ gives us our desired result.
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A.4 Corollaries of Theorem 2.4.1

Corollary A.4.0.1. Let us have the requirements needed for Theorem 2.4.1 along with
|zll, < By and [Wok|l, oo < Bwgy- Let

B = B,Bw, L,Byw,

and let

a = 2By, \/dlog(2d + 1)

Then we have our Transformer Rademacher complexity being less than

o (B (Bf;a <1+ln (m— \/ln(2d)>> B 1n§id)))

vm B2a

Corollary A.4.0.2. Let us have the requirements needed for Theorem 2.4.1 along with
lzlly < Bx and [[Woklly; < Bwes Let

B = B,Bw, L,Bw,

and let
o = 2By, 1/ 2log(d)

Then we have our Transformer Rademacher complexity being less than

O (B (Bga (1 +1n (m_ v ln(Qd)» + B, lnfbd)))

Vm B2«

xT

Where the O denotes normal O but with some logarithms not containing T, d, k being omitted from

inside the formula.

A.5 Proof of Multiple Layers Covering Number (Theorem
2.4.2)

We will first start with some useful lemmas stated in Edelman et al. [2022]. The proofs of

these lemmas will not be reproduced for ease of reading.

Lemma A.5.1. (Lemma A.8 in Edelman et al. 2022) For €,C;,3; > 0, i € [n] the solution
to

n .
min Z%

€1 4es€n 4 <
b b 2:1 6/]/
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given

n
Y Biei=¢
=1

18 2 ° where

y=d O

i=1

e 1/3
€& = —\—=
Y (@)

The proof is by using Lagrange multipliers.

and

Lemma A.5.2. (Lemma A.15 from Edelman et al. 2022) Suppose WYt WU+ satisfy

our norm bounds. Then we have

[ Ce W) — gl )T <

[V )0 (T (f (g (X177 ) poe

Ly Bea B (1 + ABquca) || (ghimer (0 W) — gl o (X W) H2,oo+
2Lo BeaBus ||(Wegge = W1 inei (X W) T+

L;Beo ‘(W - W )Tglggock(X Wyt Hz,oo

Lemma A.5.3. (Lemma A.16 from Edelman et al. 2022) Given WY+ WY+l 4 b, and

Gscatar (X; WHEEL w) = w gélLoJcrlj)(X;Wl‘LH)[CLs], we have:

gscalaT(X' W12L+17 U]) - gscalar(X; WI:L+17 ’(I))
lwll g (X W) s = g’ (O W) g | +

|(w =) g (G 0

<

The main proof ideas behind the above two lemmas is to unroll them, then use some
norm properties and the triangle inequality to split them up.

Now given these, we will prove the multiple layers covering number theorem. Suppose
we have our linear covering bound described in the theorem statement. Let Xi,...,X,, be
the inputs that is Within our norm bounds. Let W® W®, W(i) be the sets of all possible
Values for WO, W ® W i respectively. Let W i) cover the function class {x — W,z | W, €

WO |z, < 1}, let W cover the function class {z — W,z | W. € W@ |z|l, < 1} and

let Wg}( cover the function class {x — Wokz | Wok € Wg}(, |z]], < 1} except for Wg}(,
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which covers the same function class, but with ||z|| < B,. Let all of these classes be covered
with mT points and let €V, €@, eg)K be the resolution for each cover. Also, let W cover
{x —w'z | weW,|z| <1} at resolution €,. The exact value of these resolutions will be
shown at the end.

We will show that for any € > 0 and for any W E+! that satisfies our norm bounds that

there exists a
WLL_H c Wc(l) ® Wé W(l) ‘® WC(L) ® VAV,L(}L) & WC(?I})( ® W

such that

Gscalar (X7 Wl:L+1a w) — Gscalar (Xa W11L+17 w) S €

To start, we will use lemma A.5.3 to get

gscalar<X' WLL—H» U}) — Yscalar (X WLL-H w)
(L+1 .

Ghiom) (X W) o) — giE ) (X R )icLs) H +

[w — )T gh e (3 W | <

L+1 : L+1 171
] {| (e’ (X W) — gl ED (W) T ey,

2,00

<

[[]]

Now, we use lemma A.5.2 to see

| (oo (X W) — g b (X W) T <

2,00

_|_

2,00

(W W) T (T (F i (X517 0)))

C

Ly Bz Buo(1+ 4Bagica) || (Ghioms(X; W) = gy (X5 W)
‘(WC(QZK WQK) gblock(X W“)

(W — W) T g (X WEE)T |

+

HQ,OO

2L0'B62B’U2

+
2,00
LJBCQ

2,00

Notice that if C® € R i € [m], W € RF*4

max H(W —W)c®

1€[m]

= max H(W—W)C’t(z)

2,00 i€[m],te[T

Therefore we can use our covering number bounds to bound the values in the |||, .
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Thus, we get

(ol (6 W) — gl () |

2,00

M) + L,Boe® + 2L, BCQB 2eg i+
Lo BeBua(1 + 4Bai) | (g1 (X W) = g (Xs W) |

2,00

Now note how we can iteratively do this for H(glgi))ck(X, WLy — gib) (X VAVLL))TH2 until
we have gotten to the base case of g0, (X; W'1)) = X. Thus, if we let

L
II LoBe2Bus(1 + 4Bgko)
J=i+1

we can see that

<

gscalar(Xi; Wl:LJrla w) - gscalar(Xi; Wl:LJrla UA})

max
Em

L .
€w + Bu (Z ;i (Y + L, Buoe + 2L(,BCQBUQeg)K)> +
=2

BwOél (Ggl) + LO-BCQE,S)I) + 2L0—BCQB1)2€(Q1%()

We left the first layer outside of the sum so we can recall 68;( has a different input bound
than the rest. Now, we can use lemma A.5.1 to get our desired sizes for our different €’s and

get our covering number stated in the theorem.

A.6 Other Corollaries of Theorem 2.4.2

Corollary A. 6 0.1. Suppose we have the norm bounds required in lemma 2.5.3 for each
W W(Z W or, w and let the maximum be B. Let B, be the input bound. Suppose we also
have the bounds needed for theorem 2.4.2. Let

L

= [[ LoBe2Bu2(1l+4Bgk2)
j=itl

2/3 (QOéiLo-BCQBvQ)Q/g + (aiLan2)2/3

i = Oy

1/3
y = (dBQB;fZ In(2k + 1)) / (2L, Bea Byzoy By) Y3 +

(4B In(2k + 1))1/3 (14 (BuLoBi)?)

n = (dB*n(2k + 1) ) <B2/3 S )
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Then, the log covering number of gchleM 18

(v +n)?
62

Corollary A. 6 0.2. Suppose we have the norm bounds required in lemma 2.5.4 for each
W VV(Z W or, W and let the maximum be B. Let B, be the input bound. Suppose we also
have the bounds needed for theorem 2.4.2. Let

L

= H LO'BC2BU2(1+4BQK2)
j=it1

7i = 0} + (201 Lo Bea Bo)*'® + (0iLo Bo)*'?
1/3
v = (B*B2In(dk)) /% (9L, BuaBupar Bu)?* +

(B2In(dk)) 3

n = (B2 In(dk) ) <B2/ 3 Z )

(1+(B L Bv2)2/3)

L+1

Then, the log covering number of gg. ..

(v +n)?

A.7 Proof Cross Entropy with Softmax is /., Lipshitz

We want to show that L(j,y) = SK | —y; log(softmax(x);) satisfies the following:
Vi1, 92 € R® |L(G1,y) = L(G2,9)] < 2161 — fall o

where y is a one-hot encoded vector where index ¢ is hot. Then, notice by the mean value

theorem and Holder’s inequality, we have:

3z € R L1 y) — LG, y)] < IVL(2,9) (1 = §)ll; < VL, )]l 1 = d2)

Thus, if we can bound |[|[VL(z,y)l||,, we are done. Notice we can rewrite our loss as:

i1
()
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Only one value in the sum survives since only the i*® value in y is set to 1 and the others

are set to 0. Thus, for ¢ and for j # :

0x; e (Z{il ezt)Q B Z{{zl ert
OL(x,y) 1 2 evi
= (& = ——
O YL e L e

Thus for any z, we have:

Ty

K . K i
LA L

IVL(z. y)ll, = SF & =
bOY e TXem XNk em
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APPENDIX B

Appendix for Chapter 3

B.1 Notes

B.1.1 Simulation study

To investigate the optimality of Kp-lookahead decoding, we run a simple simulation study.
The code to create these plots can be found on Github here. The methodology went as

follows:

1. Create a probability distribution over an alphabet. We do this by creating a Markov

chain with m nodes and our sequences are a L length paths along this chain.

a e create this Markov chain aving a starting distribution and its transition
Wi te this Markov chain by having a starting distributi d its transiti
probabilities for each node be Dirichlet(ay, ... a,) distributed where oy = -+ =

o, = Q.

2. Once a graph is created, for values of L € {2,4,6,8}, N, K € {1,2,4,6,8}, N, K < L,
we find which L length path is optimal for the Markov chain (representing the optimal

sequence) and then see if our Kp-lookahead algorithm finds the optimal case.

3. For a € {.1,.25,.5,.75,1,10} and m € {2,4, 6,8}, do the above steps for each (a, m)

pair 200 times and group them based on («, m).

4. For each grouping, calculate the average KL-divergence of the sequence distribution
with respect to the uniform distribution and calculate the average amount of times
Krp-lookahead was N-gram Hamming optimal for length L. This is what is shown in
the plots.

We chose the maximum amount of nodes m and sequence length L to be 8 as there are 8

different sequences at the maximum (about 16 million). We show in Corollary 3.4.2.1 that
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https://github.com/traugerjacob/K_T-Lookahead-Optimality-Experiment

there is no polynomial-time optimal decoder, thus we resort to brute force to go through all
the combinations. Even with the use of a GPU, this still takes about 11 hours since we try
every different o, m, N, K, L. combinations described above. We also sped up computation
by using memoization, but due to the exponential nature of increasing nodes or sequence
length, we would start to run into memory issues if we made the length or amount of nodes
larger.

The CPU used to run the simulations was an Intel 9th generation i7 and the GPU was
an NVIDIA Geforce GTX 1660 Ti. The code itself was written in Python. The only non-
standard package used was Numba [Lam et al., 2015]. This package allows for Python code
to be compiled, allowing for better wall runtime for our code. We also use its CUDA support
to be able to interact with our GPU. The code for the simulations is on Github.

For ties, we were unable to come up with a setting that would never have ties in the
Krp-lookahead argmax. These ties come from if there is a reordering of the maximum path
such that each node still proceeds to the same next node, they just do so in a different order
(e.g. 15717 would output the same probability as 17157). We also note that floating point
multiplication is non-associative as well, which would also make there be no ties when there
should be in some cases. The way we try to remedy this is by rounding g(y) for every output
y to 15 decimal places and then choosing the arg max over those. If Kp-lookahead outputted
a path that was in the arg max, we considered it optimal.

We know that K;-lookahead when K = N = L should always produce the correct result.
Thus, we thought it reasonable to see the impact of these ties by counting how many incorrect
sequences were found by Kj-lookahead when K = L = N on 200 trials of the simulation
above. We found that K;-lookahead was at most 3.5% unoptimal over all as, number of
nodes, and values of K = N = L. All figures in this chapter are accounting for ties as
described in the previous paragraph.

In Figure B.1 we give the a set of plots that shows K;i-lookahead optimality over all
parameters in the simulation.

From this, we can see that the larger N gets, generally the better our K;-lookahead does.
Since Kp-lookahead is choosing to walk along the path of maximum probability for each
iteration, it makes sense that larger Ns would reward this as the N-gram Hamming loss
gets closer and closer to the 0 — 1 loss. Smaller Ns are more concerned with the marginal
probabilities at each index, something that Kp-lookahead does not directly concern itself
with.

For completeness, we give similar plots seen for K;j-lookahead, but for Kx-lookahead in
Figures B.2, B.3, and B.4.

We can see that every empirical claim made with the Ki-lookahead plots can also be
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Optimality of K1-Lookahead for N-gram Hamming
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Figure B.1: A plot of all trials of K;-lookahead decoding being optimal for N-gram Hamming
on a Markov chain with “num nodes” amount of nodes. The amount of nodes increases as one
looks down the rows and the sequence length increases as one goes down the columns. Each
line represents a specific Ki-lookahead being compared to the optimal N-gram Hamming.
The x and y axes denote the same that has been used in Figures 3.1 and 3.2.

Optimality of Kk-Lookahead for 1-gram Hamming Loss (Hamming Loss)
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Figure B.2: A plot of the amount of trials Kg-lookahead was optimal for the 1-gram Ham-
ming loss (the Hamming loss). There were 8 nodes in each Markov chain and the sequence
length goes up by two as one moves right in the plots.

made here. Further, we see that K; and Kg-lookahead both output similar looking plots,
with a possible slight edge towards K7 in optimality. We do not make any claims that one is
better than the other. For any 77,7, where T} < T,, Ky, is going to require more compute
time that Kp,. Even though the probability distributions studied here are quite simple, a

further investigation into if this extra computation is needed would be interesting given the

67



Optimality of Kk-Lookahead for L-gram Hamming (0-1 Loss)
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Figure B.3: A plot of the amount of trials Kx-lookahead was optimal for the L-gram Ham-
ming loss (the 0 — 1 loss). The same setup as Figure B.2 otherwise.
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Figure B.4: A plot of all trials of Kg-lookahead decoding being optimal for N-gram Hamming
on a Markov chain with “num nodes” amount of nodes. The amount of nodes increases as one
looks down the rows and the sequence length increases as one goes down the columns. Each
line represents a specific Kx-lookahead being compared to the optimal N-gram Hamming.
The x and y axes denote the same that has been used in Figures B.2 and B.3.

similarity of optimality plots between K; and Kg-lookahead decoding.
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B.2 Proofs and examples

B.2.1 Proof that temperature scaling is equivalent to our formu-

lation

Let v = 1/T and let the set Z be our logits. Then, we have that

R p——
PWYi | Yi-1)) = .
[i—1] szez e%i
Then, we have
ezi/T
N1/T
pWi | yu-y) (quze ])

ZUGV p(v | y[z_l})’y ZZTGZ exr/T

\UT
(ZZJ‘EZN)

1 T eZZ/T
(ZZ]'EZ ezj) €Z‘/T
- Z zr /T
2r€Z €
1 T
(Z T ZZTEZ ezr/
ei
z]'EZ )

This last value is how temperature scaling is implemented.
We do note this T is different than the T" used in the rest of the chapter for Kp-lookahead.
We use T here to represent the softmax temperature as it is the standard notation for it,

but nowhere else in this chapter do we use it to represent temperature.

B.2.2 Proof of assertion in Assumption 3.3.1

Lemma B.2.1. Suppose we have Vi € [L], Yy € Yy, and Vv € V,

Py (v [ y) = 07 (v | ypa)-
Then K L(p*||pl,,) — 0.

Proof. Below we begin by expanding the KL-divergence out and using expectation and log
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properties to decompose it into a function of the conditional KL-Divergences.

N A oy [Prunti yu—u)ﬂ _
KL [Prey) _yl%*l ! g( p(y) )] ;yg*[ 1 g( p; | yi-1)

ZL: S () log (pitp(yj | yuu)) _

j—l yeY p(yj | y[jfl])
N pfltp(yj | Y1)
=P (Y-1)P" (Y5 | y—1)p" (Ys1: | y-)10g< (%)
;y%;} Yli- ] FRRCIVEY J (] p(yj | y[j_1]>

Let us create, for each i € [L]:
Yig =y |y € Y},
Yitr: = {yir1. [y € Y}

We can see the inner sum then becomes:

* * * P (Y | yii—17)
2 > P W) (U [ yy-)p" (Y | yw)log( tpJ) 1 IU _

Y EV ) Yi+1:€EYj+1: p(yj | y[jfl])

\ \ Phap (5 | yi-1) )
> 1 (yy-u)r (v | y[j—l})10g< PR Yoo P Wi Ly

Y1 €V P | yy-1)

Yj+1:€Vj+1:

From the definition of Y;;;., we have that this last sum is 1. Thus, (x) becomes:

- i
Z Z -b (y[j—ll)p (yj | y[j—q)log( tp\JJ | Jli—1] ) _

J=ly€Y p<yj | y[j_l})

> 2 2 PP (v ] yy-u)los (ZWM)

Iy 1€Y1 vEV p(v | yy-1)

Z p*(y[j—ﬂ) > —p*(v | yy-y) log (1%(“%—1]))

L
Z:: - 2 p(v | yy-1)
. i

. pnt (U | y[]_l])

P (yg-1)) E [_ log (p .
2:: ze: ’ =1 v~p* (Y —11) P | yj-1)

By assumption, we have that

INCRRTIE
E [_ IOg (pntp< ‘ y[] 1]))] 0
vnep* (Y1) p(v | yj-1)

for each one. Thus, since there are a finite number of terms, standard arguments show that
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that the entire function will limit to 0. O

B.2.3 Proof of Proposition 1

Proof. We will show that the limit of the difference of the expected risks is 0.

E (7, 9)] — E (g, y)] =

~ ~p* {J~ . ~ ~p* {j~ *
TP, y~p*la,g PDpi, e N RN R T

E [Z (p’D(piltp)p:(g) - p'D(Pth)L’E(:g)) E(@’ y)] =
przvpr*‘x gey

E

T~ P

> (pp(p;tp)\z(@) _pD(p;tp)\x(g)) E [f(?%y)]] =

g€y y~p*|x

5 & [(po01,0) ~ pows, @) B 16630

gey y~p*la
Now, by assumption we have
Powi, e (8) = Do)l (9) = 0

and notice that ’(pp(pztp)‘m(gj) — pp(p;tp)‘x(gj)) Eyp|z [£(7, y)]’ < M. Thus, by the dominated

convergence theorem, we have

lim E [(pp(pgnp)m@)—pD(p;tp)u@)) E [5(737?/)}]

1—00 TPy y~p* \x

B {1 (55, 00) o0, ) E 0] =0
Thus, since |Y| < oo, we have
i 3 8 | (bt 009) ~ po0s,1:0) B, [15.))] =
00 223, T Pa y~p*|z
lim E | (ppwi )e(0) —Pppr, )=(9)) E ﬁ@,y]ZO,
Q;yl%oo TPy [( D(Prsp)l ( ) PPy ( )) pr*|z[ ( )]
which is what we needed to show O
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B.2.4 Proof of Lemma 3.4.1

Proof. Let § be the output of our algorithm. By linearity of expectation, we have

L—N+1 L—N+1
E[ Z 1{Z7i:i+N17éyi:i+N1}‘| = Z E {1{@i:i+N717ﬁyi:i+N71}:|
i=1 i=1

We can see that
E |:1{Z?i:i+N—17éyi:i+N—l}:| =1- p(gi:iJrN—l)

Therefore, we have

L—-N+1 L-N+1
E [ Z 1{igi:i+N17ﬁyi:i+N1}‘| - Z 1- p(gi:i—i-N—l) =
i=1 i=1

L—N+1
L—N+1— Y p@isn-1)=L—N+1-g(p)

i=1

Therefore, maximizing ¢(y) will minimize our expected risk. O

B.2.5 Proof of Theorem 3.4.2

Proof. We have that

Vye Y, ply)=py)pQelv) - pyclyw-1)-

We can think of this as a path y; — yo — --- — yr. We can combine all these paths to
make a directed tree. Let each node have the weight of the conditional distribution at that
node. Thus, if we take the product of any path y; — yo — -+ — yr, we get p(y).
Suppose p is defined as in the Theorem 3.4.2 and suppose we do not query V|V — 1
V-1

conditional probability values. We note that [V|¥ —1 = T I, [VJ. We know that the

j™ level in our tree has |V}’ nodes. Therefore, on at least one level, the ratio of nodes we
have queried is less than |V\|TT Thus, by the pigeonhole principle, there must exist two nodes
that have the same path up until that point, v|yj;_1j, uly;j—1), that have not been looked at.
Therefore, the algorithm is unable to know the exact probability of any descendants of these
two paths. If either of these nodes have a weight more than 1/|V|, say without loss of
generality it is v|y;j_1}, then g(y;j—1) + v +...) would be larger than any path D has found
so far. Therefore, the algorithm can not be sure either answer is optimal and must query
more. Thus, since the algorithm was arbitrary, on this distribution any algorithm runtime

will be at least C(|V|F — 1). O
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B.2.6 Proof of Lemma 3.4.3

Proof. Let x € X, k € N and let p'|z — p*|x. Then, let

€, = max {’pi<ch+la YK 4K | y[cK]J?) — D" (Yert1s - - YeK K | y[cK},l‘)‘ lc€Zy,yc y}

Notice, in order for p'|z — p*|z, we need ¢; — 0. Thus, since there are only a finite amount
of marginal and conditional values our decoder can look at, and since we know there are no
ties, there will be some j such that Vi > j the argmax for the conditional distributions of

both p* and p* will match. Therefore, we meet the assumption needed to use Prop 1. O

B.2.7 Proof of Proposition 2

Proof. e pi(C) =1 = Krp-lookahead optimality: By the defintion of C, we know
the Kp-lookahead outputs maximize SN p*(ysin_1 | 7) except a set of measure

0 over X. From Lemma 3.4.1, we can see that this is the optimal output.

« Kr-lookahead optimality — pi(C) = 1: We will prove the contraposition.
Suppose pi(C) < 1. Then, there exists a set L € X of measure > 0 where for each

z € L:
L-N+1

argmax 3 p"(yisrn-1 | 2) =y,
i=1
but
v #9,
where § what our Kp-lookahead decoding algorithm outputs. Since we know y' is
optimal, K-lookahead decoding will be unoptimal.
m

B.2.8 Example of a Markov chain that is not Kp-lookahead opti-

mal

Let K, L, N,T € Nsuch that T'< K < L and N < L so that this set up makes sense in the

context of this chapter. Let us have the following Markov chain:
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for some % < d < 1. Then, note how Kp-lookahead will repeat 123... K'S to length L.

Let s = s189...5s; be the output of Kp-lookahead and let @ = a;...ar be the sequence
ABAB ... tosize L. We can see that that amount of a;’s such that a; = S will be {LJ

K+1
We can see that, since K < L, we have 1 < {KLHJ Now, let ¢ be the amount of N-grams in
s that contain an S. Since 1 < {KLHJ, we have 1 < c¢. Let
1
0<e<

4(L=N+1-15)

We can see that our upper bound is always greater than 0 as ¢ < L — N +1 and d < 1,
therefore this € is valid for any possible values of K, T, N, L and d that work in this setting.
Let our initial distribution of the Markov chain, 7, be such that P, (1) = .50 + ¢ and

P, (A) =.50 —e€. If 5;...8;1n_1 is an N-gram of s that contains S, we have that

1
P(Si...8i+N_1) S d(2 +€)

because there is at least one S in it (and possibly more if N is large enough). If it does not

contain an S, then we can see that
1
]P)(SZ' ce SiJrN,l) == 5 + €.

Therefore, we have the following:

L-N+1 1 L—N+1—c 1
Z P<3n--'3n+N1>§Cd(2+€)+ Z <2+6>_
n=1 n=1

cd<;+e>+(L—N+1—c)<;+e>.
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We can also see that for the sequence a:

L—-N+1

1
S P(an...anin) = (L—N+1) (2 —e) .
n=1
In order for Kp-lookahead to not be optimal, we need
1 1 1
(L—N+1) (2—€> >cd<2—|—e)+(L—N~|—1—C) <2+e).

From this, below we manipulate algebra to arrive that ¢ must be smaller than its upper
bound.

(L—N+1)<;—e) >cd<;+e>+(L—N+1—c)<;+e> —
(

1 1
?L—N+U—4L—N+U>§L—N+1—ﬂ—@@+dL—N+1—ﬂ—@@::
1
5(L—N+1—L+N—1+(1—d)c)>e(L—N+1+L—N+1—(1—d)c)::>

1 1—d 1—d
ol A-de  _ (1-de

22(L-N+1-%2) 4(L-N+1-13)

Therefore, we have that a is a more optimal sequence for this Markov chain/initial distribu-

tion pair than the output of Kp-lookahead, which is what we wanted to show.

B.2.9 Proof of Proposition 3

Proof. Let N < L. Then, let us have the following probability distribution:

p(0...0)=28, p( 0...0 10...0)=.12, p(20...0)=.23, p(1l...1) =37

Ko—1 indices
One can verify that the K7, -lookahead decoder would output 0...0 and the K3, -lookahead
decoder would output 1...1. One can also verify that for any N-gram starting at position

c>1,

0...0 =arg max ot N—
g g Yeie+N—-1 p(yCC+N 1)
N indices

since p(0;...0j4n_1) > .284.23 = .51 where j > 1. From this, by calculating the conditional
and marginal distributions for the first N-gram, one can see that arg max,.y,{g(y)} =0...0.
Therefore, the K, -lookahead decoder is optimal for the n-gram Hamming loss, while the
Ky, -lookahead decoder is not.

For N = L, we have the 0 — 1 loss, whose optimal output is the max probability sequence.
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let us have the following probability distribution:

p(0...0) =408, p( 0...0 11...1)=.102,

Ko—1 indices
p(1...100...0)=.2401, p(11...1) = 2499
K> indices

Here, we can see that the K, -lookahead decoder will output 0...0, however, since the max
marginal for the first K is 1...1, the Ky, -lookahead decoder will not output 0...0.

Thus, we have covered all cases and have shown what was need. O

B.2.10 Proof of Proposition 4 and monotonicity result

Proof. Now, let N, K, L,T be as stated in Proposition 4. We will constructively create a
two counterexamples, one for when N < L and another for when N = L. Let our alphabet
be {0, 1,2}. For the N < L case, we have the following probability distribution:

p(0...0) = 27675, p(10...0)=.25, p(0...020...0)= 03075,

——
K indices
p(0...01...1)=.2925, p(0...020...0)=".15.
T indices T indices

It is easy to see that both K and K7, will both choose 0...0 for their first T"and T+ 1
values respectively. From this, we can see that this locks in 7'+ 1 into choosing rather 0...0

or 0...020...0, from which one can see it will choose 0...0 by following the algorithm.

T indices
For K, it sees the following for its second iteration:

p(1...1]10...0)=239, p( 0...0 20...0]0...0)=".041,
K indices T indices K—T indices T indices 7T indices
p(0...0]0...0)=.369, p(20...0]0...0)=".2.
K indices T indices K indices T indices

From this, we can see that it will choose 1...1 and then be locked into the sequence

T indices

0...01...1. Now that we know both of the outputs of Ky and Kr.1, we need to show

T indices

that 0...0 is optimal. Notice that for any N-gram starting at position ¢ > 1:

p(0... Oupn_1) > 27675 + .25 = 52675
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and there are no ties in the argmax. Let us then have a sequence y. Let S, be all N-grams

of y that contain a non-0 index. Notice that:

VYjjan-1 € Sy P(Wjjrn—1) < p(0j... 054 n_1).

Thus, for every starting index greater than 1, our sequence would be better off it was only
0s. Therefore, we only need to show the same for index 1. By calculating the marginal and
conditional distributions, it can be seen that, for every N, p(0;...0x) > p(y1.n-1)—.02 where
y1.n—1 is any N-gram that is not all zeros. Therefore, since for any ¢ > 1, p(0.... 0.y n_1) >
5+ .02, we know that

L—N+1 L-N+1
9(0...0)= > p0;...04n-1)> D> pWi---Yirn-1) =9(y)
=1 =1

for any other sequence y. Thus 0...0 is optimal.
For N = L, let our alphabet be {0,1,2}. Now, we will define marginal and conditional
probabilities for the first K indices for the probability distribution:

p(0...0)=1, p( 0...0 ]0...0)=.51, p( 1...1 |0...0) =49
Tindices K—T indices Tindices K—T indices Tindices

From this, we can see that Kp,, will choose for the first round but K7 only chooses

0...0
N
T+1 indices

0...0 . The goal now is to adversarially create the rest of the sequence probabilities so that

T indices
Kr and Kryq diverge and Kp,q is optimal. Let us now give the full probability distribution:

p(0...02...2)=.051, p(0...0) =459,

K indices

p(0...01...1)=.2499, p(0...0 1...10...0)=.2401.
T indices T indices K indices

We note that since K < L —T = K + T < L, the last two sequences above are distinct
(i.e., there is at least one 0 at the end of the last sequence). Notice how we have created two
paths that diverge at the T'+ 1 spot depending on if the 7"+ 1 spot is a 0 or a 1. On the

second iteration, Kt will see that p(1...1 | 0...0) = .49, while any other choices would

K indices T indices

have less probability than that, thus we have that K will choose 1 at the 7'+ 1 spot. Since
K, already chose a 0 at that spot, their paths have split. Specifically, we can see that K

7



will choose 0...01...1 =4 and K7, will choose 0...0 = yf. Since N = L, we know the
~——

T indices
optimal sequence is the one with the most probability, which is 0...0, which shows what we

needed. O

For the monotonicity result, let K € {2,3... L}, N =L, T}, T, € [K]| such that T} < T5.
Suppose also K > L —T,. Ky, and Ky, are looking over the same K tokens in the first
iteration, thus their first 77 values will be the same. Then, since K > L — T}, we know K,
will choose the optimal rest of the tokens since it looks over every possibility left. Therefore,
we only need to know if its first 7} tokens were optimal. Since K7, is optimal, and they

share the same first 77 tokens, we then know that K, is optimal.

B.2.11 Proof of Proposition 5

Proof. Let p be our probability distribution over X x ) and let D be our decoding algorithm.

By lemma 3.4.1, given an input , the optimal output is arg max, g(y|x). Notice:

L—N+1
E [ Z 1{yi:i+N—17éZji:i+N—1}‘| =

Y~ I~PD (e | oi=1

L—N+1
pr(pntp)\x(g) E [ Z 1{yi:i+N—1¢ﬂ¢:i+N—1}]'

jeY y~plz =1

We know that 3¢y Pp(p,)=(9) = 1. Therefore, in order to minimize our total sum, we need
all the mass of pp(p,,,)=(¥) to be on values of § which minimize our expected risk. Since this

was for an arbitrary x € X', we have shown what was needed. O]

B.2.12 Random sampling and temperature-scaled random sam-

pling meet the assumption needed for Proposition 1

Let us look at one particular y. Let prs(pe)(-) be the probability distribution of random
sampling decoder using p as a next-token predictor given an input z and prsrs(plzq) () be
the same for temperature scaled random sampling with hyperparameter 7. By defintion, we

have for every x € X and y € :

L

Prspl) (W) = [ pWi | Y-, )
=1

L
p(yi | y[iﬂ]@)’y
PTSRS(p|z, (y) = .
(vle7) Z:H1 S vev P(V | Y1), )7
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We can see that each of these are continuous in p(- | -) so long as v # oo. Thus, as p’ — p*,

we have that
PRS(@ilx)(Y) = PRS(p*|2) (Y)
and
PTSRS(pileq) (Y) = PTSRS(p*|a7) (Y)-

If v = oo, then this becomes greedy decoding, which we show in Lemma 3.4.3 meets the

assumption needed as well.

B.2.13 Proof of Proposition 6

Proof. By the probability chain rule, we can see that random sampling from pfnp(' | -) and
then concatenating has the same distribution as sampling from p’ itself. Therefore, we will
work with p® for the rest of the proof without regard for next-token prediction. Given that

H(p) is the entropy of a probability distribution p, we have

CE@p,p") =

E [“log(F)] = E [~log(p')|+ E [Floa@' @) - E [~log("(y))] =
1o P'(y) —log (p* _ T *

E o (B 4 B - tou 0] = KLG W) + 1)

By Assumption 3.3.1 we have that p’ — p* in KL-Divergence. Since KL-Divergence is also a
metric, we have that CE(p’, p*) > H(p*). Thus, we can see that lim,; .., CE(p’, p*) = H(p*),

which shows we obtain the minimum value we can and therefore have consistency. O]

B.2.14 Proof of Proposition 7

Proof. We know that p* — p* in KL-divergence. Further, by Appendix B.2.12, we can
see that for all y € Y and = € &, pRS(p;tplx)(y) — PRS(p3,,|0)(y) and pTSRS(p;tpw,w)(y) —
pTSRS(p;itplww)(y)‘ Thus, if we can show that PTSRS(pyy, ) # PRS(p%,,|2) then we are done.
Let p be the limit for random sampling and let p” be the limit for temperature scaled random
sampling for temperature parameter ~.

Let v # 1. In section 3.5.2 we know that random sampling is optimal. In Appendix
B.2.13 we show the well known fact that cross entropy is the sum of the entropy of the
true distribution plus the KL-Divergence of the two distributions. The KL-divergence has
a unique minimum at the true distribution. Thus, we will show that K L(p||p?) = 0 if and

only if p is uniform or deterministic. We begin by using the same analysis done in Appendix
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B.2.2 to break the KL-Divergence up into a function of the conditional KL-Divergences.

") . ZM‘%
' (y p(v\y[i—u)'y
KLp p'Y — E [_1Og< >‘| = ]E —10g veY

(pllp") = E () ;ywv Py | yi-1)

p(yi | yi—yy)?~ )] (i | Y1)
—log ( —p(y) log =
1W[ Yvev (v | Yji-1)) Z;y%; Yy P(v | Yji-1))?
p(i | Y1) > _
>vev P(V | Yjiz))?
i | yji—n) ) _

Yvev PV | Yji—))?

p(yi | Y1) )
vy PV | Yi-1))?

M-

(2

™=

—p(Yi—1)2Wi | Yii—1)pWjis1y | ypap) log (

s
Il
—

yey

Mm

y[z 1] yz|yz 1)10g<

.
Il

1 Y[a) GJ/

Mn

P(y[i—l}) Z —p(¥i | Z/[zel]) log(

=1y _1)€Vi-q) Y€V
L [ -1

p(Wi | Yu-1)”
R R R
i=1Y[i-1]ey);_y yi~p(lyi-1) | vey P Yli—1]

M p(yilyi—1))”

> vey POlyE—1))7
p(y[iil]) E o log 2% [i—1]
yirp(-lypi—1y) p(yi | yi-1))

Mh

<.
Il

1Yi—-11e

‘<

[i-1]

Thus, we can see that K L(p||p?) is a function of the KL-divergence of the conditional
probability distributions. Since we need K L(p||p”) = 0, this would then make us need each
conditional KL-divergence also need to be 0. Thus, we require for every yj_1) € V1) that

has non-zero probability

p(v ’ y[ifl])’y
Svey P | Yi-1))?

But this would imply for every v,, v, € V and for every y;_1) € Vj;—1) we have

Yv ey

p(U ’ y[i—l])’

P(”Us|y[i—1])’y
p(vs | yii-1)) _ Zvjevp(vjly[i—l])” _ (p(vs | y[i—l]))7
p(or | Y1) P(orlvi—y)? p(or | Y1)

ZUjEV p(’U]' |y[i—1])'y

Thus, if v # 1, then we must have % € {0,1,00} for this to be true. Seeing this
needs to happen for every for every vy, v,,, this would imply the next-token distribution is a

uniform distribution or a deterministic distribution. O
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B.2.15 Proof of Proposition 8

Proof. By log properties and linearity of expectation:

oo (TT P Lyin) )] [ N ( P(Yi | Yi-n)? >] _
y@P[ o (Ell Xy,ev Py | i) y~p Zl g >y,ev PY; | Y1)
SR [_ log (Z Wi | Yi-1))? )] 0

y; €V p(y; | Yli—1] )7

We will only look at one of these expectations in the sum. Choose j € [L]. Then:

p(yi | ?/[zel])7 )]
E |—log ( -
yop l >y,ev P | yi-1)?

—y1og (p(y: | Y1) + log (Z p(; | yi- )] (x)

E
y~p

Now, we have the following inequalities:

log (Z p(y; | y[z-_u)”) < log (\Vl max {nly; | y[i—u)”}>

y; €V

= log (V]) + 7 max{log (p(y; 1 y5-1))}
log (Z p(y; | y[i_u)”) (\Vlmln{ (i [ yii-)? })
y; €V
= log (V) + ¥ min{lo (p(y; | v6-1)))

log (Z p(y; | y[iu)v) > log (maX{ (W5 | - 1])7}>

y; €V

=y max{log (p(y; | 1))}

Using these, notice:

®<E [—vlog (py: L yi-1)) +1og (V) + mas{log (p(y; | y[m]))}] = 7 Cy + log(|V])
(2)

where C'y; € Z, is a constant that only depends on p.
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For the lower bound, by just substituting the other inequalities in we get:

(%) > —yCa; + log (|V]) (3)
(x) > 7Cs; (4)

where Cy;,Cs; € Z4 are constants that only depend on p.

Substituting these inequalities back into (1) will give us what we wanted to show. O

We assumed Y = V' to allow us to use the middle inequality of the three. If we do not
asumme this, then it is possible min, ey{p(y; | y;i—1)"} = 0. To then use this inequality,
we would need |V| to be replaced with the amount of tokens with a non-zero probability,
v,
We could also get a matching upper bound by doing the same with the upper bound.

oyl This would then require taking the expectation over log(|V,,_,|) to get our bounds.
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APPENDIX C

Appendix for Chapter 4

C.1 Proving the Relationship Between VC(¢ o H) and
GNdim(H, 1)

Here we show that the VC-dimenion of the loss class and the Generalized Natarajan Dimen-

sion are bounded by each other.

Lemma C.1.1. Given a (X, Z,Y,H, () learning problem, we have
GNdim(H,l) < VC({loH) <4.67TGNdim(H,l)logy(|o(Z)| + 1).

Proof. First we will prove GNdim(H,{) < VC(l o H). Let S, |S| = n GN-shatter H,¢.
Then 3f1, fo € H such that Vo € S, o(fi(x)) # o(fa(z)) and VI' C S, hr € H where
Ve e T, olhr(z)) = o(fi(z)) and Vo € S\ T, o(hr(z)) = o(fa(z)). Let 8" = {(z,y) | = €
S,y € o(fi(x))Ao(fa(x))} where A denotes the symmetric difference of the two sets. Using
f1, f2 and hp as above we can see that ¢ o H is VC-shattered by 5.

Now we will prove VC((oH) < 4.6TGNdim(H, ¢)log,(|o(Z)|+1)). It is easy to see that
for any set S C X x ) we have [(£oH)(S)| < |o(H)(Sx)|. This is because if £ o h and £ o A’
differ on a point, then h, A’ must be different on that point as well.

Note how o(#) only has |o(Z)| different possible outputs. By Ben-David et al. [1995],

we have for m samples:

<
oo H] < ( ONdim(o o H)

Which, by 4.4.0.2, we have

me(|0(Z)\+1)2 Ndim(ocoH) B m@(lU(Z)’+1)2 GNdim(H,0)
2Ndim(o o H) ~ \ 2GNdim(H, 1)
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Thus, for a sample of size VC(¢ o H) to shatter £ o H, we have:

o\ GNdim(H,0)
QVOUoH) < CoH| < |ooH| < (VC(EoH)e(|a(Z)|+1) )

2GNdim(H, ()

This is the same inequality set-up as seen in Ben-David et al. [1995], thus we get the same
bounds, except we substitute in GNdim(H, () and |o(Z)| to get

VO(foH) < A.6TGNdim(H, 0)log,(|o(Z)| + 1)

[
Given Thoerem 4.4.1 and our assumption of |o(Z)| < oo we have the following corollary:

Corollary C.1.1.1. Given a (X,Z,Y,H,{) learning problem studied in this chapter, we
have
(X, Z,V,H,0) is learnable <= VC({loH) < 0

C.2 Finite GNdim(H, () is Necessary for Learnability Proof

C.2.1 Proof by Adapting The No Free Lunch Theorem

Proof. We will show the contrapositive. Let us have a (X, Z, Y, H, {) learning problem with
GNdim(H,l) = co. Then, by shattering, for any m we can find a set of 2m points where
f1, f2, h € H such that o(fi(z)) # o(fa(z)) for all z € {xy,..., 2z} but o(h(x)) = o(fi(x))
for z € {z1,...,zn} and o(h(x)) = o(fo(x)) for the others. Let T' = 22", and hy, ..., hy be
all of the functions that are guaranteed to exists by the shattering condition.

Let us define the distribution Dy, as follows:

Py, (¢) = {1/2m r € {x1,..., Tom}

0 otherwise

PDh o) = otherwise

{1/0(f1(fv>> y € o(fi(x))
0

Notice that Pp, is a uniform distribution over our 2m inputs (D;fl), and the output values
are also uniformly distributed over the possible values where f; would get 0 loss on (D%‘X)
Let us define D;, Diy |X, and D;* the same as above, but for h; instead of f;. Note each of

these D, distributions are realizable under H.
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Let Sx,, ..., Sx, denote all of the samples of size m sampled from D;*. Note k is the same
for every i as this is just all samples of size m from X. We will denote S}, x, as the full
(,y) samples and S} will be the ) values from sample S x,- While there is an implicit X;
needed for S5, we drop it to ease notation as we do not ever look at two S with different
X;s at the same time. Since each sample of Sy, of size m is equally likely to be chosen, we

can use the law of total expectation to get

1& .
Es~p,[Lp,(A =7 XEE %) [Lp,(A(Sy x,))]
j:
where the expectation on the right hand side is over all possible label values we could get

from our input sample X;. Thus we get

Let us fix a j € [k], and let {sy,...5,} = &'\ S}}j. Notice p > m as |X| = 2m and \S§j| < m.
We then get for any function f: X — Z

12m

Lolf) =55 ;U~Umf(lg( hie:))) [Lemero] 2

1 p

A E 1 Sr)ET(V
2p;v~vmf<a<hi(sr>»[ Jener )]

Thus, as expectation is a linear operator:

P
YE sy,

E 1 i sr)E1(v :H .
S 2p = spen, O me‘f(o(hi(sr))) Alyx ) lenET(v)
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Continuing, we see

11 2

SN YR | E Lacsi Yarnte H _
T ; 2p 7; S~ D % [UNUnif(U(hi(sr))) A(Sy,xj)( r)ET(v)

1 p 1 T [ ]
~ SN V'R . E Lacsi  1iorer v] >
2p 7;1 T ; si, ND X omUnif(o (hi(51) A(SY,Xj)( e (v)

1 1 ET: E 1 ) }
2 T =1 Sl ND % v~Unif(o(hi(sr))) A(S‘Zy,xj)(sr)éf’r(v) .

Fix r € [p]. Partition A4, ..., hy into disjoint tuples (h;, hy) by o(hi(z)) # o(hy(z)) iff x = s,.
Since s, is not in Sy;, we can see that each pair has the same probabilities of getting the
same Sy, given Sy,. When Sj. X, = S%% x,» for each tuple we have that for exactly at most

one of them (without loss of generality, assume its h;)

E 1 4 S T(V — 0.
v Unif(o(hi(sr))) A(Sy,xj)( r)gT(v)

We have this for at most one i as we know that there are no strict subsets in ¢(Z). Thus,
WLOG, if a(A(Syx,)(s:)) = o(hi(s,)), then Jv € o(hi(s,)) where v ¢ U(A(SQX],)(ST)).

Therefore:

E - _ o (hi(s:))) \ o(A(SE)(s))] - 1
onUnif(o(hy (sr))) L 5x, ) (en)#T(0) o (har (5,)))] = Jo(hu(s,)))]
1

max.eze |o(2)|

v

With this, we see that over every tuple

1
Lagsy, y emere) | + E Lagsy x )sngr)

E > )
vnUnif(a(hi(s,))) o~Unif(o(hy(sr))) X5 max,czc |o(z)]

We note again that SQ X; has the same probability as Sﬁ;, x,; in each respective tuple. Thus,
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. . YISx, VISx; . . . Y|Sx; ,
we can substitute the expectations over D, 15, and Di,‘ 7 into just one D, 5%, to yield

E | E [1 _ m] +
si~n, LAJUnif(a(hi(s,.))) AlSy ) )(or)ET(0)

E = sy, E {1 i ” =
Si~p, I LNUm'f(a(hi,(sr))) A(Sy x;)(sr)gr(v)

E ; E 1 G s T(v ] + E 1 i Sy )€1 (v :|
s;‘.’YNDZ.y'SXJ [vanif(a(hi(sr))) AlSy x ) (sr)gT () v~Unif(o(hy(sr))) ASy, x ) (sr) g7 (V)
S 1
T maX.eze |o(z)|
By summing each partition together we see
1 T
T; St D X ot o ha(sy) LAY BT |
(T 1 B 1
— T\ 2max,czc |o(2)] )  2max,czc |o(2)]
Therefore,
max Eg.p,[Lp,(A(S)) > mln— E E Lacsi o ysygr(o | =
wips Eonol Lo A 2 5 0 7 z; s Lo T e LG SRCRLAC]
1 . 1 1
— min = :
2 refp] 2max,czco |o(2)] 4max,czco|o(2)]

Thus, we have shown there exists a realizable distribution where A does not do well, thereby
showing this is not PAC-learnable, which is what we needed to show for the contrapositive.
m

C.3 Finite GNdim(H, /) is Sufficient for Learnability Proof

C.3.1 Using VC Dimension of Loss Class

Proof. Suppose we have an (X, Z,Y,H, ) learning scenario where GNdim(H, () is finite.
By Lemma C.1.1, we have that

VCO(loH) < A6TGNdim(H, ) log,(|o(Z)] + 1).
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Since |o(Z)] < oo, we know that VC(£o#H) must be finite. It is known that the upper bound
of the sample complexity of £ o H is

o (vc(z o M) + 10g(1/5)>

€2

due to it being a binary classifier. Notice for any distribution on X x ), there is an equivalent
distribution over X x Y x {0}. Therefore, learnability of the 0-1 loss of ¢ o H on the
latter distribution implies learnability of H with ¢ on the former. This gives us an upper
bound on the sample complexity needed to learn (X, Z,),H,{) by replacing VC({ o H)
with 4.67GNdim(H, ¢)logy(|o(Z)| + 1). Thus, we have learnability of (X, Z, ), H, () if
GNdim(H, ) is finite.

O

C.3.2 Special Case where Z =Y

Proof. Much like Lemma 4.4.2, we shall use the (X, Y, HY, () equivalent learning problem.

Suppose (H, ) has finite generalized Natarajan dimension. For each y € Y°, put an
arbitrary ordering on o(y), and then for all & > |o(y)|, let o(y)r be some label not in
YC (from here on out denoted 0). Let the maps o; : Y U {0} — Y¢ U {0} denote the
function o;(y) = o(y);, where 0;(0) = 0 Vi. We can extend this map (abusing notation) to
o, X x (YOU{0}) = X x (Y°U{0}), os(z,y) = (x,0:(y)). Now, given a distribution D,
let us define a new distribution D’ := D o g; ! by the pushforward of D through ;. Thus
D! can be thought of as the distribution where each y “becomes” o(y);. Notice then

o (w)|
E |2 b=t | =
~ =1

(z,y)~D (z,y)
y)l ! lo(y)| K
Z Lh(a)=o >, 0] = Y lh@=owy + D la@w=o| =
(x,y) i=|o(g)|+1 @y)~D | =1 i=lo(y)|+1
k k
E Vo) | = (e 1— Ly
Y LB o—w] =X B (o] = 1 Lo
Where

Lpi(h):== E [ Lners)

(w»y)'\‘
is the 0-1 loss for a multiclass learning problem on the distribution of D?, and where the

penultimate equality comes from
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For the sample loss of a set of size m, we can do a similar decomposition.

/ ] iy Tj)eo(y;
1— Ls(h) — |{(y]’h(f;l)) S C}| _ Z]_l };il])e (vj) _

S0 Tt Lnp=oty) _ Lict 251 Lhep=otu)s _ <
j=1 1 “h(zg)=o(y;)i _ 1 24j=1 “h(zj)=0(y;) =51 Lg(h)
=1

m m

Using these decompositions, we get
|Lp(h) — Ls(h)| = |Lp(h) =141 — Lg(h)| =

—Zl—LDi(h)—i-Zl—LSi(h)‘ = ZLDZ(h)_Lb”(h> §Z|LDz(h)—LSz<h)|

7

Since we have finite generalized Natarajan dimension, by corollary 4.4.0.2 we have that H¢

is multiclass learnable, and thus has the uniform convergence property with function m%%'

(Shalev-Shwartz and Ben-David [2014b]). Since each Lpi, Lg: are equivalent to a multiclass

problem on a different distribution, pick sample S with |S| > mi%(e/k,6/k). By union

bound we get:

P <sup |Lp(h) — Lg(h)| > e) <P (Supz L3y () = Lis(h)| > e) <

heH heH ;1
k k
P (Z sup |Liy(h) — Lis(h)| > e> <P (U (Sup |Liy(h) = Ls(h)| > e/k)) <ké/k=3
i=1 heH i=1 \h€H

Therefore, we have that H® has the uniform convergence property and thus ERM is a valid

learner for the problem. O
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C.4 Miscellaneous

C.4.1 Example of a Learning Problem where GNdim(H,{) = oo but

it is Learnable

Let X be an infinite input space, Y = {1,2,3}, H = {1,2}* U {3}¥, and let the loss matrix
be as below:

1 2 3
170 1 1
L= 911 0 1
30 00

where ((i,j) = L;;. Note how GNdim(H,{) = VC({ o H) = oo as we have all functions
from X to {1,2}, but the algorithm that always chooses h € H such that Vo € X, h(x) =3

will always be a valid PAC-learner.
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