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ABSTRACT

Microplastics are an emerging pollutant of global concern, with environmental particles
documented across the world. Reliable identification of microplastic particles is essential for
quantifying their prevalence and assessing environmental exposure, yet current spectroscopic
identification pipelines face several statistical challenges. Measurements can be costly and
time-consuming, commonly used spectral matching procedures often lack formal guaran-
tees, and environmental samples can vary over time and across locations. This dissertation
develops statistical and machine learning methods for adaptive sampling and uncertainty
quantification, with a focus on improving the reliability and efficiency of microplastic spec-
tral identification. First, we study adaptive sampling through pure exploration problems in
logistic bandits. We introduce Logistic Track-and-Stop, the first track-and-stop algorithm
for general pure exploration problems under a logistic bandit model. The method combines
adaptive sampling with a stopping rule based on generalized likelihood ratio statistics and
asymptotically matches an approximation to the instance-specific lower bound on expected
sample complexity. Second, we develop and implement conformal prediction methods for
microplastic spectral identification. We first apply conformal prediction to popular database
matching pipelines, highlighting the limitations of practitioner-selected similarity thresholds.
We then extend the conformal prediction framework to ensemble and multi-view settings by
aggregating nonconformity scores across multiple models or data modalities. In particu-
lar, we apply multiview conformal prediction to photothermal infrared and Raman spectra,
producing more efficient and robust prediction sets than those obtained from single-view
methods. The third part studies online conformal prediction across multiple coverage levels.
We leverage online optimization algorithms to enforce nestedness of prediction sets across
the full risk spectrum while controlling quantile estimation error. Beyond improving in-
terpretability, jointly estimating multiple coverage levels can improve statistical efficiency
by enforcing non-crossing constraints and sharing information across quantiles. Together,
these contributions provide tools for accelerating microplastic identification and improving
the reliability of the resulting scientific conclusions.
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CHAPTER 1

Introduction

Microplastics (MPs) research has gained attention in the last decades due to increasing
concern about their impact on human health [Prata et al., 2021, Zhang et al., 2025a] and their
widespread presence in aquatic [Kanhai et al., 2020], terrestrial [Cusworth et al., 2024], and
atmospheric systems [Allen et al., 2019]. Understanding the abundance, composition, and
sources of MPs is therefore essential for assessing exposure, studying transport mechanisms,
and designing mitigation strategies.

However, identifying MPs is a time-intensive task that involves multiple steps to assess
their presence and type in the environment (Figure 1.1). A typical workflow begins with
sample collection and processing, followed by microscopic image acquisition, particle detec-
tion, spectral acquisition, and chemical identification. Automated methods have emerged
as a practical solution to accelerate parts of this pipeline. In particular, machine learning
and computer vision tools have been used to detect and segment candidate particles from
microscopy images. Nevertheless, visual information alone is usually insufficient to confirm
whether a particle is plastic or to determine its polymer identity. Chemical characteriza-
tion, most commonly through vibrational spectroscopy such as Fourier transform infrared
(FT-IR), Raman, or photothermal infrared spectroscopy, remains necessary for reliable iden-
tification. On the other hand, most spectral matching methods lack uncertainty quantifi-
cation, which limits the researchers’ ability to assess the reliability of MP identification in
environmental samples.

This doctoral dissertation aims to address these challenges by developing statistical meth-
ods to improve the efficiency and reliability of MP research. In particular, we focus on two
key stages of the identification pipeline: spectral acquisition and chemical identification.

1.1 Spectral Acquisition

After collecting and processing atmospheric samples, the next steps in the usual pipeline are
microscopic image acquisition and particle detection. These steps help identify candidate
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Figure 1.1: Microplastic identification process

particles that may correspond to microplastics. However, visual identification only provides
information about suspected microplastics. Chemical characterization is needed to confirm
whether a particle is plastic and to determine its polymer identity [Prata et al., 2024].
Therefore, spectral acquisition is a key step for accurate MP identification.

Spectral acquisition typically relies on vibrational spectroscopy methods, especially
Fourier transform infrared (FT-IR) and Raman spectroscopy. These techniques are widely
used in microplastic analysis because they provide molecular information that can be com-
pared against reference spectra for polymer identification [Araujo et al., 2018, Käppler et al.,
2016, Xu et al., 2019]. In practice, once candidate particles have been detected, spectra are
collected from individual particles or from selected regions of a sample. The resulting spectra
are then used in a chemical identification step, often through database matching or related
spectral classification methods.

A first challenge in this step is the cost of acquiring reliable spectral information. Spec-
troscopic measurements can be time-consuming, especially when the number of candidate
particles is large. This is particularly relevant in environmental samples, where many parti-
cles may be present but only a subset may correspond to MPs. In addition, the measurement
time and resolution can depend on the spectroscopic technique, particle size, and desired level
of spatial detail. For example, Raman spectroscopy can be useful for smaller particles, but
it may require longer acquisition times, while FT-IR methods can be faster in some regimes
but may face limitations for very small particles [Käppler et al., 2016, Xu et al., 2019, Song
et al., 2021].

These practical constraints make spectral acquisition a bottleneck in the MP identification
pipeline. Since not every candidate particle can always be measured with the same level of
detail, researchers often face a trade-off between throughput and reliability. Measuring more
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particles can improve the representativeness of a study, but collecting high-quality spectra
for every candidate can be costly. Conversely, reducing the number of spectra can make the
analysis more feasible, but may introduce uncertainty about the abundance and composition
of MPs in the sample. This motivates the need for principled strategies to decide which
particles, regions, or measurements are most informative.

1.2 Pure Exploration for Logistic Bandit Problems

The previous section motivates the use of an adaptive sampling strategy. Rather than fixing
the sampling plan in advance, an adaptive procedure uses the information collected from
previous measurements to decide what should be measured next.

Bandit problems provide a mathematical framework for sequential decision-making under
uncertainty. At each round, a learner selects an action, observes a noisy outcome, and then
uses this information to decide which action to select next. Classical bandit problems often
focus on regret minimization, where the objective is to maximize cumulative reward over time
[Thompson, 1933, Robbins, 1952]. However, many scientific problems have a different goal:
the objective is not to collect large reward, but to identify the correct answer as efficiently as
possible. This is the setting of pure exploration [Bubeck et al., 2009, Garivier and Kaufmann,
2016]. Examples include best-arm identification, where the goal is to identify the action with
the largest expected response; thresholding bandits, where the goal is to classify which actions
exceed a given threshold [Locatelli et al., 2016]; and top-m identification, where the goal is
to recover the best subset of actions.

Pure exploration can be well suited for adaptive sampling in scientific workflows. In these
settings, each measurement can be interpreted as an experiment that reduces uncertainty
about an underlying scientific question. For spectral acquisition, the actions could correspond
to candidate particles, spatial regions of a sample, acquisition settings, or measurement
modalities. An adaptive sampling strategy can then prioritize measurements that are most
useful for resolving the target question, instead of spending equal effort on all candidates.

Thresholding bandits and related pure exploration tasks are particularly relevant for adap-
tive scientific measurement. In a thresholding formulation, for instance, one may want to
determine which particles or locations have responses above a pre-specified level. In the
context of MP analysis, this could correspond to deciding which candidate particles have
sufficient evidence of being plastic, which regions contain high concentrations of suspected
MPs, or which measurements are informative enough to justify more detailed chemical char-
acterization. The goal is not necessarily to assign a final polymer label at this stage, but to
allocate limited measurement effort toward the most informative parts of the sample.
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On the other hand, the logistic regression model is a natural choice when observations
are binary, providing a model for the log-odds as a linear function of the covariates. For
example, a response may indicate whether a candidate particle is a MP or not. In such
cases, logistic bandits model the probability of success as a nonlinear function of particle or
measurement features. This is useful for adaptive sampling because it allows information to
be shared across related actions through their covariates (for example their optical features).

However, pure exploration in logistic and other generalized linear bandits is more techni-
cally challenging than in classical multi-armed or linear bandit settings. In linear bandits,
the relationship between actions and expected rewards is linear, which leads to relatively
tractable confidence sets and sampling rules. In logistic bandits, the curvature of the like-
lihood depends on the unknown parameter and on the sampled actions, making both esti-
mation and optimal allocation more difficult. Existing work on generalized linear bandits
has addressed regret minimization and, more recently, best-arm identification [Filippi et al.,
2010, Faury et al., 2020, Kazerouni and Wein, 2021, Jun et al., 2021]. Nevertheless, the
broader use of logistic pure exploration for adaptive scientific sampling remains a developing
area.

1.3 Chemical Identification

After spectra are acquired from candidate particles, the next step is to determine their chem-
ical identity. In microplastic analysis, this is commonly done using vibrational spectroscopy
data, such as FT-IR, Raman, or photothermal infrared spectra. These techniques provide
information about the molecular structure of the particle, allowing researchers to distinguish
plastic particles from non-plastic materials and to identify the corresponding polymer type
[Araujo et al., 2018, Käppler et al., 2016, Cowger et al., 2020].

Chemical identification is commonly performed through spectral database matching,
where an unknown spectrum is compared against a reference library and assigned one or
more candidate labels based on similarity scores. These scores, often reported as hit qual-
ity index (HQI) values, measure the likeness between the unknown spectrum and reference
spectra [Weisser et al., 2022, Cowger et al., 2020]. Under specific preprocessing choices and
similarity metrics, spectral database matching can be viewed as a nearest-neighbor search
over reference spectra. In practice, commercial and open-source software tools return ranked
lists of candidate matches, and researchers often accept the polymer label with the highest
HQI score if it exceeds a chosen threshold.

Although spectral database matching is widely used, the interpretation of HQI scores
remains challenging. HQI values do not provide statistical confidence. A high HQI score
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indicates that two spectra are similar under a particular similarity metric, but it does not
directly quantify the probability that the assigned polymer label is correct. As a result, com-
monly used thresholding rules may be difficult to interpret and may vary across instruments,
reference libraries, preprocessing choices, and similarity metrics.

This issue is especially important because environmental spectra are often noisy and can
differ from pristine reference spectra. Weathering, additives, biofilms, surface contamination,
and measurement conditions can alter spectral features and make polymer identification
more difficult [Renner et al., 2017, Binda et al., 2024]. Moreover, different polymers can
have similar spectral signatures, which may lead to ambiguous matches or multiple plausible
labels [Jung et al., 2018, Nava et al., 2021]. In these cases, relying on a fixed HQI threshold
can lead to misidentification or inconsistent reporting across studies.

Therefore, spectral and chemical identification would benefit from uncertainty quantifi-
cation methods that describe the reliability of assigned labels and indicate when several
polymer identities remain plausible.

1.4 Conformal Prediction

Modern machine learning methods can produce highly accurate predictions, but in scientific
applications accuracy alone is not enough. Researchers often need to know when a prediction
is reliable, when multiple labels are plausible, and how uncertainty should be propagated
into downstream conclusions.

Conformal prediction provides a distribution-free framework for constructing prediction
sets with finite-sample coverage guarantees [Vovk et al., 2005, Shafer and Vovk, 2008, An-
gelopoulos and Bates, 2023]. Given a desired confidence level, conformal methods return a set
of possible labels or outcomes that contains the true value with a user-specified probability,
under appropriate exchangeability assumptions.

In classification problems, conformal prediction returns a set of labels, the size of this set
provides a natural measure of uncertainty: a small set indicates that the model is relatively
confident, while a large set indicates that several labels remain plausible. In some cases, the
conformal set may be empty, suggesting that the observation is not well represented by the
calibration data or that none of the candidate labels provides sufficient evidence.

This framework is naturally suited to chemical identification from spectroscopy data. In
spectral database matching, an unknown spectrum is compared against reference spectra
using similarity scores such as HQI values. These scores rank candidate polymer labels, but
they do not directly quantify the probability that a label is correct. Conformal prediction can
use calibration spectra to transform these scores into prediction sets with a formal confidence
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guarantee. As a result, instead of relying only on a fixed similarity threshold, the analyst
can report a set of candidate chemical identities together with an interpretable statistical
guarantee.

The validity of conformal prediction depends on the calibration data being representa-
tive of future observations. In the context of microplastic identification, this means that
the spectra used for calibration should reflect the types of particles, measurement condi-
tions, preprocessing steps, and reference libraries expected in the unknown samples. When
this assumption is reasonable, conformal prediction provides a practical way to complement
spectral matching with uncertainty quantification, helping researchers distinguish confident
identifications from ambiguous cases.

1.5 Online Conformal Prediction

Conformal prediction provides finite-sample coverage guarantees under exchangeability as-
sumptions. Although exchangeability is a relatively mild condition compared to parametric
modeling assumptions, it may fail in many modern applications. Data may arrive sequen-
tially, the underlying distribution may change over time, or the sequence of observations may
exhibit temporal dependence. In some settings, the data can even be viewed as adversarial.
These challenges motivate online conformal prediction, which studies how to construct pre-
diction sets when observations are received one at a time and classical exchangeability-based
guarantees are no longer directly applicable.

In the online setting, prediction sets must be produced before observing the corresponding
outcome. After the outcome is revealed, the method updates its internal parameters, such
as a conformal threshold, and then proceeds to the next observation. A common goal is
to achieve long-run coverage, meaning that the empirical miscoverage rate over time should
approach the target level α. Thus, instead of requiring finite-sample validity under exchange-
ability, online conformal methods aim to maintain calibration over a sequential data stream,
potentially under distribution shift or adversarial ordering [Gibbs and Candes, 2021, Zaffran
et al., 2022, Angelopoulos et al., 2024].

A standard approach updates the conformal threshold based on past coverage errors. If
the method undercoveres, the threshold is increased to produce larger prediction sets; if
it overcovers, the threshold is decreased to produce smaller prediction sets. This feedback
mechanism makes online conformal prediction closely related to online learning and online
convex optimization. The resulting methods are attractive because they are simple, adaptive,
and can be applied to any underlying predictive model through a suitable nonconformity
score.
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However, in many applications, uncertainty must be reported not at a single confidence
level, but across an entire range of risk levels. Different decision-makers may require different
levels of conservativeness depending on their tolerance for error. For example, one user may
require a narrow prediction set for routine decisions, while another may require a much more
conservative set for high-stakes decisions. In such cases, it is natural to construct prediction
sets for multiple values of α simultaneously.

Running standard online conformal methods independently for each coverage level can
create an additional difficulty: the resulting prediction sets may fail to be nested. That is,
a higher-confidence prediction set may not contain a lower-confidence prediction set. This
violates a basic interpretability requirement for uncertainty quantification, since increasing
the desired confidence level should lead to a larger or equal prediction set. This issue is anal-
ogous to quantile crossing in quantile regression, where independently estimated quantiles
can violate their natural ordering [Zou and Yuan, 2008, Liu and Wu, 2011].

Online conformal prediction across multiple coverage levels therefore raises two related
problems. The first is calibration: each prediction set should achieve its target long-run
coverage level. The second is coherence: prediction sets should be nested across coverage
levels. Addressing both problems requires methods that update multiple conformal thresh-
olds jointly, rather than treating each coverage level as an independent task.
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CHAPTER 2

Near Optimal Pure Exploration in Logistic Bandits

Bandit algorithms have garnered significant attention due to their practical applications
in real-world scenarios. However, beyond simple settings such as multi-arm or linear bandits,
optimal algorithms remain scarce. Notably, no optimal solution exists for pure exploration
problems in the context of generalized linear model (GLM) bandits. In this paper, we
narrow this gap and develop the first track-and-stop algorithm for general pure exploration
problems under the logistic bandit called logistic track-and-stop (Log-TS). Log-TS is an
efficient algorithm that asymptotically matches an approximation for the instance-specific
lower bound of the expected sample complexity up to a logarithmic factor.1

2.1 Introduction

The multi-arm bandit (MAB) problem is one of the most important and classical problems
in sequential decision-making under uncertainty, and it has been studied for nearly a century
[Thompson, 1933, Robbins, 1952]. The most common setting involves regret minimization,
where the goal is to minimize regret over a finite time horizon. This scenario has been
extensively studied under linear reward functions [Abe and Long, 1999, Dani et al., 2008,
Rusmevichientong and Tsitsiklis, 2010]. Extensions of the linear case include generalized
linear models (GLM) [Filippi et al., 2010, Faury et al., 2020], Lipschitz bandits [Bubeck
et al., 2012] and spectral bandits [Valko et al., 2014].

On the other hand, the pure exploration setting has gained significant attention in recent
years, particularly in the context of best arm identification (BAI), which is well understood
within the MAB framework [Garivier and Kaufmann, 2016] and in stochastic linear ban-
dits [Soare, 2015]. Other pure exploration problems have also been studied, such as the
thresholding bandit problem (TBP) [Locatelli et al., 2016, Kano et al., 2019], and top-m
arm identification [Bubeck et al., 2013, Kalyanakrishnan et al., 2012]. Similarly to the regret

1This chapter is adapted from previous preprint [Ochoa Rivera and Tewari, 2024] work with Ambuj
Tewari
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minimization problem, there are extensions to the GLM case for BAI [Kazerouni and Wein,
2021, Jun et al., 2021]. However, these algorithms use loose inequalities or require warm-up
phases that can be prohibitive in practise and they only can be applied to BAI. In this work
we narrow this gap with the following contributions:

• We propose Log-TS, the first track-and-stop type algorithm for general pure exploration
problems in the logistic bandit setup.

• We prove both in-expectation and almost sure upper bounds for the sample complexity
of Log-TS.

• We provide a lower bound for the expected sample complexity of general pure ex-
ploration problems (including BAI, top-m, and thresholding bandits) and a tractable
approximation. Log-TS matches this lower bound asymptotically up to a logarithmic
factor.

• We confirm the practical performance of Log-TS for the classical hard instance for pure
exploration problems and when the number of arms increases.

2.1.1 Paper Structure

The reminder of this paper is organized as follows:
In Section 2.2 we discuss the previous work on GLM bandits and pure exploration prob-

lems. In Section 2.3 we formulate pure exploration problems under logistic bandits. We
also state the definitions and results needed for the construction of the algorithm. In Sec-
tion 2.4 we present an instance-specific lower bound for the expected sample complexity of
general pure exploration problems and a tractable approximation. In Section 2.5 we define
the components needed for Log-TS: a stopping rule and a sampling rule. In Section 2.6
we state the asymptotic upper bounds for the sample complexity of Log-TS. In Section 2.7
we describe the numerical experiments for two specific pure exploration problems: BAI and
TBP. Finally, in Section 2.8 we discuss the presented results and point out future directions.

2.2 Related Work

Extensions of stochastic linear bandits have attracted attention due to the restrictive assump-
tion of linearity in real-world applications. For instance, when observing binary rewards,
modeling the mean reward as a linear function can be inaccurate. A natural extension in such
cases is generalized linear model (GLM) bandits, particularly logistic bandits. GLM bandits
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were studied by Filippi et al. [2010], where they used a tail inequality similar to the one in
the linear case [Rusmevichientong and Tsitsiklis, 2010], combined with the worst-case be-
havior of the non-linearity of the link function µ, κ = supx∈X ,θ∈Θ 1/µ̇

(
x⊤θ

)
. More precisely,

|µ(X⊤
t θ

(1)
t )−µ(X⊤

t θ)| ≤ ρ(t, δ) with probability 1−δ where ρ(t, δ) = O(κ
√
d log(t) log(d/δ)),

θ
(1)
t is the projection of the maximum likelihood estimator (MLE) estimator and Xt is any

random varible in X .
As pointed out in Faury et al. [2020], κ can be restrictively large for certain link functions

in real applications, such as in the case of logistic bandits. It can be shown that κ ≥
exp

(
maxx∈X

∣∣∣x⊤θ∗

∣∣∣) for the logistic model. To address this, Faury et al. [2020] proposed
a new tail inequality that takes into account the local curvature of the link function. This
inequality is independent of κ, significantly improving the regret upper bound. Another key
property exploited in their work is the self-concordance of the logistic loss, which helps to
bound the prediction errors |µ(x⊤θ∗)− µ(x⊤θ̂t)| using their tail inequality.

A common assumption in GLM bandits is that ∥θ∗∥ < S. While this assumption helps
control errors, it also adds complexity, as some algorithms require projecting the maximum
likelihood estimator (MLE) onto the parameter space Θ = {θ ∈ Rd : ∥θ∥ < S}, which can be
computationally intensive. In Russac et al. [2021], the authors exploit the self-concordance
property more effectively, eliminating the need for this projection step.

Another challenge in GLM bandits is that the MLE and the Fisher information matrix
cannot be updated recursively, which increases the number of operations per round. This
issue is addressed by Faury et al. [2022], who propose an online procedure with a warm-up
phase.

Track and stop (TS) algorithms have been among the most common and successful ap-
proaches in pure exploration problems due to their asymptotic optimality [Garivier and
Kaufmann, 2016, Jedra and Proutiere, 2020, Degenne et al., 2020, Wang et al., 2021b]. The
core of these algorithms is to track the oracle proportions of arm draws defined by the sample
complexity lower bound. Then, stopping rules are designed using the generalized likelihood
ratio. While this approach often involves complex optimization, Jedra and Proutiere [2020]
demonstrated that it is possible to achieve asymptotic optimality even when the optimal
weights are not updated at every time, a condition known as the lazy setting.

However, no version of the TS algorithm exists for GLM bandits due to the complexity of
the lower bound. The first pure exploration work in GLM bandits that we are aware of is by
Kazerouni and Wein [2021]. In their study, they used a loose inequality from Filippi et al.
[2010], but as other authors have noted, relying on this worst-case inequality can lead to a
dependency on an exponential factor. A more recent approach was proposed by Jun et al.
[2021], who used a sharper inequality from Faury et al. [2020], accounting for the curvature
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of the logistic function. They designed an algorithm inspired by RAGE [Fiez et al., 2019]
which is an algorithm for BAI in the linear bandit case and provided a high-probability
upper bound for the sample complexity. Additionally, they derived an instance-specific
sample complexity lower bound. However, their algorithm requires a warm-up phase that
depends on κ0 = supx∈X 1/µ̇

(
x⊤θ∗

)
and the number of arms, which can be restrictive in

real-world applications.

2.3 Background and Preliminaries

Notation For any vector x ∈ Rd and any positive definite matrix M ∈ Rd×d, we define
∥x∥M :=

√
x⊤Mx as the ℓ2-norm of x weighted by M. When M = Id×d is the identity

matrix, we simply write ∥x∥ := ∥x∥M. We define λmin(M) and λmax(M) the smallest and
largest eigenvalue of M respectively. We also denote by Tr(M) the trace of the matrix.
For two matrices A and B, A ≻ B means that A − B is positive definite. We define
B(d) :=

{
x ∈ Rd : ∥x∥ ≤ 1

}
the d-dimensional ball of radius 1 under the norm ℓ2. For an

univariate function f we define ḟ its derivative. We define Σ := {w ∈ [0, 1]K : ∑k wk = 1}
the K − 1 simplex. For any w,w′ ∈ Σ, we define d∞(w,w′) = maxk∈[K] |wk − w′

k|, and for
any compact set C ⊆ Σ, d∞(w,C) = minw′∈C d∞(w,w′). Finally, for w ∈ Σ, we define
supp(w) = {i ∈ [K] : wi > 0}.

2.3.1 Settings

Let X ⊆ Rd be a finite set of arms, where |X | = K and a unknown parameter θ∗ ∈ Θ.
We consider the stochastic logistic bandit, where at each round t ≥ 1 the decision maker
selects an arm xt ∈ X according to a sampling rule based on previously observed samples
and obtains a reward rt ∼ Bernoulli(µ(x⊤

t θ
∗)), where µ(x) = 1

1+e−x . It then proceeds to the
next round.

We are interested in general pure exploration problems, where the goal is to identify
the true answer i⋆(θ∗) that belongs to a finite set I of possible answers (e.g., for best arm
identification i⋆(θ∗) = arg maxx∈X µ(x⊤θ∗)). We will assume i⋆(θ∗) is unique. We consider
the fixed confidence setting, where the objective is to accurately identify i⋆(θ∗) with high
probability as soon as possible. Formally, the sampling rule defines for all t ≥ 1 a function
πt from (X × {0, 1})t−1 to the space of probability distributions on X , which is measurable
with respect to the σ-algebra Ft := σ({xs, rs}s≤t). We call that σ-algebra history before
time t. At time τ , where τ is an stopping time with respect to Ft, and given an estimator θ̂τ

of θ∗ the algorithm stops and the decision i⋆(θ̂τ ) is made. We say the algorithm is δ-correct
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if Pθ[τδ < ∞, i⋆(θ̂τ ) ̸= i⋆(θ)] < δ. Then, the goal is to design a δ-correct algorithm that
minimize the expected sample complexity Eθ[τδ].

Assumptions We will make the usual assumption in the logistic bandit problem

• ∥x∥ ∈ B(d) for all x ∈ X

• Θ = {θ ∈ Rd : ∥θ∥ ≤ S}, S > 0

• X spans Rd

• We have access to κ0 := supx∈X 1/µ̇
(
x⊤θ∗

)

2.3.2 Maximum Likelihood Estimator

For logistic regression setting, we can estimate the parameter θ∗ using the MLE. At time t,
the log-likelihood can be expressed as:

Lt(θ) =
t∑

s=1
rs log µ

(
x⊤

s θ
)

+ (1− rs) log
(
1− µ

(
x⊤

s θ
))

and the MLE is given by θ̂t = arg maxLt(θ)
θ∈Rd

. We also define Fisher information or Hessian

matrix at θ as

Ht(θ) =
t∑

s=1
µ̇
(
x⊤

s θ
)
xsx

⊤
s , (2.1)

and the design matrix as

At =
t∑

s=1
xsx

⊤
s . (2.2)

Similarly, for w ∈ Σ, we define

Hw(θ) =
∑
x∈X

wxµ̇(x⊤θ)xx⊤.

Note that if wx = Nt(x)/t, where Nt(x) is the number of times the arm x has been selected,
then tHw(θ) = Ht(θ). We also denote gt(θ) = ∑t

s=1 µ
(
x⊤

s θ
)
xs. This function plays an

important role in the concentration inequalities as shown in Faury et al. [2020]. In particular,
we have that g(θ̂t) = ∑t

s=1 rsxs by definition of the MLE.
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2.3.3 Concentration

We will use the recent concentration tools developed by Faury et al. [2020] for the logistic
bandit. In particular, for all t ≥ 1, ∥gt(θ̂t) − gt (θ∗) ∥Ht(θ∗)−1 ≤ γt(δ) with probability at
least 1 − δ for some function γt(δ). For completeness, we prove a slightly modified version
of this inequality because we need to use the unregularized MLE to guarantee convergence
to the true parameter. Addionally, we also use the self-concordant property of the logistic
regression so we can apply the inequality to guarantee the algorithm is δ-correct as explained
in Section 2.5.1.

Lemma 2.3.1. Let δ ∈ (0, 1] and λ(t) > 0 for t ≥ 1. If exist t0 ≥ 1 such that for t ≥ t0,
λmin(Ht (θ∗)) > λ(t), with probability at least 1− δ:

∀t ≥ t0,
∥∥∥gt(θ̂t)− gt (θ∗)

∥∥∥
H−1

t (θ∗)
≤ γt(δ) , (2.3)

where γt(δ) :=
√

λ(t)
2 + 4√

λ(t)
log

(
2d

δ

(
Lt

λ(t)d

) d
2
)

The main difference compare to the original inequality is the assumption λmin(Ht (θ∗)) >
λ(t). In our case this will be guaranteed by the forced exploration component of sampling
rule and the knowledge of κ0. The forced exploration can be thought as an adaptive warm-up
phase. Moreover, the amount of forced exploration needed to guarantee δ-correctness of the
algorithm will depend on λ(t). As Faury et al. [2020] pointed out, we can use the bound in
Abbasi-Yadkori et al. [2011] to derive another high-probability bound

∥∥∥gt(θ̂t)− gt (θ∗)
∥∥∥

H−1
t

= O(
√
κd log (t/δ)) . (2.4)

Although the bound in Eq. (2.3) is independent of κ, it has a disadvantage compare to
Eq. (2.4). It has an extra factor of

√
d log (t/δ). Unfortunately, this impacts the asymptotic

behavior of the algorithm, the upper bound will be proportional to (log(1/δ))2 instead of
log(1/δ) for small values of δ. However, in practice for a fixed δ, if we set λ(t) = O(log(t))
we observe that γt(δ) = O(

√
d log (t)).

Projection step We introduce the projection of the MLE estimator θ̂t onto Θ as

θ
(1)
t = arg min

θ∈Θ

∥∥∥gt(θ)− gt(θ̂t)
∥∥∥

H−1
t (θ)

. (2.5)
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Thanks to the fact that θ(1)
t ∈ Θ, we can establish an upper bound on bound ∥θ(1)

t −
θ∗∥Ht(θ(1)

t ), leveraging the self-concordance property of the logistic loss (See Lemma A.1.4).
Note that θ̂t = θ

(1)
t when ∥θ̂t∥ ≤ S.

2.4 Sample Complexity Lower Bound

In this section, we provide an instance-specific lower bound for the expected sample com-
plexity in general pure exploration problems within the logistic bandits setting. Jun et al.
[2021] presented a similar lower bound only for BAI under logistic bandits. In contrast,
our bound applies to a broader class of pure exploration problems. Moreover, we derive an
approximation of the lower bound using the Taylor expansion of the KL divergence, mak-
ing it tractable for some pure exploration problems such as BAI, TBP and top-m best arm
identification (See Section 2.7 and A.3 in the appendix). This approximation provides an op-
timal proportion of arm draws, which we will track in the sampling rule of Log-TS similarly
to previous track-and-stop algorithms [Garivier and Kaufmann, 2016, Jedra and Proutiere,
2020].

Alternative For any θ ∈ Θ we define the alternative to i⋆(θ), denoted by Alt(θ),
as the set of parameters where the answer i⋆(θ) is not correct. Formally, Alt(θ) :=
{λ ∈ Θ : i⋆(λ) ̸= i⋆(θ)}.

Theorem 2.4.1. For any logistic bandit environment (X , θ) and δ > 0, the sample complex-
ity τδ of any δ-correct strategy satisfies:

Eθ[τδ] ≥ log(1/2.4δ) 1
T ⋆(θ)−1 + C(θ) ,

Where T ⋆(θ)−1 := maxw∈Σ infλ∈Alt(θ)
1
2∥θ − λ∥

2
Hw(θ) and C(θ) is an instance-specific con-

stant measuring the precision of the quadratic approximation to the KL divergence.

Proof. Let λ ∈ Alt(θ), we can apply a slightly modified version of Theorem 33.5 from
Lattimore and Szepesvári [2020] which has origin in the transportation theorem [Garivier
and Kaufmann, 2016] to show.

∑
x∈X

Eθ [Nx] KLx (θ, λ) ≥ log(1/2.4δ) (2.6)

Now, for each x ∈ X we can approximate the KL divergence with the second order Taylor
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expansion
KLx (θ, λ) ≈ KLx (θ, θ) + (θ − λ)⊤∇ KLx (θ, ·)|θ

+ 1
2(θ − λ)⊤ HKL (θ, ·)|θ (θ − λ) +Rx(λ)

≈ 1
2(θ − λ)⊤µ̇(x⊤θ)xx⊤(θ − λ) +Rx(λ)

Where KLx (θ, λ) stands for the KL divergence between r|x, θ and r|x, λ,∇ KLx (θ, ·)|θ and
HKL (θ, ·)|θ are the gradient and Hessian matrix of KLx (θ, λ) with respect to λ evaluated
in θ. We use the fact that the KL divergence between two distributions from the same
exponential family can be expressed as KL(η1, η2) = (η1 − η2)µ1 + A(η1) − A(η2). Where
their probability distribution is given by p(x | η) = h(x) exp

{
ηTT (x)− A(η)

}
. In particular,

for two GLM models with parameters θ and λ and link function µ(θ), we have KLx(θ, λ) =
x⊤(θ−λ)µ(x⊤θ) +A(x⊤θ)−A(x⊤λ), ∇KLx (θ, λ) = x⊤(µ(x⊤λ)−µ(x⊤θ)) and HKL (θ, λ) =
µ̇(x⊤λ)xx⊤ . Then, after substituting the KL approximation in Eq. (2.6) we obtain

Eθ[τδ]
(1

2∥θ − λ∥
2
Hτδ

(θ) + max
x∈X
|Rx(λ)|

)
≥ log(1/2.4δ)

Where Hτδ
(θ) =

(∑
x∈X

Eθ[Nx]
Eθ[τδ] µ̇(x⊤θ)xx⊤

)
, then

Eθ[τδ] sup
w∈Σ

inf
λ∈Alt(θ)

(1
2∥θ − λ∥

2
Hw(θ)

+ max
x∈X
|Rx(λ)|

)
≥ log(1/2.4δ)

Eθ[τδ]
(

sup
w∈Σ

inf
λ∈Alt(θ)

1
2∥θ − λ∥

2
Hw(θ)

+ inf
λ∈Alt(θ)

max
x∈X
|Rx(λ)|

)
≥ log(1/2.4δ)

If we denote C(θ) = infλ∈Alt(θ) maxx∈X |Rx(λ)| we conclude the proof.

As noted previously, Jun et al. [2021] showed an alternative lower bound for BAI under
logistic bandits.

Eθ[τδ] ≥ log(1/2.4δ) 1
maxw∈Σ infλ∈Alt(θ) ∥θ − λ∥2

Kw(θ,λ)
,

Where Kw(θ1, θ2) = ∑
x∈X wxβ (θ1, θ2) xx⊤ and β(a, b) =

∫ 1
0 (1− t)µ̇(a + t(b− a))dt. The

main difference between our bounds is that ours uses a quadratic approximation for the
KL divergence, allowing us to establish a direct relationship with the Fisher information
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matrix H. If the approximation of the KL divergence is accurate for (X , θ), we expect that
T ⋆(θ)−1 + C(θ) ≈ maxw∈Σ infλ∈Alt(θ) ∥θ − λ∥2

Kw(θ,λ) and then

max
w∈Σ

inf
λ∈Alt(θ)

1
2∥θ − λ∥

2
Hw
≤ max

w∈Σ
inf

λ∈Alt(θ)
∥θ − λ∥2

Kw

where Hw = Hw(θ) and Kw = Kw(θ, λ). When the constant C(θ) is negligible, our lower
bound closely resembles the lower bound for the linear case [Marta Soare, 2014, Degenne
et al., 2020], as the constant C(θ) = 0 in this case. Our goal is to design an algorithm with
the following asymptotic sample complexity:

lim sup
δ→0

Eθ[τ ]
(log(1/δ))2 ≤ T ⋆(θ),

Remark. We may ask when the assumption C(θ) ≈ 0 is reasonable. From the proof of
Theorem 2.4.1 we have C(θ) = infλ∈Alt(θ) maxx∈X |Rx(λ)|. From this definition, we can see
that if there exists a parameter λ ∈ Alt(θ) that allows a good approximation of the KL
divergence, then C(θ) will be close to 0. This occurs when there is a λ ∈ Alt(θ) sufficiently
close to θ, which implies that T ⋆(θ)−1 will be small as well.

2.5 Logistic Track-and-Stop Algorithm

In this section, we present the first track-and-stop type algorithm for general pure exploration
under logistic bandits. First, we propose a modified version of the classical Chernoff stopping
rule [Garivier and Kaufmann, 2016], which utilizes the approximation of the generalized
likelihood ratio from Theorem 2.4.1. We prove that this stopping rule provides a δ-correct
algorithm under any sampling rule.

Next, we define the standard tracking rule with forced exploration [Jedra and Proutiere,
2020]. This component of the algorithm tracks the estimated optimal proportion of arm pulls
based on the projection of the MLE onto Θ. Thanks to forced exploration, we can ensure
that the MLE, and consequently its projection, converge almost surely to θ∗. As a result,
the estimated optimal proportion of arm draws converges to a true optimal proportion due
to the continuity of the function defined by the optimization problem.
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2.5.1 Stopping rule

We will use the approximation of the generalized likelihood ratio given in Theorem 2.4.1.
We define the stopping rule as

τδ = inf {t ≥ 1 : Z(t) > β(δ, t), t ∈ B} (2.7)

Where B = {t ≥ 1 : λmin(As) > κ0λ(s), ∀s ≥ t}, Z(t) = inf
λ∈Alt(θ(1)

t )
1
2∥θ

(1)
t − λ∥2

Ht(θ(1)
t )

and β(δ, t) = 2((1 + 2S)γt(δ))2. Then, by using this stopping rule, we obtain a δ-correct
algorithm.

Lemma 2.5.1. Under any sampling rule, we have

Pθ

(
τδ <∞∧ i⋆(θ(1)

τδ
) ̸= i⋆(θ)

)
≤ δ

Although Lemma 2.3.1 requires λ(Ht (θ∗)) > λ(t), it is not possible to guarantee this
directly since we do not have access to the true matrix Ht (θ∗). Instead, it is enough to ask
t ∈ B, thanks to the fact that λmin(Ht (θ∗)) > 1

κ0
λmin(At). We will see that the condition

t ∈ B is easily met due to forced exploration. In fact, from Lemma 2.5.2 it is sufficient that
cX0

√
t > κ0λ(t) for some constant cX0 . Although this condition may seem easy to satisfy, it

will depend on the relationship between cX0 and κ0. If the problem is highly complex or the
set X0 is flat in some direction, this condition can be restrictive.

In practice, instead of checking t ∈ B, we can verify if λmin(Ht(θ̂)) > λ(t), which can
result in an earlier stopping rule. Another parameter we can adjust is the function λ(t).
It is sufficient that exists t∗ ≥ 1 such that λ(t) satisfies cX0

√
t > κ0λ(t) for all t ≥ t∗.

This introduces a trade-off between achieving Z(t) > β(δ, t) and satisfying cX0

√
t > κ0λ(t),

reflecting the amount of forced exploration required.
One technical challenge in using the concentration inequality from Section 2.3.3 is that

Ht(θ∗) requires knowledge of the true parameter. We address this issue by leveraging the
generalized self-concordance property of the logistic loss, as noted by Faury et al. [2020].
This property allows us to control the distance between θ

(1)
t and θ∗

∥θ(1)
t − θ∗∥H(1)

t
≤ 2(1 + 2S)∥gt(θ̂t)− gt(θ∗)∥(H∗

t )−1 (2.8)

where H(1)
t = Ht(θ(1)

t ) and H∗
t = Ht(θ∗). In Jun et al. [2021], the authors also used the

self-concordance property to control Ht(θ̂t) using a warm-up phase to control the linear
prediction errors maxs∈[t] |x⊤

s (θ̂t − θ∗)| ≤ 1 with the advantage that they do not need the
assumption ∥θ∗∥ < S.
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2.5.2 Sampling rule

Forced exploration Forced exploration is a crucial component of the Log-TS algorithm,
as it allows us to apply Lemma 2.3.1 and guarantees the convergence of the MLE estimator.
A sampling rule from the family defined in Lemma 2.5.2 is forced to explore an arm in X0

(in a round robin manner) if λmin
(∑t

s=1 xsx
⊤
s

)
is too small [Jedra and Proutiere, 2020].

Lemma 2.5.2. (Lemma 5 [Jedra and Proutiere, 2020]) Let X0 = {x0(1), . . . , x0(d)} :
λmin(∑x∈X0 xx

⊤) > 0. Let {bt}t≥0 be an arbitrary sequence of arms. Furthermore, define
for all t ≥ 1, f(t) = cX0

√
t where cX0 = 1√

d
λmin(∑x∈X0 xx

⊤). Consider the rule, defined
recursively as: i0 = 1, and for t ≥ 0, it+1 = (it mod d) + 1{λmin(∑t

s=1 xsx⊤
s )<f(t)} and

xt+1 =

x0 (it) if λmin
(∑t

s=1 xsx
⊤
s

)
< f(t)

bt otherwise.
(2.9)

Then for all t ≥ 5d
4 + 1

4d
+ 3

2 , we have

λmin

(
t∑

s=1
xsx

⊤
s

)
≥ f(t− d− 1)

To ensure the MLE converges almost surely to the true parameter θ∗, the ratio between the
minimum eigenvalue and the logarithm of the maximum eigenvalue of the matrix ∑t

s=1 xsx
⊤
s

must tend to infinity [Chen et al., 1999]. This convergence can be guaranteed by the forced
exploration component.

Lemma 2.5.3. Under the forced exploration sampling defined in Eq. (2.9), the MLE esti-
mator converge a.s. to the true parameter

lim
t→∞

θ̂t
a.s.= θ∗

Another consequence of forced exploration is the following tail inequality. We can upper
bound the probability that the distance between the MLE and the true parameter exceeds
ε. This inequality will play an important role to prove the upper bound for the expected
value of the sample complexity.

Lemma 2.5.4. Let ε > 0, assume that λmin (At) ≥ ct1/2 a.s. for all t ≥ t0 for some t0 ≥ 1
and for c > κ0λ0. Then

∀t ≥ t0 P
(
∥θ(1)

t − θ∗∥ ≥ ε
)
≤ c2t

β2 exp
(
−c1t

β1
)

Where c1, c2, β1, β2 are positive constants independent of ϵ and t.
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Tracking As noted in Jedra and Proutiere [2020], Wang et al. [2021b], we can define the
function ψ(θ, w) to recover the optimal proportions from the lower bound in Theorem 2.4.1

ψ(θ, w) = inf
λ∈Alt(θ)

1
2∥θ − λ∥

2
Hw(θ) (2.10)

This function has a tractable form for BAI, TBP and top-m best arm identification (See
Section A.3 in the appendix). The objective is to optimize ψ(θ, w) over the simplex Σ so we
can estimate the optimal proportions needed in the TS algorithm.

ψ⋆(θ) = max
w∈Σ

ψ(θ, w) (2.11)

C⋆(θ) = arg max
w∈Σ

ψ(θ, w) (2.12)

Note that ψ(θ∗, w⋆) = T ⋆(θ∗)−1, where w⋆ ∈ C⋆(θ∗). As pointed out in previous works, the
solution to Eq. (2.12) may involve multiple optimal proportions. However, similar to Jedra
and Proutiere [2020], we only need to prove that ψ⋆(θ) is continuous in θ and that C⋆(θ)
is convex to guarantee the algorithm converges to an optimal proportion inside C⋆(θ∗). We
will use the Frank-Wolfe algorithm, as previous works, to solve the optimization problem in
Eq. (2.12) [Jedra and Proutiere, 2020, Degenne et al., 2020]. A caveat of using Frank-Wolfe
algorithm is that convergence is not guaranteed when the function ψ⋆(θ) is non-smooth.
However, empirical evidence suggests that it can still converge in practice. Moreover, recent
work on developing projection-free algorithms for non-smooth functions could be leveraged
in the future [Asgari and Neely, 2022].

We use the standard tracking procedure to track the estimated optimal proportions

bt = arg min
x∈supp(∑t

s=1 w(s))

(
Nx(t)−

t∑
s=1

wx(s)
)
, (2.13)

Where w(t) ∈ C⋆(θ(1)
t ), i.e.

w(t) = arg max
w∈Σ

ψ(θ(1)
t , w) (2.14)

19



Algorithm 1 Log Track-and-Stop
Input: Arms X , confidence level δ;
Initialize: t = 0, i = 0, A0 = 0, Z(0) = 0,N(0) = (Nx(0))x∈X = 0;
while t /∈ B or Z(t) < β(δ, t) do

if λmin(At) < f(t) then
select x according to Eq. (2.9)

else
select x according to Eq. (2.13)

end if
t← t+ 1,
sample arm x
update N(t), θ̂t, θ(1)

t , Z(t), At, Ht

w(t) = arg maxw∈Σ ψ(θ(1)
t , w)

end while
Return i⋆(θ(1)

τ )

We can prove that under this sampling rule, the observed proportions of the sampled
arms converge to a true optimal proportions.

Proposition 1. Under the sampling rules defined by Eq. (2.9) and Eq. (2.13), the propor-
tions of arm draws approach C⋆(θ∗) : limt→∞ d∞

(
(Nx(t)/t)x∈X , C

⋆(θ∗)
)

= 0, a.s..

Although updating w(t) according to Eq. (2.14) can be computationally expensive, Log-
TS can easily adapted to the lazy approach of Jedra and Proutiere [2020], so we do not need
to update w(t) at every step.

2.6 Sample Complexity of Log-TS

In this section we state two upper bounds for the sample complexity under Log-TS when we
set λ(t) = c log(t) for some constant c > 0. The pseudocode is provided in Algorithm 1.

Theorem 2.6.1. Logistic Track-and-stop (Log-TS) satisfies the following sample complexity
upper bound

Pθ[lim sup
δ→0

τδ

(log(1
δ
))2 ≲ T ⋆(θ)] = 1

Theorem 2.6.2. Logistic Track-and-stop (Log-TS) satisfies the following sample complexity
upper bound

lim sup
δ→0

Eθ[τδ]
(log(1

δ
))2 ≲ T ⋆(θ)
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As we mention in Section 2.3.3 these bounds have an extra factor log(1
δ
) that comes from

the threshold γt(δ).

2.7 Experiments

2.7.1 BAI

In this section we evaluate the performance of Log-TS for BAI. To the best of our knowledge,
there are only two algorithms that address BAI for the logistic bandit [Kazerouni and Wein,
2021, Jun et al., 2021]. We only compare our algorithm against RAGE-GLM-R and random
sampling equipped with the same stopping rule as Log-TS, since RAGE-GLM-R is the state
of the art algorithm for this task. Lets define x⋆(θ) := i⋆(θ) = arg maxx∈X{x⊤θ}. Then, to
implement the algorithm, we use the following lemma:

Lemma 2.7.1. For all θ ∈ Rd,

T ⋆(θ)−1 = max
w∈Σ

min
x̸=x⋆(θ)

(
θ⊤x⋆(θ)− θ⊤x

)2

2 ∥x⋆(θ)− x∥2
H−1

w

We evaluated the algorithms under two settings:

Benchmark for BAI in linear bandits. The benchmark examples in the linear ban-
dit BAI literature introduced by Marta Soare [2014] is the following. Consider X =
{e1, . . . , ed, x

′} ⊆ Rd where ei is the i-standard basis vector, x′ = cos(α)e1 + sin(α)e2 with
α small, and θ proportional to e1 so that e1 = arg maxx∈X x

⊤θ. This setting is designed to
be a hard instance for an algorithm because the rewards µ(θ⊤e1) and µ(θ⊤x′) are close, so
distinguishing the best arm becomes a difficult task. In Figure 2.1, we observe comparable
results between Log-TS and Rage-GLM-R, suggesting that our algorithm is competitive with
the state-of-the-art method.

Uniform Distribution on a Sphere. In this example, X is sampled from a unit sphere
of dimension d = 2 centered at the origin with |X | = K. We set θ randomly so that ∥θ∥ = 1.
To control the variation between experiments, we restricted the complexity T ⋆(θ)−1 of the
experiments across the different number arms, allowing higher complexity for higher value of
K. In Table 2.1, Log-TS shows a distinctive advantage, achieving almost a 5x reduction in
sample complexity. This result highlights the efficiency of Log-TS, particularly in scenarios
with many arms. The superiority of Log-TS can be attributed to the independence of the
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stopping rule with respect to the number of arms, allowing it to scale better in large action
spaces.

In the implementation of the stopping rule, we adopt a heuristic by using λmin(Ht(θ̂)) >
λ(t) instead of t ∈ B and select λ(t) = d log(t). This choice improves the algorithm’s sample
complexity performance avoiding unnecessary exploration. In all instances, all algorithms
found the best arm correctly using δ = 0.10.

Table 2.1: Average sample complexities, expressed in thousands, of uniform distribution for
BAI. The results are shown for various numbers of arms K. Standard deviations and means
were computed across 10 randomized trials.

K Log-TS Rage-GLM-R Random
100 4.05 (0.35) 33.22 (19.14) 11.44 (1.59)
200 6.94 (0.39) 49.34 (13.26) 25.10 (5.86)
300 10.66 (1.44) 51.94 (15.96) 44.32 (6.44)
400 14.36 (2.31) 53.39 (18.40) 55.64 (11.86)
500 16.59 (2.32) 68.00 (19.13) 74.10 (14.41)

Figure 2.1: Logarithm of sample complexity of the benchmark setup for BAI against dimen-
sion of the action space X .
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2.7.2 Thresholding Bandit Problem

In comparison to BAI, there are not many algorithms that can solve TBP. For the linear
case Degenne et al. [2020] developed a general algorithm for pure exploration problems called
LinGame. Another example is the work in Mason et al. [2022]. They developed a nearly
optimal algorithm for level set estimation, aka TBP. However, to the best of our knowledge,
there is no algorithm for TBP under GLM bandit. Therefore, we compare Log-TS with
random sampling, both equipped with the same stopping rule. For TBP, given ρ ∈ (0, 1),
we have i⋆(θ) = {x ∈ X : µ(x⊤θ) > ρ}. Similarly to BAI, we have an explicit expression
that allows us to implement the algorithm:

Lemma 2.7.2. For all θ ∈ Rd,

T ⋆(θ)−1 = max
w∈Σ

min
x∈X

(θ⊤x− µ−1(ρ))2

2 ∥x∥2
H−1

w

Benchmark for TBP in linear bandits. We proposed a slightly modified version of the
BAI benchmark setting such that it is hard to distinguish if one of the arms is above or below
the threshold. Consider a similar setting as before, X = {e1, . . . , ed, x

′, x′′} ⊆ Rd where ei is
the i-standard basis vector, x′ = p(cos(α)e1 +sin(α)e2), x′′ = (1−p)(cos(−α)e1 +sin(−α)e2)
with α small and p close to 1/2. Let ρ = (µ(θ⊤x′) + µ(θ⊤x′′))/2, θ proportional to e1, such
that x′⊤θ, x′′⊤θ ≈ ρ. In Figure 2.2, we observe a reduction between 5 and 10 times in the
sample complexity of Log-TS compare to random sampling.

Uniform Distribution on a Sphere. In the same way as in BAI, X is sampled from a
unit sphere of dimension d = 2 centered at the origin. We set θ randomly such that ∥θ∥ = 1,
and ρ = 0.5. We also control the complexity T ⋆(θ)−1 of the experiments across the different
number arms to avoid high variance. In Table 2.2, it is shown that Log-TS outperforms
random sampling by roughly 5 times in sample complexity. This confirms the efficiency of
Log-TS in many arms scenarios for different pure exploration problems.

Algorithms were able to identify the arms above and below the threshold ρ correctly in
all instances with δ = 0.10.

2.8 Discussion

To the best of our knowledge, we propose the first track-and-stop algorithm for general pure
exploration problems under logistic bandits, proving that our algorithm is near asymptoti-
cally optimal. This means that the sample complexity is upper-bounded in the limit up to
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Table 2.2: Average sample complexities, expressed in thousands, of uniform distribution for
TBP. The results are shown for various numbers of arms K. Standard deviations and means
were computed across 10 randomized trials.

K Log-TS Random
20 7.49 (2.36) 15.22 (4.06)
30 9.50 (0.65) 37.64 (10.84)
40 12.86 (0.44) 50.84 (12.21)
50 16.15 (3.64) 94.47 (23.06)

Figure 2.2: Logarithm of sample complexity of the benchmark setup for TBP against di-
mension of the action space X .

logarithmic factor, and the upper bound matches the approximated lower bound. We eval-
uate our algorithm on BAI and TBP, demonstrating its advantages over existing algorithms
and random sampling. The incorporation of forced exploration enables us to apply the tail
inequality without a warm-up phase, enhancing the algorithm’s applicability in real-world
scenarios. On the other hand, the computation of the MLE and its projection can make the
algorithm slow under certain conditions since it can not be computed recursively, so TS-Log
could benefit from online approaches like the one presented in Faury et al. [2022]. Addition-
ally, our asymptotic results suffer from an extra logarithmic factor log(1/δ). This term arises
directly from the tail inequality in Lemma 2.3.1; thus, to eliminate it, a tighter tail inequality
is necessary, one that depends on γt(δ) = O(

√
log(1/δ)) instead of γt(δ) = O(log(1/δ)).
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CHAPTER 3

Enhancing Confidence in Microplastic Spectral
Identification via Conformal Prediction

Microplastics are an emerging pollutant of concern, with environmental observations
recorded across the world. Identifying the type of microplastic is challenging due to spectral
similarities among the most common polymers, necessitating methods that can confidently
distinguish plastic identities. In practice, a researcher chooses the reference vibrational
spectrum that is most like the unknown spectrum, where the likeness between the two spec-
tra is expressed numerically as the hit quality index (HQI). Despite the widespread use of
HQI thresholds in the literature, acceptance of a spectral label often lacks any associated
confidence. To address this gap, we apply a machine-learning framework called conformal
prediction to output a set of possible labels that contain the true identity of the unknown
spectrum with a user-defined probability (e.g., 90%). Microplastic reference libraries of
environmentally aged and pristine polymeric materials, as well as unknown environmental
plastic spectra, were employed to illustrate the benefits of this approach when used with
two similarity metrics to compute HQI. We present an adaptable workflow using our open-
access code to ensure spectral matching confidence for the microplastic community, reducing
manual inspection of spectral matches and enhancing the robustness of quantification in the
field. 1

3.1 Introduction

Identifying microplastics (MPs) is essential to address health and environmental concerns
caused by plastic production and pollution. Microplastics, defined as small pieces of plas-
tic between 1 and 5000 µm [Frias and Nash, 2019, Hale et al., 2020], have been found in
environmental matrices such as seawater [Alfaro-Núñez et al., 2022, Kanhai et al., 2020],

1This chapter is adapted from previously published work [Clough et al., 2024], with Madeline E. Clough,
Eduardo Ochoa Rivera, Rebbeca L. Parham, Andrew P. Ault, Paul M. Zimmerman, Anne J. McNeil and
Ambuj Tewari. This chapter describes equal contributions of authors Madeline E. Clough and Eduardo
Ochoa Rivera
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freshwater [Talbot and Chang, 2022], soil [Cusworth et al., 2024], and air [Brahney et al.,
2020, Allen et al., 2019]. The extent of microplastic pollution and major MP sources, which
are hypothesized based on the polymer identity of the MP [Wang et al., 2021a], must be
characterized to develop remediation solutions and regulations. Researchers have employed
techniques such as Fourier transform-infrared (FT-IR) and Raman spectroscopy to deter-
mine both the concentration and identities of MPs in the environment [Cabernard et al.,
2018, Tirkey and Upadhyay, 2021, Araujo et al., 2018, Käppler et al., 2016].

Automated spectral matching has prevailed as a practical solution to time-intensive man-
ual spectral matching of unknown environmental species to standard reference polymers
[Weisser et al., 2022, Cowger et al., 2020]. Commercial software equipped with library-
searching modules, such as Bruker’s OPUS, Thermo Fisher’s OMNIC, and Wiley’s Know-
ItAll, have been employed to produce a similarity score between an unknown spectrum and a
reference spectrum. This score of spectral likeness, which is computed via similarity metrics,
is referred to as hit quality index (HQI) [Weisser et al., 2022, Cowger et al., 2020]. HQI
scores are often reported in the range of 0 to 1, where a value of zero indicates the spectra
are wholly unalike and a score of one indicates complete similarity [Weisser et al., 2022].
Researchers commonly use a threshold HQI value that must be met or exceeded to identify
unknown spectra with a polymer label [Weisser et al., 2022, Cowger et al., 2020]. However,
there is disagreement regarding the meaning expressed by the HQI value, occasionally being
referenced as a measure of confidence in a polymer label [Abbasi et al., 2023, Clark et al.,
2023, Miserli et al., 2023]. This assertion of confidence is misleading, as the HQI does not
provide any measure of statistical certainty. Rather, the score simply reflects a measurement
of the similarity between two spectra.

Because many polymers have similar structures (and therefore spectra) [Jung et al., 2018,
Nava et al., 2021], and because vibrational spectra can change due to environmental aging
[Renner et al., 2017, Binda et al., 2024], labeling unknown spectra based on HQI scores
alone is insufficient. A better approach for robust MP quantification and source attribution
would include a measure of the statistical uncertainty in spectral matching. Acceptance of an
identity solely due to an HQI score above an arbitrary threshold may lead to misidentification,
as indicated by the findings of López-Rosales et al. [2024], wherein a threshold of 0.85 (on a
scale of 0 to 1) led to overestimating MP counts [López-Rosales et al., 2024]. Indeed, voices
in the MP community have called for stricter assurances of polymer identity through manual
assessment of likeness between unknown spectra and standard references [Jung et al., 2018,
López-Rosales et al., 2024].

To answer this call for increased confidence, some researchers have framed uncertainty
in spectral labeling via distributions of errors between automated spectral match scores
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and expert manual assessments [Primpke et al., 2017, 2018], as well as through automated
correlation scores of samples with known composition [Choy et al., 2019, Morgado et al.,
2021]. These approaches provide a guaranteed confidence for the whole sample, but for
individual spectra, they are limited to accepting or rejecting a single spectral label. Moreover,
these methods are asymptotically valid, meaning that the guarantees hold only when the
number of observations (here, spectra) nears infinity. In contrast to previous methods,
a method known as conformal prediction (CP) presents the advantages of indicating the
uncertainty of individual matches and providing a theoretical confidence (or probability)
guarantee that the identity of the query spectrum is contained in a set of predicted labels.

Conformal prediction is a framework that provides a principled approach to understanding
uncertainty via model-generated predictions [Vovk et al., 1999, 2005]. This method generates
a prediction set of reference labels that guarantees a specified level of finite sample confidence
[Papadopoulos et al., 2002], meaning the probability that the correct spectral label is included
in the prediction set of an unknown spectrum is equivalent to the confidence guarantee (given
that the unknown’s identity is reflected in the reference library). CP has been increasingly
popular in machine learning, where it is able to provide insight into the uncertainty of
a given model without the need for retraining, which is often computationally intensive
[Angelopoulos and Bates, 2023, Angelopoulos et al., 2020, Ren et al., 2023]. Our introduction
of CP to the MP community provides a tool for enhanced credibility in spectral matching
via a statistical assurance that the identity of an unknown spectrum will be returned to the
analyst.

Herein, we first evaluate the spectral correlation software, methods, and thresholds re-
ported in the recent microplastic literature to establish a baseline of commonly used auto-
mated matching practices in the MP community. We then illustrate that the HQI scores
generated by popular commercial software lack the clarity needed to confidently count and
label environmental MPs. Further, we demonstrate the advantage of using CP in tandem
with two different similarity metrics to provide a confidence guarantee and a measurement
of uncertainty at the individual spectrum level. Lastly, we apply this method to authentic,
environmental plastics to illustrate CP’s utility with real-world samples. Through this work,
we aim to provide a workflow to incorporate statistical assurances in microplastic spectral
matching and establish guidance for HQI thresholding and label acceptance for more robust
environmental MP identification.
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3.2 Methods

3.2.1 Commercial Software Library Searching

The open-access spectral databases “FT-IR library of plastic particles” (FLOPP, used as a
pristine reference library) and “FT-IR library of plastic particles sourced from the environ-
ment” (FLOPP-e, used as environmental query spectra) were chosen to evaluate commer-
cial software due to their accessibility and widespread use in the microplastic community
[De Frond et al., 2021b]. All individual spectra belonging to the polyethylene (PE) and
polypropylene (PP) labels available in the FLOPP-e library were downloaded as .csv files
and uploaded to Wiley’s KnowItAll SearchIt function. These polymers were chosen because
they had the greatest number of example spectra in the environmentally aged FLOPP-e
library (49 and 66 for PE and PP, respectively). For each spectrum, a transmission mode
was indicated, and a single component search was performed using the default settings of a
correlation method and optimized corrections. A spectral inclusion window was drawn from
4000 to 650 cm−1 to include only regions of the spectra where the data had been collected.
Each spectrum was searched for correlation with pristine polymers in the FLOPP library,
and the hit list was documented. The highest HQI score and label, as well as the number of
matches and number of polymer labels yielding HQI ≥ 0.7 (a common literature threshold
of HQI) [Abbasi et al., 2023], were recorded.

3.2.2 Conformal Prediction

Conformal prediction is used to generate prediction sets (of polymer labels) for new observa-
tions given a trained prediction model (HQI-based spectral matching). CP uses a calibration
data set and similarity metric to ensure that the spectral label of a query spectrum will be
returned in a prediction set with a user-specified probability (e.g., 90%), affording the confi-
dence guarantee. This confidence guarantee holds when the distribution of new observations
(here, HQI scores) is identical to those in the calibration set. Unlike many other uncer-
tainty quantification methods in the literature, CP does not require specific distributional
assumptions (e.g., Gaussianity) nor does it require a large data set.

Using all spectra from the 11 labels (acrylonitrile butadiene styrene, cotton [C], polyamide,
polycarbonate, PE, polyethylene terephthalate [PET], polyethylene vinyl acetate [PEVA],
PP, polystyrene [PS], polyurethane, and polyvinyl chloride [PVC]) that appear in both the
FLOPP and FLOPP-e data sets (142 and 189 spectra, respectively), we split the FLOPP-e
spectra into calibration (90%) and test (10%) sets for matching to FLOPP reference spectra
(Scheme 3.1). We then calculated the HQI scores of the true positive matches (FLOPP-e
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Figure 3.1: CP Workflow, Where Exemplative Labels Corresponding to the Red Environ-
mental MP Spectrum are Illustrated on the Bottom Distribution of HQI Scores from True
Positive Matches.

spectrum matching to an FLOPP spectrum of the same polymer label) of the calibration
set and tabulated them in frequency distributions relating to the two different similarity
metrics. Next, the remaining 10% of FLOPP-e spectra was used as a test set (meaning that
they were treated as spectra of unknown identity) and the HQI scores for each spectrum’s
similarity to all reference polymers in the FLOPP library were calculated. These HQI values
were compared to the threshold defined by the corresponding quantile of the calibration
set distribution that resembles the guaranteed confidence (here, 90% [α = 0.1]) for both
similarity metrics. If the HQI of a polymer label was above the threshold, meaning that
only 10% of the calibration data’s true positive scores were calculated to be less than the
HQI, then the label was added to the prediction set with an associated 90% confidence.
In Figure 3.1, this workflow is illustrated using example labels and HQI scores for the red
FLOPP-e spectrum, which are then compared to the calibration distribution and added to
a prediction set of labels (on the far right of the graphic) if the scores are greater than the
established quantile.

The FLOPP-e spectra were randomly split into calibration and test data sets 500 times
in a cross-validation fashion. We then calculated the empirical confidence (proportion of
instances where the correct label was observed in the prediction set) and prediction set size
(number of labels included in the prediction sets) for all of the test data.

When using CP, the analyst chooses the confidence guarantee that will determine the HQI
threshold. While the confidence is always guaranteed given that the reference library contains
spectra of each unknown’s identity, the magnitude of the confidence guarantee influences the
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number of labels returned in the prediction set [Vovk et al., 2005]. With a high confidence
guarantee, the HQI quantile (i.e., threshold) is lower, leading to more polymer labels in the
prediction set. On the other hand, a low guaranteed confidence may lead to very few, if any,
labels in the prediction set. While this trade-off between confidence and prediction set size
should be noted as inherent to the conformal prediction workflow, we provide insight into
tailoring the confidence guarantee and leveraging the performance of the chosen similarity
metric to produce the most insightful predictions in future sections.

3.2.3 Class-Conditional Conformal Prediction

One limitation of the traditional CP framework is that the confidence guarantee is marginal,
meaning that some labels may be under or overguaranteed, as only the average theoretical
confidence across all labels is assured [Angelopoulos and Bates, 2023]. To address this issue,
we also employ the class-conditional conformal prediction (CC–CP) approach [Vovk, 2012].
The basis of the CP methodology framework (i.e., create a calibration set, determine the
HQI threshold, compare test set HQI scores to calibration distribution, and add labels with
HQI scores represented above the quantile to the prediction set) remains the same. The only
difference is that instead of constructing one distribution from the calibration set, we created
separate distributions for each label to ensure class-balanced confidence and that the HQI
scores per polymer type were compared to label-specific distributions.

Because a unique distribution is built for each label, we used the five labels with 10 or
more example spectra in the FLOPP data set (i.e., C, PE, PET, PP, and PS) as possible
spectral labels, limiting the pool of FLOPP and FLOPP-e spectra to 76 and 161 examples,
respectively. The FLOPP-e calibration and test data were then randomly split 500 times
in a cross-validated fashion. Although the traditional CP results using these five labels are
presented herein for direct comparison to the class-conditional results, it should be noted
that additional labels can be used with a CP framework and that this addition of labels will
result in larger average prediction sets.

3.2.4 Similarity Metrics Used to Compute Hit Quality Index

In CP, the choice of the similarity metric used to compute the HQI is crucial because while
the confidence guarantee holds for any similarity metric, the quality of the similarity met-
ric directly governs the size of the prediction set. The size of, or number of labels in, the
prediction set can be used to assess uncertainty in the predictions [Angelopoulos and Bates,
2023], where prediction sets with few labels indicate a low uncertainty and prediction sets
with many labels indicate a high uncertainty. Efficient similarity metrics give prediction
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sets with fewer labels, therefore providing a more accurate depiction of the inherent spectral
uncertainty in the prediction sets [Shafer and Vovk, 2008]. Thus, exploring different simi-
larity metrics, which rely on different measures of spectral likeness [Weisser et al., 2022], is
necessary to compare the uncertainty of resultant prediction sets. This aspect of CP led us
to investigate nearest neighbor (NN) [Shafer and Vovk, 2008], and the more commonly used
Pearson correlation coefficient (PCC), as similarity metrics to calculate HQI.

3.2.5 Application of Conformal Prediction to Real World Envi-
ronmental Plastics

Environmental plastics of unknown identity were sourced from a residential parking lot in
Brighton, Michigan and rinsed with tap water to remove debris. After the plastic was dried at
room temperature, attenuated total reflection FT-IR measurements of each plastic were col-
lected in percent transmission using an Agilent Cary 630 FT-IR spectrometer. Background
spectra were collected prior to sample analysis, and the diamond crystal was cleaned with
ethanol between samples. To best mimic the FLOPP-e library (treated as the calibration
set), the same spectral collection parameters of 32 coadded scans at 4 cm−1 resolution were
used to collect signal between 4000 and 650 cm−1. The unidentified spectra were manually
evaluated by one researcher to label each spectrum with a primary polymeric identity based
on labeled spectra in the FLOPP and FLOPP-e libraries. Prior to accessing the manually
identified labels, the CP method was applied to the environmental spectra (treated as the
test set) by a different researcher. The spectral labels determined by manual evaluation were
then used to calculate empirical confidence once the CP results were obtained.

3.3 Results and Discussion

3.3.1 Conformal Prediction

Using the five reference labels with 10 or more spectra in the FLOPP and FLOPP-e libraries,
we quantified the mean empirical confidence and prediction set size of using CP with PCC
and NN similarity metrics (Figure 3.2). As expected, the empirical confidence closely aligns
with the confidence guarantee (90%) for both metrics. However, we observed a lower average
prediction set size using the NN metric compared to PCC. The fact that PCC is an absolute
metric whereas NN is a relative metric may contribute to this difference in the number of
reference labels in the prediction set, as the criteria for generating a high HQI with NN are
more restrictive than with PCC. A further explanation for this difference in metric efficiency
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relates to the distributions of the positive matches (i.e., correctly identified) and negative
matches (i.e., mismatch of query and reference labels) between spectra of the same FLOPP-
e and FLOPP identity. In contrast to the NN, the distribution of positive and negative
matches for PCC shows higher overlap, which indicates that many FLOPP-e spectra have
high HQI scores relative to incorrect labels.

Figure 3.2: Empirical confidence and mean prediction set size results of conformal predic-
tion using the Pearson correlation coefficient (PCC) and nearest neighbor (NN) and class-
conditional conformal prediction. Here, CC-PCC and CC-NN correspond to the use of
class-conditional conformal prediction with PCC and NN, respectively.

Class-conditional CP builds a unique HQI distribution for each label. CC–CP is particu-
larly useful when the distributions of positive matches between sample and reference spectra
differ among the spectral labels. In the case of the five labels used in our analysis, we noted
that the HQI distribution of PP is distinct from the other labels when treated with PCC, as
it exhibits HQI scores of true positive matches down to 0.4. We hypothesize that the differ-
ence in score distributions between labels could be due to the impacts of signal-to-noise ratio,
preprocessing steps performed by DeFrond et al. in creating the library, or a greater degree
of environmental aging when compared to pristine reference spectra [Cowger et al., 2020].
As mentioned earlier, CC–CP ensures a class-balanced confidence guarantee rather than an
average guaranteed confidence, which results in more robust predictions at the expense of
slightly larger set sizes (Figure 3.2). Similar to traditional CP, we observe an advantage of
NN over PCC with respect to the mean set size, which we relate to the efficiency of the
metric.

Despite spectral changes that may have occurred due to weathering, the manually as-
signed labels of 28 environmental unknowns were frequently returned in the prediction sets
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Figure 3.3: Empirical confidence and mean prediction set size results of conformal prediction
applied to 28 environmental plastics using PCC and NN similarity metrics.

generated with both PCC (82%) and NN (79%), approaching the 90% confidence guarantee
afforded by CP (Figure 3.3). As CP’s guaranteed confidence relies on an assumption that
the HQI distributions of the calibration and test sets be similar, we can expect the empirical
confidence to fluctuate from the theoretical guarantee when the distributions differ, perhaps
due to different instrumentation used between this study and that of De Frond et al. [2021b].
On average, PCC returned more than one label in the prediction set, and NN returned a sin-
gle correct label. NN, as the more efficient metric, better describes the inherent uncertainty
in the environmental spectra. In this vein, the proportion of prediction sets with one or zero
labels is an important indicator of metric efficiency and prediction quality. We further used
the environmental spectra to compare the traditional CP method’s performance to that of
CC–CP and KnowItAll and found that traditional CP outperformed both alternative meth-
ods. While the proprietary matching algorithm of KnowItAll limits our understanding of
its performance, we attribute the lower performance of CC–CP to discrepancies between the
distributions of label-specific test and calibration sets.

3.3.2 Comparing the Performance of KnowItAll and the Confor-
mal Prediction Framework

To showcase the advantage of using CP in routine environmental microplastic identification,
we compared the matching of FLOPP-e PE and PP spectra to all labels of FLOPP spectra
with both KnowItAll’s default correlation metric and CP using PCC and NN metrics. While
the analysis pipeline of KnowItAll’s SearchIt function does not guarantee confidence in spec-
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Figure 3.4: Results of comparison between KnowItAll and CP with PCC and NN similarity
metrics in terms of empirical confidence and mean prediction set size for a) PE and b) PP.

tral identification, we chose to view the results through a conformal prediction lens. To do
so, we equated the proportion of instances that KnowItAll returned the correct label above
an HQI threshold of 0.7 for a query spectrum with the empirical confidence associated with
a prediction set generated with CP. Thus, KnowItAll’s “empirical confidence” was defined as
the proportion of query spectra per polymer label (FLOPP-e PE and PP) that were matched
to a FLOPP spectrum of the correct label with an HQI ≥ 0.7. The empirical confidence of
KnowItAll (∼94% for PE and ∼82% for PP) was used to inform the confidence guarantee
used to compare CP methods (94% [α = 0.06] for PE and 82% [α = 0.18] for PP), such that
the differences in the mean prediction set size were highlighted. As opposed to the mean set
size for KnowItAll, here defined as the average number of spectral labels returned with HQI
≥ 0.7 per query spectrum, the use of CP with PCC or NN similarity metrics decreases the
number of labels returned and provides guaranteed confidence in the match (Figure 3.4).

NN outperforms PCC to give a lower mean prediction set size due to fewer instances of
negative matches above the defined HQI quantile, as previously described. Between query
spectra identities, the mean set size of predicted labels for PP is lower than that for PE. The
HQI scores to reference polymer spectra differ between the FLOPP-e PE and PP spectra,
with PE having higher PCC scores to more reference labels than PP. This observation may
explain why PE has a larger mean set size than PP, as labels with higher HQI scores are more
likely to be included in the prediction set. Additionally, as the confidence guarantee for PP
was reduced to reflect KnowItAll’s “empirical confidence”, the resultant HQI threshold is less
descriptive of the true positive match score distribution. The higher HQI score associated
with a lower guaranteed confidence could limit the number of labels added to the prediction
set. Across both polymer identities and magnitudes of confidence guarantees, CP methods
provided statistical assurance in the spectral labeling and reduced the number of labels
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returned, streamlining manual interpretation of numerous matches.

3.3.3 Takeaways for the Microplastic Community: The Threshold
Used for Labeling an Unknown Spectrum Relies on User-
Data, Similarity Metric, and Confidence Guarantee

The performance of the CP is dependent on data quality. While we use the FLOPP and
FLOPP-e libraries herein, it is important to note that different reference libraries and cali-
bration sets may be used with the CP workflow, but the similarity metric and data analysis
routine should remain consistent. As previously noted, the HQI between a reference and
query spectrum can be similar for multiple reference labels. Therefore, it is also important
that a chosen HQI threshold has a statistical guarantee of differentiation between spectral
signatures. As shown in Figure 3.5, when using conformal prediction and PCC with all 11
labels included in both the FLOPP and FLOPP-e libraries, the confidence guarantee that
the user selects has implications on both the HQI threshold and the mean prediction set
size. If one opts for higher guaranteed confidence in the generated labels, the HQI quan-
tile will be more descriptive of the data and outliers (i.e., lower), and there will be more
predicted labels in the set. Therefore, choosing too high of a confidence guarantee could
render the prediction sets ineffective unless subjected to tedious manual evaluation of the
matches, and it may lead to false positives, causing an overestimation of MP abundance.
On the other hand, choosing too low of a confidence guarantee is accompanied by a higher
HQI cutoff and fewer labels in the prediction set. Here, false negatives could occur because
the environmental spectra are too dissimilar from reference spectra, leading to an underes-
timation of MP contamination. Given this trade-off, researchers must decide the confidence
guarantee with which they are comfortable when considering the balance of HQI threshold,
prediction set size, and the possibility of miscounting MP quantities. Our suggestion is to
choose a guaranteed confidence that is both descriptive of most of the calibration set’s HQI
distribution (e.g., > 70% [α < 0.3]) and returns a mean prediction set size for manageable
manual evaluation (e.g., 1–3 labels). Using Figure 3.5 as a guide, we chose a guaranteed
confidence between 70 and 90%. While the results in Figure 3.5 are specific to the metrics
and data discussed herein, it carries that choosing a single HQI threshold without statistical
meaning and applying it to diverse environmental campaigns, as is popular in the wider MP
literature, may impact the validity of one’s results.
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Figure 3.5: Hit quality index threshold and mean prediction set size as a function of the user-
defined guaranteed confidence for FLOPP and FLOPP-e data using conformal prediction and
PCC with 11 reference labels.

3.3.4 Using the Open-Access Code Available on GitHub, a Confor-
mal Prediction Workflow Can be Used to Reduce Manual
Spectral Comparison and Increase Confidence in Environ-
mental Microplastic Labeling

Herein, we outlined a flexible framework for statistically guaranteed confidence in environ-
mental microplastic spectral database searching. Based on our findings from a literature
review of recent microplastic data analysis routines and evaluating a commercial database
matching software, we illustrated the need for guidance on similarity metric comparison, hit
quality index thresholding, and confidence in spectral labeling. To fill this gap, we high-
lighted that conformal prediction streamlines environmental plastic identification with an
associated statistical uncertainty measurement and guaranteed confidence. To assist other
microplastic researchers in using conformal prediction, we have generated an open-access
code, user-guide, and suggested workflowthat outlines an adaptable analytical framework
for statistically robust spectral labeling. With these tools in hand, we urge the microplastic
community to adopt conformal prediction to meet their analytical goals for confidence in hit
quality index thresholding and acceptance of environmental microplastic spectral matches.
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CHAPTER 4

Conformal Prediction for Ensembles: Improving Efficiency
via Score-Based Aggregation

Distribution-free uncertainty estimation for ensemble methods is increasingly desirable
due to the widening deployment of multi-modal black-box predictive models. Conformal
prediction is one approach that avoids such distributional assumptions. Methods for confor-
mal aggregation have in turn been proposed for ensembled prediction, where the prediction
regions of individual models are merged as to retain coverage guarantees while minimizing
conservatism. Merging the prediction regions directly, however, sacrifices structures present
in the conformal scores that can further reduce conservatism. We, therefore, propose a novel
framework that extends the standard scalar formulation of a score function to a multivari-
ate score that produces more efficient prediction regions. We then demonstrate that such
a framework can be efficiently leveraged in both classification and predict-then-optimize re-
gression settings downstream and empirically show the advantage over alternate conformal
aggregation methods.1

4.1 Introduction

Ensemble methods are an oft-used class of statistical modeling techniques due to their ability
to reduce variance or improve predictive accuracy [Schapire et al., 1999, Zhang and Ma, 2012,
Dietterich, 2000]. Such methods are increasingly being coupled with complex, black-box
models, such as in multi-modal language models [Zhang et al., 2023a, Radford et al., 2021,
Sun, 2013, Zhao et al., 2017, Yan et al., 2021]. Couplings of this sort are seeing ever-widening
deployment in safety-critical settings, such as medicine [Yuan et al., 2018, Li et al., 2018,
Yuan et al., 2017] and robotics [Brena et al., 2020, Blasch et al., 2021, Alatise and Hancke,
2020].

1This chapter is adapted from previously published work [Ochoa-Rivera et al., 2026], with Eduardo Ochoa
Rivera, Yash Patel and Ambuj Tewari. This chapter describes equal contributions of authors Eduardo Ochoa
Rivera and Yash Patel. The present version omits some of the sections for which Yash Patel had primary
responsibility.
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Figure 4.1: CSA provides a principled extension to the standard conformal prediction
pipeline by leveraging ideas from higher-dimensional quantile regression to define quantile
envelopes Q̂ instead of scalar quantiles q̂. It does so by evaluating a collection of score
functions (here s1 and s2) over the calibration dataset to define S, finding quantiles {q̂m}
over a set of projection directions {um}, and taking Q̂ to be the intersection of the resulting
half-planesH(um, q̂m). These quantile envelopes result in more informative prediction regions
that can be used in downstream tasks.

Increasing interest is, therefore, now being placed on quantifying uncertainty for such
models [Subedar et al., 2019, Tian et al., 2020, Denker and LeCun, 1990, Havasi et al.,
2020, Malinin and Gales, 2018]. Towards this end, methods of uncertainty quantification
have arisen, such as deep ensembles and committee estimation [Rahaman et al., 2021, Abdar
et al., 2021, Carrete et al., 2023]. Such methods, however, sacrifice generality with the im-
position of distributional assumptions, motivating the need for distribution-free uncertainty
quantification for ensemble methods.

One method for performing distribution-free uncertainty quantification is conformal pre-
diction, which provides a principled framework for producing distribution-free prediction re-
gions with marginal frequentist coverage guarantees [Angelopoulos and Bates, 2021, Shafer
and Vovk, 2008]. By using conformal prediction on a user-defined score function, prediction
regions attain marginal coverage guarantees. While calibration is guaranteed from this pro-
cedure, predictive efficiency, quantified as the size of the resulting prediction regions, can be
unboundedly large for poorly chosen score functions.

As a result, methods have arisen to perform conformal model aggregation, which both
provide uncertainty estimates of the ensembled predictions and do so in ways as to minimize
the prediction region size [Gasparin and Ramdas, 2024a, Trunov and V’yugin, 2023, Yang
and Kuchibhotla, 2024, V’yugin and Trunov, 2023, Gasparin and Ramdas, 2024b]. While
such approaches succeed in reducing the prediction region size over naive aggregation, they all
aggregate the separately conformalized prediction regions of the predictors in the ensemble.
In doing so, they forgo the possibility of automatically leveraging shared structure amongst
the scores of the individual predictors, resulting in overly conservative prediction regions.
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We instead propose to perform aggregation in score space by extending traditional confor-
mal prediction to consider a multivariate score function and defining prediction regions using
“quantile envelopes” in place of scalar quantiles. Doing so enables efficient, data-driven, au-
tomated conformal model aggregation. We demonstrate that this formulation retains the
desired distribution-free coverage guarantees typical of standard conformal prediction and
that the resulting prediction regions can be used efficiently in both classification and regres-
sion settings. Our contributions, thus, are:

• Providing a multivariate extension to conformal prediction, dubbed “conformal score
aggregation” (CSA), that leverages quantile envelopes to enable data-driven, informa-
tive uncertainty estimation for model ensembles while retaining coverage guarantees.

• Demonstrating how the prediction regions resulting from CSA can be efficiently lever-
aged in downstream predict-then-optimize regression tasks.

• Demonstrating the empirical improvement of the CSA framework over alternate con-
formal aggregation strategies across classification and regression settings.

4.2 Background

4.2.1 Conformal Prediction

Coverage guarantees of uncertainty quantification methods generally rely on distributional
assumptions, often via asymptotics or explicit specification. To alleviate the need for such
restrictive assumptions, interest in finite-sample, distribution-free uncertainty quantification
methods has risen. Conformal prediction is one such method [Angelopoulos and Bates, 2021,
Shafer and Vovk, 2008]. Due to its lack of structural assumptions, conformal prediction pairs
well with the increasingly common black-box style of modeling.

Conformal prediction serves as a wrapper around such predictors, producing prediction
regions C(x) that have formal guarantees of the form PX,Y (Y /∈ C(X)) ≤ α for some pre-
specified level α. To achieve this, “split conformal” partitions the dataset D = {(xi, yi)}N

i=1

into a training set DT and a calibration set DC . The former serves as the data used to fit f̂ .
Users of conformal prediction must then design a “score function” s(x, y), which should

quantify “test error”, often in a domain-specific manner. For instance, a simple score function
for a regression setting would be s(x, y) = ∥f̂(x)− y∥. This score function is then evaluated
across the calibration set to define SC = {s(x, y) | (x, y) ∈ DC}. For a desired coverage
of 1 − α, we then take q̂ to be the ⌈(|DC | + 1)(1 − α)⌉/|DC | quantile of SC , with which
prediction regions for future test queries x can be defined as C(x) = {y | s(x, y) ≤ q̂}.
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Under the exchangeability of the score of a test point s(X ′, Y ′) with SC , we have the desired
finite-sample probabilistic guarantee that 1− α ≤ PX′,Y ′(Y ′ ∈ C(X ′)).

While this guarantee holds for any s(x, y), the informativeness of the resulting prediction
regions, quantified as the inverse expected Lebesgue measure across X, i.e. (E[L(C(X))])−1,
is intimately tied to its specification [Shafer and Vovk, 2008]. Thus, much of the challenge
of conformal prediction relates to choosing a score function that retains coverage while min-
imizing region size.

4.2.2 Quantile Envelopes

Generalizations of quantiles have a long history in statistics [Rousseeuw and Struyf, 1998,
Serfling, 2002]. Unlike univariate data, multivariate data does not lend itself to an un-
ambiguous definition of a quantile, as there is no canonical ordering in higher dimensional
spaces. To account for this, one class of multivariate quantiles, known as “direction quan-
tiles,” prescribes directions along which data points can be compared [Kong and Mizera,
2012, Paindaveine and Šiman, 2011, Hallin et al., 2010]. That is, points x ∈ Rn are pro-
jected along some direction u ∈ Sn−1, after which the standard notion of a quantile can be
leveraged.

The notion of the α quantile for a random variable X ∈ X clearly then depends on this
choice of direction u, which we denote by Q(X,α, u) = inf{q ∈ R : P(u⊤X ≤ q) ≥ α}.
When there is no ambiguity, we just denote it as Q(α, u). In cases where domain knowledge
assigns an unambiguous notion of multivariate ordering, such knowledge can be encoded
into the choice of u. In other cases, however, a more agnostic approach is employed: rather
than choosing any particular direction, all directions are considered simultaneously. For
any given u, notice the choice of quantile defines a corresponding halfplane H(u,Q(α, u)) ={
x ∈ X : u⊤x ≤ Q(α, u)

}
. To consider all directions simultaneously, the quantile envelope is

then defined to be
D(α) =

⋂
u∈Sn−1

H(u,Q(α, u)). (4.1)

Notably, while each individual H(u,Q(α, u)) captures 1 − α of the points, D(α) does not,
as it is the intersection thereof and hence captures < 1− α of the mass. If 1− α combined
coverage is sought, a correction, such as Bonferroni adjustment, is used for the individual
planes.
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4.2.3 Related Works

Ensemble methods consist of K predictors fk : Xk → Y ; notably, such predictors need not
map from the same set of covariates. A naive approach for uncertainty quantification would
then be to conformalize the ensembled predictor. That is, for an ensembling algorithm
F : YK → Y , a score function s(F(f1(x), ..., fK(x)), y) would be defined. Denoting the
⌈(NC + 1)(1 − α)⌉/NC quantile of the score distribution over DC as q̂(α), C(x) = {y :
s(x, y) ≤ q̂(α)} would then be marginally calibrated.

Such an approach, however, lacks some desirable properties. In particular, prediction
regions C(x) should have the quality that, if a particular predictor has less uncertainty in
its predictions, as is frequently true of ensemble settings where the predictors span multiple
input data modalities, upon routing to that predictor, the corresponding size of the prediction
region should be smaller than if it had been routed to a different predictor. While the
naive approach does, in principle, support this property, it ultimately relies on defining an
uncertainty-aware ensembling algorithm F . In its typical form, however, F simply takes
point predictions f1(x), ..., fK(x) in as input, meaning any uncertainty-awareness would need
to be baked in a priori into the definition of F through domain knowledge of the uncertainties
of the predictors f1, ..., fK , which can seldom be specified precisely, sacrificing the predictive
efficiency of C(x).

Conformal model aggregation, thus, seeks to mitigate these deficiencies by aggregating
the prediction regions C1(x), ..., CK(x) rather than the individual point predictions [Gasparin
and Ramdas, 2024a, Yang and Kuchibhotla, 2024, V’yugin and Trunov, 2023, Gasparin and
Ramdas, 2024b]. While there are several methods in this vein, they can be categorized into
one of two general approaches.

The first line of work seeks to perform model selection, in which a single conformal
predictor is selected Ck∗ , typically based on the criterion of minimizing region size k∗ :=
arg minkE[L(Ck(X))] [Yang and Kuchibhotla, 2024, V’yugin and Trunov, 2023]. Generally,
however, methods leveraging the full collection of predictors produce less conservative regions
[Gasparin and Ramdas, 2024a,b]. Such works aggregate the individual prediction regions into
a final region by defining

C(x) :=
{
y |

K∑
k=1

wk1[y ∈ Ck(x)] ≥ â

}
(4.2)

for weights {wk} ∈ [0, 1] such that ∑K
k=1 wk = 1 and a threshold â. Methods then differ

in the procedure by which {wk} and â are prescribed, several of which were prescribed in
[Gasparin and Ramdas, 2024b], whose detailed presentation is deferred to Section B.3 for
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space reasons. We note that the methods of [Gasparin and Ramdas, 2024a] are designed for
a different setting than that considered herein, namely that in which conformal coverage is
sought adaptively over online data streams.

In this vein, Luo and Zhou [2024] is a recent work that has similarly proposed a vector-
score extension as that discussed herein, in which candidate weight vectors {wm} ∈ RK

are searched over for score aggregation. That is, a vector s(x) := (s1(x, y), ..., sK(x, y)) ∈
RK of scores sk(x, y) corresponding to each predictor fk(x) is predicted and its aggregate
prediction region defined on the projection ⟨wm∗ , s⟩ for wm∗ the weight resulting in the
smallest prediction region. This method, however, has two shortcomings addressed herein.
The first is that their method can only be applied in classification settings, whereas our
method can be leveraged across both regression and classification problems. The second is
that their approach only uses a single weighted projection in the end, resulting in suboptimal
aggregation and, therefore, conservative prediction regions.

4.3 Method

We now introduce a procedure for conformal score aggregation for ensembles. We discuss
the approach and its coverage guarantees in Section 4.3.1.

4.3.1 Multivariate Score Quantile

We wish to consider the setting typical of conformal model aggregation, as discussed in Sec-
tion 4.2.3, in which predictors f1(x), ..., fK(x) and corresponding scores s1(x, y), ..., sK(x, y)
are defined. We further assume a similar premise as that taken by Luo and Zhou
[2024], in which the individual scores are stacked into a multivariate score s(x, y) :=
(s1(x, y), ..., sK(x, y)). A naive approach would then involve leveraging standard confor-
mal prediction over a pre-defined map g : RK → R, e.g., g(s) = ∑K

k=1 sk. Similar to the
naive conformalization of an ensembled predictor discussed in Section 4.2.3, using a fixed g

fails to adapt to any disparities in uncertainties present across predictors or requires inti-
mate knowledge of such uncertainties. We instead wish to provide a data-adaptive pipeline
to automatically produce such a g.

Importantly, we heretofore assume the score functions are non-negative, i.e., sk : X ×Y →
R+, which is typically the case as the score serves as a generalization of the residual. We
highlight that many of the details of the method presented below are geometric in nature and
are more easily understood with the supplement of diagrams. We have, thus, provided an
accompanying visual walkthrough of the procedure in Section B.1 to clarify its presentation.

42



4.3.1.1 Score Partial Ordering

Intuitively, our method seeks to directly generalize the approach of split conformal, by “or-
dering” the collection of multivariate calibration scores and taking the 1 − α score under
such an ordering to be a threshold Q̂ with which prediction regions are then implicitly de-
fined. Formally, the multivariate “ordering” is established as a pre-ordering ≲ over RK ;
a pre-ordering differs from a total ordering in that it need not satisfy the antisymmetric
axiom of a total ordering. Roughly speaking, an “acceptance region,” so called as it serves
as the criterion used to ultimately decide which y are accepted into the prediction region,
is then defined as Q̂ := {s | s ≲ q̂}, where q̂ is the 1 − α empirical quantile of SC under
≲. Such a Q̂ naturally generalizes the standard scalar acceptance interval of [0, q̂] in the
case of non-negative score functions. We briefly highlight the distinction between acceptance
regions and prediction regions: the former are subsets of the space of multivariate scores, i.e.
⊂ RK , that ultimately define the criteria for retaining particular y values in the prediction
region whereas the latter are the subsets of the output space that ultimately have coverage
guarantees, i.e. ⊂ Y . The two, however, are directly related; in particular, for a fixed score
s(x, y), a larger acceptance region will result in a more conservative prediction region.

Crucially, therefore, the problem of choosing this pre-ordering closely parallels that of
choosing g, where a poorly chosen pre-ordering will result in overly large acceptance regions
and, hence, conservative prediction regions. For instance, using a lexicographical ordering
≲Lex will result in axis-aligned hyper-rectangular acceptance regions.

As a result, rather than manually prescribing a pre-ordering, we define ≲ in a data-driven
fashion by prescribing an indexed family of nested sets {At}t∈R, such that At1 ⊂ At2 for
t1 ≤ t2 and stating s1 ≲ s2 if ∀t, s2 ∈ At =⇒ s1 ∈ At.

For a family of sets {At}t∈R, we take each At to be the region of the positive orthant RK
+

bounded by the coordinate axes and an “outer frontier” parameterized by t.
The shape of this outer frontier remains fixed over the family and is merely scaled outward

from the origin with t. Under this choice, performing a comparison of s1, s2 ∈ RK in the
aforementioned fashion, i.e. checking if s1 ≲ s2, amounts to checking if t(s1) ≤ t(s2),
where t(s) is the smallest t for which the outer frontier of At intersects s. Notably, t(s)
is precisely the aforementioned data-driven score fusion function g(s) of interest. Defining
a data-adaptive g(s), therefore, reduces to having a data-driven approach for defining the
outer frontier of At. We restrict this outer frontier to be such that At is a convex set; if At

were permitted to be nonconvex, computing t(s) := min{t ∈ R : s ∈ At} would potentially
be computationally expensive.

To have tight acceptance regions, we formally wish for the pre-ordering to have the prop-
erty that the acceptance region given by Q̃ has minimal Lebesgue measure and captures 1−α
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points of SC . The problem of discovering an optimal pre-ordering can, thus, be equivalently
stated as seeking to define the outer frontier of At to match that of the tightest 1−α convex
cover of SC .

This final reframing, therefore, naturally motivates selecting the outer frontier to be the
1− α quantile envelope of SC . Using SC to define At and in turn ≲, however, sacrifices the
exchangeability of its points with future test scores s′, as the very nature of ordering would
change in swapping s′ with any s ∈ SC . The goal, then, follows as seeking to define the outer
frontier as the 1− α quantile envelope of SC without directly using SC . For this reason, we
partition SC = S(1)

C ∪ S
(2)
C , where we define ≲ using S(1)

C and compute the final q̂ over S(2)
C .

Such a split is predicated on the assumption that the 1 − α quantile envelope defined over
S(1)

C resembles that of S(2)
C , implying the |S(1)

C | should be sufficiently large as to capture this
structure accurately.

We now focus attention on defining the quantile envelope over S(1)
C using a technique

paralleling that described in Section 4.2.2. In particular, we start by selecting the pro-
jection directions {um} of Equation (4.1). The restriction of s to the positive orthant in-
duces a natural modification of Equation (4.1), namely where u ∈ SK−1

+ := SK−1 ∩ RK
+

instead of SK−1. To best approximate Equation (4.1), we wish for {um} to be uniformly
distributed over SK−1

+ ; however, exactly finding an evenly distributed set of points over
hyperspheres in arbitrary n-dimensional spaces is a classically difficult problem [Schnabel
and Janke, 2022] If K = 2, we can solve this exactly; for K > 2, we generate directions
stochastically such that U ∼ Unif(SK−1

+ ) by drawing V1, ..., VM ∼ N (0, IK×K) and defining
Ui := V

|·|
i /

√
V 2

1 + ...+ V 2
M , where v|·| denotes the component-wise absolute values of v.

We now wish to define the quantile thresholds {q̃m} for the selected directions to optimally
capture 1− α of S(1)

C . Naively taking the 1− α quantile per projection direction um results
in joint coverage by Q̃ := ⋂M

m=1 H(um, q̃m) of S(1)
C to be < 1− α. A straightforward fix is to

replace the 1−α quantile per direction instead with its Bonferroni-corrected 1−α/M quantile.
While valid, this approach produces overly conservative prediction regions. We, therefore,
instead tune a separate β ∈ (α/M,α) parameter via binary search, finding the maximum
β∗ such that using the β∗ quantile per direction provides the overall desired coverage, i.e.
|⋂M

m=1 H(um, q̃m(1−β∗))∩S(1)
C |/NC1 ∈ (1−α, 1−α+ϵ) for some fixed, small ϵ > 0. With this

choice of {(um, q̃m)}, we have a defined pre-ordering, whose coverage guarantees are formally
stated below and proven in Section B.2.

Theorem 4.3.1. Suppose DC := {(Xi, Yi)}NC
i=1 and (X ′, Y ′) are exchangeable. Assume

further that K maps sk : X × Y → R have been defined and a composite s(X,Y ) :=
(s1(X, Y ), ..., sK(X, Y )) is defined. Further denote by SC the evaluation of s(X,Y ) on DC,
namely SC := {s(Xi, Yi) | (Xi, Yi) ∈ DC}. For some α ∈ (0, 1), given a pre-order ≲ in RK
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induced by a collection of nested sets {At}t≥0 define Q(α) = {s ∈ RK : s ≲ s⌈(NC+1)(1−α)⌉}.
Then, denoting C(x) := {y : s(x, y) ∈ Q(α)}, PX′,Y ′(Y ′ ∈ C(X ′)) ≥ 1− α.

4.3.1.2 Score Quantile Threshold

To then compute q̂, we find t∗(s) for each s ∈ S(2)
C , defined to be min{t ∈ R : s ∈⋂M

m=1 H(um, tq̃m)}. This can be efficiently computed as t∗(s) = maxm=1,...,M(u⊤
ms/q̃m). De-

noting the ⌈(NC2 + 1)(1 − α)⌉-th largest t∗(s) as t̂, q̂m := t̂q̃m and Q̂ := ⋂M
m=1 H(um, q̂m).

If the tightest quantile envelope was already discovered over SC
(1), this adjustment factor

t̂ ≈ 1.
Importantly, while the aforementioned procedure will necessarily result in convex regions

Q̂, this does not mean the downstream prediction regions in Y will be convex. Such flexibility
is necessary, as many studies have demonstrated the need for nonconvex prediction regions
for downstream utility, such as [Patel et al., 2023, Tumu et al., 2023, Feldman et al., 2023].
However, it is unsurprising such flexibility exists, as even a single scalar score s1(x, y) can
produce nonconvex prediction regions. We present the full algorithm in Algorithm 2.

Algorithm 2 CSA: UnifHypersphere(K) is an assumed subroutine that samples ∼
Unif(SK−1).

1: Inputs: Score functions s1, ..., sK : X → Y , Calibration set DC, Desired coverage 1−α

2: [βlo, βhi]← [α/M,α], Q̂ ← ∅
3: SC

(1) ∪ SC
(2) ← {(sk(xi, yi))K

k=1}
NC1 ,NC2
i=1,NC1 +1

4: {um ← UnifHypersphere(K)}M
m=1

5: while |S(1)
C
⋂ Q̂|/NC1 /∈ 1− α± ϵ do

6: β ← βlo+βhi
2

7:
{
q̃m ← (1− β) emp. quantile: {u⊤

msi}si∈S
(1)
C

}M

m=1
8: Q̂ ← ⋂M

m=1 H(um, q̃m)
9: if |S(1)

C
⋂ Q̂|/NC1 > 1− α then βlo ← β

10: else βhi ← β
11: end while
12: t̂← (1− α) emp. quantile: {maxm∈[M ]

u⊤
msi

q̃m
}

si∈S
(2)
C

13: Return {(um, t̂q̃m)}M
m=1

4.4 Experiments

We now study CSA empirically in a classification task, demonstrating its coverage guarantees
with reduced conservatism. We demonstrate improvements in an ImageNet classification task
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in Section 4.4.1.
To allow for fair comparison, we note that the predictors and calibration and test sets were

fixed across choices of calibration procedure for each experiment. This in turn means that
some care had to be taken in partitioning DC = DC

(1)∪DC
(2) for CSA, where an insufficiently

large DC
(1) would result in poor estimation of the α-quantile envelope and hence require a

large adjustment t̂ factor and an insufficiently large DC
(2) in the classical reduced predictive

efficiency from conformal prediction. For this reason, we fixed the split to be 20%-80% in
experiments.

We herein compare against the methods presented in Section 4.2.3, namely the model
selection of Yang and Kuchibhotla [2024], the aggregation methods of Gasparin and Ramdas
[2024a], and the single weighted score projection (VFCP) of Luo and Zhou [2024]. We
specifically consider the following aggregation methods from Gasparin and Ramdas [2024a]:
the standard majority-vote CM , partially randomized thresholding CR, and fully randomized
thresholding CU approaches, fully described in Section B.3. Notably, these methods do not
lend themselves for use in the predict-then-optimize setting, so we eliminate them from
consideration therein. Similarly, VFCP can only be applied in classification settings; we,
thus, do not compare to it across the regression tasks. Code will be made public upon
acceptance.

4.4.1 Classification Tasks

We first study the predictive efficiency of the aforementioned methods on the ImageNet clas-
sification task Deng et al. [2009]. In particular, an ensemble was constructed from three sep-
arately trained deep learning architectures, namely ResNet-50, VGG-11, and DenseNet-121.
Conformalization on the individual models was performed using the standard classification
score function across all approaches, namely s(x, y) = ∑l

j=1 f̂(x)πj(x) where y = πl(x) and
π(x) is the permutation of {1, . . . , |Y|} that sorts f̂ (x) from most to least likely. Calibra-
tion was performed using 85% of the ImageNet test set and assessment of the coverage and
interval lengths on the remaining 15%, with 10 trials conducted over randomized draws of
these calibration and test sets.

The results are presented in Table 4.1. We see that all the approaches exhibit the desired
coverage guarantees. However, the CSA score approach consistently produce significantly
smaller prediction regions than both the individually conformalized input views and alternate
aggregation strategies.
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Table 4.1: Average coverages across tasks for α = 0.10 are shown in the top rows and
average prediction set sizes in the bottom rows. Both were assessed over a batch of i.i.d. test
samples (15% of the validation set from ImageNet). Standard deviations and means were
computed across 10 randomized draws of the calibration and test sets.

Dataset Models ResNet VGG DenseNet VFCP CM CR CU CSA
ImageNet Coverage 0.901 (0.005) 0.902 (0.003) 0.902 (0.003) 0.899 (0.004) 0.938 (0.003) 0.909 (0.004) 0.9 (0.004) 0.9 (0.003)

Size 137.004 (1.98) 136.116 (2.206) 120.096 (2.427) 46.063 (1.089) 87.337 (1.604) 82.746 (1.692) 131.856 (2.378) 34.006 (0.924)

4.5 Discussion

We have presented CSA, a framework for producing informative prediction regions in en-
semble predictor pipelines. We additionally demonstrated the generality of the proposed
pipeline in settings of both classification and robust predict-then-optimize regression tasks.
This work suggests many directions for extension. One point of interest is the integration
of CSA with other downstream regression applications. For instance, Chenreddy and De-
lage [2024] proposed an end-to-end differentiable extension to Patel et al. [2023]: extending
CSA for integration to their framework would be of great interest. Additionally, given the
prevalence of late-stage fusion in robotics applications, an exciting applied avenue of research
would investigate the use of CSA in settings of robust control.
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CHAPTER 5

Improved Microplastic Identification from Simultaneously
Collected Photothermal Infrared and Raman Spectra using

Multi-View Conformal Prediction

Microplastics (MPs) have been documented in urban and remote locations across the
globe. One of the most popular chemometric methods for identifying microplastics (MPs) is
database matching, in which an unknown spectrum is compared with reference library spec-
tra by calculating likeness scores. Threshold minima determine if the score is high enough
to consider the reference spectrum as a potential match, yet these thresholds are frequently
set arbitrarily. There is a growing consensus that MP identification should involve multi-
ple measurement techniques, but statistically-robust methods to relate multiple database
matching scores are lacking. Herein, multi-view conformal prediction (MVCP) incorporates
two views (i.e., photothermal infrared (PTIR) and Raman spectra) to calculate multidimen-
sional thresholds for MP identification with statistical confidence. The chemical identities
returned for an unknown particle have a statistical assurance that one of the identities is the
correct match based on a user-defined uncertainty parameter. The average number of po-
tential matches returned by MVCP was closer to one chemical identity—the ideal number of
identities returned—when compared to single-view CP methods that used either the PTIR
or Raman spectra. Moreover, MVCP was less affected than its single-view counterparts
when one of the two spectra was difficult, or impossible, to identify. To show the utility of
MVCP for real-world samples, an ambient particle sample with MPs deposited on it was
used to demonstrate that an MVCP threshold at 73% theoretical confidence maximized the
fraction of MP particles correctly identified as plastic (0.80± 0.07), while limiting the frac-
tion of non-MP environmental particles misidentified as plastic (0.10 ± 0.06). This initial
application of MVCP to spectroscopy demonstrates the benefits of utilizing multiple spectral
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methods with data analysis routines for identifying MPs with statistical confidence.1

5.1 Introduction

Microplastics (MPs) have become an increasing concern due to the rising prevalence of mis-
managed plastic waste in the environment—the extent of which is largely uncertain [Jambeck
et al., 2015, Zhang et al., 2023b]. Pieces of plastic between 1 and 5000 µm in size are con-
sidered MPs, and they can be created intentionally (often for commercial products) or by
the breakdown of larger pieces of plastic [Hale et al., 2020]. These particles must be identi-
fied chemically as visual methods are limited to particles > 50 µm [Bergmann et al., 2019,
Isobe et al., 2019, Kotar et al., 2022, Lenz et al., 2015], with some studies recommending
additional chemical validation for any MPs < 2 mm in size [Isobe et al., 2019]. A growing
number of spectroscopy and mass spectrometry techniques are being used to identify MPs
in field studies as they provide information on the molecular structure of polymers [Cowger
et al., 2020, Ivleva, 2021, Zhang et al., 2025b], which aids in distinguishing the polymers from
other organic and inorganic species [Käppler et al., 2016, Niu et al., 2024, Parham et al.,
2025, Renner et al., 2017, Watteau et al., 2018].

For vibrational spectroscopy techniques specifically, there are many commercial [Bruker,
n.d., Thermo Fisher Scientific Inc., n.d., John Wiley & Sons, Inc., n.d.] and in-house [Parham
et al., 2025, Cowger et al., 2021, De Frond et al., 2021a, Munno et al., 2020, Dong et al., 2020,
Primpke et al., 2018] reference libraries available to help identify MPs from unknown infrared
(IR) and Raman spectra using database matching. Hit Quality Index (HQI), a general term
for similarity metrics, can be used to calculate a score between the unknown spectrum
and a reference library spectrum [Clough et al., 2024, Weisser et al., 2022]. Returned HQI
scores are often between 0 and 1 (though they are sometimes reported as 0–1000 or 0-100%)
[Weisser et al., 2022, Renner et al., 2019], meaning the spectra are either entirely dissimilar
or a perfect match, respectively. Once all of the scores between the unknown spectrum and
corresponding reference library spectra are calculated and tabulated, the highest scores are
returned to the user as potential matches (also known as labels) for the unknown particle.

The final decision on whether these labels are a correct match can be difficult as HQI scores
between the lowest and highest possible values are often arbitrary and carry no inherent
significance [Clough et al., 2024, Kozloski et al., 2024]. The scores are highly dependent upon
a number of variables such as the metrics used to calculate HQI scores, the particle types
included in the reference library, and the MP particle type [Clough et al., 2024, Renner et al.,

1This chapter is adapted from previously published work [Clough et al., 2024], with Rebbeca L. Parham,
Eduardo Ochoa Rivera, Abbygail M. Ayala, Madeline E. Clough, Yash Patel, Anne J. McNeil, Ambuj Tewari
and Andrew P. Ault. This chapter describes equal contributions of authors Rebbeca L. Parham and Eduardo
Ochoa Rivera
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2019, Kozloski et al., 2024]. Moreover, most commercial database matching software systems
do not make their data analysis routines public, making direct comparisons between HQI
scores calculated from different software systems challenging [Kozloski et al., 2024]. Many
researchers have worked around these issues by selecting a minimum threshold value above
which the HQI score is considered high enough for the reference library and unknown spectra
to be a potential match [Clough et al., 2024, Weisser et al., 2022]. Methods for selecting
a threshold have largely been ambiguous processes based on qualitative observations or the
precedent of previous publications, resulting in researchers selecting threshold values ranging
anywhere from 0.6 to 0.8—or not reporting a threshold value at all. Given that thresholds
are not comparable between different database matching methods yet significantly affect
match accuracy [Clough et al., 2024, Weisser et al., 2022, Kozloski et al., 2024], a data-
driven approach that determines thresholds with statistical confidence values is crucial to
accurately and efficiently determine MP identities.

Conformal prediction (CP) is recently developed statistical approach used to establish
thresholds for similarity metrics that carried a theoretical confidence guarantee (i.e., the
probability that the correct match was returned) for returned labels for an unknown spec-
trum [Clough et al., 2024]. Generally, CP is a statistical method that calculates a threshold
based on a calibration dataset which can then be used for unknown datasets [Angelopoulos
and Bates, 2023, Shafer and Vovk, 2008]. Clough et al. [2024] utilized CP to either return
potential matches for an unknown particle’s spectrum in a prediction set or return an empty
prediction set if none of the scores surpassed the data-driven threshold. CP not only outper-
formed a commonly used commercial database matching software for MPs, but the method
could also be optimized and employed for environmental plastic identification. However, the
use of CP to identify plastics was limited to one spectral input, despite it being established
that the combination of IR and Raman spectroscopy can further enhance the certainty of
MP identification [Käppler et al., 2016, Parham et al., 2025, Böke et al., 2022].

Optical photothermal infrared (O-PTIR) spectroscopy systems provide an advantage for
particle identification as they simultaneously collects photothermal infrared (PTIR) and
Raman spectra for individual particles by utilizing a pump-probe mechanism, where the
pump is a tunable scanning mid-IR laser and the probe is a visible laser [Olson et al.,
2020, Prater et al., 2024, Zhang et al., 2016]. In addition to collecting two spectra for
each particle, this technique circumvents the size resolution of traditional Beer’s Law-based
IR measurements, which are practically limited to detecting MP particles > ∼20 µm in
size [Ivleva, 2021, Dong et al., 2022]. The size resolution for O-PTIR depends upon the
probe laser (532 nm), not the pump laser (∼3–10 µm), and is advantageous for detecting
MP particles down to the sub-micron size range [Parham et al., 2025, Böke et al., 2022,
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Duswald et al., 2025, Pięta et al., 2025]. Among the few studies combining IR and Raman
spectra, Böke et al. [2022] proposed plotting the HQI scores from PTIR and Raman in a
two-dimensional score space. However, it was noted the range HQI scores for the correct
label was as low as 0.3. Developing a method that can establish reliable thresholds and
return labels with statistical confidence values is critical for identifying MPs with multiple
spectral inputs.

To achieve the goal of aggregating multiple methods we used a special case of conformal
score aggregation (CSA) [Ochoa Rivera et al., 2025],called multiview conformal prediction
(MVCP), in which multiple models are obtained from different views of the same object.
This adaptation leverages the spectral inputs from O-PTIR+Raman while using preexisting
theoretical properties, such as confidence guarantees, that have already been established
with CSA. Herein, we apply MVCP to the case of PTIR and Raman spectra collected from
one individual particle. This enables the use of PTIR and Raman to identify MP particles
with quantified statistical confidence. PTIR and Raman spectra collected from samples
containing both MP and non-MP particle types (<10 µm in size), were used to calibrate
and establish an envelope threshold. The efficiency and robustness of this technique was
then compared with traditional, single-view CP methods that only considered either the
PTIR or Raman spectra independently. Finally, MVCP was applied to an additional data
set of aerosolized MP particles impacted on an ambient particle sample (without MPs) to
determine the method’s capability to differentiate MP particles from other non-MP particles
in an environmental sample.

5.1.1 Spectral Preprocessing

For this study, the raw spectra from the samples and reference library were preprocessed
in-house using Python. Note that all spectra shown herein have been preprocessed unless
otherwise indicated. The PTIR spectra were automatically calibrated in PTIR Studios, and
the spectra were interpolated such that all wavenumbers were aligned between the sample
and reference library spectra and could be used for database matching. The spacing of the
wavenumbers remained 2 cm-1 before and after interpolation. Although interpolating the
PTIR spectra was not strictly necessary in this study, it was included as part of the open-
access preprocessing script in case future users included reference library spectra that did
not have the same wavenumber values as their unknown particle spectra. The PTIR spectra
were then truncated to the wavenumber ranges of 981–1799 and 2721–2965 cm-1 to remove
regions of high noise due to laser chip transitions. Finally, the spectra were normalized using
the standard normal variate (SNV) transformation [Renner et al., 2019, Barnes et al., 1989].
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The Raman spectra had to be calibrated manually, so the spectra were first baseline-
corrected using Zhao et al. [2007]. This method was shown to improve fluorescence back-
ground removal for Raman spectra with low signal-to-noise ratios compared to the commonly
used multi-polynomial fitting method. The spectra were then normalized using the SNV
transformation, calibrated using a 520 cm-1 peak from internal silicon standard that was
collected daily, and interpolated to ensure the wavenumbers aligned between the reference
library spectra and sample spectra. The interpolation additionally modified the spacing of
wavenumbers from 3 cm-1 to 2 cm-1. Note that the Raman spectra were collected over a range
of 480-3762 cm-1, though some ranges were slightly extended and changed the wavenumber
values. These variances made interpolation necessary for the Raman spectra. Similar to the
PTIR spectra, the Raman spectra were truncated to 601–1849 and 2751–3499 cm-1 to ex-
clude the low variance and low specificity regions [Renner et al., 2019], which could influence
automated spectral matching.

5.1.2 Database Matching with the Normalized Nearest Neighbor
(ÑN) Similarity Metric

Database matching involves calculating likeness between an unknown spectrum and a collec-
tion of reference spectra from a library. Figure 5.1 shows example PTIR and Raman spectra
for an unknown particle with the reference library spectra below them. Note that these
reference library PTIR and Raman spectra are not inherently correlated with each other—
meaning that they were not necessarily retrieved from the same particle (see the reference
library section above for more information). Additionally, database matching was conducted
independently for the particle’s PTIR and Raman spectra.

HQI scores were calculated using the nearest neighbor (NN) similarity metric [Shafer and
Vovk, 2008] (Equation (5.1)), which not only takes into account the similarity between an
unknown and reference library spectrum, but also whether the unknown spectrum is more
similar to other particle types in the reference library. Additionally, it has been shown that
the NN similarity metric is more selective than the commonly used Pearson’s Correlation
Coefficient (PCC) metric [Clough et al., 2024].

NNy = minref { |x − xref | : yref = y}
minref { |x − xref | : yref ̸= y} (5.1)

ÑN = 1− e− NNy
τ (5.2)

In the numerator for NNy, the minimum distance between the unknown spectrum, x,
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Figure 5.1: Experimental outline for labeling unknown spectra. (a) Database matching for
the PTIR and Raman spectra (pink and green traces, respectively) of an unknown particle.
The gray traces underneath are the top-matching spectra for each particle type with their
respective ÑN scores (i.e., HQI scores) next to them. The resulting single-view CP methods
for (b) the PTIR ÑN scores and (c) the Raman ÑN scores are shown with the returned
prediction sets based on the methods’ theoretical confidence percentages. (d) The results
from the MVCP method, utilizing both PTIR and Raman ÑN scores, with the returned
prediction sets shown based on the theoretical confidence percentage. Note that each num-
bered point in (b), (c), and (d) corresponds with the particle types denoted in (a).
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and all reference spectra, xref , for a specific the label (yref = y) is calculated. This value
is then divided by the minimum distance between spectrum x and every reference spectrum
xref that does not correspond to the label of interest (i.e., yref ̸= y). For example, if the
NN similarity metric was calculated for an unknown spectrum and HDPE was the label of
interest, then the Euclidian distance between the unknown spectrum and the closest HDPE
reference spectrum would be calculated. This value would then be divided by the Euclidian
distance between the unknown spectrum and the closest reference library spectrum of any
particle type that is not HDPE. The resulting score, NNHDP E, would be specific to the
HDPE label, and this calculation would be repeated for the other potential labels in the
reference library.

Given that the initial NN similarity metric could be any value greater than 0, it can be
normalized so that the output value is between 0 and 1 and can be interpreted as an HQI
score ((5.2)). This transformation is strictly monotone and is introduced solely to improve
interpretability, meaning it will not affect the resulting confidence or prediction sets returned
by the CP methods. For this study, an exponential function with a constant τ was used to
generate this normalized NN similarity metric (ÑN), which will herein be referred to as
an ÑN score. These scores were scaled (τ = 1.4427) such that ÑN ≈ 0.5 when the first
and second nearest neighbors were the same distance from the unknown spectrum. ÑN

was more than 0.5 only when the label in question was truly the nearest neighbor to the
unknown spectrum, whereas when ÑN was less than 0.5, it signified a different label was
the nearest neighbor. Using the example spectra from Figure 5.1, this normalization caused
the top ÑN scores for each particle type to be lower than what may be typically expected
for an HQI score.

5.1.3 Conformal Prediction (CP)

Unlike traditional database matching methods, which seek to assign one label to an unknown
spectrum, conformal prediction (CP) returns prediction sets containing however many labels
that have scores surpassing a data-determined threshold (i.e., a threshold calculated from
a calibration set). The advantage of this CP threshold is that the returned prediction set
has a confidence that the correct match is in the prediction set based on the user-defined
theoretical confidence percentage. For example, if a user sets a threshold with 80% theoretical
confidence, then all prediction sets returned have an 80% guarantee that the correct label
(if the correct label is in the reference library) is returned in the prediction set.

An important characteristic of CP is that the confidence guarantees require relatively weak
distributional assumptions of the calibration spectra. Whereas other statistical approaches
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(such as the bootstrap method [Efron, 1979, Morgado et al., 2021]) give guarantees that are
only asymptotically valid—meaning the dataset should be near-infinite in size—CP gives
guarantees even when the dataset’s score distribution is not Gaussian in shape and finite.
However, it is crucial to note that CP assumes the calibration set used is representative of
the sample, meaning the score distributions between the calibration and unknown sample are
the same. Thus, if a particle type is not included in the calibration set, then the theoretical
confidence guarantees provided by CP do not extend to this type of particle. Figure 5.1
shows the prediction sets returned for the PTIR and Raman spectra’s CP methods based on
a range of theoretical confidences. The differences between the calculated CP (PTIR) and
CP (Raman) quantiles and ÑN scores mean the prediction sets returned will not always
agree.

5.1.4 Multi-View Conformal Prediction (MVCP)

Unlike single-view machine learning methods, multi-view machine learning aims to solve
prediction problems when different (often non-overlapping) representations of the same un-
derlying “object” are observed [Sun, 2013]. In this case, our “object” is an unidentified
particle and it is being represented via the ÑN scores for its PTIR and Raman spectra.
Thus, MVCP is similar to its single-view counterpart in that it utilizes a threshold to de-
termine what particle type labels are returned in the prediction sets based on a user-defined
theoretical confidence value[Ochoa Rivera et al., 2025]. However, this boundary is no longer a
single number; instead, it is two-dimensional in a score space. The score space encompassed
by the boundary, called an envelope, returns labels whose combined scores from multiple
views (treated as x and y coordinates) are within it. As shown in Figure 5.1, the example
particle’s ÑN scores are now plotted in a two-dimensional score space, and the envelopes
cover a wider area of the score space as their theoretical confidence increases. Correspond-
ingly, more potential matches are returned as the envelope increases in size. Although MVCP
is used with two views in this work, it is important to note that it could be leveraged for
a collection of n views—in which case the threshold would be n-dimensional [Ochoa Rivera
et al., 2025].

The challenge with creating an envelope is that there is no canonical ordering of points in
higher-dimensional score spaces. For example, if given the ÑN scores for the PTIR spectra
of 50 particles, a user could easily order these particles from having the highest to lowest
scores. However, there is no clear way to order these particles when also considering their
Raman ÑN scores. Thus, the envelope must be constructed using directional quantiles
[Kong and Mizera, 2012], meaning the distributional information of the calibration points
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Figure 5.2: Method for generating MVCP envelope and boundary.
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are assessed over several directions in the score space, to address the multiple views. An
example of this process to generate the shape of an envelope is shown in Figure 5.2. A range
of angles originating from the maximum point of the score space (PTIR ÑN = 1.0 and
Raman ÑN = 1.0) are evaluated. Each angle is assessed by projecting the calibration data
points orthogonally onto a line such that the points are represented by only one dimension,
and this projection’s score distribution is used to calculate the threshold at the user’s desired
theoretical coverage. By projecting the data points back to a one-dimensional space across
different directions (i.e., angles), the weights of the multiple views’ scores on the overall
distribution also change. Meaning a projection along the x-axis or y-axis would be 100%
weighted towards the PTIR or Raman ÑN scores, respectively, and a projection at a 45◦

angle between these two axes would be equally weighted between the PTIR and Raman
ÑN scores. For each envelope calibration, 400 projection directions were evaluated. The
threshold at the user’s selected theoretical confidence is then calculated based on this new
distribution of scores. Once the individual threshold windows are calculated at each angle,
their overlapping areas are used to create the two-dimensional envelope.

Note that the size of the envelope may need to be adjusted since the data points had
to transform from their original positions to make the directional quantile, and the actual
coverage of the envelope may be different for the distribution of the calibration points in the
two-dimensional score space. Thus, only 24% of the calibration data determines the shape of
the envelope while the remaining 76% of the calibration data adjusts the size of the envelope
based on the calculated empirical coverage of these data points. A sensitivity analysis for
this split for the calibration subsets, along with the number of projection directions used to
determine the envelope during calibration, is shown in. Parameters outside of these can be
adjusted in the Python script as well, which is available for open access on GitHub2. A full
list of user-selected parameters for the spectral preprocessing pipeline, database matching,
and CP methods are provided in the accompanying user guide.

5.1.5 Calibration and Test Datasets for Single-View CP and
MVCP Experiments

In this study, calibration and test spectral datasets were generated with the combined
manually-labeled particle spectra from the MPs-Only and MPs+Standards samples. To
investigate the performance of the single-view CP and MVCP methods, these spectra were
filtered based on how challenging the unknown particles were to manually identify based on
their respective PTIR and Raman spectra. Spectral Dataset #1 (n = 321) included par-

2https://github.com/eochoarv/MVCP
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ticles with the most straightforward manual identification: the PTIR and Raman spectra
both had an MP or non-MP label and were not mixtures (i.e., neither spectrum was labeled
MIX, UNS, or LOW). Additionally, the Raman spectra did not exhibit fluorescence or sat-
uration. Spectral Dataset #2 (n = 209) included particles where one spectrum had an MP
or non-MP label and the other did not (i.e., this other spectrum was labeled UNS or LOW).
Mixtures were not included in this dataset, and Raman spectra that exhibited saturation or
fluorescence were included regardless of whether they had an MP or non-MP label.

As a more rigorous test of robustness, a separate dataset was generated by augmenting
some of the spectra from Spectral Dataset #1 with noise. For this test, Gaussian noise was
added to investigate the effect of spectral noise on the single-view CP and MVCP methods
and push their limitations for particle identification. Spectral Dataset #1 was thus split into
three subsets: one subset contained half of the particles from Spectral Dataset #1 (n = 161)
and was left unchanged, one subset contained a quarter of the particles (n = 80) with their
PTIR spectra augmented with Gaussian noise, and the last subset contained a quarter of the
particles (n = 80) with their Raman spectra augmented with Gaussian noise. For clarity, the
first subset will be referred to herein as Spectral Dataset #1: Unchanged Subset, and the
other two subsets will be jointly referred to as Spectral Dataset #1: Noise-Added Subsets.

All datasets or subsets used for an experiment were evaluate using Monte Carlo cross
validation [Molinaro et al., 2005, Stone, 1974], which is a method that assesses prediction
models by randomly splitting a dataset between calibration and test sets n-times and using
the results for quantitative comparisons. In this study, the dataset used for each experi-
ment was split 84% and 16% between calibration and test data, respectively. These frac-
tions for the split favored the calibration set to produce more accurate estimations of the
envelope’s performance during calibration phase. Although the coverage guarantee holds
regardless of the calibration dataset’s size, there is an impact on the empirical confidence
observed.[Angelopoulos and Bates, 2023] Larger calibration datasets lead to higher preci-
sion (i.e., empirical confidence has less error associated with it). In practice, users should
include as much data as is reasonable in the calibration set. The calibration data was first
run through the database matching algorithm. The top score of the correct polymer type
for each PTIR and Raman spectrum was plotted in a distribution for their respective mea-
surements, and quantiles were then calculated based on their respective distributions. The
database matching process was then repeated with the test spectra, but this time the scores
were plotted along the axis of their corresponding method and used to determine which
potential matches were returned in the prediction sets based on the quantiles established.
This process was repeated 100 times for each experiment.
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5.2 Results and Discussion

5.2.1 Comparing Thresholds between Single-View CP and MVCP
Methods

One of the ways that MVCP utilizes dual information from O-PTIR and Raman is by
creating an envelope with both spectral inputs. Figure 5.3 shows the histograms of these
top ÑN values for their respective single-view CP methods for Spectral Dataset #1 and
Spectral Dataset #2. For this work, the histograms are shown as a visual representation of
the one-dimensional spread of data, which is why the thresholds are plotted irrespective of
the bin edges. The 95% quantiles for CP (PTIR) and CP (Raman), shown as dashed lines,
were nearly identical values of ÑN = 0.44 and 0.42, respectively. Although these thresholds
are low relative to other thresholds previously used [Clough et al., 2024, Weisser et al., 2022],
they are a result of the ÑN scores being scaled so the data points could be interpreted based
on which quadrant of the score space they resided in.

Figure 5.3: An example calibration with resulting thresholds for the three CP methods.
The histograms for the top HQI scores of the correct particle type are shown for the PTIR
and Raman CP methods (pink and green, respectively). Their corresponding quantiles at
95% theoretical confidence are denoted with dashed lines that intercept with the PTIR or
Raman HQI axes. The spread of these PTIR and Raman scores for each particle are plotted
underneath the histograms, with the MVCP envelope at 95% theoretical confidence shown
in gold.

The MVCP envelope at 95% theoretical confidence extends past the overlapping region
from the single-view CP thresholds. However, the convex shape of the envelope covers a
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different area of the score space than the rectangular shape of the single-view CP quantiles,
which may affect what potential matches are returned for unknown spectra. For example,
the left-hand side of the envelope exceeds the CP (PTIR) threshold, but it does not cover a
large fraction of the score space within the CP (Raman) threshold. The shared information
between the two spectroscopy techniques creates a unique threshold that interacts with labels
differently than when considering one of the single-view CP quantiles or the region where
the two quantiles overlap.

5.2.2 Performance Evaluation
for Single-View CP and MVCP Methods

One trade-off of CP methods is the number of potential matches returned in a prediction
set increases as the confidence (and thus the probability of the prediction set containing
the correct label) increases, which would require manual analysis to decide between the
returned labels. Therefore, it is critical to evaluate a CP method’s efficiency over a range
of theoretical confidence values to choose a threshold that does not return too many labels,
especially when using reference libraries with tens or hundreds of available labels that could
be returned. This evaluation is shown in Figure 5.4, where the average prediction set size
is used as a metric of a CP method’s efficiency using Spectral Dataset #1 and Spectral
Dataset #2. The MVCP and CP (Raman) methods dramatically increase from ∼ 1 to ∼ 4
labels after 95% theoretical confidence. CP (PTIR)’s average set size is already close to 2
labels at 95% theoretical confidence and reaches as high as 5 labels (out of 6 labels total
in the reference library) at 100% theoretical confidence. The 95% theoretical confidence
value was thus selected to establish thresholds for all experiments in this work (excluding
the assessment of the MPs+Ambient sample) as it maximizes the theoretical confidence
guarantee range while keeping the average set size close to one label, thus minimizing the
amount of uncertainty (i.e., the need for manual verification of potential matches) associated
with the prediction sets returned.

Further comparison shows that MVCP has a higher efficiency than either of the single-
view CP methods in most cases (Figure 5.4). MVCP overall has the lowest average prediction
set size of 1.1± 0.1 labels at 95% theoretical confidence, though its range overlaps with CP
(Raman)’s average prediction set size (1.3 ± 0.1 labels). The average prediction set size
for CP (PTIR), which is 1.8 ± 0.2 labels, is significantly higher than MVCP. Despite these
differences, the majority of prediction sets on average had a set size of 1 label for each method
at 95% theoretical coverage.

These trends between the three CP methods (i.e., CP (PTIR), CP (Raman), and MVCP)
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Figure 5.4: (a) The averaged prediction set sizes compared with the inputted theoretical
confidence value for CP (PTIR), CP (Raman), and MVCP. (b) The calculated empirical
confidence (top panel) and box-and-whisker plots of average prediction set size (bottom
panel) for each split at 95% theoretical confidence (n = 100). Error bars shown for the
empirical confidence represent the standard deviation. Filled points in the box plots signify
outliers. The error bars shown for the empirical confidence represent standard deviation.

61



are even more pronounced in Figure 5.4, where the spread of the average prediction set
sizes over 100 splits at 95% theoretical confidence is shown with box-and-whisker plots.
MVCP still maintains the lowest median among the three methods (CP (PTIR) median:
1.82 labels; CP (Raman) median: 1.52 labels; MVCP median: 1.32 labels). Although CP
(Raman) has a smaller range overall than MVCP (CP (Raman) range: 0.65 labels, MVCP
range: 1.93 labels), it is largely due to MVCP’s lowest quantile extending to ∼ 1 label—the
target prediction set size in this case—whereas the lowest average prediction set size for CP
(Raman) is limited to 1.29 labels. CP(PTIR) has the highest median and widest range of
labels (median: 1.82 labels, range: 1.26 labels). Although Figure 5.4 shows trends in the
average prediction set sizes across 100 splits, the median and range for each prediction set
returned from a selected split can also be observed. At 95% theoretical confidence, the largest
prediction set returned for MVCP contained 2 labels, whereas CP (PTIR) and CP (Raman)
reached set sizes of 6 and 5 labels, respectively. This closer look at returned prediction sets
shows that CP (Raman) and CP (PTIR) reach larger set sizes at lower theoretical confidence
values, signifying MVCP’s continuous efficiency over a broad dataset.

The three methods are still accurate and precise despite the differences in their prediction
set sizes, as shown by the calculated average empirical confidence in Figure 5.4. Empirical
confidence is a metric used for CP methods [Angelopoulos and Bates, 2023] to calculate
the fraction of prediction sets containing the correct label (which is the manually-assigned
label) during testing. It should be noted that empirical confidence is not affected by set
size; rather, it only evaluates if the correct label was returned for a test spectrum. All three
methods have 95% empirical confidence with a standard deviation of 2–3%, indicating that
MVCP’s higher efficiency does not come at the cost of accuracy.

The benefits of having two spectral inputs to distinguish between particle types can also
be observed at the single-particle level. Utilizing the complimentary nature of O-PTIR and
Raman spectra has been shown to improve manual identification of pristine MP particles,
especially in size ranges < 10 µm where particles often have lower signal [Parham et al.,
2025], and this improvement extends to computational analysis of unknown particles as well.
Figure 5.5 shows PTIR and Raman spectra from two example particles in Spectral Dataset
#2 (i.e., the dataset of particles where one of their spectra was not easily identifiable). In
Figure 5.5, an unknown particle has a Raman spectrum with clear peaks that visually agree
with a reference library spectrum for HDPE. The Raman spectrum’s ÑN score of 0.56 for
HDPE corroborates this likeness, and the score is high enough to indicate that HDPE has
closer agreement with the unknown spectrum than neighboring labels. Indeed, Figure 5.5
shows HDPE is the only label to pass the CP (Raman) threshold. The PTIR spectrum in
Figure 5.5, on the other hand, is clearly only noise. Its corresponding ÑN score for HDPE

62



(ÑN = 0.48) is close to 0.5, indicating that it is about the same Euclidean distance from the
unknown spectrum as another label in the reference library. In fact, all PTIR ÑN scores
for the six labels are between 0.47 and 0.51, and the resulting prediction set contains all six
labels. In this case, the MVCP envelope only passes HDPE and excludes all other labels due
to the added information from the Raman spectra.

Figure 5.5: (a) PTIR and Raman spectra for an example HDPE particle and the top-
matching reference library HDPE spectra in dark grey below. (b) Top HQI scores for each
particle type with the example particle’s spectra compared with the CP method’s thresholds.
A similar structure was used for an example PS particle’s (c) spectra and (d) HQI scores.

Raman spectra can also suffer from spectral quality issues, especially when peaks are
overwhelmed by fluorescence or saturation. Figure 5.5 shows an example PS particle with
part of its Raman spectrum saturated. The signal in the fingerprint region has a sharp
increase and a gradual decline, which was observed after the saturated signal underwent
baseline correction. Similar to the previous example, all six labels pass the CP (Raman)
threshold in Figure 5.5. The PTIR spectrum for the PS particle has clear agreement with the
PS reference spectrum, and this agreement is further supported by the PS label’s relatively
high ÑN score of 0.64. Now the CP (PTIR) and MVCP methods only return the PS
label. These example cases clearly exhibit MVCP’s use of a two-dimensional score space
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to return correct matches for unknown particles even when one of the spectra cannot be
identified based on a similarity metric—thus reducing the uncertainty of the method by
returning smaller prediction sets. Moreover, utilizing two complementary spectral inputs
further ensures the identification of MP particles that could otherwise be overlooked if only
one of the spectroscopy methods were used.

5.2.3 Robustness Assessment based on Spectral Identification Ca-
pability

The robustness of MVCP is further demonstrated by the quantitative comparisons between
spectra based on how readily they can be identified. The earlier results from the combined
Spectral Dataset #1 and Spectral Dataset #2 (see Figure 4b) are now shown separated
by dataset in Figure 6a. For the particles in Spectral Dataset #1, the spread of average
prediction set sizes for the single-view CP and MVCP methods have a median near 1 label
with narrow ranges. On the other hand, the particles that were harder to manually identify
using both the PTIR and Raman spectra (Spectral Dataset #2) subsequently have much
higher median set sizes—especially for CP (PTIR) (CP (PTIR) median: 3.0 labels, CP
(Raman) median: 1.5 labels, MVCP median: 1.2 labels). The empirical confidence shows
that all methods for both types of spectra are statistically within bounds for 95% accuracy,
which is the target as 95% theoretical coverage was still used to establish the thresholds.

The stark difference between CP (PTIR) and the other two methods in the results for
Spectral Database #2 is likely due to the number of particles with PTIR spectra labeled as
LOW and Raman spectra labeled as an MP or non-MP (n = 124). These particles could lead
to an increase in the uncertainty of the CP (PTIR) method during calibration and testing,
causing a slightly lower threshold (Figure 3) and higher average prediction set sizes (Figure
5.4 and Figure 5.6). The influence of these unidentifiable spectra on the calibration and
performance of the CP (PTIR) method is thus observed through the increase in uncertainty
of the prediction sets returned via the higher number of potential matches included in the
set.

The limits of the single-view CP and MVCP methods were investigated further by aug-
menting subsets of spectra in Spectral Dataset #1 with Gaussian noise. The results for
the CP methods when calibrated and tested with Spectral Dataset #1: Unchanged Subset
and Spectral Dataset #1: Noise-Added Subsets are shown in Figure 5.6. As expected, the
addition of Gaussian noise to the augmented subsets increased the overall root-mean-square
(rms) noise of the spectra. The unchanged subset has similar metrics to Spectral Dataset
#1 shown in Figure 5.6, though this unchanged subset has an even narrower range of aver-
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Figure 5.6: Empirical confidence (top panel) and spread of average prediction set sizes over
100 splits (bottom panel) for (a) Spectral Dataset #1 (n = 321) and Spectral Dataset #2
(n = 209) as well as (b) Spectral Dataset #1: Unchanged Subset (n = 161) and Spectral
Dataset #1: Noise-Added Subsets (n = 160). Error bars shown for the empirical confidence
represent standard deviation. Filled points in the box plots signify outliers.

65



age prediction set sizes with the widest range being 0.1 labels. Meanwhile, the noise-added
subset can be seen to greatly affect the single-view CP methods. Indeed, the median for CP
(PTIR) increased to 1.92 labels (range: 1.53–2.46 labels), and CP (Raman) also increased to
a median of 1.68 labels (range: 1.46–1.99 labels). Only MVCP remained relatively unaffected
as its median stayed near 1 and its range was still relatively small (1.04–1.18 labels)—thus
maintaining a lower uncertainty in its returned prediction sets. All three methods sur-
prisingly show a slight increase in empirical confidence (CP (PTIR): 0.962 ± 0.007, CP
(Raman): 0.97 ± 0.01, MVCP: 0.964 ± 0.009), which may be due to the smaller number of
data points in the subsets when compared to Spectral Dataset #1 and Spectral Dataset #2.
The adaptability of MVCP to these noisier spectra demonstrates the advantage of multiple
spectra when working with a variety of particles and pushing the limits of MP detection and
identification.

5.2.4 MVCP Method Validation with MPs+Ambient Sample

To probe the capabilities of MVCP for environmental MP studies, the method was applied
to a controlled experiment where HDPE, PP, and PS particles were impacted on top of
an ambient aerosol particle sample on a gridded silicon substrate. A selected grid cell was
analyzed after the environmental sample was first collected (no MP particles were identified
from the ambient particle spectra), and the same grid cell was reanalyzed after MP impaction
[Parham et al., 2025]. The particles from the MPs+Ambient sample were then used as a
test dataset to determine the most appropriate threshold for MVCP.

The results from this experiment were treated as a binary classification so the data analysis
routine could be assessed using common metrics for models. In particular, only the three
MP types were used as potential labels for database matching, and only MP particles from
Spectral Dataset #1 and Spectral Dataset #2 were used for the envelope calibration. The
calibration data was randomly split 100 times between the two calibration subsets, to account
for differences in the envelope’s shape and size, and the averaged metrics were calculated.
Test particles from the MPs+Ambient sample were considered correctly identified if 1) one
or more labels were returned for MP particles and 2) no labels were returned for ambient
or unidentified particles (i.e., ambient, no identifiable peaks, or unsorted). Figure 5.7 shows
performance metrics for this binary classification as a function of theoretical confidence. True
positive rate (TPR) was defined as the fraction of prediction sets that contained a label for
an MP particle. Conversely, the fraction of prediction sets returned with an MP label for
an ambient, no identifiable peaks, or unsorted particle was defined as the false positive rate
(FPR). For simplicity, particle mixtures were not considered for the TPR and FPR. These

66



Figure 5.7: (a) The false positive rate (FPR), true positive rate (TPR) and F1 score compared
over theoretical confidence. (b) Empirical confidence and (c) prediction set size as a function
of theoretical confidence. A dotted line denotes the threshold at 73% theoretical confidence,
which was selected by the criterion of a 10% maximum FPR. The values of each metric are
shown in light gray. The shaded area around traces represents standard deviation.
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two rates were then used to calculate an F1 score, which is frequently used as an accuracy
metric for a model.

The priority for this study was to minimize the number of false positives to reduce pre-
diction set size, so the threshold was established at 73% theoretical confidence to ensure
the average FPR did not exceed 0.10 (FPR = 0.10 ± 0.06). This threshold also coincides
with the peak in the F1 score (0.76 ± 0.05)—which indicates the number of true positives
is greater than the sum of false positives and false negatives [Liemohn, 2024]. The TPR is
also fairly high (0.80 ± 0.07), which is further corroborated by the selectivity of the PP and
PS particles (Figure S7). The HDPE test particles had more HDPE labels outside of the
envelope while other MP labels were within the envelope, which contributes to lowering the
TPR fraction. These metrics could be considered satisfactory by general standards for mod-
els, but they indicate lower performance compared to other data analysis routines employed
for MP identification [Morgado et al., 2021, Smolen et al., 2025].

Although these results show the potential of using MVCP in environmental analysis, more
can be done to improve the overall performance of the data analysis routine. Fortunately,
this routine can be assessed with tools from the MVCP method. The performance of the
selected envelope itself should be evaluated first using the average empirical confidence and
prediction set size in Figure 7b and Figure 7c, respectively. The empirical confidence,
which only considers if the correct MP label is returned, is higher on average than the target
confidence for this threshold (0.78 ± 0.07). In terms of efficiency, the prediction sets for the
MP particles should ideally return 1 label and all other particle types should not have a label
returned, so the target prediction set size should reflect the fraction of MP particles (n = 71)
within all particles analyzed (n = 253), which was ∼0.28. The average prediction set size at
73% theoretical confidence is 0.30 ± 0.05, which is in good agreement with the target set size.
It should be noted that this fraction of MPs is much higher than what would be expected
in an ambient atmospheric sample. A recent modeling study from Evangelou et al. [2026]
compiled results from 76 studies and computed an average global MP concentration of 31
particles m-3, which is several orders of magnitude lower than typical ambient aerosol number
concentrations [Seinfeld and Pandis, 2006]. These metrics combined signify the capability
of MVCP to not only identify MPs, but also its capacity to differentiate MPs from ambient
particles.

Given that the MVCP envelope is performing well, the score space and envelopes used for
MVCP can be employed to evaluate database matching with the ambient and unidentified
particles. The ÑN scores of the MP labels for ambient particles (AMB) or particles with no
peaks in their spectra (LOW) are clustered in the center of the score space, indicating the
database matching method employed did not have the correct label to identify the particles.
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In fact, one of the primary reasons why an envelope with higher theoretical confidence
(e.g., 95% theoretical confidence) was not selected was due to MP labels being returned for
a majority of the AMB and LOW particles. More MP particles, and even some particle
mixtures, could be captured, but it would also result in more misidentifications of ambient
or unidentified particles and thus increasing analysis time during manual verification of
the returned prediction sets. Utilizing the MVCP envelope to contextualize results from
database matching with multiple spectral inputs is advantageous for determining areas of
improvement.

Although non-MP particle types were deliberately excluded from the reference library to
employ a binary classification, restricting the reference library and calibration set to only
pristine MPs severely limits the applicability of the envelope and confidence guarantee to
other samples beyond the one evaluated in this work. A confidence guarantee assumes the
unknown particles will have the same distribution of scores as those used in the calibration set
(i.e., the same particle types are in the unknown and calibration sets), meaning the envelope
used for the MPs+Ambient sample would only be valid if a future user intended to identify
pristine HDPE, PS, or PP particles in their sample. The reference library would also need to
include any particle types that are expected in an unknown sample. Studies have shown that
expanding reference libraries to contain more particle types encountered in an environmental
sample, as well as natural polymeric species and aged plastic particles, improves database
matching and HQI scores [De Frond et al., 2021a, Munno et al., 2020, Primpke et al., 2018,
Kozloski et al., 2024]. In other words, the reference libraries and calibration sets employed in
this study would be deficient on their own for calibrating a CP threshold to identify MPs in
environmental samples, but they could be used to augment existing reference libraries and
calibration sets. Guidelines are available for determining calibration set size [Angelopoulos
and Bates, 2023] and it is recommended to include particle types as expected in a sample.

Methods beyond traditional database matching could further improve the identification
of these chemically complex particles. Statistical [Renner et al., 2017] and deep-learning
[Smolen et al., 2025, Lim et al., 2025] methods have shown potential for identifying MPs
non-pristine conditions (e.g., weathering and particle mixtures). MVCP can adapt to these
improvements to data analysis routines, making the amenable nature of MVCP a powerful
tool for quantitatively evaluating the overall performance of MP identification methods and
enhancing them.
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5.3 Conclusions

This study demonstrated the potential for MVCP to identify MPs by assessing HQI scores
from PTIR and Raman spectra with statistical confidence. By treating the ÑN scores
from individual particles as coordinates in a score space, the information between these
two inputs was shared to calculate multidimensional regions that generalize the thresholds
used in the one-dimensional case. This envelope allowed MVCP to maintain accuracy while
returning fewer labels than its single-view counterparts (CP), as well as be less susceptible
to particle misidentification when one of the spectra was difficult to identify or could not
be identified. Although this method is designed to work with any combination of analysis
methods employed with database matching, it is implied that these chemical inputs are
collected from the same particle. The mIRage instrument that provides O-PTIR+Raman
has a distinct advantage as it simultaneously collects PTIR and Raman spectra for individual
particles, thus enhancing the simplicity and throughput of multi-technique analysis. Directly
comparing the two spectral inputs with these CP methods quantitatively demonstrates the
benefits of using both types of spectra for MP identification.

MVCP was also shown to differentiate between MP and environmental non-MP particles,
and metrics for binary classification models combined with CP performance metrics to deter-
mine the best-performing threshold. Minimizing misidentification of ambient or unidentified
particles as MPs was emphasized in this study, but this did result in a few MP particles
not being identified. Although the overall performance of MVCP was positive, we recom-
mend incorporating additional particle types encountered in environmental samples (e.g.,
natural inorganic and organic materials, natural polymers, oxidized MPs, particle mixtures,
etc.) before implementing it broadly across field datasets. Improvements to data analysis
routines, such as the spectral preprocessing pipeline and the method used for determining a
scores of likeness, could be further assessed using sensitivity studies as well as the statistical
confidence provided by the MVCP or single-view CP methods. Such advancements paired
with reporting statistical confidence for targeted analysis of MPs will ensure confidence in
MP identification and contextualize results between MP studies.
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CHAPTER 6

Online Conformal Prediction: Enforcing monotonicity via
Online Optimization

6.1 Introduction

Conformal prediction has emerged as a powerful tool for constructing prediction sets with
distribution-free coverage guarantees [Papadopoulos et al., 2002, Vovk et al., 2005, Shafer
and Vovk, 2008]. Given a desired coverage level 1−α, conformal methods output a prediction
set that contains the true outcome with probability at least 1 − α under minimal assump-
tions. These guarantees have made conformal prediction attractive in safety-critical and
risk-sensitive applications [Lu et al., 2022, 2023, Kuchibhotla and Berk, 2023, Lindemann
et al., 2023, Clough et al., 2024].

Many modern applications, however, operate in an online or streaming regime, where data
arrives sequentially and predictions must be produced in real time [Chernozhukov et al., 2018,
Gibbs and Candes, 2021, Zaffran et al., 2022]. This has motivated the development of online
conformal prediction methods, which aim to maintain validity while update predictions as
new data is observed. In contrast to the batch setting, where nestedness of prediction sets
naturally arises for standard nonconformity scores, this property is generally lost in the online
setting. To the best of our knowledge, existing online conformal prediction methods operate
at a single coverage level and must be rerun independently for different values of α, resulting
in prediction sets that are not necessarily nested. This limitation restricts their applicability
in settings where uncertainty must be assessed across multiple risk levels simultaneously.

In practice, decision-makers often require prediction sets at multiple confidence levels
simultaneously, reflecting heterogeneous risk preferences across users or decision contexts.
For example, in hurricane forecasting, emergency planners may require different levels of
conservativeness depending on location and evacuation costs [Regnier, 2008]. Similarly, in
macroeconomic forecasting, policymakers rely on predictive distributions that reflect varying
degrees of uncertainty, corresponding to different implicit risk levels [Dowd, 2007]. In such
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cases, it is natural to require that prediction sets are nested, so that higher coverage levels
correspond to larger sets. However, direct application of current online conformal prediction
to multiple α values do not guarantee this property.

Beyond interpretability, there is also a strong statistical motivation for jointly estimat-
ing multiple coverage levels. In the quantile regression literature, estimating quantiles in-
dependently can lead to suboptimal performance and violations of monotonicity (quantile
crossing). Joint estimation methods that enforce non-crossing constraints produce coherent
quantile functions and improve statistical efficiency by sharing information across quantiles
[Zou and Yuan, 2008, Liu and Wu, 2011]. This suggests that, in the online conformal setting,
jointly update multiple quantiles may similarly improve stability and efficiency, compared
to running independently for each coverage level.

This paper addresses these challenges by proposing two novel online conformal prediction
methods that produce nested prediction sets across a range of coverage levels while preserving
long-run coverage guarantees.

Contributions. The main contributions of this paper are as follows:

• We introduce a novel formulation of online conformal prediction that produces nested
prediction sets across multiple coverage levels, enabling calibrated uncertainty quan-
tification over the entire risk spectrum.

• We propose two online algorithms based on convex optimization algorithms that jointly
estimate multiple conformal thresholds while guaranteeing monotonicity: exponenti-
ated gradient and projected gradient.

• We establish theoretical guarantees for long-run coverage across all coverage levels,
together with guarantees ensuring nested prediction sets at every time step.

• We demonstrate empirically, on both synthetic and real-world datasets, that our meth-
ods achieve improved calibration, efficiency, and stability compared to independent
single-level conformal approaches.

6.2 Related Work

Conformal prediction has traditionally relied on exchangeability assumptions to obtain finite-
sample coverage guarantees [Vovk et al., 2005, Shafer and Vovk, 2008]. Under exchangeabil-
ity, prediction sets can be constructed using empirical quantiles of past nonconformity scores,
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and nestedness across coverage levels follows naturally when using an appropriate noncon-
formity score function. However, these guarantees break down in online settings where the
data stream may exhibit temporal dependence, distribution shift, or adversarial behavior.

To address this limitation, recent work has extended conformal prediction to the on-
line setting without relying on exchangeability. A key line of work, initiated by Gibbs and
Candes [2021], proposes update the conformal threshold qt via online gradient descent with
a fixed step size known as Adaptive Conformal Inference (ACI). This approach provides
long-run coverage guarantees under arbitrary (potentially adversarial) data sequences. Sub-
sequent works have proposed refinements to improve practical performance, particularly in
terms of prediction set size and adaptivity to distributional changes [Bhatnagar et al., 2023,
Angelopoulos and Bates, 2023, Gibbs and Candès, 2024, Areces et al., 2025, Sun and Yu,
2025].

More recent developments have explored the use of time-varying or adaptive step sizes
to better handle non-stationarity and to bridge adversarial and stochastic regimes. These
methods often draw on tools from online learning, such as adaptive regret minimization
and expert aggregation, and aim to provide stronger notions of validity beyond long-run
coverage [Zaffran et al., 2022, Bastani et al., 2022]. Notably, Angelopoulos et al. [2024] and
related works establish guarantees that hold simultaneously in adversarial and i.i.d. settings,
achieving a “best-of-both-worlds” behavior.

Parallel to this line of work, several approaches have studied conformal prediction under
relaxed assumptions on the data-generating process, such as weak dependence or time-series
structure [Chernozhukov et al., 2018, Barber et al., 2023]. While these methods can pro-
vide valid coverage under specific assumptions, they generally do not offer distribution-free
guarantees in fully adversarial settings.

Despite this progress, existing online conformal prediction methods are designed to op-
erate at a single coverage level. When multiple coverage levels are required, standard ap-
proaches must be run independently for each α, which does not guarantee nested prediction
sets and can lead to inefficiencies. In addition, the quantile regression literature has shown
that joint estimation of multiple quantiles, with constraints to prevent crossing, improves
both coherence and statistical efficiency [Zou and Yuan, 2008, Liu and Wu, 2011].

Our work builds on the online optimization perspective of conformal prediction and ex-
tends it to the joint estimation of multiple coverage levels. By enforcing structural constraints
across quantiles, we obtain nested prediction sets and calibrated uncertainty estimates over
the full risk spectrum, a setting that has not been addressed in prior online conformal pre-
diction work.
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6.3 Setting

Consider a bounded score function st : X × Y → [0, B] at each time t and a stream of data
{(Xt, Yt)}T

t=1. The score functions come from a pre-trained or trained online model (e.g.
f̂t) that predicts y using x. The function st(x, y), often times called non-conformity score,
measures how well the value y conforms with the predictions of our fitted model. A common
example in the regression setting is st(x, y) = |y − f̂t(x)|. Given a coverage level 1− α and
a threshold qt(1− α), we can define the prediction set as

C1−α
t (x) = {y ∈ Y : st(x, y) ≤ qt(1− α)} (6.1)

Under the exchangeability of the data, and symmetry of the given model fitting algorithm
as a function of the data, this definition of prediction sets, with qt(1 − α) the [(n+1)(1−α)]

n

quantile of the calibration scores {s(Xt, Yt)}T
t=1, the following holds:

P[Yt ∈ C1−α
t (Xt)] ≥ 1− α

However, when these assumptions do not hold, we lose this appealing guarantee. Gibbs
and Candes [2021] introduce a new method to set the threshold qt, namely ACI. Currently,
most of the online conformal prediction algorithms update the threshold qt(1 − α) in an
online fashion:

qt+1(1− α) = qt(1− α)− ηt (α− errt(α)) , errt(α) = 1Yt /∈C1−α
t (Xt) (6.2)

Note that errt(α), the α miscoverage error, is equivalent to 1st>qt(1−α). As pointed out in
previous works, the update rule in Eq. (6.2) does something intuitive, adjusts the threshold
qt(1 − α) based on the discrepancy between observed and target miscoverage α. Some
authors have referred to this update rule as the quantile tracker [Angelopoulos and Bates,
2023, Angelopoulos et al., 2024]. It has been shown that, although simple, it has long run
coverage guarantees, meaning

1
T

T∑
t=1

1Yt∈Ct(Xt) → 1− α

However, this definition has a subtle caveat. If we run it for different levels of coverage,
the prediciton sets are not necessarily nested, which it is undesirable for applications that
multiple coverage levels are needed at the same time. Formally, consider an increasing
sequence of miscoverage levels 0 = α0 < α1 < α2 < · · · < αK < αK+1 = 1. To simplify
notation, we denote Ci

t := C1−αi
t (Xt), qt,i := qt(1 − αi) and errt,i := errt(αi). For every
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i ∈ [K], our goal is to control miscoverage while preserving monotonicity in the thresholds
qt,i > qt,i+1 for all t ≥ 1. In other words, nestedness in the prediction sets Ci+1

t ⊂ Ci
t .

6.4 Methods

We explore alternative approaches to enforce nestedness of prediction sets across increasing
miscoverage levels. Our starting point is the standard online update of quantile thresholds,
which it can also be interpreted through an online optimization lens. In particular, the update
in Equation (6.2) can be viewed as an instance of online (sub)gradient descent applied to
the pinball (quantile) loss ρt(q, 1− α) = (st − q)

(
1{st>q} − α

)
,

qt+1 = qt − ηt∇ρt(qt, 1− α) (6.3)

We can further extend this definition to estimate quantiles for multiple miscoverage levels.
Let’s define the join loss function as ft(q̄) = ∑K

i=1 ρt(qi, 1 − αi) where q̄ = (q1, . . . , qK). We
can then express the joint update rule as

q̄t+1 = q̄t − ηt∇ft(q̄t) (6.4)

Note that this update rule is just individually estimating different quantile at the same
time, but the estimations are not sharing information and they won’t necessarily be mono-
tonic. Using the common online optimization perspective, we can impose constraints that
will modify the update rule to guarantee monotonicity. Let,s revisit the definition of the
online mirror descent algorithm

xt+1 = arg min
x∈X

η⟨∇f(xt), x⟩+Dϕ(x, xt)

Where Dϕ is the Bregman divergence generated by a convex function ϕ. When ϕ(x) =
1
2∥x∥

2
2 and X = Rn, we recover the usual gradient descent algorithm and then the update

rule in Eq. (6.4). If we constrain X to be a convex set (for example, the set of decreasing
sequences in Rn) we are under the projected gradient descent (PG).

xt+1 = ΠX (xt − η∇f(xt))

Where ΠX denotes the projection on the the convex set X . Finally, if we set ϕ(x) =∑n
i=1 xi log(xi) and X = {x ∈ Rn | xi ≥ 0,∑n

i=1 xi = 1} we end up with exponentiated
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gradient descent (EG), i.e.

(xt+1)i = (xt)i exp(−η∇f(xt)i)∑K
j=1(xt)j exp(−η∇f(xt)j)

In the next section we explain how we can leverage these variations of the online mirror
descent algorithm to achieve our goal of enforce monotonicity in the quantiles and how we
can leverage classic dynamic regret upper bounds to control the error between the true
quantiles and the estimations.

6.4.1 Exponentiated Gradient Descent

We first consider the EG update restricted to the truncated simplex

∆µ
K+1 =

{
w ∈ RK+1 | wi ≥ µ,

K∑
i=0

wi = 1
}

for some 0 < µ < 1
K+1 . Rather than updating the quantiles directly, we work with the

normalized gaps between consecutive quantiles. Specifically, define

wt,i = dt,i

B
∈ [0, 1], where dt,i = qt,i − qt,i+1,

with boundary conditions qt,K+1 = 0 and qt,0 = B for all t ≥ 1. We initialize w1,i = 1
K+1 for

all i ≥ 0. This parametrization is equivalent to the change of variables

qt,i = B
K∑

j=i

wt,j,

which can be written as q̄t = Jw̄t, where Ji,j = B 1{i≤j}. Under this transformation, we can
express the loss function in terms of w̄t as follows:

gt(w̄) := ft(Jw̄)

=
K∑

i=1
ρt(B

K∑
j=i

wj, 1− αi)

This formulation makes explicit how each coordinate wi influences all quantiles {qj}j≤i,
thereby introducing a structured coupling across coverage levels. We now apply the EG
algorithm to minimize gt over the truncated simplex ∆µ

K+1:

w̃t+1,i = wt,i exp(−η(∇gt)i), w̄t+1 = arg min
w̄∈∆µ

K+1

DKL(w̄, w̃t+1), (6.5)
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The projection step admits a simple closed form.

Proposition 2. The KL projection onto the truncated simplex ∆µ
K+1 is given by

wt+1,i = max {µ, ctw̃t+1,i}

where

ct = 1− |Sc
t |µ∑

i∈St
w̃t+1,i

, St := {i : w̃t+1,i ≥ µ}

Furthermore, we can calculate the gradient using the chain rule as ∇gt = J⊤∇ft which
yields the coordinate-wise expression

(∇gt)i =
K∑

j=1

∂ρt(qt,j, 1− αj)
∂qt,j

∂qt,j

∂wt,i

= B
K∑

j=i

(αj − errt,j),

since ∂qt,j
ρt(qt,j, 1− αj) = αj − errt,j and ∂qt,j

∂wt,i
= B 1{i≤j}.

This reveals a key feature of the EG update: it induces a global coupling across quantile
levels. Each coordinate wt,i controls the gap between consecutive quantiles and influences all
prediction sets up to level i. Correspondingly, the gradient (∇gt)i aggregates the miscoverage
discrepancies across these levels. When the method is overly conservative (i.e., errt,j < αj

on average), the cumulative term is positive and the corresponding gap is reduced; when it
undercovers, the gap is increased. As a result, the EG update reallocates mass across quantile
gaps in a coordinated manner, adjusting the entire quantile curve simultaneously while
preserving nestedness by construction. This global interaction contrasts with projection-
based approaches, where corrections are applied locally.

Standard regret guarantees for EG, combined with mild assumptions on the distribution
of st, allow us to control the deviation of the estimated quantiles from their targets.

Theorem 6.4.1. Let s1, . . . , sT be a sequence of random variables with densities pt(s) > p >

0. Then, the quantiles q̄t = Jw̄t using the updating rule in Eq. (6.5) satisfy

1
T

T∑
t=1

p ∥q̄t − q̄∗
t ∥

2
2

2 ≤ (1 + log(1/µ))(1 + V w
T )

ηT
+ (BK)2η

2 (6.6)

Where q∗
t,i is such that P

(
st < q∗

t,i

)
= 1− αi and V w

T = ∑T −1
t=1 ∥w∗

t+1 − w∗
t ∥1.

Similar to Gibbs and Candès [2024], if we additional assume the map

qi → P (st ≤ qi|{sr}r<t)
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is L-Lipschitz, then |P (st ≤ qi|{sr}r<t)−(1−αi)| < L|qt,i−q∗
t,i|, then Theorem 6.4.1 translates

to coverage error bound.

6.4.2 Projected Gradient Descent

For our second method, we will use a modified version of projected gradient descent such
that we keep a minimum difference between quantiles to avoid collapsing to single points.
We first update the whole quantile vector according to the gradient. Finally, we project it
onto the set with decreasing elements.

q̃t+1 = q̄t − η (ᾱ− errt) q̄t+1 = ΠQ(q̃t+1) (6.7)

Where errt = (errt,1, . . . , errt,K) and Q = {q̄ : B ≥ q1 ≥ · · · ≥ qK ≥ 0}. The projection
ΠQ reduces to the PAVA algorithm [Ayer et al., 1955].

In contrast to EG, the PG method operates via local correction: it first performs indepen-
dent gradient updates on each quantile and then enforces monotonicity through a projection
step. This projection only adjusts neighboring quantiles as needed to restore the ordering
constraint, without explicitly redistributing information across all levels. Consequently, PG
ensures feasibility (nestedness) but lacks the intrinsic global coordination present in EG,
which can limit its ability to exploit shared structure across coverage levels.

Theorem 6.4.2. Let s1, . . . , sT be a sequence of random variables with densities pt(s) > p >

0. Then, the quantiles q̄t from the update rule in Eq. (6.7) satisfy

1
T

T∑
t=1

p ∥q̄t − q̄∗
t ∥

2
2

2 ≤ 3B2K(1 + V q
T )

ηT
+ ηK (6.8)

Where q∗
t,i is such that P

(
st < q∗

t,i

)
= 1− αi and V q

T = ∑T −1
t=1 ∥q∗

t+1 − q∗
t ∥1

6.5 Experiments

In this section we evaluate our methods as well as the previously proposed quantile tracker
and naive adaptations to enforce nestedness. We measure three key properties: (i) calibration
across the full risk spectrum, (ii) nestedness of prediction sets, and (iii) statistical efficiency
of joint quantile estimation. We evaluate performance across multiple coverage levels {αi}K

i=1

using the following metrics:
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6.5.1 Metrics

Full risk spectrum calibration error. This metric evaluates the deviation between the
empirical miscoverage rate and the target level αi across all coverage levels. While the
quantile tracker is expected to perform well under this metric, it is known to exhibit over-
correction behavior [Angelopoulos et al., 2024]. In particular, the algorithm may alternate
between periods of undercoverage and overly conservative predictions, producing wider in-
tervals that compensate for past errors. As a result, a low average calibration error can
be misleading, as it may reflect oscillatory behavior rather than stable and well-calibrated
uncertainty estimates.

CEi =
∣∣∣∣∣ 1T

T∑
t=1

1{Yt /∈ Ci
t(Xt)} − αi

∣∣∣∣∣
Quantile estimation error. In the simulated setting, the true quantiles are known,

allowing us to directly compare them with the online estimates. This metric evaluates how
accurately each method tracks the underlying quantile dynamics over time. In contrast
to calibration error, which reflects long-run coverage, this measure provides a more direct
assessment of statistical efficiency and the ability to adapt to stochastic variability in the
data-generating process.

∥qt − q∗
t ∥1 =

K∑
i=1
|qt,i − q∗

t,i|

Prediction set size. We calculate the rolling average width of Ci
t across t:, this jointly

t∑
t−w

|2qs|

Nestedness violations. Gap between consecutive quantiles qt,i − qt,i+1. This will be
positive for all t, i and all methods except the standard quantile tracking which does not
guarantee nestedness.

6.5.2 Baselines

We compare our methods against two baselines: the classical quantile tracker and a pro-
jected quantile tracker. The first baseline applies the quantile tracker update in Eq. (6.4)
independently across coverage levels. As discussed earlier, this update rule does not enforce
monotonicity across quantiles and therefore does not guarantee nested prediction sets.

The second baseline is a simple extension of the quantile tracker that enforces mono-
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tonicity via projection. Specifically, after performing the standard update in Eq. (6.4), the
resulting quantiles are projected onto the set of monotone sequences. While this approach
guarantees nestedness, it does not incorporate any coupling between quantile levels during
the update step, and therefore does not fully exploit the benefits of joint estimation.

q̃t+1 = q̃t + η (errt − ᾱ) , q̄t+1 = ΠQ(q̃t+1) (6.9)

Note that this approach differs from our projected gradient method. Here, the quantiles
are updated independently using the gradient step, and only the current iterate is projected
to enforce monotonicity. While this guarantees nested prediction sets, the projection acts
as a post-processing step and does not introduce coupling across quantile levels during the
update. As a result, it does not benefit from the joint estimation structure that our method
exploits.

6.5.3 Synthetic Data: Uniform scores with reflected random-walk
drift

To evaluate the ability of our online conformal procedures to track time-varying quantiles,
we consider a synthetic setting in which the score distribution evolves according to a latent
random walk with reflecting boundaries.

Let (zt)t≥1 be a latent process taking values in a bounded interval [a, b], initialized at
z1 ∈ [a, b], and evolving as

z̃t+1 = zt + σεt, εt
iid∼ N (0, 1), (6.10)

followed by reflection onto [a, b]:

zt+1 =



2a− z̃t+1, z̃t+1 < a,

2b− z̃t+1, z̃t+1 > b,

z̃t+1, otherwise.

(6.11)

If multiple reflections are required (i.e., when |z̃t+1 − zt| is large), the reflection step is
applied iteratively until zt+1 ∈ [a, b]. This construction yields a random walk that behaves
locally like a Gaussian walk but is confined to a compact domain. Example simulated
trajectories of (zt) are shown in Figure 6.1. Conditional on zt, the conformity score is
generated as

80



Figure 6.1: Simulated trajectory of the latent process (zt). The process remains confined to
the interval while exhibiting gradual drift, inducing a time-varying score distribution in the
synthetic experiment.

st | zt ∼ Unif
[
zt −

w

2 , zt + w

2

]
, (6.12)

where w > 0 controls the width of the score distribution. Thus, the score distribution has
fixed spread but a time-varying center governed by the reflected random walk which induces
a non-stationary environment. Hence, for any target miscoverage level α ∈ (0, 1), the ground
truth (1− α)-quantile is available in closed form:

q∗
t (1− α) = zt + w

2 − αw. (6.13)

For a collection of levels α1 < · · · < αK , the true quantiles are

q∗
t,i = zt + w

2 − αiw, i = 1, . . . , K. (6.14)

This setting provides a controlled form of nonstationarity. The parameter σ governs the
local variability of the latent process, while the reflecting boundaries ensure that zt remains
in [a, b], preventing unbounded drift. As a result, the score distribution continuously evolves
over time but within a fixed range, yielding a stable yet nonstationary benchmark.

A key advantage of a synthetic data experiment is that the true quantiles are known
exactly, allowing us to directly assess the tracking performance of the online estimates. In
particular, we evaluate the rolling average tracking error
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1
t− dt

t∑
s=t−dt

∥q̄s − q̄∗
s∥1, (6.15)

Calibration is assessed through empirical coverage at each level using the indicators 1{st ≤
qt,i}.

We fix the reflecting boundaries to a = 0.5 and b = 9.5, and initialize the latent process
at z1 = 5. The random-walk scale is set to σ = 0.025. The score distribution has fixed width
w = 1. We consider K = 9 coverage levels given by

αi = 0.1 i, i = 1, . . . , 9,

corresponding to target coverages 1−αi ∈ {0.9, 0.8, . . . , 0.1}. The simulation is run over t ∈
{1, . . . , 50,000}, and performance metrics are computed using evaluation windows of size dt =
10,000. These choices produce a moderate level of drift while keeping the score distribution
well within the interval [0, 10], ensuring stable behavior throughout the simulation.

Figure 6.2 shows that the EG update achieves a lower ℓ1 tracking error, supporting the
hypothesis that sharing information across quantiles improves statistical efficiency. In con-
trast, the projected gradient method closely mirrors the behavior of the independent quantile
tracker, indicating limited gains from joint optimization in this setting.

Figure 6.2: Rolling average of the ℓ1 distance between qt and q∗
t
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6.5.4 Real Data: US Inflation

We evaluate our methods on the US Consumer Price Index (CPI) for All Urban Consumers,
published by the Bureau of Labor Statistics and distributed via FRED [U.S. Bureau of
Labor Statistics, n.d.]. Inflation forecasting is a natural application for our framework,
as policymakers and market participants often require uncertainty estimates at multiple
confidence levels to support decisions under heterogeneous risk preferences.

We use monthly CPI data from 1950 to 2025 and construct the yearly inflation series as

yt = CPIt − CPIt−12

CPIt−12
.

To generate predictions, we employ an autoregressive model of order three, AR(3), which
captures short-term temporal dependencies in the inflation series. At each time t, we fit the
model

yt = β0 + β1yt−1 + β2yt−2 + β3yt−3 + εt,

using a rolling window of the previous five years of monthly observations (i.e., 60 data points).
The model is retrained sequentially at each time step, and the fitted model is used to produce
a one-step-ahead prediction ŷt+1. This rolling-window procedure allows the predictive model
to adapt to evolving dynamics in the inflation process, reflecting its non-stationary nature.

We use as the nonconformity score the absolute prediction error,

st = |yt − ŷt|,

which measures the deviation between observed and predicted inflation. These scores are
then used to construct prediction sets of the form

Ci
t = {y ∈ R : |y − ŷt| ≤ qt,i},

where the thresholds qt,i are updated online using the proposed methods corresponding to
the coverage level 1− αi for i ∈ [K]. We consider K = 99 coverage levels given by

αi = 0.01 i, i = 1, . . . , 99,

corresponding to target coverages 1− αi ∈ {0.99, 0.8, . . . , 0.01}.
Figure 6.3 reports the cumulative average calibration error aggregated across all miscov-

erage levels {αi}K
i=1.
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Figure 6.3: Cumulative average of the sum of mis coverage errors CEi

K∑
i=1

∣∣∣∣∣ 1T
T∑

t=1
1{Yt /∈ Ci

t(Xt)} − αi

∣∣∣∣∣
Specifically, at each time t we compute the average deviation between the empirical mis-

coverage and the target levels, and report its cumulative average over time. This metric
captures how well each method calibrates the entire risk spectrum, rather than a single cov-
erage level. We observe that all methods eventually achieve small calibration error, indicating
convergence to the desired long-run coverage. However, their transient behaviors differ. The
unconstrained quantile tracker converges more rapidly toward zero, which is consistent with
its tendency to overcorrect by alternating between undercoverage and overly conservative
intervals. In contrast, the proposed methods exhibit slightly slower but more stable trajec-
tories. This suggests that enforcing structural constraints to preserve nestedness introduces a
controlled trade-off, leading to more stable calibration dynamics while maintaining accurate
long-run coverage.

Figure 6.4 visualizes the resulting prediction sets across multiple coverage levels. Each
color corresponds to a different miscoverage level α, forming a fan chart representation of
the estimated quantile function over time. All methods adapt to changes in uncertainty,
with prediction sets widening during periods of high volatility (e.g., around 1980, 2010, and
2020) and contracting during more stable regimes.

However, important qualitative differences emerge across methods. Baseline approaches
(top panels) exhibit higher variability and occasional distortions in the quantile structure,
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(a) Quantile Tracker (b) Quantile Tracker Projected

(c) Exponentiated Gradient (d) Projected Gradient

Figure 6.4: Prediction intervals across multiple coverage levels in the whole window (bottom
panels) and zoom after the 2008 crises (top panels): (a) standard quantile tracker method,
(b) quantile tracker with the last iteration projected, (c) exponentiated gradient and (d)
projected gradient
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leading to irregular and sometimes non-nested prediction bands. In contrast, the proposed
constrained methods (bottom panels) produce smoother and more coherent prediction sets,
consistently preserving the nested structure across all coverage levels. This behavior high-
lights the benefit of enforcing monotonicity jointly with online updates: beyond guaranteeing
structural consistency, it stabilizes the learning dynamics and yields more interpretable and
reliable uncertainty estimates in practice. In addition, The EG update yields smoother pre-
diction sets by coordinating adjacent quantiles through cumulative discrepancies, reducing
abrupt changes across levels.

6.6 Discussion

This work is motivated by practical settings in which uncertainty must be assessed across
multiple risk levels simultaneously. In many applications—including forecasting, risk man-
agement, and scientific decision-making—different stakeholders operate under heterogeneous
risk tolerances and require prediction sets at several coverage levels. Standard online con-
formal methods address each level independently, which can lead to incoherent and non-
nested prediction sets. By jointly estimating multiple quantiles under structural constraints,
our approach provides a coherent risk spectrum with valid coverage guarantees and strictly
nested prediction sets, improving both interpretability and usability in downstream decision-
making.

A key insight of our methods lies in how information is shared across coverage levels. The
exponentiated gradient (EG) update induces a form of global coupling, where each update
aggregates miscoverage discrepancies across multiple levels. This leads to coordinated ad-
justments of the entire quantile curve, allowing the method to borrow strength across levels
and improving statistical efficiency. In contrast, the projected gradient (PG) update oper-
ates through local corrections: quantiles are first updated independently and then minimally
adjusted via projection to restore monotonicity. While this guarantees feasibility, it lacks the
intrinsic global coordination of EG. Empirically, this distinction manifests in improved quan-
tile estimation accuracy for EG, particularly in non-stationary environments where sharing
information across levels is beneficial.

Beyond accuracy, the global structure of the EG update also impacts the smoothness of the
estimated quantile function across coverage levels. Because updates are driven by cumulative
discrepancies, adjacent quantiles evolve in a coordinated manner, reducing irregularities and
abrupt changes across levels. This leads to smoother and more stable prediction bands,
which is particularly desirable in applications such as forecasting, where interpretability of
uncertainty is critical. In contrast, methods based on independent updates or post-hoc
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projection may exhibit more variability and local distortions in the quantile structure.
An important direction for future work is the incorporation of adaptive or data-driven

learning rates. Recent advances in online conformal prediction have shown that carefully
designed step-size sequences can improve adaptivity to distributional shifts and provide
stronger guarantees across stochastic and adversarial regimes. Integrating such adaptive
mechanisms into the joint quantile estimation framework may further enhance performance,
allowing the methods to respond more effectively to non-stationarity while preserving the
structural constraints imposed here.

Finally, our work contributes to a broader understanding of online conformal prediction
beyond worst-case guarantees. While many existing methods focus on adversarial settings,
practical applications often exhibit stochastic structure with evolving distributions. By fram-
ing the problem as one of tracking time-varying quantiles and analyzing performance through
dynamic regret, our approach helps bridge the gap between adversarial robustness and sta-
tistical efficiency. This perspective opens the door to a richer analysis of online conformal
methods in stochastic environments, where the goal is not only to guarantee coverage, but
also to accurately and efficiently track the underlying uncertainty over time.
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APPENDIX A

Near Optimal Pure Exploration in Logistic Bandits

A.1 Concentration

The proof of Lemma 2.3.1 follows tightly Faury et al. [2020], with the only difference that
there is no regularization. Instead, we assume we can control the minimum eigenvalue of the
fisher information matrix. First we will prove the general concentration bound

Lemma A.1.1. Let {Ft}∞
t=1 be a filtration. Let {xt}∞

t=1 be a stochastic process in B2(d) such
that xt is Ft measurable. Let {εt}∞

t=1 be a martingale difference sequence such that εt is Ft

measurable. Furthermore, assume that conditionally on Ft we have |εt| ≤ 1 almost surely,
and note σ2

t := E [ε2
t | Ft−1]. Let λ(t) > 0 and for any t ≥ 1 define:

Ht :=
t∑

s=1
σ2

sxsx
T
s , St :=

t∑
s=1

εsxs.

Then. if exist t0 ≥ 1 such that for t ≥ t0, λmin(Ht) > λ(t), for any δ ∈ (0, 1] :

P

∃t ≥ 1, ∥St∥H−1
t
≥ 2

√
λ(t) + 2√

λ(t)
log

det (Ht)
1
2 λ(t)− d

2

δ

+ 2√
λ(t)

d log(2)
 ≤ δ

Proof. Let H̄t := Ht − λ(t)Id , for ξ ∈ Rd let M0(ξ) = 1 and for t ≥ t0 define:

Mt(ξ) := exp
(
ξTSt − ∥ξ∥2

H̄t

)
Using lemma 5 from Faury et al. [2020], for all ξ ∈ B2(d), {Mt(ξ)}∞

t=t0
is a non-negative

super-martingale.
Let h(ξ) be a probability density function with support on B2(d) (to be defined later).

For t ≥ t0 let:
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M̄t :=
∫

ξ
Mt(ξ)dh(ξ)

By Lemma 20.3 of Lattimore and Szepesvári [2020] M̄t is also a non-negative super-
martingale, and E

[
M̄0

]
= 1. Let τ be a stopping time with respect to the filtration {Ft}∞

t=0.
We can follow the proof of Lemma 8 in Abbasi-Yadkori et al. [2011] to justify that M̄τ is
well-defined (independently of whether τ <∞ holds or not) and that E

[
M̄τ

]
≤ 1. Therefore,

with δ ∈ (0, 1) and thanks to the maximal inequality:

P
(

log
(
M̄τ

)
≥ log

(1
δ

))
= P

(
M̄τ ≥

1
δ

)
≤ δ (A.1)

We now proceed to compute M̄t (more precisely a lower bound on M̄t). Let λ(t) be a
strictly positive scalar, and set h to be the density of an isotropic normal distribution of
precision 2λ(t) truncated on B2(d). We will denote N(h) its normalization constant. Simple
computations show that:

M̄t = 1
N(h)

∫
B2(d)

exp
(
ξTSt − ∥ξ∥2

Ht
− λ(t)∥ξ∥2

)
dξ

≥ 1
N(h)

∫
B2(d)

exp
(
ξTSt − 2∥ξ∥2

Ht

)
dξ

To ease notations, let f(ξ) := ξTSt − 2∥ξ∥2
Ht

and ξ∗ = arg max∥ξ∥2≤1/2 f(ξ). Because:

f(ξ) = f (ξ∗) + (ξ − ξ∗)T ∇f (ξ∗)− 2 (ξ − ξ∗)T Ht (ξ − ξ∗)

we obtain that:

M̄t = ef(ξ∗)

N(h)

∫
Rd

1∥ξ∥2≤1 exp
(
(ξ − ξ∗)T ∇f (ξ∗)− 2 (ξ − ξ∗)T Ht (ξ − ξ∗)

)
dξ

= ef(ξ∗)

N(h)

∫
Rd

1∥ξ+ξ∗∥2≤1 exp
(
ξT∇f (ξ∗)− 2ξT Htξ

)
dξ (change of variable ξ + ξ∗ )

≥ ef(ξ∗)

N(h)

∫
Rd

1∥ξ∥2≤1/2 exp
(
ξT∇f (ξ∗)− 2ξT Htξ

)
dξ (as ∥ξ∗∥2 ≤ 1/2 )

= ef(ξ∗)

N(h)

∫
Rd

1∥ξ∥2≤1/2 exp
(
ξT∇f (ξ∗)

)
exp

(
−1

2ξ
T (4Ht) ξ

)
dξ

By defining g(ξ) the density of the normal distribution of precision 4Ht truncated on the
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ball
{
ξ ∈ Rd, ∥ξ∥2 ≤ 1/2

}
and noting N(g) its normalizing constant, we can rewrite:

M̄t ≥ exp (f (ξ∗))
N(g)
N(h)Eg

[
exp

(
ξT∇f (ξ∗)

)]
≥ exp (f (ξ∗))

N(g)
N(h) exp

(
Eg

[
ξT∇f (ξ∗)

])
(Jensen’s inequality)

≥ exp (f (ξ∗))
N(g)
N(h) (as Eg[ξ] = 0 )

Unpacking this results and assembling (10) and (11), we obtain that for any ξ0 such that
∥ξ0∥2 ≤ 1/2 :

P
(
M̄t ≥

1
δ

)
≥ P

(
exp (f (ξ∗))

N(g)
N(h) ≥ 1/δ

)

= P
(

log
(

exp (f (ξ∗))
N(g)
N(h)

)
≥ log(1/δ)

)

= P
(
f (ξ∗) ≥ log(1/δ) + log

(
N(h)
N(g)

))

= P
(

max
∥ξ∥2≤1/2

ξTSt − 2∥ξ∥2
Ht
≥ log(1/δ) + log

(
N(h)
N(g)

))

≥ P
(
ξT

0 St − 2 ∥ξ0∥2
Ht
≥ log(1/δ) + log

(
N(h)
N(g)

))
(A.2)

In particular, we can use:

ξ0 := H−1
t St

∥St∥H−1
t

λ(t)1/2

4

since
∥ξ0∥2 ≤

λ(t)1/2

4 (λmin (Ht))−1/2 ≤ 1/2

Using this value of ξ0 in Eq. (A.2) yields:

P

∥St∥H−1
t
≥

√
λ(t)
2 + 4√

λ(t)
log(1/δ) + 4√

λ(t)
log

(
N(h)
N(g)

) ≤ P
(
M̄t ≥

1
δ

)

We can use the upper-bound from lemma 6 of Faury et al. [2020] for the log of their ratio
log

(
N(h)
N(g)

)
. Therefore with probability at least 1− δ and by using Eq. (A.1):

∥Sτ∥H−1
τ
≤

√
λ(τ)
2 + 4√

λ(τ)
log(1/δ) + 4√

λ(τ)
log

2d det (Hτ )1/2

λ(τ)d/2δ

+ 4√
λ(τ)

d log(2)
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Directly following the stopping time construction argument in the proof of Theorem 1 of
(Abbasi-Yadkori et al., 2011) we obtain that with probability at least 1− δ, for all t ∈ N :

∥St∥H−1
t
≤

√
λ(t)
2 + 4√

λ(t)
log

2d det (Ht)1/2

λ(t)d/2δ

+ 4√
λ(t)

d log(2)

Lemma A.1.2. (lemma 6 [Faury et al., 2020]) The following inequality holds:

log
(
N(h)
N(g)

)
≤ log

2d

(
det (Ht)
λ(t)d

)1/2
+ d log(2)

Lemma 2.3.1 Let δ ∈ (0, 1] and λ(t) > 0 for t ≥ 1. If exist t0 ≥ 1 such that for t ≥ t0,
λmin(Ht (θ∗)) > λ(t), with probability at least 1− δ:

∀t ≥ t0,
∥∥∥gt(θ̂t)− gt (θ∗)

∥∥∥
H−1

t (θ∗)
≤ γt(δ)

Where γt(δ) :=
√

λ(t)
2 + 4√

λ(t)
log

(
2d

δ

(
Lt

dλ(t)

) d
2
)

Proof. Recall that θ̂t is the unique maximizer of the log-likelihood:

Lλ
t (θ) :=

t∑
s=1

[
rs log µ

(
x⊤

s θ
)

+ (1− rs) log
(
1− µ

(
x⊤

s θ
))]

and therefore θ̂t is a critical point of Lλ
t (θ). Solving for ∇θLλ

t = 0 and using the fact that
µ̇ = µ(1− µ) we obtain:

t∑
s=1

µ
(
x⊤

s θ̂t

)
xs =

t∑
s=1

rsxs

This result, combined with the definition of gt (θ∗) = ∑t−1
s=1 µ

(
x⊤

s θ∗
)
xs yields:

gt(θ̂t)− gt (θ∗) =
t∑

s=1
εsxs

= St

where we denoted εs := rs − µ
(
x⊤

s θ∗
)

for all s ≥ 1 and St := ∑t
s=1 εsxs for all t ≥ 1. Then:

∥∥∥gt(θ̂t)− gt (θ∗)
∥∥∥

H−1
t (θ∗)

= ∥St∥H−1
t (θ∗) (A.3)
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Note that {εt}∞
t=1 is a martingale difference sequence adapted to F and almost surely

bounded by 1 . Also, note that for all s ≥ 1 :

µ̇
(
x⊤

s θ∗
)

= µ
(
x⊤

s θ∗
) (

1− µ
(
x⊤

s θ∗
))

= E
[
ε2

s | Fs−1
]

=: σ2
s

and thus Ht (θ∗) = ∑t
s=1 σ

2
sxsx

⊤
s . All the conditions of Lemma A.1.1 are checked and there-

fore:

1− δ ≤ P

∀t ≥ 1, ∥St∥H−1
t (θ∗) ≤

√
λ(t)
2 + 4√

λ(t)
log

det (Ht (θ∗))1/2

λ(t)d/2δ

+ 4d√
λ(t)

log(2)


≤ P

∀t ≥ 1, ∥St∥H−1
t (θ∗) ≤

√
λ(t)
2 + 4√

λ(t)
log

(
(Lt/d)d/2

λ(t)d/2δ

)
+ 4d√

λ(t)
log(2)


≤ P

∀t ≥ 1, ∥St∥H−1
t (θ∗) ≤

√
λ(t)
2 + 4√

λ(t)
log

1
δ

(
Lt

dλ(t)

)d/2
+ 4d√

λ(t)
log(2)


= P

(
∀t ≥ 1, ∥St∥H−1

t (θ∗) ≤ γt(δ)
)

(A.4)
where we used that:

det (Ht (θ∗)) ≤ Ld det
(

t∑
s=1

xsx
⊤
s

)
≤ Ld

(
t

d

)d

≤
(
Lt

d

)d

thanks to Lemma A.4.1. Assembling Eq. (A.3) with Eq. (A.4) yields:

P
(
∀t ≥ 1,

∥∥∥gt(θ̂t)− gt (θ∗)
∥∥∥

H−1
t (θ∗)

≤ γt(δ)
)

= P
(
∀t ≥ 1, ∥St∥H−1

t (θ∗) ≤ γt(δ)
)

≥ 1− δ

hence the announced result.

For next results, we will use the following notations:

α (x, θ1, θ2) :=
∫ 1

v=0
µ̇
(
vx⊤θ2 + (1− v)x⊤θ1

)
dv > 0

Gt (θ1, θ2) :=
t−1∑
s=1

α (x, θ1, θ2) xsx
⊤
s Id

where θ1, θ2 and x are vectors in Rd. The quantities α (x, θ1, θ2) and Gt (θ1, θ2) naturally
arise when studying GLMs. Indeed, note that for all x ∈ Rd and θ ∈ Rd, the following
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equality holds:
µ
(
x⊤θ1

)
− µ

(
x⊤θ2

)
= α (x, θ2, θ1) x⊤ (θ1 − θ2)

This result is classical (see Filippi et al. [2010]) and can be obtained by a straight-forward
application of the mean-value theorem. It notably allows us to link θ1−θ2 with gt (θ1)−gt (θ2).
Namely, it is straightforward that:

gt (θ1)− gt (θ2) =
t−1∑
s=1

α (xs, θ2, θ1) xsx
⊤
s (θ1 − θ2)

= Gt (θ2, θ1) (θ1 − θ2)

Because Gt (θ1, θ2) ≻ 0d×d this yields:

∥θ1 − θ2∥Gt(θ2,θ1) = ∥gt (θ1)− gt (θ2)∥G−1
t (θ2,θ1)

Lemma A.1.3. (Lemma 10 [Faury et al., 2020])For all θ1, θ2 ∈ Θ the following inequalities
hold:

Gt (θ1, θ2) ≥ (1 + 2S)−1Ht (θ1)

Gt (θ1, θ2) ≥ (1 + 2S)−1Ht (θ2)

Lemma A.1.4.

∥θ(1)
t − θ∗∥Ht(θ(1)

t ) ≤ 2 (1 + 2S) ∥gt(θ̂t)− gt(θ∗)∥H−1
t (θ∗)

Proof.

∥θ(1)
t − θ∗∥Ht(θ(1)

t ) ≤
√

1 + 2S∥θ(1)
t − θ∗∥Gt(θ∗,θ

(1)
t )

=
√

1 + 2S∥gt(θ(1)
t )− gt(θ∗)∥G−1

t (θ∗,θ
(1)
t )

≤
√

1 + 2S
(
∥gt(θ(1)

t )− gt(θ̂t)∥G−1
t (θ∗,θ

(1)
t ) + ∥gt(θ̂t)− gt(θ∗)∥G−1

t (θ∗,θ
(1)
t )

)
≤ (1 + 2S)

(
∥gt(θ(1)

t )− gt(θ̂t)∥H−1
t (θ(1)

t ) + ∥gt(θ̂t)− gt(θ∗)∥H−1
t (θ∗)

)
≤ 2(1 + 2S)∥gt(θ̂t)− gt(θ∗)∥H−1

t (θ∗)

Lemma 2.5.4
Let ϵ > 0, assume that λmin

(∑t
s=1 xsx

⊤
s

)
≥ ctα ≥ κ0λ0 a.s. for all t ≥ t0, some t0 ≥ 1
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and some constants α, c > 0. Then

∀t ≥ t0 P
(
∥θ̂t − θ∗∥ ≥ ε

)
≤ c2t

d/2 exp
(
−c1εt

α/2
)

Where c1, c2 are positive constants independent of ε and t.

Proof. Similar to Lemma A.1.4, we have

∥θ̂t − θ∗∥ ≤
∥θ̂t − θ∗∥Ht(θ∗)√
λmin(Ht(θ∗))

≤ 2(1 + 2S)√
λmin(Ht(θ∗))

∥gt(θ̂t)− gt(θ∗)∥H−1
t (θ∗)

≤ 2(1 + 2S)√
c/κ0

t−α/2∥gt(θ̂t)− gt(θ∗)∥H−1
t (θ∗)

And, with probability at least 1− δ

∥θ̂t − θ∗∥ ≤ 2(1 + 2S)√
c/κ0

t−α/2γt(δ)

which we may rewrite after substitution as

P
(
∥θ̂t − θ∗∥ > ε

)
< c2t

d/2 exp
(
−c1εt

α/2
)

Lemma 2.5.1.
Under any sampling rule, we have

Pθ

(
τδ <∞∧ i⋆(θ(1)

τδ
) ̸= i⋆(θ)

)
≤ δ

Proof. Lets consider

E1 = {τδ <∞} = {∃t ≥ 1 : Z(t) > β(δ, t), t ∈ B}

E2 = {i⋆(θ(1)
τδ

) ̸= i⋆(θ)} = {θ ∈ Alt(θ(1)
τδ

)}
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E1 ∩ E2 =
{
∃t ≥ 1 : Z(t) > β(δ, t), t ∈ B, θ ∈ Alt(θ(1)

t )
}

=

∃t ≥ 1 : inf
λ∈Alt(θ(1)

t )

1
2∥θ

(1)
t − λ∥2

Ht(θ(1)
t ) > β(δ, t), t ∈ B, θ ∈ Alt(θ(1)

t )


⊆
{
∃t ≥ 1 : 1

2∥θ
(1)
t − θ∥2

Ht(θ(1)
t ) > β(δ, t), t ∈ B

}
⊆
{
∃t ≥ 1 :

√
2 (1 + 2S) ∥gt(θ̂t)− gt(θ∗)∥H−1

t (θ∗) >
√

2 (1 + 2S) γt(δ), t ∈ B
}
.

Where the first containment is because of Lemma A.1.4. Using Lemma 2.3.1 we have

Pθ[E1 ∩ E2] < δ

Thus

Pθ

(
τδ <∞∧ i⋆(θ(1)

τδ
) ̸= i⋆(θ)

)
= Pθ[E1 ∩ E2] < δ

Lemma 2.5.3
Under forced exploration, the MLE estimator convergence a.s. to the true parameter

lim
t→∞

θ̂t
a.s.= θ∗

Proof. Using Lemma 2.5.2 we have that exists t0 such that λmin
(∑t

s=1 xsx
⊤
s

)
≥ cX0

√
t if

t ≥ t0. On the other hand,

λmax

(
t∑

s=1
xsx

⊤
s

)
≤ Tr(

t∑
s=1

xsx
⊤
s )

=
t∑

s=1
Tr(xsx

⊤
s )

=
t∑

s=1
∥xs∥2

≤ t

then

lim
t→∞

λmin
(∑t

s=1 xsx
⊤
s

)
log

(
λmax

(∑t
s=1 xsx⊤

s

)) =∞
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Using Theorem 2 of Chen et al. [1999] we have limt→∞ θ̂t
a.s.= θ∗.

A.2 Tracking

ψ(θ, w) = inf
λ∈Alt(θ)

1
2∥θ − λ∥

2
Hw(θ)

Lemma A.2.1. If exists ϵ0 > 0 such that i⋆(θt) = i⋆(θ) for all θt such that ∥θt − θ∥ < ϵ0,
then ψ is continuous in both θ and w, and w 7→ ψ(θ, w) attains its maximum in Σ at a point
w⋆

θ such that ∑x∈X (w⋆
θ)x xx

⊤ is invertible.

Remark. It is easy to check that BAI and TBP meet the assumption that exists ϵ0 > 0
such that i⋆(θt) = i⋆(θ) for all θt that ∥θt − θ∥ < ϵ0

Proof. Let θ ∈ Rd such that i⋆(θ) is unique. Consider the alternative set Alt(θ) and denote

f(θ, λ, w) = 1
2(θ − λ)⊤

(∑
x∈X

wxµ̇(x⊤θ)xx⊤
)

(θ − λ).

Let (θt, wt)t≥1 be a sequence taking values in Θ× Σ and converging to (θ, w). Let ϵ < ϵ0

and t1 ≥ 1 such that for all t ≥ t1 we have ∥(θt, wt)− (θ, w)∥ < ϵ. Now, Alt(θt) = Alt(θ)
because i⋆(θ) is unique and i⋆(θt) = i⋆(θ). Furthermore, note that f(θ, λ, w) is a continuous
function in θ, λ, w, thus it is in particular continuous in θ, w, and there exists t2 ≥ 1 such
that for all t ≥ t2 and for all λ ∈ Rd, it holds that |f (θ, λ, w)− f (θt, λ, wt)| ≤ ϵf (θ, λ, w).
Hence, with our choice of ϵ, we have for all t ≥ t1 ∨ t2

|ψ(θ, w)− ψ (θt, wt)| =
∣∣∣∣∣ min
λ∈Alt(θ)

f(θ, λ, w)− min
λ∈Alt(θt)

f (θt, λ, wt)
∣∣∣∣∣

≤ ϵ

∣∣∣∣∣ min
λ∈Alt(θ)

f(θ, λ, w)
∣∣∣∣∣

≤ ϵ|ψ(θ, w)|.

Thus ψ is continuos in θ, w. Now, we know that w 7→ ψ(θ, w) is continuous on Σ, and by
compactness of the simplex, the maximum is attained at some w⋆

θ ∈ Σ. Furthermore, since
X spans Rd, we may construct an allocation w̃ such that ∑a∈A w̃xxx

⊤ is a positive definite
matrix. In addition, by construction of Alt(θ), there exists some M > 0 such that for all
λ ∈ Alt(θ) we have ∥θ− λ∥ > M , which implies that ψ(θ, w̃) ≥M2λmin

(∑
x∈X w̃xxx

⊤
)
> 0.

On the other hand, for any allocation w ∈ Σ such that ∑x∈X wxxx
⊤ is rank deficient, we may
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find a λ ∈ Alt(θ) where λ−θ is in the null space of ∑x∈X wxxx
⊤. Therefore, ∑x∈X (w⋆

θ)x xx
⊤

is invertible.

Lemma A.2.2. (Maximum theorem) Let θ ∈ Rd. Define

ψ∗(θ) = max
w∈Σ

ψ(θ, w)

and C⋆(θ) = arg maxw∈Σ ψ(θ, w). Then ψ⋆ is continuous at θ, and C⋆(θ) is convex,
compact and non-empty. Furthermore, we have for any open neighborhood V of C⋆(θ), there
exists an open neighborhood U of θ, such that for all θ′ ∈ U , we have C⋆ (θ′) ⊆ V.

Lemma A.2.3. (Lemma 6 [Jedra and Proutiere, 2020]) Let (w(t))t≥1 be a sequence taking
values in Σ, such that there exists a compact, convex and non empty subset C ⊆ Σ, there
exists ε > 0 and t0(ε) ≥ 1 such that ∀t ≥ t0, d∞(w(t), C) ≤ ε. Consider a sampling rule
defined by Eq. (2.9) and

bt = arg min
x∈supp(∑t

s=1 w(s))

(
Nx(t)−

t∑
s=1

wx(s)
)
,

where Nx(0) = 0 and for t ≥ 0, Nx(t + 1) = Nx(t) + 1{xt=x}. Then there exists
t1(ε) ≥ t0(ε) such that ∀t ≥ t1(ε), d∞

(
(Nx(t)/t)x∈X , C

)
≤ (pt + d− 1) ε where pt =∣∣∣supp

(∑t
s=1 w(s)

)
\X0

∣∣∣ ≤ K − d.

Proposition 1 Under the sampling rules Eq. (2.9) and Eq. (2.13), the proportions of
arm draws approach C⋆(θ∗) : limt→∞ d∞

(
(Nx(t)/t)x∈X , C

⋆(θ∗)
)

= 0, a.s..

Proof. Let ε > 0. First, by Lemma A.2.2, there exists ξ(ε) > 0 such that for all θ′ ∈ Rd

such that ∥θ − θ′∥ < ξ(ε), it holds that maxw∈C⋆(θ′) d∞ (w,C⋆(θ)) < ε/2. By Lemma 2.5.2,
we have a sufficient exploration. That is lim inft→∞ t−1/2λmin

(∑t
s=1 xsx

⊤
s

)
> 0. Thus, by

Lemma 2.5.3 , θ̂t converges almost surely to θ∗ with a rate of order o
(
t1/4

)
. Consequently,

there exists t0 ≥ 0 such that for all t ≥ t0, we have
∥∥∥θ − θ̂t

∥∥∥ ≤ ξ(ε).Then, we have

d∞ (w(t), C⋆(θ∗)) ≤ max
w∈C⋆(θ̂t)

d∞ (w,C⋆(µ)) < ε.

We have shown that d∞ (w(t), C⋆(θ∗)) −→
t→∞

0 a.s. Next, we recall that by Lemma A.2.2,
C⋆(θ) is non empty, compact and convex. Thus, applying Lemma A.2.3 yields immediately
that d∞

(
(Nx(t)/t)x∈X , C

⋆(θ∗)
)
−→
t→∞

0 a.s..

Theorem 2.6.1

97



Log Track-and-Stop satisfies the same sample complexity upper bound

Pθ[lim sup
δ→0

τδ

(log(1
δ
))2 ≲ T ⋆(θ)] = 1

Proof. From Lemma A.2.1 and Lemma A.2.2 we know ψ(θ, w) is continuous in both θ and
w and C⋆(θ) is continuous in θ. Note that

E =
{
d∞((Nx(t)/t)x∈X , C

⋆(θ))→ 0 ∧ θ̂t → θ
}

holds with probability 1 (Lemma 3, 5 and Proposition 1 in [Jedra and Proutiere, 2020]).
Let ξ > 0, By continuity of ψ, there exists an open neighborhood V(ξ) of {θ} × C⋆(θ) such
that for all (θ′, w′) ∈ V(ξ), it holds that

ψ(θ′, w′) ≥ (1− ξ)ψ(θ, w⋆)

for any w⋆ ∈ C⋆(θ). Under E , there exists t0 ≥ 1 such that for all t ≥ t0 it holds that
(θ̂t, (Nx(t)/t)x∈X ) ∈ V(ξ), this for all t ≥ t0, it follows that

ψ(θ̂t, (Nx(t)/t)x∈X ) ≥ (1− ξ)ψ(θ, w⋆)

By Lemma 2.5.2, there exists t1 ≥ 1 such that for all t ≥ t1 we have λmin(At) >

cX0

√
t− d− t > κ0 log(t), then λmin(At) ≥ κ0 log(t) which implies t ∈ B.

We also have that under E , there exists t2 ≥ 1 such that for all t ≥ t0 it holds that
θ

(1)
t = θ̂t. Then, we can write

Z(t) = inf
λ∈Alt(θ(1)

t )

1
2∥θ

(1)
t − λ∥2

Ht(θ(1)
t )

= t inf
λ∈Alt(θ(1)

t )

1
2∥θ

(1)
t − λ∥2

Hwt (θ(1)
t )

= tψ(θ̂t, (Nx(t)/t)x∈X )

Hence, under E and for t ≥ max{t0, t1, t2}

Z(t) ≥ t(1− ξ)ψ(θ, w⋆)

Then
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τδ = inf {t ≥ 1 : Z(t) > β(δ, t), t ∈ B}

≤ max{t0, t1, t2} ∨ inf {t ≥ 1 : t(1− ξ)ψ(θ, w⋆) > β(δ, t)}

≲ max
{
t0, t1, t2,

1
1− ξT

⋆(θ)
(

log(1
δ

)
)2}

Where the last inequality uses Leamma 8 in [Jedra and Proutiere, 2020]. Thus

Pθ

(
lim sup

δ→0

τδ

(log(1
δ
))2 ⩽ T ⋆(θ)

)
= 1

Theorem 2.6.2
Log Track-and-Stop satisfies the same sample complexity upper bound

lim sup
δ→0

Eθ[τ ]
(log

(
1
δ

)
)2

≲ T ⋆(θ)

Proof. Let ε > 0
Step 1. By continuity of ψ (see Lemma A.2.1), there exists ξ1(ε) > 0 such that for all

θ′ ∈ Rd and w′ ∈ Σ

 ∥θ
′ − θ∥ ≤ ξ1(ε)

d∞ (w′, C⋆(θ)) ≤ ξ1(ε)
=⇒ |ψ (θ, w⋆)− ψ (θ′, w′)| ≤ εψ (θ, w⋆) = ε (T ⋆(θ))−1 (A.5)

for any w⋆ ∈ arg minw∈C⋆(θ) d∞ (w′, w) (we have w⋆ ∈ C⋆(θ) ). Furthermore, by the
continuity properties of the correspondence C⋆ (see Lemma A.2.2), there exists ξ2(ε) > 0
such that for all θ′ ∈ Rd

∥θ − θ′∥ ≤ ξ2(ε) =⇒ max
w′′∈C⋆(θ′)

d∞ (w′′, C⋆(θ)) < ξ1(ε)
K − 1

Additionally, let ξ3(ε) ≤ (S − ∥θ∥)/2, then

∥θ − θ̂t∥ ≤ ξ3(ε) =⇒ ∥θ̂t∥ ≤ S =⇒ θ̂t = θ
(1)
t

Let ξ(ε) = min (ξ1(ε), ξ2(ε), ξ3(ε)). In the following, we construct T0, and for each T ≥ T0

an event ET , under which for all t ≥ T , it holds

∥θ − θ̂t∥ ≤ ξ(ε) =⇒ d∞
(
(Nx(t)/t)x∈X , C

⋆(θ)
)
≤ ξ1(ε)
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Let T ≥ 1, and define the following event

E1,T =
∞⋂

t=T

{
∥θ − θ̂t∥ ≤ ξ(ε)

}

Note that, under the event E1,T , we have for all t ≥ T

d∞ (w(t), C⋆(θ)) ≤ max
w′∈C⋆(θ̂t)

d∞ (w′, C⋆(θ))

<
ξ1(ε)
K − 1

Define ε1 = ξ1(ε)/(K − 1). By Lemma A.2.3 (6 of Jedra and Proutiere [2020]) , there
exists t1 (ε1) ≥ T such that

d∞
(
(Na(t)/t)a∈A , C

⋆(µ)
)
≤ (pt + d− 1) ξ1(ε)

K − 1 ≤ ξ1(ε)

where pt =
∣∣∣supp

(∑t
s=1 w(s)

)
\X0

∣∣∣ and more precisely

t1 (ε1) = max
{
1/ε3

1, 1/
(
ε2

1d
)
, T/ε3

1, 10/ε1
}

(see the proof of Lemma 6 of Jedra and Proutiere [2020]). Thus for T ≥ max {10ε2
1, ε1/d, 1},

we have t1 (ε1) = ⌈T/ε3
1⌉. Hence, defining for all T ≥ ε−3

1 , the event

ET = E1,⌈ε3
1T⌉

we have shown that for all T ≥ T0 = max (10ε5
1, ε

4
1/d, ε

3
1, 1/ε3

1), the following holds

∀t ≥ T, ∥θ − θt∥ ≤ ξ(ε) =⇒ d∞
(
(Nx(t)/t)x∈X , C

⋆(θ)
)
≤ ξ1(ε). (A.6)

Finally, combining the implication Eq. (A.6) with the fact that Eq. (A.5) holds under ET

we conclude that for all T ≥ T0, under εT we have

ψ
(
θ̂t, (Nx(t)/t)x∈X

)
≥ (1− ε)ψ⋆(θ) (A.7)

Step 2.: Let T ≥ T0 ∨ T1 ∨ T2 where T1 is defined as

T1 = inf {t ≥ 1 : t ∈ B} .
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and T2 is defined as
Under the event ET , for all t ≥ T we have

Z(t) = tψ
(
θ̂t, (Nx(t)/t)x∈X

)
,

Thus under the event ET , the inequality Eq. (A.7) holds, and for all t ≥ T we have

Z(t) > t(1− ε) (T ⋆(θ))−1

Under the event ET , we have

τ = inf {t ≥ 1 : Z(t) > β(δ, t), t ∈ B}

≤ inf{t ≥ T : Z(t) > β(δ, t)}

≤ inf

t ≥ T : t(1− ε) (T ⋆(θ))−1 >
√

2(1 + 2S)

√

log(t)
2 + 4√

log(t)
log

2d

δ

(
Lt

d

) d
2


Applying Lemma 8 in [Jedra and Proutiere, 2020] yields

τ ≤ T ∗
2 (δ),

where T ⋆
2 (δ) = c1

1−ε
T ⋆(θ)(log(1/δ))2 + o(log(1/δ)) for some 0 < c1 independent of δ. This

means for T ≥ max {T0, T1, T
⋆
2 (δ)}, we have shown that

ET ⊆ {τ ≤ T} (A.8)

Define T ⋆
3 (δ) = max {T0, T1, T

⋆
2 (δ)}. We may then write for all T ≥ T ⋆

3 (δ)

τ ≤ τ ∧ T ⋆
3 (δ) + τ ∨ T ⋆

3 (δ) ≤ T ⋆
3 (δ) + τ ∨ T ⋆

3 (δ).

Taking the expectation of the above inequality, and using the set inclusion Eq. (A.8), we
obtain that

E[τ ] ≤ T ⋆
3 (δ) + E [τ ∨ T ⋆

3 (δ)]
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Now we observe that

E [τ ∨ T ⋆
3 (δ)] =

∞∑
T =0

P (τ ∨ T ⋆
3 (δ) > T )

=
∞∑

T =T ⋆
3 (δ)+1

P (τ ∨ T ⋆
3 (δ) > T )

=
∞∑

T =T ⋆
3 (δ)+1

P(τ > T )

≤
∞∑

T =T ⋆
3 (δ)+1

P (Ec
T )

≤
∞∑

T =T0∨T1

P (Ec
T )

We have thus shown that

E[τ ] ≤ c1

1− εT
⋆(θ)(log(1/δ))2 +O(log(1/δ)) + T0 ∨ T1 +

∞∑
T =T0∨T1

P (Ec
T ) . (A.9)

Step 3: We now show that ∑∞
T =T0∨T1+1 P (Ec

T ) < ∞ and that it can be upper bounded
by a constant independent of δ. Let T ≥ T0 ∨ T1, we have

P (Ec
T ) ≤ P

(
Ec

1,⌈ε3
1T⌉

)
.

We observe, using a union bound, Lemma 5 from Jedra and Proutiere [2020] and Lemma
2.5.4, that there exists strictly positive constants c3, c4 that are independent of ε and T , and
such that

P
(
Ec

1,⌈ε3
1T ]
)
≤

∞∑
t=ℓ([ϵ3

1T ])
P
(∥∥∥θ − θ̂t

∥∥∥ > ξ(ε)
)

≤
∞∑

t=ℓ(⌈ε3
1T⌉)

c2t
d/2 exp

(
−c1ξ(ε)t1/2

)

For t large enough, the function t 7→ td/2 exp
(
−c1ξ(ε)

√
t
)

becomes decreasing. Hence,
for T ≥ T2, we have

P
(
Ec

2,⌈ε3
1T⌉

)
≤ c3

∫ ∞

⌈ε3
1T⌉−1

td/2 exp
(
−c1ξ(ε)

√
t
)
dt.

Furthermore, for some T3 ≥ T2 large enough, we may bound the integral for all T ≥ T3
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as follows

∫ ∞

ℓ(⌈ε3
1T⌉)−1

td/4 exp
(
−c1ξ(ε)2√t

)
dt ≲

(⌈ε3
1T ⌉ − 1)d/2+1

ξ(ε)4 exp
(
c4ξ(ε)2

√
⌈ε3

1T ⌉ − 1
) .

We spare the details of this derivation as the constants are irrelevant in our analysis.
Essentially, the integral can be expressed through the upper incomplete Gamma function
which can be upper bounded using some classical inequalities [23, 24]. We then obtain that
for T ≥ T3,

P
(
Ec

1,⌈ε3
1T⌉

)
≲

(⌈ε3
1T ⌉ − 1)d/2+1

ξ(ε)4 exp
(
c4ξ(ε)2

√
⌈ε3

1T ⌉ − 1
) .

Thus there exists T4 ≥ T3 such that for all T ≥ T4,

P
(
Ec

2,⌈ε3
1T⌉

)
≲

ℓ ((⌈ε3
1T ⌉)− 1)d/2+1

ξ(ε)4 exp
(
c4ξ(ε)2

√
ℓ (⌈ε3

1T ⌉)− 1
) ≲

T d/2+1

exp (c5(ε)T γ/2) .

This shows that

∞∑
T =T0∨T1

P
(
Ec

1,⌈ε3
1T⌉

)
=

T4∑
T =T0∨T1

P
(
Ec

1,⌈ε3
1T⌉

)
+

∞∑
T =T4+1

P
(
Ec

1,⌈ε3
1T⌉

)

≲
T4∑

T =T0∨T1

P
(
Ec

1,⌈ε3
1T⌉

)
+

∞∑
T =T4+1

T d/2+1

exp (c5(ε)T γ/2)

<∞

where the last inequality follows from the fact that we can upper bound the infinite sum by
a Gamma function, which is convergent as long as γ > 0.

Finally, we have thus shown that

∞∑
T =T0∨T1+1

P (Ec
T ) <∞

We note that this infinite sum depends ε only.
Last step: Finally, we have shown that for all ε > 0

E[τ ] ≤ c1

1− εT
⋆(θ)(log(1/δ))2 +O(log(1/δ)) + T0 ∨ T1 +

∞∑
T =T0∨T1

P (Ec
T )
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where ∑∞
T =T0∨T1 P (Ec

T ) <∞ and is independent of δ. Hence,

lim sup
δ→0

Eθ [τδ]
(log(1/δ))2 ≲

c1

1− εT
⋆(θ)

Letting ε tend to 0, we conclude that

lim sup
δ→0

Eθ [τδ]
(log(1/δ))2 ≲ T ⋆(θ)

A.3 Examples

We present three concrete examples of pure exploration problems under logistic bandits.
First we need an auxiliary Lemma.

Lemma A.3.1. (Lemma 5 [Degenne et al., 2020]) For θ, λ ∈ Rd, w in the interior of the
probability simplex Σ, y ∈ Rd, x ∈ R, we have

inf
λ:λ⊤y≥x

∥θ − λ∥2
Hw(θ)

2 =


(x−θ⊤y)2

2∥y∥2
Hw(θ)−1

if x ≥ θ⊤y

0 otherwise
.

And

inf
λ:λ⊤y≤x

∥θ − λ∥2
Hw(θ)

2 =


(x−θ⊤y)2

2∥y∥2
Hw(θ)−1

if x ≤ θ⊤y

0 otherwise
.

Proof. We consider the Lagrangian of the problem, and we obtain

inf
λ:λ⊤y≥x

∥θ − λ∥2
Hw(θ)

2 = sup
α≥0

inf
λ∈Rd

∥θ − λ∥2
Hw(θ)

2 + α(x− λ⊤y)

= sup
α≥0

α(x− θ⊤y)− α2∥y∥
2
Hw(θ)

2

=


(x−θ⊤y)2

2∥y∥2
Hw(θ)−1

if x ≥ θ⊤y

0 otherwise

where the infimum in the first equality is reached at λ = θ+αH−1
w (θ)y and the supremum

in the last equality is reached at α = (x − ⟨θ, y⟩)/∥y∥2
H−1

w (θ) if x ≥ ⟨θ, y⟩ and at α = 0 else.
The second equality can be solved with the same steps.
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A.3.1 Best arm identification

In this example i⋆(θ) = arg maxx∈X{µ(x⊤θ)} = arg maxx∈X{x⊤θ}. Lets define x⋆(θ) := i⋆(θ).
Lemma 2.7.1 For all θ ∈ Rd such that i⋆(θ) is unique,

T ⋆(θ)−1 = max
w∈Σ

min
x̸=x⋆(θ)

(
θ⊤x⋆(θ)− θ⊤x

)2

2 ∥x⋆(θ)− x∥2
H−1

w

Proof. Recall that the characteristic time is given by

T ⋆(θ)−1 = max
w∈Σ

inf
λ∈Alt(θ)

∥θ − λ∥2
Hw

2

T ⋆(θ)−1 = max
w∈Σ

min
x̸=x⋆(θ)

inf
λ:λ⊤x>λ⊤x⋆(θ)

∥θ − λ∥2
Hw

2

= max
w∈Σ

min
x̸=x⋆(θ)

(
θ⊤x⋆(θ)− θ⊤x

)2

2 ∥x⋆(θ)− a∥2
H−1

w

A.3.2 Thresholding bandit problem

In this example, given ρ ∈ (0, 1), i⋆(θ) = {x ∈ X : µ(x⊤θ) > ρ} = {x ∈ X : x⊤θ > µ−1(ρ)}.
Lemma 2.7.2 For all θ ∈ Rd such that i⋆(θ) is unique,

T ⋆(θ)−1 = max
w∈Σ

min
x∈X

(θ⊤x− µ−1(ρ))2

2 ∥x∥2
H−1

w

Proof.

T ⋆(θ)−1 = max
w∈Σ

inf
λ∈Alt(θ)

∥θ − λ∥2
Hw

2

= max
w∈Σ

min
(

min
x:µ(θ⊤x)<ρ

inf
λ:µ(x⊤λ)>ρ

∥θ − λ∥2
Hw

2 , min
x:µ(θ⊤x)>ρ

inf
λ:µ(x⊤λ)<ρ

∥θ − λ∥2
Hw

2

)

= max
w∈Σ

min
(

min
x:µ(θ⊤x)<ρ

inf
λ:x⊤λ>µ−1(ρ)

∥θ − λ∥2
Hw

2 , min
x:µ(θ⊤x)>ρ

inf
λ:x⊤λ<µ−1(ρ)

∥θ − λ∥2
Hw

2

)

= max
w∈Σ

min
x∈X

(θ⊤x− µ−1(ρ))2

2∥x∥2
H−1

w
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A.3.3 Best-M arm identification

In this example, given M ∈ [K− 1], i⋆(θ) = {x(i)(θ) : i ∈ [M ]} where x(1)(θ), . . . , x(K)(θ) are
the ordered arms with respect to their expected rewards.

Lemma A.3.2. For all θ ∈ Rd such that x(1)(θ)⊤θ < · · · < x(K)(θ)⊤θ,

T ⋆(θ)−1 = max
w∈Σ

min
x̸=x(M)(θ)

(θ⊤x− θ⊤x(M)(θ))2

2 ∥x∥2
H−1

w

Proof.

T ⋆(θ)−1 = max
w∈Σ

inf
λ∈Alt(θ)

∥θ − λ∥2
Hw

2

= max
w∈Σ

min
(

min
x:x/∈i⋆(θ)

inf
λ:µ(x⊤λ)≥µ(x(M)(θ)⊤λ)

∥θ − λ∥2
Hw

2 ,

min
x:x∈i⋆(θ)

inf
λ:µ(x⊤λ)<µ(x(M)(θ)⊤λ)

∥θ − λ∥2
Hw

2

)

= max
w∈Σ

min
(

min
x:x/∈i⋆(θ)

inf
λ:x⊤λ≥x(M)(θ)⊤λ

∥θ − λ∥2
Hw

2 , min
x:x∈i⋆(θ)

inf
λ:x⊤λ<x(M)(θ)⊤λ

∥θ − λ∥2
Hw

2

)

= max
w∈Σ

min
x̸=x(M)(θ)

(θ⊤x− θ⊤x(M)(θ))2

2∥x∥2
H−1

w

A.4 Useful lemmas

Lemma A.4.1. (Determinant-Trace inequality). Let {xs}∞
s=1 a sequence in Rd such that

∥xs∥2 ≤ X for all s ∈ N, and let λ be a non-negative scalar. For t ≥ 1 define At :=∑t
s=1 xsx

⊤
s . The following inequality holds:

det (At) ≤
(
tX2/d

)d
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APPENDIX B

Conformal Prediction for Ensembles: Improving Efficiency
via Score-Based Aggregation

B.1 CSA Visual Walkthrough

We walk through a visual presentation of the approach below to supplement the textual
description in the main text. We start with a collection of multivariate calibration scores SC

with s ∈ S being ∈ RK . For the purposes of visualization in this section, we have K = 2.
We first partition the score evaluations SC = S(1)

C ∪ S
(2)
C , with a subset S(1)

C used to define
the pre-ordering and the remainder S(2)

C to define the multivariate quantile.

Figure B.1: The calibration score evaluations are first split between those used to define the
pre-ordering (green) S(1)

C and those used to define the final multivariate quantile (red) S(2)
C .

We first wish to define the pre-ordering over S(1)
C . As described in the main text, the

goal is to define this using an indexed family of sets At with index t ∈ R, after which the
multivariate quantile approach reduces to the univariate quantile formulation. To ensure
the final envelope over S(2)

C remains as tight as possible, we wish to define this family in
a data-driven fashion. Critically, the shape of this tightest envelope around S(2)

C will vary
across α, meaning we must define the family separately for each choice of α. We expect the
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contour of the tightest α envelope for S(1)
C will be similar to that over S(2)

C , motivating such a
choice to define the indexing family. To do this, we project S(1)

C along a number of directions,
finding the β quantile along each, in turn defining a half-plane, where β is as described in
4.3.1.

Figure B.2: The pre-ordering points are projected across a number of directions, after which
the β quantile is used to define a direction quantile. This defines a half-plane of points that
are in the region (blue) and those outside (red).

We then iteratively update β in the manner described in 2 to obtain β∗, namely the
minimum value for which the region given by the intersection of the corresponding half-
planes covers roughly 1− α of S(1)

C .
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Figure B.3: We use the intersection of hyperplanes to define the quantile envelope, seeking
β∗ that achieves the desired coverage.

Once this 1− α quantile envelope of S(1)
C is found, we define A1 to be such an envelope,

with which future points can now be partially ordered. That is, for any point s ∈ RK notice
that we can unambiguously associate it with t(s) := min{t ∈ R : s ∈ At}. Intuitively, this
is the t where the contour “intersects” s. Notably, now that the partial ordering has been
defined, the points of S(1)

C are no longer used. It would be of interest to investigate whether
a concurrent definition of the partial ordering and final calibration is possible without such
data splitting in future work.

109



Figure B.4: Using the quantile envelope, the family of nested sets At is defined, in turn
defining a partial ordering over RK .

With this At, we find the final q̂ simply by mapping the points of S(2)
C to their correspond-

ing t(s) values in the aforementioned fashion and performing standard conformal prediction.
As discussed, if the envelope has a similar structure to that found over S(1)

C , the envelope
should be adjusted by only a minor amount.

Figure B.5: Using the nested family of sets, we expand or contract the envelope appropriately
using the data of S(2)

C to find the final adjustment factor.
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B.2 Multivariate Score Coverage

The proof of the multivariate extension of conformal prediction follows in precisely the same
manner as that of standard conformal prediction with the pre-order ≲ replacing the complete
ordering used in traditional conformal prediction.

Theorem B.2.1. Suppose DC := {(Xi, Yi)}NC
i=1 and (X ′, Y ′) are exchangeable. Assume

further that K maps sk : X × Y → R have been defined and a composite s(X,Y ) :=
(s1(X, Y ), ..., sK(X, Y )) is defined. Further denote by SC the evaluation of s(X,Y ) on DC,
namely SC := {s(Xi, Yi) | (Xi, Yi) ∈ DC}. For some α ∈ (0, 1), given a pre-order ≲ in RK

induced by a collection of nested sets {At}t≥0 define Q(α) = {s ∈ RK : s ≲ s⌈(NC+1)(1−α)⌉}.
Then, denoting C(x) := {y : s(x, y) ∈ Q(α)},

PX′,Y ′(Y ′ ∈ C(X ′)) ≥ 1− α (B.1)

Proof. Denote si = s(Xi, Yi) for each i = 1, ..., n and s′ = s(X ′, Y ′). We define ti = inf{t ≥
0 : si ∈ At} and t′ = inf{t ≥ 0 : s′ ∈ At}. We consider the case that PX,Y (ti ̸= tj) = 1,
that is, that the probability of ties is a probability measure 0 set. Without loss of generality,
we then assume the scores are sorted according to the assumed pre-order, namely that
s1 ≲ s2 ≲ ... ≲ sNC , or equivalently t1 ≤ t2 ≤ ... ≤ tNC . We then again have that
t̂ = t⌈(NC+1)(1−α)⌉ if α > 1/(NC + 1) and t̂ = ∞ otherwise. In the latter case, coverage is
trivially satisfied. In the former case, we see

PX,Y (Y ′ ∈ C(X ′)) = PX,Y (s(X, y) ≲ s⌈(NC+1)(1−α)⌉) = PX,Y (t′ ≤ t⌈(NC+1)(1−α)⌉). (B.2)

By the assumed exchangeability of DC := {(Xi, Yi)}NC
i=1 and (X ′, Y ′), we have that

PX,Y (t′ ≤ tk) = k

NC + 1 , (B.3)

for any k. From here, we have the desired conclusion that

PX,Y (s(X, y) ≲ s⌈(NC+1)(1−α)⌉) =
( 1
NC + 1

)
(⌈(NC + 1)(1− α)⌉) ≥ 1− α, (B.4)

completing the proof as desired.
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B.3 Conformal Aggregation Methods

We now describe the methods from Gasparin and Ramdas [2024a] that were compared against
experimentally, specifically the standard majority-vote CM , partially randomized threshold-
ing CR, and fully randomized thresholding CU approaches. As discussed in 4.2.3, these
methods all follow the structural form of 4.2 and largely differ in their choice of weights and
thresholds. The standard majority-vote CM is the most natural choice, defined by

CM(x) :=
{
y | 1

K

K∑
k=1

1[y ∈ Ck(x)] > 1
2

}
. (B.5)

The randomized methods differ in that independent randomization is leveraged over the
threshold, namely with:

CR(x) :=
{
y | 1

K

K∑
k=1

1[y ∈ Ck(x)] > 1
2 + U

2

}
(B.6)

CU(x) :=
{
y | 1

K

K∑
k=1

1[y ∈ Ck(x)] > U

}
, (B.7)

for U ∼ Unif([0, 1]). Notably, all these methods retain the guarantees typical of conformal
prediction.
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APPENDIX C

Online Conformal Prediction: Enforcing Monotonicity via
Online Optimization

C.1 Proofs

Proof Proposition 2

Proof. Since w̃i > 0 for all i, the map

w 7→ DKL(w∥w̃) =
n∑

i=1
wi log wi

w̃i

is strictly convex on Rn
+. As X is a nonempty closed convex set, the minimizer exists and is

unique.
Consider the constrained problem

min
w∈Rn

n∑
i=1

wi log wi

w̃i

s.t. wi ≥ µ,
n∑

i=1
wi = 1.

Its Lagrangian is

L(w, λ, ν) =
n∑

i=1
wi log wi

w̃i

+ λ
( n∑

i=1
wi − 1

)
+

n∑
i=1

νi(µ− wi),

where νi ≥ 0. Let w∗ be the optimizer. By the KKT conditions,

log w
∗
i

w̃i

+ 1 + λ− νi = 0, i = 1, . . . , n.

Hence
w∗

i = w̃ie
−1−λ+νi .
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Now, if w∗
i > µ, then complementary slackness gives νi = 0, and therefore

w∗
i = c w̃i, where c := e−1−λ > 0.

If instead w∗
i = µ, then the lower-bound constraint is active. Thus, for every i,

w∗
i = max{µ, c w̃i}.

Finally, the equality constraint ∑n
i=1 w

∗
i = 1 implies that c > 0 must satisfy

n∑
i=1

max{µ, c w̃i} = 1.

Since the left-hand side is continuous and strictly increasing in c, such a c exists and is
unique. This proves the claim.

Proposition 3. (Proposition 5 in Gibbs and Candès [2024]) Let s be a random variable and
assume that there exists a value q∗ such that P (s < q∗) = α. Then, for any q,

E [ρt(q, 1− α)]− E [ρt(q∗, 1− α)] =

E [(q − s)1q<s≤q∗ ] , if q ≤ q∗

E [(s− q)1q∗<s≤q] , if q∗ ≤ q

So, in particular, if s has a density p(·) on [0, B] with p(x) ≥ p > 0 for all x ∈ [0, B],
then

E [ρt(q, 1− α)]− E [ρt(q∗, 1− α)] ≥ p (q − q∗)2

2
Lemma C.1.1. Let s1, . . . , sT be an arbitrary sequence in [0, B], then the EG update rule
has the following regret bound.

T∑
t=1

gt (wt)−
T∑

t=1
gt (w∗

t ) ≤ (1 + log(1/µ))
η

(
1 +

T −1∑
t=1

∥∥∥w∗
t+1 − w∗

t

∥∥∥
1

)
+ ηG2

∞T (C.1)

Proof. Since the projected exponentiated gradient update is exactly the mirror descent up-
date with negative entropy, we may write

wt+1 = arg min
w∈∆µ

K+1

{η⟨∇gt, w⟩+DKL(w∥wt)} .

We first prove the standard one-step mirror descent inequality.
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Step 1: One-step inequality. Fix t and let w∗
t ∈ ∆µ

K+1

η⟨∇gt, wt − w∗
t ⟩ = ⟨∇ϕ(wt)−∇ϕ(wt+1)− η∇gt, w

∗
t − wt+1⟩

+ ⟨∇ϕ(wt+1)−∇ϕ(wt), w∗
t − wt+1⟩

+ ⟨η∇gt, wt − wt+1⟩

By optimality of wt+1 over the convex set ∆µ
K+1,

⟨η∇gt +∇ϕ(wt+1)−∇ϕ(wt), w∗
t − wt+1⟩ ≥ 0.

Therefore,

η⟨∇gt, wt − w∗
t ⟩ ≤ ⟨η∇gt, wt − wt+1⟩+ ⟨∇ϕ(wt+1)−∇ϕ(wt), w∗

t − wt+1⟩

Using the three-point identity for Bregman divergences,

⟨∇ϕ(wt+1)−∇ϕ(wt), w∗
t − wt+1⟩ = DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1)−DKL(wt+1∥wt),

Hence

η⟨∇gt, wt − w∗
t ⟩ ≤ η⟨∇gt, wt − wt+1⟩+DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1)−DKL(wt+1∥wt).

Using Hölder’s inequality,

η⟨∇gt, wt − w∗
t ⟩ ≤ η⟨∇gt, wt − wt+1⟩+DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1)−DKL(wt+1∥wt)

≤ η∥∇gt∥∞∥wt − wt+1∥1 +DKL(w∗
t ∥wt)−DKL(w∗

t ∥wt+1)−DKL(wt+1∥wt)

≤ η2

2 ∥∇gt∥2
∞ + 1

2∥wt − wt+1∥2
1 +DKL(w∗

t ∥wt)

−DKL(w∗
t ∥wt+1)−DKL(wt+1∥wt)

≤ η2

2 ∥∇gt∥2
∞ +DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1)

Since ∥∇gt∥∞ ≤ G∞,

η⟨∇gt, wt − w∗
t ⟩ ≤ DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1) + η2G2

∞
2 .
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Step 2: Sum over time. Summing over t = 1, . . . , T yields

η
T∑

t=1
⟨∇gt, wt − w∗

t ⟩ ≤
T∑

t=1

(
DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1)

)
+ η2G2

∞T

2 .

We rewrite the KL terms as

T∑
t=1

(
DKL(w∗

t ∥wt)−DKL(w∗
t ∥wt+1)

)
=

T∑
t=1

(
DKL(w∗

t ∥wt)−DKL(w∗
t+1∥wt+1)

+DKL(w∗
t+1∥wt+1)−DKL(w∗

t ∥wt+1)
)

= DKL(w∗
1∥w1)−DKL(w∗

T +1∥wT +1)

+
T −1∑
t=1

(
DKL(w∗

t+1∥wt+1)−DKL(w∗
t ∥wt+1)

)
.

Since KL divergence is nonnegative,

−DKL(w∗
T +1∥wT +1) ≤ 0,

so

η
T∑

t=1
⟨∇gt, wt − w∗

t ⟩ ≤ DKL(w∗
1∥w1) +

T −1∑
t=1

(
DKL(w∗

t+1∥wt+1)−DKL(w∗
t ∥wt+1)

)
+ η2G2

∞T

2 .

Step 3: KL is Lipschitz in the first argument on ∆µ
K+1. We have

DKL(w∗
t+1∥wt+1)−DKL(w∗

t ∥wt+1) ≤ (1 + log(1/µ))∥w∗
t+1 − w∗

t ∥1.

Therefore,

T −1∑
t=1

(
DKL(w∗

t+1∥wt+1)−DKL(w∗
t ∥wt+1)

)
≤ (1 + log(1/µ))

T −1∑
t=1
∥w∗

t+1 − w∗
t ∥1.

Step 4: Conclude the regret bound. Combining the previous inequalities,

η
T∑

t=1
⟨∇gt, wt − w∗

t ⟩ ≤ DKL(w∗
1∥w1) + (1 + log(1/µ))

T −1∑
t=1
∥w∗

t+1 − w∗
t ∥1 + η2G2

∞T

2 .
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Dividing by η gives

T∑
t=1
⟨∇gt, wt − w∗

t ⟩ ≤
DKL(w∗

1∥w1)
η

+ 1 + log(1/µ)
η

T −1∑
t=1
∥w∗

t+1 − w∗
t ∥1 + ηG2

∞T

2 .

Finally, since ∇gt ∈ ∂gt(wt) and gt is convex,

gt(wt)− gt(w∗
t ) ≤ ⟨∇gt, wt − w∗

t ⟩.

Then

T∑
t=1

(
gt(wt)− gt(w∗

t )
)
≤ DKL(w∗

1∥w1)
η

+ 1 + log(1/µ)
η

T −1∑
t=1
∥w∗

t+1 − w∗
t ∥1 + ηG2

∞T

2 .

To bound the initial divergence, note that for any u,w ∈ ∆µ
K+1,

DKL(u∥w) =
N∑

i=1
ui log ui

wi

≤
N∑

i=1
ui log 1

µ
= log(1/µ).

Thus,
DKL(w∗

1∥w1) ≤ 1 + log(1/µ),

which gives the simplified bound.

Lemma C.1.2. (Theorem 10.1. in Hazan [2016]) Let s1, . . . , sT be an arbitrary sequence in
[0, B], then the projected gradient on Q update rule has the following regret bound.

T∑
t=1

ft (qt)−
T∑

t=1
ft (q∗

t ) ≤ 3D2

η

(
1 +

T −1∑
t=1

∥∥∥q∗
t+1 − q∗

t

∥∥∥
1

)
+ ηG2

2T (C.2)

Where D is the diameter of Q and ∥∇f∥2 ≤ G2.

Proof Theorem 6.4.1

Proof. We can apply Proposition 3 and Lemma C.1.1 so
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T∑
t=1

p ∥qt − q∗
t ∥

2
2

2 =
T∑

t=1

K∑
i=1

p
(
qt,i − q∗

t,i

)2

2

≤
T∑

t=1

K∑
i=1

E [ρt(qt,i, 1− αi)]− E
[
ρt(q∗

t,i, 1− αi)
]

= E
[

T∑
t=1

K∑
i=1

(
ρt(qt,i, 1− αi)− ρt(q∗

t,i, 1− αi)
)]

= E
[

T∑
t=1

gt(wt)− gt(w∗
t )
]

≤ (1 + log(1/µ))
η

(
1 +

T −1∑
t=1

∥∥∥w∗
t+1 − w∗

t

∥∥∥
1

)
+ η(BK)2T

Proof Theorem 6.4.2

Proof. We can apply Proposition 3 and Lemma C.1.2 so

T∑
t=1

p ∥qt − q∗
t ∥

2
2

2 =
T∑

t=1

K∑
i=1

p
(
qt,i − q∗

t,i

)2

2

≤
T∑

t=1

K∑
i=1

E [ρt(qt,i, 1− αi)]− E
[
ρt(q∗

t,i, 1− αi)
]

= E
[

T∑
t=1

K∑
i=1

(
ρt(qt,i, 1− αi)− ρt(q∗

t,i, 1− αi)
)]

= E
[

T∑
t=1

ft(qt)− ft(q∗
t )
]

≤ 3B2K

η

(
1 +

T −1∑
t=1

∥∥∥q∗
t+1 − q∗

t

∥∥∥
1

)
+ ηKT
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