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ABSTRACT

Modern machine learning is increasingly applied to make reliable decisions from lim-
ited, noisy, high-dimensional, or privacy-constrained data. This dissertation studies several
mathematical problems that arise from this demand, with an emphasis on sequential deci-
sion making, sparse high-dimensional inference, differential privacy, and global testing. The
chapters address several distinct statistical settings, which share a common theme: how to
design procedures whose algorithmic behavior is guided by the geometry of the underly-
ing statistical problem and whose performance can be certified by sharp non-asymptotic or
asymptotic guarantees, and how do you make better decisions or selections when information
is noisy, incomplete, or costly to gather?

The first part of the dissertation concerns stochastic convex hull membership, a pure-
exploration problem in which one sequentially samples from a finite collection of distributions
in order to decide whether a target point belongs to the convex hull of their unknown
means. We first give a complete solution in one dimension, deriving the information-theoretic
characteristic time and developing Thompson-CHM, an asymptotically optimal sampling
algorithm whose allocation matches the lower bound. We then further extend the whole
theory to the higher-dimensional Gaussian setting, where Euclidean geometry makes the
least favorable alternatives explicit. The resulting formulas reveal a distinction between
sparse geometric certificates, as guaranteed by Carathéodory’s theorem, and statistically
optimal sampling allocations, which must guard against all low-cost alternatives.

The second part starts from solving differentially private high-dimensional sparse regres-
sion using iterative hard thresholding, and further develops an alternative differentially pri-
vate procedures for the Dantzig selector in high-dimensional linear regression explicitly using
the geometry of Dantzig selector. We start by proposing a oneshot private sparse-regression
method based on a noisy iterative hard-thresholding oracle. The algorithm preserves sparsity
by construction and satisfies privacy, parameter-error, and population excess-risk guarantees,
with the main error rate matching the known differentially private minimax benchmark up
to logarithmic factors. We then introduce a complementary active-set method that priva-
tizes the Dantzig score more directly: it privately identifies violated score coordinates, refits
on a restricted support, and prunes to exact sparsity. This second approach is closer to the
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defining feasibility constraint of the Dantzig selector and provides an alternative route to
private sparse estimation under stronger sparse-design conditions.

The final part studies sparse-signal detection in high-dimensional regression by combining
two classical ideas: knockoffs and higher criticism. Knockoffs provide dependence-adaptive
negative controls, while higher criticism is designed to detect rare and weak alternatives
near the sharp sparse-mixture boundary. We introduce a multi-knockoff higher-criticism
statistic based on Lasso entry times in an augmented design containing multiple knockoff
copies per feature. In the orthogonal-design regime, the proposed statistic attains the classi-
cal higher-criticism detection boundary for sparse alternatives against the global null. This
result suggests a new way to use knockoff constructions beyond false discovery rate con-
trol: as a mechanism for calibrating global tests in high-dimensional models with structured
dependence.
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CHAPTER 1

Stochastic Convex Hull Membership Problem in the
One-dimensional Case

In this chapter, we study the convex hull membership (CHM) problem in the pure explo-
ration setting where one aims to efficiently and accurately determine if a given point lies in
the convex hull of means of a finite set of distributions. We give a complete characterization
of the sample complexity of the CHM problem in the one-dimensional case. We present
the first asymptotically optimal algorithm called Thompson-CHM, whose modular design
consists of a stopping rule and a sampling rule. In addition, we extend the algorithm to
settings that generalize several important problems in the multi-armed bandit literature.
Furthermore, we discuss the extension of Thompson-CHM to higher dimensions. Finally,
we provide numerical experiments to demonstrate the empirical behavior of the algorithm
matches our theoretical results for realistic time horizons.

1.1 Introduction

The multi-armed bandit (MAB) problem is a fundamental problem in sequential decision
making where an agent is required to make a series of decisions to pull an arm of a K

slot machine in order to maximize the total reward. Each of the arms is associated with a
fixed but unknown probability distribution [Auer et al., 2002, Lai et al., 1985]. An enormous
literature has accumulated over the past decades on the MAB problem, such as clinical trials
and drug testing [Bastani and Bayati, 2020, Durand et al., 2018], recommendation system
and online advertising [Bouneffouf et al., 2012, 2014, Nguyen, 2021, Tang et al., 2013, Zhou
et al., 2017], information retrieval [Bouneffouf et al., 2013, Losada et al., 2017], and finance
[Huo and Fu, 2017, Misra et al., 2019, Mueller et al., 2019, Shen et al., 2015]. The MAB
problem was first studied theoretically in the seminal work [Robbins, 1952] and followed by
a vast line of work in two canonical settings: regret minimization [Agrawal and Goyal, 2013,
Auer, 2002, Auer et al., 2002, Chapelle and Li, 2011, Chu et al., 2011, Dudik et al., 2011,
Langford and Zhang, 2007, Li et al., 2010, Srinivas et al., 2009, Valko et al., 2013] and pure
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exploration [Chen et al., 2017, Garivier and Kaufmann, 2016, Locatelli et al., 2016, Russo,
2016].

In this chapter, we study the convex hull membership (CHM) problem in a pure explo-
ration setting: testing whether a fixed target point lies in the convex hull of the unknown
mean vectors of K distributions as efficiently and accurately as possible. Following the multi-
armed sampling model, where each distribution corresponds to an arm, and pulling an arm
reveals an independent sample from the distribution. Unlike classical reward-maximizing
bandit setting, our goal is to resolve a geometric decision problem under limited stochas-
tic feedback. Pure exploration problems are usually studies in one of two settings: fixed-
confidence of success or fixed-budget of samples. We work in the former. The usual non-
stochastic version of the CHM problem is well studied in Filippozzi et al. [2023] and has
attracted significant attention in different scientific areas and proven its crucial applications
in image processing [Jayaram and Fleyeh, 2016, Yang and Cohen, 1999], robot motion plan-
ning [Lengyel et al., 1990, Streinu, 2000] and pattern recognition [Katzin, 2018, Roy et al.,
2008].

The stochastic CHM problem arises in important applications including fairness [Martinez
et al., 2020] and multi-task learning [Lin et al., 2019], where we consider the instance to
determine whether a given point θ∗ ∈ Θ ⊂ Rd lies on the Pareto frontier of a collection
of m objective functions (F1, · · · , Fm). A point θ∗ is said to be Pareto optimal if no other
θ ∈ Θ exists such that Fi(θ) ≤ Fi(θ∗) for all i ∈ [m], with strict inequality in at least one
coordinate. In is well known that, under differentiability, any Pareto optimal point satisfies
a first-order condition: there exists a convex combination (λ1, · · · , λm) with summation
equal to 1 such that ∑m

i=1 λi∇Fi(θ∗) = 0, or equivalently, 0d ∈ Conv({∇Fi(θ∗)}mi=1). In
a multi-task learning setup, ∇Fi(θ) = EPi

[∇li(θ)] where Pi’s and li’s are the underlying
distributions and loss functions of the i-th task for i ∈ [m]. Since Pi’s are unknown, we
utilize the empirical version of ∇Fi which follows distributions with different means and fits
in our stochastic CHM setting. Nevertheless, there is almost no literature on the stochastic
convex hull membership problem where we have to sample in order to estimate the positions
of the means. Recently, Niss et al. [2022] provided the first theoretical bounds for the CHM
problem. Unfortunately, their results have significant gaps between the upper and lower
complexity bounds. To the best of our knowledge, this fundamental primitive of developing
the complexity bounds and an (asymptotically) optimal algorithm for the CHM problem
remains open in the literature before this work.

To tackle the aforementioned problem, we introduce Thompson-CHM, a Thompson-
Sampling-based algorithm that has asymptotic sample complexity matching the information-
theoretic lower bound proved in Garivier and Kaufmann [2016]. The sample complexity lower
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bound is modeled as a function of the characteristic time [Garivier and Kaufmann, 2016],
which can be captured by the value of a zero-sum pure exploration game between two play-
ers [Chernoff, 1959, Degenne et al., 2019]. As discussed in Section 1.4, any successful pure
exploration player needs to solve this pure exploration game, and therefore, the intuition
behind the game is essential to our algorithm design. The design of the strategy to match
the lower bound is based on the individual confidence interval for each of the K arms so that
any algorithm using this stopping time can ensure an output of a correct decision with high
probability (at least 1− δ) no matter what sampling rule the algorithm applies.

We remark that Kaufmann et al. [2018] first proposed an active sequential testing pro-
cedure to study the lowest mean of a finite set of distributions, and provide a conditional
modification of the popular heuristic Thompson Sampling (named as Murphy Sampling)
to tackle the limitations of the Lower Confidence Bound algorithm (LCB) and standard
Thompson Sampling in different settings. However, a major challenge in extending Thomp-
son Sampling to our CHM problem is to study the extreme means (largest and lowest mean
in one-dimensional setting) simultaneously. To tackle this challenge, we borrow a two-arm
sampling construction proposed in the Best-Arm Identification setting. Russo [2016] pointed
out that Thompson Sampling can have a poor asymptotic performance and this defect can
be improved by a top-two arm sampling modification to prevent the algorithm from sampling
the arm of interest too frequently. This modification automatically controls the measurement
effort of each arm and ensures that the long-term asymptotic behavior is closely linked to
the optimal allocation of the algorithm. To the best of our knowledge, conditional Thompson
sampling and two-arm sampling have never been combined before.

Our novel sampling rule is independent of the confidence parameter δ and ensures the
sampled proportion of each arm asymptotically matches the estimated-best allocation de-
sign derived by the pure exploration game in the one-dimensional setting. Therefore, it
automatically adapts exploration for both feasible and infeasible cases in the CHM problem.
We provide a theoretical analysis of the asymptotic optimality and extend it to two more
important settings: interval CHM problem (identifying if an interval (γ−, γ+) intersects with
the convex hull of the means of K arms) and the d-dimensional CHM problem when d ≥ 2.
The first extension generalizes the CHM problem and reproduces the state-of-art results for
several important MAB problems in the literature, including thresholding bandit [Locatelli
et al., 2016] and sequential test for lowest mean [Kaufmann et al., 2018]. Moreover, the
stochastic CHM problem in d-dimensional setting has several important applications but its
complete solution remains open.

To highlight and summarize our results, our contribution in this chapter is threefold:
• We prove the information-theoretical lower bound on the sample complexity of the
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one-dimensional convex hull membership (CHM) problem and reveal an oracle allocation of
different arms for algorithm design.

• We introduce a novel Thompson-Sampling-based algorithm that automatically adapts
the right exploration and oracle allocation for both feasible and infeasible cases and we
rigorously prove the algorithm is asymptotically optimal and its complexity exactly matches
the theoretical lower bound.

• Our final contribution is two important extensions of the Thompson-CHM algorithm.
First, we extend the algorithm to the one-dimensional interval CHM problem by presenting
the sample complexity bounds and the analogous asymptotically optimal algorithm, and
discuss how this extension generalizes several fundamental BAI problems in the literature.
We also investigate the potential extension to the d-dimensional CHM problem (d ≥ 2) by
showing the sample complexity bound which shares the same behavior as the one-dimensional
case, and defer more details including the variant of the Thompson-CHM algorithm to the
appendix.

1.2 Related Work

In this section, we briefly discuss some works and applications that motivate our work and
are closely related to the convex hull membership problem in the literature.

Thresholding Bandits: One closely related previous work is a popular combinato-
rial pure exploration bandit problem known as the thresholding bandit problem where the
learner’s objective is to find the set of arms whose means are above a threshold. It was first
introduced in Chen et al. [2014] and has been extensively studied in both fixed-confidence
and fixed-budget settings [Chen et al., 2014, Garivier et al., 2017, Kano et al., 2019, Locatelli
et al., 2016, Tao et al., 2019]. Compared to the thresholding bandit problem, the convex
hull membership problem only requires a boolean decision and needs the existence for both
arms above and below the threshold to guarantee feasibility. A naive approach using the
thresholding bandit problem to solve the CHM problem is to find the set of arms with means
above and below the threshold by applying a thresholding bandit algorithm twice, and use
the results to build a conclusion on if the threshold lies in the convex hull of the set of the
arm means. Compared to the proposed Thompson-CHM algorithm, this two-step procedure
is sub-optimal and expends unnecessary samples to determine the true sets of arms with
means above and below the threshold.

Fair Sampling and Minimax Pareto Fairness: A recent series of works on fairness
sampling and minimax Pareto fairness [Abernethy et al., 2020, Anahideh et al., 2022, Mar-
tinez et al., 2020, Nargesian et al., 2021] share similar frameworks with the fair data sampling
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procedure that is related to the CHM problem. As discussed in Niss et al. [2022], the main
challenge of fair data sampling is to collect data of desired distribution requirements, there-
fore it reveals an appropriate representation of majority and minority groups in the data.
In Anahideh et al. [2022], authors propose a fair active learning framework to balance the
trade-off between model accuracy and fairness, in order to avoid discrimination in machine
learning models. In Martinez et al. [2020], group fairness is formulated as a multi-objective
optimization problem and proposes conditions for the classifier to be Pareto-efficient and
achieve minimax risk, which is closely related to the stochastic CHM setting.

1.3 Problem Setup and Formulation

We define the problem of efficiently and accurately identifying if a given point lies in (or if
a given interval/set intersects with, respectively) the convex hull of means of K probability
distributions ν1, · · · , νK in dimension d based on their stochastic sequential samples as the
d-dimensional convex hull membership (d-dim CHM) problem. In this chapter, we start
with the one-dimensional setting where the probability distributions are in the canonical
one-dimensional exponential family. In the canonical one-dimensional exponential family,
the marginal distribution of a value x given an unknown parameter θ ∈ R takes the form

P (x|θ) = h(x) exp{η(x)θ − A(θ)}

where h(x), η(x) and A(θ) are known functions.
Throughout the chapter, we denote by µ = (µ1, · · · , µK) the vector of unknown true

means of the distributions ν1, · · · , νK , and λ will be used as possible alternatives of the
mean vector. The Kullback-Leibler divergence is a standard measure of how one probability
distribution P differs from another Q with the form ∑

x P (x) ln(P (x)/Q(x)). For the canoni-
cal one-dimensional exponential family, it induces a bijection between the natural parameter
and the mean parameter, and we define the Kullback-Leibler divergence of two distributions
with means µ1 and µ2 as a function d : (µ1, µ2) → R+. Let Conv(µ) = Conv(µ1, · · · , µK)
denote the convex hull of the mean vector, which is the smallest convex set that contains
all the means µ1, · · · , µK . At each time t = 1, 2, · · · , a decision maker chooses one arm
At ∈ {1, · · · , K} and independently draws a reward from distribution Xt,At ∼ νAt . Let Ft de-
note the sigma algebra generated by (A1, X1,A1 , · · · , At, Xt,At). We aim to design a sequential
hypothesis testing procedure that consists of a Ft−1-measurable sampling policy πt, a stopping
rule τ with respect to Ft, and a Fτ -measurable decision rule Iπ(γ) ∈ {feasible, infeasible}.

We now state the formal definition of feasible and infeasible cases.
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Definition 1.3.1. (feasibility and infeasibility) Given µ = (µ1, · · · , µK), where µi ∈ Rd for
i = 1, · · · , K. For any set S, the problem defined above is S-feasible if the set S∩Conv(µ) ̸=
∅, otherwise, the problem is S-infeasible. When the set only contains a single element
S = {γ}, the problem is simply called γ-feasible and γ-infeasible, respectively.

In the one-dimensional case, given a threshold γ ∈ R, our objective is to identify whether
the unknown mean vector µ is γ-feasible, which is equivalent to determining if γ lies in the
closed interval between the smallest mean reward I∗(µ) = argmin1≤i≤K µi and the largest
mean reward I∗(µ) = argmax1≤i≤K µi based on the sequential observations while minimizing
the expected stopping time τ and maximizing the probability to correctly identify the result.
For simplicity, we assume the threshold γ (and the extreme points of the set S, respectively)
does not equal to µI∗(µ) and µI∗(µ). This aims to avoid infinite samples to distinguish the
maximum and minimum means of the distributions that are too close to the threshold.
This assumption can be easily relaxed by introducing a “precision” term ε to identify an ε-
optimal design instead [Locatelli et al., 2016, Russo, 2016]. Additionally, we further assume
the extreme points (or the vertices) of the convex hull Conv(µ) are unique.

In the literature, two distinct settings have been extensively studied. In the fixed-
confidence setting, given a fixed confidence parameter δ ∈ (0, 1), the forecaster aims for
a strategy that achieves the confidence δ about the quality of the decision rule while mini-
mizing the sample needed, and in the fixed-budget setting, the number of exploration rounds
is fixed, and the forecaster tries to maximize the probability of making the right decision. We
will focus on the fixed-confidence setting in this chapter and introduce the δ-correct strategy.

Definition 1.3.2. (δ-correctness) Let D be a set of distributions on Rd. Given δ ∈ (0, 1),
we call an identification strategy δ-correct on the problem class ν ∈ DK if with probability
at least 1− δ, the strategy returns the correct underlying case in a finite expected stopping
time, i.e., P(E[τ ] ≤ ∞) = 1, and when µ is feasible, P(Iπ(γ) = feasible) ≥ 1 − δ, otherwise
P(Iπ(γ) = infeasible) ≥ 1− δ, here Iπ(γ) is the decision rule of the strategy.

Before continuing, we pause to introduce some further notations here. We let Na(t) =∑t
s=1 1{As = a} be the number of selections of arm a up to round t, and Sa(t) =∑t
s=1 Xs1{As = a} be the sum of the gathered observations from that arm and µ̂a(t) =

Sa(t)/Na(t) be their empirical mean.

1.4 A General Lower Bound

In this section, we extend the general information-theoretical sample complexity lower bound
proved in Garivier and Kaufmann [2016] to work for the one-dimensional convex hull mem-
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bership problem.
We define Alt(µ) to be the set of bandit models where the identification result is different

from that in µ, and ∆ = {w = (w1, · · · , wK) ∈ RK
+ |w1 + · · · + wK = 1} is a probability

simplex of dimension K. The following bound was proved by Garivier and Kaufmann [2016]
that Eµ[τ ] ≥ T ∗(µ)kl(δ, 1−δ), where kl(x, y) = x ln(x

y
)+(1−x) ln(1−x

1−y ) denotes the Kullback-
Leibler divergence in the binary reward case, and

T ∗(µ)−1 = sup
w∈∆

inf
λ∈Alt(µ)

∑
a

wad(µa, λa).

Note that kl(δ, 1 − δ) ∼ ln(1/δ) as δ → 0, the lower bound above directly implies
lim infδ→0

Eµ[τ ]
ln(1/δ) ≥ T ∗(µ). This max-min problem was first discussed in the seminal work

by Chernoff [1959], and the value of T ∗(µ)−1 can be viewed as the value of a zero-sum
simultaneous-move pure exploration game between two players. The player SUP aims to
choose an optimal proportion of allocations w as a mixed strategy, and the adversary player
INF tries to choose the worst-case alternative arm means that is hard to distinguish from
the underlying truth to mislead SUP to an incorrect answer.

This general information-theoretic bound was established to analyze the sample complex-
ity of the Best-Arm Identification problem [Garivier and Kaufmann, 2016], and was studied
in different settings [Degenne et al., 2019, 2020] along with its popular variant that tackles
pure exploration bandit problems with multiple correct answers [Degenne and Koolen, 2019].
To match this general lower bound, the sampling proportion E[Nτδ

]/Eµ[τδ] must converge to
the minimizer w∗ ∈ ∆ of the pure exploration game as δ → 0. This intuition inspires works
on different sampling rules and their corresponding threshold functions β(t, δ) to ensure cor-
rect recommendation with high probability (at least 1− δ) [Degenne et al., 2019, Kaufmann
and Koolen, 2021], and novel sampling rules to match the lower bound N(t)/t→ w∗, where
N(t) is the vector of selection counts [Kaufmann et al., 2018]. With these considerations
in mind, we can establish the sample complexity bound and the asymptotically optimal al-
gorithm for the CHM problem. Specifically, following Degenne et al. [2020], we say that a
δ-correct algorithm is asymptotically optimal if for all µ, lim supδ→0

Eµ[τ ]
ln(1/δ) ≤ T ∗(µ).

Without loss of generality, in the one-dimensional CHM problem, we assume that
µ1 < µ2 ≤ µ3 ≤ · · · ≤ µK−1 < µK . The strict inequalities come from the aforementioned
assumption of unique extreme points of Conv{µ}. We have the following lower bound of
any δ-correct algorithm. The proof is provided in the appendix.

Theorem 1. Given a threshold γ ∈ R, the expected sample complexity Eµ[τ ] of any δ-correct
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1-dimensional CHM strategy satisfies lim infδ→0
Eµ[τ ]

ln(1/δ) ≥ T ∗(µ), where

T ∗(µ) =


1

d(µ1,γ) + 1
d(µK ,γ) γ ∈ Conv{µ}∑

1≤i≤K
1

d(µi,γ) γ /∈ Conv{µ}
,

and

w∗
a(µ) =


1

d(µa,γ)∑
i∈{1,K}

1
d(µi,γ)

1{a∈{1,K}} γ ∈ Conv{µ}
1

d(µa,γ)∑
1≤i≤K

1
d(µi,γ)

γ /∈ Conv{µ}
.

Surprisingly, the characteristic time and oracle weights that match the general
information-theoretic sample complexity show completely different behaviors in feasible and
infeasible cases. In the feasible case where τ lies in the convex hull Conv(µ), the algorithm
should only sample the arms with minimum and maximum means, while in the infeasible
case, the strategy should sample every single arm with specific fraction inversely proportional
to the Kullback-Leibler divergence between its mean and the threshold γ. We remark that
the previous work on sequentially testing and learning the lowest mean [Kaufmann et al.,
2018] demonstrates a similar phenomenon. In essence, this commonality arises from the fact
that the one-dimensional CHM problem generalizes the problem of learning the smallest
mean (see section 1.6.1 for details).

1.5 Algorithm

In this section, we introduce an asymptotically optimal Thompson-Sampling-based algorithm
for the one-dimensional CHM problem for a given threshold γ ∈ R.

1.5.1 Stopping rule

From a learning point of view, the question of stopping at time t is essentially a classical
statistical problem: does the past collected information allow us to assess that the threshold
γ lies in or outside the convex hull set Conv(µ) with risk at most δ? Inspired by Kaufmann
et al. [2018], a natural design of the stopping rule is to compare separately each arm to
the threshold γ and stop when either one arm lies significantly below γ and one arm lies
significantly above γ, or all arms lie significantly below γ, or all arms lie significantly above
γ.

We denote d+(u, v) = d(u, v)1{u ≤ v} and d−(u, v) = d(u, v)1{u ≥ v}. We define the
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first stopping time τ1 when all arms lie significantly above γ:

τ1 = inf{t ∈ N+|∀a,Na(t)d−(µ̂a(t), γ) ≥ Thresh(δ,Na(t))}.

Similarly, we define the second stopping time τ2 when all arms lie significantly below γ:

τ2 = inf{t ∈ N+|∀a,Na(t)d+(µ̂a(t), γ) ≥ Thresh(δ,Na(t))}.

The third stopping time is when one arm is significantly below γ and another arm lies
significantly above γ:

τ3 = inf{t ∈ N+|∃a1, a2, such that Na1(t)d+(µ̂a1(t), γ) ≥ Thresh(δ,Na1(t))
and Na2(t)d−(µ̂a2(t), γ) ≥ Thresh(δ,Na2(t))}.

Here Thresh(δ,Na(t)) is a threshold function to be specified later. Our algorithm stops if
any of the three cases happen, i.e., it stops at τ = min{τ1, τ2, τ3} and returns feasibility or
infeasibility based on the case detected. The stopping rule and decision rule ensures that,
when the threshold function Thresh(δ,Na(t)) is carefully designed and the sampling rule
guarantees the sampling allocation proportion converges to the solution w of the max-min
problem, the algorithm Thompson-CHM is δ-correct.

Lemma 1.5.1. Let τδ be a stopping rule satisfying τδ ≤ τ . τ is a stopping rule whose
threshold function Thresh(δ, r) is non-decreasing in r and satisfies the following: ∀r ≥
r0, Thresh(δ, r) ≤ ln(r/δ) + o(ln(1/δ)), then for any µ and an anytime sampling strategy
such that Nt

t
→ w∗(µ), we have lim supδ→0

τδ

ln(1/δ) ≤ T ∗(µ) almost surely.

1.5.2 Sampling rule

Our contribution is a sampling rule that extends and generalizes a variant of Thompson sam-
pling (called Murphy Sampling) introduced in Kaufmann et al. [2018] to the one-dimensional
CHM problem that ensures the algorithm allocates the optimal proportion to each arm
asymptotically, therefore guarantees the asymptotical optimality by Lemma 1.5.1. The sam-
pling rule can automatically adapt the asymptotic optimality for both feasible cases and
infeasible cases.

We denote by Πt = P(·|Ft) the posterior distribution of the mean parameters after t
rounds. Inspired by Kaufmann et al. [2018] that introduces Murphy Sampling after Murphy’s
Law, as it performs some conditioning to the “worst event” to learn the smallest mean, we
introduce Thompson-CHM (Algorithm 1) to tackle the one-dimensional CHM problem.
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Algorithm 1 Thompson-CHM
Input: stopping rule τ with threshold function Thresh(δ, t), risk δ, threshold γ, Bernoulli
distribution parameter βt.
Output: decision rule Iπ(µ) ∈ {feasible, infeasible}
for t = 1, · · · do

if stopping rule τ holds then
if τ = τ3 then

return Iπ(µ) = {feasible}
else

return Iπ(µ) = {infeasible}
end if

end if
Sample θt = (θt,1, · · · , θt,K) ∼ Πt−1(·|µ feasible).
Sample B ∼ Bernoulli (βt)
if B = 1 then

Play arm At = argmin(θt)
else

Play arm At = argmax(θt)
end if

end for

Note that the top-two Thompson Sampling conditions the standard Thompson Sampling
on the event argmax µ ̸= argmax θt with pre-specified probability β [Russo, 2016], and the
Murphy Sampling conditions on min(µ) below the threshold [Kaufmann et al., 2018]. In
contrast, Thompson-CHM conditions on the “feasibility” of the underlying mean vector µ

and in each round t, the algorithm proceeds to pull an arm in the sample θt = (θt,1, · · · , θt,K)
with largest or smallest mean based on the previous information Ft−1. The posterior is com-
puted explicitly using Bayes’ rule with tractable priors (e.g. Beta or uniform). To implement
the conditioning, we adopt reject sampling: we repeatedly sample from the unconditioned
posterior until a sample satisfying feasibility is obtained. The next theorem guarantees that
following this sampling procedure, the algorithm Thompson-CHM can ensure the sampling
proportion of each arm converges to the optimal allocation w∗ asymptotically, regardless of
the position of γ with respect to the convex hull Conv{µ}. Therefore, we can conclude that
the algorithm Thompson-CHM is asymptotically optimal in sample complexity.

Theorem 2. If βt = d(min θt,γ)−1

d(min θt,γ)−1+d(max θt,γ)−1 , then the algorithm Thompson-CHM ensures
that Nt

t
→ w∗(µ) almost surely for any µ, and is δ-correct for the CHM problem.

We let ψa(t) be the posterior probability of sampling arm a at time t, i.e. ψa(t) = P(At =
a|Ft−1), and define Ψa(t) and ψ̄a(t) as the summation and mean of ψa(t) over time t.

For the feasible case, the first step of the sampling rule performs the same as Thompson
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Sampling, and the probability of drawing the first arm at time t can be written as a weighted
sum (with weights βt and 1− βt) of the posterior probabilities that the first sample in θt is
the maximum and minimum. The asymptotic convergence of sample proportions N1(t)/t→
w∗

1(µ) can be derived by the combination of facts that the former probability converges to 1
and βt converges to w∗

1(µ). The proof of NK(t)/t→ w∗
K(µ) is symmetric.

For the infeasible case when the lowest mean is larger than threshold γ or the largest
mean is smaller than γ, the core idea of the proof is based on the following proposition,
and the complete proofs of Theorem 1, Lemma 1.5.1, and Theorem 2 are deferred to the
appendix.

Proposition 1.5.2. (Simplified version of Lemma 12 of Russo [2016]) Consider any sam-
pling rule, if for any arm a ∈ [K] and all c > 0, ∑t ψa(t)1{ψ̄a(t) ≥ w∗

a + c} < ∞, then
ψ̄(t)→ w∗.

The above result gives a sufficient condition in which ψ̄(t) converges to the optimal
allocation w∗, and implies that for any arm a that meets ψ̄a(t) ≥ w∗

a + c, the arm has
been over-allocated compared to the optimal proportion w∗

a. Hence the total measurements
the arm gets must be bounded in order to reduce towards w∗

a for optimality. The rest
of the proof is to establish the condition holds for Thompson-CHM algorithm. We de-
velop the conclusion by showing that, if arm a has been over-allocated compared to w∗

a,
then Πt(θt,a < γ < θt,b) is exponentially small compared to maxa,b Πt(θt,a < γ < θt,b).
Based on the known result, for any open set Θ̃ ⊂ Θ, the posterior concentrates at rate
Πt(Θ̃) .= exp

(
−tminλ∈Θ̃

∑
a ψ̄a(t)d(µa, λa)

)
, where xt .= yt means 1

t
ln xt

yt
→ 0. Combined

with the properties of T ∗(µ) in the pure exploration game and the concentration rate of the
posterior, we can show that there exists δ′ > 0 such that,

ψa(t) ∼
Πt(θt,a < γ < θt,b)

maxa,b Πt(θt,a < γ < θt,b)
≤ exp(−t(δ′ + εt)),

where εt is a sequence converging to 0. This implies for any arm a such that ψ̄a(t) ≥ w∗
a + c,

ψa(t) has an exponential decay rate, and Proposition 1.5.2 immediately yields ψ̄(t)→ w∗.
It is worth mentioning that one can tackle the one-dimensional CHM problem by first

checking if γ is smaller than the minimum mean and then checking if γ is larger than
the maximum mean. Using the results in Kaufmann et al. [2018], this strategy’s sample
complexity is at most two times the sample complexity stated in Theorem 1. However,
this procedure has obvious drawbacks compared to our solution. First, this procedure does
not generalize to higher dimensions since minimum and maximum means have no analogs
in higher dimensions. Moreover, even in the one-dimensional case, this procedure incurs
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sub-optimality in its sample complexity in the infeasible case. By sequentially checking the
one-sided setting twice, the arm that is farthest away from γ will be sampled more than the
optimal w∗(µ) (and all other arms will be sampled less than w∗(µ), respectively), especially
when the arms are not spread out significantly. This demonstrates the sub-optimality of this
easy solution as our main results indicate an algorithm matching the theoretical lower bound
should follow the optimal allocation w∗(µ). More details are discussed in the appendix.

1.6 Extensions of the Thompson-CHM Algorithm

1.6.1 Interval CHM problem

In this section, we show that our results in Section 1.4 and Section 1.5 are fully generalizable
to the interval feasibility setting, where our goal is to determine if the open set (γ−, γ+)
intersects with the convex hull set of µ. Here, we allow γ− to be −∞ and γ+ to be +∞ for
better generalization results.

1.6.1.1 Asymptotic Optimality and the Algorithm

We build the first result on the general sample complexity lower bound.

Theorem 3. Given thresholds −∞ ≤ γ− ≤ γ+ ≤ +∞, let (γ∗, µ∗) =
argminγ∈{γ−,γ+},µ∈µ |γ − µ|. The expected sample complexity Eµ[τ ] of any δ-correct 1-
dimensional CHM strategy satisfies lim infδ→0

Eµ[τ ]
ln(1/δ) ≥ T ∗(µ), where

T ∗(µ) =


1

d(µ1,γ+) + 1
d(µK ,γ−) (γ−, γ+) ∩ Conv{µ} ̸= ∅∑

1≤i≤K
1

d(µi,γ∗) (γ−, γ+) ∩ Conv{µ} = ∅
,

and

w∗
a(µ) =



1
d(µ1,γ+)

1{a=1}+ 1
d(µK ,γ−)

1{a=K}
1

d(µ1,γ+)
+ 1

d(µK ,γ−)
(γ−, γ+) ∩ Conv{µ} ̸= ∅

1
d(µa,γ∗)∑

1≤i≤K
1

d(µi,γ∗)
(γ−, γ+) ∩ Conv{µ} = ∅

The stopping rule is similar with minor adjustments. To be more specific, we again define
the first stopping time τ1 when all arms lie significantly above γ+:

τ1 = inf{t ∈ N+|∀a,Na(t)d−(µ̂a(t), γ+) ≥ Thresh(δ,Na(t))}.
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Similarly, we define the second stopping time τ2 when all arms lie significantly below γ−:

τ2 = inf{t ∈ N+|∀a,Na(t)d+(µ̂a(t), γ−) ≥ Thresh(δ,Na(t))}.

To identify the feasible case, the third stopping time is when one arm is significantly below
γ+ and another arm lies significantly above γ−:

τ3 = inf{t ∈ N+|∃a1, a2, such that Na1(t)d+(µ̂a1(t), γ+) ≥ Thresh(δ,Na1(t))
and Na2(t)d−(µ̂a2(t), γ−) ≥ Thresh(δ,Na2(t))}.

Again, the algorithm stops if any of the three cases happens and τ = min{τ1, τ2, τ3}, and
the following lemma ensures that the algorithm Thompson-CHM is δ-correct in the interval
feasibility framework.

Lemma 1.6.1. Let τδ be a stopping rule satisfying τδ ≤ τ . τ is a stopping rule whose
threshold function Thresh(δ, r) is non-decreasing in r and satisfies the following: ∀r ≥
r0, Thresh(δ, r) ≤ ln(r/δ) + o(ln(1/δ)), then for any µ and an anytime sampling strategy
such that Nt

t
→ w∗(µ), we have lim supδ→0

τδ

ln(1/δ) ≤ T ∗(µ) almost surely.

The sampling rule in the interval CHM problem remains the same and we have the next
theorem.

Theorem 4. If βt = d(min θt,γ+)−1

d(min θt,γ+)−1+d(max θt,γ−)−1 , then the algorithm Thompson-CHM ensures
that Nt

t
→ w∗(µ) almost surely for any µ, and is δ-correct for the CHM problem.

1.6.1.2 Connections with Other State-of-art Results

We comment on some important connections of Section 1.6.1 with the previous state-of-art
results in the MAB literature. Trivially, when γ− = γ+, we immediately derive the same
results as the CHM problem, implying a direct generalization to the regular CHM problem.
If we set γ− = −∞, the Bernoulli parameter βt becomes 0, and this reproduces the same
Murphy Sampling results from the state-of-art sequential test paper for learning the minima
mean [Kaufmann et al., 2018].

On the other hand, by setting γ+ = +∞, the interval CHM problem shares the same setup
with the thresholding bandit problem with the threshold γ−. In the infeasible case when γ−

is larger than the largest mean in µ, testing if there exists an arm with a mean above the
threshold is essentially equivalent to finding all arms with means above the threshold since to
identify both questions, one needs to traverse all arms to conclude that the means of all arms
are actually below the threshold, and our complexity bound exactly matches the state-of-art
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optimal bound of thresholding bandit [Locatelli et al., 2016]. When µ is feasible, the CHM
problem is strictly easier than the thresholding bandit, and our complexity is strictly smaller
than the state-of-art result. Notably, the Thompson-CHM algorithm adapts both feasible
and infeasible cases for the thresholding bandit problem without knowing any information
on the threshold as a priori.

1.6.2 Convex hull membership problem in higher dimensions

We now investigate and discuss the extensions of the Thompson-CHM to d-dimensional
setting where d ≥ 2. Before proceeding, we define the vertices set (or extreme point set)
Vert(S) of a convex set S to be the union of points that do not fall on any line segment
connecting any two unique points in set S. The following theorem states that the lower
bound for the CHM problem exhibits a shared behavior in all dimensions: in the feasible
case, the optimal strategy should only sample arms whose means are extreme points, and in
the infeasible case, it should sample all arms.

Theorem 5. Let Vert(Conv{µ}) = (µs1 , · · · , µsm) be the vertices set of Conv{µ}. Given γ ∈
Rd where 2 ≤ d < ∞, the expected sample complexity Eµ[τ ] of any δ-correct d-dimensional
CHM strategy satisfies lim infδ→0

Eµ[τ ]
ln(1/δ) ≥ T ∗(µ), where

T ∗(µ) =

f0(µs1 , · · · , µsm , γ) γ ∈ Conv{µ}∑
1≤i≤K

1
d(µi,γ) γ /∈ Conv{µ}

,

and

w∗
a(µ) =


∑m
i=1 fi(µs1 , · · · , µsm , γ)1{a=si} γ ∈ Conv{µ}

1
d(µa,γ)∑

1≤i≤K
1

d(µi,γ)
γ /∈ Conv{µ}

.

Here f0, f1, · · · , fm are non-negative real-value functions, and ∑m
i=1 fi(µs1 , · · · , µsm , γ) = 1.

Using Theorem 5, we can generalize the Thompson-CHM algorithm to higher dimensions
by simply replacing the Bernoulli distribution with a categorical distribution with parameters
βi = fi(µs1 , · · · , µsm , γ) and assuming oracle access to the functions fi for 1 ≤ i ≤ k. We
discuss more details of the Thompson-CHM algorithm in d-dimensional setting (d ≥ 2) in
the appendix.
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1.7 Numerical Results

The chapter’s main results are reflected in some numerical experiments in this section. We
consider 7 Bernoulli bandits with means µ = (0.1, 0.2, · · · , 0.7) and δ = e−3, and we consider
Beta(1,1) prior and different γ’s to compare the sample complexity and sample weights to
the theoretical results in both feasible and infeasible cases. We use the threshold function
developed in Kaufmann et al. [2018]: Thresh(δ, r) = ln(1 + ln(r)) + T (ln(1/δ)) and T :
R+ → R+ is a function defined by T (x) = 2h−1

(
1 + h−1(1+x)+ln ζ(2)

2

)
, where h(u) = u− ln(u)

for u ≥ 1 and ζ(s) = ∑∞
n=1 n

−s. We also adopt the empirical implementation of T (x) from
Kaufmann et al. [2018] in our experiments. The property of the threshold function is verified
in Kaufmann et al. [2018].

We first pick different values of γ to compare the theoretical sample complexity and the
sample complexity of Thompson-CHM in both feasible and infeasible cases. We choose γ to
be (0.15, 0.25, 0.35, 0.45, 0.55, 0.65) for the feasible case and (0.75, 0.8, 0.85, 0.9, 0.95) for the
infeasible case. Figure 1.1 demonstrates the efficiency of the algorithm Thompson-CHM. In
both feasible and infeasible cases, the sample complexity of Thompson-CHM matches the
theoretical results proved in Theorem 1 well for realistic time horizons.
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Figure 1.1: Sample complexity for different γ’s in feasible cases (left) and infeasible cases
(right).

Figure 1.2 provides insights into the asymptotic convergence performance of the sampling
proportions Na(τ)/τ in Thompson-CHM in both feasible and infeasible cases. In the feasible
case when γ = 0.25, we note that Thompson-CHM spent the most fraction of time sampling
the side arms (especially the minimum arm since γ is much closer to the arm with minimum
mean compared to the arm with maximum mean). In the infeasible case when γ = 0.9, we
can observe that the sampling proportion of the algorithm almost matches the theoretical
optimal w∗(µ) in Theorem 1.
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Figure 1.2: Empirical proportion of samples compared to optimal allocation w∗(µ) in feasible
cases (left) and infeasible cases (right) estimated using 100 repetitions.

We further investigate how the sample complexity of Thompson-CHM scales with the
confidence parameter δ, as motivated by the logarithmic dependence predicted by our the-
oretical results. We choose γ = 0.4 for feasible case and γ = 0.9 for infeasible case, and a
varying range of − log(δ) to evenly range between 1 to 5. For each δ, we run 100 indepen-
dent trials and report the average sample complexity. As shown in Figure 1.3, the empirical
sample complexity grows linearly with log(1/δ), closely tracking the theoretical lower bound
up to a constant factor. This supports the sharpness of our bound and confirms that the
Thompson-CHM algorithm achieves asymptotic optimal sample complexity in terms of its δ
dependence.
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Figure 1.3: Sample complexity for different δ’s in feasible cases (left) and infeasible cases
(right).
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1.8 Discussion and Conclusion

This chapter thoroughly investigates the convex hull membership (CHM) problem in the
pure exploration setting and mostly focused on 1-dimensional setting. We propose a novel
asymptotically optimal algorithm to tackle this problem, which we refer to as Thompson-
CHM algorithm. The sampling rule combines the ideas of top-two Thompson sampling
[Russo, 2016] and Murphy sampling [Kaufmann et al., 2018], and it can automatically guar-
antee the sampled proportion of each arm converges to the optimal allocation derived by
the information-theoretical lower bound in the one-dimensional setting, regardless of relative
position between the threshold and the arm mean set. Moreover, we extend our results to
the interval CHM setting that generalizes some important MAB problems in the literature
and investigate the extensions of the Thompson-CHM algorithm in higher dimensions.

In the next chapter, we will attempt to derive a complete solution to d-dimensional CHM
problems with broader settings when d ≥ 2. We conjecture that the sample complexity
bounds and the asymptotically optimal algorithm are identical to the one-dimensional case.
The current theoretical results reveal challenges in the feasible d-dimensional setting due to
the complex geometric structure in the “alternative” set. We will fully understand the CHM
problem in d-dimensional case when d ≥ 2 for the Gaussian case.
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CHAPTER 2

Generalization of Stochastic Convex Hull Membership
Problem to the Higher-Dimensional Case

This chapter extends the stochastic convex hull membership problem discussed in Chap-
ter 1 to dimensions d ≥ 2. We focus on the Gaussian case with known identity covariance,
where the information-theoretic game admits closed geometric forms. In the feasible case, the
characteristic time is governed by an optimal design problem over separating hyperplanes,
and non-vertex arms are dominated. In the infeasible case, the least confusing alternative is
obtained by moving a small convex combination of arms to the target, yielding a genuinely
higher-dimensional barycentric game. These formulas clarify the role of Carathéodory’s the-
orem: a feasibility certificate may use at most d + 1 arms, but an asymptotically optimal
sampling allocation need not be supported on a single certificate. We then give a high-
dimensional generalized likelihood-ratio stopping rule, an oracle Track-and-Stop algorithm
that is asymptotically optimal under standard regularity assumptions, and a Thompson-
CHM extension whose feasible-case optimality follows directly and whose infeasible-case
optimality reduces to a geometric large-deviation gap condition.

The motivation of the generalization comes from the fixed-confidence pure exploration
program initiated by Chernoff’s sequential design viewpoint and developed in modern bandit
identification through information-theoretic games, Track-and-Stop procedures, and game-
based pure exploration algorithms [Chernoff, 1959, Garivier and Kaufmann, 2016, Degenne
et al., 2019, 2020]. The geometric decision problem considered here is also closely connected
to deterministic convex hull membership and to recent stochastic formulations of convex
feasibility sampling [Filippozzi et al., 2023, Niss et al., 2022].

2.1 Introduction

The one-dimensional CHM problem conveys a particularly transparent solution because con-
vex hull membership reduces to two scalar comparisons: whether the target is below the
largest mean and above the smallest mean. This total ordering is precisely what makes
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the optimal allocation explicit. In the feasible case, the two extreme arms are the only
statistically relevant arms; in the infeasible case, every arm must be protected against the
possibility that it alone crosses the threshold. Chapter 1 develops a complete lower bound,
stopping rule, and Thompson-sampling algorithm based on this observation.

In dimension d ≥ 2, the same feasible/infeasible dichotomy survives, but the mechanism
behind it changes. Feasibility is no longer witnessed by a pair of ordered extremes, it is
witnessed by a convex combination. Infeasibility is no longer witnessed by all means lying
on one side of a scalar threshold, it is witnessed by a separating hyperplane. Thus the natural
replacement for the two one-dimensional sides of γ is the dual pair of certificates furnished
by convex geometry: barycentric certificates for feasibility and separating certificates for
infeasibility. This is why the higher-dimensional characteristic time is best written as a
game over either directions u ∈ Sd−1 or convex weights q ∈ ∆K , rather than as a formula
involving only arm-wise distances to the target.

This chapter develops the Gaussian distribution case in detail. In this case, KL pro-
jections are Euclidean projections and the geometry is visible without additional notation.
The resulting formulas should be viewed as the higher-dimensional analogue of the one-
dimensional inverse-KL expressions. They also clarify the precise role of Carathéodory’s
theorem and the separating hyperplane theorem, two classical tools in finite-dimensional
convexity [Rockafellar, 1997, Barvinok, 2025]. Carathéodory’s theorem guarantees that a
feasible point has a sparse certificate involving at most d+ 1 arms, but the statistical design
problem is more demanding: an optimal allocation must gather evidence against all low-
cost alternatives. Consequently, a single sparse feasibility certificate need not determine the
asymptotic sample complexity.

The contribution of the chapter is organized as follows. Section 2.2 fixes notation and
regularity. Section 2.3 derives the exact Gaussian characteristic-time game. Sections 2.4
and 2.5 interpret the feasible and infeasible sides of the game. Section 2.6 gives the general-
ized likelihood-ratio stopping rule. Section 2.7 gives an asymptotically optimal Track-CHM
benchmark. Finally, Section 2.8 returns to the Thompson-CHM philosophy of Chapter 1
and identifies the remaining large-deviation gap needed for a complete higher-dimensional
Thompson proof.

2.2 Setup and Regularity

We begin with a formulation of the problem in translated coordinates. The translation by γ is
not merely a notational convenience: it makes the two alternatives geometrically symmetric.
The feasible case becomes the statement that the origin belongs to a convex hull, while
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the infeasible case becomes the statement that the origin can be strictly separated from
that convex hull. This convention will be used throughout the chapter and in the appendix
proofs.

We consider the d-dimensional stochastic convex hull membership problem with d ≥ 2.
There are K arms. Pulling arm i produces an independent observation

Yi,s ∼ N (µi, Id), µi ∈ Rd,

where Id is the d × d identity matrix. The target point is denoted by γ ∈ Rd. As in the
one-dimensional problem, the goal is to determine, with fixed confidence, whether

γ ∈ Conv(µ1, . . . , µK).

Throughout this chapter we translate the target to the origin. Define

xi = µi − γ, i = 1, . . . , K.

Then the problem is equivalent to deciding whether

0 ∈ Conv(x1, . . . , xK).

We write
X = (x1, . . . , xK) ∈ (Rd)K .

The feasible and infeasible sets are

F =
{
X ∈ (Rd)K : 0 ∈ Conv(x1, . . . , xK)

}
,

and
I =

{
X ∈ (Rd)K : 0 /∈ Conv(x1, . . . , xK)

}
.

The Gaussian KL divergence between two arms with means u, v ∈ Rd is

dG(u, v) = 1
2 ∥u− v∥

2 .

Therefore the information-theoretic characteristic time is

T ∗
G(µ)−1 = sup

w∈∆K

inf
λ∈Alt(µ)

1
2

K∑
i=1

wi ∥µi − λi∥2 , (2.1)
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where
∆K =

{
w ∈ RK

+ :
K∑
i=1

wi = 1
}
,

and Alt(µ) is the set of mean vectors whose convex hull membership answer is different from
that of µ.

The expression above is the direct analogue of the lower-bound game used throughout
fixed-confidence pure exploration literature [Garivier and Kaufmann, 2016, Degenne et al.,
2019, Degenne and Koolen, 2019]. The allocation vector w represents the asymptotic pro-
portions, whereas the alternative vector λ represents the least distinguishable instance with
the opposite answer. Thus T ∗

G(µ) is not only a lower-bound constant, it is the object from
which the target sampling proportions are read.

We call an instance regular if either

0 ∈ int Conv(x1, . . . , xK), (2.2)

or
0 /∈ Conv(x1, . . . , xK). (2.3)

The boundary case
0 ∈ ∂ Conv(x1, . . . , xK)

is excluded. This is the higher-dimensional analogue of excluding the one-dimensional case
where the threshold equals an arm mean. At such boundary instances the decision is not
locally stable and the characteristic time may degenerate.

The regularity assumption is the higher-dimensional version of a positive margin condi-
tion. In the feasible case it asks that the target be surrounded by the convex hull in all
directions; in the infeasible case compactness gives a positive Euclidean distance from the
target to the convex hull. This distinction is important because the generalized likelihood-
ratio statistic below has a positive linear growth rate exactly away from the boundary.

Remark 2.2.1. If the observations are Gaussian with known positive definite covariance Σ,
one may apply the whitening map z 7→ Σ−1/2z. All statements remain valid after replacing
the Euclidean norm by the Mahalanobis norm

∥z∥2
Σ−1 = z⊤Σ−1z.

We keep the identity-covariance assumption in the main statements to avoid obscuring
the main ideas. For exponential-family arms, the same variational formulas hold with the
corresponding KL divergence, but the projections that appear below become KL projections
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rather than Euclidean projections. The Gaussian model is therefore the cleanest setting in
which to see the new geometry.

2.3 Exact Gaussian Characteristic Time

The central object in higher dimensions is not an ordering of arms but a pair of dual geometric
certificates. Feasibility is certified by a convex combination, while infeasibility is certified by
a separating hyperplane. This leads to two different explicit games.

The next theorem starts from the standard information game and eliminates the infinite-
dimensional alternative set by two elementary geometric projections. When the true instance
is feasible, the adversary tries to make the empirical convex hull miss the origin, by separa-
tion, this means pushing all arms into a common closed halfspace. When the true instance is
infeasible, the adversary tries to make the origin enter the convex hull, by barycentricity, this
means finding a convex combination that can be moved to zero. The two resulting formulas
are the exact higher-dimensional analogues of the one-dimensional lower-bound expressions.

Theorem 6. Assume d ≥ 2, let Yi,s ∼ N (µi, Id), and write xi = µi − γ.
(i) Feasible case. Assume

0 ∈ int Conv(x1, . . . , xK).

Then
T ∗
G(µ)−1 = sup

w∈∆K

inf
u∈Sd−1

1
2

K∑
i=1

wi
(
−u⊤xi

)2

+
. (2.4)

The vector u is the normal vector of a separating hyperplane through the target.
(ii) Infeasible case. Assume

0 /∈ Conv(x1, . . . , xK).

Then

T ∗
G(µ)−1 = sup

w∈∆K

inf
q∈∆K

∥∥∥∑K
i=1 qixi

∥∥∥2

2∑K
i=1 q

2
i /wi

, (2.5)

with the convention that q2
i /wi = +∞ when qi > 0 and wi = 0. Under this convention, a

denominator equal to +∞ gives value zero.

A useful way to read (2.4) is as a continuous optimal-design problem. Each direction u

represents a possible separating certificate against feasibility, and one chooses w to maximize
the weakest accumulated evidence over all such directions. Formula (2.5) has the dual
flavor: each q represents a possible convex-combination certificate that would make the
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target feasible, and the denominator records how expensive it is to distribute the required
movement across arms that are sampled with proportions wi. The appearance of q2

i /wi is
the usual quadratic price of moving arm i when arm i receives information at rate wi.

It is important to emphasize what is new in dimension d ≥ 2 compared to the one-
dimensional case. In one dimension, an infeasible instance has all translated means xi on
the same side of the origin. Then the adversary’s cheapest feasible alternative is obtained
by moving one arm to the threshold. In higher dimensions, the adversary may move several
arms jointly so that their convex combination reaches the target. Thus the variable q in (2.5)
is not merely a technical artifact, it is the barycentric certificate of the adversarial feasible
alternative.

2.3.1 Reduction to the one-dimensional formula

Before developing the new geometry, we verify that the barycentric game is consistent with
the formula already obtained in Chapter 1. This step shows that the higher-dimensional
expression is not an unrelated relaxation, but an exact extension of the original inverse-KL
allocation.

The exact game above reduces to the one-dimensional result in Chapter 1. Suppose d = 1
and the instance is infeasible with xi > 0 for all i. For fixed w, (2.5) becomes

inf
q∈∆K

(∑i qixi)2

2∑i q
2
i /wi

.

Let
mw = min

1≤i≤K
wix

2
i .

Since qi ≥ 0 and xi > 0,
(∑

i

qixi

)2

≥
∑
i

q2
i x

2
i ≥ mw

∑
i

q2
i /wi.

Hence the infimum is at least mw/2, and equality is attained by choosing q = ej, where
j ∈ argminiwix2

i . Therefore

inf
q∈∆K

(∑i qixi)2

2∑i q
2
i /wi

= min
i
wi
x2
i

2 = min
i
widG(µi, γ).
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Maximizing over w ∈ ∆K gives

T ∗
G(µ) =

K∑
i=1

1
dG(µi, γ) ,

with optimal allocation proportional to dG(µi, γ)−1. The case xi < 0 for all i is identical.
Thus the inverse-KL allocation in the one-dimensional infeasible case is a special case of

the barycentric game (2.5), attained when the least-cost convex-combination certificate is a
single arm.

2.4 Geometry of the Feasible Case

Theorem 6 shows that the feasible case is an optimal design problem over separating di-
rections. This section records two consequences: non-vertex arms are dominated, and the
optimizer is characterized by a dual distribution over separating hyperplanes.

The feasible case is the side on which the higher-dimensional problem most visibly differs
from the one-dimensional problem. In the one-dimensional case, there are only two sepa-
rating directions, corresponding to the two sides of the threshold. In dimension d ≥ 2, the
adversary may choose any direction on the unit sphere. Therefore, one must build a design
that is robust to a continuum of possible separating hyperplanes. The results in this section
explain which arms can matter and how the optimal design balances the worst separating
directions.

2.4.1 Non-vertices are dominated

Let
V = Vert Conv(x1, . . . , xK)

be the set of vertices of the convex hull.
The next statement formalizes the extreme-point principle. If an arm lies in the convex

hull of other arms, then along every separating direction its squared negative projection is
no larger than the corresponding convex combination of the squared negative projections of
the vertices. Sampling such an interior arm therefore never improves the worst-direction evi-
dence. This is the exact higher-dimensional analogue of the fact that, in the one-dimensional
feasible case, only the minimum and maximum means need be sampled.

Proposition 2.4.1. Assume

0 ∈ int Conv(x1, . . . , xK).
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In the Gaussian feasible game (2.4), there exists an optimal allocation w∗ supported on
the vertices of Conv(x1, . . . , xK). Equivalently, every non-vertex arm can be assigned zero
sampling mass without decreasing the value of the game.

Remark 2.4.2. This proposition gives the precise mathematical intuition of the qualitative
statement that, in the feasible case, the optimal strategy samples only extreme points. It
does not say that every vertex must be sampled. Which vertices are sampled is determined
by the saddle point of the separation game.

We note that the statement is an existence theorem for optimal allocations, not a pre-
scription to sample every vertex. A vertex may still be irrelevant if it is never active in a least
favorable separating direction. Conversely, in symmetric configurations many vertices may
be simultaneously active, even though only a small number of them are needed to certify
feasibility in the deterministic sense.

2.4.2 Dual form of the feasible game

The feasible game admits a useful dual interpretation. One player chooses an allocation
over arms, the adversary chooses a separating direction. Equivalently, the adversary may
randomize over separating directions.

The following dual form is a useful diagnostic for optimality. It is a finite-arm, continuous-
direction minimax identity in the spirit of classical zero-sum design problems, the exchange
of sup and inf is justified by Sion’s minimax theorem [Sion, 1958]. The dual distribution ρ

should be interpreted as a least favorable distribution over separating hyperplanes. At an op-
timum, every sampled arm has the same average exposure to this least favorable distribution,
while ρ concentrates on directions that are tight for the chosen allocation.

Proposition 2.4.3. Let
ℓi(u) = 1

2
(
−u⊤xi

)2

+
.

Then
sup
w∈∆K

inf
u∈Sd−1

K∑
i=1

wiℓi(u) = inf
ρ∈P(Sd−1)

max
1≤i≤K

∫
Sd−1

ℓi(u) ρ(du), (2.6)

where P(Sd−1) denotes the set of probability measures on the unit sphere. Moreover, if w∗

and ρ∗ form a saddle point and the value is V , then
∫
Sd−1

ℓi(u) ρ∗(du) = V for every i with w∗
i > 0, (2.7)
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and ρ∗ is supported on directions u satisfying

K∑
i=1

w∗
i ℓi(u) = V. (2.8)

The equalization conditions (2.7)–(2.8) play the same conceptual role as the equalization
of inverse-KL terms in the one-dimensional lower bound. In the one-dimensional case, the
saddle point makes the two sides of the threshold equally difficult to refute. In higher
dimensions, the saddle point equalizes a family of directional risks. This viewpoint is often
the most convenient way to reason about any implementations, because it separates the arm
weights from the least favorable geometry.

Remark 2.4.4. Let s1, . . . , sm be the indices of the vertices of Conv(x1, . . . , xK). In the
Gaussian feasible case, the oracle functions fi appearing in the higher-dimensional lower-
bound statement can be identified as any measurable optimizer of the game

wF (x) ∈ argmaxw∈∆K
inf

u∈Sd−1

1
2

K∑
i=1

wi
(
−u⊤xi

)2

+
. (2.9)

By Proposition 2.4.1, there is an optimizer with

wFi (x) = 0 whenever xi /∈ Vert Conv(x1, . . . , xK).

Thus one may take

fj(xs1 , . . . , xsm , 0) = wFsj
(x), j = 1, . . . ,m.

When the optimizer is not unique, fj should be interpreted as a choice of measurable selector.

2.4.3 Carathéodory certificates and optimal designs

We next separate two notions that are easily conflated. A deterministic certificate of feasibil-
ity answers the yes/no geometric question: can the target be written as a convex combination
of observed means? An optimal sampling design answers a different statistical question: how
should evidence be collected so that every nearby infeasible alternative becomes distinguish-
able? Interestingly, Carathéodory’s theorem solves the first question by giving a sparse
certificate, but it does not solve the second question by itself.

Carathéodory’s theorem says that, if

0 ∈ Conv(x1, . . . , xK),
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then there is a subset S ⊆ [K] with
|S| ≤ d+ 1

such that
0 ∈ Conv{xi : i ∈ S}.

This gives a small deterministic certificate of feasibility. However, the optimal sequential
sampling problem is not merely to find one feasible certificate, it is to collect evidence
against all separating hyperplanes. Consequently, a single Carathéodory certificate need not
be statistically optimal.

This phenomenon is a real departure from the one-dimensional theory. In the one-
dimensional case, the feasible certificate necessarily consists of the two extremes, and these
are also the statistically optimal arms. In higher dimensions, there may be many differ-
ent simplices containing the target. The optimal allocation may be better understood as a
mixture over such local certificates, chosen so that no separating direction remains weakly
protected.

For a subset S ⊆ [K], define the restricted feasible value

V (S) = sup
w∈∆(S)

inf
u∈Sd−1

1
2
∑
i∈S

wi
(
−u⊤xi

)2

+
, (2.10)

where ∆(S) = {w ∈ ∆K : supp(w) ⊆ S}.
The following proposition is a concrete example to show that a Carathéodory certificate

need not be optimal. The regular hexagon example below is deliberately elementary. Its pur-
pose is to rule out the tempting conjecture that asymptotic optimality can always be reduced
to identifying one favorable simplex of size d + 1. The example shows that statistical opti-
mality may require averaging information over more vertices than any single Carathéodory
representation uses.

Proposition 2.4.5. There exists a feasible instance in dimension d = 2 for which the optimal
allocation uses more than d+ 1 = 3 vertices. In particular, a single Carathéodory certificate
need not achieve the optimal characteristic time.

Remark 2.4.6. Carathéodory’s theorem is a statement about the existence of a feasibility cer-
tificate. The characteristic time is instead a robust certification quantity. It asks how much
evidence must be gathered so that every separating hyperplane is ruled out. In asymmetric
instances, the optimal design may indeed concentrate on one small simplex. In symmetric
or nearly symmetric instances, the optimal design may mix over many local certificates and
sample many vertices.
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For algorithm design, this suggests that a higher-dimensional CHM method should not
first commit to a single simplex unless additional structure is known. A simplex-based rule
can be locally valid but globally sub-optimal. The separation game avoids this premature
commitment by optimizing directly over all separating directions.

2.5 Geometry of the Infeasible Case

The infeasible game has a different structure. The adversary tries to create feasibility by
moving the means so that the origin becomes a convex combination. The variable q in (2.5)
is precisely this attempted convex combination.

The infeasible case reverses the roles of sparsity. The least confusing alternative may
be witnessed by a sparse convex combination, but one cannot know in advance which arm
or small group of arms will form the most dangerous certificate. Therefore, the adversary’s
witness may be sparse while one’s optimal allocation must have full support. This is the same
qualitative phenomenon as in the one-dimensional infeasible case, now expressed through
barycentric geometry.

The next proposition proves a fundamental fact that every arm is needed in the infeasible
case, which coincides with the one-dimensional case. This fact is intuitive, since we only
need the additional of one arm to make an infeasible case to become feasible. Therefore, in
order to identify an infeasible case, we need to traverse all arms.

More precisely, if an arm receives zero asymptotic mass, then the information cost of mov-
ing that arm is zero in the lower-bound game. The adversary can exploit this by using that
unsampled arm as a cheap route toward a feasible alternative. Full support is therefore not a
numerical artifact of the formula, it is forced by the logical structure of proving infeasibility.

Proposition 2.5.1. Assume
0 /∈ Conv(x1, . . . , xK).

Then every optimizer w∗ of the Gaussian infeasible game (2.5) has full support:

w∗
i > 0, i = 1, . . . , K.

The next result gives the complementary side of the story. Although one must sample
every arm, the adversary does not need to move every arm to create a feasible alternative.
Carathéodory’s theorem implies that, once feasibility is created, it can be certified by at
most d + 1 moved means. Thus higher dimension produces an asymmetry: full support on
the learning side, sparse certificates on the adversarial side.
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Proposition 2.5.2. In the infeasible Gaussian game, the infimum over q ∈ ∆K in (2.5)
may be restricted to convex combinations supported on at most d+ 1 arms. That is,

inf
q∈∆K

∥∑i qixi∥
2

2∑i q
2
i /wi

= inf
q∈∆K

| supp(q)|≤d+1

∥∑i qixi∥
2

2∑i q
2
i /wi

. (2.11)

Remark 2.5.3. Proposition 2.5.2 is the correct higher-dimensional role of Carathéodory’s
theorem in the infeasible case: the least confusing alternative can be witnessed by at most
d + 1 moved arms. This does not contradict Proposition 2.5.1. The adversary may use
a sparse certificate at any fixed alternative, but one must sample every arm because any
unsampled arm could be moved at zero information cost.

This sparse-adversary/full-support contrast is a useful organizing principle for the rest
of the chapter. It explains why the stopping statistic involves an infimum over q, while an
optimal infeasible allocation still assigns positive mass to every coordinate. It also anticipates
the difficulty of the Thompson proof: rare posterior feasibility is indexed by small barycentric
certificates, not by individual crossing events.

2.6 A High-dimensional Stopping Rule

The one-dimensional stopping rule has three explicit cases: all arms above the threshold,
all arms below the threshold, or one arm on each side. In higher dimensions these cases are
replaced by convex and separating certificates. The natural stopping statistic is a generalized
likelihood ratio.

The stopping rule is where the geometric reduction becomes operational. Rather than
maintaining separate confidence statements for the minimum and maximum arms, we ask
whether the empirical instance can be separated from the opposite decision region by like-
lihood evidence. This is the same principle underlying Chernoff-style stopping and modern
Track-and-Stop algorithms [Chernoff, 1959, Garivier and Kaufmann, 2016], but the alterna-
tive set is now a convex-geometric object.

Let Ni(t) be the number of samples from arm i up to time t, and let

µ̂i(t) = 1
Ni(t)

∑
s:As=i

Yi,s

be the empirical mean. Define
x̂i(t) = µ̂i(t)− γ.
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The empirical decision is

Ît =

feasible, 0 ∈ Conv(x̂1(t), . . . , x̂K(t)),

infeasible, 0 /∈ Conv(x̂1(t), . . . , x̂K(t)).

Define the GLR statistic

Z(t) = inf
λ: I(λ)̸=Ît

1
2

K∑
i=1

Ni(t) ∥µ̂i(t)− λi∥2 . (2.12)

By Theorem 6, this statistic has explicit forms.
These two forms are the empirical counterparts of the two population games. Equation

(2.13) asks for the least costly separating hyperplane against empirical feasibility. Equation
(2.14) asks for the least costly empirical convex combination that would reverse empirical
infeasibility. In this sense, the stopping rule does not introduce a new object, it simply plugs
empirical means and sample counts into the same geometry that defines the lower bound.

If the empirical instance is feasible, then

Z(t) = inf
u∈Sd−1

1
2

K∑
i=1

Ni(t)
(
−u⊤x̂i(t)

)2

+
. (2.13)

If the empirical instance is infeasible, then

Z(t) = inf
q∈∆K

∥∥∥∑K
i=1 qix̂i(t)

∥∥∥2

2∑K
i=1 q

2
i /Ni(t)

. (2.14)

The threshold assumption below abstracts the concentration inequality needed for correct-
ness. One may obtain such thresholds from Gaussian mixture martingales or related anytime
confidence sequences, the use of mixture martingales in sequential tests and confidence in-
tervals is developed, for example, by Kaufmann and Koolen [2021]. For the asymptotic
statements in this chapter, the essential requirement is that the leading term be log(1/δ),
matching the information-theoretic lower bound.

Assumption 7. The threshold β(t, δ) satisfies, for every Gaussian instance µ,

Pµ
(
∃t ≥ 1 : 1

2

K∑
i=1

Ni(t) ∥µ̂i(t)− µi∥2 ≥ β(t, δ)
)
≤ δ, (2.15)

and, as δ ↓ 0,
β(t, δ) = log(1/δ) + o(log(1/δ)) (2.16)
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along stopping times of order log(1/δ).

The stopping and decision rules are

τδ = inf{t ≥ 1 : Z(t) ≥ β(t, δ)}, (2.17)

and
Iτδ

= Îτδ
.

The next theorem is the correctness part of the stopping argument. It says that the
GLR statistic is compatible with any anytime threshold controlling the Gaussian likelihood
confidence set. The proof is purely set-theoretic: if the algorithm stops and returns the
wrong answer, then the true parameter itself is an alternative to the empirical decision and
must therefore have been excluded by the confidence set.

Theorem 8. Under Assumption 7, the stopping rule (2.17) with decision Iτδ
= Îτδ

is δ-
correct.

Correctness alone does not determine the sample complexity. The next lemma identifies
the linear growth rate of the GLR statistic under any sampling rule whose empirical allocation
converges. This is the bridge between allocation design and stopping time: once N(t)/t
approaches a target vector w, the stopping statistic grows at rate exactly equal to the inner
value C(w, µ) of the characteristic-time game.

Lemma 2.6.1. Let µ be a regular instance. Suppose an anytime sampling rule satisfies

Ni(t)
t
→ wi almost surely

for every i, and Ni(t)→∞ for every i. Then

Z(t)
t
→ C(w, µ) almost surely, (2.18)

where C(w, µ) is the inner value of the corresponding game:

C(w, µ) =


inf

u∈Sd−1

1
2
∑
i

wi
(
−u⊤xi

)2

+
, 0 ∈ int Conv(x1, . . . , xK),

inf
q∈∆K

∥∑i qixi∥
2

2∑i q
2
i /wi

, 0 /∈ Conv(x1, . . . , xK).

The following corollary is the high-dimensional analogue of the stopping-time upper bound
in Chapter 1. It shows that the stopping rule is asymptotically sharp provided the sampling
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rule tracks the optimizer of the lower-bound game. Thus the remaining algorithmic task is
not to redesign the stopping rule, but to construct a sampling rule whose allocation converges
to w∗(µ).

Corollary 2.6.2. Assume the conditions of Lemma 2.6.1, and suppose

C(w, µ) > 0.

Then the GLR stopping rule satisfies

lim sup
δ↓0

τδ
log(1/δ) ≤

1
C(w, µ) almost surely. (2.19)

In particular, if w = w∗(µ) is an optimizer of the characteristic-time game, then

lim sup
δ↓0

τδ
log(1/δ) ≤ T ∗

G(µ) almost surely.

2.7 An asymptotically Optimal High-dimensional Track-
CHM Algorithm

The exact characteristic-time formulas suggest a direct oracle algorithm: estimate the current
instance, solve the corresponding game, track the estimated optimal allocation, and stop
using the GLR statistic.

This section gives a benchmark algorithm rather than the final Thompson-style construc-
tion. Track-and-Stop algorithms show that, once the characteristic-time game is known and
regularity holds, asymptotic optimality can be obtained by tracking the plug-in estimate of
the optimal allocation [Garivier and Kaufmann, 2016, Degenne et al., 2019, 2020]. In the
present problem, the novelty lies in the form of the game, after that game is identified, the
tracking principle follows the established pure-exploration technique.

Let
W(µ) = argmaxw∈∆K

C(w, µ)

be the set of optimal allocations. In this section we assume that the optimizer is unique at
the true instance and denote it by w∗(µ).

The local uniqueness assumption is standard in asymptotic optimality statements for
tracking rules. It rules out discontinuities caused by several equally good saddle-point alloca-
tions. When uniqueness fails, one can still work with set-valued tracking or approachability-
type arguments, but the statement becomes heavier and obscures the main geometric mes-
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Algorithm 2 HD-Track-CHM
Input: target γ, confidence δ, threshold β(t, δ)

1: Pull each arm once.
2: for t = K,K + 1, . . . do
3: Compute empirical means µ̂i(t) and translated means x̂i(t) = µ̂i(t)− γ.
4: Compute Z(t) from (2.13) or (2.14), according to the empirical answer.
5: if Z(t) ≥ β(t, δ) then
6: Stop and return feasible iff 0 ∈ Conv(x̂1(t), . . . , x̂K(t)).
7: end if
8: if there exists i with Ni(t) <

√
t then

9: Pull such an arm i.
10: else
11: Compute a measurable selector

ŵ(t) ∈ W(µ̂(t)).

12: Pull
At+1 ∈ argmaxi∈[K]

{
t∑

s=K
ŵi(s)−Ni(t)

}
.

13: end if
14: end for

sage.

Assumption 9 (Local uniqueness and continuity). The true instance µ is regular. The opti-
mizer w∗(µ) is unique, and there exists a neighborhood U of µ such that a measurable choice
w∗(ν) ∈ W(ν) is continuous at µ.

The tracking lemma records the deterministic part of the allocation argument. Forced
exploration guarantees consistency of all empirical means, while cumulative tracking prevents
the realized counts from drifting linearly away from the estimated target proportions. This
separation between statistical estimation and deterministic tracking is exactly the reason
Track-and-Stop methods are robust across many pure-exploration problems.

Lemma 2.7.1 (Tracking). Under Assumption 9, HD-Track-CHM satisfies

N(t)
t
→ w∗(µ) almost surely.

The following theorem combines three ingredients established above: the GLR rule is
correct, the tracking rule converges to the optimal allocation, and the GLR statistic grows
at the value of the game. In this sense, HD-Track-CHM gives a complete higher-dimensional
asymptotic solution for regular Gaussian instances, conditional only on the usual continuity
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of the game optimizer.

Theorem 10. Assume Assumptions 7 and 9. Then HD-Track-CHM is δ-correct. Moreover,

lim sup
δ↓0

τδ
log(1/δ) ≤ T ∗

G(µ) almost surely. (2.20)

If, in addition, the family
{τδ/ log(1/δ) : δ ∈ (0, 1/2)}

is uniformly integrable under Pµ, then

lim
δ↓0

Eµ[τδ]
log(1/δ) = T ∗

G(µ). (2.21)

Remark 2.7.2. The Track-CHM algorithm is not intended to replace Thompson-CHM as
the conceptual algorithm. Rather, it gives a clean benchmark theorem: once the higher-
dimensional game is solved, tracking the estimated saddle-point allocation and using the GLR
stopping rule yields an asymptotically optimal fixed-confidence procedure. The Thompson
construction below is the natural analogue of the algoriothm in Chapter 1.

This distinction is useful for exposition. HD-Track-CHM proves that the characteristic-
time formulas are operationally meaningful. HD-Thompson-CHM, discussed next, is closer
to the algorithmic philosophy of the previous chapter: rather than solving only the empirical
game, it samples from a posterior conditioned on the event whose rare fluctuations determine
the optimal allocation.

2.8 A Higher-dimensional Thompson-CHM Rule

The Appendix A proposes a higher-dimensional Thompson-CHM algorithm with categorical
weights fi. The Gaussian game identifies the feasible-case version of these weights.

The sampling rule in Chapter 1 is motivated by two related Bayesian ideas: top-two
Thompson sampling for best-arm identification [Russo, 2016] and Murphy sampling for test-
ing the lowest mean [Kaufmann et al., 2018]. Both methods use posterior conditioning to
force samples from the statistically relevant alternative event. The same principle is natu-
ral here: draw a posterior instance conditioned on feasibility, then sample according to the
optimal feasible allocation of that posterior draw.

The following definition is the promised identification of the functions fi. In one dimen-
sion, a feasible posterior draw has a sampled minimum and maximum, and the Bernoulli
parameter in Thompson-CHM balances these two extremes. In higher dimensions, the sam-
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pled feasible instance has a set of vertices and a continuum of separating directions, the
correct categorical distribution is therefore the optimizer of the feasible separation game.

For a feasible parameter vector θ = (θ1, . . . , θK), write

zi = θi − γ.

Define
wF (θ) ∈ argmaxw∈∆K

inf
u∈Sd−1

1
2

K∑
i=1

wi
(
−u⊤zi

)2

+
. (2.22)

By Proposition 2.4.1, one may choose wF (θ) supported on the vertices of

Conv(θ1 − γ, . . . , θK − γ).

This is the higher-dimensional analogue of choosing the sampled minimum or sampled max-
imum in the one-dimensional Thompson-CHM rule.

Thus the algorithm does not choose an arbitrary vertex of the posterior convex hull. It
chooses according to the posterior instance’s own optimal design. This is important because,
as the regular hexagon example shows, the statistically relevant vertices need not coincide
with one preselected Carathéodory simplex.

The procedure below is the literal high-dimensional analogue of Thompson-CHM. The
posterior conditioning event remains feasibility, while the binary top-two choice is replaced
by a categorical draw from wF (θt). The stopping rule is unchanged from Section 2.6, all
geometric novelty is contained in the sampling distribution.

Algorithm 3 HD-Thompson-CHM
Input: target γ, confidence δ, threshold β(t, δ)

1: Pull each arm once.
2: for t = K,K + 1, . . . do
3: Compute Z(t) from (2.13) or (2.14).
4: if Z(t) ≥ β(t, δ) then
5: Stop and return feasible iff 0 ∈ Conv(µ̂1(t)− γ, . . . , µ̂K(t)− γ).
6: end if
7: Draw

θt ∼ Πt−1 (· | γ ∈ Conv(θ1, . . . , θK)) .
8: Compute wF (θt) from (2.22).
9: Draw At ∼ Categorical(wF (θt)), and pull arm At.

10: end for

The feasible case is the clean part of the Thompson analysis. Since the true instance lies
in the interior of the feasible region, conditioning the posterior on feasibility is asymptotically
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harmless: the conditioning event has posterior probability tending to one. The algorithm
therefore behaves like a plug-in rule using the feasible-game optimizer at the true parameter.

Proposition 2.8.1 (Feasible-case consistency of HD-Thompson-CHM). Assume

0 ∈ int Conv(x1, . . . , xK).

Assume further that the optimizer wF (θ) in (2.22) is unique and continuous at θ = µ. Then
HD-Thompson-CHM satisfies

N(t)
t
→ wF (µ) almost surely.

Consequently, with the GLR stopping rule, HD-Thompson-CHM is asymptotically optimal
in the feasible case.

2.8.1 The infeasible Thompson problem

In the one-dimensional infeasible case, a conditioned feasible posterior sample is produced
by an arm crossing the threshold. The rare event is therefore indexed by arms. In higher
dimensions, the rare event is produced by a convex combination reaching the target, and
the indexing object is the barycentric vector q. This shift from arm-indexed crossings to
certificate-indexed crossings is the main technical obstacle.

The infeasible case is the genuinely new higher-dimensional difficulty. In one dimension,
conditioning on feasibility forces one arm to cross the threshold. In higher dimensions, a
feasible posterior draw may be produced by a joint movement of several arms:

∑
i

qi(θi − γ) = 0.

Thus rare feasible posterior samples are indexed by barycentric certificates q, not only by
arms.

The following conditional theorem isolates the missing geometric ingredient. We state the
result conditionally because it identifies exactly what remains to be proved for a complete
Thompson theory. The required condition is a large-deviation gap: if an arm has already
been sampled more often than its target allocation, then feasible posterior samples that would
select that arm must be exponentially less likely than the dominant feasible posterior samples.
This is the higher-dimensional counterpart of the over-allocation argument used in the one-
dimensional proof and in related Thompson-sampling analyses [Russo, 2016, Kaufmann et al.,
2018].
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Let
gi(θ) = wFi (θ)

be the categorical selection function in HD-Thompson-CHM. For an allocation vector α ∈
∆K , define the posterior large-deviation rate

Rα(θ) = 1
2

K∑
i=1

αi ∥µi − θi∥2 . (2.23)

Let
F = {θ : γ ∈ Conv(θ1, . . . , θK)} .

For each arm i, define
Fi = {θ ∈ F : gi(θ) > 0} .

The first assumption is a posterior large-deviation principle with the empirical allocation
as the rate multiplier. For Gaussian arms, this is the natural quadratic analogue of the KL
large-deviation rates appearing in exponential-family bandit identification. It says that, on
the exponential scale, the posterior mass of a set is governed by the cheapest way to move
the true means into that set under the current sampling proportions.

Assumption 11. For every compact set B ⊆ (Rd)K , uniformly over allocation vectors α in
compact subsets of ∆K ,

Πt(B) .= exp
(
−t inf

θ∈B
Rψ̄(t)(θ)

)
, (2.24)

where
ψ̄(t) = 1

t

t∑
s=1

ψ(s),

and at
.= bt means

1
t

log(at/bt)→ 0.

The second assumption is the geometric heart of the idea. The set Fi consists of feasible
posterior instances for which the categorical rule would assign positive probability to arm i.
The gap condition says that, once arm i is over-allocated, the most likely feasible posterior
samples no longer belong to this active set. In other words, over-sampling an arm makes all
feasible certificates that continue to use that arm exponentially unattractive.

Assumption 12. Let w∗(µ) be the unique optimizer of the infeasible game (2.5). For every
arm i and every ε > 0, there exists c = c(i, ε) > 0 such that, for every α ∈ ∆K satisfying

αi ≥ w∗
i (µ) + ε,
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one has
inf

θ∈cl(Fi)
Rα(θ) ≥ inf

θ∈F
Rα(θ) + c. (2.25)

The next lemma is the allocation mechanism behind the Thompson proof. It is a Russo-
type over-allocation criterion: to prove convergence of the empirical allocation, it is enough
to show that every arm receives only summably many conditional pulls after it has exceeded
its target proportion by a fixed margin [Russo, 2016]. The lemma separates the probabilistic
large-deviation estimate from the deterministic consequence for sampling proportions.

Lemma 2.8.2. Let ψi(t) = P(At = i | Ft−1) and

ψ̄i(t) = 1
t

t∑
s=1

ψi(s).

If for every arm i and every ε > 0,

∞∑
t=1

ψi(t)1{ψ̄i(t) ≥ w∗
i (µ) + ε} <∞, (2.26)

then
ψ̄(t)→ w∗(µ),

and hence
N(t)
t
→ w∗(µ) almost surely.

The conditional theorem now follows the same logical structure as the one-dimensional
Thompson-CHM analysis. Posterior large deviations convert the active-certificate gap into
exponential decay of over-allocated pulls. The Russo-type criterion converts this decay into
allocation convergence. The GLR stopping rule then converts allocation convergence into
asymptotic optimality.

Theorem 13. Assume the true instance is infeasible:

0 /∈ Conv(x1, . . . , xK).

Assume that the infeasible optimizer w∗(µ) is unique, and that Assumptions 11 and 12 hold.
Then HD-Thompson-CHM satisfies

N(t)
t
→ w∗(µ) almost surely.

Consequently, with the GLR stopping rule, HD-Thompson-CHM is asymptotically optimal
in the infeasible case.
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We record the remaining geometric statement as a conjecture. It is deliberately phrased
at the level of certificates rather than algorithms: the issue is not the stopping rule, nor the
form of the feasible-game optimizer, but the comparison of posterior rates among different
barycentric ways of making an infeasible instance appear feasible.

Conjecture 14 (Geometric gap for the infeasible Thompson rule). For regular Gaussian infea-
sible CHM instances with unique saddle point, the active-certificate gap in Assumption 12
holds for the selection function gi = wFi induced by the feasible separation game.

Remark 2.8.3. The conjecture is the precise higher-dimensional analogue of the key large-
deviation comparison in the one-dimensional proof. In one dimension, a rare feasible poste-
rior draw is indexed by the identity of the arm crossing the threshold, and the gap follows
from the explicit inverse-KL allocation. In higher dimensions, rare feasible posterior draws
are indexed by barycentric certificates q. The conjecture asserts that, when an arm has
been over-allocated relative to the saddle point of the infeasible game, all feasible posterior
certificates that would cause the Thompson rule to select that arm become exponentially
less likely than the dominant feasible certificate.

2.9 Discussion

We close this chapter by summarizing the conceptual message of the higher-dimensional
extension. The one-dimensional theory is not wrong in higher dimension, rather, it must be
reinterpreted through the two dual languages of convex geometry. Extremes become vertices
and supporting directions. Threshold crossings become barycentric certificates. The lower-
bound game remains the organizing principle, but its explicit solution is no longer a scalar
inverse-KL calculation. The higher-dimensional problem preserves the qualitative dichotomy
of the one-dimensional CHM problem but changes its geometry.

In the feasible case, the relevant alternatives are separating hyperplanes. This leads to
the separation game

sup
w∈∆K

inf
u∈Sd−1

1
2
∑
i

wi
(
−u⊤xi

)2

+
.

Non-vertex arms are dominated, so an optimal allocation exists on the vertices of the con-
vex hull. However, Carathéodory’s theorem does not imply that the optimal allocation is
supported on only d+ 1 arms. A small simplex may certify feasibility, but one must gather
evidence against all separating hyperplanes. The regular hexagon example shows that the
optimal design may use strictly more than d+ 1 vertices.

In the infeasible case, the relevant alternatives are feasible convex combinations. The
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exact game is

sup
w∈∆K

inf
q∈∆K

∥∑i qixi∥
2

2∑i q
2
i /wi

.

The adversary’s certificate can be chosen with support at most d+ 1, but one must sample
every arm. This is the higher-dimensional analogue of the one-dimensional inverse-KL allo-
cation, with the important difference that the least confusing alternative may move several
arms jointly.

The GLR stopping rule based on convex and separating certificates gives a rigorous high-
dimensional analogue of the three-case one-dimensional stopping rule. Combined with track-
ing of the exact saddle-point allocation, it yields an asymptotically optimal high-dimensional
algorithm under standard uniqueness and continuity assumptions. The Thompson-CHM ex-
tension is equally natural: condition the posterior on feasibility, then sample according
to the feasible-game optimizer of the posterior draw. Its feasible-case optimality follows
directly. The infeasible case reduces to a geometric large-deviation gap over active barycen-
tric certificates; proving this gap appears to be the central remaining step toward a full
Thompson-sampling theory in dimensions d ≥ 2.

This stochastic convex hull membership problem leads to important and interesting real
world applications. For example, in quant finance, one way to view the problem is as testing
whether an observed price, return, or strategy profile lies inside an attainable set generated
by a collection of uncertain expected-return distributions. In that sense, the framework can
be thought of as a statistically principled way to reason about whether an observed pattern is
explainable by an existing opportunity set, or whether it may reflect a potential inefficiency
that may point to a possible arbitrage opportunity. More broadly, the topic is also about
adaptive sampling and efficient allocation of research effort when one is trying to resolve an
uncertain but economically meaningful decision as quickly as possible.

From a broader perspective, the chapter suggests a useful plan for future work. First, one
may seek sharper structural descriptions of the saddle points in (2.4) and (2.5), especially
conditions under which the feasible optimizer is supported on a small number of vertices
or, conversely, must spread over many vertices. Second, one may develop efficient numerical
procedures for the two games, using either explicit best responses or no-regret dynamics.
Third, and most directly connected to Thompson-CHM, one may prove the active-certificate
gap by analyzing the geometry of least-cost barycentric perturbations. A proof of this final
statement would turn the conditional Thompson theorem into a complete higher-dimensional
analogue of the one-dimensional result.
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CHAPTER 3

A Oneshot Differentially Private NIHT Algorithm for
High–Dimensional Sparse Linear Regression

Iterative Hard Thresholding (IHT) is a simple yet powerful routine for obtaining sparse
coefficients in linear regression. In this chapter we consider the differentially private version
of IHT. We introduce a one-shot mechanism that injects calibrated Laplace noise once per
iterate into the magnitude vector, selects the top s coordinates, and then hard–thresholds
after a gradient step. Compared to the existing private IHT algorithms that peel off the
maximum element at each iteration, our approach selects the top coordinates in a oneshot
style, which is much more computational efficient. We refer to the resulting procedure as
Oneshot DP-NIHT with Sparsifier. The algorithm keeps its output exactly s–sparse
without requiring oracle knowledge of s. Theoretically we establish (ε, δ)–differential privacy
and show that the estimator achieves the minimax parameter-error rate up to logarithmic
factors. We also provide a matching excess-risk bound and illustrate the empirical perfor-
mance of Oneshot DP-NIHT with Sparsifier on synthetic data.

3.1 Introduction

Feature selection is a fundamental topic in pattern recognition, statistics and machine learn-
ing, which aims to find a subset of the most useful features from the given feature set. A
common challenge in this domain is when the sample size is much smaller than the number
of features, i.e. p≫ n. A large body of work has developed tools for feature selection with
large p in the literature, most prominently the Lasso Tibshirani [1996], Yuan and Lin [2006],
Zou [2006], Meinshausen [2007], Wang et al. [2007], Chen et al. [2013], the elastic net Zou
and Hastie [2005], least angle regressionEfron et al. [2004], and the Dantzig Selector Candes
and Tao [2007].

Although feature-selection methods are widely used in real-world data analysis, mod-
ern deployments increasingly involve sensitive covariates such as genomics, mobility traces,
clinical logs, and financial records; in such settings, releasing even a support set can leak
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personal information. In this context, the successful privacy-preserving framework differen-
tial privacy Dwork et al. [2006a,c] provides a principled safeguard: it ensures that any single
sample has limited influence on the released output, is preserved under post–processing, and
composes across multiple releases.

Differentially private feature selection has been widely studied Talwar et al. [2015], Cai
et al. [2021], Dandekar et al. [2018], Zhang et al. [2012], Thakurta and Smith [2013], Li
and Lu [2024], nevertheless, a rigorous exploration of a differentially private procedure for
the high-dimensional sparse regression has received little attention in the literature. While
several differentially private ERM algorithms exist Chaudhuri et al. [2011], Bassily et al.
[2014], most produce dense outputs and rely on generic gradient perturbation, incurring
privacy noise that scales with the ambient dimension d. In high dimensions this leads to
sub-optimal error or calls for post-hoc sparsification that is not privacy-accounted. Our goal
is to design an efficient explicitly sparse, high-dimensional DP estimator whose noise depends
only on the target sparsity s.

In this chapter, we introduce Oneshot DP-NIHT with Sparsifier, a differentially private,
hard–thresholding based procedure. At a high level, Oneshot DP-NIHT with Sparsifier runs
a noisy iterative hard–thresholding oracle that applies an efficient one–shot top-s mechanism
to the magnitudes of the gradient-updated iterate, and projects onto an ℓ1 ball and retains
the top coordinates. This design keeps the output sparse by construction and avoids the well-
known tendency of generic DP solvers for linear programs to yield dense solutions. On the
theory side, we rigorously establish the privacy results of the procedure and provide finite-
sample guarantees. Our main statistical result is a finite-sample parameter-error bound
that is minimax-optimal up to logarithmic factors under standard RE/RSC conditions and
sub-Gaussian noise, matching the (ε, δ)-DP lower bound of Cai et al. [2021]. In parallel,
we establish a nonasymptotic population excess-risk bound with the expected structure: the
non-private fast rate plus an explicit privacy penalty that decays as n−2 and scales linearly
with the target sparsity.

We remark that a practical challenge in sparse feature selection is that the target sparsity
is rarely known in advance. A common approach is to estimate the sparsity using cross
validation, which can be computationally expensive in large data sets. To address this
challenge, motivated by Khanna et al. [2023], we privatize the model sparsity via a clipped
count with double–geometric noise (a “Sparsifier”) and apply the privatized sparsity to the
hard-thresholding oracle. The Sparsifier is simple to implement, in the utility theory below
its role is privacy accounting, while the estimation bound is stated conditional on the released
sparsity lying in the overspecified regime required for IHT contraction. Empirically, we show
that adding the “Sparsifier” generally outperforms the hard-thresholding oracle without this
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step.
We summarize and highlight our main contributions below.

• We introduce a novel one-shot hard–thresholding based algorithm. The algorithm
privately estimates the sparsity level to avoid relying on oracle sparsity information
and returns a sparse output. We also provide the privacy results for the algorithm.

• Under standard conditions, we prove a non-asymptotic parameter error bound that
matches the known (ε, δ)–DP minimax rate for high-dimensional sparse regression up
to logarithmic factors.

• We establish a population risk bound that matches a non-private fast rate up to the
provable privacy penalty and a vanishing optimization tail.

3.2 Related Work

Differential privacy for ERM and regression. Differentially private empirical risk
minimization (ERM) traces back to objective/noise-perturbation schemes Chaudhuri et al.
[2011], with subsequent advances yielding tighter rates and efficient algorithms for smooth
losses Bassily et al. [2014], Kifer et al. [2012], Abadi et al. [2016]. In high-dimensional
linear models, a central theme is quantifying the cost of privacy relative to the non-private
minimax rates. For sparse regression, the benchmark lower bounds showing that privacy
induces an additive penalty on the order of (s log d)2/(n2ε2) (up to logarithmic factors) were
established by Cai et al. [2021]. Most DP-ERM procedures, however, produce dense outputs
or require post hoc thresholding that is not aligned with their privacy accounting. By
contrast, Oneshot DP-NIHT with Sparsifier maintains sparsity at each iterate and calibrates
privacy noise exactly at the support-selection step.

Private feature selection and private top-k. Closer to support recovery, there is a line
of work on differentially private selection and filtering, including the sparse-vector technique
and its refinements, as well as mechanisms for privately selecting (and releasing) the top
coordinates of a vector. Of particular relevance is the one-shot differentially private top-k
mechanism Qiao et al. [2021], which adds a single Laplace vector for support selection and
fresh value noise on the chosen coordinates, achieving (ε, δ)-DP with a sharp scale. Peeling-
based private hard-thresholding procedures form a complementary approach by iteratively
selecting small batches. Oneshot DP-NIHT with Sparsifier intentionally avoids peeling in fa-
vor of a single-shot calibration that composes cleanly across iterations and preserves sparsity
throughout.
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3.3 Preliminaries

Differential privacy In modern data analysis, differential privacy Dwork et al. [2006a,b]
provides quantifiable guarantees that the outcome of a computation reveals minimal informa-
tion about any single individual’s data. It ensures that the output of a randomized algorithm
keeps almost unchanged when a single entry in the dataset is modified. We start with some
basic concepts in differential privacy.

Definition 3.3.1. Data sets D,D′ are said to be neighbors, or adjacent, if they differ in
exactly one record

Consider neighboring datasets D,D′ ∈ Zn, each containing n data points from the sample
space Z. A randomized algorithm M takes a dataset as input, and differential privacy
requires the output distributions under D and D′ to be nearly indistinguishable.

Definition 3.3.2 (Differential privacy Dwork et al. [2006a,b]). A randomized mechanismM
is (ε, δ)-differentially private if for all adjacent D,D′, and for any subset of possible outputs
S: P(M(D) ∈ S) ≤ eεP(M(D′) ∈ S) + δ. Pure differential privacy is the special case of
approximate differential privacy in which δ = 0.

Definition 3.3.3 (Sensitivity). Let f = (f1, · · · , fm) be m real valued functions that takes
a database as input. The sensitivity of f , denoted as s, is defined as

sf = max
D,D′

max
1≤i≤m

|fi(D)− fi(D′)| ,

where the maximum is taken over any adjacent data sets D and D′.

We use the following notation throughout. We observe (xi, yi) ∈ Rd × R for i = 1, . . . , n,
and the design matrix X ∈ Rn×d is the collection of rows x⊤

i , and y ∈ Rn denotes the
response. For v ∈ Rd, we use ∥v∥p to denote its ℓp norms. We use [d] := {1, . . . , d}, denote
the support of v by supp(v), and for T ⊆ [d] let vT be the vector such that vT matches v on
indices in T and 0 elsewhere. For C > 0, ΠC(·) denotes the Euclidean projection onto the
ℓ1 ball {θ : ∥θ∥1 ≤ C}. The hard-thresholding operator at a set T is HT (v) := (vT , 0T c), its
size-s version Hs(v) keeps the s largest entries of |v| and zeros the rest. Finally, the clipping
map clipR : R → R is given by clipR(t) := sign(t) min{|t|, R}, and clipR on a vector means
applying the clipping map coordinate-wise to the vector.
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3.4 Oneshot DP-NIHT Algorithm

In this section, we introduce Oneshot DP-NIHT, an (ε, δ)-DP hard-thresholding procedure
motivated by high-dimensional sparse regression. We start from a one-shot differentially
private algorithm for top-k selection Qiao et al. [2021] as an oracle. Next, we show how
we can derive a one-shot version of differentially private iterative hard thresholding (IHT)
algorithm, which we refer to as Oneshot DP-NIHT. Taking Oneshot DP-NIHT as a key step,
we build the Oneshot DP-NIHT with Sparsifier. Finally, we provide privacy results for both
Oneshot DP-NIHT and Oneshot DP-NIHT with Sparsifier.

3.4.1 Oneshot DP top-k algorithm

Qiao et al. [2021] proposed an efficient one-shot algorithm for privately selecting the top-k
elements. By adding a single i.i.d. Laplace vector g ∼ Lap(λ)d to z, select the indices of
the k largest coordinates of z + g, and then add freshly sampled, independent Laplace noise
to the values released on the selected support. In Qiao et al. [2021] it is proved that, by
choosing

λ ≳ sf

√
k log(d/δ)

ε

the algorithm ensures (ε, δ)-DP for the selection-and-release in a single shot. This mechanism
serves as a building block of the algorithms we will propose: we use this mechanism inside
each iteration, applying it to the magnitudes of the gradient-updated vector. We denote the
output of the oneshot top-k algorithm applied to a vector v ∈ Rd as TOPk(v; ε, δ, λ), where
ε, δ are privacy parameters and λ is the parameter of the Laplace noises in the algorithm. All
details and theoretical results for the oneshot top-k algorithm are deferred to the appendix
(see also the discussions and technical details of Algorithm 1 and Theorem 2.2 in Qiao et al.
[2021]).

3.4.2 Oneshot DP-NIHT algorithm and the Sparsifier

In this section, we describe the privatized hard–thresholding oracle Oneshot DP-NIHT
and how it builds into Oneshot DP-NIHT with Sparsifier that releases a sparsity level
before calling the oracle. We assume coordinate-wise bounded design ∥xi∥∞ ≤ xmax and
project all iterates onto the ℓ1 ball of radius C. We first introduce the Oneshot DP-NIHT
algorithm. Given s ∈ {1, . . . , d}, define the top-s index set of v by

Ss(v) ∈ arg max
T⊆[d], |T |=s

∥vT∥2 (ties broken arbitrarily).
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The hard-thresholding map is Hs(v) := HSs(|v|)(v), i.e., selection by magnitude with signed
values retained. We will apply the oneshot DP top-s mechanism to |v| with scale λ and then
add freshly sampled noise to the reported values on the selected support, this is the only
privacy-consuming step per iteration. Finally, we project onto the ℓ1 ball: θ 7→ ΠC(θ). As a
post-processing step, the projection incurs no privacy cost.

Algorithm 4 Oneshot DP-NIHT (Oneshot Noisy Iterative Hard Thresholding)
Input: Data X, y, sparsity s, privacy level ε, δ, number of iterations M , truncation level R,

noise scale rule B, step size η > 0, projection level C.
1:
2: Initialize θ(0) = 0 ∈ Rd.
3: for m = 0, . . . ,M − 1 do
4: θ(m+0.5) = θ(m) − η

(
∇L(θ(m) | X, clipR(y))

)
.

5: θ̃(m+1) = TOPs

(
θ(m+0.5); ε/M, δ/M, ηB/n

)
, where TOPs selects the support using

|θ(m+0.5)| and returns the signed selected coordinates with fresh value noise.
6: Euclidean project onto ∥ · ∥1 ≤ C:

θ(m+1) ← ΠC

(
θ̃(m+1)

)
.

7: end for
8: return θ̂ = θ(M).

In Oneshot DP-NIHT, each iteration takes a gradient step using yclip
i = clipR(yi) to

control sensitivity, then performs a oneshot private top-s selection on the magnitudes of the
pre-thresholded iterate, and finally projects back to {∥θ∥1 ≤ C}. The oneshot operator adds
a single i.i.d. Laplace vector to select a support and then adds fresh independent Laplace
noise to the reported values on that support.

To formulate a differentially private algorithm for the high-dimensional sparse regression,
a practical difficulty is that most algorithms take the sparsity s as prior knowledge and use
it directly. This is not available in many applications. To address this issue, motivated
by the Sparsifier in Khanna et al. [2023], we add a private sparsity-estimation step. The
Sparsifier releases a privatized sparsity level via clipped counting plus double-geometric
noise. Oneshot DP-NIHT with Sparsifier first releases a privatized sparsity c̃ (via
a clipped count with double-geometric noise), runs Oneshot DP-NIHT with s = c̃, and
post-processes by keeping the c̃ largest entries in magnitude.

We choose a clipping level R > 0 and a projection radius C ≥ ∥θ⋆∥1, and we set a step
size η ∈ (0, 2/Lk] at the appropriate sparsity level k. These choices enforce a uniform ℓ∞

sensitivity bound for the vector fed to the oneshot oracle and yield the restricted contraction
inequalities used later in the error and risk analyses.
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Algorithm 5 Oneshot DP-NIHT with Sparsifier
Input: Data X, y, privacy level ε1, ε2, δ, number of iterations M , truncation level R, noise

scale rule B, step size η > 0, projection level C, clipping parameters α, β, precision
parameter ρ > 0.

1: ŵNP ← Nonprivate pilot estimator
2: c← Count Nonzero Components(ŵNP )
3: c← Clip(c, α, β)
4: c← c+ Z, where P(Z = z) ∝ exp{−ε1|z|/(β − α)} for z ∈ Z
5: c← Clip(c, α, β)
6: c← round(c)
7: c← Clip(c · ρ, 0, d)
8: c← round(c)
9: Choose B = B(c) satisfying (3.2) with s = c, or use a fixed B calibrated with smax =

min{d, ⌈ρβ⌉}.
10: θ̂P ← Oneshot DP-NIHT(X, y, c, ε2, δ,M,R,B, η, C)
11: θ̂ ← Keep Nonzero(θ̂P , c), here Keep Nonzero operation keeps the c largest entries in

magnitude and zeros the rest
12: Output θ̂

3.4.3 Privacy guarantees

The oneshot top-k mechanism operates under a per-coordinate ℓ∞ sensitivity bound. For the
pre-thresholded vector v(m) = θ(m) − η∇L

(
θ(m)

∣∣∣ X, clipR(y)
)
, replace-one adjacency yields

∥v(m)(D)− v(m)(D′)∥∞ ≤ 2η
n
xmax

(
R + xmaxC

)
=: s∞. (3.1)

We allocate per-iteration budgets (ε2/M, δ/M) and use λ = ηB/n for both the selection and
the fresh value noise. The calibration of B below is precisely what is required by the one-shot
DP theorem when applied to |v(m)|. First, we present the privacy result for Algorithm 4 and
provide a proof sketch. We leave the full proof to the appendix.

Theorem 15 (Privacy of Oneshot DP-NIHT). Let M ≥ 1, ε2 > 0, δ ∈ (0, 1), and we
assume ε2/M ≤ 0.2, δ/M ≤ 0.05 and ∥xi∥∞ ≤ xmax. If the Laplace scale is λ = ηB/n with

B ≥
16M xmax

(
R + xmaxC

)√
s log(dM/δ)

ε2
, (3.2)

then Algorithm 4 is (ε2, δ)-differentially private.

Proof sketch. By (3.1), the input to the selection step has per-coordinate sensitivity s∞.
Adding i.i.d. Lap(λ) to |v(m)|, selecting the top s, and then adding freshly sampled Laplace
noise Lap(λ) to the reported values on the selected coordinates yields (ε2/M, δ/M)-DP for
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iteration m when λ meets the oneshot condition, and (3.2) is equivalent to that condition
with λ = ηB/n. Notice that the projection onto the ℓ1 ball is a post-processing step, therefore
basic composition over the M iterations ensures (ε2, δ)-DP.

We continue to state the following theorem for the privacy guarantee of Algorithm 5.

Theorem 16 (Privacy of Oneshot DP-NIHT with Sparsifier). Algorithm 5 is
(ε1 + ε2, δ)-differentially private, provided that the Oneshot DP-NIHT noise scale is cali-
brated either to the realized private sparsity c after the private sparsity release, or to the
deterministic upper bound smax := min{d, ⌈ρβ⌉}.

Note that by (3.1), the clipping of y and the ℓ1 projection together bound the per-iteration
sensitivity by s∞, enabling a single Laplace draw to determine the support. The requirement
of fresh value noise is essential for the privacy guarantee and the one-shot proof and is the
only place where the value-level noise appears, all subsequent operations are post-processing.
Algorithm 5 exposes only c̃ and the private estimate. Choosing ρ ≥ 1 in Algorithm 5
avoids underspecifying the sparsity relative to the contraction regime used later in the utility
analysis. The proofs and technical details of Theorem 15 and Theorem 16 are left to the
Appendix.

3.5 Error bound for Oneshot DP-NIHT with Sparsifier

In this section, we study the theoretical properties of Algorithm 5. The first fundamental
result of this chapter is that Algorithm 5 achieves a minimax-optimal error bound up to
logarithmic factors. Some key quantities and conditions are needed to establish the result.
We use the conventional restricted eigenvalue constants of Σ := 1

n
X⊤X:

κ(k) := min
h̸=0

∥h∥0≤k

h⊤Σh
∥h∥2

2
, κ(k) := max

h̸=0
∥h∥0≤k

h⊤Σh
∥h∥2

2
, κ(k) := κ(k)

κ(k) .

and assume the following standard conditions:

(A1) Restricted strong convexity/smoothness. κ(k0) > 0 and κ(k0) < ∞ for k0 =
2s+ s⋆.

(A2) Gradient at the truth is sub-Gaussian coordinatewise. There is ḡ > 0 such
that ∥∇L(θ⋆)∥∞ ≤ ḡ with probability at least 1−α1, where L is the clipped empirical
loss used by the algorithm. For the un-clipped linear model with sub-Gaussian noise
and ∥xi∥∞ ≤ xmax, the usual choice ḡ ≲ σxmax

√
(2 log(2d/α1))/n is valid on the event
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that no response is clipped; equivalently, the probability of clipping is included in the
failure probability.

(A3) Adequate sparsity fed to Oneshot DP-NIHT. The s used by the algorithm satis-
fies s ≥ s⋆ and s ≥ C0 κ(k0)2 s⋆ for a universal C0 (the usual overspecification condition
ensuring contraction).

(A4) Privacy scales. λ = ηB/n with B satisfying the oneshot calibration (as stated in
the privacy section), and the per-iteration budgets lie in the regime required by the
oneshot top-k theorem. If the sparsity is random as in Algorithm 5, this calibration is
imposed conditionally on the realized private sparsity or uniformly over s ≤ smax.

We write bmax for any deterministic upper bound on ∥θ⋆∥1; one may take bmax = C.
We work on the intersection of the following events and union-bound at the end.

E∇ := {∥∇L(θ⋆)∥∞ ≤ ḡ} ,

Esel :=
{

max
0≤m<M

∥∥∥g(m)
∥∥∥

∞
≤ λ τ

}
with τ := log2dM

α2
,

Eval :=
{

max
0≤m<M

∥∥∥ξ(m)
Tm+1

∥∥∥2

2
≤ cξ sλ

2 τξ

}
with τξ := log2 2sM

α3
,

ERSC := {(A1) holds at level k0 = 2s+ s⋆},

Ec := {(A3) holds}.

Here cξ > 0 is a universal constant. The Laplace tail P(|Lap(λ)| > t) = e−t/λ gives P(Ecsel) ≤
α2 by a union bound over the dM selection-noise coordinates. Conditional on the selected
supports, the released value noises are independent Laplace variables; hence another union
bound gives

P
(

max
0≤m<M

∥∥∥ξ(m)
Tm+1

∥∥∥2

2
> cξsλ

2 log2 2sM
α3

)
≤ α3.

This is the only concentration statement needed for the squared Laplace value noise. In par-
ticular, we do not use a sub-exponential claim for ξ2. Finally, let α := α1 + α2 + α3.
The stochastic bounds above give failure probability at most α for E∇, Esel, and Eval.
The restricted-eigenvalue event ERSC and the sparsity-adequacy event Ec are treated as
conditioning events unless verified separately. Thus, all upcoming statements hold on
E := E∇ ∩ Esel ∩ Eval ∩ ERSC ∩ Ec; if P(EcRSC) ≤ αRSC and P(Ecc ) ≤ αc, then the final failure
probability is enlarged by αRSC + αc. Throughout this subsection we abbreviate κ = κ(k0)
and recall that λ = ηB/n. We also keep the auxiliary quantities τ > 0 and τξ > 0 generic
inside the theorem (they will be instantiated immediately after the proof). We now state
the parameter-error bound for the output of Algorithm 5.
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Theorem 17. Assume (A1)–(A4) and condition on ERSC∩Ec. Let η = 1
2κ(k0) and λ = ηB/n.

If M ≥ c0 κ(k0) log
(
b2

maxn
)

for a universal constant c0 > 0, then, with probability at least
1−α over the gradient and privacy-noise events, the Oneshot DP-NIHT with Sparsifier
output θ̂ = Hs(θ(M)) satisfies

∥∥∥θ̂ − θ⋆∥∥∥2

2
≤ 1

n
+ C4

(s+ s⋆) ḡ2

κ(k0)2 + C5 κ(k0)2 s λ2 τ 2 + C6 κ(k0)2 s λ2 τξ , (3.3)

for suitably large universal constants C4, C5, C6 > 0.

Corollary 3.5.1. On the event E we may take

τ = log
(

2dM
α

)
, τξ = cτ log2

(
2sM
α

)

for a universal cτ > 0, and set λ = ηB/n = B
2κ(k0)n . With these substitutions and M ≍

κ(k0) log(b2
maxn), the bound (3.3) becomes

∥∥∥θ̂ − θ⋆∥∥∥2

2
≤ 1

n
+ C1

(s+ s⋆) ḡ2

κ(k0)2 + C̃
κ(k0)2 sB2

κ(k0)2 n2

[
log2

(
2dM
α

)
+ log2

(
2sM
α

)]
,

where C1, C̃ > 0 are universal constants. This is the same form as the usual noisy-IHT
bound, with the one-shot selection and value-release errors collected in the final bracket.

Remark 3.5.2. The rate in Theorem 17 is minimax optimal up to logarithmic factors after
the privacy-calibrated scale is substituted. Under the standing RE/RSC assumptions, take
η ≍ 1/κ(k0), choose R ≳ xmax∥θ⋆∥1 + σ

√
log(n/α) so that response clipping is negligible

with high probability, take C ≥ ∥θ⋆∥1, and choose the actual one-shot scale according to
Theorem 15, namely

B ≍
M xmax(R + xmaxC)

√
s log(dM/δ)

ε2
.

If s ≍ s⋆, the restricted condition number is bounded, and xmax(R + xmaxC) ≲

σ polylog1/2(n, d, 1/α), then (3.3) gives

∥θ̂ − θ⋆∥2
2 ≲

σ2s⋆ log d
n︸ ︷︷ ︸

statistical

+ σ2(s⋆ log d)2

n2ε2
2

· polylog(n, d, 1/δ, 1/α)︸ ︷︷ ︸
privacy

,

with high probability. Passing to the Σx-norm gives the same rate up to the restricted eigen-
value constants. This matches the (ε, δ)-DP minimax lower bound presented as Theorem 4.3
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in Cai et al. [2021] for high-dimensional regression, σ2{s⋆ log d/n+ (s⋆ log d)2/(n2ε2
2)}, up to

logarithmic factors. See also Theorem 4.1 and Appendix E.2 in Chakraborty et al. [2024] for
an upper bound of this form under a related private IHT model.

3.6 Excess Risk Bounds

In this section, we analyze the excess risk bound of Algorithm 5. The argument is a direct
conversion of the parameter bound in Theorem 17 through restricted smoothness of the
population risk. This keeps the empirical optimization event, which drives the IHT recursion,
separate from the population quantity appearing in the risk.

Let
F (θ) = E

[
(y − x⊤θ)2

]
/2, Σpop := E[xx⊤],

so that F (θ) − F (θ⋆) = 1
2(θ − θ⋆)⊤Σpop(θ − θ⋆) under the correctly specified linear model.

Define the population restricted smoothness constant

Lpop
k := max

∥u∥2=1, ∥u∥0≤k
u⊤Σpopu.

The empirical restricted eigenvalues are those in Section 5; to avoid ambiguity in this section
we write

µ
(n)
k := κ(k), L

(n)
k := κ(k), κ

(n)
k := L

(n)
k /µ

(n)
k .

Throughout this section we continue to work on the event E from Section 5 and assume
s ≥ s⋆, so that k0 = 2s+ s⋆ ≤ 4s.

Lemma 3.6.1 (Population risk from parameter error). If θ and θ⋆ satisfy ∥θ − θ⋆∥0 ≤ k,
then

F (θ)− F (θ⋆) ≤ Lpop
k

2 ∥θ − θ⋆∥2
2.

3.6.1 Main Result

The following result is our main result on the excess risk bound of Algorithm 5.

Theorem 18 (Excess risk of Oneshot DP-NIHT with Sparsifier). Let λ = ηB/n be
the per-iteration Laplace scale used by the oneshot selection oracle, let η = 1/(2L(n)

4s ), and
take M ≥ c0 κ

(n)
4s log(b2

maxn). Assume the hypotheses of Theorem 17 hold with the empirical
restricted eigenvalue constants evaluated at level 4s; in particular, s ≥ C0(κ(n)

4s )2s⋆. Then,
on the same event as in Theorem 17, the Oneshot DP-NIHT with Sparsifier output θ̂
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satisfies

F (θ̂)−F (θ⋆) ≤ Cstat
Lpop

4s

(µ(n)
4s )2
· s σ

2x2
max log(d/α)
n

+Cpriv L
pop
4s (κ(n)

4s )2 sλ2
(
τ 2 +τξ

)
+CoptL

pop
4s

n
,

(3.4)
for universal constants Cstat, Cpriv, Copt > 0, where τ and τξ are the oneshot selection and
value-noise envelopes from Section 5.

A full proof of Theorem 18 is provided in the Appendix C. Additionally we have the
following corollary.

Corollary 3.6.2. Under the hypotheses of Theorem 18, take

η = 1
2L(n)

4s
, λ = ηB

n
= B

2L(n)
4s n

, τ = log
(2dM

α

)
, τξ = Θ

(
log2 2sM

α

)
.

Then

F (θ̂)− F (θ⋆) ≤ Cstat
Lpop

4s

(µ(n)
4s )2

· s σ
2x2

max log(d/α)
n

+ C̃priv L
pop
4s (κ(n)

4s )2 sB2

(L(n)
4s )2n2

[
log2

(2dM
α

)
+ log2

(2sM
α

)]
+ CoptL

pop
4s

n
.

for universal constants Cstat, C̃priv, Copt > 0.

We note that the first term matches the non-private fast rate up to restricted-eigenvalue
constants under a sub-Gaussian gradient at θ⋆, and the second term is the privacy penalty
stemming from the one-shot selection and value noises. Once the scale B is chosen according
to the privacy theorem and M ≍ log n, this privacy term has the same n−2ε−2

2 behavior as
the private sparse-regression benchmark, up to logarithmic factors.

3.7 Experiments

We implement a controlled synthetic study on logistic classification using Algorithm 5.

Data generation. We draw features X ∈ Rn×d with entries Xij ∼ N (0, 1), standardize
each column, and then clip the resulting matrix to [−xmax, xmax] before applying the private
mechanism. We fix a s⋆-sparse ground truth θ⋆ ∈ Rd by sampling a support of size s⋆

uniformly at random and setting nonzeros to magnitude 2.0 with random signs. Labels are
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sampled from the logistic model

y | X ∼ Bernoulli
(
σ(Xθ⋆)

)
, σ(z) = 1

1 + e−z .

where ntrain = 4000, ntest = 1000, d = 300, s⋆ = 20, and xmax = 1. Both methods iterate a
single gradient step (logistic loss) followed by hard thresholding on magnitudes and Euclidean
projection onto the ℓ1 ball {∥θ∥1 ≤ C} with C = 1.2 ∥θ⋆∥1. For the gradient step we use
step size η = 1/(2L) with L = 0.25λmax

(
(1/n)X⊤X

)
, the standard Lipschitz constant for

the logistic gradient.

Privacy calibration. At each release we apply the oneshot top-s mechanism to the magni-
tudes, adding (i) a single i.i.d. Laplace vector for selection and (ii) fresh independent Laplace
noise to the values on the selected support, coordinates not selected are set to zero. We allo-
cate per-iteration budgets (εm, δm) = (ε2/M, δ/M) and set the Laplace scale by Theorem 2.2
of Qiao et al. [2021]:

λ ≥
8 s∞

√
s log

(
d/δm

)
εm

, s∞ = 2η
n
xmax,

where s∞ is the ℓ∞ sensitivity of the map D 7→ θ − η∇ℓlogistic(θ;D) under replace-one
adjacency (because |(p − y)| ≤ 1 and ∥xi∥∞ ≤ xmax). We employ basic composition across
iterations of M releases. For the reported runs we fix M = 1 so that the per-release εm
is not unduly small, this keeps the oneshot mechanism in a practically informative regime
while preserving a clean link to theorems.

Oneshot DP-NIHT with Sparsifier uses the same oneshot mechanism at each release
and projects onto the ℓ1 ball. Oneshot DP-NIHT with Sparsifier privatizes the sparsity
via the Sparsifier: we clip an initial count to [α, β], add two-sided geometric noise with
parameter 1 − exp{−ε1/(β − α)}, re-clip/round, then run Oneshot DP-NIHT with s =
c and finally keep the top-c magnitudes. To isolate the effect of count privatization, we
initialize the count at s⋆ (oracle) before adding noise, and take (α, β) = (1, 3s⋆) and a
precision factor ρ = 1 (applied after noising and rounding, then clipped to [1, d]). We sweep
total privacy budgets εtotal ∈ {0.5, 1, 2, 4} with δ = 10−6. For Oneshot DP-NIHT with
Sparsifier we set ε1 = min(0.2, 0.25 εtotal) and ε2 = εtotal−ε1, while Oneshot DP-NIHT
uses ε2 = εtotal and ε1 = 0. (When εm > 0.2 we use the same scale formula as a practical
extrapolation beyond the small-ε regime of the theorem.) We report test Accuracy and
ROC/AUC, averaged over 5 independent seeds per εtotal; the table shows mean ± standard
deviation. The column “Avg s used” records the average sparsity level actually used by each
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εtotal Accuracy AUC Avg s used
0.5 0.514± 0.019 0.531± 0.025 6.6
1.0 0.542± 0.033 0.562± 0.044 4.8
2.0 0.611± 0.034 0.659± 0.049 5.8
4.0 0.664± 0.060 0.714± 0.078 4.8

Table 3.1: Synthetic logistic classification. Test Accuracy and ROC–AUC (mean ± sd over
five seeds). ntrain = 4000, ntest = 1000, d = 300, s⋆ = 20, M = 1, δ = 10−6.

method (for Oneshot DP-NIHT with Sparsifier, this is s⋆).

Results Table 3.1 shows that performance improves overall as εtotal increases for Oneshot
DP-NIHT with Sparsifier, with ROC–AUC rising from ≈ 0.53 at εtotal = 0.5 to ≈ 0.71
at εtotal = 4. The oneshot selection noise dominates the single update when εtotal (hence
εm) is small, and in this regime Oneshot DP-NIHT and Oneshot DP-NIHT with
Sparsifier are both near chance. For moderate budgets (εtotal ≥ 1), Oneshot DP-
NIHT with Sparsifier typically outperforms Oneshot DP-NIHT. The column “Avg
s used” reflects the privatized count c; at small budgets the counting noise (and the post-
noise precision factor) can push c below s⋆ or inflate it, illustrating the same bias–variance
tradeoff that underpins the analysis of the Sparsifier. Using M = 1 keeps the per-release
calibration at a meaningful scale under simple composition; increasing M would require
tighter accounting (e.g., moments accountant or zCDP) or larger n to avoid swamping the
signal with selection noise, which we leave for follow-up experiments.

3.8 Discussion

In this chapter, we study the feature selection problem in high-dimensional sparse linear
regression under the differential privacy framework. A natural approach is to view the
problem as a LP, and apply a developed private LP algorithm, which typically does not
preserve sparsity, which is the core spirit of sparsity. Rather than privatizing a generic
linear-programming solver, in this chapter we propose Oneshot DP-NIHT with Sparsifier,
an efficient hard-thresholding-based procedure that returns sparse estimates and attains a
minimax-optimal parameter-error rate up to logarithmic factors. The method uses a one-shot
private top-s mechanism instead of a peeling step, together with a Sparsifier that privately
releases a data-dependent sparsity level. We proved the privacy result of Oneshot DP-
NIHT with Sparsifier, and additionally, we also provide a population excess-risk upper bound
obtained from the parameter-error guarantee through restricted population smoothness.
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CHAPTER 4

A Differentially Private Dantzig Selector Algorithm

4.1 Introduction

In this chapter, we aim to explore explicitly on a differentially private Dantzig Selector
algorithm. In chapter 3, we develop a private sparse-regression procedure through a noisy
hard-thresholding oracle, which can be directly applied to solve Dantzig selector differentially
privately. The present chapter takes a more literal route. It returns to the score constraint
that defines the Dantzig selector, namely the requirement that the empirical correlations
between the residual vector and all covariates be uniformly small, and asks whether this
score geometry can be privatized directly while retaining exact sparsity. This point of view
is close in spirit to the original Dantzig selector of Candes and Tao [2007] and to the sparse-
recovery intuition behind compressed sensing and high-dimensional model selection Donoho
[2006], Candes et al. [2006], Bickel et al. [2009].

The difficulty is that the Dantzig selector is naturally written as a high-dimensional linear
program. Generic private linear-programming methods protect the optimization output, but
they do not exploit the sparse statistical structure of the regression model and need not return
a sparse vector Hsu et al. [2014], Mangasarian [2011]. Sparsity is not merely a computational
preference in this problem, it is part of the statistical meaning of the estimator. The selected
support is the interpretable object in feature selection, and the sharp high-dimensional rates
depend on controlling errors on sets whose cardinality is comparable to the true sparsity.

The construction below therefore separates the Dantzig selector into two operations. First,
it privately identifies the coordinates on which the empirical Dantzig score is most strongly
violated. This is done with the one-shot top-k mechanism Qiao et al. [2021], which is well
suited to sparse support selection because its noise depends logarithmically on the ambient
dimension. Second, after forming a small private active set, the algorithm releases only the
restricted score map on this active set and performs a low-dimensional Dantzig-score refit.
A final hard-pruning step guarantees exact sparsity. Thus the procedure is neither a private
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linear-programming solver nor a private hard-thresholding oracle for the squared loss, it is
an active-set method driven directly by the Dantzig score.

The theoretical guarantees follow the same structure. The privacy proof uses adaptive
composition: one part of the budget is spent on private score-violation identification and the
other on a Gaussian release of the restricted Gram-score pair. The statistical proof shows
that, under a sparse-RIP condition, the privately selected violated score coordinates capture
the part of the current error outside the active set. The restricted refit then contracts the
estimation error up to the ordinary stochastic score error and the two privacy errors. Under
the standard sparse-row normalization, the resulting parameter rate matches the known
high-dimensional differentially private sparse-regression benchmark of Cai et al. [2021] up to
logarithmic factors.

4.2 A Direct Private Active-Set Dantzig Selector

The procedure analyzed in Chapter 3 is built from a private hard-thresholding oracle. In
this chapter, we develop a complementary construction which starts more directly from
the Dantzig selector itself. Recall that, for the clipped response vector yR = clipR(y), the
empirical Dantzig score is

qD(θ) := 1
n
X⊤(yR −Xθ) = z −Gθ, z := 1

n
X⊤yR, G := 1

n
X⊤X. (4.1)

The classical Dantzig selector controls ∥qD(θ)∥∞. Instead of solving the full linear program
privately, the method in this chapter privately searches for the largest violated Dantzig score
coordinates, forms a small active set, and solves a private restricted Dantzig-score refit on
that active set. The active-set restriction is essential: it keeps the output sparse and avoids
releasing either a dense coefficient vector or the full d× d Gram matrix.

The algorithm will be called DP-ASDS, for differentially private active-set Dantzig se-
lector. It is not a generic private linear-programming routine. The only high-dimensional
private operation is a one-shot top-k search over the Dantzig score coordinates, and the only
matrix quantity released is a low-dimensional score map on a privately selected active set.
This is the main structural distinction between DP-ASDS and a black-box differentially
private solver for the Dantzig linear program.

This distinction is useful to keep in mind throughout the chapter. The active set is chosen
because the Dantzig score itself reveals where the residual remains correlated with the design.
The refit is then performed only on the coordinates that the private score comparison has
judged statistically relevant. In this way, the method combines a Dantzig-type feasibility

56



principle with the active-set philosophy familiar from sparse approximation: the algorithm
searches for a small set on which the score equation should be enforced, rather than solving
all d score inequalities at once.

4.2.1 Notation and standing normalization

The notation in this section is chosen to make explicit which objects are global and which
are released only after restriction to a private active set. The full score vector qD(θ) is a
d-dimensional object, but the algorithm never releases it. Instead, it uses the score only to
select a support and then releases a low-dimensional pair (GUU , zU) on that support. The
restricted-isometry notation below is used to formalize the principle that, on sparse subsets,
the empirical Gram matrix behaves like a well-conditioned identity perturbation.

For T ⊂ [d], we write XT for the submatrix of X with columns indexed by T , GTT =
X⊤
T XT/n, and zT = X⊤

T y
R/n. We use Hs(v) for the vector obtained by keeping the s

largest coordinates of |v| and setting the rest to zero. All ties are broken deterministically.
Throughout this section, s is the target sparsity level used by the algorithm and s⋆ = ∥θ⋆∥0

is the true sparsity.
For the utility analysis we use the sparse restricted-isometry constants of the empirical

Gram matrix. For an integer k, let δk be the smallest number such that

(1− δk)∥u∥2
2 ≤ u⊤GTTu ≤ (1 + δk)∥u∥2

2 (4.2)

for all T ⊂ [d] with |T | ≤ k and all u ∈ RT . We also define the sparse row bound

K3s := max
1≤i≤n

max
T⊂[d]:|T |≤3s

∥xi,T∥2. (4.3)

The quantity K3s is the natural sensitivity parameter for the restricted Gram-score release.
In the usual normalized sparse-regression regime, K3s = O(1), if one assumes only a coordi-
natewise bound ∥xi∥∞ ≤ xmax, then K3s ≤

√
3s xmax, and the private release of a restricted

Gram matrix becomes correspondingly more expensive.
This distinction between xmax and K3s is one of the few new normalization issues intro-

duced by the direct Dantzig construction. The score-identification step is coordinatewise
and is governed by xmax. The restricted refit, however, releases a small Gram matrix, and
its sensitivity is governed by the Euclidean size of sparse rows. The minimax discussion
later should therefore be read under the sparse-row normalization K3s = O(1), or under an
equivalent normalization that keeps the restricted Gram release from dominating the privacy
cost.
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4.2.2 Algorithm

The algorithm has two private primitives. The first is a support-search primitive: it asks
which Dantzig score coordinates are currently too large. The second is a restricted refitting
primitive: after a small active set has been selected, it privately releases the score map needed
to refit on that active set. This division is important because it prevents the algorithm from
paying privacy cost for the full Gram matrix and, at the same time, prevents the output
from becoming dense.

We now specify the two privacy budgets used by the algorithm. The first budget, (εI , δI),
is used to identify large Dantzig-score coordinates. The second budget, (εF , δF ), is used to
release the restricted score map on the active set. Let

∆q := 2xmax(R + xmaxC)
n

, ∆F :=
2K3s

√
K2

3s +R2

n
. (4.4)

For M iterations, set

bI :=
8∆q

√
2s log(dM/δI)
εI/M

, σF :=
∆F

√
2 log(1.25M/δF )
εF/M

. (4.5)

The scale bI is the one-shot top-2s scale from Qiao et al. [2021], the scale σF is the Gaussian
mechanism scale for the restricted Gram-score query.
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Algorithm 6 DP-ASDS: private active-set Dantzig selector
Input: Data (X, y); sparsity s; privacy parameters (εI , δI) and (εF , δF ); iterations M ; clip-

ping level R; radius C; bounds xmax, K3s.
1: Set yR = clipR(y), G = X⊤X/n, z = X⊤yR/n, and initialize θ(0) = 0.
2: for m = 0, 1, . . . ,M − 1 do
3: Compute the Dantzig score

q(m) = z −Gθ(m).

4: Run the one-shot top-2s mechanism on |q(m)| with privacy budget (εI/M, δI/M) and
Laplace scale bI . Retain only the selected support and denote it by Jm.

5: Form the active set
Um = supp(θ(m)) ∪ Jm.

6: Release the restricted score map on Um:

G̃m = GUmUm +Wm, z̃m = zUm + vm,

where the entries of Wm and vm are independent N(0, σ2
F ) random variables.

7: Compute the private restricted Dantzig-score refit

β̃m ∈ argminβ∈RUm : ∥β∥1≤C

∥∥∥z̃m − G̃mβ
∥∥∥

2
.

8: Embed β̃m into Rd by setting coordinates outside Um to zero; call the embedded vector
θ̄(m+1).

9: Prune to sparsity s:
θ(m+1) = Hs(θ̄(m+1)).

10: end for
Output: θ̂ = θ(M).

Before continuing to the analysis, we discuss several features of Algorithm 6. First,
the support Jm is selected from the empirical Dantzig score, not from a gradient-updated
coefficient vector. Second, the active set Um has size at most 3s, so the subsequent private
matrix release is low-dimensional. Third, the final pruning step is part of the algorithm
rather than an afterthought, it ensures that the released estimator is exactly sparse, which
is the central structural feature inherited from the Dantzig selector and the Lasso Tibshirani
[1996], Candes and Tao [2007].

The refit in line 6 is a least-violation version of the Dantzig score equation on the privately
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selected active set. One could replace the displayed ℓ2 score norm by an ℓ∞ score norm to
obtain a still closer finite-dimensional Dantzig program. The ℓ2 refit is used here because
it yields a stable perturbation analysis under a constant sparse-RIP condition; an ℓ∞ refit
introduces an additional

√
s factor in the cross-correlation term unless one imposes a stronger

incoherence condition.
The use of the ℓ2 score residual should not be interpreted as abandoning the Dantzig

viewpoint. The Dantzig selector is fundamentally a score-based method: it asks the residual
to be nearly orthogonal to the design. The present refit enforces this score equation on a
private active set in a norm that is stable under Gaussian perturbation of the restricted
Gram-score pair. The selected-score feasibility theorem below makes this interpretation
precise.

4.2.3 Exact sparsity and active-set interpretation

Algorithm 6 returns an exactly sparse estimate. Indeed, if the input sparsity is s, then every
iterate satisfies ∥θ(m)∥0 ≤ s by induction, because the only step that produces the next public
iterate is θ(m+1) = Hs(θ̄(m+1)). The restricted refit may temporarily live on a set of size at
most 3s, but this intermediate vector is not the final iterate. The hard-pruning step restores
the sparsity budget before the next score computation and before the final release.

This exact sparsity guarantee is more than a presentational feature. In high-dimensional
regression, the statistical analysis is local: restricted eigenvalue, restricted smoothness, and
sparse-RIP assumptions are meaningful only when all relevant error vectors have small sup-
port. Exact pruning keeps the entire trajectory within this sparse regime. It also preserves
the feature-selection interpretation of the output, which is one of the main reasons for study-
ing the Dantzig selector rather than a generic private convex program.

4.2.4 Privacy guarantee

The privacy result and its proof follows the usual two principles of differential privacy:
sensitivity calibration and adaptive composition Dwork et al. [2006a,b,c]. The only point
requiring care is that the active set is itself private and data-dependent. The argument
conditions on the transcript already released, proves privacy of the next step uniformly over
all possible active sets of the allowed size, and then composes the resulting guarantees over
the M iterations.

Theorem 19 (Privacy of DP-ASDS). Assume ∥xi∥∞ ≤ xmax and |yRi | ≤ R. Since the refit
is constrained to the ℓ1 ball of radius C and pruning preserves the ℓ1 norm, every iterate of
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Algorithm 6 satisfies ∥θ(m)∥1 ≤ C. Suppose εI/M ≤ 0.2, δI/M ≤ 0.05, and εF/M ≤ 1. If bI
and σF are chosen as in (4.5), then Algorithm 6 is (εI + εF , δI + δF )-differentially private.

The theorem separates the two sources of privacy loss. The budget (εI , δI) protects the
identity of the violated score coordinates, while (εF , δF ) protects the restricted empirical
score map used in the refit. Once these noisy objects have been released, the optimization
step and the pruning step are pure post-processing. This is why the privacy accounting does
not depend on the numerical method used to solve the small refitting problem.

4.2.5 Error bound

The error analysis is organized around a simple contraction principle. If the current error is
h(m) = θ(m) − θ⋆, then the Dantzig score satisfies q(m) = e−Gh(m) on the no-clipping event.
Under sparse RIP, the coordinates of q(m) with large magnitude reveal the coordinates on
which h(m) has not yet been captured by the active set. The private top-2s step therefore
acts as a noisy active-set discovery step, and the restricted refit contracts the remaining error
up to stochastic and privacy perturbations.

We now prove a parameter error bound. The theorem is stated conditionally on a fixed
design matrix satisfying the sparse-RIP and sparse-row bounds. For random designs, the
probability of these design events can be added to the final failure probability.

Assume the linear model

yi = x⊤
i θ

⋆ + εi, ∥θ⋆∥0 = s⋆, ∥θ⋆∥1 ≤ C, (4.6)

where εi are independent mean-zero σ-sub-Gaussian variables, conditionally on X. Let ER
be the no-clipping event {yR = y}. On ER, write

e := 1
n
X⊤ε. (4.7)

For a failure probability αn ∈ (0, 1), define

λn := σxmax

√
2 log(4d/αn)

n
. (4.8)

Then ∥e∥∞ ≤ λn with probability at least 1− αn, conditionally on X.
The privacy-noise envelopes are

ωI := bI log
(

4dM
αI

)
, ωF := cF (1 + C)σF

(
√
s+

√
log

(4M
αF

))
, (4.9)

61



where cF > 0 is a sufficiently large universal constant. We will also use

νF := cFσF

(
√
s+

√
log

(4M
αF

))
. (4.10)

The condition νF ≤ (1 − δ3s)/2 ensures that each noisy restricted Gram matrix remains
well-conditioned.

Theorem 20. Assume the linear model in (4.6), s ≥ s⋆, δ4s ≤ δ0 for a sufficiently small
universal constant δ0, and νF ≤ (1−δ3s)/2. Suppose M ≥ c0 log(C2n) for a sufficiently large
universal constant c0. Then, on the no-clipping event ER, Algorithm 6 satisfies

∥θ̂ − θ⋆∥2
2 ≤

1
n

+ C1sλ
2
n + C2sω

2
I + C3ω

2
F (4.11)

with probability at least 1 − αn − αI − αF , where C1, C2, C3 > 0 are universal constants. If
P(EcR) ≤ αR, the same bound holds with probability at least 1− αR − αn − αI − αF .

The three terms in (4.11) have distinct interpretations. The term sλ2
n is the ordinary

non-private high-dimensional score error. The term sω2
I is the price of privately identifying

the active coordinates. The term ω2
F is the price of privately releasing the low-dimensional

restricted refit problem. This decomposition is useful because it isolates the new cost of the
direct Dantzig construction: unlike the hard-thresholding oracle of Chapter 3, the present
method releases a restricted Gram-score map, and the sensitivity of that release is measured
by K3s.

The proofs of the following lemmas are placed in the appendix. The statements are kept in
the main chapter because they describe the mechanism of the argument: first a noisy score-
comparison lemma, then an active-set identification lemma, then a restricted refit lemma,
and finally the elementary pruning inequality.

The proof is deterministic on three high-probability events. First,

En := {∥e∥∞ ≤ λn}.

Second, if g(m) denotes the Laplace vector used in the one-shot score selection at iteration
m, then

EI :=
{

max
0≤m<M

∥g(m)∥∞ ≤ ωI

}
.

Since P(|Lap(bI)| > t) = exp(−t/bI), a union bound gives P(EcI ) ≤ αI . Third, standard
Gaussian concentration and a union bound over m = 0, . . . ,M − 1 give, with probability at
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least 1− αF , the event

EF := {∥vm∥2 + C∥Wm∥op ≤ ωF , ∥Wm∥op ≤ νF , 0 ≤ m < M} . (4.12)

Indeed, for p ≤ 3s, if v ∼ N(0, σ2
F Ip) then

P{∥v∥2 > σF (√p+ t)} ≤ e−t2/2,

while if W is a p× p matrix with independent N(0, σ2
F ) entries, then

P{∥W∥op > σF (2√p+ t)} ≤ 2e−t2/2.

Taking t of order
√

log(4M/αF ) proves (4.12) after increasing cF .
We now give the deterministic part of the proof.
The first deterministic ingredient records two standard consequences of sparse RIP. On

sparse sets, the empirical Gram matrix is close to the identity; between disjoint sparse sets,
the cross-Gram block is small. These two facts are repeatedly used to convert score infor-
mation into coefficient-error information, a familiar step in sparse recovery analyses Candes
et al. [2006], Bickel et al. [2009].

Lemma 4.2.1 (Restricted consequences of sparse RIP). If (4.2) holds at level k, then for
every T ⊂ [d] with |T | ≤ k,

∥(GTT − I)u∥2 ≤ δk∥u∥2, u ∈ RT .

Moreover, if A,B ⊂ [d] are disjoint and |A ∪B| ≤ k, then

∥GABv∥2 ≤ δk∥v∥2, v ∈ RB.

The next lemma is a deterministic abstraction of the private support-selection step. If the
top-k comparison is made after adding bounded coordinatewise noise, then the unselected
part of any competing k-sparse set cannot have much larger score mass than the selected
part. This is the precise place where the one-shot top-k mechanism enters the estimation
proof.

Lemma 4.2.2 (Noisy score comparison). Let a ∈ Rd, let g ∈ Rd satisfy ∥g∥∞ ≤ ω, and let
J be the indices of the k largest coordinates of |a|+ g. Then, for every T ⊂ [d] with |T | ≤ k,

∥aT\J∥2 ≤ ∥aJ\T∥2 + 2
√
k ω. (4.13)

63



The private identification lemma translates the preceding score comparison into a state-
ment about the coefficient error. Since q(m) = e − Gh(m), large missed components of h(m)

would create large score coordinates unless they are hidden by stochastic noise, privacy noise,
or the sparse-RIP distortion. Thus the private active set captures all but a controlled tail of
the current error.

Lemma 4.2.3 (Private identification of violated Dantzig coordinates). We work on ER ∩
En ∩ EI and assume δ4s < 1. Let

h(m) := θ(m) − θ⋆, Um = supp(θ(m)) ∪ Jm.

Then, for every m,
∥h(m)

Uc
m
∥2 ≤ c1δ4s∥h(m)∥2 + c2

√
s(λn + ωI), (4.14)

where c1, c2 > 0 are universal constants.

After the active set has captured the relevant coordinates, the restricted refit solves the
selected score equation with a privately perturbed Gram-score pair. The following lemma is
the stability statement for that refit. Its conditioning assumption on G̃m is indispensable:
without it, a small perturbation of the restricted score map could be amplified by an ill-
conditioned active-set Gram matrix.

Lemma 4.2.4 (Restricted private Dantzig-score refit). we work on ER∩En∩EF . Let U = Um,
|U | ≤ 3s, and let θ̄(m+1) be the embedded unpruned refit produced in line 7 of Algorithm 6. If
∥Wm∥op ≤ (1− δ3s)/2, then

∥θ̄(m+1) − θ⋆∥2 ≤ c3∥θ⋆Uc∥2 + c4
√
sλn + c5ωF , (4.15)

where c3, c4, c5 > 0 are universal constants.

The final deterministic ingredient is the standard best-s approximation inequality. It is
included to make explicit why the algorithm may refit on a set of size at most 3s and still
return to the sparse parameter space without losing the order of the error.

Lemma 4.2.5 (Pruning). If s ≥ s⋆, then for every b ∈ Rd,

∥Hs(b)− θ⋆∥2 ≤ 2∥b− θ⋆∥2. (4.16)

Combining these lemmas gives the one-step recursion

∥θ(m+1) − θ⋆∥2 ≤ ρ∥θ(m) − θ⋆∥2 + C
√
s(λn + ωI) + CωF ,
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with ρ < 1 when δ4s is sufficiently small. Iterating the recursion produces Theorem 20. The
proof is deliberately parallel to classical active-set sparse-recovery arguments, except that
the score comparison and the restricted refit are both privatized.

4.2.6 Expanded rate and minimax comparison

The abstract error bound is most informative after substituting the privacy scales. This
substitution also clarifies the relationship between the direct Dantzig construction and the
minimax theory for private sparse regression. The target benchmark is the usual non-private
sparse rate plus the privacy penalty identified in the cost-of-privacy literature Cai et al.
[2021].

Substituting (4.5) and (4.9) into Theorem 20 gives the following explicit bound:

∥θ̂ − θ⋆∥2
2 ≤

1
n

+ C
σ2x2

maxs log(4d/αn)
n

+ C
s2M2x2

max(R + xmaxC)2

n2ε2
I

log
(
dM

δI

)
log2

(
4dM
αI

)

+ C
(1 + C)2K2

3s(K2
3s +R2)M2

n2ε2
F

log
(1.25M

δF

)(
s+ log

(4M
αF

))
. (4.17)

The first line is the usual non-private sparse-regression term. The second line is the privacy
cost of identifying the large Dantzig-score coordinates. The third line is the privacy cost of
releasing the restricted score map used for refitting.

The second line has the same qualitative form as the privacy term in sparse private se-
lection: the ambient dimension appears only through logarithms, while the leading sparsity
dependence is quadratic after squaring the support-identification noise. The third line is
specific to the direct active-set Dantzig approach. It is lower order in the sparse-row nor-
malized regime, but it records the fact that a Dantzig-score refit must learn a local Gram
map, not only a coefficient vector.

In the sparse-row normalized regime K3s = O(1), with xmax(R + xmaxC) of constant or
logarithmic order, s ≍ s⋆, M ≍ log n, and εI ≍ εF ≍ ε, the dominant privacy term in (4.17)
is

(s⋆ log d)2

n2ε2 · polylog(n, d, 1/δ, 1/α).

Thus DP-ASDS attains

∥θ̂ − θ⋆∥2
2 ≲

σ2s⋆ log d
n

+ (s⋆ log d)2

n2ε2 · polylog(n, d, 1/δ, 1/α), (4.18)

up to restricted-isometry constants and logarithmic factors. This is the same high-

65



dimensional private sparse-regression benchmark established by Cai et al. [2021]. If one
assumes only ∥xi∥∞ ≤ xmax with xmax = O(1), then K3s may grow as

√
s and the restricted-

Gram release in the third line of (4.17) may be larger. The minimax comparison above is
therefore a statement for the standard sparse-row normalization under which private high-
dimensional regression upper bounds are usually

Consequently, the active-set Dantzig method attains the same benchmark as Chapter 3
when the restricted matrix release is statistically inexpensive. If the design rows are only
coordinatewise bounded and no sparse-row normalization is imposed, the restricted Gram
release may introduce an additional sparsity factor. The result should therefore be read as a
sharp theorem for the normalized sparse-design regime, not as a claim that arbitrary design
scalings can be privatized at no cost..

4.2.7 Selected Dantzig-score feasibility

The parameter bound is the primary statistical guarantee, but it is also useful to record what
the algorithm achieves at the level of the Dantzig score itself. Because the final pruning step is
imposed to guarantee exact sparsity, the strongest score statement is naturally stated for the
unpruned restricted refit. This is analogous to active-set methods in numerical optimization:
the refit enforces the optimality equations on the current working set, while the pruning step
enforces the structural constraint.

The next statement records the sense in which the method directly enforces the Dantzig
score equations. It concerns the unpruned refit θ̄(m+1), because pruning is imposed for exact
sparsity and may slightly perturb the selected score residual.

Theorem 21 (Selected Dantzig-score feasibility). Under the assumptions and on the event
of Theorem 20, for every m = 0, . . . ,M − 1,

∥∥∥qD(θ̄(m+1))Um

∥∥∥
2
≤ Cδ4s∥h(m)∥2 + C

√
s(λn + ωI) + CωF . (4.19)

Consequently, for the final refit, if M ≥ c0 log(C2n) and δ4s ≤ δ0 is sufficiently small,
∥∥∥qD(θ̄(M))UM−1

∥∥∥
2
≤ C
√
s(λn + ωI) + CωF + Cn−1/2. (4.20)

This result is not the same as global exact Dantzig feasibility, which would require a
uniform bound on ∥qD(θ̂)∥∞ over all coordinates after pruning. Instead, it captures the
active-set nature of the method: the score equations are enforced on the coordinates that
have been privately identified as relevant. Together with the error theorem, this gives a
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statistically meaningful Dantzig-type guarantee without solving or privatizing the full linear
program.

4.2.8 Population excess risk

The population risk bound is a direct consequence of the parameter error bound. This is
the natural route in the well-specified squared-loss model: once the estimator is close to θ⋆

in Euclidean norm and the error vector is sparse, restricted population smoothness converts
estimation error into excess prediction risk. No separate stability argument is needed for
this quadratic risk.

Let
F (θ) = 1

2E{(y − x
⊤θ)2}, Σpop = E[xx⊤].

Under the correctly specified linear model,

F (θ)− F (θ⋆) = 1
2(θ − θ⋆)⊤Σpop(θ − θ⋆).

Define the population restricted smoothness constant

Lpop
2s := max

∥u∥2=1, ∥u∥0≤2s
u⊤Σpopu.

Since both θ̂ and θ⋆ are supported on at most s coordinates, ∥θ̂ − θ⋆∥0 ≤ 2s. Therefore
Theorem 20 immediately implies the following bound.

Theorem 22 (Population risk of DP-ASDS). Under the assumptions of Theorem 20, on
the same event,

F (θ̂)− F (θ⋆) ≤ Lpop
2s
2

( 1
n

+ C1sλ
2
n + C2sω

2
I + C3ω

2
F

)
. (4.21)

The factor Lpop
2s appears because the final estimator and the truth are both sparse. Hence

the risk conversion only needs population smoothness on 2s-sparse directions. This is con-
sistent with the local nature of the entire chapter: privacy, optimization, and statistical
curvature are all measured on sparse subsets rather than on the full ambient space.

4.2.9 Discussion

This chapter aims to demonstrate that the Dantzig selector can be privatized in a way that
respects its score geometry and its sparsity structure. The preceding results show that this is
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possible without using a generic private linear-programming algorithm and without treating
the hard-thresholding oracle of Chapter 3 as a black box.

The construction above gives a differentially private procedure that is closer to the Dantzig
selector than the hard-thresholded gradient oracle analyzed in Chapter 3. The iteration is
driven by the empirical score qD(θ) = X⊤(yR − Xθ)/n, and the selected coordinates are
precisely the coordinates with large private Dantzig-score violations. The restricted refit
then approximately solves the score equation on the private active set. Thus the algorithm
follows the geometry of the Dantzig constraint rather than the geometry of a generic gradient
projection step.

The proof also explains the statistical price of this more direct Dantzig construction. The
private score-identification term has the same order as the top-s privacy term in private sparse
regression. The additional restricted-refit term is harmless under sparse-row normalization,
but it should not be ignored: if the row normalization is weakened so that K3s grows with
s, then privately releasing the restricted Gram matrix may become the dominant cost. This
distinction is intrinsic to direct Dantzig-score refitting, since the Dantzig score depends on
the Gram matrix X⊤X/n.

Finally, the algorithm can be combined with the private Sparsifier step from Section 4
when s is unknown. The privacy proof is unchanged by composition and post-processing.
The utility theorem should then be read on the event that the privatized sparsity lies in the
adequate regime s ≥ s⋆ and δ4s ≤ δ0, exactly as in the conditional sparsity treatment of the
main Oneshot DP-NIHT with Sparsifier result.

From a methodological perspective, DP-ASDS gives a second route to private sparse esti-
mation. Chapter 3 follows an iterative hard-thresholding path and obtains broad RE/RSC-
type guarantees. The present chapter follows a more direct active-set Dantzig path and
obtains a clean selected-score interpretation under a stronger sparse-RIP condition. These
two procedures therefore complement each other: the former is closer to the modern private
sparse-regression algorithmic toolkit, while the latter is closer to the defining constraint of
the Dantzig selector. This distinction also suggests several possible refinements. One may
replace the ℓ2 restricted refit by an ℓ∞ refit under stronger incoherence assumptions, use a
private Sparsifier as in Chapter 3 when s is unknown Khanna et al. [2023], or investigate
adaptive stopping rules based on privately monitored selected-score residuals. The analysis
in this chapter isolates the essential ingredients needed for such extensions: private score
identification, stable restricted refitting, exact pruning, and sparse-design curvature.

The novel active set approach introduced bridges the last missing piece among privacy
cost independent of d, exact sparsity, and minimax risk: existing differentially private sparse
regression algorithms either add d-dimensional noise at every step, return a dense estimate
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that still requires post-processing, or lose a factor in sample size through data partitioning.
By contrast, DP-ASDS keeps the linear program geometry of the classical Dantzig selector
and marries it with a dimension-free privacy mechanism: each iteration releases only a 3s×3s
sub-Gram matrix and a length 3s score vector, so the privacy noise scales with the target
sparsity s rather than the ambient dimension d. This design achieves the minimax rate
σ2s∗ log d/n+ σ2(s∗ log d)2/(n2ε2) while preserving exact s-sparsity, something the literature
did not offer. In addition, the oneshot top-2s selection plus noisy restricted refit constitutes
a reusable template for other LP-based estimators, showing that privacy can coexist with
fast, geometry-aware algorithms instead of forcing generic quadratic objectives or heavy
sample splitting. For these reasons, DP-ASDS is not simply “another DP algorithm”, it
demonstrates a qualitatively new way to pay privacy only where information is concentrated
and thereby advances both the theoretical frontier and the practical toolbox for DP high-
dimensional inference.
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APPENDIX A

Appendix for Chapter 1

A.1 Proofs and Supplementary Materials

A.1.1 Proofs for one-dimensional γ-CHM problem

We provide proofs of Theorem 1, Lemma 1.5.1 and Theorem 2 in this Section. As discussed
in Section 1.6.1.2, the interval CHM problem fully generalizes the regular CHM problem,
and the analogous results in the interval CHM problem follow the exactly same proofs and
can be derived by properly adjusting γ to γ− and γ+ in this section. Therefore, we only
prove Theorem 1, Lemma 1.5.1 and Theorem 2 for the ease of extensions to the Gaussian
bandit setting with unknown variances.

A.1.1.1 Proof of Theorem 1

We recall µ1 = min{µ1, · · · , µK} and µK = max{µ1, · · · , µK}. In the one-dimensional case,
the γ-CHM problem is to test if γ ∈ Conv(µ). For the feasible case,

Alt(µ) = {λ|Iπ(λ) = infeasible} = {λ| max
1≤i≤K

λi < γ or min
1≤i≤K

λi > γ}.

Therefore,
T ∗(µ)−1 = max

w∈∆
min

λ∈Alt(µ)

∑
a

wad(µa, λa)

= max
w∈∆

min
 ∑
a:µa<γ

wad(µa, γ),
∑

a:µa>γ

wad(µa, γ)


= max
w1+wK=1

min (w1d(µ1, γ), wKd(µK , γ))

= d(µ1, γ)d(µK , γ)
d(µ1, γ) + d(µK , γ)

= 1
d(µ1, γ)−1 + d(µK , γ)−1 .
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From the derivation, we can see the optimization problem derives its optimal solution
when the strategy only samples arms with maximum and minimum mean with proportions
w1 = d(µ1,γ)−1

d(µ1,γ)−1+d(µK ,γ)−1 and wK = d(µK ,γ)−1

d(µ1,γ)−1+d(µK ,γ)−1 . Now we consider the infeasible case.
Without loss of generality, we assume µ1 > τ (the case when µK < τ can be proved in the
same way due to symmetry). In this case,

Alt(µ) = {λ|Iπ(λ) = feasible} = {λ|λ1 < γ < λK}.

and
T ∗(µ)−1 = max

w∈∆
min

λ∈Alt(µ)

∑
a

wad(µa, λa)

= max
w∈∆

min
1≤a≤K

wad(µa, γ)

= 1∑
1≤a≤K d(µa, γ)−1 .

We can see from that in the infeasible case, the decision-maker should sample all arms, and
for each arm a ∈ {1, · · · , K}, it should be sampled with proportion wa =

1
d(µa,γ)∑

1≤i≤K
1

d(µi,γ)
.

A.1.1.2 Proof of Lemma 1.5.1

Now we proceed to prove Lemma 1.5.1. We will make use of the following proposition.

Proposition A.1.1. (Lemma 22 of Kaufmann et al. [2016]) For every β, η > 0, if

x ≥ 1
β

ln
(
e ln(1/βη)

βη

)
,

then we have
βx ≥ ln

(
x

η

)
+ o

(
ln
(

1
η

))
.

Now for the feasible case, on the event that

N1(t)
t
→ w∗

1(µ), µ̂1(t)→ µ1,

and
NK(t)
t
→ w∗

K(µ), µ̂K(t)→ µK ,

for any ε > 0, there exists t0 > 0, such that for any t > t0, we have

N1(t)d+(µ̂1(t), γ) ≥ (1− ε)tw∗
1(µ)d(µ1, γ),
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and
NK(t)d−(µ̂K(t), γ) ≥ (1− ε)tw∗

K(µ)d(µK , γ).

Following this,

τ ≤ τ3

≤ inf{t|N1(t)d+(µ̂1(t), γ) ≥ Thresh(δ,N1(t)) and NK(t)d−(µ̂K(t), γ) ≥ Thresh(δ,NK(t))}
≤ inf

{
t|N1(t)d+(µ̂1(t), γ) ≥ Thresh(δ, t) and NK(t)d+(µ̂K(t), γ) ≥ Thresh(δ, t)

}
≤ inf {t|(1− ε)tw∗

1(µ)d(µ1, γ) ≥ Thresh(δ, t) and (1− ε)tw∗
K(µ)d(µK , γ) ≥ Thresh(δ, t)}

≤ inf
{
t|(1− ε)tmin (w∗

1(µ)d(µ1, γ), w∗
K(µ)d(µK , γ)) ≥ ln

(
t

δ

)
+ o

(
ln
(1
δ

))}
≤ inf

{
t|(1− ε)tT ∗(µ)−1 ≥ ln

(
t

δ

)
+ o

(
ln
(1
δ

))}
.

Hence we have τ(1 − ε)T ∗(µ)−1 ≤ ln
(
t
δ

)
+ o

(
ln
(

1
δ

))
. By setting β = (1 − ε)T ∗(µ)−1,

x = τ and η = δ, Proposition A.1.1 directly yields

τ ≤ 1
(1− ε)T ∗(µ)−1 ln

e ln
(

1
(1−ε)T ∗(µ)−1δ

)
(1− ε)T ∗(µ)−1δ


≤ 1

(1− ε)T ∗(µ)−1

(
ln
(

e

(1− ε)T ∗(µ)−1

)
+ ln

(1
δ

)
+ ln ln

(
1

(1− ε)T ∗(µ)−1δ

))

≤ 1
(1− ε)T ∗(µ)−1 ln

(1
δ

)
+ o

(
ln
(1
δ

))

Notice that ε is arbitrary, we have

lim sup
δ→0

τ

ln(1/δ) ≤ T ∗(µ).

For the infeasible case, WLOG we assume µ1 > γ (proof of the symmetric case µK < γ is
identical). On the event that for any arm a ∈ {1, · · · , K},

Na(t)
t
→ w∗

a(µ), µ̂a(t)→ µa,

and for arbitrary ε > 0, similarly, there exists t0, and for any t > t0, we have the following
inequality to hold:

Na(t)d−(µ̂a(t), γ) ≥ (1− ε)tw∗
a(µ)d(µa, γ).
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Using a parallel statement of the feasible case,

τ ≤ τ3 ≤ inf{t|∀a,Na(t)d(µ̂a(t), γ) ≥ Thresh(δ,N1(t))}
≤ inf

{
t|∀a,Na(t)d−(µ̂a(t), γ) ≥ Thresh(δ, t)

}
≤ inf

{
t|∀a, (1− ε)tw∗

a(µ)d(µa, γ) ≥ ln
(
t

δ

)
+ o

(
ln
(1
δ

))}
≤ inf

{
t|(1− ε)t min

1≤a≤K
{w∗

a(µ)d(µa, γ)} ≥ ln
(
t

δ

)
+ o

(
ln
(1
δ

))}
≤ inf

{
t|(1− ε)tT ∗(µ)−1 ≥ ln

(
t

δ

)
+ o

(
ln
(1
δ

))}
.

Following the same statements and by applying Proposition A.1.1, we have

τ ≤ 1
(1− ε)T ∗(µ)−1 ln

(1
δ

)
+ o

(
ln
(1
δ

))
.

Thus, in the infeasible case,
lim sup
δ→0

τ

ln(1/δ) ≤ T ∗(µ)

also holds.

A.1.1.3 Proof of Theorem 2

We again consider feasible and infeasible cases separately. We recall the following notations

ψa(t) = P(At = a|Ft−1), Ψa(t) =
t∑
i=1

ψa(i), and ψ̄a(t) = 1
t
Ψa(t).

Our proof is based on a classic result (see Corollary 1 of Russo [2016]) that for any arm
a ∈ [K], if Ψa(t)→∞, then

wa(t)
ψ̄a(t)

= Na(t)
Ψa(t)

→ 1 a.s

and the following result from Kaufmann et al. [2018].

Proposition A.1.2. (Theorem 12 of Kaufmann et al. [2018]) Given a threshold γ, for any
µ = {(µ1, · · · , µK)|µ1 ≤ · · · ≤ µK , and µ1 < γ}. If we sequentially sample as follows: for
any t ∈ N+, sample θt ∼ Πt−1(·|min1≤i≤K µi < γ), then play the arm At with lowest mean
in θt. Then the sampling procedure ensures that the sampling frequencies satisfy

N1(t)
t
→ 1,
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and for any 2 ≤ a ≤ K,
Na(t)
t
→ 0

almost surely.

Back to our proof, now we consider the feasible case first. In this case, we have µ with
property µ1 < γ < µK . For any n ∈ N+,

ψ1(t) = βtΠt

(
θt,1 < min

j ̸=1
θt,j|µ feasible

)
+ (1− βt)Πt

(
θt,1 > max

j ̸=1
θt,j|µ feasible

)
.

Notice that {argmina θa = 1} and {µK > γ} are independent events,

Πt

(
θt,1 < min

j ̸=1
θt,j|µ feasible

)
→ 1 a.s..

And Πt (θt,1 < minj ̸=1 θt,j|µ feasible) + Πt (θt,1 > minj ̸=1 θt,j|µ feasible) ≤ 1 directly yields

Πt

(
θt,1 > max

j ̸=1
θt,j|µ feasible

)
→ 0 a.s..

Combine with the fact that βt → d−1(µ1,γ)
d−1(µ1,γ)+d−1(µK ,γ) , we get N1(t)

t
→ w∗

1(µ). Similarly,

ψK(t) = βtΠt

(
θt,K < min

j ̸=1
θt,j|µ feasible

)
+ (1− βt)Πt

(
θt,K > max

j ̸=1
θt,j|µ feasible

)
.

With the facts that Πt (θt,K < minj ̸=1 θt,j|µ feasible) → 0 and
Πt (θt,K > maxj ̸=1 θt,j|µ feasible) → 1 almost surely, this leads to NK(t)

t
→ w∗

K(µ).
Notice that w∗

1(µ) + w∗
K(µ) = 1, we have shown that N(t)

t
→ w∗(µ) almost sure in the

feasible case.
For the infeasible case, we use the following proposition.

Proposition A.1.3. (Simplified version of Lemma of Russo [2016]) Consider any sampling
rule, if for any arm a ∈ [K] and all c > 0,

∑
t

ψa(t)1{ψ̄a(t) ≥ w∗
a + c} <∞,

then ψ̄(t)→ w∗.

By applying a similar proof strategy in Russo [2016] and Kaufmann et al. [2018], we aim
to prove the precondition in Proposition 1.5.2. For any a ∈ [K] and c > 0, consider any
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round n where ψ̄a(t) ≥ w∗
a + c, we have

ψa(t) = βt
Πt−1(a = argmini θt,i, b = argmaxi θt,i,mini θt,i < γ < maxi θt,i)

Πt−1(mini θt,i < γ < maxi θt,i)

+ (1− βt)
Πt−1(a = argmaxi θt,i, b = argmini θt,i,mini θt,i < γ < maxi θt,i)

Πt−1(mini θt,i < γ < maxi θt,i)

≤ βt
Πt−1(θt,a < γ < θt,b)

maxa,b Πt−1(θt,a < γ < θt,b)
+ (1− βt)

Πt−1(θt,b < γ < θt,a)
maxa,b Πt−1(θt,b < γ < θt,a)

.

Following Russo [2016], recall we use xt
.= yt to denote that t−1 ln (xt/yt) → 0. Based

on any known posterior concentration rate result (for example, Proposition 5 in Russo
[2016]) that for any open set Θ̃ ⊂ Θ, the posterior concentrates at the rate Πt(Θ̃) .=
exp

(
−tminλ∈Θ̃

∑
a ψ̄a(t)d(µa, λa)

)
. Moreover, for any a, b ∈ [K],

Πt(θt,a < γ < θt,b) .= exp
(
−t min

θt feasible

∑
a

ψ̄a(t)d(µa, θt,a)
)

= exp
−tmin

 ∑
a:µa<γ

ψ̄a(t)d(µa, γ),
∑

a:µa>γ

ψ̄a(t)d(µa, γ)
 .

This means, there is a sequence εt → 0 such that for any t,

Πt(θa < γ < θb) ∈ exp
−t

min
 ∑

a:µa<γ

ψ̄a(t)d(µa, γ),
∑

a:µa>γ

ψ̄a(t)d(µa, γ)
± εt

 ,
which implies
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ψa(t) ≤ βt
Πt−1(θt,a < γ < θt,b)

maxa,b Πt−1(θt,a < γ < θt,b)
+ (1− βt)

Πt−1(θt,b < γ < θt,a)
maxa,b Πt−1(θt,b < γ < θt,a)

.

=
exp

(
−t
(
min

( ∑
a:µa<γ ψ̄a(t)d(µa, γ),∑a:µa>γ ψ̄a(t)d(µa, γ)

))
− εt

)
maxa exp

(
−t
(
min

( ∑
a:µa<γ ψ̄a(t)d(µa, γ),∑a:µa>γ ψ̄a(t)d(µa, γ)

))
+ εt

)
= exp

{
−t
[
min

( ∑
a:µa<γ

ψ̄a(t)d(µa, γ),
∑

a:µa>γ

ψ̄a(t)d(µa, γ)
)

−min
a

min
( ∑

a:µa<γ

ψ̄a(t)d(µa, γ),
∑

a:µa>γ

ψ̄a(t)d(µa, γ)
)]
− 2εt

}

≤ exp
{
−t
[
min

( ∑
a:µa<γ

(w∗
a + c)d(µa, γ),

∑
a:µa>γ

(w∗
a + c)d(µa, γ)

)

−min
( ∑

a:µa<γ

w∗
ad(µa, γ),

∑
a:µa>γ

w∗
ad(µa, γ)

)]
− 2εt

}
.

≤ exp
{
−t
[
cmin

( ∑
a:µa<γ

d(µa, γ),
∑

a:µa>γ

d(µa, γ)
)
− 2εt

]}

When εt → 0 the ψa(t) is bounded by an exponential decay term, therefore

∑
t

ψa(t)1{ψ̄a(t) ≥ w∗
a + c} ≤ ∞.

Therefore, we have ψ̄(t)→ w∗, and by the conclusions above, N(t)/t→ w∗.

A.1.2 d-dimensional CHM problem when d ≥ 2

In this section, we provide further details and discussions about potential extensions of
Thompson-CHM algorithm to the higher dimensional case. Before moving forward, we first
prove Theorem 5, which gives insight into how to generalize our algorithm.

A.1.2.1 Proofs of Theorem 5

For the infeasible case when γ /∈ Conv(µ), the proof is identical to the one-dimensional case
and we omit it here.

For the feasible case when γ ∈ Conv(µ). We assume λ∗ ∈ Alt(µ) is the opti-
mal solution in the game T ∗(µ)−1 = supw∈∆ infλ∈Alt(µ)

∑
awad(µa, λa). For any µi ∈

{µ1, · · · , µK}\Vert(Conv{µ}), we consider two different cases.
• Case 1: if µi ∈ Conv(λ), then we have λi = µi, and therefore wi = 0.
• Case 2: if µi ∈ Conv(µ)\Conv(λ), in this case, λi ̸= µi, WLOG we assume
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µ1, µ2, · · · , µs are the means that differs from those in the optimal solution λ∗, i.e.
{1, 2, · · · , s} = {j|µj ̸= λ∗

j}, so 1 ≤ i ≤ s. If wi ̸= 0, then d(µi, λ∗
i ) > d(µj, λ∗

j) for all
j ∈ {1, 2, · · · , s}\{i}, this contradicts with the fact that µi ∈ Conv{µ1, · · · , µs, λ1, · · · , λs}.

Combining the statements above, we can see that for all µi’s that is not one of the
vertices of Conv{µ}, in order to win the optimization game T ∗(µ)−1, no proportion of the
corresponding arm should be sampled.

A.1.2.2 Potential extension of Thompson-CHM algorithm

As discussed in Section 1.6.2, the Thompson-CHM algorithm outperforms the trivial solution
(first checking if γ is smaller than the minimum mean and then checking if γ is larger than
the maximum mean) in both generalizability and optimality. For the generalizability part,
the Thompson-CHM can possibly generalize to higher dimensional cases and we will discuss
more details in this section. For the optimality part, by the results in Kaufmann et al.
[2018], the allocations of different arms in the trivial solution are not in align with the
optimal w∗(µ) and therefore, lead to a sub-optimal sample complexity compared to the
Thompson-CHM algorithm. For example, in the infeasible case when γ < µ1 < · · · < µK ,
by utilizing the result in Kaufmann et al. [2018] twice, sampling proportion of arm K is

2d(µK ,γ)−1∑K

i=1 d(µi,γ)−1+d(µK ,γ)−1 , and for arm j satisfying 1 ≤ j ≤ K − 1, its sampling proportion is
d(µj ,γ)−1∑K

i=1 d(µi,γ)−1+d(µK ,γ)−1 . This is a direct example of the sub-optimality of the trivial solution
to the CHM problem in the one-dimensional case.

Theorem 5 demonstrates an important phenomenon that shares in all dimensions: in the
feasible case, the optimal strategy should only sample arms whose means are extreme points,
and in the infeasible case, it should sample all arms. And if we can prove analogs of the
results for the stopping rule, it is possible to fully extend Thompson-CHM algorithm to higher
dimensions. We call λ∗ the point that is on the boundary of Conv(µ) that minimizes the l2
distance between γ and γ∗, and we vertically project all the means µ1, · · · , µK to the line that
connects γ and γ∗, and denote the projected points to be µ∗

1, · · · , µ∗
K , then the d-dimensional

distributions with means µ1, · · · , µK are feasible (infeasible) with respect to γ if and only if
the 1-dimensional distributions with means µ∗

1, · · · , µ∗
K are feasible (infeasible) with respect

to γ on the line that connects γ and γ∗. With this important fact, it is possible to prove
our conjecture that the analog of Thompson-CHM (described below) is also asymptotically
optimal in higher dimensions using similar techniques in the one-dimensional case.

We now generalize the Thompson-CHM algorithm to higher dimensions by replac-
ing the Bernoulli distribution with a categorical distribution with parameters βi =
fi(µs1 , · · · , µsm , γ). Assuming oracle access to the functions fi for 1 ≤ i ≤ k, the analog
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of Thompson-CHM algorithm in d-dimensional case is stated below. The future work is to
find the exact form of functions fi and prove the asymptotic optimality of d-dimensional
Thompson-CHM algorithm.

Algorithm 7 d-dimensional Thompson-CHM (d ≥ 2)
Input: stopping rule τ with threshold function Thresh(δ, t), risk δ, threshold γ, Categor-
ical distribution parameter β1, · · · , βK .
Output: decision rule Iπ(µ) ∈ {feasible, infeasible}
for t = 1, · · · do

if stopping rule τ holds then
if τ = τ3 then

return Iπ(µ) = {feasible}
else

return Iπ(µ) = {infeasible}
end if

end if
Sample θt = (θt,1, · · · , θt,K) ∼ Πt−1(·|µ feasible).
Sample B ∼ Categorical (β1, · · · , βK)
if B = i then

Play arm At = i
end if

end for
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APPENDIX B

Appendix for Chapter 2

B.1 Proofs and Supplementary Materials

B.1.1 Proof of Theorem 6

We prove the two cases separately.
Feasible case. Let yi = λi−γ. The closure of the infeasible set in the translated coordinates
is

cl(I) =
⋃

u∈Sd−1

{
(y1, . . . , yK) : u⊤yi ≥ 0, i = 1, . . . , K

}
. (B.1)

Indeed, if 0 /∈ Conv(y1, . . . , yK), the strong separating hyperplane theorem gives a vector
u ∈ Sd−1 such that u⊤yi > 0 for all i. If 0 lies on the boundary of the convex hull, the
supporting hyperplane theorem gives u⊤yi ≥ 0 for all i. Conversely, if such a u exists,
then replacing yi by yi + εu gives u⊤(yi + εu) > 0 for all i, hence the perturbed instance is
infeasible. Therefore the original point is in the closure of the infeasible set.

Since the objective in (2.1) is continuous in λ, the infimum over the alternative set equals
the infimum over its closure. For fixed u, the least-cost way to move xi into the halfspace

H+
u = {z ∈ Rd : u⊤z ≥ 0}

is the Euclidean projection of xi onto H+
u . Thus

inf
yi:u⊤yi≥0

1
2 ∥xi − yi∥

2 = 1
2
(
−u⊤xi

)2

+
.

Summing with weights wi, and then taking the infimum over u ∈ Sd−1, gives (2.4).
Infeasible case. Now the alternative set is the feasible set. A translated mean vector
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Y = (y1, . . . , yK) is feasible if and only if there exists q ∈ ∆K such that

K∑
i=1

qiyi = 0.

For fixed q, write yi = xi + hi. We must solve

inf
h1,...,hK

{
1
2

K∑
i=1

wi ∥hi∥2 :
K∑
i=1

qihi = −
K∑
i=1

qixi

}
. (B.2)

Assume first that wi > 0 for all i. Let

m(q) =
K∑
i=1

qixi.

The Lagrangian is

L(h, η) = 1
2

K∑
i=1

wi ∥hi∥2 + η⊤
(

K∑
i=1

qihi +m(q)
)
.

The first-order conditions give

wihi + qiη = 0, hi = − qi
wi
η.

Substituting into the constraint yields

−
(

K∑
i=1

q2
i

wi

)
η +m(q) = 0,

and therefore
η = m(q)∑K

i=1 q
2
i /wi

.

The optimal value of (B.2) is
1
2
∥m(q)∥2∑K
i=1 q

2
i /wi

.

Taking the infimum over q ∈ ∆K gives (2.5) when w has full support. If some wi = 0, the
same formula follows by continuity from allocations wε = (1− ε)w+ ε(1/K, . . . , 1/K), with
the convention stated in the theorem. This completes the proof.
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B.1.2 Proof of Proposition 2.4.1

For a fixed direction u ∈ Sd−1, define

ℓi(u) = 1
2
(
−u⊤xi

)2

+
.

The feasible game is

sup
w∈∆K

inf
u∈Sd−1

K∑
i=1

wiℓi(u).

Let xj be a non-vertex. Then there exist vertices xv ∈ V and coefficients αv ≥ 0,∑
v∈V αv = 1, such that

xj =
∑
v∈V

αvxv.

The map
s 7→ 1

2 (−s)2
+

is convex on R. Hence, for every u ∈ Sd−1,

ℓj(u) = 1
2

(
−u⊤ ∑

v∈V
αvxv

)2

+

≤
∑
v∈V

αv
1
2
(
−u⊤xv

)2

+
=
∑
v∈V

αvℓv(u).

Therefore, if an allocation w assigns mass wj to arm j, we may remove this mass and
redistribute it to the vertices by adding wjαv to each vertex v. The quantity

∑
i

wiℓi(u)

does not decrease for any u. Thus the infimum over u does not decrease. Repeating this
argument for all non-vertices gives an optimal allocation supported on vertices.

B.1.3 Proof of Proposition 2.4.3

For any probability measure ρ ∈ P(Sd−1), define

Φ(w, ρ) =
K∑
i=1

wi

∫
Sd−1

ℓi(u) ρ(du).

Since the infimum over u ∈ Sd−1 equals the infimum over point masses ρ = δu, we have

inf
u∈Sd−1

∑
i

wiℓi(u) = inf
ρ∈P(Sd−1)

Φ(w, ρ).
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The function Φ is bilinear in (w, ρ), and both ∆K and P(Sd−1) are compact convex sets
under the usual weak topology. By Sion’s minimax theorem,

sup
w∈∆K

inf
ρ∈P(Sd−1)

Φ(w, ρ) = inf
ρ∈P(Sd−1)

sup
w∈∆K

Φ(w, ρ).

For fixed ρ,
sup
w∈∆K

Φ(w, ρ) = max
1≤i≤K

∫
Sd−1

ℓi(u) ρ(du),

which proves (2.6).
Let w∗, ρ∗ be a saddle point with value V . Then

Φ(w, ρ∗) ≤ V ≤ Φ(w∗, ρ) ∀w ∈ ∆K , ρ ∈ P(Sd−1).

The left inequality implies
max
i

∫
ℓi(u)ρ∗(du) = V.

Since ∑
i

w∗
i

∫
ℓi(u)ρ∗(du) = V,

any arm with w∗
i > 0 must satisfy (2.7). The right inequality, applied to point masses ρ = δu,

implies ∑
i

w∗
i ℓi(u) ≥ V ∀u ∈ Sd−1.

Since ∫ ∑
i

w∗
i ℓi(u)ρ∗(du) = V,

ρ∗ can put mass only on directions for which equality holds. This proves (2.8).

B.1.4 Proof of Proposition 2.4.5

Let γ = 0, d = 2, and let the six arms be the vertices of the regular hexagon on the unit
circle:

xk =
(

cos kπ3 , sin kπ3

)
, k = 0, . . . , 5.

Consider the uniform allocation wk = 1/6. For any unit vector u, the six vertices form three
antipodal pairs. From each antipodal pair, exactly one squared projection contributes to

5∑
k=0

(
−u⊤xk

)2

+
,
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and the three representative directions 0, π/3, 2π/3 satisfy

2∑
j=0

vjv
⊤
j = 3

2I2.

Therefore
5∑

k=0

(
−u⊤xk

)2

+
= 3

2 ∀u ∈ S1.

Thus
inf
u∈S1

1
2

5∑
k=0

1
6
(
−u⊤xk

)2

+
= 1

8 . (B.3)

No allocation can achieve value larger than 1/8. Indeed, if U is uniform on S1, then for
every fixed unit vector x,

E
[(
−U⊤x

)2

+

]
= 1

4 .

Hence, for any allocation w ∈ ∆6,

inf
u∈S1

1
2

5∑
k=0

wk
(
−u⊤xk

)2

+
≤ EU

[
1
2

5∑
k=0

wk
(
−U⊤xk

)2

+

]
= 1

8 .

Combining this upper bound with (B.3), the uniform allocation over all six vertices is optimal.
Now consider any Carathéodory certificate S with |S| ≤ 3. If |S| ≤ 2, or if 0 lies on the

boundary of Conv{xi : i ∈ S}, then there exists a direction u for which u⊤xi ≥ 0 for all
i ∈ S, and hence V (S) = 0. The only three-point subsets of the regular hexagon containing
the origin in their interior are the two equilateral triangles. For such a triangle and any
allocation w ∈ ∆(S), choose j ∈ S with wj = maxi∈S wi ≥ 1/3, and take u = xj. The other
two vertices have inner product −1/2 with u, while u⊤xj = 1. Therefore

1
2
∑
i∈S

wi
(
−u⊤xi

)2

+
= 1

2 ·
1
4(1− wj) = 1− wj

8 ≤ 1
12 .

Thus V (S) ≤ 1/12 for every full-dimensional Carathéodory certificate S. Since 1/12 < 1/8,
no single Carathéodory certificate is statistically optimal.

B.1.5 Proof of Proposition 2.5.1

Let
ρ = dist(0,Conv(x1, . . . , xK)).

Since the instance is infeasible and the convex hull is compact, ρ > 0.
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The uniform allocation wi = 1/K has strictly positive value. Indeed, for every q ∈ ∆K ,
∥∥∥∥∥∑

i

qixi

∥∥∥∥∥ ≥ ρ,

and ∑
i

q2
i

1/K = K
∑
i

q2
i ≤ K.

Therefore
inf
q∈∆K

∥∑i qixi∥
2

2∑i q
2
i /(1/K) ≥

ρ2

2K > 0.

Thus the optimal value is positive.
Now suppose wj = 0 for some arm j. In (2.5), choose q = ej. Then the denominator

contains q2
j/wj = +∞, so the value is zero. Hence C(w, µ) = 0, and such a w cannot be

optimal because a strictly positive value is achievable. Therefore every optimal allocation
has full support.

B.1.6 Proof of Proposition 2.5.2

It is enough to argue at the level of the original variational problem. For fixed w, the
infeasible-to-feasible cost is

inf
λ: 0∈Conv(λ1−γ,...,λK−γ)

1
2
∑
i

wi ∥λi − µi∥2 . (B.4)

For any feasible λ, Carathéodory’s theorem gives a vector q ∈ ∆K with

| supp(q)| ≤ d+ 1,
∑
i

qi(λi − γ) = 0.

Thus every feasible alternative is feasible through a certificate supported on at most d + 1
arms. Therefore the infimum in (B.4) is unchanged if one restricts to such certificates.
Applying the fixed-q calculation from the proof of Theorem 6 gives (2.11).

B.1.7 Proof of Theorem 8

Let
Eδ =

{
∀t ≥ 1 : 1

2

K∑
i=1

Ni(t) ∥µ̂i(t)− µi∥2 < β(t, δ)
}
.

By Assumption 7,
Pµ(Eδ) ≥ 1− δ.
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On Eδ, suppose the algorithm stops at time t and makes an incorrect decision. Then the true
mean vector µ belongs to the alternative set relative to the empirical answer Ît. Therefore,
by definition of Z(t),

Z(t) ≤ 1
2

K∑
i=1

Ni(t) ∥µ̂i(t)− µi∥2 < β(t, δ).

This contradicts the stopping condition Z(t) ≥ β(t, δ). Hence no error occurs on Eδ, and the
error probability is at most δ.

B.1.8 Proof of Lemma 2.6.1

ince Ni(t)→∞, the strong law of large numbers gives

µ̂i(t)→ µi almost surely

for every arm. Hence x̂i(t)→ xi.
If the true instance is feasible and regular, then 0 ∈ int Conv(x1, . . . , xK). Since the em-

pirical points converge to the true points, the empirical instance is feasible for all sufficiently
large t. Therefore (2.13) applies eventually, and

Z(t)
t

= inf
u∈Sd−1

1
2
∑
i

Ni(t)
t

(
−u⊤x̂i(t)

)2

+
.

The functions inside the infimum converge uniformly over the compact sphere Sd−1, because
they are continuous in u and the coefficients and empirical means converge. This proves
(2.18) in the feasible case.

If the true instance is infeasible, then

dist(0,Conv(x1, . . . , xK)) > 0.

Again by convergence of the empirical means, the empirical instance is infeasible for all
sufficiently large t. Formula (2.14) applies eventually. If w has full support, then

Z(t)
t

= inf
q∈∆K

∥∑i qix̂i(t)∥2

2∑i q
2
i /(Ni(t)/t)

.

The objective converges uniformly over the compact simplex ∆K , giving (2.18). If some
wi = 0, the same conclusion holds in the extended sense induced by the convention of
Theorem 6; for the optimal infeasible allocation this issue does not arise by Proposition 2.5.1.

85



B.1.9 Proof of Corollary 2.6.2

By Lemma 2.6.1,
Z(t) = tC(w, µ) + o(t) almost surely.

For every ε > 0, eventually
Z(t) ≥ t(C(w, µ)− ε).

Combining this with the asymptotic property (2.16) of β(t, δ), the stopping condition holds
for all

t ≥ 1 + ε

C(w, µ)− ε log(1/δ)

when δ is sufficiently small. Letting ε ↓ 0 gives (2.19).

B.1.10 Proof of Lemma 2.7.1

The forced-exploration rule guarantees Ni(t)→∞ for every arm. Hence

µ̂i(t)→ µi almost surely

for all i. By Assumption 9,

ŵ(t)→ w∗(µ) almost surely.

Therefore
1
t

t∑
s=K

ŵ(s)→ w∗(µ). (B.5)

The number of forced-exploration rounds up to time t is o(t), since each forced pull is
used only to keep Ni(t) ≥

√
t. On the non-forced rounds, the algorithm uses cumulative

tracking. The standard tracking argument shows that the discrepancy between the actual
number of pulls and the cumulative target allocation is o(t):

max
i

∣∣∣∣∣Ni(t)−
t∑

s=K
ŵi(s)

∣∣∣∣∣ = o(t). (B.6)

Indeed, at every non-forced round the arm with largest positive deficit is selected, so the
maximal deficit cannot grow linearly; the forced rounds contribute only o(t). Combining
(B.5) and (B.6) gives

N(t)
t
→ w∗(µ).
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B.1.11 Proof of Theorem 10

Correctness follows from Theorem 8. By Lemma 2.7.1,

N(t)
t
→ w∗(µ) almost surely.

Applying Corollary 2.6.2 gives (2.20).
The information-theoretic lower bound gives, for every δ-correct algorithm,

lim inf
δ↓0

Eµ[τδ]
log(1/δ) ≥ T ∗

G(µ).

The almost-sure upper bound (2.20), together with uniform integrability, gives

lim sup
δ↓0

Eµ[τδ]
log(1/δ) ≤ T ∗

G(µ).

Thus (2.21) follows.

B.1.12 Proof of Proposition 2.8.1

Since the true instance is feasible and belongs to the interior of the feasible set, the posterior
probability of the conditioning event tends to one:

Πt−1 (γ ∈ Conv(θ1, . . . , θK))→ 1 almost surely.

Thus the conditional posterior still concentrates at µ. By continuity,

wF (θt)→ wF (µ)

in posterior probability, conditionally on the past. Therefore the conditional sampling prob-
abilities

ψi(t) = P(At = i | Ft−1) = E
[
wFi (θt) | Ft−1, θt feasible

]
satisfy

ψi(t)→ wFi (µ) almost surely.

The martingale strong law for bounded martingale differences gives

1
t

t∑
s=1

(1{As = i} − ψi(s))→ 0 almost surely.
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Hence
Ni(t)
t

= 1
t

t∑
s=1

ψi(s) + o(1)→ wFi (µ) almost surely.

The asymptotic optimality statement follows from Corollary 2.6.2.

B.1.13 Proof of Lemma 2.8.2

The first statement is the standard over-allocation criterion used in top-two Thompson sam-
pling and Murphy sampling analyses. Intuitively, (2.26) says that once an arm has been
sampled more often than its target proportion by a fixed margin, it receives only summably
many additional conditional pulls. This prevents persistent over-allocation of any coordi-
nate and forces ψ̄(t) to converge to w∗(µ). The convergence of N(t)/t then follows from the
martingale strong law for bounded martingale differences:

1
t

t∑
s=1

(1{As = i} − ψi(s))→ 0 almost surely.

B.1.14 Proof of Theorem 13

Fix an arm i and ε > 0. Consider times t such that

ψ̄i(t) ≥ w∗
i (µ) + ε.

By Assumption 12, there exists c > 0 such that

inf
θ∈cl(Fi)

Rψ̄(t)(θ) ≥ inf
θ∈F

Rψ̄(t)(θ) + c.

By the posterior large-deviation principle,

Πt(Fi) ≤ exp
(
−t
[
inf
θ∈F

Rψ̄(t)(θ) + c+ o(1)
])
,

whereas
Πt(F) = exp

(
−t
[
inf
θ∈F

Rψ̄(t)(θ) + o(1)
])
.

Therefore
P(θt ∈ Fi | θt ∈ F ,Ft−1) ≤ exp(−ct+ o(t)).

Since gi(θ) = 0 outside Fi and 0 ≤ gi ≤ 1,

ψi(t) = E[gi(θt) | θt ∈ F ,Ft−1] ≤ exp(−ct+ o(t)).
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Thus ∞∑
t=1

ψi(t)1{ψ̄i(t) ≥ w∗
i (µ) + ε} <∞.

Lemma 2.8.2 gives

ψ̄(t)→ w∗(µ), N(t)
t
→ w∗(µ) almost surely.

The asymptotic optimality follows from Corollary 2.6.2.
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APPENDIX C

Appendix for Chapter 3

C.1 Proofs and Supplementary Materials

In this appendix, we include a more detailed introduction to the oneshot top-k selection
mechanism from Qiao et al. [2021].

C.1.1 the Oneshot Differentially Private Mechanism

We recall the one-shot differentially private mechanism Qiao et al. [2021] and the theoretical
results needed for our analysis.

Algorithm 8 The oneshot Mechanism Mos for Privately Reporting Minimum k Elements
Input: database D, functions f = (f1, · · · , fm) with sensitivity sf , parameter k, and the

noise scale λ
Output: indices i1, . . . , ik and approximations to fi1(D), · · · , fik(D)

1: for i = 1 to m do
2: set yi = fi(D) + gi where gi is sampled i.i.d. from Lap(λ)
3: end for
4: sort y1, . . . , ym from low to high, yi1 ≤ yi2 ≤ · · · ≤ yim
5: return the set {i1, . . . , ik} and fij (D)+g′

ij
, where 1 ≤ j ≤ k and g′

ij
are fresh independent

random noise sampled from Lap(λ)

In Qiao et al. [2021], the authors provided the privacy guarantees for both pure differential
privacy and (ε, δ)-differential privacy for the mechanism as below.

Theorem 23. The oneshot mechanism is (ε, 0)-differentially private if we set λ = 2ksf/ε
or larger.
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Theorem 24. Given ε ≤ 0.2, δ ≤ 0.05 and m ≥ 2, the oneshot mechanism is (ε, δ)-
differentially private if we set

λoneshot =
8sf

√
k log(m/δ)
ε

or larger.

The TOPk operator is the oneshot differentially private top-k mechanism: it (i) adds
a single i.i.d. Laplace vector to |v| to choose the top-k support and then (ii) adds fresh
independent Laplace noise to the reported values on that support (remaining coordinates set
to zero). We denote the output of the oneshot top-k algorithm applied to a vector v ∈ Rd

as TOPk(v; ε, δ, λ), where ε, δ are privacy parameters and λ is the parameter of the Laplace
noises in the algorithm.

C.1.2 Proof of Theorem 15 and Theorem 16

We begin by revisiting some of the setting and notations used in the algorithm statements.
The dataset is D = {(xi, yi)}ni=1 with xi ∈ Rd, yi ∈ R. We call two datasets adjacent D ∼ D′

if they differ in exactly one record. We assume ∥xi∥∞ ≤ xmax for all i, and we use response
clipping yclip

i := clipR(yi) ∈ [−R,R]. The empirical squared loss and its gradient are

L(θ) = 1
2n

n∑
i=1

(
yclip
i − x⊤

i θ
)2
, ∇L(θ) = − 1

n

n∑
i=1

(
yclip
i − x⊤

i θ
)
xi.

Within iteration m, DP–NIHT computes v = θ(m)−η∇L(θ(m) | D), then applies the oneshot
DP TOPs operator to the magnitudes |v| using i.i.d. Laplace noise of scale λm = ηB/n,
and finally projects onto the ℓ1-ball of radius C: θ(m+1) = ΠC(θ̃(m+1)). Throughout the M
iterations, per-iteration privacy budgets are (εm, δm) = (ε2/M, δ/M) with ε2/M ≤ 0.2 and
δ/M ≤ 0.05.

We present a few basic lemmas we will use in the proofs.

Lemma C.1.1 (Per-iteration ℓ∞ sensitivity of the thresholding input). Fix an iteration m

and assume ∥θ(m)∥1 ≤ C. Then the map D 7→ v(D) = θ(m) − η∇L(θ(m) | D) obeys

∥v(D)− v(D′)∥∞ ≤ s∞ for all D ∼ D′, s∞ := 2η
n
xmax

(
R + xmaxC

)
.

Lemma C.1.2 (Post-processing invariance). If a (possibly randomized) map M is (ε, δ)-DP
and Φ is any (possibly randomized) map, then Φ ◦M is also (ε, δ)-DP.
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Lemma C.1.3 (Basic composition). Suppose we run M mechanisms sequentially on the
same dataset D: for each m, conditional on all previous outputs, the m-th mechanism Mm

is (εm, δm)-DP. Then the joint mechanism (that outputs the entire transcript, or any function
thereof) is

(∑M
m=1 εm,

∑M
m=1 δm

)
-DP.

Proof of Theorem 15 (privacy of DP–NIHT). Fix any iteration m ∈ {0, . . . ,M − 1},
by Lemma C.1.1, the vector fed to the oneshot mechanism has ℓ∞ sensitivity at most s∞ =
2η
n
xmax(R + xmaxC). Because absolute value is 1–Lipschitz, the same s∞ applies to |v|. By

construction, the oneshot mechanism in line TOPs uses λm = ηB/n. Under the calibration

ηB

n
≥

8 s∞

√
s log(d/δm)
εm

with (εm, δm) =
(
ε2

M
,
δ

M

)
,

By Theorem 24 we have that D 7→ θ̃(m+1) is (ε2/M, δ/M)-DP. The subsequent projection
θ(m+1) = ΠC(θ̃(m+1)) is a post-processing step, so by Lemma C.1.2 the same per-iteration
privacy holds for θ(m+1). Applying Lemma C.1.3 over m = 0, . . . ,M − 1 yields that the joint
transcript (θ(1), . . . , θ(M)) is (ε2, δ)-DP. Finally, releasing only the last iterate θ̂P = θ(M) is a
measurable function of the transcript, hence also (ε2, δ)-DP by post-processing invariance.
Hence we have proved Theorem 15.

Proof of Theorem 16 (privacy of DP–DS). The DP–DS algorithm releases two objects:
a privatized sparsity level c̃ ∈ Z and then a DP–NIHT estimate followed by a final keep–c
truncation. We prove Theorem 16 by three steps.

Step 1: privacy of c̃. Let cnp(D) ∈ Z denote the nonprivate count (number of nonze-
ros) computed internally from a nonprivate estimator. Define the clipped count c(D) =
min{β,max{α, cnp(D)}} ∈ [α, β] ∩ Z. For any D ∼ D′, |c(D) − c(D′)| ≤ β − α trivially
because both values lie in [α, β]. Thus the global ℓ1 sensitivity of c(·) is at most ∆ := β−α.
The mechanism releases c̃ = c(D) +Z, where Z is double–geometric (discrete Laplace) noise
with

Pr(Z = z) = 1− e−ε1/∆

1 + e−ε1/∆ e−ε1|z|/∆, z ∈ Z,

optionally followed by re-clipping and rounding. For any two integers t,

Pr[c̃ = t | D]
Pr[c̃ = t | D′] = exp

{
−ε1

∆
(
|t− c(D)| − |t− c(D′)|

)}
≤ exp

{
ε1

∆ |c(D)− c(D′)|
}
≤ eε1 ,

where the last inequality uses |c(D)− c(D′)| ≤ ∆. Therefore c̃ is (ε1, 0)-DP. Any subsequent
clipping/rounding of c̃ is post-processing and does not affect the privacy.
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Step 2: privacy of the DP–NIHT stage conditional on c̃. Condition on an arbitrary
realized value of c̃ (hence, of s := c used inside DP–NIHT). By Theorem 15, provided the

oneshot scale satisfies λm = ηB/n ≥
8 s∞

√
s log(dM/δ)
ε2/M

with s∞ = 2η
n
xmax(R+xmaxC), the

map D 7→ θ̂P is (ε2, δ)-DP for that fixed s. If B is fixed before the sparsity release, the same
conclusion holds by calibrating with smax = min{d, ⌈ρβ⌉}. If B is chosen after the private
sparsity has been released, it is a post-processing function of c̃ and the conditional guarantee
applies for every realized value.

Step 3: composition and truncation. We have now two sequential releases: first c̃ with
(ε1, 0)-DP, then θ̂P with (ε2, δ)-DP (conditionally). By Lemma C.1.3, the pair (c̃, θ̂P ) is
(ε1 + ε2, δ)-DP. The final estimator θ̂ = Keep-Nonzero(θ̂P , c̃) is a measurable function of
(c̃, θ̂P ) and therefore enjoys the same privacy by Lemma C.1.2.

C.1.3 Proof of Theorem 17

C.1.3.1 A one-shot hard-thresholding inequality

For a vector z, let Ss(z) denote the indices of the s largest entries of |z|. If T is the support
selected by the one-shot mechanism from the noisy scores |zj|+ gj, write HT (z) = zT .

Lemma C.1.4 (Noisy hard-thresholding stability). Let z, t ∈ Rd with ∥t∥0 ≤ s⋆ ≤ s. Let T
be the size-s set selected from |z| + g, where ∥g∥∞ ≤ u, and let ξT be any vector supported
on T . For any a, b, c > 0,

∥HT (z) + ξT − t∥2
2 ≤ A(a, b, c) ∥zT∪supp(t) − t∥2

2 + C(a, b, c) su2 + (1 + a)∥ξT∥2
2,

where
A(a, b, c) =

(
1 + 1

a

) [
(1 + b) +

(
1 + 1

b

)
(1 + c)s

⋆

s

]
and C(a, b, c) > 0 depends only on a, b, c.

Proof. Let I = T ∪ supp(t) and let S be the exact top-s support of zI . Since |I| ≤ s+s⋆, the
standard deterministic top-s counting lemma for IHT (see, e.g., Chakraborty et al. [2024])
gives, for every c > 0,

∥zI\S∥2
2 ≤ (1 + c)s

⋆

s
∥zI − t∥2

2.

The noisy support T can only lose an element of S if it is replaced by an element whose
noisy magnitude is at least as large. Pairing indices in S \ T with indices in T \ S and using
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∥g∥∞ ≤ u gives

∥zI\T∥2
2 ≤ (1 + c)∥zI\S∥2

2 + Ccsu
2 ≤ C ′

c

s⋆

s
∥zI − t∥2

2 + Ccsu
2,

where the constants depend only on c. Now

∥HT (z)− t∥2
2 = ∥(HT (z)− zI) + (zI − t)∥2

2 ≤ (1 + b)∥zI − t∥2
2 +

(
1 + 1

b

)
∥zI\T∥2

2.

Finally apply Young’s inequality to the fresh value noise,

∥HT (z) + ξT − t∥2
2 ≤

(
1 + 1

a

)
∥HT (z)− t∥2

2 + (1 + a)∥ξT∥2
2,

and combine the preceding displays.

C.1.3.2 Contractive recursion

Write Sm = supp(θ(m)), S⋆ = supp(θ⋆), and Tm+1 for the support selected at iteration m.
Put Im = Tm+1 ∪ S⋆ and Jm = Im ∪ Sm, so that |Im| ≤ s+ s⋆ and |Jm| ≤ 2s+ s⋆ = k0.

Lemma C.1.5 (One-step bound). Assume (A1)–(A4) and work on E. If s ≥ C0κ(k0)2s⋆

for a sufficiently large universal C0, then there exist universal constants c, C > 0 such that
for all m,

∥∥∥θ(m+1) − θ⋆
∥∥∥2

2
≤
(

1− c

κ(k0)

)∥∥∥θ(m) − θ⋆
∥∥∥2

2
+ Cκ(k0)η2(2s+ s⋆)ḡ2

+ Cκ(k0)sλ2τ 2 + Cκ(k0)
∥∥∥ξ(m)
Tm+1

∥∥∥2

2
.

(C.1)

Proof. Because C ≥ ∥θ⋆∥1, Euclidean projection onto the ℓ1 ball is non-expansive around θ⋆:

∥θ(m+1) − θ⋆∥2 ≤ ∥HTm+1(v(m+1/2)) + ξ
(m)
Tm+1 − θ

⋆∥2.

Apply Lemma C.1.4 with z = v(m+1/2), t = θ⋆, and u = λτ on Esel. Choose a ≍ κ(k0)
and b ≍ 1/κ(k0). Since s ≥ C0κ(k0)2s⋆, the coefficient A(a, b, c) in Lemma C.1.4 is at most
1 + c1/κ(k0) for a sufficiently small numerical constant c1 > 0 by taking C0 large enough.
Thus

∥θ(m+1) − θ⋆∥2
2 ≤

(
1 + c1

κ(k0)

)
∥v(m+1/2)

Im
− θ⋆∥2

2 + Cκ(k0)sλ2τ 2 + Cκ(k0)∥ξ(m)
Tm+1∥

2
2. (C.2)

For the gradient step, the vector θ(m) − θ⋆ is supported on Sm ∪ S⋆ ⊆ Jm. Since |Jm| ≤ k0
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and η = 1/(2κ(k0)),

∥(I − ηΣ)(θ(m) − θ⋆)∥2,Im ≤
(

1− 1
2κ(k0)

)
∥θ(m) − θ⋆∥2.

Moreover, on E∇, ∥∇L(θ⋆)Im∥2
2 ≤ |Im|ḡ2 ≤ (s+s⋆)ḡ2. Hence, for a numerical constant C > 0,

∥v(m+1/2)
Im

− θ⋆∥2
2 ≤

(
1− 3c2

κ(k0)

)
∥θ(m) − θ⋆∥2

2 + Cκ(k0)η2(s+ s⋆)ḡ2,

with c2 > 0 universal. Combining this display with (C.2), and taking c1 small relative to c2,
yields (C.1).

Lemma C.1.6 (Unrolling). Under the conditions of Lemma C.1.5, for M ≥ 1,

∥∥∥θ(M) − θ⋆
∥∥∥2

2
≤
(

1− c

κ(k0)

)M ∥∥∥θ(0) − θ⋆
∥∥∥2

2
+ C

(s+ s⋆)ḡ2

κ(k0)2 + Cκ(k0)2sλ2τ 2

+ Cκ(k0)2 max
0≤m<M

∥∥∥ξ(m)
Tm+1

∥∥∥2

2
. (C.3)

Proof. Iterate (C.1) and use ∑
j≥0(1 − c/κ)j ≤ Cκ. The gradient term is bounded as

κ(k0)2η2(s + s⋆)ḡ2 ≤ C(s + s⋆)ḡ2/κ(k0)2. For the value-noise term, the additional factor
κ in (C.1) and the geometric sum together give the multiplier κ2 in (C.3).

C.1.3.3 Proof of the main theorem

From (C.3) and θ(0) = 0,

∥∥∥θ(M) − θ⋆
∥∥∥2

2
≤
(

1− c

κ

)M
∥θ⋆∥2

2 + C
(s+ s⋆)ḡ2

κ(k0)2 + Cκ2sλ2τ 2 + Cκ2 max
0≤m<M

∥∥∥ξ(m)
Tm+1

∥∥∥2

2
,

where κ = κ(k0). Since ∥θ⋆∥2
2 ≤ ∥θ⋆∥

2
1 ≤ b2

max, choosing M ≥ c0κ log(b2
maxn) makes the

geometric tail at most 1/n. On Eval,

max
0≤m<M

∥∥∥ξ(m)
Tm+1

∥∥∥2

2
≤ cξsλ

2τξ.

The projection of an s-sparse vector onto an ℓ1 ball remains supported on the same coordi-
nates, so the iterates are s-sparse and Hs(θ(M)) = θ(M). Absorbing constants gives (3.3).
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C.1.4 Proof of Lemma 3.6.1

The lemma follows immediately from the quadratic form of the population risk. If h = θ−θ⋆

and ∥h∥0 ≤ k, then

F (θ)− F (θ⋆) = 1
2h

⊤Σpoph ≤
Lpop
k

2 ∥h∥
2
2.

C.1.5 Proof of Theorem 18

Since θ̂ is s-sparse and θ⋆ is s⋆-sparse, the difference θ̂−θ⋆ is supported on at most s+s⋆ ≤ 4s
coordinates. Lemma 3.6.1 therefore gives

F (θ̂)− F (θ⋆) ≤ Lpop
4s
2 ∥θ̂ − θ⋆∥2

2.

Apply Theorem 17 with the empirical restricted eigenvalue constants taken at level 4s (which
is admissible since 2s+ s⋆ ≤ 4s):

∥θ̂ − θ⋆∥2
2 ≤

1
n

+ C4
(s+ s⋆)ḡ2

(µ(n)
4s )2

+ C5(κ(n)
4s )2sλ2τ 2 + C6(κ(n)

4s )2sλ2τξ.

Because s ≥ s⋆, (s+ s⋆) ≤ 2s. Under the sub-Gaussian gradient event,

ḡ2 ≲ σ2x2
max

log(d/α)
n

.

Substituting this bound into the preceding display and multiplying by Lpop
4s /2 yields (3.4).

The corollary follows by substituting λ = B/(2L(n)
4s n) and the displayed choices of τ and

τξ.
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APPENDIX D

Appendix for Chapter 4

D.1 Proofs and Supplementary Materials

D.1.1 Proof of Theorem 19

Fix an iteration m and condition on the transcript before the Dantzig-score selection step.
Then θ(m) is fixed. For adjacent data sets D,D′ differing in one record,

∥∥∥qD(θ(m))− qD′(θ(m))
∥∥∥

∞
≤ 1
n

(
|yRi − x⊤

i θ
(m)|∥xi∥∞ + |y′

i
R − x′

i
⊤
θ(m)|∥x′

i∥∞
)

≤ 2xmax(R + xmaxC)
n

= ∆q.

The absolute-value map is 1-Lipschitz in ℓ∞, so the same sensitivity bound applies to
|qD(θ(m))|. The one-shot top-2s mechanism with scale bI is therefore (εI/M, δI/M)-DP by
Theorem 6 of Appendix A.1.

Next condition on the active set Um produced by the previous private step. For this fixed
set, |Um| ≤ 3s. The query

D 7→ (GUmUm , zUm)

enjoys the ℓ2 sensitivity bound

1
n

(∥∥∥xi,Umx
⊤
i,Um
− x′

i,Um
x′
i,Um

⊤
∥∥∥2

F
+
∥∥∥xi,Umy

R
i − x′

i,Um
y′
i
R
∥∥∥2

2

)1/2

≤ 1
n

((
∥xi,Um∥2

2 + ∥x′
i,Um
∥2

2

)2
+
(
R∥xi,Um∥2 +R∥x′

i,Um
∥2
)2
)1/2

≤
2K3s

√
K2

3s +R2

n
= ∆F .

Thus the Gaussian mechanism with standard deviation σF in (4.5) is (εF/M, δF/M)-DP
for the restricted score-map release. The restricted refit and the pruning step are post-
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processing.
By adaptive composition over M iterations, the full transcript is (εI + εF , δI + δF )-DP.

Releasing only θ̂ is another post-processing step, completing the proof.

D.1.2 Proof of Lemma 4.2.1

The first display is exactly the operator-norm form of (4.2) on the principal submatrix GTT .
For the second display, apply the first display on T = A ∪ B to a vector supported on B

and then restrict the result to the coordinates in A. Since A and B are disjoint, the identity
part contributes nothing on A.

D.1.3 Proof of Lemma 4.2.2

Let A = T \ J and B = J \ T . Since |J | = k and |T | ≤ k, we have |B| ≥ |A|. Choose any
subset B0 ⊂ B with |B0| = |A| and pair the elements of A and B0 so that each paired (j, i)
satisfies the top-k ordering relation

|aj|+ gj ≤ |ai|+ gi.

Hence |aj| ≤ |ai|+ 2ω for every pair. Squaring and summing is not necessary; directly,

∥aA∥2 ≤ ∥aB0∥2 + 2
√
|A|ω ≤ ∥aB∥2 + 2

√
k ω,

which proves the claim.

D.1.4 Proof of Lemma 4.2.3

Let Am = supp(h(m)). Since θ(m) is s-sparse and s ≥ s⋆, |Am| ≤ 2s. On ER,

q(m) = z −Gθ(m) = e−Gh(m).

Apply Lemma 4.2.2 to a = q(m), T = Am, k = 2s, and J = Jm. With A = Am \ Jm and
B = Jm \ Am,

∥q(m)
A ∥2 ≤ ∥q(m)

B ∥2 + 2
√

2s ωI . (D.1)
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For the left-hand side, since A ⊂ Am,

∥q(m)
A ∥2 = ∥eA − (Gh(m))A∥2

≥ ∥h(m)
A ∥2 − ∥eA∥2 − ∥((G− I)h(m))A∥2

≥ ∥h(m)
A ∥2 −

√
2sλn − δ4s∥h(m)∥2.

For the right-hand side, B ∩ Am = ∅, so h(m)
B = 0 and

∥q(m)
B ∥2 ≤ ∥eB∥2 + ∥(Gh(m))B∥2

= ∥eB∥2 + ∥((G− I)h(m))B∥2

≤
√

2sλn + δ4s∥h(m)∥2.

Combining these bounds with (D.1) yields

∥h(m)
A ∥2 ≤ 2δ4s∥h(m)∥2 + 2

√
2sλn + 2

√
2sωI .

Finally, supp(θ(m)) ⊂ Um, and therefore h(m)
Uc

m
= −θ⋆Uc

m
. Moreover, U c

m ∩ supp(h(m)) ⊂ Am \
Jm = A. Hence ∥h(m)

Uc
m
∥2 ≤ ∥h(m)

A ∥2, proving the lemma.

D.1.5 Proof of Lemma 4.2.4

Let β⋆U = θ⋆U . Since ∥θ⋆∥1 ≤ C, β⋆U is feasible for the refit problem. On ER,

zU −GUUβ
⋆
U = GUUcθ⋆Uc + eU .

By Lemma 4.2.1, valid because |U |+ | supp(θ⋆Uc)| ≤ 4s,

∥GUUcθ⋆Uc∥2 ≤ δ4s∥θ⋆Uc∥2.

Also ∥eU∥2 ≤
√

3sλn. Hence, on EF ,

∥z̃m − G̃mβ
⋆
U∥2 ≤ δ4s∥θ⋆Uc∥2 +

√
3sλn + ∥vm∥2 + ∥Wmβ

⋆
U∥2

≤ δ4s∥θ⋆Uc∥2 +
√

3sλn + ωF .
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By optimality of β̃m, its noisy residual is no larger than the preceding display. Therefore

∥G̃m(β̃m − β⋆U)∥2 ≤ ∥z̃m − G̃mβ̃m∥2 + ∥z̃m − G̃mβ
⋆
U∥2

≤ 2
(
δ4s∥θ⋆Uc∥2 +

√
3sλn + ωF

)
.

The singular values of GUU are between 1− δ3s and 1 + δ3s. Since ∥Wm∥op ≤ (1− δ3s)/2,

smin(G̃m) ≥ 1− δ3s − ∥Wm∥op ≥
1− δ3s

2 .

It follows that
∥β̃m − β⋆U∥2 ≤ c

(
δ4s∥θ⋆Uc∥2 +

√
sλn + ωF

)
.

Adding the tail ∥θ⋆Uc∥2 gives (4.15); the constant c3 absorbs the factor 1 + cδ4s.

D.1.6 Proof of Lemma 4.2.5

Let S be the support of Hs(b). Since Hs(b) is the best s-term approximation to b in Euclidean
norm and θ⋆ is feasible for the same approximation problem,

∥b−Hs(b)∥2 ≤ ∥b− θ⋆∥2.

The triangle inequality gives

∥Hs(b)− θ⋆∥2 ≤ ∥Hs(b)− b∥2 + ∥b− θ⋆∥2 ≤ 2∥b− θ⋆∥2.

D.1.7 Proof of Theorem 20

We work on ER ∩ En ∩ EI ∩ EF . Combining Lemmas 4.2.3, 4.2.4, and 4.2.5, we obtain

∥h(m+1)∥2 = ∥θ(m+1) − θ⋆∥2

≤ 2∥θ̄(m+1) − θ⋆∥2

≤ C∥θ⋆Uc
m
∥2 + C

√
sλn + CωF

= C∥h(m)
Uc

m
∥2 + C

√
sλn + CωF

≤ Cδ4s∥h(m)∥2 + C
√
s(λn + ωI) + CωF .

Choose the universal constant δ0 in the theorem small enough that Cδ4s ≤ 1/2. Then

∥h(m+1)∥2 ≤
1
2∥h

(m)∥2 + C
√
s(λn + ωI) + CωF . (D.2)
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Unrolling (D.2) and using θ(0) = 0 gives

∥h(M)∥2 ≤ 2−M∥θ⋆∥2 + C
√
s(λn + ωI) + CωF .

Since ∥θ⋆∥2 ≤ ∥θ⋆∥1 ≤ C, the choice M ≥ c0 log(C2n) ensures 2−2M∥θ⋆∥2
2 ≤ 1/n. Squaring

the preceding display and increasing constants yields (4.11). The probability statement
follows from the bounds for En, EI , and EF , and from adding P(EcR) if clipping may occur.

D.1.8 Proof of Theorem 21

By the definition of θ̄(m+1) and the event EF ,

∥qD(θ̄(m+1))Um∥2 = ∥zUm −GUmUm β̃m∥2

≤ ∥z̃m − G̃mβ̃m∥2 + ∥vm∥2 + C∥Wm∥op

≤ ∥z̃m − G̃mθ
⋆
Um
∥2 + ωF .

The same calculation as in the proof of Lemma 4.2.4 gives

∥z̃m − G̃mθ
⋆
Um
∥2 ≤ δ4s∥θ⋆Uc

m
∥2 +

√
3sλn + ωF .

Using θ⋆Uc
m

= −h(m)
Uc

m
and Lemma 4.2.3 proves (4.19). The final display follows by applying

the recursion (D.2) up to iteration M − 1.

D.1.9 Proof of Theorem 22

The claim follows from

F (θ̂)− F (θ⋆) = 1
2(θ̂ − θ⋆)⊤Σpop(θ̂ − θ⋆) ≤ Lpop

2s
2 ∥θ̂ − θ

⋆∥2
2,

and Theorem 20.
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D. Bouneffouf, A. Bouzeghoub, and A. L. Gançarski. Contextual bandits for context-based
information retrieval. In International Conference on Neural Information Processing, pages
35–42. Springer, 2013.

102



D. Bouneffouf, R. Laroche, T. Urvoy, R. Féraud, and R. Allesiardo. Contextual bandit
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E. Kaufmann, O. Cappé, and A. Garivier. On the complexity of best-arm identification in
multi-armed bandit models. The Journal of Machine Learning Research, 17(1):1–42, 2016.

E. Kaufmann, W. M. Koolen, and A. Garivier. Sequential test for the lowest mean: From
thompson to murphy sampling. Advances in Neural Information Processing Systems, 31,
2018.

A. Khanna, F. Lu, E. Raff, and B. Testa. Sparse private lasso logistic regression. arXiv
preprint arXiv:2304.12429, 2023.

D. Kifer, A. Smith, and A. Thakurta. Private convex empirical risk minimization and high-
dimensional regression. In Conference on Learning Theory, pages 25–1. JMLR Workshop
and Conference Proceedings, 2012.

T. L. Lai, H. Robbins, et al. Asymptotically efficient adaptive allocation rules. Advances in
applied mathematics, 6(1):4–22, 1985.

J. Langford and T. Zhang. The epoch-greedy algorithm for multi-armed bandits with side
information. Advances in neural information processing systems, 20, 2007.

J. Lengyel, M. Reichert, B. R. Donald, and D. P. Greenberg. Real-time robot motion planning
using rasterizing computer graphics hardware. ACM Siggraph Computer Graphics, 24(4):
327–335, 1990.

J. Li and L. Lu. A novel differentially private online learning algorithm for group lasso in
big data. IET Information Security, 2024(1):5553292, 2024.

L. Li, W. Chu, J. Langford, and R. E. Schapire. A contextual-bandit approach to personalized
news article recommendation. In Proceedings of the 19th international conference on World
wide web, pages 661–670, 2010.

X. Lin, H.-L. Zhen, Z. Li, Q.-F. Zhang, and S. Kwong. Pareto multi-task learning. Advances
in neural information processing systems, 32, 2019.

A. Locatelli, M. Gutzeit, and A. Carpentier. An optimal algorithm for the thresholding
bandit problem. In International Conference on Machine Learning, pages 1690–1698.
PMLR, 2016.

D. E. Losada, J. Parapar, and A. Barreiro. Multi-armed bandits for adjudicating documents
in pooling-based evaluation of information retrieval systems. Information Processing &
Management, 53(5):1005–1025, 2017.

O. L. Mangasarian. Privacy-preserving linear programming. Optimization Letters, 5(1):
165–172, 2011.

105



N. Martinez, M. Bertran, and G. Sapiro. Minimax pareto fairness: A multi objective per-
spective. In International Conference on Machine Learning, pages 6755–6764. PMLR,
2020.

N. Meinshausen. Relaxed lasso. Computational Statistics & Data Analysis, 52(1):374–393,
2007.

K. Misra, E. M. Schwartz, and J. Abernethy. Dynamic online pricing with incomplete
information using multiarmed bandit experiments. Marketing Science, 38(2):226–252,
2019.

J. W. Mueller, V. Syrgkanis, and M. Taddy. Low-rank bandit methods for high-dimensional
dynamic pricing. Advances in Neural Information Processing Systems, 32, 2019.

F. Nargesian, A. Asudeh, and H. Jagadish. Tailoring data source distributions for fairness-
aware data integration. Proceedings of the VLDB Endowment, 14(11):2519–2532, 2021.

T. T. Nguyen. On the edge and cloud: Recommendation systems with distributed machine
learning. In 2021 International Conference on Information Technology (ICIT), pages 929–
934. IEEE, 2021.

L. Niss, Y. Sun, and A. Tewari. Achieving representative data via convex hull feasibility
sampling algorithms. arXiv preprint arXiv:2204.06664, 2022.

G. Qiao, W. Su, and L. Zhang. Oneshot differentially private top-k selection. In International
Conference on Machine Learning, pages 8672–8681. PMLR, 2021.

H. Robbins. Some aspects of the sequential design of experiments. Bulletin of the American
Mathematical Society, 58(5):527–535, 1952.

R. T. Rockafellar. Convex analysis, volume 28. Princeton university press, 1997.

P. P. Roy, U. Pal, J. Lladós, and F. Kimura. Convex hull based approach for multi-oriented
character recognition from graphical documents. In 2008 19th international conference on
pattern recognition, pages 1–4. IEEE, 2008.

D. Russo. Simple bayesian algorithms for best arm identification. In Conference on Learning
Theory, pages 1417–1418. PMLR, 2016.

W. Shen, J. Wang, Y.-G. Jiang, and H. Zha. Portfolio choices with orthogonal bandit
learning. In Twenty-fourth international joint conference on artificial intelligence, 2015.

M. Sion. On general minimax theorems. 1958.

N. Srinivas, A. Krause, S. M. Kakade, and M. Seeger. Gaussian process optimization in the
bandit setting: No regret and experimental design. arXiv preprint arXiv:0912.3995, 2009.

I. Streinu. A combinatorial approach to planar non-colliding robot arm motion planning. In
Proceedings 41st Annual Symposium on Foundations of Computer Science, pages 443–453.
IEEE, 2000.

106



K. Talwar, A. Guha Thakurta, and L. Zhang. Nearly optimal private lasso. Advances in
Neural Information Processing Systems, 28, 2015.

L. Tang, R. Rosales, A. Singh, and D. Agarwal. Automatic ad format selection via contextual
bandits. In Proceedings of the 22nd ACM international conference on Information &
Knowledge Management, pages 1587–1594, 2013.

C. Tao, S. Blanco, J. Peng, and Y. Zhou. Thresholding bandit with optimal aggregate regret.
Advances in Neural Information Processing Systems, 32, 2019.

A. G. Thakurta and A. Smith. Differentially private feature selection via stability arguments,
and the robustness of the lasso. In Conference on Learning Theory, pages 819–850. PMLR,
2013.

R. Tibshirani. Regression shrinkage and selection via the lasso. Journal of the Royal Statis-
tical Society Series B: Statistical Methodology, 58(1):267–288, 1996.

M. Valko, N. Korda, R. Munos, I. Flaounas, and N. Cristianini. Finite-time analysis of
kernelised contextual bandits. arXiv preprint arXiv:1309.6869, 2013.

H. Wang, G. Li, and G. Jiang. Robust regression shrinkage and consistent variable selection
through the lad-lasso. Journal of Business & Economic Statistics, 25(3):347–355, 2007.

Z. Yang and F. S. Cohen. Image registration and object recognition using affine invariants
and convex hulls. IEEE Transactions on Image Processing, 8(7):934–946, 1999.

M. Yuan and Y. Lin. Model selection and estimation in regression with grouped variables.
Journal of the Royal Statistical Society Series B: Statistical Methodology, 68(1):49–67,
2006.

J. Zhang, Z. Zhang, X. Xiao, Y. Yang, and M. Winslett. Functional mechanism: Regression
analysis under differential privacy. arXiv preprint arXiv:1208.0219, 2012.

Q. Zhou, X. Zhang, J. Xu, and B. Liang. Large-scale bandit approaches for recommender
systems. In International Conference on Neural Information Processing, pages 811–821.
Springer, 2017.

H. Zou. The adaptive lasso and its oracle properties. Journal of the American statistical
association, 101(476):1418–1429, 2006.

H. Zou and T. Hastie. Regularization and variable selection via the elastic net. Journal of
the Royal Statistical Society Series B: Statistical Methodology, 67(2):301–320, 2005.

107


	Dedication
	Acknowledgements
	Table of Contents
	List of Figures
	List of Appendices
	List of Acronyms
	Abstract
	Stochastic Convex Hull Membership Problem in the One-dimensional Case
	Introduction
	Related Work
	Problem Setup and Formulation
	A General Lower Bound
	Algorithm
	Extensions of the Thompson-CHM Algorithm
	Numerical Results
	Discussion and Conclusion

	Generalization of Stochastic Convex Hull Membership Problem to the Higher-Dimensional Case
	Introduction
	Setup and Regularity
	Exact Gaussian Characteristic Time
	Geometry of the Feasible Case
	Geometry of the Infeasible Case
	A High-dimensional Stopping Rule
	An asymptotically Optimal High-dimensional Track-CHM Algorithm
	A Higher-dimensional Thompson-CHM Rule
	Discussion

	A Oneshot Differentially Private NIHT Algorithm for High–Dimensional Sparse Linear Regression
	Introduction
	Related Work
	Preliminaries
	Oneshot DP-NIHT Algorithm
	Error bound for Oneshot DP-NIHT with Sparsifier
	Excess Risk Bounds
	Experiments
	Discussion

	A Differentially Private Dantzig Selector Algorithm
	Introduction
	A Direct Private Active-Set Dantzig Selector

	Appendices
	Appendix for Chapter 1
	Proofs and Supplementary Materials

	Appendix for Chapter 2
	Proofs and Supplementary Materials

	Appendix for Chapter 3
	Proofs and Supplementary Materials

	Appendix for Chapter 4
	Proofs and Supplementary Materials

	Bibliography

