
Sequential Decision Making under Structured Partial Observability

by

Chinmaya Kausik

A dissertation submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy
(Mathematics)

in the University of Michigan
2026

Doctoral Committee:

Professor Ambuj Tewari, Co-Chair
Professor Martin Strauss, Co-Chair
Professor Victoria Booth
Dr. Adith Swaminathan, Netflix



Chinmaya Kausik

ckausik@umich.edu

ORCID iD: 0009-0009-7694-2153

© Chinmaya Kausik 2026



DEDICATION

Dedicated first and foremost to my parents, who have loved me through all the stages of raising me.
I am so grateful to them for teaching me to approach the world with optimism, curiosity, ambition
and a healthy dose of skepticism. Second to my sisters, whose presence in my life has been
so important in who I am today. Finally, also to every queer scientist, mathematician, engineer,
lawyer, doctor and creative who came before me and all those who will continue to appear, showing
queer students out there that queer people can accomplish great things.

ii



ACKNOWLEDGMENTS

I am first and foremost grateful to my advisor Ambuj Tewari, who was so kind to take me in as
his student when I was switching out of geometry and topology in the first year of grad school,
and has so profoundly shaped how I think about research. His boundless enthusiasm for research
and his infectious optimism are well-known among his students, and were a big part of the support
system that kept me going during my PhD. He has taught me to carry a child-like excitement for
my research while asking the skeptical questions that a mature researcher would at every step. I
am also grateful to my co-advisor Martin Strauss, whose generous support as I navigated my PhD
has made the experience so smooth and effortless.

I am also thankful for all my other collaborators and mentors during my PhD – Kevin Tan,
Yangyi Lu, Maggie Makar, Yixin Wang, Mirco Mutti, Aldo Pacchiano, Marc Brooks, Adith
Swaminathan, Harald Steck, Nathan Kallus, Yonathan Efroni, Nadav Merlis, Aadirupa Saha,
Kashvi Srivastava, Rishi Sonthalia. In particular, I would like to thank my primary collabora-
tor Kevin, whom I really appreciate having had around to bootstrap my confidence and knowledge
with during the early years of my PhD. I still fondly remember our all-nighters rushing to meet
conference deadlines in the math department’s atrium. Later in my PhD, I was fortunate to be
mentored by Adith, whose deep insights about the research process itself and ability to make wild
ideas seem doable have helped refine my research abilities in an entirely new way. Finally, I am
grateful to my committee member Prof. Booth, who has been very supportive as I wrapped up my
PhD.

I cherish all the friends I made during my time at UMich. I have such cozy associations with the
stats office and all the banter sitting near Sahana, Jaylin, Gabe, Yash, Jake, Marc, Paolo, Abhiti,
Josh, Vinod, Unique. I have the fondest memories of our board game nights and trips with Sahana,
Yash, Jake, and Saptarshi, from Austin to Spain. The PhD would have felt so different without
my life outside of the office and the lab – gym with Yash, Jake and others, lunches with Joseph,
driving around with Cole, coffees with Mia and Sahana, volleyball with the Volleybros, salsa and
bachata in the city. I am very grateful to have met Tuhin and Aishani in the middle of my PhD –
they have grown to be my closest friends in Ann Arbor. Hosting the SPAM+ mixers every month
has become one of the highlights of my social life as a PhD student, and I am grateful to all the

iii



guests and friends who made the parties such a success.

I don’t know how I would have survived the PhD without my many, many housemates at the
Ella Baker Graduate Cooperative House. Lindsey’s one hug a day, tea sessions with Emilia, long
kitchen conversations at night with Vicki, Jared, Max, Collin, Bailee, Ezekiel’s hilarious takes on
everything, dancing with Bailee, our weekly music jams, all the delicious dinners I got to eat and
make at Baker, our Bollywood nights thanks to Gauri, Kashmiri food from Sidra, seeing Sami and
Rose in the joint (our common space) every evening, TV shows in the pit, Gio, Stephanie, Alhan,
Cat, Elis, and many others. Max and Jared in particular have watched me grow and change in my
five years at Baker, and have been there for me through it all. I feel so warm remembering all the
times I would enter the kitchen at night to see Max making his tofu salad and then we would talk
about math and life.

I am also grateful to my therapist, who has helped me through so many stages of my PhD and
through so much personal growth.

Finally, I am very grateful to the family and friends who have helped me get through my PhD
from outside of Ann Arbor. I am grateful for the friends I made during internships (shoutout Srikar,
Vibha and the Jane Street gang), for getting to share stories with my sister Yaashia who started her
PhD the same year as me, and all the support from my other sisters Divyangna and Malvika. I am
grateful for my friend Abishek from college, who has always been available on text, heard me out
non-judgmentally so often and been such a pillar of support through my PhD. I am also grateful
for Rimika, Vidhi and Vrunda and our funny little group chat. Finally, I am deeply grateful to my
parents for all the affection they showered me with when I needed support, for cheering me on
through every milestone, for celebrating all my successes with so much enthusiasm. Thank you
for being there for me.

iv



TABLE OF CONTENTS

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

LIST OF APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

CHAPTER

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Sequential Decision Making . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The Problem of Latent Information . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1 The Central Compass . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2.2 A Running Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Why These Settings Are Still Hard . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.4 Tractability through Structured Latent Information . . . . . . . . . . . . . . . . . 10
1.5 Algorithms, Guarantees, and Experiments . . . . . . . . . . . . . . . . . . . . . 12
1.6 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1 Markov Decision Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.1.1 Regret and Risk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.1.2 Optimism in the Face of Uncertainty . . . . . . . . . . . . . . . . . . . . 18
2.1.3 Visitation Distributions and Mixing . . . . . . . . . . . . . . . . . . . . 20

2.2 Bandits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2.1 Linear Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3 Offline Reinforcement Learning and Policy Evaluation . . . . . . . . . . . . . . 22
2.3.1 Importance Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3.2 Fitted Q-Evaluation and Fitted Q-Iteration . . . . . . . . . . . . . . . . . 23

2.4 Reinforcement Learning from Human Feedback . . . . . . . . . . . . . . . . . . 24
2.4.1 Current Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5 Structured Partial Observability . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.5.1 Partially Observable MDPs . . . . . . . . . . . . . . . . . . . . . . . . 26

v



2.5.2 PORMDPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.5.3 Latent Time Series and Mixture Models . . . . . . . . . . . . . . . . . . 28
2.5.4 Taxonomy of Structured Partial Observability . . . . . . . . . . . . . . . 29

2.6 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Learning Mixtures of Markov Chains and MDPs . . . . . . . . . . . . . . . . . . . . 31

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.1.1 Summary of Contributions . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Background and Problem Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.3 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Setup and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3.3 Subspace Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3.4 Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.3.5 Model Estimation and Classification . . . . . . . . . . . . . . . . . . . . 40

3.4 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.4.1 Techniques and Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.4.2 Subspace Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.4.3 Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.4.4 Model Estimation and Classification . . . . . . . . . . . . . . . . . . . . 44

3.5 Practical Considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5.1 Subspace Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5.2 Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.7.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Offline Policy Evaluation and Optimization under Confounding . . . . . . . . . . . . 51

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.2 Setup and Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.2.2 Assumptions on Sensitivity and Memory . . . . . . . . . . . . . . . . . 55
4.2.3 FQE and Confounded FQE . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2.4 Model-Based Method For Stationary Transition Kernels . . . . . . . . . 58
4.2.5 Hardness of OPE for Confounders with Memory . . . . . . . . . . . . . 61
4.2.6 Clustering-Based OPE for Global Confounders . . . . . . . . . . . . . . 61
4.2.7 Policy Optimization under Confounding . . . . . . . . . . . . . . . . . . 63

4.3 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.4 Conclusion and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5 A Theoretical Framework for Partially-Observed Reward States in RLHF . . . . . . 69

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.1.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2 Defining RL with Partially-Observed Reward States (PORRL) . . . . . . . . . . 72
5.2.1 PORMDPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

vi



5.2.2 Reinforcement Learning in PORMDPs (PORRL) with Cardinal and Du-
eling Feedback . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.2.3 A General Yet Tractable Case . . . . . . . . . . . . . . . . . . . . . . . 77
5.3 Optimistic Algorithms for Cardinal PORRL . . . . . . . . . . . . . . . . . . . . 79

5.3.1 Improving over Naive History-Summarization with Model-Based Methods 79
5.3.2 Leveraging Recursive Structures Using Model-Free Methods . . . . . . . 81

5.4 Dueling to Optimism Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . 83
5.4.1 The Naive Reduction Always Fails . . . . . . . . . . . . . . . . . . . . 83
5.4.2 Reducing Dueling to Optimistic Cardinal PORRL . . . . . . . . . . . . 84

5.5 Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6 Leveraging Offline Data in Linear Latent Contextual Bandits . . . . . . . . . . . . . 87

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
6.2 Linear Bandits With Latent Structure . . . . . . . . . . . . . . . . . . . . . . . . 90
6.3 Estimating Latent Subspaces Offline . . . . . . . . . . . . . . . . . . . . . . . . 92
6.4 Offline Data Sharpens Online Optimism . . . . . . . . . . . . . . . . . . . . . . 95
6.5 Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
6.6 Practical Optimism with ProBALL-UCB . . . . . . . . . . . . . . . . . . . . . . 97
6.7 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
6.8 How General Are Latent Bandits? . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.9 Discussion, Limitations and Further Work . . . . . . . . . . . . . . . . . . . . . 104

7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

7.1 Summary through the Compass . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
7.2 Cross-Cutting Themes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
7.3 Practical Considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
7.4 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
7.5 Closing Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285

vii



LIST OF FIGURES

FIGURE

1.1 The central compass of this thesis as causal DAGs. Solid circles denote observed vari-
ables; dashed circles denote latent variables. Black arrows are standard MDP edges;
solid red arrows are active latent influence channels; dotted gray arrows are chan-
nels removed by confinement. Blue rectangles denote the behavior policy πb (present
in offline settings). The annotation below each latent node indicates the complex-
ity of the latent channel: K mixture components, Γ sensitivity parameter, dE/dHABE

eluder/history-aware Bellman eluder dimension, dK latent subspace dimension. Top:
In a general POMDP, the latent state uh influences transitions, rewards, and the behav-
ior policy simultaneously, leading to statistical intractability. Bottom: Each chapter
confines the latent variable to a subset of channels, making the problem tractable.
Chapters 3 and 4 confine the latent state away from rewards; Chapters 5 and 6 confine
it to rewards alone. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 The autonomous driving running example across the four chapters. In each panel,
red boxes denote latent variables and red arrows show their influence channels. (a)
and (b) are offline settings with an unobserved road type affecting transitions and
behavior policy; (b) additionally includes memoryless hazards (.). (c) and (d) are
online settings where the latent variable affects only the reward. In (c) the passenger’s
internal state evolves over time; in (d) the preference is fixed, and the action is an
entire driving policy over a full episode. . . . . . . . . . . . . . . . . . . . . . . . . . 6

3.1 Breaking up a trajectory into 4 segments and G blocks per segment (G = 4) for the
single-step estimator. Observations are only recorded at the orange points. . . . . . . . 36

3.2 Histogram of the average ordered eigenvalue energy (the square of the eigenvalue)
where the mean is taken over states and actions. There are two large eigenvalues,
corresponding to K = 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3 Histogram (and KDE) of pairwise squared distance estimates in projected subspace
above, and accuracy against thresholds below. Note how there is a spurious mode
around the 0.00015 mark, and picking any threshold past it yields a significant drop
in accuracy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.4 Clustering error v.s. trajectory length on 1000 trajectories, with a comparison between
using VT

s,a, IS×S or a random projector to a K-dimensional subspace in Algorithm 2.
The same threshold was used for each trajectory length. Results averaged over 30
trials. The mixing time of this system is roughly tmix ≈ 25. . . . . . . . . . . . . . . 48

viii



3.5 End-to-end error v.s. trajectory length on 1000 trajectories, comparing initializations
of the soft EM algorithm using (1) random initializations, (2) models fromNclust, and
(3) classification and clustering labels fromNclust andNsub. Results averaged over 30
trials, with 30 random initializations for randomly-initialized EM within each trial. . . 49

3.6 Scatter-plot of likelihoods v.s. clustering accuracy achieved by the randomly-
initialized soft EM algorithm over 30 trials on gridworld. Randomly-initialized soft
EM does not achieve the global maximum all of the time. . . . . . . . . . . . . . . . . 49

4.1 OPE for Memoryless Confounders. Comparison of our model-based method, its non-
stationary relaxation (Alg. 17), its projected gradient descent variant (Alg. 6), and
CFQE on state 13 in a 16-state gridworld. Confidence intervals (CIs) are one standard
deviation wide and computed over 30 trials. H = 8. . . . . . . . . . . . . . . . . . . 66

4.2 Policy Improvement for Memoryless Confounders. Top Left: Loss curve dynamics
of max-min gradient descent. Top Right: Resulting policy π̂∗ for Γ = 10 in 4x4
gridworld with actions indexed by WENS. Brighter colors indicate higher π̂∗(a | s).
Bottom: Increase in the lower bound on V πθ

1 as gradient ascent iterations progress.
H = 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.3 Top Left: Average performance of the clustering method from Kausik et al. Top Right:
Average relative error of clustering-based OPE with different clustering algorithms.
Bottom: Improvement in estimates of policy values under gradient ascent coupled
with different clustering algorithms, see Appendix B.1 for details. We average over
30 trials, confidence intervals are 1 standard deviation wide. H = 60. . . . . . . . . . 68

5.1 Illustrating how a human’s internal states (represented by emojis) affect their feed-
back to an agent or LLM. Top: Cardinal or good/bad feedback. Bottom: Dueling or
preferential feedback. In line with Definition 5.2.1, uh ∈ U are represented by the
emojis, p = 2 andHp = {2, 4} in both cases. . . . . . . . . . . . . . . . . . . . . . . 72

6.1 Left: Geometric interpretations of LOCAL-UCB. Showing Cton(β)∩ Ctoff(β) in green
for three timepoints t = t1, t2, t3. The dotted lines delineate the subspace confidence
set. Right: Geometric interpretation of ProBALL-UCB. Ct1on(β) ̸⊂ C̃

t1
off(β), so we

continue to use projections; but by time t2, Ct2on(β) ⊂ C̃
t2
off(β), so we stop using pro-

jections. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
6.2 Left to Right. First: Simulation study comparison of ProBALL-UCB against LinUCB

for τ = 5. Second/Third: Comparison of ProBALL-UCB initialized with SOLD
against {LinUCB, mUCB, and mmUCB, TS, mmTS, and MixTS}, for τ = 0.1 and
various confidence bound constructions. ProBALL-UCB outperforms all other algo-
rithms, and approaches the performance of LinUCB when Hoeffding confidence sets
are used. Fourth: ProBALL-UCB regret on MovieLens against offline samples used
in SOLD, compared to LinUCB on ground-truth low-dimensional features. Here,
τ = 0.1, T = 200. As the number of offline samples increases, SOLD recovers a
low-rank subspace almost as good as ground-truth. The shaded area in each sub-
figure depicts 1-s.e. confidence intervals over 30 trials with fresh θ, accounting for
the variation in frequentist regret for changing θ. . . . . . . . . . . . . . . . . . . . . 101

A.1 Block structure of the matrix of squared pairwise distance estimates (after sorting). . . 111

ix



A.2 End-to-end error v.s. trajectory length on (left) 1000 MDP trajectories from the grid-
world dataset and (right) 750 Markov chain trajectories from the Last.fm dataset, com-
paring various initializations of the soft and the hard EM algorithm. Results averaged
over 30 trials, with 30 random initializations for randomly-initialized EM within each
trial. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

A.3 Clustering error using random projections of varying dimension for a trajectory length
of 100, benchmarked against the performance of the "with subspace" and "without
subspace" versions. The gridworld MDP dataset is on the left, while the Last.fm
Markov chain dataset is on the right. . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

D.1 Plot of eigenvalues of aforementioned matrix. Notice the drop after 18 eigenvalues. . 274
D.2 Log-plot of eigenvalues of aforementioned matrix. Notice the drop after 18 eigenval-

ues. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275
D.3 Comparison of ProBALL-UCB with LinUCB, for different choices of τ and confi-

dence bound constructions. All variants perform no worse than LinUCB, with mar-
tingale Bernstein performing the best. The shaded area depicts 1-standard error con-
fidence intervals over 30 trials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276

D.4 Comparison of ProBALL-UCB with LinUCB and TS algorithms, for different choices
of τ and confidence bound constructions. All variants perform no worse than LinUCB
and outperform the TS algorithms, with martingale Bernstein performing the best. The
shaded area depicts 1-standard error confidence intervals over 30 trials. . . . . . . . . 277

D.5 Comparison of ProBALL-UCB and ProBALL-TS initialized with SOLD against Lin-
UCB, TS, MixTS, and mmTS, for different choices of τ and confidence bound con-
structions. ProBALL-UCB outperforms LinUCB, and ProBALL-TS outperforms
MixTS and mmTS. Shaded area depicts 1-standard error confidence intervals over
30 trials with fresh θ. The confidence intervals on regret thus account for the variation
in frequentist regret for changing θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

D.6 Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB, for different choices of τ and confidence bound constructions, in terms of
regret. All variants of ProBALL-UCB perform no worse than LinUCB, and outper-
form mUCB and mmUCB. Shaded area depicts 1-standard error confidence intervals
over 30 trials with fresh θ. The confidence intervals on regret thus account for the
variation in frequentist regret for changing θ. . . . . . . . . . . . . . . . . . . . . . . 279

D.7 Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB, for different choices of τ and confidence bound constructions, in terms of
rolling average rating over 25 timesteps. ProBALL-UCB performs no worse than
LinUCB, and outperforms mUCB and mmUCB. . . . . . . . . . . . . . . . . . . . . 279

D.8 Comparison of ProBALL-TS initialized with SOLD against TS, mmTS, and MixTS,
for different choices of τ and confidence bound constructions, in terms of regret. All
variants of ProBALL-TS outperform TS, mmTS, and MixTS. . . . . . . . . . . . . . 280

x



D.9 Comparison of ProBALL-TS initialized with SOLD against TS, mmTS, and MixTS,
for different choices of τ and confidence bound constructions, in terms of rolling
average rating over 25 timesteps. All variants of ProBALL-TS outperform TS, mmTS,
and MixTS. Shaded area depicts 1-standard error confidence intervals over 30 trials
with fresh θ. The confidence intervals on regret thus account for the variation in
frequentist regret for changing θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280

D.10 Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB on low-dimensional ground-truth features, for different choices of τ and
confidence bound constructions. When τ is small enough, all variants of ProBALL-
UCB perform no worse than low-dimensional LinUCB, and outperform mUCB and
mmUCB, on ground truth features. This showcases the efficacy of SOLD, and demon-
strates that we recover subspaces that are just as good as ground-truth. Shaded area de-
picts 1-standard error confidence intervals over 30 trials with fresh θ. The confidence
intervals on regret thus account for the variation in frequentist regret for changing θ. . 281

D.11 Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB on low-dimensional ground-truth features, for different choices of τ and
confidence bound constructions. When τ is small enough, all variants of ProBALL-
UCB perform no worse than low-dimensional LinUCB, and outperform mUCB and
mmUCB, on ground truth features. This showcases the efficacy of SOLD, and demon-
strates that we recover subspaces that are just as good as ground-truth. Shaded area de-
picts 1-standard error confidence intervals over 30 trials with fresh θ. The confidence
intervals on regret thus account for the variation in frequentist regret for changing θ. . 281

D.12 Comparison of ProBALL-UCB initialized with ground truth subspaces against Lin-
UCB, mUCB, and mmUCB, for different choices of τ and confidence bound construc-
tions. All variants of ProBALL-UCB perform no worse than LinUCB, and outperform
mUCB and mmUCB. Shaded area depicts 1-standard error confidence intervals over
30 trials with fresh θ. The confidence intervals on regret thus account for the variation
in frequentist regret for changing θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

D.13 Comparison of ProBALL-UCB initialized with ground truth subspaces against Lin-
UCB, mUCB, and mmUCB, for different choices of τ and confidence bound construc-
tions, in terms of rolling average rating over 25 timesteps. All variants of ProBALL-
UCB perform no worse than LinUCB, and outperform mUCB and mmUCB. Shaded
area depicts 1-standard error confidence intervals over 30 trials with fresh θ. The
confidence intervals on regret thus account for the variation in frequentist regret for
changing θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

D.14 Subspace estimation error of SOLD against the number of offline samples, in the
Frobenius norm. This was performed on the MovieLens dataset. We compare the
error of SOLD against the parametric rate of 1/

√
N . This shows that the error of

SOLD indeed decreases very quickly in practice. . . . . . . . . . . . . . . . . . . . . 283
D.15 End-to-end regret at T = 200 timesteps of ProBALL-UCB initialized with SOLD,

against the number of offline samples used in fitting SOLD. With a low enough τ ,
the regret of ProBALL-UCB approaches the regret of LinUCB on ground-truth low-
dimensional features, showing that we lose next to nothing from needing to estimate
the subspace with SOLD. Shaded area depicts 1-standard error confidence intervals
over 30 trials with fresh θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284

xi



D.16 End-to-end regret at T = 200 timesteps of ProBALL-TS initialized with SOLD,
against the number of offline samples used in fitting SOLD. With a low enough τ , the
regret of ProBALL-TS approaches the regret of TS on ground-truth low-dimensional
features, showing that we lose next to nothing from needing to estimate the subspace
with SOLD. Shaded area depicts 1-standard error confidence intervals over 30 trials
with fresh θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284

xii



LIST OF APPENDICES

A Supplementary Material for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 111

B Supplementary Material for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 157

C Supplementary Material for Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 191

D Supplementary Material for Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . 243

xiii



ABSTRACT

Sequential decision-making problems in domains like healthcare, recommendation systems,
and language model alignment are frequently affected by latent variables such as unobserved
confounders, hidden mixture structure, or partially-observed internal states that influence the
data-generating process. This is compounded by the practical constraint of learning from pre-
collected offline datasets rather than a lot of online interaction. While the partially observable
MDP (POMDP) provides the most general framework for such settings, learning in POMDPs
is statistically intractable in general. Understanding what structural assumptions make learning
tractable, and how to design algorithms that exploit them, is therefore of great importance. This
thesis presents four contributions to this area, unified by the following insight:

Sequential decision-making is tractable when the latent variable’s influence is confined to one part
of the data-generating process (such as the state/context or the reward), and within that part it acts

through a low-complexity channel, such as a low-dimensional subspace or a function class of
bounded dimension.

We develop spectral methods for recovering latent mixture and subspace structure, optimistic meth-
ods calibrated to the complexity of the latent channel, and conservative estimation methods for
settings where the latent structure prevents consistent estimation. In key settings, we first establish
impossibility results that delineate what is and is not achievable. For instance, we show that con-
sistent policy evaluation is impossible under memoryless confounding even with sensitivity con-
straints, that naive history-summarization in RLHF leads to complexity exponential in the horizon,
and that even full data coverage is not sufficient for latent subspace recovery when certain natural
independence conditions are violated. We then identify natural assumptions that must be made
to avoid these impossibility results. Finally, we provide algorithms whose statistical complexity
scales with the dimension of the latent channel rather than the ambient problem. We frequently
chase lower bounds and optimality guarantees in an effort to identify and achieve the statistical
limits of what can be learnt in these settings. Our results thus include various novel theoretical
guarantees and structural characterizations of these settings.

For each contribution, we present experiments with both synthetic and real-world data, often in
medical and recommendation settings. We provide practical recommendations for choosing hyper-
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parameters, perform ablations studying the impact of major algorithmic components, and compare
our methods with existing approaches, demonstrating that they outperform existing methods in
realistic settings.
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CHAPTER 1

Introduction

1.1 Sequential Decision Making

Many problems in machine learning require not a single prediction, but a sequence of decisions
whose consequences unfold over time. A recommendation system selecting which content to surface
[Li et al., 2010], a clinical algorithm deciding on a treatment at each hospital visit [Lu et al., 2021b],
and a language model choosing how to phrase a response to a user [Ouyang et al., 2022] all share
this structure. At each step, an agent observes something about the world, takes an action, and
receives a reward signal encoding how well it did. The goal is to learn a policy (a mapping from
observations to actions) that maximizes cumulative reward over time.

Two axes organize the space of such problems. The first is whether decisions are stateful. When
an action today changes what the agent sees tomorrow, the standard framework is the Markov

Decision Process (MDP) [Puterman, 2014], where a state sh evolves according to a Markovian
transition kernel P(s′ | s, a) and the agent optimizes over an episode of H steps. A large body of
theory and algorithms applies when the Markov property holds [Sutton and Barto, 2018, Auer et al.,
2002, Jin et al., 2018]. When each decision is instead a one-shot choice in context — selecting
a treatment dose, choosing which ad to display — the problem reduces to a contextual bandit

[Lattimore and Szepesvári, 2020]. The second axis is whether the agent learns by interacting with
its environment or from a fixed dataset. The former is the online setting; the latter is the offline

or batch setting [Levine et al., 2020]. In many of the settings we study, online interaction is not
economical, safe, or even possible — a hospital evaluating a new treatment protocol has only
historical patient records — and learning from such pre-collected data is fundamentally harder,
since the agent cannot query the environment for missing information. This thesis studies problems
across these axes: Chapters 3 and 4 work in the offline MDP setting, Chapter 5 in the online MDP
setting, and Chapter 6 bridges the offline and online bandit settings. Formal definitions are given in
Chapter 2.
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1.2 The Problem of Latent Information

Real environments contain latent variables: quantities that influence the world but are never directly
observed. Unfortunately, classical MDP and bandit frameworks assume that the observed state sh
(or context x) captures everything relevant about the world, so that two agents in the same state
facing the same action experience the same distribution of outcomes. What happens when the state
does not capture everything relevant?

In personalized medicine, patients with similar observed symptoms respond very differently to the
same treatments because of underlying genetic or physiological differences that are rarely measured
[Kallus and Zhou, 2020]. A treatment policy learned from historical records will be confounded
by these unrecorded characteristics: clinicians who generated the historical data had intuitions and
contextual knowledge that shaped their decisions, and that knowledge is absent from the dataset.
In recommendation, each user has an unobserved set of preferences that determines which items
they find rewarding [Hong et al., 2020]; a dataset of past interactions aggregates trajectories from
users with very different latent states, none of which are directly revealed. In autonomous driving,
the physical environment type (icy road, dry highway, urban intersection) governs how the vehicle
responds to steering and braking, but this type may not be directly measurable from onboard sensors
alone.

In each case, the latent variable is a genuine feature of the problem. Ignoring it causes real
harm: confounded offline evaluation leads to dangerously biased policy estimates; recommendation
algorithms that treat a heterogeneous user population as a single entity explore inefficiently; a control
policy unaware of latent environment type may behave safely in one regime and catastrophically in
another. The most general framework for handling latent information is the Partially Observable

MDP (POMDP) [Kaelbling et al., 1998a], where a hidden state uh can influence both the transition
dynamics and the rewards in an arbitrary, history-dependent way. In the applications above, each
interaction with the environment is costly, so sample complexity is a practical concern. However,
learning in POMDPs is known to be statistically intractable in general [Krishnamurthy et al., 2016,
Jin et al., 2020]. No algorithm can learn efficiently without further structural assumptions, regardless
of how much data is collected.

1.2.1 The Central Compass

What are some realistic POMDP settings where learning might be tractable? The central message
of this thesis is that many tractable and realistic islands can be found in the intractable ocean of
POMDPs via the following compass:
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The latent state’s influence is confined to one part of the observables, and within
that part it acts through a low-dimensional/low-complexity channel.

General POMDP
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Figure 1.1: The central compass of this thesis as causal DAGs. Solid circles denote observed
variables; dashed circles denote latent variables. Black arrows are standard MDP edges; solid
red arrows are active latent influence channels; dotted gray arrows are channels removed by
confinement. Blue rectangles denote the behavior policy πb (present in offline settings). The
annotation below each latent node indicates the complexity of the latent channel: K mixture
components, Γ sensitivity parameter, dE/dHABE eluder/history-aware Bellman eluder dimension,
dK latent subspace dimension. Top: In a general POMDP, the latent state uh influences transitions,
rewards, and the behavior policy simultaneously, leading to statistical intractability. Bottom: Each
chapter confines the latent variable to a subset of channels, making the problem tractable. Chapters 3
and 4 confine the latent state away from rewards; Chapters 5 and 6 confine it to rewards alone.

Confinement means the latent state does not permeate the full data-generating process. In
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Chapters 3 and 4, the latent variable can affect both the transition dynamics and the data collection
process, but the reward is defined from observables alone. In Chapters 5 and 6, the latent variable
affects the reward, but transitions and contexts remain clean. In each case some part of the world
remains unentangled with the latent state, and that clean part is what makes the problem tractable.

The low-complexity channel means that within its domain of influence, the latent state acts
through something small. Sometimes this is geometric, such as a literal low-dimensional subspace
of transitions or reward parameters. Sometimes it is learning-theoretic, such as a small eluder
or coverability dimension of the reward function class. The form varies, but in every case the
complexity of the latent channel is much smaller than the complexity of the ambient problem.

The standard POMDP literature sometimes assumes a form of confinement — for instance,
Jin et al. [2020] assume rewards depend only on observations, noting this is “natural” in most
applications. Such work benefits algorithmically from this assumption (e.g., it makes observable
operator representations sufficient for planning), but the tractability conditions that emerge —
such as invertible emission matrices or revealing conditions — can be somewhat abstract. Making
confinement an explicit design principle, as in this thesis, allows us to choose interpretable conditions
that directly describe the complexity of the channel through which the latent variable acts.

In particular, we will see that standard algorithms are not designed to take advantage of these
low-complexity channels. This thesis can be considered as a series of independently useful examples
in applying this philosophy when working with POMDPs. Namely, we suggest a two-step process:

• Step 1: Identify whether and how the latent variables’ effects are confined. Crucially, this will
require domain knowledge and making untestable assumptions (such as adequate coverage of
the latent variables).

• Step 2: Use the three step template developed in the thesis (decoupling, leveraging the low-
complexity channel and aggregating across trajectories, composing) to devise good learning
algorithms. Namely, we decouple the parts affected and not affected by the latent variable.
We handle the latter with standard techniques, and handle the former by aggregating across
trajectories using spectral methods and other techniques developed in this thesis. Finally,
we compose the results from both parts while accounting for sequential decision-making
considerations.

Step 1 explicitly captures why we believe that an application is tractable to learn; this is a crucial
missing step in prior work. And Step 2 provides a general recipe for devising good algorithms
beyond ad hoc procedures for specific real-world POMDPs. Without these steps, applying state-
of-the-art algorithms to POMDPs can fail silently, even when structure (low-complexity confined
latents) is present.
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The entire framework assumes the latent variable cannot be directly accessed. In some applica-
tions, the agent can pay a cost to make the latent observable — running a diagnostic test to determine
a patient’s genotype, requesting a user to fill out a detailed preference survey, or equipping a vehicle
with additional sensors to identify road surface type. Such actions lead to problems in cost-aware
or multi-fidelity decision making. Our framework addresses the complementary setting: the latent
information is genuinely inaccessible, and the agent must learn to act well despite never observing
it, relying on the structure of its influence.

1.2.2 A Running Example

The four chapters of this thesis each address a distinct form of latent information, distinct in where
the latent variable enters, what part of the observable world it affects, and what kind of harm it causes
when ignored. To see the differences clearly, consider an autonomous driving system operating
across varied road environments. At each timestep h, the vehicle observes its driving situation sh
(position, speed, road geometry, surrounding traffic), takes a driving action ah (acceleration, braking,
steering adjustment, lane change), and receives a reward rh measuring ride quality. The granularity
of the action varies: in the first three chapters, ah is a concrete driving decision at each timestep;
in the fourth, it is an entire driving policy parameterized by a vector. Across all four chapters, the
observable state stays the same, but the latent variable, its role, and the details of the reward shift
from chapter to chapter.

Latent road types and mixture structure (Chapter 3). Road surfaces are not homogeneous. Dry
asphalt, wet pavement, packed gravel, and black ice all produce very different vehicle responses to
the same steering and braking inputs. On dry asphalt, a sharp turn at moderate speed is routine; on
black ice, the same maneuver causes a skid. These are latent road types: distinct physical regimes
in which the transition kernel P(next vehicle state | current state, driving action) genuinely differs.
The road type is determined at the start of each trip segment and persists throughout, but is not
directly observed in the historical data — for privacy reasons, the vehicles that collected it did
not record camera footage or fine-grained location data that could identify the road surface, only
tire slip, lateral acceleration, and coarse GPS position. The state sh is the vehicle’s observable
driving situation at time h, the action ah is the driving decision, and the reward rh measures safety
and efficiency from the available sensor readings. We observe N unlabeled trip segments from
varied road conditions without knowing which type each belongs to, and the goal is to recover the
latent road types and their distinct dynamics purely from transition data. The human drivers who
generated these trips perceived and adapted to the road conditions — they drove more cautiously on
ice, more aggressively on dry asphalt — so the behavior policy πb also depends on the latent road
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Figure 1.2: The autonomous driving running example across the four chapters. In each panel, red
boxes denote latent variables and red arrows show their influence channels. (a) and (b) are offline
settings with an unobserved road type affecting transitions and behavior policy; (b) additionally
includes memoryless hazards (.). (c) and (d) are online settings where the latent variable affects
only the reward. In (c) the passenger’s internal state evolves over time; in (d) the preference is fixed,
and the action is an entire driving policy over a full episode.
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type. This is the mixture of K MDPs setting [Kwon et al., 2021]. The latent road type is confined to
the transitions and the behavior policy: it determines how the vehicle responds to control inputs
and how the driver acts, but the reward (defined from observable sensor data) plays no role in the
clustering task. The low-complexity channel is geometric, in that the K transition kernels span at
most a K-dimensional subspace of the probability simplex for each state-action pair, small enough
to recover from population data without ever observing which road type generated any given trip.

Confounded offline evaluation (Chapter 4). Now suppose we want to use historical driving data
— collected from human drivers — to evaluate how an autonomous policy would have performed,
without deploying it on the road. Again, the state, action, and reward are as above. As before,
the latent road type affects the transition dynamics, and the human drivers who collected this data
perceived the road conditions and adapted accordingly. The difference is the task: the driver’s
dependence on the road type, which was merely a feature of the data in the clustering setting, now
becomes the central obstacle. The latent road type acts as a confounder [Kallus and Zhou, 2020,
Bruns-Smith, 2021]: it affects both the transition dynamics and the behavior policy, biasing the
historical trajectories in ways invisible to standard offline analysis. The reward remains defined
from observable safety and efficiency metrics. The confounder structure is particularly rich: the
road type itself (dry, wet, icy) functions as a global confounder, stable across an entire trip segment
and shaping both the vehicle dynamics and the driver’s baseline behavior, while moment-to-moment
hazards — a pothole, a road bump, a patch of gravel — constitute memoryless confounding,
refreshed independently at each timestep: each affects both how the car responds and how the
driver reacts, but is not recorded in the data. The confinement is that the reward remains defined
from observables alone, exactly as in Chapter 3. For global confounders, there is additional low-
complexity structure: the number of latent road types is small. Memoryless confounders lack this,
and as we will see, admit fundamental unidentifiability — confinement alone is not enough. This is
the confounded MDP setting.

Partially observed reward states and RLHF (Chapter 5). The first two settings optimize safety
and efficiency — objectives defined entirely from sensor data. Once basic safety and efficiency are
handled, a natural next step is to personalize the driving experience to passenger comfort, which
sensors alone cannot capture. Passengers can provide real-time feedback during the ride (a thumbs
up or down after a lane change or braking event) as well as an overall rating at the end [Christiano
et al., 2017, Ouyang et al., 2022]. Human annotators can also compare pairs of recorded trajectories
and judge which provided the better ride. At forking decisions — take the highway or surface
streets, brake early and gently or late and firmly — feedback can be solicited from passengers or
annotators choosing between the two options. The state sh is still the vehicle’s driving situation, the
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action ah is still the driving decision, but the reward is now the passenger’s or annotator’s feedback
rather than a sensor metric. The difficulty is that this feedback depends not only on the observable
trajectory but also on the passenger’s internal state [Flavell et al., 2022]: their anxiety level during a
highway merge, whether they were reading or watching the road, their accumulated trust (or distrust)
in the system, their sensitivity to lateral motion. This internal state evolves throughout the trip but
is never directly observed. Crucially, it affects the reward (how the passenger rates a maneuver)
but not the vehicle’s transition dynamics — the physics of driving does not depend on whether the
passenger is anxious. Having learned the latent road types and their distinct dynamics from the
historical data of the first two settings, the system can now go online — equipped with cameras and
sensors that identify road conditions directly — and treat the transition model as known. The latent
variable is thus confined to the reward channel; the transitions remain clean. The low-complexity
channel, when it exists, is in the reward function class: its eluder or history-aware Bellman eluder
dimension can be far smaller than the full history space. This is the partially-observed reward-state

MDP (PORMDP) setting. The comparison-based feedback from annotators and passengers is a
natural instance of the dueling feedback model, a special case of the same setting.

Latent subspace structure in bandits (Chapter 6). The previous setting handles a generic
PORMDP where the passenger’s hidden reward state uh can evolve arbitrarily over an episode. In
principle, the algorithms of Chapter 5 solve this problem, but the resulting history-dependent policies
can be data-intensive to learn and difficult to deploy reliably when many state-action histories are
rarely visited. Often, though, the hidden state is simpler than the general case: a passenger’s
comfort preferences may be a fixed “personality” vector θ that stays constant throughout the ride,
determining how every maneuver is rated. When the hidden reward state does not evolve — when
it is simply a latent preference — the history dependence collapses, and the problem reduces to
personalization: given a family of safe driving policies parameterized by a vector β ∈ RdA encoding
tradeoffs between smoothness, speed, fuel efficiency, and dozens of other factors, which setting
of β suits each passenger? Across the passenger population, effective preference directions lie
in a dK-dimensional subspace with dK ≪ dA — the low-complexity channel: most passengers’
preferences are combinations of a small number of archetypal comfort styles. We have offline
data from many past rides (observed driving situations, policy parameters used, and passenger
ratings) and want to learn the latent subspace of preference directions from this data, then adapt
faster online to a new passenger. Each ride segment is a single decision conditioned on the current
driving situation, with no sequential transition dynamics to model. The latent preference is confined
to the reward; crucially, the context xh (the current driving situation) is generated independently
of the passenger’s latent preference θ. This independence — the confinement — turns out to be
necessary for the latent subspace to be identifiable from offline data at all, as we establish formally.
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The lack of statefulness brings us to a bandit setting, where the context is xh and the action is the
dA-dimensional policy parameter vector. This is the linear latent contextual bandit setting.

Across all four settings the same pattern recurs: the latent variable is not everywhere. In the
first two settings it leaves the reward clean; in the last two it leaves the transitions clean. Within
its domain of influence it acts through something small rather than something arbitrarily complex.
Understanding exactly why naive approaches fail to exploit this, and what the right tools are, is
what the rest of this introduction develops.

1.3 Why These Settings Are Still Hard

The four settings above carry more structure than a generic POMDP and have some level of con-
finement and low-complexity structures, but that does not immediately buy tractability. Two kinds
of hardness persist. First, without appropriate coverage and occasionally additional confinement
assumptions, the settings admit fundamental impossibility results. Second, standard algorithmic
approaches fail in ways that demand new methods that utilize the confinement and low-complexity
structures. The results below are novel contributions of this thesis in their own right - they define
the exact statistical boundaries of these settings that our algorithms will then be designed to reach.

Fundamental unidentifiability. Latent information can make two very different worlds look
identical from the outside. In the confounded MDP setting, one can construct two environments
M1,M2 and behavior policies πb,1, πb,2 whose observed data distributions are identical, yet they
have a value gap of Ω(H), the worst possible error (Theorem 4.2.1). Consistent estimation is
impossible even with infinite data. In the latent bandit setting, the failure is even more severe: even
with full coverage of every context-action pair and infinitely many infinitely long trajectories, if
any of three natural conditions hold (contexts within a trajectory are mutually dependent, contexts
depend on the latent state, or the behavior policy uses the latent state) then two bandits with
orthogonal latent subspaces produce identical offline data (Lemma 5.2.1). An action that gives
maximum reward on one bandit gives reward 0 on the other. Full coverage is not enough. Infinite
data is not enough. A subtler form of the same problem is that the coverage condition that would

make subspace recovery possible, namely that the offline population spans the full latent subspace,
is invisible from the data alone. An offline dataset can have perfect action coverage and still be
useless if all past users share the same latent type.

Algorithmic failures of natural approaches. What goes wrong if we use standard tools? In
general, the geometry or learning-theoretic structure of the problem creates a trap that any algorithm
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must navigate around explicitly. The EM algorithm [Dempster et al., 1977] is the standard approach
for mixture model learning, but it is not convex, and on mixtures of MDPs it frequently converges
to poor local optima with no reliable signal of its own failure. Empirically, low log-likelihood
and low clustering accuracy coincide (see Chapter 3), so the objective function cannot distinguish
failure from success. Since the mixture and latent bandit settings both involve recovering a low-
dimensional subspace from trajectory data, dimensionality reduction is a natural next attempt.
However, principal component analysis fails silently in both settings: per-trajectory estimation
noise makes the empirical second-moment matrix full rank, causing PCA to conflate signal and
noise even with infinite offline data. Probabilistic matrix factorization, another natural unsupervised
approach, provides point estimates but no confidence bounds and no principled estimate of the
latent dimension. In the RLHF setting, the most direct approach is to treat the full trajectory as
the state, but this produces a policy class of size (SA)Ω(H) before any learning has occurred. A
more refined approach is to use the Markovian transition structure and decouple reward learning
across timesteps, but even this fails exponentially on problems with recursive internal state structure
(Proposition 5.3.3). For confounders with memory, standard fitted-Q evaluation — the workhorse of
offline policy evaluation — incurs Ω(H) irreducible error regardless of dataset size (Theorem 4.2.6).

1.4 Tractability through Structured Latent Information

The previous section established that these settings are hard without the right assumptions and the
right algorithms. How do confinement and low-complexity structure then translate into working
methods? Three mechanisms recur across the four chapters. We first decouple the parts of the
observables affected and not affected by the latent state, use standard methods to handle the latter
and develop novel algorithmic approaches to handle the former by aggregation across trajectories,
then compose the results for both kinds of parts while accounting for sequential decision-making
considerations.

Leveraging confinement via decoupling. The impossibility results of the previous section
confirm that proper confinement is necessary, not merely convenient. The direct algorithmic payoff
of confinement is decoupling: because some part of the data-generating process is clean, it can be
estimated by standard methods independently of the latent structure. In Chapters 3 and 4, rewards
are defined from observables alone and can be estimated independently, while the latent structure
in the transitions and data collection process is handled through spectral clustering or sensitivity
bounds. In Chapters 5 and 6, Markovian transitions are handled by standard model-based RL while
the reward channel is handled through function approximation calibrated to its own complexity.
None of this would work if the latent state entangled the full data-generating process simultaneously,
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as in a general POMDP.

Methods leveraging low-complexity/low-dimensional channels, like spectral recovery. Once
decoupling separates out the part of the observables directly affected by the latent state, handling
it efficiently needs algorithmic approaches attuned to the low complexity channel through which
the latent state affects this part. In Chapters 3 and 6, where the channel is a literal subspace, the
algorithmic payoff is spectral recovery via the double estimator [Vempala and Wang, 2004]: split
each trajectory into two independent halves, estimate the relevant quantity from each half, form the
cross-product, and average across trajectories. This targets the second-moment matrix E[β1β

⊤
2 ],

whose top eigenvectors span the latent subspace. The splitting is essential. Squaring a single
per-trajectory estimate and averaging gives a full-rank matrix due to per-trajectory estimation noise;
this is exactly why PCA fails silently. The recovered subspace comes with explicit confidence
bounds ∆off that propagate into downstream algorithms in a principled way. In Chapter 5, where
the channel has no finite parametric form, the analogous payoff comes through reward-error or

Bellman-error-based updates: POR-UCRL, POR-UCBVI, and GOLF [Jin et al., 2021a] exploit
the fact that transitions are Markovian in the observed state, reducing the full complexity of the
problem to learning a reward function over the latent channel alone, with complexity governed by
the eluder [Russo and Van Roy, 2013] and coverability dimensions rather than the size of the full
history space. The central slogan is — identify the small object that captures the latent channel, and
build an algorithm whose complexity scales with it.

Aggregation across trajectories and latent coverage. The latent state is never directly observed
in a single trajectory; the structure only becomes visible through aggregation across trajectories.
In Chapters 3, 4, and 6, this aggregation happens offline: by averaging cross-products across N
trajectories, subspace estimation error decays at the parametric N−1/2 rate once trajectory length
exceeds a mixing threshold, shifting the statistical burden from trajectory length to trajectory count.
In Chapter 3 this means sample complexity scaling linearly in S rather than exponentially in
trajectory length. In Chapter 6 the offline-to-online benefit is captured exactly by the N -dependent
term in the regret bound, making the offline phase a qualitative reduction in the effective dimension
of the online problem, well beyond a warm start (which would reduce an additive initialization cost
in the regret, but not change the dimension governing the per-round rate). In Chapter 5, aggregation
happens online through episodic regret accumulation: the algorithm builds up evidence about the
latent reward channel across rounds of interaction, and the regret bounds reflect how quickly that
evidence accumulates relative to the channel’s complexity.

Settings involving latent information also introduce a coverage requirement with no analogue in
standard RL: the trajectory population must be diverse enough to span the latent structure, not just
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cover state-action pairs. A dataset with perfect action coverage can be entirely useless for subspace
recovery if all past trajectories share the same latent type. In Chapter 6 this is the requirement
λθ > 0; in Chapter 3 it is the model separation ∆ and mixing time requirements; in Chapter 4
the sensitivity parameter Γ quantifies how far the behavior policy’s knowledge of the confounder
has distorted the observable distribution. In each case, the right coverage condition is a property
of diversity in the latent space, not of the observable data alone. Like causal assumptions, these
conditions are not testable from observed data and must be posited based on domain knowledge.

Testability and interpretability of assumptions. The assumptions underlying this thesis —
confinement, model separation, mixing, latent coverage — are not fully testable from observed
data. One cannot verify from offline sensor logs alone that the latent road type affects transitions
but not rewards, or that the offline driving population spans all road types. In this sense, they
share the status of causal assumptions like unconfoundedness. A natural concern is whether we are
merely replacing one set of untestable conditions (e.g., the revealing or invertibility conditions of
the POMDP literature) with another.

The difference is that our assumptions are considerably more interpretable. A domain expert
can reason directly about whether “the latent road type affects the vehicle dynamics but not the
definition of a safe outcome” — this is a statement about the physics of the application, not about
the algebra of a statistical model. Because the assumptions describe the application rather than
the statistical model, it is easier to understand what it means for them to fail, easier to judge from
domain knowledge whether they are likely to hold, and easier to devise heuristics for partially
checking them from data. Some quantities are directly estimable: the number of latent types K from
the eigenvalue spectrum of the double estimator (Section 3.5.1, Figure 3.2), the latent dimension dK
from the rank of the SOLD estimator, and the model separation ∆ from a scatter plot of pairwise
trajectory distances. Others are partially checkable: the mixing time tmix manifests as a threshold
in trajectory length beyond which clustering accuracy improves sharply (Figure 3.4), and action
coverage λA can be read from the minimum eigenvalue of the design matrix. Confinement itself,
latent coverage λθ, and memorylessness of confounders remain genuinely untestable and must
be justified by domain knowledge — but the impossibility results in this thesis (Theorem 4.2.1,
Lemma 5.2.1) delineate precisely what goes wrong when they fail.

1.5 Algorithms, Guarantees, and Experiments

The latent dimension governs statistical complexity. The central quantitative payoff of the
thesis is that in every setting, the right measure of statistical complexity is governed by the latent
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channel, and the algorithms deliver guarantees that scale with it rather than with the ambient
observable space. In Chapter 3, the end-to-end guarantee for learning mixtures of MDPs requires
sample complexity linear in S and trajectory length linear in the mixing time tmix. This replaces
the exponential-in-trajectory-length dependence of naive methods entirely, and is the first such
end-to-end guarantee. In Chapter 6, LOCAL-UCB’s regret transitions smoothly from scaling with
the ambient feature dimension dA to scaling with the latent subspace dimension dK as offline
data grows, with a matching minimax lower bound (the first in any hybrid offline-online setting)
confirming this is unimprovable. In Chapter 5, the algorithms’ complexity is governed by the eluder
and coverability dimensions of the reward function class rather than the size of the full history
space; and when the channel has additional recursive internal state structure, model-free methods
achieve an exponentially better dependence on horizon length than model-based methods provably
can. The history-aware eluder dimension captures exactly when and why. Across all four chapters,
the message is the same: find the dimension of the latent channel, and the algorithm’s complexity
reduces to scale with it.

Complete structural characterizations. Beyond individual algorithmic results, we prove several
results that characterize entire problem classes, delineating what is and is not possible. Chapter 4
provides a complete picture of offline RL under confounding, distinguishing four regimes by
confounder memory and sensitivity assumptions, with matching upper and lower bounds showing
the landscape is tight throughout. In Chapter 5, the naive dueling-to-cardinal reduction fails for
structural reasons: for any PORMDP and any sublinear cardinal algorithm, the feedback and regret
objectives are fundamentally misaligned. The whitebox reduction developed in Theorem 5.4.2
resolves this by restricting both policies to those plausibly optimal under the current confidence
set. This is the first explicit reduction from cardinal to dueling regret for MDPs, and it immediately
converts all cardinal PORRL guarantees into dueling ones.

Chapter 6’s de Finetti theorem (Theorem 6.8.1) serves a different purpose: it establishes the
linear latent bandit as the canonical form of any stateless decision process whose latent preferences
are stable within a trajectory and exchangeable across timesteps. The algorithms that follow are
therefore solving the right model. Together, these results delineate what is possible in each setting
and confirm that the models studied here are the right ones.

Experiments. The empirical results across the chapters make the theoretical phenomena visible
and demonstrate that the practical stakes are real. In Chapter 3, the 96.6% clustering accuracy
against 73.2% for randomly initialized EM is only part of the story; the scatter plot of log-likelihood
against accuracy (Figure 3.6) reveals that EM cannot detect its own failure, since low likelihood and
low accuracy coincide, while the spectral algorithm’s improvement tracks the mixing time threshold
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precisely as predicted. In Chapter 4, the naive FQE lower bound is far outside the useful range in
the gridworld experiments; the model-based method’s tighter bounds are a qualitative difference in
usefulness. In the sepsis simulator [Oberst and Sontag, 2019], confounder-aware policy gradient
significantly outperforms confounder-oblivious FQE and policy gradients, demonstrating the cost of
ignoring latent structure in a safety-critical domain. In Chapter 6, SOLD’s subspace error decreases
at the 1/

√
N parametric rate on MovieLens-1M data [Harper and Konstan, 2015], and by roughly

N = 103 offline samples ProBALL-UCB’s end-to-end regret is indistinguishable from LinUCB
given ground-truth low-dimensional features. The offline phase recovers the latent channel so
completely that the online algorithm behaves as if the structure had been given for free.

Graceful degradation. Since our assumptions describe the application rather than the algebra
of a model, we can ask concretely whether the guarantees degrade gracefully as assumptions
weaken. There are two dimensions: degradation of the low-complexity channel, and degradation of
confinement itself.

As the low-complexity channel degrades, the guarantees throughout the thesis widen continuously
rather than breaking. In Chapter 3, as the model separation ∆ or occupancy α shrinks, the mixture
components become harder to distinguish in the offline distribution; if the downstream application
also cannot distinguish them, this is benign, and if it can, the sample complexity grows polynomially
in 1/∆ and 1/α rather than failing outright. In Chapter 4, the OPE error bounds scale as O(εH2)

where ε = Γ − 1. In Chapter 5, the guarantees scale with the eluder, HABE, and coverability
dimensions of the reward function class. In Chapter 6, overestimating dK is harmless — SOLD
learns a subspace containing the true one, and the online algorithm pays for the extra dimensions
but does not break — while underestimating dK means missing part of the true subspace, causing
the regret to default to the standard dA

√
T LinUCB rate. If the coverage constant λθ vanishes, the

offline-to-online transfer weakens, but the regret never exceeds dA
√
T : the algorithm falls back to

ignoring offline data.

When confinement itself is violated, the picture depends on the setting. In Chapter 3, the
clustering algorithm does not actually use the assumption that rewards are unaffected by the latent
type; clustering remains possible as long as the latent type visibly affects something, and we can
cluster on whichever observable quantity it influences. In Chapter 4, if the latent variable also affects
rewards, the misspecification introduces additional bias; bounding this error and producing more
conservative value estimates is a natural direction for future work. In Chapter 5, the model-free
guarantees for GOLF depend on the HABE dimension of the Q-function class and do not use
that the latent state leaves transitions unaffected; if the latent state also influences transitions, the
HABE dimension may grow but the guarantees remain valid. The generic optimistic templates and
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dueling-to-cardinal reductions depend on the learning complexity of the transition model through
the confidence set or bonus construction — this complexity grows if transitions depend on the latent
state, but the structure of the guarantees is preserved. In Chapter 6, if the latent state affects the
context distribution or the behavior policy, the algorithms can continue to perform well unless these
effects “cancel out” the latent state’s effects on the reward, making two different latent bandits
produce identical offline data. This is precisely the situation our impossibility result (Lemma 5.2.1)
identifies, and in such adversarial cases the guarantee again degrades to the dA

√
T LinUCB rate.

1.6 Outline

Chapter 2: Preliminaries. We introduce the formal definitions and technical background used
throughout the thesis, including Markov decision processes, Bellman equations, the regret and risk
paradigms, the principle of optimism in the face of uncertainty, linear contextual bandits, offline
policy evaluation, reinforcement learning from human feedback, and the taxonomy of structured
partial observability studied in this thesis.

Chapter 3: Learning Mixtures of Markov Chains and MDPs. We develop an end-to-end
algorithm for recovering the profile types and transition dynamics of a mixture of K MDPs from
short unlabeled trajectories, combining spectral subspace estimation via the double estimator,
pairwise distance-based trajectory clustering, and EM refinement. Formal guarantees show that the
number of trajectories needed scales linearly in S and trajectory length linearly in the mixing time
tmix. To our knowledge, this is the first such end-to-end guarantee. We establish that the double
estimator is the critical ingredient: naive PCA and random projections both fail. Experiments on
gridworld mixtures attain 96.6% clustering accuracy against 73.2% for randomly initialized EM.

Chapter 4: Offline Policy Evaluation and Optimization under Confounding. We map the
complete landscape of offline policy evaluation for confounded MDPs, distinguishing regimes
by confounder memory structure (memoryless, global, general) and sensitivity assumption. For
memoryless confounders under sensitivity constraints, we provide algorithms with tight lower
bounds on policy value and matching information-theoretic hardness results. For global confounders,
we reduce to Chapter 3 and obtain consistent estimates. For general confounders with memory, we
prove an Ω(H) hardness result. We also present offline policy improvement algorithms with local
convergence guarantees. Experiments on gridworld and a sepsis management simulator validate the
theoretical landscape.
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Chapter 5: A Theoretical Framework for Partially-Observed Reward States in RLHF. We
introduce the PORMDP model for RLHF with partially observed internal states and intermediate
feedback. We present POR-UCRL and POR-UCBVI, two model-based algorithms exploiting
Markovian transitions and achieving regret Õ((poly(H,S,A) + p

√
dEdC)

√
T ), subsuming and

improving prior RLHF results. We study model-free methods and introduce the history-aware eluder
dimension, showing model-free methods can be exponentially better than model-based methods on
problems with recursive internal state structure. We prove that the naive reduction from dueling
to cardinal feedback always fails, and provide the first explicit whitebox reduction converting any
cardinal PORRL algorithm into a dueling one with the same asymptotic guarantee.

Chapter 6: Leveraging Offline Data in Linear Latent Contextual Bandits. We study offline-
to-online transfer in linear latent contextual bandits, using N offline trajectories to accelerate
online learning. We present SOLD, an offline spectral algorithm for learning the latent subspace
with explicit confidence bounds. We present LOCAL-UCB, achieving minimax-optimal regret
Õ(min(dA

√
T , dK

√
T (1 +

√
dAT/dKN))) with a matching lower bound (the first in any hy-

brid offline-online setting) and ProBALL-UCB, a computationally efficient variant with slightly
looser guarantees. We establish the generality of the latent bandit model via a de Finetti theorem.
Experiments on synthetic data and MovieLens-1M validate the end-to-end approach.
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CHAPTER 2

Preliminaries

We establish common definitions, frameworks, and notation here; each subsequent chapter
provides its own detailed setup tailored to its specific setting. Readers familiar with reinforcement
learning may wish to skim this chapter and return to specific sections as needed.

2.1 Markov Decision Processes

We consider a (tabular, episodic) Markov decision process specified by a tuple (S,A, H,P, r, d0),
where S is a finite state space with |S| = S, A is a finite action space with |A| = A, H is the
horizon, Ph(s′ | s, a) is the transition kernel at step h, rh(s, a) is the reward function, and d0 is the
initial state distribution. A policy π = {πh}Hh=1 maps states (and possibly histories) to distributions
over actions. The value function and action-value (Q) function of a policy π are defined recursively
via the Bellman equations:

Qπ
h(s, a) = rh(s, a) +

∑
s′∈S

Ph(s
′ | s, a)V π

h+1(s
′),

V π
h (s) =

∑
a∈A

πh(a | s)Qπ
h(s, a),

with the boundary condition V π
H+1(s) = 0 for all s. The goal of reinforcement learning is to find a

policy π∗ that maximizes V π
1 over all policies. An optimal policy satisfies the Bellman optimality

equation V ∗
h (s) = maxaQ

∗
h(s, a).

2.1.1 Regret and Risk

How should we measure a learning algorithm’s performance? There are two dominant paradigms.

In the online setting, an algorithm interacts with the MDP over T episodes, producing policies
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π1, . . . , πT , and performance is measured by the cumulative regret

Regret(T ) =
T∑
t=1

V ∗
1 (s1)− V πt

1 (s1),

which captures the total cost of exploration. Algorithms that achieve sublinear regret Regret(T ) =
o(T ) are learning effectively: the average per-episode loss relative to the optimal policy vanishes.

In the offline setting, one is given a fixed dataset and must evaluate or optimize a policy without
further interaction. The algorithm cannot explore to reduce uncertainty, so the primary concern shifts
from regret to risk: for an evaluation policy πe and behavior policy πb, the goal is to estimate the
value V πe

1 (s1) from data collected under πb, and the difficulty is governed by the distribution shift
between πb and πe. When the behavior policy provides poor coverage of the evaluation policy, errors
compound across the horizon H through the Bellman recursion, and even consistent estimation may
be impossible without structural assumptions on the data collection process.

2.1.2 Optimism in the Face of Uncertainty

A widely used principle for online learning in MDPs is optimism in the face of uncertainty (OFU)
[Auer et al., 2002, Jin et al., 2018]. Given a confidence set for the unknown model parameters
constructed from past data, the learner acts according to the most favorable (highest-value) model
in the confidence set. Optimism ensures systematic exploration, since the learner is driven to visit
parts of the state space where uncertainty remains large, and hence optimistic value estimates are
high. We describe three representative instantiations, differing in what the confidence set is built
around.

UCRL: model-based optimism. The UCRL (Upper Confidence Reinforcement Learning) algo-
rithm of Jaksch et al. [2010] takes a direct, model-based approach. At the start of each epoch, the
algorithm constructs confidence sets Pt over the transition kernels using the empirical transition
frequencies gathered so far. Concretely, for each state-action pair (s, a), the set Pt contains all
transition distributions p(· | s, a) that lie within an ℓ1-ball of radius roughly

√
S/nt(s, a) around

the empirical transition P̂(· | s, a), where nt(s, a) is the number of visits. The learner then solves
for the optimistic MDP: it finds the transition kernel P̃ ∈ Pt and corresponding policy π̃ that jointly
maximize the long-run average reward. Because the true MDP lies in Pt with high probability,
the optimistic value is an upper bound on the true optimal value, and any suboptimality of π̃ in
the real environment is controlled by the diameter of the confidence set. UCRL operates in the
infinite-horizon average-reward setting and achieves regret Õ(S

√
AT ), where T is the total number

of timesteps [Jaksch et al., 2010].
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UCBVI: value-based optimism with exploration bonuses. The UCBVI (Upper Confidence
Bound Value Iteration) algorithm of Azar et al. [2017] takes a value-based approach that avoids
explicitly maintaining confidence sets over the model. Instead, UCBVI adds exploration bonuses

directly to the estimated Q-function. At the start of each episode t, the algorithm performs backward
induction: for each step h = H,H − 1, . . . , 1, it computes

Q̂h(s, a) = rh(s, a) + P̂hV̂h+1(s, a) + bh(s, a),

where P̂hV̂h+1(s, a) =
∑

s′ P̂h(s′ | s, a) V̂h+1(s
′) is the empirical Bellman backup and bh(s, a) ≥ 0

is a bonus term that shrinks as the triple (s, a, h) is visited more often. The greedy policy with
respect to Q̂h is then executed for the episode. The bonus inflates value estimates in under-explored
regions, producing the same exploratory effect as explicit optimistic planning but with a simpler
algorithmic structure. With Hoeffding-style bonuses of order

√
H2/nt(s, a, h), UCBVI achieves

regret Õ(
√
H3SAT ). Azar et al. [2017] showed that tighter Bernstein-style bonuses, which adapt to

the variance of the value function, yield the minimax-optimal rate Õ(
√
H2SAT ) (up to logarithmic

factors) for the episodic tabular setting. The exploration-bonus paradigm was further developed by
Jin et al. [2018], who gave a streamlined analysis and extended it to the Q-learning setting.

GOLF: optimism with general function approximation. When the state-action space is large
or continuous, tabular methods become infeasible, and one must work with function approximation.
The GOLF (Generalized Optimistic Local Function approximation) algorithm of Jin et al. [2021a]
provides an optimistic framework for MDPs with general function classes. Rather than maintaining
confidence sets over transition models or adding bonuses to Q-function estimates, GOLF maintains
a version space Qt of value functions consistent with past observations. That is, Qt consists of all
Q-functions from a given function class F whose empirical Bellman errors on the collected data are
small. At the start of each episode, the algorithm selects the most optimistic element of the version
space:

Qt
h ∈ argmax

Q∈Qt

Es∼d0
[
max
a
Q1(s, a)

]
.

The learner then executes the greedy policy with respect to Qt. As data accumulates, the version
space shrinks, and the optimistic values converge to the true optimal values. The regret of GOLF is
governed by the Bellman eluder dimension of the function class F , which quantifies how quickly
Bellman errors on visited state-action pairs constrain Bellman errors on unvisited ones. This
complexity measure unifies and generalizes earlier notions like the eluder dimension for bandits
[Russo and Van Roy, 2013], and recovers near-optimal rates for linear MDPs and other structured
settings as special cases.
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These optimistic algorithms and their variants recur throughout this thesis. In Chapter 5, we
design optimistic algorithms for settings with latent, partially observed reward states, and in
Chapter 6, we develop optimistic methods that exploit latent low-dimensional bandit structure.

In the settings studied in this thesis, the latent variable makes parts of the model unidentifiable:
confidence sets over the latent-affected components may not shrink to a singleton even with infinite
data. It is therefore crucial to construct confidence sets only for the parts not affected by the latent
state, and to handle the latent-affected parts through separate mechanisms — sensitivity bounds,
spectral methods, or function approximation calibrated to the latent channel’s complexity. This
distinction drives the algorithmic design throughout Chapters 3–6.

2.1.3 Visitation Distributions and Mixing

For a policy π interacting with transition kernel P, the induced state-action visitation distribution at
step h is dπh(s, a) = Pπ(sh = s, ah = a). When the transition dynamics are stationary (Ph = P for
all h), the Markov chain induced by a policy π on S ×A may converge to a stationary distribution
dπ. Convergence to a unique stationary distribution is guaranteed when the chain is irreducible and
aperiodic. More generally, any finite-state Markov chain either converges to a stationary distribution
determined by its starting state, or is periodic, cycling through a finite set of distributions; in
either case, the mixing analysis applies with respect to the appropriate underlying distribution.
The mixing time tmix measures how quickly this convergence occurs: it is the smallest t such that
∥d(t)−dπ∥TV ≤ 1/4 for all starting states (any constant below 1/2 yields an equivalent definition up
to constant factors). The mixing time does not require an infinite horizon, only that trajectories are
long enough for the chain to approximately reach stationarity. This quantity governs the trajectory
length needed for concentration arguments in Chapters 3 and 4, where the non-i.i.d. dependence
structure within trajectories is handled using the blocking technique of Yu [1994].

2.2 Bandits

The multi-armed bandit problem is a special case of the MDP with a single state (S = 1) and
horizon H = 1: at each round, the learner selects an action (arm) and observes a reward. In the
contextual setting, a context xt ∈ X is revealed before the learner acts, and rewards depend on both
the context and the chosen arm. Regret, optimism, and confidence sets carry over directly from the
MDP setting described above. In the non-contextual case, the UCB (Upper Confidence Bound)
algorithm [Auer et al., 2002] maintains a confidence interval for the mean reward of each arm and
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selects the arm with the highest upper confidence bound. Concretely, at round t, UCB selects

at = argmax
a

µ̂a(t) +

√
2 log t

Na(t)
,

where µ̂a(t) is the empirical mean reward of arm a and Na(t) is the number of times arm a has
been pulled up to round t. The bonus term

√
2 log(t)/Na(t) is an upper confidence bound on the

deviation of µ̂a(t) from the true mean, derived from Hoeffding’s inequality. This achieves regret
O(
√
AT log T ) [Auer et al., 2002, Lattimore and Szepesvári, 2020], and the principle of optimism

in the face of uncertainty extends naturally to contextual settings where the confidence sets are
constructed over a shared parameter space rather than per-arm means.

2.2.1 Linear Structure

The key additional structure we impose in the bandit setting is linearity. In a linear contextual bandit,
each context-action pair (x, a) is mapped to a feature vector ϕ(x, a) ∈ RdA , and the expected reward
is E[r | x, a] = ϕ(x, a)⊤β for an unknown parameter β ∈ RdA [Abbasi-Yadkori et al., 2011, Li
et al., 2010, Lattimore and Szepesvári, 2020]. Linearity makes it possible to aggregate information
across different context-action pairs, since every observation provides a linear constraint on the
shared parameter β. This enables the construction of ellipsoidal confidence sets

Ct =
{
β : ∥β − β̂t∥Vt ≤ αt

}
using regularized least-squares estimates β̂t, where Vt = µI +

∑t−1
s=1 ϕsϕ

⊤
s is the regularized

design matrix. At each round t, the LinUCB algorithm, also called OFUL (Optimism in the Face of
Uncertainty for Linear bandits) [Abbasi-Yadkori et al., 2011], computes the regularized least-squares
estimate

β̂t = V−1
t

t−1∑
s=1

ϕsrs,

constructs the confidence set Ct, and selects the action by jointly maximizing over arms and plausible
parameters:

at = argmax
a

max
β∈Ct

ϕ(xt, a)
⊤β = argmax

a
ϕ(xt, a)

⊤β̂t + αt∥ϕ(xt, a)∥V−1
t
.

The second equality follows because the maximum of a linear function over an ellipsoid is attained
at the boundary in the direction of the feature vector. The confidence radius αt scales as O(dA log t),
which follows from the self-normalized martingale bound of Abbasi-Yadkori et al. [2011]. The
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resulting algorithm achieves regret Õ(dA
√
T ) [Abbasi-Yadkori et al., 2011]. In Chapter 6, we study

how the effective dimension can be reduced from dA to a latent dimension dK ≪ dA by leveraging
offline data to learn low-dimensional structure in the reward parameters.

2.3 Offline Reinforcement Learning and Policy Evaluation

What if the agent cannot interact with the environment at all? In offline (batch) RL, the learner
is given a fixed dataset of trajectories {(snh, anh, rnh , snh+1)} collected by a behavior policy πb, and
must learn a good policy without further interaction [Levine et al., 2020]. A key subtask is offline

policy evaluation (OPE): estimating the value V πe
1 of a target evaluation policy πe from offline data

collected under πb. OPE is important both as a standalone problem (e.g., deciding whether to deploy
a new treatment policy) and as a subroutine for policy optimization.

The central challenge of the offline setting is risk. Unlike in online learning, the algorithm
cannot explore to reduce uncertainty, and errors compound across the horizon H through the
Bellman recursion. The difficulty of OPE depends on the relationship between πb and πe: when πe
visits state-action pairs that πb rarely or never visits, the data provides little information about the
evaluation policy’s performance. When the behavior policy is known and “covers” the evaluation
policy, importance-sampling and Fitted Q-Evaluation (FQE) methods can provide consistent point
estimates [Yin and Wang, 2020, Duan and Wang, 2020a]. There are two principal families of OPE
estimators.

2.3.1 Importance Sampling

The most direct approach to OPE is importance sampling (IS), which reweights the observed
trajectories to correct for the distribution mismatch between πb and πe. The trajectory-level IS
estimator takes the form

V̂IS =
1

N

N∑
n=1

H∏
h=1

πe(a
n
h | snh)

πb(anh | snh)

H∑
h=1

rnh .

When πb is known, this estimator is unbiased: the importance weight
∏H

h=1 πe(a
n
h | snh)/πb(anh | snh)

corrects the trajectory distribution from πb to πe. However, because the weight is a product of H
ratios, its variance grows exponentially in H . This phenomenon is known as the curse of horizon

[Precup et al., 2000].

To mitigate this, per-step importance sampling decomposes the value as a sum over timesteps
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and applies only the importance weights accumulated up to each step h:

V̂step =
1

N

N∑
n=1

H∑
h=1

h∏
l=1

πe(a
n
l | snl )

πb(anl | snl )
rnh .

At step h, the maximum importance weight involves a product of only h ratios rather than H , which
can substantially reduce variance when the horizon is long. Per-step IS remains unbiased by the
Markov property, since the future importance ratios are conditionally independent of the reward rnh
given the history up to step h.

A fundamental limitation of all IS methods is that they require knowledge of the behavior policy
πb (or at least an accurate estimate of it) and they suffer from high variance whenever πe and πb
differ substantially. In particular, if πe places positive probability on actions where πb is near zero,
the importance ratios become large and unstable. This motivates model-based alternatives that
estimate the transition dynamics directly, to which we now turn.

2.3.2 Fitted Q-Evaluation and Fitted Q-Iteration

Fitted Q-Evaluation (FQE) is a model-based approach to OPE that estimates the action-value
function of the evaluation policy by iterating empirical Bellman backups [Yin and Wang, 2020,
Duan and Wang, 2020a]. Given an estimate P̂h of the transition kernel constructed from the offline
data, FQE proceeds backward from h = H to h = 1, computing

Q̂h(s, a)← rh(s, a) +
∑
s′∈S

P̂h(s
′ | s, a) V̂h+1(s

′), V̂h+1(s) =
∑
a∈A

πe,h+1(a | s) Q̂h+1(s, a),

with boundary condition V̂H+1(s) = 0. The final estimate of the policy value is V̂ πe
1 = Es∼d0 [V̂1(s)].

Unlike IS, FQE does not require knowledge of the behavior policy; it only requires that πb provides
sufficient coverage so that the empirical transition estimates P̂h are accurate at the state-action
pairs visited by πe. Moreover, the estimation error of FQE grows only polynomially in H (through
the H-step Bellman recursion) rather than exponentially, making it substantially more robust for
long-horizon problems.

Fitted Q-Iteration (FQI) is the optimization analogue of FQE [Munos and Szepesvári, 2008].
Rather than evaluating a fixed policy πe, FQI seeks the optimal policy by replacing the averaging
step under πe with a maximization over actions:

Q̂h(s, a)← rh(s, a) +
∑
s′∈S

P̂h(s
′ | s, a) max

a′∈A
Q̂h+1(s

′, a′),
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again proceeding backward from h = H to h = 1. The output is the greedy policy π̂h(s) =

argmaxa∈A Q̂h(s, a). FQI requires stronger coverage conditions than FQE: while FQE only needs
the behavior policy to cover the state-action pairs visited by the evaluation policy πe, FQI needs
coverage of the state-action pairs visited by the optimal policy π∗, which is unknown a priori. This
makes offline policy optimization fundamentally harder than offline policy evaluation, and the gap
between the two is a recurring theme in the offline RL literature.

In many safety-critical domains, point estimates are not enough. A hospital deciding whether to
deploy a new treatment policy may prefer a conservative lower bound on the policy’s value over a
point estimate that could be optimistically wrong. This motivates algorithms that produce guaranteed
lower (or upper) bounds on V πe

1 rather than point estimates. Such conservative approaches become
especially important when the data-generating process involves hidden confounders, i.e., latent
variables that affect both transitions and the behavior policy, since confounding can make consistent
point estimation fundamentally impossible. In Chapter 4, we study this landscape systematically,
showing when point estimation is and is not possible, and providing algorithms for both consistent
estimation and conservative bound estimation depending on the structure of confounding.

2.4 Reinforcement Learning from Human Feedback

What if the reward must itself be learned from human judgments? Reinforcement learning from
human feedback (RLHF) is concerned with learning a policy that maximizes an objective defined
through human evaluations rather than a pre-specified reward function [Wirth et al., 2017, Christiano
et al., 2017]. A distinguishing feature of RLHF is that feedback is provided at the trajectory level.
Rather than observing a reward after each action, the learner receives a single human evaluation
after an entire episode of interaction.

There are two dominant kinds of trajectory-level feedback. In cardinal feedback, a human
provides a rating or score for a trajectory. In dueling feedback, a human specifies a preference
between two trajectories. Much of the theoretical literature models dueling feedback using the
Bradley-Terry model [Chatterji et al., 2021, Saha et al., 2023]: given two trajectories τ1, τ2 with
underlying rewards r(τ1), r(τ2), the probability that the human prefers τ1 is σ(r(τ1)− r(τ2)) for a
link function σ (typically the logistic function). In the dominant practical paradigm, a reward model
is first learned from human feedback, and then a standard RL algorithm is used to optimize this
learned reward [Ouyang et al., 2022]. This approach has been pivotal in the development of aligned
large language models [Rafailov et al., 2023].
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2.4.1 Current Approaches

The dominant practical approach to RLHF in the language model setting follows a three-stage
pipeline [Ouyang et al., 2022, Christiano et al., 2017, Ziegler et al., 2019].

Stage 1: Supervised fine-tuning. A pretrained language model is first fine-tuned on a dataset
of high-quality demonstration data using standard maximum likelihood. The resulting model πref
serves both as the starting point for further optimization and as the reference policy against which
subsequent updates are regularized.

Stage 2: Reward modeling. Given a dataset of human preference comparisons, consisting of
pairs of responses (yw, yl) to a prompt x where yw is preferred over yl, a reward model rψ is trained
by maximizing the Bradley-Terry likelihood:

L(ψ) = −
∑

(yw,yl)

log σ
(
rψ(yw)− rψ(yl)

)
.

The reward model is typically initialized from the SFT model with a scalar-valued head replacing
the language modeling head.

Stage 3: RL fine-tuning. The policy is then optimized against the learned reward model using
Proximal Policy Optimization (PPO) [Schulman et al., 2017], subject to a KL divergence penalty
that prevents the policy from straying too far from the reference model πref :

max
π

Ex∼D
[
Ey∼π(·|x)

[
rψ(y)

]
− β KL

(
π(· | x) ∥ πref (· | x)

)]
.

The KL penalty, weighted by β > 0, serves two purposes: it mitigates reward hacking (the
phenomenon where the policy exploits inaccuracies in the learned reward model) and it preserves
the fluency and coherence acquired during pretraining.

Direct Preference Optimization. Rafailov et al. [2023] observed that the three-stage pipeline can
be simplified by eliminating the reward model entirely. The key insight is that the optimal policy
for the KL-regularized objective above satisfies

π∗(y | x) ∝ πref (y | x) exp
(
r(y, x)/β

)
,
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which can be rearranged to express the reward as a function of the policy:

r(y, x) = β log
π(y | x)
πref (y | x)

+ β logZ(x),

where Z(x) is the partition function. Substituting this reparameterization into the Bradley-Terry
preference model yields a loss that depends only on the policy, not a separate reward model:

LDPO(π) = −E(yw,yl)

[
log σ

(
β log

π(yw | x)
πref (yw | x)

− β log π(yl | x)
πref (yl | x)

)]
.

Direct Preference Optimization (DPO) thus trains the policy directly on preference data using
a single supervised learning objective, avoiding the instabilities of PPO and the cost of training
a separate reward model. More recently, iterative and online variants of DPO that collect fresh
preference data during training have been developed, further improving upon the offline single-pass
approach [Xiong et al., 2024].

However, the Bradley-Terry model and its variants assume that human feedback depends on the
trajectory only through a fixed, known reward function. In reality, human evaluators have partially-
observed, evolving internal states (such as sentiment, fatigue, or engagement) that can affect their
feedback in much more arbitrary ways. It is more reasonable to assume that human feedback is
generally non-Markovian, in that a human’s reaction at step h may depend on the entire history of
states and actions, not just the current state. While one can handle this by treating the full trajectory
as the state, this naive approach leads to state spaces of size (SA)Ω(H) and correspondingly poor
guarantees. In Chapter 5, we introduce PORMDPs, a framework that explicitly models internal
states and intermediate feedback, and design algorithms whose guarantees scale polynomially rather
than exponentially in the relevant dimensions.

2.5 Structured Partial Observability

As noted in the introduction, learning in fully general POMDPs is statistically intractable [Krishna-
murthy et al., 2016, Jin et al., 2020]. This thesis makes progress by studying structured sub-cases of
partial observability, distinguished by what the latent variable affects and how it evolves over time.
We briefly describe this taxonomy here; precise definitions are given in each chapter.

2.5.1 Partially Observable MDPs

A partially observable Markov decision process (POMDP ) generalizes the MDP by introducing an
observation space and restricting the agent’s access to the underlying state [Kaelbling et al., 1998a].
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Formally, a POMDP is specified by a tuple (S,A,O, H,P, r,Z, d0), where S, A, H , P, r, and
d0 are as in the MDP definition, O is a finite observation space, and Zh(o | s) is the observation
emission probability at step h. At each step h, the environment transitions to state sh according
to the transition kernel Ph, but the agent does not observe sh directly. Instead, the agent observes
oh ∼ Zh(· | sh). Because the state is hidden, a policy in a POMDP must map observation–action
histories to distributions over actions:

πh : (O ×A)h−1 ×O → ∆(A).

Learning and planning in POMDPS are statistically and computationally challenging. Even
when the model is fully known, planning requires maintaining a belief state bh ∈ ∆(S), the posterior
distribution over the hidden state given the observation history, updated via Bayes’ rule:

bh+1(s
′) ∝ Zh+1(oh+1 | s′)

∑
s∈S

Ph(s
′ | s, ah) bh(s).

The belief state is a sufficient statistic for optimal decision-making, but it lives in a continuous (S−1)-
dimensional simplex, and the effective state space grows exponentially with the horizon. When the
model is unknown, the sample complexity of learning a near-optimal policy can be exponential in
the horizon H even for POMDPS with small state and observation spaces [Krishnamurthy et al.,
2016, Jin et al., 2020]. This fundamental hardness motivates the study of structured sub-cases of
partial observability, which is the focus of this section and of this thesis more broadly.

2.5.2 PORMDPs

A Partially Observed Reward MDP (PORMDP ) is an MDP augmented with an unobserved internal
state uh ∈ U that affects only the reward function. The transitions of the observable state remain
Markovian: sh+1 ∼ Ph(· | sh, ah), and the agent observes sh directly at each step. However, the
reward depends on the internal state:

rh = rh(sh, ah, uh),

where the internal state evolves according to its own dynamics,

uh+1 ∼ Puh(· | sh, ah, uh).

Since uh is unobserved, the effective reward at step h depends on the entire trajectory history τ [h] =
(s1, a1, . . . , sh, ah), rendering the reward function non-Markovian from the agent’s perspective.
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A PORMDP is a structured POMDP in which partial observability is confined to the reward
channel: the agent has full access to the state relevant for transitions, but must contend with a hidden
component that influences only the reward. The formal definition and algorithms for PORMDPS

are developed in Chapter 5.

2.5.3 Latent Time Series and Mixture Models

Several forms of partial observability studied in this thesis can be understood through the lens of
latent variable models for sequential data. We describe three progressively richer models that recur
across the chapters.

Hidden Markov Models (HMMs). A Hidden Markov Model is a classical latent time series
model in which a discrete latent state zh ∈ [K] evolves as a Markov chain with transition matrix
Th, and at each step an observation oh is emitted conditionally on the latent state according to an
emission distribution Zh(· | zh). Formally, the generative process is

z1 ∼ w, zh+1 ∼ Th(· | zh), oh ∼ Zh(· | zh),

where w ∈ ∆K is the initial distribution over latent states. HMMs are a special case of POMDPS

without actions. The latent state sequence can be recovered (or marginalized over) via the Baum–
Welch algorithm (an instance of EM) or via spectral methods that exploit the low-rank structure of
observable moment matrices [Hsu et al., 2012, Anandkumar et al., 2014].

Mixtures of Markov chains. A mixture of Markov chains consists of K Markov chains with
distinct transition kernels P(1), . . . ,P(K) over a shared state space S. Each trajectory is generated
by first drawing a component label k ∼ w from a mixing distribution w ∈ ∆K and then running the
Markov chain with transition kernel P(k) for the duration of the episode. The component label is
unobserved and remains fixed throughout the trajectory. This model is a special case of an HMM in
which the latent state does not change within a trajectory (i.e., Th = I for all h). Equivalently, it
is an instance of global confounding: the unobserved component label acts as a confounder that
is sampled once and persists for the entire episode. Mixtures of Markov chains are studied in
Chapter 3.

Mixtures of MDPs. A mixture of MDPs extends the mixture of Markov chains by incorporating
actions. The model consists of K MDPs sharing a common state space S and action space A, but
with distinct transition kernels P(1), . . . ,P(K). Each trajectory is generated by drawing a component
label k ∼ w and then interacting with the MDP (S,A, H,P(k), r, d0) for the duration of the episode.
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The component label is again unobserved, making this a controlled extension of the mixture of
Markov chains. This model arises naturally as the global confounder model for offline policy
evaluation: the unobserved component determines which MDP generated each trajectory in the
offline dataset. Mixtures of MDPs are studied in Chapters 3 and 4.

2.5.4 Taxonomy of Structured Partial Observability

What forms of structured partial observability does this thesis study? The settings are distinguished
by what the latent variable affects; precise definitions are given in each chapter.

Confounding: latent variables that affect transitions. An unobserved confounder is a latent
variable that influences the transition dynamics and possibly the behavior policy, but not the reward
function [Kallus and Zhou, 2020, Bruns-Smith, 2021]. This is a natural model when rewards are
designed by the user based on observed quantities (e.g. patient vitals), but unrecorded factors (e.g.
genetic conditions) affect both the clinician’s decisions and the patient’s state evolution. Within
confounding, the memory structure of the confounder plays a crucial role:

• Memoryless confounders are sampled afresh at each timestep, independently of past confounders,
states, and actions. An example is an accident or supply shock encountered during treatment.

• Global confounders are sampled once at the beginning of each trajectory and remain fixed
throughout the episode. An example is an unrecorded patient demographic or genetic condition.

As we show in Chapter 4, this distinction has sharp consequences for what is estimable: consis-
tent offline policy evaluation is impossible under memoryless confounding (even with sensitivity
constraints), but becomes possible under global confounding by leveraging the mixture-of-MDPs
structure developed in Chapter 3.

Partially observed reward states: latent variables that affect rewards. Complementary to
confounding, a latent variable may affect the reward function without influencing transitions. This
arises naturally in RLHF, where the human evaluator’s internal state (sentiment, fatigue, engagement)
shapes their feedback but does not change the environment dynamics. Unlike confounders, partially
observed reward states induce non-Markovian reward functions, since the internal state at step h
may depend on the entire trajectory history. This setting is studied in Chapter 5.

Latent mixture structure. As described in the preceding subsection, latent mixture models
(including mixtures of Markov chains, mixtures of MDPs, and latent bandits) provide a cross-
cutting form of partial observability in which latent heterogeneity induces low-dimensional structure

29



recoverable via spectral methods. This structure is exploited in Chapters 3, 4, and 6.

2.6 Notation

We collect notation that is used across multiple chapters. Chapter-specific notation is introduced as
needed.

Symbol Meaning

S, S State space and its cardinality
A, A Action space and its cardinality
H Horizon length
K Number of mixture components or latent states
T Number of episodes, trajectories, or online rounds
N Number of offline trajectories (Chapter 6)
π, πb, πe Policy, behavior policy, evaluation policy
Ph(s′ | s, a) Transition probability at step h
rh(s, a) Reward function at step h
V π
h (s) Value function of π at step h and state s
Qπ
h(s, a) Action-value function of π at step h, state s, action a

tmix Mixing time of the induced Markov chain
Γ Confounding sensitivity parameter (Chapter 4)
dA, dK Ambient and latent dimensions (Chapter 6)
P,E Probability and expectation
1{·} Indicator function
∥ · ∥1, ∥ · ∥2 ℓ1 and ℓ2 norms
Õ(·) O(·) hiding logarithmic factors
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CHAPTER 3

Learning Mixtures of Markov Chains and MDPs

When working with offline data from heterogeneous populations, a fundamental challenge is
that trajectories may come from different underlying models whose identities are unknown. In
the running example of Section 1.2.2, medical interns fall into latent profile types with distinct
dynamics, but the type is never labeled. More broadly, this problem arises naturally in several
settings studied later in this thesis: when an unobserved confounder determines which MDP
generates each trajectory (Chapter 4), or when latent user types determine reward distributions
(Chapter 6). In the language of Section 1.4, the latent variable here is confined to the transition
kernel and acts through a K-dimensional subspace of the probability simplex, making it possible to
recover the mixture structure from population data without ever observing which model generated
any given trajectory. In this chapter, we develop the spectral and clustering methods for learning
such mixture structure from unlabeled trajectories, providing finite-sample guarantees. The methods
developed here will be directly applied in Chapter 4 to handle the global confounder setting, and
will inspire the offline spectral algorithm SOLD in Chapter 6.

3.1 Introduction

This chapter is a lightly edited version of Kausik et al. [2023].

Efficiently clustering a mixture of time series data, especially with access to only short trajec-
tories, is a problem that pervades sequential decision making and prediction (Liao [2005], Huang
et al. [2021], Maharaj [2000]). This is motivated by various real-world problems, ranging through
psychology (Bulteel et al. [2016]), economics (McCulloch and Tsay [1994]), automobile sensing
(Hallac et al. [2017]), biology (Wong and Li [2000]), neuroscience (Albert [1991]), to name a few.
One natural and important time series model is that of a mixture of K MDPs, which includes the
case of a mixture of K Markov chains. We want to cluster from a set of short trajectories where
(1) one does not know which MDP or Markov chain any trajectory comes from and (2) one does
not know the transition structures of any of the K MDPs or Markov chains. Previous literature like
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Kwon et al. [2021] and Gupta et al. [2016] has stated and underlined the importance of this problem,
but so far, the literature on methods to solve it with theoretical guarantees and empirical results has
been sparse.

Broadly, there are three threads of literature on problems related to ours. Within reinforcement
learning literature, there has been a sustained interest in frameworks very similar to mixtures of
MDPs – latent MDPs (Kwon et al. [2021]), multi-task RL (Brunskill and Li [2013]), hidden model
MDPs (Chades et al. [2021]), to name a few. However, most effort in this thread has been towards
regret minimization in the online setting, where the agent interacts with an MDP from a set of
unknown MDPs. The framework of latent MDPs in Kwon et al. [2021] is equivalent to adding
reward information to ours. They have shown that one can only learn latent MDPs online with
number of episodes required polynomial in states and actions to the power of trajectory length (under
a reachability assumption similar to our mixing time assumption). On the other hand, our method
learns latent MDPs offline with number of episodes needed only linear in the number of states (in
no small part due to the subspace estimation step we make). In the meta-RL literature, Zintgraf
et al. [2021] use variational inference to identify latent task parameters online and meta-learn a
task-conditioned policy. While their setting is online and uses very different methods (VAEs rather
than spectral methods), the underlying problem of learning and adapting to latent task structure is
shared with our offline clustering approach.

The other thread of literature deals with using a "subspace estimation" idea to efficiently cluster
mixture models, from which we gain inspiration for our algorithm. Vempala and Wang [2004] first
introduce the idea of using subspace estimation and clustering steps, with application to learning
mixtures of Gaussians. Kong et al. [2020] adapt these ideas to the setting of meta-learning for
mixed linear regression, adding a classification step. Chen and Poor [2022] bring these ideas to the
time-series setting to learn mixtures of linear dynamical systems. They leave open the problems of
(1) adapting the method to handle control inputs (mentioning mixtures of MDPs as an important
example) and (2) handling other time series models (like autoregressive models and Markov chains),
and state that the former is of great importance. There are many technical and algorithmic subtleties
in adapting the ideas developed so far to MDPs and Markov Chains. The most obvious one comes
from the following observation: in linear dynamical systems, the deviation from the predicted
next-state value under the linear model occurs with additive i.i.d. noise. In MDPs and Markov
chains, we are sampling from the next-state probability simplex at each timestep, and this cannot be
cast as a deterministic function of the current state with additive i.i.d. noise.

Gupta et al. [2016] also provide a method for learning a mixture of Markov chains using only
3-trails, and compare its performance to the EM algorithm. While the requirement on trajectory
length is as lax as can be, their method needs to estimate the distribution of 3-trails using all available
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data, incurring an estimation error in estimating S3A3 parameters, while providing no finite-sample
theoretical guarantees. If the method can be shown to enjoy finite sample guarantees, the need to
estimate S3A3 parameters indicates that the guarantees will scale poorly with S and A.

The problem that we aim to solve is the following.

Is there a method with finite-sample guarantees that can learn both mixtures of Markov chains

and MDPs offline, with only data on trajectories and the number of elements in the mixture K?

3.1.1 Summary of Contributions

We provide such a method, with trajectory length requirements free from an S,A dependence. The
method performs (1) subspace estimation, (2) spectral clustering, an optional step of using clusters
to initialize the EM algorithm, (3) estimating models, and finally (4) classifying future trajectories.
Theorem (Informal). Ignoring logarithmic terms, we can recover all labels exactly withK2S trajec-

tories of length K3/2tmix, up to logarithmic terms and instance-dependent constants characterizing

the models but not explicitly dependent on S,A, tmix or K.

Other contributions include:

• This is the first method, to our knowledge, that can cluster MDPs with finite-sample guarantees
where the length of trajectories does not depend explicitly on S,A. The length only explicitly
depends linearly on the mixing time tmix, and the number of trajectories only explicitly
depends linearly on S.

• We are able to provide theoretical guarantees while making no explicit demands on the
policies and rewards used to collect the data, only relying on a difference in the transition
structures at frequently occurring (s, a) pairs.

• Chen and Poor [2022] work under deterministic transitions with i.i.d. additive Gaussian
noise, and we need to bring in non-trivial tools to analyse systems like ours, determined by
transitions with non-i.i.d. additive noise. Our use of the blocking technique of Yu [1994]
opens the door for the analysis of such systems.

• Empirical results in our experiments show that our method outperforms the EM algorithm by
a significant margin (73.2% for soft EM and 96.6% for us on gridworld).
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3.2 Background and Problem Setup

We work in the scenario where we have K unknown models, either K Markov chains or K MDPs,
and data of Ntraj trajectories collected offline. Throughout the rest of the paper, we work with
the case of MDPs, as we can think of Markov chains as an MDP where there is only one action
(A = {∗}) and rewards are ignored by our algorithm anyway.

We have a tuple (S,A, {Pk}Kk=1, {fk}Kk=1, pk) describing our mixture. Here, S,A are the state
and action sets respectively. Pk(s′ | s, a) describes the probability of an s, a, s′ transition under
label k. At the start of each trajectory, we draw k ∼ Categorical(f1, ..., fK), and starting state
according to pk, and generate the rest of the trajectory under policies πk(a | s). We have stationary
distributions on the state-action pairs dk(s, a) for πk interacting with Pk. We do not know (1) the
parameters Pk, fk, pk, πk(· | s) of each model or the policies, and (2) k, i.e., which model each
trajectory comes from. We write fmin := mink fk for the smallest mixture weight. Our guarantees
depend on fmin; components with small mixture weight contribute less to the population data and
require more trajectories to recover. We assume K is known; in practice, K can be estimated from
the eigenvalue spectrum of the double estimator (see Section 3.5.1).

This coincides with the setup in Gupta et al. [2016] in the case of Markov chains (|A| = 1).
It also overlaps with the setup of learning latent MDPs offline, in the case of MDPs. However,
one difference is that we make no assumptions about the reward structure – once trajectories are
clustered, we can learn the models, including the rewards. It is also possible to learn the rewards
with a term in the distance measure that is alike to the model separation term. However, this would
require extra assumptions on reward separation that are not necessary for clustering.
Assumption 1 (Mixing). The K Markov chains on S ×A induced by the behaviour policies πk,
each achieve mixing to a stationary distribution dk(s, a) with mixing time tmix,k. Define the overall
mixing time of the mixture of MDPs to be tmix := maxk tmix,k.
Assumption 2 (Model Separation). There exist α,∆ so that for each pair k1, k2 of hidden labels,
there exists a state action pair (s, a) (possibly depending on k1, k2) so that dk1(s, a), dk2(s, a) ≥ α

and ∥Pk1(· | s, a)− Pk2(· | s, a)∥2 ≥ ∆.

Assumption 2 is merely saying that for any pair of labels, at least one visible state action pair
witnesses a model difference ∆. Call this the separating state-action pair. If no visible pair witnesses
a model difference between the labels, then one certainly cannot hope to distinguish them using
trajectories.
Remark 1. Why is there no assumption about policies? Notice that we make no explicit
assumptions about policies. The nature of our algorithm allows us to work with the transition
structure directly, and so we only demand that we observe a state action pair that witnesses a
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difference in transition structures. The policy is implicitly involved in this assumption through
the stationary distribution dk(s, a) it induces, but our results demonstrate that this is the minimal
demand we need to make in relation to the policies.

Additionally, Assumption 1, which establishes the existence of a mixing time, is not a strong
assumption (outside of the implicit hope that tmix is small). This is because any irreducible aperiodic
finite state space Markov chain mixes to a unique stationary distribution. If the Markov chain is
not irreducible, it mixes to a unique distribution determined by the irreducible component of the
starting distribution.

The only requirement is thus aperiodicity, which is also technically superficial, as we now
clarify. If the induced Markov chains were periodic with period L, we would have a finite set of
stationary distributions dk,l(s, a) that the chain would cycle through over a single period, indexed by
l = 1→ L. One can follow the proofs to verify that the guarantees continue to hold if we modify α
in Assumption 2 to be a lower bound for mini,l dki,l(s, a) instead of just mini dki(s, a).

3.3 Algorithm

3.3.1 Setup and Notation

We have short trajectories of length Tn, divided into 4 segments of equal length. We call the second
and fourth segment Ω1 and Ω2 respectively. We further sub-divide Ωi into G blocks, and focus
only on the first state-action observation in each sub-block and its transition (discard all other
observations). We often refer to these observations as "single-step sub-blocks." See Figure 3.1 for
an illustration of this. Divide the set of trajectory indices into two sets and call them Nsub and
Nclust (for subspace estimation and clustering). Denote their sizes by Nsub and Nclust respectively.
Let Ntraj(s, a) be the set of trajectory indices where (s, a) is observed in both Ω1 and Ω2. Let
Ntraj(s, a) be the size of this set. Denote by N(n, i, s, a) the number of times (s, a) is recorded in
segment i of trajectory n, and let N(n, i, s, a, ·) be the vector of next-state counts. We denote by
Pk(· | s, a) the vector of next state transition probabilities. We denote by Freqβ the set of all state
action pairs whose occurrence frequency in our observations is higher than β.

We will call the predicted clusters returned by the clustering algorithm Ck. For model esti-
mation and classification, we do not use segments, and merely split the entire trajectory into G
blocks, discarding all but the last observation in each block. We call this observation the cor-
responding single-step sub-block. The choice of G is pinned down by the theoretical analysis
(see Theorem 3.4.1); in practice, we use the full segment without sub-sampling into blocks. We
denote the total count of s, a observations in trajectory n by N(n, s, a) and that of s′, s, a triples by
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N(n, s, a, s′).

In practice, we choose to not be wasteful and observations are not discarded while computing
the transition probability estimates. To clarify, in that case N(n, i, s, a) is just the count of (s, a) in
segment i and similarly for N(n, i, s, a, ·), N(n, s, a) and N(n, s, a, ·). Estimators in both cases, that
is both with and without discarding observations, are MLE estimates of the transition probabilities.
One of them maximizes the likelihood of just the single-step sub-blocks and the other maximizes
the likelihood of the entire segment. We need the latter for good finite-sample guarantees (using
mixing). However, the former satisfies asymptotic normality, which is not enough for finite-sample
guarantees, but it often makes it a good and less wasteful estimator in practice.

0 T 2T 3T 4T

T T + T
G

T + 2T
G

T + 3T
G

T + 4T
G

= 2T

Figure 3.1: Breaking up a trajectory into 4 segments and G blocks per segment (G = 4) for the
single-step estimator. Observations are only recorded at the orange points.

3.3.2 Overview

The algorithm amounts to (1) a PCA-like subspace estimation step, (2) spectral clustering of
trajectories using "thresholded pairwise distance estimates," along with an optional step of using
clusters to initialize the EM algorithm, (3) estimating models (MDP transition probailities) and
finally (4) classifying any trajectories not in Nclust (for example, Nsub). We provide performance
guarantees for each step of the algorithm in section 3.4.

3.3.3 Subspace Estimation

The aim of this algorithm is to estimate for each (s, a) pair a matrix Vs,a satisfying rowspanVT
s,a ≈

span(Pk(·|s, a))k=1,..,K . That is, we want to obtain an orthogonal projector to the subspace spanned
by the next-state distributions Pk(·|s, a) for 1 ≤ k ≤ K.

Summarizing the algorithm in natural language, we perform subspace estimation via 3 steps. We
first estimate the next state distribution given state and action for each trajectory. We then obtain
the outer product of the next state distributions thus estimated. These outer product matrices are
averaged over trajectories, and the average is used to find the orthogonal projectors V T

s,a to the top K
eigenvectors.
Remark 2. Why do we split the trajectories? We use two approximately independent segments Ω1

and Ω2 time separated by a multiple of the mixing time tmix to estimate the next state distributions.

36



Algorithm 1 Subspace Estimation

1: Compute Ntraj(s, a) for all s, a. Initialize the S×S matrix M̂s,a ← 0 and the SA×SA matrix
D̂← 0.

2: d̂n,1, d̂n,2 ← 0 ∈ RSA for all n ∈ Nsub
3: for (i, s, a) ∈ {1, 2} × S × A do
4: Compute N(n, i, s, a, ·), N(n, i, s, a), ∀n ∈ Nsub
5: P̂n,i(·|s, a)← N(n,i,s,a,·)

N(n,i,s,a)
1N(n,i,s,a)̸=0, ∀n

6: [d̂n,i]s,a ← N(n,i,s,a)
G

, ∀n
7: M̂s,a ← M̂s,a +

∑
n∈Nsub

P̂n,1(·|s,a)P̂n,2(·|s,a)T
Ntraj(s,a)

8: end for
9: D̂← D̂ +

∑
n∈Nsub

1
Nsub

d̂n,1d̂Tn,2
10: Using SVD, return the orthogonal projectors (VT

s,a)K×S to the topK eigenspaces of M̂s,a+M̂T
s,a

for each (s, a) where Ntraj(s, a) ̸= 0 (set the others to 0), along with the orthogonal projector
(UT )K×SA to the top K eigenspace of D̂ + D̂T .

The reduced correlation between the two estimates obtained allows us to give theoretical guarantees
for concentration, despite using dependent data within each trajectory n in the estimation of the
rank 1 matrices (Pkn(·|s, a))(Pkn(·|s, a))T . The key point is that the double estimator P̂n,1(· |
s, a)P̂n,2(· | s, a) is in expectation very close to this matrix.

Notice that our estimator M̂s,a is in expectation then given approximately by∑K
k=1 fk(Pk(·|s, a))(Pk(·|s, a))T . The eigenspace of this matrix is clearly span(Pk(·|s, a))k=1,..,K .

The deviation from the expectation is controlled by the total number of trajectories, while the "ap-
proximation error" separating the expectation from the desired matrix is controlled by the separation
between Ω1 and Ω2.

Assumption 2 ensures that for each pair of labels, at least one (s, a) pair witnesses a difference
in the transition kernels. At such a separating pair, the corresponding Pk vectors are distinct, con-
tributing to the rank of M̂s,a. Across all frequently-occurring (s, a) pairs, the combined information
ensures that the top K eigenspace of the global estimator D̂ recovers the correct subspace.
Remark 3. Why is this not PCA? This procedure has many linear-algebraic similarities to
uncentered PCA on the dataset of (trajectories, next state frequencies), but statistically has a very
different target. Crucially, (centered) PCA is concerned with the variance E[XTX], while we are
interested in a decent estimate of the target E[XT ]E[X] above and thus use a double estimator.
Our theoretical analysis also has nothing to do with analyses of PCA due to this difference in the
statistical target.
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3.3.4 Clustering

Using the subspace estimation algorithm’s output, we can embed estimates from trajectories in a
low dimensional subspace. For the clustering algorithm, we aim to compute the pairwise distances
of these estimates from trajectories in this embedding. A double estimator is used yet again, to
reduce the covariance between the two terms in the inner product used to compute such a distance.

This projection is crucial because it reduces the variance of the pairwise distance estimators
from a dependence on SA to a dependence on K. This is the intuition for how we can shift the
onus of good clustering from being heavily dependent on the length of trajectories to being more
dependent on the subspace estimate and thus on the number of trajectories.

There are many ways to use such "pairwise distance estimates" for clustering trajectories. In
one successful example, we use a test: if the squared distances are below some threshold (details
provided later), then we can conclude that they come from the same element of the mixture, and
different ones otherwise. This allows us to construct (the adjacency matrix of) a graph with vertices
as trajectories, and we can feed the results into a clustering algorithm like spectral clustering.
Alternatively, one can use other graph partitioning methods or agglomerative methods on the
distance estimates themselves.

Algorithm 2 Clustering

1: Compute the set Freqβ by picking (s, a) pairs with occurrence more than β.
2: dn,1, dn,2 ← 0 ∈ RSA

3: for (i, s, a) ∈ {1, 2} × S × A do
4: Compute N(n, i, s, a, ·), N(n, i, s, a), ∀n ∈ Nclust
5: P̂n,i(·|s, a)← N(n,i,s,a,·)

N(n,i,s,a)
1N(n,i,s,a)̸=0, ∀n

6: [d̂n,i]s,a ← N(n,i,s,a)
G

, ∀n
7: end for
8: for (n,m) ∈ Nclust ×Nclust do
9: for (i, s, a) ∈ {1, 2} × S × A do

10: ∆̂i,s,a := VT
s,a(P̂n,i(· | s, a)− P̂m,i(·|s, a))

11: end for
12: dist1(n,m) := max(s,a)∈Freqβ ∆̂

T
1,s,a∆̂2,s,a

13: dist2(n,m) := (d̂n,1 − d̂m,1)TUUT (d̂n,2 − d̂m,2)
14: dist(n,m) := λ dist1(n,m) + (1− λ) dist2(n,m)
15: end for
16: Plot a histogram of dist to determine threshold τ and cluster trajectories sim(n,m) :=

1dist(n,m)≤τ

Choosing β, λ and the threshold τ both involve heuristic choices, much like how choosing the
threshold in Chen and Poor [2022] needs heuristics, although our methods are very different. We
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describe our methods in more detail in Section 3.5.

3.3.4.1 Refinement using EM

Our guarantees in section 3.4 will show that we can recover exact clusters with high probability
at the end of algorithm 2. However, in practice, it makes sense to refine the clusters if trajectories
are not long enough for exact clustering. Remember that an instance of the EM algorithm for any
model is specified by choosing the observations Y , the hidden variables Z and the parameters θ.

If we consider observations to be next-state transitions from (s, a) ∈ Freqβ, hidden variables
to be the hidden labels and the parameters θ to include both next-state transition probabilities for
(s, a) ∈ Freqβ and cluster weights f̂k, then one can now refine the clusters using the EM algorithm
on this setup, which enjoys monotonicity guarantees in log-likelihood if one uses soft EM. We
describe the E and M steps for hard EM below; further details are in Appendix A.3.

The M-step estimates models and weights via MLE:

P̂k(s
′|s, a)←

∑
n∈Nclust

1n∈CkN(n, s, a, s′)∑
n∈Nclust

1n∈CkN(n, s, a)

f̂k ←
∑

n∈Nclust
1n∈Ck

Nclust

=
|Ck|
Nclust

The E-step assigns each trajectory to its most likely cluster:

km ← argmax
k

ℓ(P̂k, f̂k,m) + log(f̂i) (3.1)

where ℓ(P̂k, f̂k, n) = log
(
fk
∏

s,s′,a(P̂k(s
′ | s, a))N(n,s,a,s′)

)
.

We hope that this is a step towards unifying the discussion on spectral and EM methods for
learning mixture models, highlighting that we need not choose between one or the other – spectral
methods can initialize the EM algorithm, in one reinterpretation of the refinement step.

Note that refinement using EM is not unique to our algorithm. The model estimation and
classification steps in Kong et al. [2020] (under the special case of Gaussian noise) and Chen and
Poor [2022] (who already assume Gaussian noise) are exactly the E-step and M-step of the hard
EM algorithm as well.
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3.3.5 Model Estimation and Classification

Given clusters from the clustering and refinement step, 2 tasks remain, namely those of estimating
the models from them and correctly classifying any future trajectories. We can estimate the models
exactly as in the M-step of hard EM.

P̂k(s
′|s, a)←

∑
n∈Ck N(n, s, a, s′)∑
n∈Ck N(n, s, a)

f̂k ←
|Ck|
Nclust

For classification, given a set Nclass of trajectories with size Nclass generated independently of
Nclust, we can run a process very similar to Algorithm 2 to identify which cluster to assign each new
trajectory to. It is worth noting that we can run the classification step on the subspace estimation
dataset itself and recover true labels for those trajectories, since trajectories in Nsub and Nclust are
independent.

We describe the algorithm in natural language here, and present it formally as Algorithm 3
below. We first compute an orthogonal projector Ṽs,a to the subspace spanned by the now known
approximate models P̂k(· | s, a). For any new trajectory n and label k, we estimate a distance
dist(n, k) between the model P̂n,i(· | s, a) estimated from n and the model P̂k(· | s, a) for k, after
embedding both in the subspace mentioned above using Ṽs,a. Again, we use a double estimator
as hinted at by the use of the subscript i, similar to Algorithm 2. In practice dist(n, k) could
also include occupancy measure differences. Each trajectory n gets the label kn that minimizes
dist(n, k).

Previous work like Chen and Poor [2022] and Kong et al. [2020] uses the word refinement for its
model estimation and classification algorithms themselves. However, we posit that the monotonic
improvement in log-likelihood offered by EM makes it well-suited for repeated application and

refinement, while in our case, the clear theoretical guarantees for the model estimation and classifi-
cation algorithms make them well suited for single-step classification. Note that we can also apply
repeated refinement using EM to the labels obtained by single-step classification, which should
combine the best of both worlds.

3.4 Analysis

We have the following end-to-end guarantee for correctly classifying all data.
Theorem 3.4.1 (End-to-End Guarantee). Let both Nsub and Nclust be Ω

(
K2S log(1/δ)

f2minα
3∆8

)
and let
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Algorithm 3 Classification

1: Input: Clusters Ck ⊂ Nclust, models P̂k(· | s, a) estimated from Ck, and a set Nclass of
trajectories to classify.

2: Compute f̂k,s,a for all k, s, a.
3: Compute M̃s,a =

∑K
k=1 f̂k,s,aP̂k(·|s, a)P̂k(·|s, a)T and store the orthogonal projector ṼT

s,a to its
top-K eigenspace, for each (s, a).

4: Compute d̂k = 1
|Ck|
∑

n∈Ck
N(n,s,a)

G
for all k.

5: Compute D̃ =
∑K

k=1 d̂kd̂Tk and store the orthogonal projector ŨT to its top-K eigenspace.
6: Compute the set SAβ by picking (s, a) pairs with occurrence more than β
7: dn,1, dn,2 ← 0 ∈ RSA

8: for (i, s, a) ∈ {1, 2} × S × A do
9: Compute N(n, i, s, a, ·), N(n, i, s, a), ∀n

10: P̂n,i(·|s, a)← N(n,i,s,a,·)
N(n,i,s,a)

1N(n,i,s,a)̸=0, ∀n
11: [d̂n,i]s,a ← N(n,i,s,a)

G
, ∀n

12: end for
13: for (n, k) ∈ Nclust × {1, 2, . . . K} do
14: for (i, s, a) ∈ {1, 2} × S × A do
15: ∆̂i,s,a := (P̂n,i(· | s, a)− P̂k(·|s, a))ṼT

s,a

16: end for
17: dist1(n, k) := maxs,a ∆̂

T
1,s,a∆̂2,s,a

18: dist2(n, k) := (d̂n,1 − d̂k)TUUT (d̂n,2 − d̂k)
19: dist(n, k) := λ dist1(n, k) + (1− λ) dist2(n, k)
20: end for
21: Assign kn ← argmink dist(n, k) for each n.
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Tn = Ω
(
K3/2tmix

log4((Nclust+Nsub)/δ) log
3(1/∆) log4(1/α)

∆6α3

)
. If we execute algorithms 1, 2 and model

estimation, and then apply algorithm 3 to Nsub with λ = 1, α/3 ≤ β < α and ∆2/4 ≤ τ ≤
∆2/2 for clustering and classification, then we can recover the true labels for the entire dataset

(Nclust ∪Nsub) with probability at least 1− δ.

Proof. This follows directly from Theorems 3.4.2, 3.4.3, 3.4.4 and 3.4.5 upon combining the
conditions on Nsub, Nclust, and Tn in both theorems. We also use the brief discussion after the
statement of Theorem 3.4.5.

The dependence on model-specific parameters like α,∆ and fmin is conservative and can be
easily improved upon by following the proofs carefully. We chose the form of the guarantees in
this section to present a clearer message. In one example, there are versions of these theorems
that depend on both G and Tn. We choose G = (Tn/tmix)

2/3 to present crisper guarantees. For
understanding how the guarantees would behave depending on both G and Tn, or how to improve
the dependence on model-specific parameters, the reader can follow the proofs in the appendix.

3.4.1 Techniques and Proofs

We make a few remarks on the technical novelty of our proofs. As mentioned in Section 3.1, we are
dealing with two kinds of non-independence. While we borrow some ideas in our analysis from
Chen and Poor [2022] to deal with the temporal dependence, we crucially need new technical inputs
to deal with the fact that we cannot cast the temporal evolution as a deterministic function with
additive i.i.d. noise, unlike in linear dynamical systems.

We identify the blocking technique in Yu [1994] as a general method to leverage the "near-
independence" in observations made in a mixing process when they are separated by a multiple
of the mixing time. Our proofs involve first showing that estimates made from a single trajectory
would concentrate if the observations were independent, and then we bound the "mixing error"
to account for the non-independence of the observations. We first choose a distribution (often
labelled as a variant of Q or Ξ) with desirable properties, and then bound the difference between
probabilities of undesirable events under Q and under the true joint distribution of observations χ,
using the blocking technique due to Yu [1994].

There are many other technical subtleties here. In one example, the number of (s, a) observations
made in a single trajectory is itself a random variable and so our estimator takes a ratio of two
random variables. To resolve this, we have to condition on the random set of (s, a) observations
recorded in a trajectory and use a conditional version of Hoeffding’s inequality (different from the

42



Azuma-Hoeffding inequality), followed by a careful argument to get unconditional concentration
bounds, all under Q.

3.4.2 Subspace Estimation

For subspace estimation, we have the following guarantee.
Theorem 3.4.2 (Subspace Estimation Guarantee). Consider 2 models with labels k1, k2 and a

state-action pair s, a with dmin(s, a) ≥ α/3. Consider the output VT
s,a of Algorithm 1. Let

fmin = min(fk1 , fk2) be the lower of the label prevalences. Remember that each trajectory has

length Tn.

Then given that Nsub = Ω
(

log(1/δ)
α2

)
, Tn = Ω(tmix log

4(1/α)), with probability at least 1 − δ,
for k = k1, k2

∥Pk(· | s, a)− Vs,aVT
s,aPk(· | s, a)∥2 ≤ ϵsub(δ)

where

• For Tn = Ω
(
tmix log

3
(
fminNsubα
KS log(1/δ)

))

ϵsub(δ) = O


√√√√ K

fmin

(√
S

Nsub · α3
log

(
1

δ

))
• While for Tn = O

(
tmix log

3
(
fminNsubα
KS log(1/δ)

))

ϵsub(δ) = O

(1

2

) 1
16

(
Tn

tmix

)1/3


Alternatively, we only need Nsub = Ω
(
K2S log(1/δ)

f2minα
3ϵ4

)
and Tn = Ω

(
tmix log

3(1/ϵ) log4(1/α)
)

trajectories for ϵ accuracy in subspace estimation with probability at least 1− δ.
Remark 4. Why are short trajectories enough? Notice that the length of trajectories only affects
the bound as a multiple of tmix with some logarithmic terms. This is because intuitively, the onus of
estimating the correct subspace lies on aggregating information across trajectories. So, as long as
there are enough trajectories, each trajectory does not have to be long.
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3.4.3 Clustering

Remember that ∆ is the model separation and α is the corresponding "stationary occupancy
measure" from Assumption 2. We give guarantees for choosing λ = 1, which corresponds to
using only model difference information instead of also using occupancy measure information.
This is unavoidable since we have no guarantees on the separation of occupancy measures. See
Section 3.5.2 for a discussion. Here, we provide a high-probability guarantee for exact clustering.
Theorem 3.4.3 (Exact Clustering Guarantee). Pick any pair of trajectories n,m. Then for Freqβ
so that it contains (s, a) with dmin(s, a) ≥ Ω(α), Tn = Ω(tmix log

4(1/δ)/α3), with probability at

least 1− δ, ∣∣dist1(m,n)− ∥∆m,n∥22
∣∣

is

O

(√
K log(1/δ)

α

(
tmix
Tn

) 1
3

)
+ 4ϵsub(δ/2)

This means that if we choose λ = 1, then if ϵsub(δ) ≤ ∆2/32 and Tn = Ω
(
K3/2tmix

log4(Nclust/(αδ))
∆6α3

)
,

no distance estimate attains a value between ∆2/4 and ∆2/2. So, Algorithm 2 attains exact

clustering using a threshold of say ∆2/3 with probability at least 1− δ.

Since we already have high probability guarantees for exact clustering before refinement of the
clusters, guarantees for the EM step analogous to the single-step guarantees for refinement in Chen
and Poor [2022] are not useful here. However, we do still present single-step guarantees for the EM
algorithm in our case using a combination of Theorem 3.4.4 for the M-step and Theorem A.7.1 in
Appendix A.7.

3.4.4 Model Estimation and Classification

We also have guarantees for correctly estimating the relevant parts of the models and classifying
sets of trajectories different from Nclust.
Theorem 3.4.4 (Model Estimation Guarantee). For any state action pair (s, a) with dmin(s, a) ≥
α/3, and for GNclust ≥ Ω

(
log(1/δ)

f2minα
2

)
and Tn ≥ Ω(Gtmix log(G/δ)), with probability greater than

1− δ,

∥P̂k(· | s, a)− Pk(· | s, a)∥1

is bounded above by

O

((
tmix
Tn

)1/3√
1

Nclustfminα
(S + log(

1

δ
))

)

Note that since the 1-norm is greater than the 2-norm, the same bound holds in the 2-norm as
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well. Also notice that since our assumptions do not say anything about observing all (s, a) pairs
often enough, we can only given guarantees in terms of the occurrence frequency of (s, a) pairs.
Theorem 3.4.5 (Classification Guarantee). Let ϵmod(δ) be a high probability bound on the model

estimation error ∥P̂k(· | s, a) − Pk(· | s, a)∥2. Then there is a universal constant C3 so that

Algorithm 3 can identify the true labels for trajectories in Nclass with probability at least 1− δ for

Tn = Ω
(
K3/2tmix

log4(Nclass/(αδ))
∆6α3

)
, whenever ϵmod(δ/2) ≤ C3∆4fminα

K
and Nclust ≥ Ω

(
log(1/δ)

f2minα
2

)
.

Note that by Theorem 3.4.4, a sufficient condition for ϵmod(δ/2) ≤ C3∆4fminα
K

is NclustT
2/3
n ≥

Ω
(
K2t

2/3
mixS

log(1/δ)

∆8f3minα
3

)
. Under the conditions on Tn in Theorem 3.4.5, a suboptimal but sufficient

condition on Nclust is Nclust = Ω
(
K2S log(1/δ)

f2minα
3∆8

)
, which matches that for Nsub.

3.5 Practical Considerations

3.5.1 Subspace Estimation

Heuristics for choosing K: One often does not know K beforehand and often wants temporal
features to guide the process of determining K, for example in identifying the number of groups of
similar people represented in a medical study. We suggest a heuristic for this. One can examine
how many large eigenvalues there are in the decomposition, via (1) ordering the eigenvalues of
M̂sa ∀s, a by magnitude, (2) taking the square of each to obtain the eigenvalue energy, (3) taking
the mean or average over states and actions, and (4) plotting a histogram. See Figure 3.2.

Figure 3.2: Histogram of the average ordered eigenvalue energy (the square of the eigenvalue)
where the mean is taken over states and actions. There are two large eigenvalues, corresponding to
K = 2.

One can also consider running the whole process with different values of K and choose the value
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of K that maximises the likelihood or the AIC of the data (if one wishes the mixture to be sparse).
However, Fitzpatrick and Stewart [2022] points out that such likelihood-based methods can lead to
incorrect predictions for K even with infinite data.

3.5.2 Clustering

Picking β: Choosing β involves heuristically picking state-action pairs that have high frequency
and "witness" enough model separation. We propose one method for this. For each (s, a) pair,
one first executes subspace estimation and then averages the value of dist1(m,n) across all pairs
of trajectories. Call this estimate ∆s,a, since it is a measure of how much model separation (s, a)

can "witness". We then compute the occupancy measure value d(s, a) of (s, a) in the entire set of
observations. Making a scatter-plot of ∆s,a against d(s, a), we want a value of β so that there are
enough pairs from Freqβ in the top right.

Picking thresholds τ : The histogram of dist plotted will have many modes. The one at 0
reflects distance estimates between trajectories belonging to the same hidden label, while all the
other modes reflect distance between trajectories coming from various pairs of hidden labels. The
threshold should thus be chosen between the first two modes. See Figure 3.3.

Figure 3.3: Histogram (and KDE) of pairwise squared distance estimates in projected subspace
above, and accuracy against thresholds below. Note how there is a spurious mode around the
0.00015 mark, and picking any threshold past it yields a significant drop in accuracy.

Picking λ: In general, occupancy measures are different for generic policies interacting with
MDPs and should be included in the implementation by choosing λ < 1. The histogram for dist2
should indicate whether or not occupancy measures allow for better clustering (if they have the right
number of well-separated modes).
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Versions of the EM algorithm: In our description of the EM algorithm, we only use next-state
transitions as observations instead of the whole trajectory. So, we do not learn other parameters like
the policy and the starting state’s distribution for the EM algorithm. This makes sense in principle,
because our minimal assumptions only talk about separation in next-state transition probabilities,
and there is no guarantee that other information will help with classification. In practice, one should
make a domain-specific decision on whether or not to include them.

Initializing soft EM with cluster labels: We also recommend that when one initializes the
soft EM algorithm with results from the clustering step, one introduces some degree of uncertainty
instead of directly feeding in the 1-0 clustering labels. That is, for trajectory m, instead of assigning
1(i = km) to be the responsibilities, make them say 0.8 · 1(i ∈ Ck) + 0.2/K instead. We find that
this can aid convergence to the global maximum, and do so in our experiments.

3.6 Experiments

We perform our experiments for MDPs on an 8x8 gridworld with K = 2 elements in the mixture
(from Bruns-Smith [2021]). Unlike Bruns-Smith [2021], the behavior policy here is the same across
both elements of the mixture to eliminate any favorable effects that a different behavior policy
might have on clustering, so that we evaluate the algorithm on fair grounds. The first element is
the "normal" gridworld, while the second is adversarial – transitions are tweaked towards having
a higher probability of ending up in the lowest-value adjacent state. The value is only used to
adjust the transition structure in the second MDP, and has no other role in our experiments. The
mixing time of this system is roughly tmix ≈ 25. We only use dist1 for the clustering, omitting the
occupancy measures to parallel the theoretical guarantees. Including them would likely improve
performance. We chose to perform the experiments with 1000 trajectories, given the difficulty of
obtaining large numbers of trajectories in important real-life scenarios that often arise in areas like
healthcare. The mixture weights are f1 = f2 = 0.5. Several state-action pairs witness transition
differences between the two MDPs, and the threshold τ is chosen from the histogram of pairwise
distances as described in Section 3.5.2.

Figure 3.4 plots the error at the end of Algorithm 2 (before refinement) while either using the
projectors VT

s,a determined in Algorithm 1 ("With Subspaces"), replacing them with a random
projector ("Random Subspaces") or with the identity matrix ("Without Subspaces"). The difference
in performance demonstrates the importance of our structured subspace estimation step. Also note
that past a certain point, between Tn = 60 and Tn = 70 ∼ 3tmix, the performance of our method
drastically improves, showing that the dependence of our theoretical guarantees on the mixing time
is reflected in practice as well. We briefly discuss the poor performance of choosing a random
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Figure 3.4: Clustering error v.s. trajectory length on 1000 trajectories, with a comparison between
using VT

s,a, IS×S or a random projector to a K-dimensional subspace in Algorithm 2. The same
threshold was used for each trajectory length. Results averaged over 30 trials. The mixing time of
this system is roughly tmix ≈ 25.

subspace in Appendix A.2.

In Figure 3.6, we benchmark our method’s end-to-end performance against the most natural
benchmark, the randomly initialized EM algorithm. We use the version of the soft EM algorithm that
considers the entire trajectory to be our observation, and thus also includes policies and starting state
distributions. So, we are comparing our method against the full power of the EM algorithm. We have
three different plots, corresponding to (1) soft EM with random initialization, (2) Refining models
obtained from the model estimation step applied to Nclust using soft EM on Nclust ∪Nsub, and (3)
Refining labels for Nclust and Nsub using soft EM (the latter obtained from applying Algorithm 3 to
Nsub). We report the final label accuracies over the entire dataset, Nclust ∪ Nsub. Remember that
we can view refinement using soft EM as initializing soft EM with the outputs of our algorithms.
Note that the plot for (3), which reflects the true end-to-end version of our algorithm, almost
always outperforms randomly initialized soft EM. Also, for Tn > 60, both variants of our method
outperform randomly initialized soft EM. We present a variant of Figure 3.5 with hard EM included
as Figure A.2 in the appendix.
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Figure 3.5: End-to-end error v.s. trajectory length on 1000 trajectories, comparing initializations of
the soft EM algorithm using (1) random initializations, (2) models fromNclust, and (3) classification
and clustering labels from Nclust and Nsub. Results averaged over 30 trials, with 30 random
initializations for randomly-initialized EM within each trial.

Figure 3.6: Scatter-plot of likelihoods v.s. clustering accuracy achieved by the randomly-initialized
soft EM algorithm over 30 trials on gridworld. Randomly-initialized soft EM does not achieve the
global maximum all of the time.

3.7 Discussion

We have shown that we can recover the true trajectory labels with (1) the number of trajectories
having only a linear dependence in the size of the state space, and (2) the length of the trajectories
depending only linearly in the mixing time – even before initializing the EM algorithm with these
clusters (which would further improve the log-likelihood, and potentially cluster accuracy). End-
to-end performance guarantees are provided in Theorem 3.4.1, and experimental results are both
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promising and in line with the theory.

3.7.1 Future Work

Matrix sketching: The computation of dist1(m,n) is computationally intensive, amounting to
computing about S × A distance matrices. We could alternatively approximate the thresholded
version of the matrix dist(m,n) (which in the ideal case is a rank-K binary matrix) with ideas from
Musco and Musco [2016].

Function approximation: The question of the right extension of our ideas to Markov chains
and MDPs with large, infinite, or uncountable state spaces is very much open (at least, those whose
transition kernel is not described by a linear dynamical systems). This is important, as many
applications often rely on continuous state spaces.

Other controlled processes: Chen and Poor [2022] learn a mixture of linear dynamical systems
without control input. An extension to the case with control input will be very valuable. We believe
that the techniques used in our work may prove useful in this, as well as for extensions to other
controlled processes that may neither be linear nor Gaussian.

A natural next step is to apply these clustering methods to real-world datasets of practical impor-
tance, such as electronic health records or recommendation system logs where latent heterogeneity
is a known concern.
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CHAPTER 4

Offline Policy Evaluation and Optimization under
Confounding

In the previous chapter, we developed spectral methods for clustering trajectories from a mixture
of MDPs. This clustering machinery was in fact developed to address a specific sub-problem in the
broader landscape of offline reinforcement learning under confounding. In the running example
of Section 1.2.2, behavioral scientists who administered interventions had access to situational
knowledge not captured in the sensor data, and this knowledge influenced which interventions were
sent, biasing the historical trajectories in ways invisible to standard offline analysis. The latent
variable here does not primarily touch the transitions or the reward, but rather the data collection

process: actions in the dataset were chosen partly based on information the analyst no longer has.
In the language of Section 1.4, the confounder’s reach is bounded by the sensitivity parameter Γ,
the low-complexity channel in this setting. When the confounder is sampled once per trajectory
and remains fixed (a “global confounder”), the offline data is precisely a mixture of MDPs, and the
clustering methods of the previous chapter allow us to separate this mixture and perform policy
evaluation within each component. This motivates the broader question addressed in this chapter:
what is the full landscape of offline policy evaluation under confounding? When is consistent
estimation possible, and when is it fundamentally limited?

4.1 Introduction

This chapter is a lightly edited version of Kausik et al. [2024a].

A central problem in sequential decision making is learning from offline data, since collecting
data in an online fashion is often prohibitively expensive or unsafe [Levine et al., 2020]. Since
real-life data is often affected by latent variables, there has been a rise of interest in formulations
of reinforcement learning problems with hidden information [Nair and Jiang, 2021, Miao et al.,
2022, Wang et al., 2020]. The most general kind of latent information is considered by partially
observable MDPs or POMDPs [Kaelbling et al., 1998b, Tennenholtz et al., 2019], where the latent
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With Sensitivity Constraint
Without Sensitivity Con-
straint

Memoryless Con-
founders

Consistency not possible (The-
orem 4.2.1, Ω(εH) error
lower bound), O(εH2) error
upper bound with 3 methods
(Theorems 4.2.2, 4.2.3, 4.2.4)

Ω(H) error lower bound
(Theorem 4.2.1)

Confounders with
Memory

Methods mentioned above
have Ω(H) error lower
bounds, even with un-
confounded πb and πe
(Theorem 4.2.6)

Ω(H) lower bound in gen-
eral.
For global confounders, con-
sistency possible, sample
complexity guarantees given
(Theorem 4.2.7)

Table 4.1: Hardness of the OPE problem under different assumptions on the nature of confounding
present. Γ is a so-called sensitivity parameter, with Γ = 1 +O(ε). Higher ε corresponds to more
confounded πb.

information can affect both rewards and transitions. However, the reward is often designed by the
user based only on observable variables. In medical examples, the reward could be given based on
observed vitals, but unrecorded genetic conditions and socio-economic status can affect actions
taken and future states. These examples motivate the important case of reinforcement learning with
unobserved confounders, defined as latent information that affects transitions, but not rewards1

[Kallus and Zhou, 2020, Bruns-Smith, 2021, Bruns-Smith and Zhou, 2023].

The hardness of learning from offline data under confounding comes from the fact that partially
observed transitions can be further obscured by behavior policies that might have known the
unrecorded confounder [Kallus and Zhou, 2020]. Two offline data distributions might thus be
identical despite coming from different confounded MDPs, if the behavior policies accommodated
for this difference (see Theorem 4.2.1).

To provide guarantees for learning from offline data, the most common assumption in previous
work is that confounders are "memoryless" (Assumption 3). This assumption essentially means that
they are sampled afresh at each step independently of past confounders, states, or actions [Bruns-
Smith and Zhou, 2023]. In many real-life applications like healthcare and epidemiology [Daniel
et al., 2013, Clare et al., 2018, Mansournia et al., 2017, Platt et al., 2009], it is more appropriate
to assume that the confounders are sampled "with memory" of previous confounders, and even
states and actions. A lot of work also assumes that behavior policies follow a sensitivity constraint

1Some papers define confounders using a kind of "memorylessness," and allow them to affect rewards [Zhang and
Bareinboim, 2016, Wang et al., 2020]. We only consider unconfounded rewards.
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(Assumption 5) [Kallus and Zhou, 2020, Bruns-Smith, 2021]. Motivated by these observations, we
take the first step towards providing a structured view of the landscape of offline RL for confounded
MDPs, distinguishing settings in terms of sensitivity assumptions and whether confounders have
memory. We also introduce and study an important sub-case of confounders with memory, called
global confounders (Assumption 4). Specifically, we ask the following questions for each setting:

Q.1. If consistent offline policy estimation (OPE) is not possible, can we prove lower bounds on

the error? What guarantees can we give for algorithms that instead estimate bounds on the

value?

Q.2. If consistent OPE is possible, then what algorithms achieve this? What is their sample

complexity?

Q.3. How can we use these insights for offline policy improvement?

Paper Structure and Contributions. We detail our contributions below. A summary of key
results is provided in Table 4.1.

OPE for Memoryless Confounders, Section 4.2.3: In Theorem 4.2.1, we give the first lower
bound for OPE error that depends on a sensitivity parameter Γ and horizon length H . By choosing Γ

appropriately, we show that value estimation can be arbitrarily bad without a sensitivity constraint.
The theorem also quantitatively shows that the lower bound on error grows with H and consistent
estimates are not possible, even under a sensitivity constraint. To provide algorithms that estimate
lower bounds on the value, we modify the CFQE algorithm due to Bruns-Smith [2021] to our
more general definition of memoryless confounding. We are the first to compute quantitative upper
bounds on its error and the error for FQE, in Theorems 4.2.2 and 4.2.3. We further provide a new
model-based algorithm that improves over CFQE for stationary transition structures, and provide
guarantees for it in Theorems 4.2.4 and 4.2.5.

OPE for Confounders with Memory, Section 4.2.5: While FQE is a standard workhorse for OPE
and also enjoys guarantees for memoryless confounders, it is unclear if (and how badly) FQE fails
for confounders with memory. In particular, it is non-trivial to produce lower bound examples in
this case. We are the first to present one in Theorem 4.2.6, where we show that FQE can have
arbitrarily large error for confounders with memory, even for unconfounded πb and πe with bounded
concentrability. This shows the hardness of OPE for general confounders with memory. In this
light, we introduce and study the important sub-case of global confounders, where the confounder is
fixed at the beginning of each trajectory. We leverage the work of Kausik et al. [2022] on clustering
mixtures of MDPs to provide an algorithm for OPE under this assumption, along with sample
complexity guarantees in Theorem 4.2.7. While past work on confounded RL has focused only on
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consistency, we are the first to address the sample complexity of OPE under confounding.

Offline Policy Improvement, Section 4.2.7: We address offline policy improvement in Sec-
tion 4.2.7, presenting policy gradient methods for memoryless confounders under a sensitivity
assumption, as well as for global confounders. We prove local convergence for both.

Experiments, Section 4.3: We test and compare OPE methods for memoryless confounders
in the gridworld environment provided by Bruns-Smith [2021]. Our experiments show that our
model-based method gives tighter lower bounds than existing methods. We also successfully run
our policy gradient method for memoryless confounders in the same environment. OPE and policy
gradient methods for global confounders are tested in the sepsis simulator from Oberst and Sontag
[2019], where we significantly outperform confounder-oblivious implementations of both FQE and
policy gradients.

Related Work. Many specific assumptions on confounders have been studied in recent literature.
Kallus and Zhou [2020], Bruns-Smith [2021], Namkoong et al. [2020] all provide algorithms that
estimate bounds on the value under a sensitivity assumption. The first two assume variants of
memorylessness, while the third assumes that the confounding occurs during only a single timestep.
Other work like Bennett et al. [2020] uses a latent variable model for states and actions to get
consistent point estimates. This is similar to work in the POMDP setting [Tennenholtz et al., 2019],
and neither approach directly applies to our settings: they require either that a subset of confounders
is directly observed (satisfying the backdoor criterion) or that observed mediator variables satisfy
the frontdoor criterion, enabling causal identification of transition dynamics. Our setting assumes
no such auxiliary variables are available. In general, a treatment of confounders with memory and a
big-picture view of the OPE problem under confounding is still missing.

On the other hand, literature on offline policy improvement in the presence of confounders has
grown more gradually. Bruns-Smith and Zhou [2023] provide robust fitted-Q-iteration methods
under a sensitivity model and a memoryless assumption. This does not apply to confounders with
memory, like global confounders. Other work like Wang et al. [2020], Liao et al. [2021], Fu et al.
[2022] uses auxiliary variables from the data to adjust for confounding bias. However, these do not
directly apply to our settings, since they require observed auxiliary variables (instrumental variables
or mediators satisfying the frontdoor criterion) that are absent from our formulation.
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4.2 Setup and Assumptions

4.2.1 Background

We define an episodic confounded MDP by a tuple (S × U ,A, H, {Ph}Hh=1, r, d0), described as
follows. S is the set of S observed states and U the set of U unobserved confounders; A is the set
of A actions; H is the horizon of each episode; d0 is the distribution for initial states (s1, u1) ∼ d0;
r : S ×A → [0, 1] denotes the reward function; and Ph(s′, u′ | s, u, a) denotes the state transition
probability at timestep h.

The data is collected under a behavior policy πb specified by πb,h(a | s, u), which might have used
the unrecorded confounders and been time-dependent. The observed behavior policy is obtained by
marginalizing u over the induced distribution at timestep h, and is called πb,h(a | s). The goal is to
estimate the value function V πe

1 of a possibly time-dependent evaluation policy πe that does not use

confounders [Bruns-Smith, 2021]. This is motivated by the fact that confounders can be harder to
observe and account for during deployment.

4.2.2 Assumptions on Sensitivity and Memory

We consider two kinds of assumptions on unobserved confounders. The first is whether they "have
memory." We define memoryless confounders below to be sampled afresh at each step [Bruns-Smith
and Zhou, 2023]. A memoryless confounder in a healthcare application could be an accident
encountered mid-treatment, or in an economics application could be a supply shock affecting the
price of oil, as Bruns-Smith [2021] highlights.
Assumption 3 (Memoryless Confounders). At each timestep h, we draw a fresh confounder
uh ∼ Ph(u | s = sh), possibly dependent on the current state sh, but independent of past
confounders, states and actions.

On the other hand, confounders with memory could depend on all past (s, a, u) tuples. We
introduce an important sub-case of this, which we call the global confounder assumption. This is an
extreme case of confounders with memory, where the confounder is not just dependent on, but the
same as all past confounders in the trajectory. In the example of healthcare applications, this could
be an unrecorded patient demographic characteristic or genetic condition that does not change over
the course of treatment.
Assumption 4 (Global Confounders). A global confounder is generated by u ∼ P (u) at the
beginning of an episode, and remains unchanged throughout the episode.

A commonly-used assumption for the effect of confounder on πb is a sensitivity model found
in [Bruns-Smith, 2021, Kallus and Zhou, 2020, Namkoong et al., 2020]. Note that Γ = 1 below
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corresponds to the case where πb is confounder-oblivious, that is, independent of the confounder.
Assumption 5 (Confounding Sensitivity Model). Given Γ ≥ 1, for all s ∈ S, u ∈ U , h ∈
{1, 2, · · ·H} and a ∈ A:

1

Γ
≤
(

πb,h(a | s, u)
1− πb,h(a | s, u)

)
/

(
πb,h(a | s)

1− πb,h(a | s)

)
≤ Γ,

where πb,h(a | s) =
∑

u Ph(u | s)πb,h(a | s, u) is the marginalized (observed) behavior policy. The
above inequality implies the bounds αh(s, a) ≤ πb,h(a|s)

πb,h(a|s,u)
≤ βh(s, a), where αh(s, a) := πb,h(a |

s) + 1
Γ
(1− πb,h(a | s)) and βh(s, a) := Γ + πb,h(a | s)(1− Γ).

We discuss OPE when confounders are memoryless. We first open with a result showing that in
the absence of a sensitivity assumption like Assumption 5, we can incur an estimation error as bad
as Ω(H). Note that the value functions lie in the range [0, H], so the worst possible OPE error is H .
Theorem 4.2.1 (Lower Bound for Memoryless Confounders). There exists a parameter ε that

determines a pair of confounded MDPsM1 andM2 with i.i.d. (and thus memoryless) confounders

along with stationary policies πb1 , πb2 and πe, so that data collected fromMi using πbi has the

same distribution for i = 1, 2, but the values under πe differ by |V πe
1 (M1)− V πe

1 (M2)| = 2εH . In

particular, when ε = 1
2
− 1

H2 , the values under πe differ by Ω(H).

It can be seen from the proof of the theorem in Appendix B.2 that when ε = 1
2
− 1

H2 , Γ = Ω(H2).
It is then clear that a bound on the sensitivity is necessary. The proof shows that for small ε in our
example, Γ = 1 + O(ε). In this light, even with a sensitivity constraint of 1 + O(ε), we cannot
get a consistent estimate of the value of a policy. This is because by Theorem 4.2.1, even two
observationally indistinguishable confounded MDPs can differ in value under a new πe by Ω(εH).

Thus, even with infinite data, we can only hope for bounds on the value, and the minimum-
possible error deteriorates with horizon H . We now analyze and present algorithms for obtaining
such bounds.

4.2.3 FQE and Confounded FQE

Fitted Q-Evaluation (FQE) is a standard workhorse for OPE. We present the algorithm below,
adapted for memoryless systems (see also Appendix B.3).

We first present a new result on the estimation error of FQE under memoryless confounding,
proved in Appendix B.4.
Theorem 4.2.2 (FQE Error). Suppose Γ = 1 + ε in Assumption 5. Then in the limit of infinite

samples, the point estimate f̂1(s, a) of the Q-function produced by FQE has a worst-case error of

|V πe
1 (s)−

∑
a πe,1(a | s)f̂1(s, a)| = O(εH2) for small ε.
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Algorithm 4 FQE
1: input: evaluation policy πe.
2: initialize: f̂H+1 ← 0.
3: for h = H,H − 1, . . . , 1 do
3: f̂h(s, a)← E(s,a,s′)∼Dπb

,h

[
rh(s, a) +

∑
a′ πe,(h+1)(a

′ | s′)f̂h+1(s
′, a′)

]
, ∀s, a.

4: end for
5: return:

∑
a πe,1(a | s)f̂1(s, a) for ∀s.

Note that FQE gives a point estimate instead of a lower bound on the value function. For
many safety-critical applications, it is important to have conservative lower bounds for policy
estimation. Using the proof of Theorem 4.2.2, we can produce a straightforward lower bound of∑

a πe,1(a | s)f̂1(s, a)− kεH2 on the value function, for some k depending on ε. However, this is
a worst-case, data-oblivious lower bound. We note that we can get a sharper lower bound using
confounded FQE (CFQE), introduced by Bruns-Smith [2021] for i.i.d. confounders. Confounded
FQE gives a lower bound on the value by sequentially searching for the worst possible policies

that are consistent with the data and the sensitivity assumption. We adapt it to general memoryless
confounders below.

Let π̂b,h(a | s) and P̂h(s′ | s, a) be empirical estimates from finite data Dπb,h. Let Pπbh (s′ | s, a)
be the limit of P̂h(s′ | s, a) under infinite data. We then define the following uncertainty sets.
Definition 4.2.1 (Valid Behavior Policy Set). Under a memoryless confounder, for all s, a, s′, define
Bsa,h to be the set of all π(a | s, ·) that satisfy Assumption 5 and the two equations below.∑

u∈U

Ph(u | s)πb,h(a | s, u) = πb,h(a | s)∑
u∈U

Ph(u | s)πb,h(a | s, u)P (s′ | s, u, a) = πb,h(a | s)Pπbh (s′ | s, a).

Now we define the following quantity using the posteriors P πb
h (u | s, a), a confounded analog to

inverse propensity weights.

gh(s, a, s
′) :=

∑
u

(
P πb
h (u | s, a)Ph(s′ | s, a, u)

P̂πbh (s′ | s, a)

)
1

πb,h(a | s, u)

=
∑
u

(
Ph(u | s)Ph(s′ | s, a, u)

P̂πbh (s′ | s, a)

)
1

πb,h(a | s)

Theorem 1 and the discussion following that in Bruns-Smith [2021] shows that we can reflect
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the same uncertainty using the set B̃sa,h of possible values of gh(s, a, ·).

B̃sa,h := {gh(s, a, ·) | αh(s, a) ≤ πb,h(a | s)gh(s, a, s′) ≤ βh(s, a),∑
s′

πb,h(a | s)gh(s, a, s′)Pπbh (s′ | s, a) = 1} (4.1)

B̃sa,h presents a reparameterization of the uncertainty that allows us to get rid of the explicit
presence of the unknown variable u while optimizing over the uncertainty set. Let B̂sa,h and ˆ̃Bsa,h
be the version of these sets determined by the point estimates π̂b and P̂(s′ | s, a) under finite data,
instead of by their true values.

Algorithm 5 Confounded FQE (adapted from Bruns-Smith [2021])
1: input: evaluation policy πe.
2: initialize: f̂H+1 ← 0.
3: for h = H,H − 1, . . . , 1 do
4: Compute

f̂h(s, a) := min
gh(s,a,·)∈ ˆ̃Bsa,h

E(s,a,s′)∼Dπb,h

[
π̂b,h(a | s)gh(s, a, s′)(

rh(s, a) +
∑
a′

πe,h(a
′ | s′)f̂h+1(s

′, a′)

)]
5: end for
6: return:

∑
a πe(a | s)f̂1(s, a) for ∀s.

We also provide a new theoretical guarantee for the worst-case error of CFQE below, proved in
Appendix B.4.
Theorem 4.2.3 (CFQE Error). Suppose Γ = 1 + ε in Assumption 5. Then the worst-case error for

the lower bound f̂1(s, a) generated by CFQE in the infinite-sample case is |V πe
1 (s)−

∑
a πe,1(a |

s)f̂1(s, a)| = O(εH2) for any range of ε.

Although it has the same worst-case error as FQE, we note that CFQE provides an instance-

dependent lower bound that is sharper than the naive one mentioned above. We confirm in
experiments that the naive FQE lower bound and the CFQE lower bound are in fact at different
orders of magnitude.

4.2.4 Model-Based Method For Stationary Transition Kernels

While CFQE searches for the worst-possible policies, we discuss a method here that searches
for the worst possible transition dynamics that are consistent with the data. Note that since πe
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is confounder-oblivious, the induced transitions Pπeh (s′ | s) are determined by the marginalized
transition dynamics defined as Ph(s′ | s, a) :=

∑
u Ph(u | s)Ph(s′ | s, a, u). This is clear from

the following computation: Pπeh (s′ | s) =
∑

u,a πe,h(a | s)Ph(u | s)Ph(s′ | s, a, u) =
∑

a πe,h(a |
s) (
∑

u Ph(u | s)Ph(s′ | s, a, u)) =
∑

a πe,h(a | s)Ph(s′ | s, a).

We note that CFQE optimizes separately over the data at each timestep h. In particular, if the
marginalized transition kernel were stationary, then the method would not leverage its stationarity.
Our model-based method can leverage this, and we therefore assume the stationarity of transition
dynamics and of P (u | s) in this section. For ease of exposition, we also assume that πb and πe are
stationary. The method can be modified to work for potentially time-dependent πb and πe, which
we do in Appendix B.5.

We now describe the method. Let the empirically observed transitions be P̂πb(s′ | s, a), and
denote its value in the limit of infinite data by Pπb(s′ | s, a). We know that the latter is stationary
under our expository simplification. Let α̂(s, a) and β̂(s, a) be obtained using the estimate π̂b(s, a)
Denote by G the set of marginalized transitions P(s′|s, a) that fall between α̂(s, a)(P̂πb(s′|s, a)) and

ˆβ(s, a)(P̂πb(s′|s, a)) for each s′, a, s. Our model-based method amounts to solving the following
optimization problem:

min
V1(s0),V2,...,VH ,VH+1=0,P

V1(s0) (4.2)

s.t. P ∈ G,
∑
s′

P(s′ | s, a) = 1 ∀s, a.

Vh(s) = πe(· | s)T (Rs + PsVh+1(·)) ∀h ∈ {1, ..., H}, s

where VH+1 = 0 and Ps ∈ RA×S is the matrix whose rows are P(· | s, a) for each a, Rs ∈ RA and
Vh+1(·) ∈ RS . This corresponds to minimizing the value function V1(s0) over the set G of state
transition probabilities, using H · S Bellman backup constraints to encode the Bellman equation.

While this method is similar to the model-based method in [Bruns-Smith, 2021] inspired by robust
MDP literature, it is important to note that unlike Bruns-Smith [2021], we look at uncertainty sets
for each s, a (instead of just one for each s) and make no additional assumption on model-sensitivity.
In particular, model sensitivity and the uncertainty sets for the true marginalized transition kernel
are completely determined by Γ. This method possesses several theoretical guarantees, proved in
Appendix B.5.
Theorem 4.2.4 (Error for the Model-Based Method). Suppose Γ = 1 + ε in Assumption 5. Then

the value estimation from solving (4.2) with infinite data, denoted by Ṽ1, provides a lower bound no

looser than CFQE and satisfies that |V πe
1 (s0)− Ṽ1(s0)| = O(εH2) for any range of ε.
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We will find in experiments that the lower bound produced by the model-based method is in fact
tighter in some scenarios. In the finite-sample setting, we use point estimates P̂πb to construct G.
In another version for finite samples, one can account for estimation error of P̂πb by constructing
a Hoeffding confidence interval for the state transition probabilities, and using it to construct G
instead. We discuss this in Appendix B.5. Denoting the output of either version by V̂1, the theorem
below guarantees that V̂1 is a consistent estimate for the infinite-sample lower bound Ṽ1. We prove
it in Appendix B.5, and the Hausdorff-distance-based technique developed for the proof can be used
to provide similar guarantees for FQE and CFQE.
Theorem 4.2.5 (Consistent Estimation of the Lower Bound). The estimated lower bound from the

model-based method is strongly consistent for the lower bound Ṽ1, where Ṽ1 is the lower bound

estimate of the value function from solving (4.2) with infinite data. That is, V̂1
a.s.→ Ṽ1.

A Computationally Efficient Method. Although the non-convex optimization problem in (4.2)
is solvable with off-the-shelf solvers, such problems can be difficult to solve efficiently. We provide
Algorithm 6 below for quicker computation of lower bounds. This method approximately solves the
model-based optimization problem in (4.2) via projected gradient descent, optimizing over P while
maintaining the Bellman constraints.

Algorithm 6 Projected Gradient Descent for Model-Based Lower Bound
1: input: evaluation policy πe, empirical estimate of P, decaying learning rate ηt, starting state
s0.

2: initialize: VH+1 ← 0.
3: for t = 1, ..., N do
4: for h = H,H − 1, . . . , 1 do
5:

Vh(s) :=
∑
a

πe(a | s)

[
R(s, a) +

∑
s′

P(s′ | s, a)Vh+1(s
′)

]
= πe(· | s)T (Rs + PsVh+1(·)).

6: end for
7: P← ProjG(P− ηt∇PV1(s0))

8: end for
9: return the lowest V1(s0) encountered.

Non-Stationary Model-Based Method. To handle non-stationary settings, we provide Algo-
rithm 17 in Appendix B.6. This relaxes the Bellman backup constraints in (4.2) by sequentially
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solving H efficiently solvable quadratic programs. This is essentially the model-based analogue to
CFQE.

4.2.5 Hardness of OPE for Confounders with Memory

Sensitivity constraints do not alone contribute to the error upper bounds in Section 4.2.3 – the
memorylessness of confounders is an important ingredient. We demonstrate below that OPE under
confounders with memory is hard even for πb with the best-case sensitivity, Γ = 1. Recall that Γ = 1

corresponds to confounder-oblivious behavior policies. Specifically, the theorem below shows FQE
and any method that lower bounds FQE will have Ω(H) worst-case error for confounders with
memory, even for unconfounded πb and πe with bounded concentrability and given infinite data.
We prove it in Appendix B.7.
Theorem 4.2.6 (Lower Bound for Confounders with Memory). There exists an MDPM having

confounders with memory, a stationary unconfounded behavior policy πb with sensitivity Γ = 1,

a stationary evaluation policy πe with πe(a|s)
πb(a|s)

≤ 2 ∀s, a, and a state s1, so that V πe
1 (s1) = Ω(H)

while the output of FQE for πe is O(logH), even with infinite data.

Proof sketch. The construction uses S = {s1, s2}, A = {a1, a2}, and a confounder with memory:
it starts at ua1 and remains there only if action a1 is consistently taken, otherwise transitioning to u0.
Under πe(a1 | s) = 1, the system stays in ua1 and s1 permanently, achieving V πe

1 (s1) = H . Under
the behavior policy πb(a | s, u) = 1/2, the probability of being in ua1 at step h decays as 1/2h−1,
so FQE — which computes expectations over the behavior-policy-induced confounder distribution
— effectively sees a mixture dominated by u0 for most timesteps. The FQE estimate is at most
O(logH), yielding Ω(H) error. The full proof is in Appendix B.7.

While the challenges of FQE for POMDPs in general are qualitatively understood [Uehara
et al., 2022], we show that it can be arbitrarily bad even in the much milder setting of confounded
MDPs with unconfounded πb and πe. This suggests that making more specific assumptions about
confounders with memory is necessary for designing OPE algorithms with theoretical guarantees.
One example of such an assumption is the global confounder assumption, discussed below.

4.2.6 Clustering-Based OPE for Global Confounders

The main message of this section is that the dependence of confounders across timesteps can make it
possible to pin down the effect of confounding and achieve consistent OPE, given enough structure
to the dependence. We bring our focus to global confounders (Assumption 4) in the case where
transition dynamics are stationary, and so are the behavior and evaluation policies. Notice that in
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the stationary setting, global confounders exactly describe a mixture of MDPs. Let the value of
the evaluation policy πe under the dynamics induced by confounder u be V1(s0;u, πe). If one can
estimate this value and P (u) for each u, then one can provide point estimates of the policy value
V πe
1 (s0) =

∑
u P (u)V1(s0;Cu, πe).

The approach of decomposing by confounder type and averaging per-component value estimates
is conceptually related to mixture importance sampling in the Monte Carlo literature; see Owen
[2013], Section 9.11. Here the mixture components correspond to latent confounder types, and the
key insight is that separating heterogeneous data into homogeneous components before applying
OPE avoids the confounding bias that would arise from treating the mixture as a single population.

We use Algorithm 7 as a broad meta-algorithm that takes a clustering algorithm and an OPE
algorithm as input. We cluster the data and apply the OPE algorithm separately to each cluster to
obtain a consistent final policy value estimate V̂1(s0; πe). The crucial intuition behind this algorithm
is the fact that the value estimate is a weighted average of value estimates over each confounder.

Algorithm 7 Clustering-Based OPE
1: input: Number of clusters U , evaluation policy πe, clustering algorithm cluster(), OPE

estimator ope().
2: run subroutine: Use cluster() to obtain clusters C1, ..., CU .
3: Obtain cluster weight estimates P̂ (u) := |Cu|

Ntraj
.

4: run subroutine: Estimate V̂1(s0;Cu, πe) for each cluster Cu using ope().
5: return: Output the final policy value estimate V̂1(s0; πe) =

∑U
u=1 P̂ (ui)V̂1(s0;Cu, πe).

To present an end-to-end theoretical guarantee, we instantiate the meta-algorithm using the
recent work of Kausik et al. [2022] as our clustering algorithm and the data-splitting tabular-MIS
(marginalized importance sampling) estimator from Yin and Wang [2020] as our OPE estimator. To
satisfy the assumptions of Kausik et al. [2022] and Yin and Wang [2020], we require 3 additional
assumptions, discussed in their papers.
Assumption 6 (Mixing, from Kausik et al. [2022]). Let the U Markov chains on S ×A induced
by the various behavior policies π(a | s, u), each achieve mixing to a stationary distribution
du(s, a) with mixing time tmix,u. Define the overall mixing time of the mixture of MDPs to be
tmix := maxu tmix,u.
Assumption 7 (Model Separation, from Kausik et al. [2022]). There exist α,∆ > 0 so that for
each pair u1, u2 of confounders, there exists a state action pair (s, a) (possibly depending on
u1, u2) so that the stationary distributions under each confounder du1(s, a), du2(s, a) ≥ α and
∥P(u1)(· | s, a)− P(u2)(· | s, a)∥2 ≥ ∆.
Assumption 8 (Concentrability and Exploration, from Yin and Wang [2020]). For dm :=

min{dπbh (s) | dπeh (s) > 0}, dm > 0, and there exist constants τa and τs so that for all s, a, h
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dπeh (s)

d
πb
h (s)
≤ τs and πe(a|s)

πb(a|s)
≤ τa.

We can therefore leverage the work of Kausik et al. [2022] to achieve exact clustering with
enough data under Assumptions 4, 6, and 7, recovering the unobserved global confounder un in
each trajectory up to permutation2. Then, when using the estimator from Yin and Wang [2020]
under Assumption 8, we obtain the following guarantee.
Theorem 4.2.7 (Sample Complexity for OPE under Global Confounding). Under Assumptions 4,

6, 7, 8, there are constants H0, N0 depending polynomially on 1
α
,∆, 1

minu P (u)
, log(1/δ), so that

for n trajectories of length H ≥ H0tmix log(n), we have that |V̂1(s0; πe) − V1(s0; πe)| < ϵ with

probability at least 1− δ if n ≥ Ω(max(n1, n2, n3, n4)), where

n1 := U2SN0 log(1/δ), n2 :=
log(U/δ)

min(ϵ2/H2,minu P (u)2)

n3 :=
H2τaτsSA log(U/δ)

ϵ2
, n4 :=

τaH

dm

The first term represents the sample complexity for exact clustering [Kausik et al., 2022], the
second term corresponds to estimating P (u) accurately and the third and fourth come from the
sample complexity of the OPE estimator [Yin and Wang, 2020]. In Appendix B.8, we prove a more
general version of this theorem, where the OPE estimator makes an assumption A(b) depending on
a parameter vector b and has sample complexity N2(δ, ϵ, b). Results analogous to Theorem 4.2.7 can
thus be produced using Corollary 1 of Duan and Wang [2020a], or other off-policy estimators listed
in section 2 of Zhang et al. [2022] viewed in a tabular setting. This is the first result that provides
sample complexity guarantees for consistent point estimates under confounding. Theorem B.9.1 in
Appendix B.9 shows that requiring that H ≥ Ω(tmix) in Theorem 4.2.7 is unavoidable, even for
small tmix = O(log(S)).

4.2.7 Policy Optimization under Confounding

We first make an elementary observation that given a bound on the OPE error |V̂1(π)− V1(π)| and
an optimizer for the value estimate π̂∗ ∈ argmax V̂1(π), we can obtain a sub-optimality bound for
π̂∗. We show this explicitly in Appendix B.10, noting that this is agnostic to the existence and the
nature of confounding.

Policy Gradients on Lower Bounds under Memoryless Confounding. Recall that in Sec-
tion 4.2.3, we produced lower bounds on the value function under memoryless confounding with

2They recover clusters, which is sufficient as we only need to know confounders up to renaming the labels.
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a sensitivity model. In lieu of optimizing a point estimate of the policy’s value, we can instead
improve this lower bound.

Recall that Algorithm 6 computes a lower bound on V1(s0) by projected gradient descent. We can
backpropagate gradients relative to the evaluation policy, improving the lower bound on V1(s0), and
therefore the policy, with gradient ascent. We present the case with stationary transition structures
in the max-min formulation below in the interest of lucidity, noting that it immediately generalizes
to non-stationary transition structures as well.

max
θ∈Θ

min
P∈G

V1(s0; πθ,P) (4.3)

We repeat the alternating process of finding P ∈ G to minimize V1(s0) given an evaluation policy
πθ and then performing a gradient ascent update on πθ. This is illustrated in Algorithm 8 below.3

We discuss local convergence guarantees for the method in Appendix B.10.

Algorithm 8 Gradient Ascent on Differentiable Lower Bounds for Policy Improvement under
Confounding

1: input: decaying learning rate ηt, πθ.
2: for t = 1, ..., N do
3: run subroutine: obtain differentiable lower bound V1(s0; πθ) on πθ via Alg. 6, Alg. 17, or

Alg. 5
4: update: θ ← θ + ηt · ∇θV1(s0; πθ)
5: end for
6: return πθ

Policy Gradients under Global Confounding. Recall that we hope to solve argmaxπe V1(s0; πe),
where V1(s0; πe) =

∑
u P (u)V1(s0;u;πe), for confounder-unaware evaluation policy πe. This is

the Weighted-Value Problem in [Steimle et al., 2021], which is NP-hard according to Proposition 2
in their paper.

We discuss a policy gradient method for this problem. Let Z(θ) := ∇θV1(s0; πθ). By As-
sumption 4, Z(θ) = ∇θEu[V1(s0;u, πθ)] = ∇θ

∑
u P (u)V1(s0;u, πθ) =

∑
u P (u)∇θV1(s0;u, πθ).

Therefore, if we have gradient estimates Ẑi(θ) of Zi(θ) = ∇θV1(s0;ui, πθ) for each cluster, we can
obtain the final policy gradient estimate as a weighted sum, given by Ẑ(θ) =

∑U
u=1 P̂ (ui)Ẑi(θ).

We present this as Algorithm 9 below.

3Given libraries like cvxpylayers, we can also perform gradient ascent on any lower bound from differentiable
convex optimization. This includes the lower bounds generated by the relaxation of the model-based algorithm (Alg. 17)
and CFQE (Alg. 5). We state general lemmas that back our claims.
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Algorithm 9 Clustering-Based Policy Gradient
1: input: Number of clusters U , clustering algorithm cluster(), offline policy gradient

estimator gradient(), learning rate η, initial policy parameters θ0.
2: run subroutine: Perform clustering on trajectories with clustering algorithm cluster(),

obtain clusters C1, ..., CK .
3: Obtain cluster weight estimates P̂ (u) := |Cu|

Ntraj
.

4: for t = 1, ..., T : do
5: run subroutine: Use offline policy gradient estimator gradient() to estimate Zi(θt) =

∇θV1(s0;ui, πθt) for each cluster Ci, obtaining Ẑi(θt).
6: Obtain gradient estimate of Z(θt) = ∇θV1(s0; πθt) with Ẑ(θt) =

∑U
u=1 P̂ (ui)Ẑi(θt).

7: Update θt+1 := θt − ηẐ(θt).
8: end for
9: return: Output the final policy πθT+1

.

We then perform standard gradient descent for T iterations on the policy parameters θ, with
the update rule given by θt+1 = θt − ηẐ(θt). In analyzing this procedure, we instantiate Ẑi using
the (statistically) Efficient Off-Policy Policy Gradient (EOPPG) estimator from Kallus and Uehara
[2020], which enjoys an Θ(H4/n) MSE guarantee instead of the 2Θ(H)Θ(1/n) worst-case sample
complexity of REINFORCE [Kallus and Uehara, 2020]. We assume that the gradient of V1 is
bounded by L, which holds if V1 is L-Lipschitz. Additionally, let assumptions for Theorem 12 in
Kallus and Uehara [2020] hold. We obtain a bound on the norm of the policy gradient that shows
convergence to a stationary point in Theorem 4.2.8 below. It is proved in Appendix B.11.
Theorem 4.2.8. Let us have large enough β > 1 and T = nβ, for n ≥
Ω
(
max

(
U2SN0 log(1/δ),

log(U/δ)
minu P (u)2

))
. Also let H ≥ H0tmix log n, for H0, N0 as in Theo-

rem 4.2.7. Then we have that 1
T

∑T
t=1 ||∇θV1(s0; πθt)||2 = O(max(ϵMSE, ϵfreq), where ϵMSE =

H4 log(nU/δ)
nminu P (u)

, and ϵfreq =
L2 log(U/δ)

n

4.3 Numerical Experiments

We detail our experiments for memoryless and global confounders below. The code for all experi-
ments can be found at https://github.com/hetankevin/off-policy.

Gridworld for Memoryless Confounders. We examine the performance of the methods in
Section 4.2.3 on the 4x4 gridworld environment used by Bruns-Smith [2021], with i.i.d. (and thus
memoryless) confounders. We implement the model-based method and its variations using the point
estimates P̂πb instead of Hoeffding confidence intervals for Pπb , for a fair comparison with CFQE.
The horizon is H = 8, and Γ ranges from 1 to 50. The sensitivity parameter Γ is a global bound
applied uniformly across all state-action pairs, as in Assumption 5. The confounders are drawn
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Figure 4.1: OPE for Memoryless Confounders. Comparison of our model-based method, its non-
stationary relaxation (Alg. 17), its projected gradient descent variant (Alg. 6), and CFQE on state 13
in a 16-state gridworld. Confidence intervals (CIs) are one standard deviation wide and computed
over 30 trials. H = 8.

i.i.d. at each timestep and affect the transition kernel but not the reward. The behavior policy πb
and evaluation policy πe are the same as in Bruns-Smith [2021]; we refer the reader there for their
precise construction. We plot the policy values against Γ in Figure 4.1. Across all 16 states, the
model-based method’s lower bound is always either as good as or tighter than that of CFQE, but the
gap in performance is seen most starkly in state 13 (which we display in Figure 4.1). The output of
FQE is obtained at Γ = 1 and is at most −0.7. By the remark after the proof of Theorem 4.2.2, the
naive lower bound obtained using FQE is less than −0.7− εH2

2
= −0.7− 32ε. This is quite literally

"off-the-chart" here, showing that using FQE for lower bounds would be ineffective in practice.
Note that our model-based method gives the closest lower bound after projected gradient descent.
Projected gradient descent only approximately solves the appropriate optimization problem, and it
is thus not guaranteed to return a true lower bound. So, our model-based method is empirically the
best method here with guarantees.

We also study policy improvement. Figure 4.2 displays the training dynamics and convergence
of Algorithm 8, where we perform gradient ascent on a lower bound obtained by Algorithm 6. We
visualize the learned policy, which is appropriately conservative: on a horizon of 8, the agent will
likely not reach the goal state from the first few states and move to the top left corner appropriately.
Finally, we plot the increase in the lower bound on policy value against progressing gradient ascent
iterations, starting at πe. Note that even our lower bounds all eventually exceed the true (ground
truth) values of πb and πe, displaying improvement.

Sepsis Simulator for Global Confounders. We examine the performance of the method of
Algorithm 7 on the sepsis simulator of Oberst and Sontag [2019], especially in terms of the choice
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Figure 4.2: Policy Improvement for Memoryless Confounders. Top Left: Loss curve dynamics
of max-min gradient descent. Top Right: Resulting policy π̂∗ for Γ = 10 in 4x4 gridworld with
actions indexed by WENS. Brighter colors indicate higher π̂∗(a | s). Bottom: Increase in the lower
bound on V πθ

1 as gradient ascent iterations progress. H = 8.

of the clustering algorithm. Once we hide the diabetes status of each patient, it becomes a global
confounder. The confounder-aware behavior policy is the same behavior policy in [Oberst and
Sontag, 2019], and the evaluation policy is πe := 1

U

∑
u πb(a|s, u). In the simulator, glucose levels

are generated i.i.d, with their distribution determined by the presence or absence of diabetes. This
makes them easy proxies for diabetes, so we hide glucose levels during the clustering phase to make
the clustering problem harder.

On the top left of Figure 4.3, we compare the clustering error for the method of Kausik et al.
[2022] with that of classical soft EM with random initialization. In the top right, we plot a
measure of the relative error in OPE against trajectory length. The relative error is computed
as maxs |V̂ πe

1 (s)−V πe
1 (s)|

maxs |V πe
1 (s)| . The plot compares the performance of Algorithm 7 instantiated with FQE

coupled with either soft EM with random initialization or the method of Kausik et al. [2022]. At the
bottom, we show the convergence of Algorithm 9, instantiated using the off-policy policy gradient
variant that Kallus and Uehara [2020] attributes to Degris et al. [2013]. We compare the same
possibilities for clustering as above. We observe that in general, the method of Kausik et al. [2022]
outperforms randomly initialized soft EM, allowing for both OPE and policy improvement. Our
experimental results highlight the effectiveness of our method as well as the importance of the
clustering algorithm.

4.4 Conclusion and Future Work

We have provided a broad, structured view of the landscape of confounded MDPs, studying the
OPE and OPI problems under various confounding assumptions. The paper has discussed existing
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Figure 4.3: Top Left: Average performance of the clustering method from Kausik et al. Top
Right: Average relative error of clustering-based OPE with different clustering algorithms. Bottom:
Improvement in estimates of policy values under gradient ascent coupled with different clustering
algorithms, see Appendix B.1 for details. We average over 30 trials, confidence intervals are 1
standard deviation wide. H = 60.

methods, presented new ones and provided theoretical and empirical grounding for the methods.
We hope that the insights here will springboard further work on confounded MDPs. In particular,
while we address the sensitivity assumption, a big-picture view of other assumptions like bridge
functions and instrumental variables is needed. For general confounders with memory, note that
while Theorem 4.2.6 rules out FQE and related methods, other methods must be explored. There
are also specific structures on confounders with memory, besides global confounders, that can
be formulated and studied. Finally, many of our methods (such as the gradient-based methods
presented) can be extended to handle continuous state spaces via function approximation. Shi et al.
[2021] provide methods under assumptions on the existence and learnability of bridge functions,
being one of the first works to address this. However, work on confounding with continuous state
and action spaces is still relatively sparse, and is an exciting setting to explore.
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CHAPTER 5

A Theoretical Framework for Partially-Observed
Reward States in RLHF

The previous chapter studied offline RL in settings where an unobserved latent variable affects
the transition dynamics of the environment. A complementary and equally important case arises
when latent variables instead affect rewards. This is precisely what occurs in reinforcement learning
from human feedback (RLHF): the human evaluator’s internal state, such as their mood, sentiment,
or fatigue, is a latent variable that influences the feedback they provide but does not change the
environment’s transitions. In the running example of Section 1.2.2, this corresponds to the setting
where an LLM generates personalized messages for interns, and the intern’s internal state at the
moment of receiving a message shapes the rating they give. In the language of Section 1.4, the
latent variable is confined to the reward channel, and within that channel its complexity is captured
by the eluder and coverability dimensions of the reward function class rather than the full (SA)Ω(H)

history space. In this chapter, we introduce a framework that generalizes current RLHF models by
explicitly incorporating partially-observed internal states and intermediate feedback, and design
algorithms whose guarantees exploit this confinement.

5.1 Introduction

This chapter is a lightly edited version of Kausik et al. [2024b].

As automated systems become more ubiquitous, the need to understand how to align their
objectives with the needs of humans that interact with them has become increasingly important [Ji
et al., 2023]. The development and study of reinforcement learning from human feedback (RLHF)
has been an important way of formalizing these problems and design methods for alignment [Wirth
et al., 2017]. RLHF is concerned with the study of how to find a policy that maximizes an objective
defined in terms of human labeled data in an RL domain [Christiano et al., 2017].

Many RLHF methods entail learning a reward function from human data, and then using
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the learned reward function as an input to a traditional reinforcement learning algorithm such
as PPO [Schulman et al., 2017]. These reward-based RLHF methods have been pivotal in the
development of several technologies such as robotics [Brown et al., 2019, Shin et al., 2023],
recommender systems [Xue et al., 2022], and the training of large language models (LLMs) [Ouyang
et al., 2022].

It is important to emphasize that reward-based RLHF is not limited to preferential feedback. In
fact, there exist two dominant kinds of feedback, namely cardinal and dueling feedback. Cardinal
feedback requires the human labeler to provide a single label over an entire trajectory of interaction
between the agent and the environment. Dueling feedback requires the human to specify a preference
between two trajectories. In practice, cardinal feedback has been used for LLM alignment algorithms
like KTO [Ethayarajh et al., 2024], while dueling feedback has been used in algorithms like DPO
[Rafailov et al., 2023] and PPO-RLHF [Ouyang et al., 2022]. Past theoretical work [Chatterji et al.,
2021, Wang et al., 2023b, Saha et al., 2023] has designed algorithms for both cardinal and dueling
feedback under various metrics – standard/cardinal regret, sample complexity or dueling regret.

We observe that current models of reward-based RLHF assume a very specific model of non-
Markovian rewards. Modeling rewards as non-Markovian is natural, since human responses to
stimuli are known to be affected by partially-observed and evolving “internal states” [Flavell et al.,
2022]. For example, when a human reads a piece of text (possibly generated by an LLM), their
assessment may oscillate between opposing sentiments in different parts of the text. Unfortunately,
current models do not explicitly incorporate such “internal states” that affect rewards, and are
limited to a specific linear model of rewards. While one can incorporate internal states using naive
history-summarization, i.e. by treating the entire trajectory τ [h] so far as the state, we show below
that better general algorithms can be designed with improved guarantees.

Additionally, current models assume that feedback is received only once at the end of an episode
or pair of episodes. In many applications such as robot motion [Lee et al., 2021] and mathematical
reasoning [Uesato et al., 2022], correctly incorporating intermediate or “snippet-level” feedback can
speed up learning as well as improve alignment. With this in mind, we ask the following questions:

How do we generalize the RLHF setting to incorporate internal states and intermediate feedback?

What algorithms and guarantees can improve over naive history-summarization here?

Contributions:

• Introducing PORRL: In Section 5.2, we introduce PORRL, which generalizes current RLHF
models to incorporate “internal states” and intermediate feedback.

• Improving over naive history-summarization (model-based algorithms): In Section 5.3.1,
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we design model-based optimistic algorithms that, POR-UCRL and POR-UCBVI, achieving a
regret of Õ((poly(H,S,A) + p

√
dEdC)

√
T ) and a sample complexity of Õ((poly(H,S,A)/ϵ2 +

p2dEdC/ϵ
2) under minimal assumptions.1 The poly(H,S,A) term would be (SA)Ω(H) under

naive history-summarization. We show that our guarantees subsume and improve over past results.

• Leveraging recursive structure on internal states (model-free algorithms): In Section 5.3.2,
we study the model-free algorithm GOLF, applied using history-summarization. We define a new
“history-aware” notion of dimension, dHABE and show that GOLF has regret Õ(pH

√
dHABEdCT ).

We show using an example that when internal states have a recursive structure, our guarantee can
be exponentially smaller than existing guarantees and guarantees for our model-based methods.

• Reduction from Dueling to Cardinal PORRL: In section 5.4, we show that a naive blackbox
reduction from dueling to cardinal PORRL always fails. We design a whitebox reduction from
dueling PORRL to a large class of optimistic algorithms for cardinal PORRL. To the best of our
knowledge, this is the first explicit reduction from cardinal to dueling regret guarantees for MDPs.

• Practical Implications: While the aim of our work is largely theoretical, we extract practical
insights from our results throughout the text. These are summarized in section 5.5.

5.1.1 Related Work

RLHF. RL with human preferences has a long history [Akrour et al., 2012, Busa-Fekete and
Hüllermeier, 2014, Sadigh et al., 2017]. It has been successfully used in disparate domains such as
robotics, games, and LLMs. The problem of learning from cardinal feedback has been theoretically
studied in [Efroni et al., 2021, Chatterji et al., 2021]. Theoretical guarantees for utility-based
preferential (dueling) feedback can be found in [Novoseller et al., 2020, Saha et al., 2023, Chen
et al., 2022b, Zhan et al., 2023]. The non-Markovian nature of the optimal policy under these
RLHF models contributes greatly to why the problem is harder than traditional RL. Recent work has
studied RLHF with heterogeneous user populations, where a latent user type determines preferences
[Poddar et al., 2024]. When the latent type is fixed per episode and affects rewards but not transitions,
this falls within our framework: it is an instance of the latent bandit model of Chapter 6 extended to
dueling preferences.

Internal states and intermediate feedback. There is evidence in neuroscience research
indicating that human responses to stimuli are affected by “internal states” — partially hidden
variables that profoundly shape perception, cognition, and action” [see Flavell et al., 2022]. Despite

1dE is a relevant eluder dimension and dC is a relevant covering dimension. We are working under general function-
approximation for the reward model. It is straightforward to also add general function-approximation for the transition
model, abstracting out the S,A dependence. See remark 8 and Appendix C.6.
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Figure 5.1: Illustrating how a human’s internal states (represented by emojis) affect their feedback
to an agent or LLM. Top: Cardinal or good/bad feedback. Bottom: Dueling or preferential feedback.
In line with Definition 5.2.1, uh ∈ U are represented by the emojis, p = 2 andHp = {2, 4} in both
cases.

not explicitly recognizing the phenomenon of human internal states, several works in RLHF
incorporate richer forms of feedback. For example, Wu et al. [2023] consider human labeling
over sub-sections of the text. In work on process supervision [Uesato et al., 2022, Lightman et al.,
2023], humans give feedback on intermediate steps. Motivated by these, our work aims to lay out
the groundwork for a theoretical treatment of internal human states and intermediate feedback in
RLHF, using partially observed reward-states. The interaction-grounded learning framework [Xie
et al., 2021] studies settings where the agent observes feedback but not rewards directly, requiring
a “reward-decodable” condition: feedback is conditionally independent of the context and action
given the reward. This is structurally related to Assumption 9, where feedback depends on reward
through deterministic decoder functions gh and emission distributions eh.

Partial observability in RL. The problem of partial observability in RL is not new. Although
learning in POMDPS [Åström, 1965] is known to be statistically intractable in general [Krishna-
murthy et al., 2016, Jin et al., 2020], a flurry of recent works have studied POMDPS under various
structural assumptions [Du et al., 2019, Liu et al., 2022a,b, Golowich et al., 2022, Zhan et al., 2022,
Cai et al., 2022, Chen et al., 2022a, 2023, Wang et al., 2023a, Zhong et al., 2023]. Our model is
distinct from POMDPS since our results do not require the latent state evolution to be Markovian,
but assumes Markovian transitions for observed states. See Section 5.2.3 for a discussion.

5.2 Defining RL with Partially-Observed Reward States
(PORRL)

In this paper, we consider an episodic reinforcement learning setting in which a learner interacts
with an MDP having a state space S , an action space A, transitions dynamics P, and episode length
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H . At each time-step h ∈ [H] of an episode, the learner observes the state sh and takes an action ah,
generating a trajectory τ = (s1, a1, · · · , sH , aH) ∈ Γ, where Γ denotes the space of trajectories.2

In a typical RLHF setting, the learner observes a human feedback oH ∈ O at the end of the episode,
which is associated to but potentially different from a reward r : Γ→ R encoding the task. We now
describe how internal states and intermediate feedback shall be incorporated in the latter RLHF
framework through a guiding example, and we use this to formally introduce the PORMDP model.

5.2.1 PORMDPs

Let us consider the example of a human interacting with a language model, as in Figure 5.1. Here,
an action is a token, the state is the text so far, and the reward is some score representing the
human’s satisfaction, which induces stochastic feedback. The internal states could be the human’s
emotional reaction to the text (e.g., happy, frustrated, or amused), or numbers in [0, 1] encoding
a confidence level that the text is progressing towards a coherent response. While an agent goes
through a sequence of states and actions, the system (i.e., the human) progresses through internal
states, which inevitably affect, together with agent’s actions and the state of the process, the human’s
satisfaction.

Formally, this can be modeled by introducing internal states u ∈ U and defining the set of
underlying histories Γuh−1 that incorporate internal states by Γuh−1 := {τu[h−1] = {(sl, ul, al)}h−1

l=1 |
sl ∈ S, al ∈ A, ul ∈ U}. We model the dynamics of internal states by saying that there exists
an internal state generator wh : Γuh−1 × S × A → ∆(U) so that the human’s internal state uh is
sampled from the distribution defined by wh(τu[h− 1], sh, ah). The human’s satisfaction at time h
should then be a function of the current state and action, but also the current internal state, given by
rh(sh, uh, ah).

The agent does not observe the reward rh directly, but a feedback oh depending on rh. Typically,
oh will be {0, 1} feedback reflecting whether the human says that they are satisfied or not. In
general, this could be stochastic. For instance, this could be Ber(σh(rh)) for some function σh. So,
oh ∼ eh(rh) for some distribution eh(rh). This leads to the general definition below, where we have
introduced new objects U ,Hp, w, e not seen in traditional RL:
Definition 5.2.1. A PORMDPM with cardinal feedback is a tuple (S,A,U ,O,P,Hp, r, w, e),
where:

• S,A are fully observable states and actions, U are unobserved internal reward-states, O is a
space of feedback, P(· | s, a) is a Markovian transition matrix, s1 ∈ S is an initial state.3

2We will further denote τ [h] = (s1, a1, . . . , sh, ah) the sub-trajectory of τ of length h and Γh the corresponding
space of sub-trajectories of length h.

3Recall that choosing a formal state s1 to serve as a placeholder initial state is not restrictive.
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• Hp ⊂ [H] is a set of timesteps where reward and feedback is obtained with size |Hp| = p.

• r := {rh}h∈Hp so that rh : S × U ×A → R are reward functions at time h.

• w := {wh}h∈Hp so that wh : Γuh−1 × S × A → ∆(U) are internal state generators that map
underlying histories of (s, a, u) tuples to distributions over U .

• e := {eh}h∈Hp are feedback functions so that the feedback oh ∼ eh(rh) is sampled from an
ηh-subgaussian distribution eh with mean σh(rh) for some activation function σh : R → R.4

In some relevant RLHF applications, the human is presented with two trajectories and they provide
feedback based on the pair. In most cases, this involves indicating a 0-1 preference between
trajectories. To accommodate this setting, we extend the framework to dueling feedback.
Definition 5.2.2. A PORMDP M with dueling feedback is a tuple (S,A,U ,O,P,Hp, r, w, e),
where everything is identical to Definition 5.2.1, except that every episode now involves running
two trajectories τ1, τ2 that produce rewards rh,1, rh,2 ∀h ∈ Hp, and feedback is distributed as
oh ∼ eh(rh,1 − rh,2). We note that PORMDPS subsume and model a wide class of RL settings,
including RLHF. A brief list of settings that PORMDPS subsume is as follows: (i) traditional
MDPs, by setting U = {⋆}; (ii) existing linear models of RLHF, setting U = {ϕ(τ)⊤w} for
a known feature map ϕ and unknown w [Chatterji et al., 2021, Efroni et al., 2021, Saha et al.,
2023, Wang et al., 2023b]; (iii) learning reward models with stochastic feedback by setting U to
be the set of reward states [Icarte et al., 2019, 2018, 2022, Icarte, 2022]. By using U to model
implicit intentions, PORMDPS can also model learning from the following feedback: (iv) process
supervision [Lightman et al., 2023, Uesato et al., 2022], (v) fine-grained feedback [Wu et al., 2023]
and (vi) snippet-level feedback [Lee et al., 2021]. Further, one can show that in all these settings,
we can define the U generators wh to be deterministic.

A natural attempt is to avoid modeling U explicitly by marginalizing out the internal states,
defining a non-Markovian reward r̄h(τ [h], ah) = Euh∼gh(τ [h])[rh(sh, uh, ah)]. The resulting reward
depends on the full history through the induced distribution over uh, but this is precisely the history-
summarization approach whose policy class has size (SA)Ω(H). Explicitly modeling the internal
state structure, as PORMDPs do, is what allows the complexity to scale with the eluder or HABE
dimension of the reward class rather than the full history space.

One illustrative hard example of PORRL is that of a combination lock,5 which we will also use
later in the paper. Consider an H-digit numerical lock with a set A of options at each digit. Let the
true combination be a⋆1, . . . a

⋆
H . An agent tries to unlock it by listening for “clicks” while rotating

4This subsumes and generalizes the example of Bernoulli feedback in RLHF.
5This is a variant of a common example used to generate lower bounds in POMDPS [Krishnamurthy et al., 2016,

Jin et al., 2020]. In contrast, we will use it to illustrate the power of our upper bounds.
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the dial at each digit h. Naturally, we only hear clicks at digit h if the entire combination so far is
correct. We thus model this as a PORMDP with non-Markovian rewards, S = {⋆}, U = {

⋃
hAh}

and the appropriate dynamics. Arguing that the click might sometimes be too faint, we consider
stochastic rewards. Specifically, we model this as rh(sh, uh, ah) = Ber(q1a⋆1,...a⋆h(uh)) for some
uncertainty parameter q. Notice that the internal states have a recursive structure here, and they
evolve in a Markovian way. This is a toy model for the problem of learning to take desirable
sequences of actions using intermediate feedback. It can be viewed as a simplified version of
many such tasks – navigating mazes, writing structured essays with guidance, writing a proof with
feedback on correctness.

5.2.2 Reinforcement Learning in PORMDPs (PORRL) with Cardinal and
Dueling Feedback

Due to the complex nature of observability in our problem, we will use this subsection to carefully
set up a meaningful set of RL problems, in which an agent interacts with a PORMDP to optimize
a policy. At each step h, the agent observes a history τ [h − 1] ∈ Γh−1 and takes an action
ah ∼ π(τ [h − 1], sh). The agent does not observe the reward rh, but receives an observation
oh ∼ eh(rh).

Defining the learning objective. Since rewards are partially observed and dependent on the entire
history, there is a subtlety in defining value functions. We first choose and fix some subclass Π of
history-dependent policies and we define the total expected reward of a policy π ∈ Π as

Vw(M, π) := Eτu∼Pw,π

[∑
h∈Hp

rh(sh, uh, ah)

]

Vw(M, π) is taking an expectation over the dynamics of underlying trajectories τu =

{(sh, uh, ah)}Hh=1 ∼ Pw,π. Since the states u are never revealed, these dynamics can never be
learnt, making Vw hard to directly deal with. In this light, we introduce stochastic functions
gh : Γh → ∆(U) that marginalize the internal state generator wh over the sequence u1, . . . uh−1.
That is, given an (s, a) history τ [h], we can define6 gh(τ [h]) ∼ uh | τ [h]. Now define

Vg(M, π) := Eτ∼Pπ

[∑
h∈Hp

Euh∼gh(τ [h])[rh(sh, uh, ah)]

]

Vg(M, π) is a much more tractable object, where the outer expectation is taken over the dynamics
6More technically, define gh(τ [h]) to be the regular conditional distribution of the random variable wh((τ [h −

1], u1, . . . uh−1), sh, ah), conditioned on τ [h].
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of the observed trajectories τ . The following result establishes that as one would hope, Vw = Vg.
Lemma 5.2.1 (Replacing w with g). For any history-dependent policy π that selects an action

ah ∼ π(τ [h− 1], sh), Vw(M, π) = Vg(M, π) holds for anyM.

For the purposes of value functions,M is fully specified by (S,A,U ,O,P,Hp, r, g, e). Hence-
forth we replace w with g and denote the value function Vg(M, π) by V (M, π). Define the optimal
policy as π⋆ := argmaxπ∈Π V (M, π).

Cardinal PORRL. Consider an algorithm producing a sequence of policies π1, . . . , πT ∈
Π, where πt is chosen only using trajectories {τi}t−1

i=1 generated by {πi}t−1
i=1. We measure the

performance of such an algorithm by its cardinal regret under modelM⋆:

Regret(T ) =
T∑
t=1

V (M⋆, π⋆)− V (M⋆, πt)

One can also ask for the sample complexity of learning a good policy. Given a randomized algorithm
that completes N episodes of interaction and outputs πN , the sample complexity N(ϵ, δ) of the
algorithm is the minimum N so that V (M⋆, π⋆)− V (M⋆, πN) ≤ ϵ with probability at least 1− δ
over the randomness of the feedback and the algorithm. It makes sense to study cardinal regret and
sample complexity in two RLHF settings:

• Using a learnt reward model: In most deployments of offline RLHF, an offline dataset of dueling
feedback from humans is typically used to create a cardinal feedback oracle (a reward model),
which is then used to train the policy using RL. In fact, Lightman et al. [2024] do exactly this
under our model. The sample complexity of the algorithm is important in this setting.

• Improving a deployed model with batched feedback: One can learn from batches of interaction
with humans and hope to improve the model/policy adaptively over multiple batches. This
is compatible with deploying LLMs or recommender systems to users, collecting a batch of
good/bad feedback, and then fine-tuning the model offline using this batch. This approach is
also discussed in [Swamy et al., 2024, Dong et al., 2024]. Regret is a better metric than sample
complexity here, since we want users to be satisfied (exploiting) while improving the model
(exploring). Instead of good/bad feedback, we can also ask for dueling feedback against a fixed
π0 and treat it as cardinal feedback.7

Dueling PORRL. In dueling PORRL, we play a duel by running two policies (π1, π2) ∈ Π× Π

in parallel to obtain trajectories (τ1, τ2) and receive feedback {oh}h∈Hp . Again, note that the rewards
of the policies are not observed. While the definitions of V (M, π) and π⋆ are the same as before,

7If the activation function is Lipschitz and monotone, then we can get cardinal regret guarantees for this problem by
using the difference function class.
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we define a new measure of regret accordingly. If we play T duels (π1,1, π2,1), . . . , (π1,T , π2,T )

according to an algorithm, we aim to minimize the dueling regret given by

RegretD(T ) =
T∑
t=1

V (M⋆, π⋆)−
V (M⋆, π1,t) + V (M⋆, π2,t)

2

It makes sense to consider this metric when improving a deployed model with batched dueling
feedback. We can do the same batching as the batched feedback example above, but instead compare
our model/policy πt to a fixed base policy π0 and ask for dueling feedback. The induced feedback
can be treated as cardinal feedback. This is similar to the ideas in Wang et al. [2023b], who consider
this setting and give cardinal regret/sample complexity guarantees. However, when deploying a
model, we typically want humans to be satisfied with both the options they are given. Cardinal
regret only accounts for one of the options being good. Dueling regret demands that both policies
used are good.
Remark 5. PORRL subsumes the settings of [Saha et al., 2023, Chatterji et al., 2021], which in
turn subsume the feedback models of RLHF [Wang et al., 2023b]. Crucially, Wang et al. [2023b],
Chatterji et al. [2021] measure performance using only sample complexity or cardinal regret, while
Saha et al. [2023] only study dueling regret. We have discussed above why both metrics are
important.

5.2.3 A General Yet Tractable Case

The nature of the feedback in PORMDPS , which depends on a reward that is function of the entire
history, signals that PORRL may be intractable in general. We now instantiate the model into a
statistically tractable sub-class that still subsumes most existing work on RLHF and all the examples
provided at the end of Section 5.2.1. Specifically, we assume that the internal reward-state functions
gh are deterministic and the feedback is emitted according to a Bernoulli distribution depending on
the reward. We will work under this assumption in the remainder of the paper.
Assumption 9. We work in a realizable setting. That is, the unknown transition kernel P lies in a
known class P , and the unknown reward function rh : S × U ×A → R lies in a known classRh

with |rh| ≤ B for all h. Assume that gh is deterministic8 (but unknown) and belongs to a known
class of “decoder functions” Gh. Let O = {0, 1} and let eh only depend on the rewards. For dueling
feedback, let eh(rh,1 − rh,2) be ηh-subgaussian with unknown mean σh(r1,h − r2,h). Also assume
that σh and σ−1

h are Lipschitz with unknown Lipschitz constants κ1,h and κ2,h respectively. Call the
resulting class of PORMDPSM.

8We make this assumption for simplicity of exposition, it is not necessary. As long as fh is ηh subgaussian
conditioned on τ [h], all our theory follows verbatim irrespective of whether gh is deterministic or stochastic.
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We also define a function class induced byRh and Gh.
Definition 5.2.3. Let us then consider the decoder-induced function classes Fh given by

Fh :=
{
fh : Γh → R

∣∣∣ ∃gh ∈ Gh, rh ∈ Rh s.t. fh(τ [h]) = rh(sh, gh(τ [h− 1]), ah), ∀τ
}

Also define F :=
∏

h∈Hp
Fh so that f = {fh}h∈Hp ∈ F . A modelM is then fully determined by

(P, f), so we denote V (P, f, π) := V (M, π). Note that V (P, f, π) = Eτ∈Pπ

[∑
h∈Hp

fh(τ [h])
]
.

Remark 6. We note that all examples from Section 5.2.1 work with deterministic dynamics for U
and satisfy Assumption 9.

Giving statistically efficient algorithms for this framework comes with numerous challenges:

• Traditional RL incurs linear regret: Any method that outputs Markovian (possibly time-
dependent) policies can incur linear regret in a PORMDP.
Lemma 5.2.2 (Markovian policies are not enough). There is a PORMDP where POR-UCRL and

POR-UCBVI achieve poly(H,S,A)
√
T regret, but any Markovian policy is at least 1

4
-suboptimal

and so any method that outputs Markovian (possibly time-dependent) policies will lead to linear

regret.

The construction uses S = {s1, s2}, A = {a1, a2} with uniform transitions and a reward function
that requires following a specific non-Markovian action pattern — play a2 until s2 appears, then
switch to a1. The optimal history-dependent policy achieves value 1, but any Markovian policy
achieves at most 3/4 because it cannot condition on whether s2 has previously appeared. The
proof is in Appendix C.1.2.

• POMDP results do not apply: PORMDPS cannot be viewed as a subcase of POMDPS with
latent states S ×U since s, u, a→ s′, u′ is not Markovian.9 Even if we considered the subclass of
PORMDPS where s, u, a→ s′, u′ is Markovian, which would be a subclass of reward machines,
this is a specific kind of overcomplete POMDP . Literature on overcomplete POMDPS is much
more scarce than their undercomplete counterpart. The only paper that gives guarantees for
overcomplete POMDPS to our knowledge is Liu et al. [2022a], where they assume that the
reward function is fully observable and only depends on observed states. This cannot apply to our
setting, since our rewards have to be partially observable, and fundamentally depend on latent
states too. Also, this is not a minor difference, since the number of latent states can be (SA)Ω(H).

• Naive history-summarization is inefficient: It is overkill to use naive history-summarization –
where one treats the history τ [h] as the state sh and executes traditional RL. This is because while
policies are non-Markovian, state transitions are Markovian. It is unclear if we can leverage this

9Since observed state transitions are Markovian, PORMDPS are also not more general than POMDPS .
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structure without running into explicit exponential dependence on H . Moreover, most work on
MDPs works with known rewards, but not knowing the rewards is a truly non-trivial problem
here, since exploring the reward at each latent state could take (SA)Ω(H) steps.

• Ensuring satisfactory utilization of additional structure: Examples like the combination lock
signal that there are intuitive ways to leverage a recursive structure on the internal states. In
the combination lock, one should wait for the “click” at each digit before moving onto the next
digit, giving us a polynomial dependence on A,H in sample complexity. It is unclear if general

algorithms for PORRL can implicitly leverage such structure to achieve polynomial guarantees.

If reward and feedback were received only at the final step and depended only on the observed
state sH , the problem would reduce to a standard MDP. It is the dependence of intermediate feedback
on the unobserved internal state uh that couples the reward structure to the full trajectory history
and makes the problem hard.

5.3 Optimistic Algorithms for Cardinal PORRL

5.3.1 Improving over Naive History-Summarization with Model-Based Meth-
ods

In this section, we present two optimistic methods that leverage Markovian transitions in PORMDPS

– POR-UCRL and POR-UCBVI. The methods explicitly learn both the unknown reward model and
the unknown transition model, while still accounting for the Markovian nature of transitions. We
describe them below and provide formal versions in Appendix C.4, C.5.

• POR-UCRL: At each timestep t, we maintain a least squares estimate f̂ t+1 of f and an MLE
estimate P̂t and define confidence sets Cth(δ) that consider all fh with a small mean squared error
against f̂ t+1

h , such that CtF(δ) =
∏H

h=1 Cth(δ). The probability transition confidence sets CtP(δ) are
the same as UCRL [Jaksch et al., 2010]. At timestep t, following confidence-set optimism, we play
an optimistic policy π̃t that maximizes its highest value V (M, π) over all modelsM∈ CtF × CtP .

• POR-UCBVI: It is trickier to adapt ideas from UCBVI [Azar et al., 2017]. Yet again, we
maintain a least squares estimate f̂ t and an MLE estimate P̂t. Instead of confidence sets, we define
trajectory-dependent bonuses for F as btF(τ, δ) :=

∑
h∈Hp

maxfh,f ′h∈Ct
h(δ)

fh(τ [h]) − f ′
h(τ [h]).

We use these to define policy-level bonuses for F as btF(P, π, δ) := Eτ∼Pπ [btF(τ, δ)]. Then, the
standard UCBVI bonuses provide policy-level bonuses for P . At timestep t, following bonus-
based optimism, we play an optimistic policy π̃t that maximizes its bonus-boosted value under
f̂ t, P̂t. POR-UCBVI bonuses are in fact computable for many U and F , such as those in remark 7.

79



We show that POR-UCRL enjoys the guarantee below.
Theorem 5.3.1 (POR-UCRL Regret). Under Assumption 9, the regret Regret(T ) of POR-UCRL is

bounded by the following with probability at least 1− δ

Õ
((

pS
√
HA+

∑
h∈Hp

√
dE,hdC,h

)√
T

)
where dE,h = dimE

(
Fh, BT

)
and dC,h = log(N (Fh, 1/T, ∥·∥∞)). Here, the first term comes from

uncertainty in P. Under naive history-summarization, the first term would be exponential in H since
the modified state space of trajectories would have size Ω((SA)H). Similar regret guarantees are
given for POR-UCBVI in Theorem C.5.1. Both guarantees are proved by viewing each algorithm
as a specific instance of a generic optimistic algorithm for PORRL (see Appendix C.3, C.4, C.5).
By a simple regret-to-PAC conversion, we also show that POR-UCRL has sample complexity of
Õ
(
p2HS2A

ϵ2
+ p2dEdC

ϵ2

)
, where dE := maxh∈Hp dE,h, and dC := maxh∈Hp dC,h. POR-UCBVI has

sample complexity Õ
(
p2HSAmax(H,S)

ϵ2
+ p2dE max(dC ,H) log(1/δ)

ϵ2

)
.

Challenges: There are three main technical challenges in proving these guarantees. First, we
have to handle non-Markovian reward functions with Markovian transitions. Second, in POR-
UCBVI, we have the added challenge of ensuring that the bonus is uniformly optimistic over all
history-dependent policies. This is typically a doubly exponential set (A(SA)H ), so a union bound
does not help us. Third, we are working with general function approximation for reward functions
using F .
Remark 7 (Comparison to past results). Notice that with U = ϕ(τ)⊤w with w ∈ Rd andHp = {H},
we are in the setting of Chatterji et al. [2021]. Here, dE,H = dC,H = d, so POR-UCRL and POR-
UCBVI both improve over their regret guarantees. With respect to sample complexity guarantees,
we compare to Wang et al. [2023b]. While they use dueling feedback, our methods use cardinal
feedback. In their setting, U is the set of all histories and Hp = {H}. Their best guarantee is
from P-OMLE, which makes Õ

(
H2S2A
ϵ2

+
H2dE,HdC,H

ϵ2

)
dueling oracle queries for tabular P . Both

POR-UCRL and POR-UCBVI have a smaller complexity for cardinal feedback queries.
Remark 8 (General function approximation for P). For clearer exposition, we have assumed that
P is a tabular class with finite S,A in the results stated above. This is because handling general
function approximation for F is the non-trivial part of this work. We provide straightforward
extensions to general function approximation for P with continuous S,A in Appendix C.6, using
existing work.

Concretely, in Appendix C.6, we extend both POR-UCRL and POR-UCBVI to general function
approximation for the transition model, replacing the tabular S,A dependence with complexity
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measures of P . Under the distributional eluder dimension, POR-UCRL achieves regret

Õ

p√dE,PdC,P +
∑
h∈Hp

√
dE,hdC,h

√T


where dE,P and dC,P are the distributional eluder and bracketing dimensions of P . Under the strong
SAIL condition, a similar bound holds with the SAIL dimension replacing the distributional eluder
dimension. The dueling reduction (Theorem 5.4.2) extends analogously.

5.3.2 Leveraging Recursive Structures Using Model-Free Methods

We have established that the model-based methods POR-UCRL and POR-UCBVI improve over
naive history-summarization and have a poly(S,A,H) guarantee in terms of transition function
estimation. However, we recall the last challenge mentioned in Section 5.2.3 – can they adapt to
examples like the combination lock, where there is a recursive structure on the internal states?
Disappointingly, we will see in Proposition 5.3.3 that the answer is no – they are exponentially worse
than the ideal solution. Intuitively, learning the reward and transition models separately is needlessly
expensive here. At the more technical level, since POR-UCRL and POR-UCBVI decouple the
learning of reward functions across timesteps, they are unable to incorporate a recursive structure
on the reward functions.

In this light, we consider model-free methods. Unlike model-based methods that have to account
for Markovian transitions, we can simply use naive history-summarization here and treat τ [h] as
the state for Q-functions Qh. However, under history-summarization, there is a subtlety involved
in choosing the class Q of Q-functions given a known classM of models. Using product classes
Q1 × · · · × QH is wasteful, since often exponentially many tuples in a product class cannot be
realized by any modelM.10 Instead, one should consider the class of only the tuples (Q1, . . . , QH)

that can be realized by a modelM. In practice, this translates to the problem of good representation
learning – one should use a shared network for all Q-functions instead of using a different network
for each timestep. This is reflected in the experimental choices of Lightman et al. [2024].

Model-free methods rely on the Bellman error, which relates consecutive Q-functions and couples
their learning. Recall that GOLF [Jin et al., 2021a] maintains a version space Qt of Q-functions
with small empirical Bellman errors and plays the most optimistic element at each episode; its
regret scales with the Bellman eluder dimension of the function class. It is thus natural to expect
model-free methods like GOLF [Jin et al., 2021a] to adapt to a recursive structure on internal states
and perform better than model-based methods. However, existing guarantees do not reflect this. It

10The reader can use the example of the combination lock to convince themselves of this.
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turns out from Proposition 5.3.3 below that the Bellman-eluder (BE) dimension of the combination
lock problem is AH , even with the minimal Q-function class.

The issue is that the proof of GOLF bounds the h-step Bellman errors in a decoupled manner,
which is why it still fails to incorporate a recursive structure on internal states. Intuitively, one wants
to wait for Bellman errors at timesteps 1, . . . , h− 1 to become small before bounding the Bellman
error at h. In this light, given a parameter α, we define the function class

Q(α, h) :=
{
Q ∈ Q | |Eµl(Q)[Ql − TlQl+1]| ≤ α, ∀1 ≤ l ≤ h

}
that considers all tuples (Q1, . . . , QH) where the Bellman errors until step h are already low. We
can use this class to define the α-history aware Bellman-eluder dimension (HABE) of Q as follows.
Recall that πQ is the policy that acts greedily according to Q = (Q1, . . . QH).
Definition 5.3.1. Consider the Bellman errors Φh :=

{
Qh − ThQh+1

∣∣Q ∈ Q(α, h − 1)
}

.
Denote µh(Q) the distribution induced on τ [h − 1], ah by πQ and let Dh,Q := {µh(Q) |
Q ∈ Q}. Let dimDE the distributional eluder dimension and define dimHABE(Q, α, ϵ) :=

maxh dimDE(Φh,Dh,Q(α,h−1), ϵ). Intuitively, α-HABE dimension measures how hard it is to
reduce the Bellman error at timestep h if the errors at previous timesteps 1, . . . , h− 1 are already
small. This captures the hardness of adapting to the recursive structure on internal states one/a few
timesteps at a time. We discuss in Appendix C.7.1 how the α-HABE dimension compares to the
Bellman-eluder dimension in general. We now give a new guarantee for GOLF using the α-HABE
dimension.
Theorem 5.3.2 (Modified GOLF Regret). Let Assumption 9 hold, let Q be Bellman complete, and

let dHABE = dimHABE(Q, α,min(α,
√

1/T )). Choose hyperparameter β = c log(HTN (Q ∪
G, 1/T, ∥ · ∥∞)) for some universal constant c and the auxiliary function class G used in

GOLF, and define dC,Q := log(N (Q ∪ G, 1/T, ∥ · ∥∞)). Then, GOLF satisfies Regret(T ) =

O
(
pH
√
dHABEdC,QT

)
.

Using a regret-to-PAC conversion, we also show in Corollary C.7.2 that the sample complexity
of GOLF is Õ

(
p2H2dHABEdC,Q

ϵ2

)
. As foreshadowed above, we now show in Proposition 5.3.3 that

these guarantees can be polynomial even when the the usual guarantees for GOLF as well as
guarantees for our model-based algorithms are exponential. Note that this improvement is achieved
only given dense intermediate feedback. Under sparse intermediate feedback, one cannot adapt
to internal states "a few timesteps at a time," and we in fact have Ω(

√
AHT ) regret under any

algorithm. However, dense feedback case is quite realistic for many applications, such as automated
mathematical reasoning.
Proposition 5.3.3 (Dimensions for the Combination Lock). Consider the combination lock problem

with model classM = P × F and induced Q-function class Q.
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• Under dense intermediate feedback withHp = [H], dimHABE(Q, α) = A for all α < q, while its

BE dimension is at least AH − 2. The eluder dimension for reward functions dimE(Fh, BT ) is at

least Ah for any h ≤ H .

• For sparse intermediate feedback withHp = {H} and any α > 0, the α-HABE dimension, the

BE dimension and the eluder dimension of FH are all at least AH − 2. Moreover, any algorithm

in this setting will have regret Ω(
√
AHT ).

The α-HABE dimension measures how hard it is to reduce the Bellman error at timestep h if the

errors at previous timesteps 1, . . . , h−1 are already at most α. For the combination lock with dense
feedback (Hp = [H]), the Bellman error at each step is binary: either 0 (correct action sequence
so far) or q (wrong). For any α < q, the restriction to Q-functions with errors at most α at steps
1, . . . , h − 1 forces the first h − 1 actions to match the true combination exactly, leaving only A
candidate Q-functions at step h— one per choice of the free action ah. The HABE dimension is thus
A. The standard BE dimension does not condition on earlier errors, so it must discriminate among
all AH possible action sequences simultaneously, giving dimension AH − 2. With sparse feedback
(Hp = {H}), no intermediate errors are available to constrain earlier actions, so Q(α,H − 1) = Q
for all α and the HABE dimension matches the BE dimension at AH − 2. The full computation is
in Appendix C.7.2.

We discuss in Appendix C.7.1 that in general, we do not have an inequality in either direction.
However, the α-HABE dimension is typically smaller.

5.4 Dueling to Optimism Reduction

The dueling and cardinal feedback models are intimately related. It is thus tempting to use algorithms
for cardinal PORRL to solve dueling PORRL. However, we detail why the “obvious” reduction from
dueling feedback to cardinal feedback fails. This both demonstrates the hardness of the problem
and motivates our reduction.

5.4.1 The Naive Reduction Always Fails

Consider a modified PORMDPM with S := S × S, A := A ×A, P := P ⊗ P, where we run
the pair of policies π := (π1, π2) and obtain observations based on the decoder-induced function
fh(τ1[h], τ2[h]) := fh(τ1[h]) − fh(τ2[h]). Consider the space of all such PORMDPS induced by
M, and denote it byM. Since cardinal feedback inM exactly corresponds to dueling feedback in
M, it is tempting to restrict to searching over Π× Π and run any algorithm for cardinal PORRL on
this modified PORMDPM to achieve low dueling regret.
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This fails because the feedback model and regret metric are fundamentally non-aligned in dueling
feedback, unlike in cardinal feedback. While the agent receives dueling feedback over the duel for
(π1,t, π2,t), dueling regret is instead concerned with duels for (π⋆, π1,t) and (π⋆, π2,t). Running an
algorithm for cardinal PORRL on the modified MDP will maximize the dueling feedback itself.
This is achieved by playing one good and one really bad policy, unlike the two good policies needed
for low dueling regret. We formalize this below, showing that the naive reduction leads to linear
dueling regret for any PORMDP and any cardinal PORRL algorithm with sublinear regret.
Lemma 5.4.1 (Naive Reduction Lower Bound). Using any algorithm for cardinal PORRL

with sublinear cardinal regret on M with policy class Π′ := Π × Π to get a sequence

(π1,1, π2,1), . . . , (π1,T , π2,T ) leads to linear dueling regret forM whenever all policies π do not

have the same value V (M, π).

The key point is that sublinear cardinal regret forces π2,t → πmin (the worst policy), since
the algorithm maximizes the dueling feedback V (π1)− V (π2). This produces one good and one
bad policy, rather than the two good policies that low dueling regret demands. The proof is in
Appendix C.1.2.

5.4.2 Reducing Dueling to Optimistic Cardinal PORRL

The naive reduction fails because maximizing dueling feedback can lead to bad policies being
played. In this subsection, we present a white-box reduction where we ensure that we only play
potentially good policies for both π1,t and π2,t. We detail here how we can obtain an algorithm for
the dueling feedback problem from any optimistic algorithm for cardinal PORRL. We will focus on
the case of confidence sets here for smoother exposition, the much harder case of bonuses is treated
in Appendix C.8.2. A generic optimistic algorithm using confidence sets maintains confidence sets
CM(Dt, δ) using the collected dataset Dt of trajectories and feedback. We define it formally in
Appendix C.3.1. For the reduction to work, we require that the confidence sets are well-designed, as
demanded by Assumption 10. This assumption is satisfied for confidence sets used by POR-UCRL.
Assumption 10 (Controlling Value Error due to Confidence Sets). M⋆ ∈ CM(Dt, δ) for arbitrary
sequences (Pt, f t) ∈ CM(Dt, δ), both

∣∣∑T
t=1 V (Pt, f t, πt) − V (P⋆, f t, πt)

∣∣ = Õ(CP (M, T, δ))

and
∣∣∑T

t=1 V (P⋆, f t, πt)− V (P⋆, f⋆, πt)
∣∣ = Õ(CF (M, T, δ)) hold with probability 1− δ/2 each.

The key insight is to use confidence sets from cardinal PORRL to search for π1,t and π2,t only
among policies that both have a chance of being optimal. Then one plays the most uncertain duel
among all possible choices for π1,t and π2,t. This generalizes and abstracts out ideas in Pacchiano
et al. [2021], which presents a specific algorithm to achieve low dueling regret in their model. We
present the reduction to optimism over confidence sets in Algorithm 10, the version for bonuses is in
Appendix C.8.2. Define VD(M, π, π′) = V (M, π)− V (M, π′). We compute the confidence sets
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CP(D, δ) as the image of CP(D, δ) under P 7→ P. We compute CF(D, δ) by treating {oh}h∈Hp as
cardinal feedback inM. As an example, for POR-UCRL, we perform a least squares fit for f and
use Lemma C.4.1 to define our confidence sets again. We then get the following regret guarantee.

Algorithm 10 Reduction from Dueling to Cardinal Confidence-Set Optimism

1: Input Known reward function {rh}Hh=1, method to compute CM(D, δ)↔ CP(D, δ)× CF(D, δ)

2: Initialize dataset D1 ← {}, CM(D1, δ) := P × F
3: for t = 1, ..., T do
4: Compute Πt =

{
π ∈ Π

∣∣∣∃M ∈ CM(Dt, δ) s.t. V (M, π, π1) ≥ 0 ∀π1 ∈ Π
}

{Candidates
π⋆}

5: Play (π1,t, π2,t) ∈ argmax
π,π′∈Πt

max
M,M′∈CM(Dt,δ)

VD(M, π, π′)− VD(M
′
, π, π′) {Most uncertain

duel}
6: Observe trajectories τi,t =

{
(sti,h, a

t
i,h)
}H
h=1

along with feedback {oh}h∈Hp

7: Update Dt to Dt+1 using the data and compute CP(Dt+1, δ), CF(Dt+1, δ)
8: end for

Theorem 5.4.2 (Reduction from Dueling to Confidence-Set-Based Optimism). If the confidence

sets CM(Dt, δ) satisfy Assumption 10, then the dueling regret RegretD(T ) of Algorithm 10 is given

by

RegretD(T ) = Õ(CP (M, T, δ) + CF (M, T, δ))

Note that complexity parameter CF depends onM. It is a priori unclear how the complexity
ofM relates to that ofM. Fortunately, Lemma 5.4.3 below settles this, and we can then use our
results for POR-UCRL to get Corollary 5.4.4 below. See Appendix C.6.3 for a straightforward
extension to general function approximation for P , abstracting out the S,A dependence.
Lemma 5.4.3 (Relating F and F). For any function class F , dimE(F , ϵ) ≤ 9 dimE(F , ϵ/2).
Corollary 5.4.4 (Dueling Regret using POR-UCRL Confidence Sets). The confidence sets from

POR-UCRL satisfy Assumption 10 and using them in Algorithm 10 leads to the following regret

bound RegretD(T ) = Õ
((
pS
√
HA+

∑
h∈Hp

√
dE,hdC,h

)√
T
)

.

5.5 Conclusions and Future Work

In this work, we have introduced PORMDPS and their analysis as a way to better model internal
states of humans and intermediate feedback in RLHF. We have introduced two statistically efficient
algorithms for handling partially observed reward-states and have shown that they improve over
naive history summarization. We have noted that these methods subsume as well as improve over
a lot of past work in RLHF. We have studied how one can further leverage a recursive structure

85



over internal states using model-free methods. For this purpose, we have defined a new notion of
dimension, the α-HABE dimension, that captures the hardness of utilizing the recursive structure.
Finally, we have also provided a novel reduction from dueling regret to optimistic algorithms for
cardinal regret.

Besides our theoretical contributions, we would like to note the practical implications of our
work.

• When the feedback is suspected to have a recurrent structure, we conclude in sections 5.3.1
and 5.3.2 that it can be exponentially more statistically efficient to use practical model-free
methods like learning history-dependent Q-functions or using actor-critic methods. In the absence
of such a structure, a model-based approach learning f⋆ and P⋆ explicitly will also suffice.

• We note in section 5.3.2 that in practice, using a single network for the Q-function or critic across
timesteps h is important for the “exponential improvement” mentioned above, as opposed to using
a different network for the Q-function or critic for each timestep.

• We are hoping that our work inspires new practical algorithms for PORRL. Theoretical advances
in optimistic algorithms are known to inspire practical versions of the algorithms, such as
perturbative ones. Some classic examples include the analysis of PSRL inspired by UCRL, and
bootstrapped DQN inspired by optimistic versions of Q-learning.

• The dueling to optimism reduction in section 5.4 can inspire future practical algorithms that
achieve low dueling regret, which we have established in section 5.2.2 as an important metric for
online (and online iterative) RLHF applications, like in Dong et al. [2024], Xiong et al. [2024].

We hope that our ideas lay the groundwork for further understanding of both statistical and algo-
rithmic aspects of learning good policies when interacting with “stateful” feedback, such as that of
humans. Our algorithms and proofs are presented in high generality and modularity in the appendix,
and we hope that they can be used to provide novel algorithms and bounds in the future.
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CHAPTER 6

Leveraging Offline Data in Linear Latent Contextual
Bandits

In the previous chapter, we studied how latent variables in reward models affect learning, focusing
on the online RLHF setting. A natural follow-up question concerns combining offline data with
online interactions: when a wealth of historical trajectories is available and the reward model is
determined by an unobserved latent state, can we leverage offline data to accelerate online learning?
In the running example of Section 1.2.2, this corresponds to personalizing an LLM across the intern
population, where each intern’s preference direction β ∈ RdA lies in a dK-dimensional subspace
with dK ≪ dA. In the language of Section 1.4, the latent variable is again confined to the reward
channel and acts through a literal low-dimensional subspace, the same kind of low-complexity
channel seen in Chapter 3 but now for reward parameters rather than transitions. This question
connects back to the spectral methods developed in Chapter 3, but in a different setting: rather
than clustering trajectories to identify mixture components, we now use offline data to estimate the
low-dimensional subspace of reward parameters, which then speeds up online exploration. We focus
on the bandit setting, since the combined challenges of offline subspace estimation, uncertainty
quantification over the estimated subspace, and online exploration are already quite ambitious.

6.1 Introduction

This chapter is a lightly edited version of Kausik et al. [2025].

Many sequential-decision making problems can be effectively modeled using the bandit frame-
work. This can span domains as diverse as healthcare Lu et al. [2021b], randomized clinical trials
Press [2009], search and recommendation Li et al. [2010], distributed networks Kar et al. [2011],
and portfolio design Brochu et al. [2011]. There is often a wealth of offline data in such domains,
which has led to a growing interest in using offline data to accelerate online learning. However, there
often also exist unobserved contexts in the population that influence the distribution of rewards,
making it non-trivial to leverage offline data. In Hong et al. [2020], it is shown that this uncertainty
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can be modeled by a latent bandit (or mixture of bandits). This is a bandit where an unobserved
latent state determines the reward model for the trajectory. For example, a patient’s underlying
genetic conditions in healthcare and a user’s tastes in recommendation systems are both examples
of latent states in sequential decision making. Typically, these latent states are less complex than the
actual models underlying users or patients, making it valuable to reduce the online task to learning
the latent state Hong et al. [2020, 2022].

The latent bandit framework therefore has high practical value, and efficient principled algorithms
are needed for using offline data to speed up online learning. Using traditional bandit algorithms in
this setting does not leverage the offline data that is often available to the agent. Naturally, one also
cannot treat the offline data as coming from a single bandit. For example, different user tastes or
different underlying genetic conditions require modeling the offline data as coming from a latent
bandit. So, we have to develop algorithms specific to the latent bandit setting that leverage the
offline data to improve online performance.

We note that in bandit literature, it is common to impose a structure on bandit rewards when
designing algorithms, the most popular one being a linear structure Li et al. [2010], Abbasi-Yadkori
et al. [2011]. In this light, we study a linear contextual bandit setting where each user has its own
high-dimensional reward parameter, but reward parameters across users lie in a low-rank subspace.
This is a linear latent contextual bandit1, and is much more general than existing models that
restrict themselves to finitely many latent states Hong et al. [2020, 2022]. We design a two-pronged
algorithm to tackle this setting. First, we provide a method to approximate the low-dimensional
subspace spanned by latent states from an offline dataset of unlabeled trajectories collected under
some behavior policy πb. This is non-trivial since the trajectories are unlabeled, and standard
unsupervised learning methods fail. Second, we use this subspace to speed up online learning.
However, since the subspace is only learnt approximately, we also tackle the non-trivial task of
accounting for the uncertainty in the subspace. We design two methods for the latter, facing a
trade-off between computational tractability and tightness of guarantees. Experiments show the
efficacy of our methods.

While latent bandits have thus shown to be a powerful and tractable framework for accounting
for uncertainty in reward models, the extent of their generality is unclear. Are there other stateless
decision processes that generalize over latent bandits? We end by theoretically demonstrating that
under very reasonable assumptions, the answer is no. We show a de Finetti theorem for decision
processes, demonstrating that every "coherent" and "exchangeable" stateless (contextual) decision
process is a latent (contextual) bandit. With this in mind, we outline our contributions below:

1This can also be thought of as a continuous mixture of bandits.
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• Offline method: We present SOLD, a novel offline method for learning low-dimensional sub-
spaces of reward parameters with guarantees, inspired by the novel spectral methods in Kausik
et al. [2023].

• Tight online algorithm: We present LOCAL-UCB, an online algorithm leveraging the subspace
estimated offline to sharpen optimism, achieving Õ(min(dA

√
T , dK

√
T (1 +

√
dAT/dKN)))

regret.

• Lower Bound: We establish a matching lower bound showing that LOCAL-UCB is minimax
optimal. To the best of our knowledge, this is the first lower bound in a hybrid (offline-online)
sequential decision-making setting.

• Tractable online algorithm: Finally, we present ProBALL-UCB, a practical and computationally
efficient online algorithm with a slightly looser regret guarantee. This also illustrates a general
algorithmic idea for integrating offline subspace estimation into optimistic algorithms.

• Experiments: We establish the efficacy of our algorithms outlined above through a simulation
study and a demonstration on a real recommendation problem with the MovieLens-1M Harper
and Konstan [2015] dataset.

• Theoretical generality: We are the first, to our knowledge, to prove a de Finetti theorem for
decision processes. This establishes the generality of the latent bandit model.

Related work. There are three main threads of related work.

• Latent Bandits. The line of work most relevant to us has been on latent bandits. The work of
Hong et al. [2020, 2022] studies the latent bandit problem under finitely many states. However,
they black-box the offline step and do not provide end-to-end guarantees, and their ideas do not
extend to infinitely many states. Our work seeks to provide end-to-end guarantees for both the
offline and online component under infinitely many latent states.

• Meta learning, multi-task learning and mixture learning. A long line of work studies learning
with multiple underlying tasks or models. For example, the work of Vempala and Wang [2004],
Kong et al. [2020], Anandkumar et al. [2014], Tripuraneni et al. [2021] study learning under
latent variable or multi-task models in a supervised setting. The work of Kausik et al. [2023],
Chen and Poor [2022] extend some of these ideas to unsupervised but purely offline learning in a
time-series setting. On the other hand, work like Yang et al. [2022], Cella et al. [2022] instead
focuses on the purely online setting of learning the low-rank structure while simultaneously
interacting with multiple finitely many bandit instances. Finally, Zhou et al. [2024], Lu et al.
[2021a] work with multiple underlying models in MDPs but in a purely offline and generative
model setting respectively. Unlike these papers, we crucially combine the offline and online
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settings for sequential data and study the problem of using offline data to accelerate online learning
in bandits. Multi-task linear bandits [Soare et al., 2014] study sequential interaction with multiple
related tasks whose reward parameters share low-rank structure. Unlike our setting, these methods
assume simultaneous online access to multiple tasks; we work with a single online task and use
offline data from a heterogeneous population to learn the shared structure. A direct experimental
comparison is not possible due to this difference in setting, though adapting multi-task methods
to the offline-online hybrid setting is an interesting direction.

• Hybrid (offline-online) RL. Work in hybrid RL studies the use of offline data to accelerate online
RL, first proposed by Song et al. [2023], with extensions to linear MDPs by Wagenmaker and
Pacchiano [2023], Tan et al. [2024]. Cai et al. [2024] studies the same problem for contextual
bandits. However, all work so far assumes that the offline data is generated by a single model,
and does not account for latent states. Our work explores a hybrid offline-online setting while
also accounting for the offline data being generated by multiple underlying models.

6.2 Linear Bandits With Latent Structure

We will first introduce latent contextual bandits, and then specialize to our linear model later in
this section. A latent contextual bandit is a decision process with contexts X , actions A and an
random latent state θ that is sampled independently at the beginning of each trajectory. Given a
sequence of contexts and actions, the rewards at all steps are independent conditioned on θ, and
depend on the latent state θ, the context and the action. Since we often have access to an offline
dataset of trajectories coming from different kinds of users or patients, it is important to account for
a changing latent state θ between trajectories.

As we will see in Section 6.8, latent bandits are a powerful and general framework for encoding
uncertainty in reward models. However, this generality is both a blessing and a curse. It is hard
to design concrete algorithms without further assumptions on the structure and effect of the latent
state θ. We therefore focus on a linear structure here. We consider the natural generalization of
the linear contextual bandit to the latent bandit setting, where we impose a linear structure on the
effect of low-dimensional latent states. We further justify this by noting that in most application
domains, it is reasonable to assume that a parsimonious, low-dimensional latent state affects the
reward distribution. This motivates the following definition.
Definition 6.2.1. A linear latent contextual bandit is a linear bandit equipped with a feature map for
context-action pairs ϕ : X ×A → RdA , a latent random variable θ ∈ RdK with distribution Dθ and
a map U⋆ : RdK → RdA such that for any H and context-action sequence ((x1, a1), . . . (xH , aH)),
the rewards (Y1, . . . YH) are independent conditioned on θ. Moreover, Yh | θ ∼ ϕ(xh, ah)

⊤β + ϵ,
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where ϵ is subgaussian noise independent of all actions and all other observations, and β = U⋆θ.

Further, we note that WLOG U⋆ has orthonormal columns: U⊤
⋆ U⋆ = IdA . This is because for

any invertible map A : RdK → RdK , the observation distribution does not change upon replacing
θ with Aθ and U⋆ with U⋆A

−1. One can see this as a generalization of the fact that with finitely
many latent states, the observations are not changed by permuting the latent states. That is, the
observations are not changed by permuting latent trajectory labels while keeping trajectories with
the same label together.

Let us now assume that we have access to a dataset Doff of N short trajectories τn =

((xn,1, an,1, rn,1), ..., (xn,H , an,H , rn,1)) of length H , collected by some behavior policy πb. The
trajectories are short in the sense that in most relevant domains, individual trajectories are not long
enough to learn the underlying reward model. Each trajectory τn has a different βn = U⋆θn. In
online deployment, a single latent label θ⋆ is chosen and rewards are generated using β⋆ = U⋆θ⋆.
At each timestep t, an agent observes contexts xt and uses both the offline data and the online data
at time t to execute a policy πt. Define the optimal action at time t by a⋆t := maxa ϕ(xt, at)

⊤β⋆ We
tackle the problem of minimizing the frequentist regret in linear latent contextual bandits, given by

RegT :=
T∑
t=1

ϕ(xt, a
⋆
t )

⊤β⋆ − Ea∼πt [ϕ(xt, a)
⊤β⋆].

For example, in medical applications, data from short randomized controlled trials can be used to
help an agent suggest treatment decisions for a new patient online. In this case, we would like the
algorithm to administer the correct treatments for each patient. This means that the frequentist regret
is the relevant performance metric here, and not the Bayesian regret over some prior. Additionally,
any worst-case bound on the frequentist regret is a bound on the Bayesian regret for arbitrary priors.

Challenges with latent bandits. Despite the linear assumption, and the dimension reduction
obtained in the common case when dK ≪ dA, significant challenges remain. First, the value
of the latent state θ and the map U⋆ are both unknown a priori, making it hard to leverage the
low-dimensional structure of the problem. Second, a good choice of dimension dK is itself unknown
a priori, and must be determined from data in a principled manner. Third, even if we learn the
low-dimensional structure, our learning will be approximate, and the online procedure must account
for this uncertainty. In the following sections, we will provide a method to estimate and use latent
subspaces given offline data that allows us to overcome these challenges.

Additional Notation. We use V to denote regularized design matrices given by µI +∑
(x,a) ϕ(x, a)ϕ(x, a)

⊤. We define Dn,i = I−µV−1
n,i and DN,i =

1
N

∑N
n=1 Dn,i. Denote by β̂n,1, β̂n,2
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independent estimates of βn from τn. Let Mn = 1
2
(β̂n,1β̂

⊤
n,2 + β̂n,2β̂

⊤
n,1) and MN ← 1

N

∑N
n=1 Mn.

6.3 Estimating Latent Subspaces Offline

Although we do not have access to the values of the latent states θ or to the map U⋆, we can still
extract useful information from data. To that effect, recall that we have access to a dataset Doff of N
trajectories τn = ((xn,h, an,h, rn,h))

H
h=1 of length H , collected by some behavior policy πb.

How can offline data help us in online deployment? To minimize the regret, one must learn the
reward parameter β⋆ online. However, it is much easier to search among all latent states θ ∈ RdK

than to search among all possible reward parameters β ∈ RdA since typically, dK ≪ dA. So, it will
help to learn some projection matrix Û⊤ ≈ U⊤

∗ : RdA → RdK offline so that for any estimate β̂t

of β⋆, Û⊤β̂t is an estimate of θ̂t ∈ RdK . This amounts to learning a subspace of the feature space
from logged bandit data. We therefore provide a method for Subspace estimation from Offline
Latent bandit Data (SOLD) in Algorithm 11. Recall that since the learnt subspace is approximate,
we also need to compute the uncertainty over the subspace to get a subspace confidence set that we
can use online.

Algorithm 11 Subspace estimation from Offline Latent bandit Data (SOLD)

1: Input: DatasetDoff of collected trajectories τn = ((xn,1, an,1, rn,1), ..., (xn,H , an,H , rn,1)) under
a behavior policy πb, dimension of latent subspace dK .

2: Divide each τn into odd and even steps, giving trajectory halves τn,1 and τn,2.
3: Estimate reward parameters β̂n,i ← V−1

n,ibn,i, where Vn,i ← µI +
∑

(x,a,r)∈τn,i
ϕ(x, a)ϕ(x, a)⊤

and bn,i ←
∑

(x,a,r)∈τn,i
ϕ(x, a)r for i = 1, 2.

4: Compute Mn ← 1
2
(β̂n,1β̂

⊤
n,2 + β̂n,2β̂

⊤
n,1) and compute MN ← 1

N

∑N
n=1 Mn.

5: Compute DN,i ← 1
N

∑N
n=1(I − µV−1

n,i), i = 1, 2.

6: Obtain Û, the top dK eigenvectors of D−1

N,1MND−1

N,2.
7: return Projection matrix ÛÛ⊤, ∆off as in Theorem 6.3.2

On trajectory splitting and corrections. To extract the dK-dimensional subspace, we aim to
estimate E[ββ⊤] = U⋆E[θθ⊤]U⊤

⋆ , which has the same dK-dimensional span as U⋆. This cannot
be achieved by using a single estimator β̂n for each trajectory τn and averaging the outer products
β̂nβ̂

⊤
n across all n. That is because the per-reward noise ϵ will be shared by both copies of β̂n, and

so the variance of ϵ will make E[β̂nβ̂⊤
n ] full rank. We therefore split each trajectory τn to obtain

two independent estimators β̂n,1, β̂n,2, compute the outer products β̂⊤
n,1β̂n,2, and obtain the top dK

eigenvectors of the mean outer product across trajectories.
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However, there is a further wrinkle here. We cannot simply take the top dK eigenvec-
tors of the mean outer product MN . One can compute that E[MN ] = E[Dn,1βnβ

⊤
n Dn,2] =

E[Dn,1U⋆θnθ
⊤
n U⊤

⋆ Dn,2]. To separate E[βnβ⊤
n ] from this, we need Dn,1,βn,Dn,2 to be indepen-

dent. If πb does not use θ and contexts are generated independently of each other and of θ, then
this is satisfied. Intuitively, we need the offline trajectories to be non-adaptive. In fact, we show
in the lemma below that if any of these three conditions is violated, then it is in fact impossible
to determine the latent subspace U⋆ using any method, even with infinitely many infinitely long
trajectories.
Lemma 6.3.1 (Contexts, θ, and πb cannot be dependent). For each of these conditions:

1. Contexts in a trajectory are dependent but do not depend on θ, and πb also does not use θ,

2. Contexts are generated independently using θ, while πb does not use θ,

3. Contexts are generated independently without using θ, while πb uses θ,

there exist two different linear latent contextual bandits with orthogonal latent subspaces satisfying

the condition, and a behavior policy πb so that the offline data distributions are indistinguishable

and cover all (x, a) pairs with probability at least 1/4. Since the latent subspaces are orthogonal,

an action that gives the maximum reward on one latent bandit gives reward 0 on the other.

To estimate the latent subspace, one is thus forced to make the following assumption.
Assumption 11 (Unconfounded Offline Actions). The offline behavior policy πb does not use θ to
choose actions, and contexts xn,h are stochastic and generated independently of each other and of θ.

This is satisfied when the offline data comes from randomized controlled trials or A/B testing,
which are common sources of offline datasets. Even if this is not satisfied, Algorithm 11 can
learn a good subspace whenever D−1

N,1MND−1

N,2 has eigenspace close to the span of U⋆, e.g. when
high-reward actions contribute heavily to Dn,i. This can happen if offline trajectories were collected
to maximize rewards.

This assumption plays a different role from the model separation condition (Assumption 2) in
Chapter 3. There, separation makes sense because there are finitely many mixture components, and
it ensures their effects on the transition structure are distinguishable. The analogue in our continuous
setting is the coverage condition λθ > 0 (Assumption 12), which ensures the latent population is
diverse enough for the subspace to be recoverable. Unconfoundedness is an additional requirement:
even with ample coverage, if πb depends on θ, the offline data can be systematically biased in ways
that make the latent subspace unrecoverable (Lemma 6.3.1).

Returning to our scrutiny of MN , let the covariance matrix of θ be Λ and let its mean be µθ.
Then we have that E[MN ] = E[Dn,1βnβ

⊤
n Dn,2] = E[Dn,1]U⋆(Λ + µθµ

⊤
θ )U

⊤
⋆ E[Dn,2]. So, we still
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cannot merely consider the top dK eigenvectors of MN without accounting for Dn,1. Intuitively,
Dn,1 captures the distortion in reward estimation caused by regularization in ridge regression2.
We therefore construct correction matrices DN,i and use them to "neutralize" the distortion from
regularization. In particular, D−1

N,1MND−1

N,2 is an estimator for U⋆(Λ + µθµ
⊤
θ )U

⊤
⋆ . Crucially, this

allows us to aggregate information across many trajectories to overcome the challenge of learning
from short trajectories. We can now take the top dK eigenvectors of D−1

N,1MND−1

N,2 to estimate the
subspace determined by U⋆. To give guarantees, we must make a coverage assumption. Unlike in
standard offline RL, where only coverage along actions is needed, we also need coverage along
latent states.
Assumption 12 (Boundedness and Coverage). Rewards |rn,h| ≤ R 3 for all n, h, ∥ϕ(x, a)∥2 ≤ 1

and ∥β∥2 ≤ R. Also, λA := mini=1,2 λmin(E[Dn,i]) > 0 and λθ := 1
R2λmin(Λ) > 0.

Intuitively, λA measures coverage along actions, while λθ measures coverage along latent states
θ. Both must be non-zero to expect satisfactory estimation of the subspace. Unlike the setting of
Yang et al. [2022], whose setting is purely online, we work with an offline dataset of trajectories
spanning multiple bandit instances. The learner has no control over the behavior policy that collected
the data. Without structural assumptions on the dataset, estimating a useful subspace becomes
infeasible, and the regret degenerates to the standard dA

√
T . Similar coverage assumptions are

commonplace within the offline linear MDP literature [Jin et al., 2021b, Duan and Wang, 2020b].

We can then use confidence bounds for MN and DN,i to give a data-dependent confidence
bound ∆off for the projection matrix ÛÛ⊤, as in Theorem 6.3.2 below. In one instantiation,
Propositions D.3.2 and D.3.3 in Appendix D.3 derive simple data-dependent bounds for MN and
DN,i respectively. Under this choice, we control the growth of ∆off in terms of the unknown problem
parameters at the end of Theorem 6.3.2.
Theorem 6.3.2 (Computing and Bounding ∆off). Let ∥MN − E[M1]∥2 ≤ ∆M and ∥DN,i −
E[Dn,i]∥2 ≤ ∆D for i = 1, 2 with probability 1 − δ/3 each. Then, with probability 1 − δ,

∥ÛÛ⊤ − U⋆U⊤
⋆ ∥2 ≤ ∆off , where for BD = ∥D−1

N ∥2 and λ̂ := λdK (MN)− λdK+1(MN),

∆off =
2
√
2dK

λ̂

(
B3
D(2−BD∆D)

(1−BD∆D)2
(R2 +∆M)∆D

+

(
BD

1−BD∆D

)2

∆M

)
.

2This is not unique to regularization. Pseudo-inverses cause an analogous problem of distortion caused by unseen
actions.

3R-bounded rewards are automatically R-subgaussian. We can easily extend our results to more general subgaussian
rewards, but stick to bounded rewards for simplicity of proofs.
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Obtaining ∆M and ∆D from Propositions D.3.2 and D.3.3, ∆off =

Õ( 1
λθλ

3
A
N−1/2

√
dKdA log(dA/δ)).

Estimating dK offline. As our estimator D−1

N,1MND−1

N,2 is approximately rank-dK , the number of
nonzero eigenvalues of the estimator is a principled heuristic for determining dK .

Insufficiency of PCA and PMF for subspace estimation. Naively performing PCA on the raw
rewards or on single reward estimates β̂n can lead to erroneous subspaces – as while the PCA target
is linear-algebraically similar to MN , it is statistically different. The PCA target (e.g. E[β̂nβ̂⊤

n ]) is
typically full rank due to the variance of the per-reward noise ϵ. On the other hand, PMF Mnih and
Salakhutdinov [2007b] offers neither confidence bounds on the estimated subspace, nor a principled
method for determining dK .

6.4 Offline Data Sharpens Online Optimism

Here, we motivate and describe LOCAL-UCB, a natural algorithm that accelerates LinUCB with
offline data. The core idea is sharpening optimism by being optimistic over the intersection of two
confidence sets – one obtained using offline and online data and another purely from online data.

We geometrically motivate our update rule here, and illustrate it in Figure 6.1. After any t
steps, we can construct a dK-dimensional confidence ellipsoid for every subspace in the subspace
confidence set obtained from SOLD. The union of all these ellipsoids gives us our "offline confidence
set"4, called Ctoff(β). The usual dA-dimensional ellipsoid forms our "online confidence set." We
call this Cton(β). Since the true parameter lies in both confidence sets with high probability, being
optimistic over their intersection allows us to sharpen or "further localize" optimism. Even though
the offline confidence set uses both offline and online data, it will never shrink to a point due to the
frozen subspace confidence set. So, we need the intersection of both sets to be sharply optimistic.
This is the intuition behind LOCAL-UCB.

We formalize this intuition in Algorithm 12 by formulating the sharpened optimism as an
optimization problem in step 4. The first two constraints represent the low dimensional confidence
ellipsoids in the subspace spanned by a given U, while the next two merely represent the usual high
dimensional ellipsoid. The remaining constraints let U range over our subspace confidence set.

We provide the following guarantee for LOCAL-UCB. Notice that our guarantee shows that for
enough offline data with N ≫ T , the effective dimension of the problem is dK . It increases to dA as

4The set is not only dependent on offline data, since online data is used to construct the dK-dimensional ellipsoids.
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Algorithm 12 Latent Offline subspace Constraints for Accelerating Linear UCB (LOCAL-UCB)

1: Input: Projection matrix ÛÛ⊤, confidence bound ∆off from an offline uncertainty-aware
method, e.g. SOLD.

2: Initialize V1 ← IdA , b1 ← 0, αt
3: for t = 1, . . . T do
4: Play action at and receive reward rt according to:

at, β̃t, Ũt ← argmaxa,β,U ϕ(xt, a)
⊤β such that

β̂1,t ← U(UTVtU)−1U⊤bt,

∥U⊤(β − β̂1,t)∥(U⊤VtU)−1 ≤ α1,t

β̂2,t ← V−1
t bt, ∥(β − β̂2,t)∥V−1

t
≤ α2,t

∥β∥2 ≤ R,U⊤U = IdK ,UU⊤β = β,

∥Û⊤U∥F ≥
√
dK −∆2

off/2

5: Compute bt+1 ← bt + ϕ(xt, a)rt, Vt+1 ← Vt + ϕ(xt, a)ϕ(xt, a)
⊤, αt+1

6: end for

T gets closer to N . The quality of the offline data is reflected in the coverage constants λθ and λA.
Theorem 6.4.1 (LOCAL-UCB Regret). Under Assumptions 11 and 12, if α1,t = R

√
µ +

CR
√
dK log(2T/δ) and α2,t = R

√
µ + CR

√
dA log(2T/δ) for a universal constant C, then

with probability at least 1− δ over offline data and online rewards, LOCAL-UCB has regret RegT
bounded by

O

(
min

(
RdA
√
T ,RdK

√
T

(
1 +

1

λθλ3A

√
dAT

dKN

)))
.

However, the subspace constraint ∥Û⊤U∥F ≥
√
dK −∆2

off/2 is nonconvex. In fact, we lower
bound a convex function in the constraint, making us search for Ũt over a complicated star-shaped
set. So, it is unclear if LOCAL-UCB can be made computationally efficient.

6.5 Lower Bound

We now establish that LOCAL-UCB is in fact minimax optimal up to the coverage constants λA, λθ
defined in Assumption 12. While we provide a full statement and proof of our lower bound in
Appendix D.6, we provide an informal version here. Much like how we generate families of reward
parameters in lower bound proofs for purely online regret, we are now generating a family of tuples
of latent bandits (for the offline data) and reward parameters represented in the latent bandit (for the
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online interaction).
Theorem 6.5.1. There exists a family of tuples (F,β), where F is a latent bandit with a rank dK
latent subspace and β is a reward parameter in its support, so that for any offline behavior policy

πb and any learner, (i) λθ is uniformly bounded from below for all F , (ii) there exists a (F,β)

such that the regret Reg(T,β) of the learner under offline data from πb and F and online reward

parameter β is bounded below by

Ω

(
min

(
dA
√
T , dK

√
T

(
1 +

√
dAT

dKN

)))

To the best of our knowledge, this is the first lower bound in a hybrid (offline-online) sequential
decision-making setting.5 The key challenge is in selecting an instance space that yields an
informative lower bound. When the offline data has insufficient coverage, one can show a trivial
dA
√
T lower bound. Assuming λθ is uniformly bounded from below for all F models scenarios

with sufficient offline coverage, and our lower bound shows that even in these non-trivial settings, no
algorithm can achieve a regret better than min

(
dA
√
T , dK

√
T
(
1 +

√
dAT
dKN

))
. While we analyze

worst-case performance over a meaningful class of instances where the offline data is of sufficiently
high quality, there remains room for future work on sharper, instance-dependent lower bounds that
reflect explicit dependence on both λθ and λA.

The proof, detailed in Appendix D.6, constructs a hypercuboid B = {±∆in}dK−1 × {0} ×
{±∆out}dA−dK of reward parameters, where ∆in = Θ(

√
dK/T ) and ∆out = Θ(

√
dK/N). For

each β ∈ B, the latent bandit Fβ places uniform weight on the 2dK−1 sign-flips of the first dK − 1

coordinates. The proof lower-bounds the average regret over adjacent pairs in B using change-
of-measure inequalities, treating two cases separately. For within-subspace coordinates i < dK ,
flipping the sign of βi does not change Fβ, so the offline data distributions are identical and only
online interaction distinguishes β from β′. For out-of-subspace coordinates i > dK , Fβ ̸= Fβ′ and
the KL divergence includes a contribution from the N offline trajectories, reflecting the additional
information that offline data provides about out-of-subspace directions. Averaging over the full
hypercuboid yields the minimax rate.

6.6 Practical Optimism with ProBALL-UCB

While LOCAL-UCB is minimax-optimal, it is not computationally efficient due to the non-convex
constraint discussed in Section 6.4. We address this by introducing ProBALL-UCB (Algorithm 13),

5Pal et al. [2023] give lower bounds on the cumulative regret for a structure type of latent bandits (with hidden
clusters). Their setting is purely online, although they rely on an offline matrix completion oracle during online learning.
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Figure 6.1: Left: Geometric interpretations of LOCAL-UCB. Showing Cton(β) ∩ Ctoff(β) in green
for three timepoints t = t1, t2, t3. The dotted lines delineate the subspace confidence set. Right:
Geometric interpretation of ProBALL-UCB. Ct1on(β) ̸⊂ C̃

t1
off(β), so we continue to use projections;

but by time t2, Ct2on(β) ⊂ C̃
t2
off(β), so we stop using projections.

a practical and computationally efficient algorithm. In this section, we first sketch the algorithm and
then describe how it can be geometrically motivated as a relaxation of LOCAL-UCB.

ProBALL-UCB works in the subspace estimated by SOLD until the online confidence set is
small enough. The algorithm maintains a low-dimensional confidence set, a high-dimensional
confidence set, and swaps between them to achieve acceleration. Once the cumulative error of using
the low-dimensional confidence set (≈ ∆offT in ProBALL-UCB) exceeds the cumulative error of
using the high-dimensional confidence set (≈ dA

√
T ), we stop using the former. This is instantiated

with LinUCB, but the same idea can be immediately applied to other algorithms like SupLinUCB
or Bayesian algorithms like Thompson sampling.

We geometrically motivate our update rule here as a relaxation of LOCAL-UCB, and illustrate it
in Figure 6.1, like in Section 6.4. We go through three stages of simplification over LOCAL-UCB,
which suprisingly only leads to a minor degradation in provable guarantees.

• Cruder offline confidence sets are used. We take the subspace estimated by SOLD, compute a
point estimate for β⋆ within the subspace, and construct a ball that contains the LOCAL-UCB
offline confidence set. The online confidence set is still the standard dA-dimensional ellipsoid.

• We wait for the offline confidence ball to contain the online confidence set, instead of taking
intersections.

• We use a computable proxy for this subset condition instead of explicitly checking it.

As a final note before presenting the regret bound proper, there is a technical challenge with
analyzing ProBALL-UCB. Since β̂1,t lies in Û but β⋆ might not, the dK-dimensional confidence
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Algorithm 13 Projection and Bonuses for Accelerating Latent bandit Linear UCB (ProBALL-UCB)

1: Input: Projection matrix ÛÛ⊤, confidence bound ∆off . Hyperparameters α1,t, α2,t, τ, τ
′.

2: Initialize V1 ← I , b1 ← 0, Ct ← 0
3: for t = 1, . . . T do
4: if ∆offτ

√
t+∆offτ

′
√
dK
∑t

s=1κ
2
s/t ≤ dA then

5: Compute β̂1,t ← Û(Û⊤VtÛ)−1Û⊤bt
6: Play at ← argmaxa ϕ(xt, a)

⊤ÛÛ⊤β̂1,t + α1,t∥ϕ(xt, a)⊤Û∥(Û⊤VtÛ)−1

7: else
8: Compute β̂2,t ← V−1

t bt
9: Play at ← argmaxa ϕ(xt, a)

⊤β̂2,t + α2,t ∥ϕ(xt, a)∥V−1
t

10: end if
11: Observe reward rt and update bt+1 ← bt + ϕ(xt, a)rt, Vt+1 ← Vt + ϕ(xt, a)ϕ(xt, a)

⊤

12: Update Ct+1 ← Ct + Û⊤ϕ(xt, at)ϕ(xt, at)
⊤, κt+1 ← ∥Ct+1∥(Û⊤Vt+1Û)−1

13: end for

ellipsoid bound no longer applies. We therefore prove our own confidence ellipsoid bound in
Lemma D.5.1, to bypass this issue.
Theorem 6.6.1 (Regret for ProBALL-UCB). Let α1,t = R

√
µ+ τ ′R∆offκt + CR

√
dK log(T/δ)

and let α2,t = R
√
µ+ CR

√
dA log(T/δ). Let S be the first timestep when Algorithm 13 does not

play Line 6 and let S = T if no such timestep exists. For τ = τ ′ = 1 we have that

RegT = Õ
(
min

(
Regon,T ,Reghyb,T

))
.

where Regon,T = RdA
√
T and Reghyb,T is defined as

RdK
√
T

1 +
1

λ3Aλθ

√ dAT

dKN
+

√√√√ dA
SN

S∑
t=1

κ2t

 .

In the worst case, κt = O(t) and so 1
S

∑S
t=1 κ

2
t = O(T 2), but if all features ϕ(xt, at) lie in the span

of Û for t ≤ S, then 1
S

∑S
t=1 κ

2
t = O(T ). While the regret bound looks weaker in the worst case,

we emphasize that the "good case" in Theorem 6.6.1 is quite common. As an illustrative example, if
the feature set Ft = {ϕ(xt, a) | a ∈ A} is an ℓ2 ball, then the maximization problem in Step 6 will
always choose at with ϕ(xt, at) in the span of Û. This can also approximately hold if the features
are roughly isotropic or close to the span of Û. We direct the reader to Appendix D.5.2.1 for further
discussion.

Furthermore, Theorem 6.6.1 shows that ProBALL-UCB performs no worse than LinUCB, and
can significantly outperform it both in theory and in practice, as we will see in the following section.
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A Thompson sampling variant, ProBALL-TS, replaces the optimistic action selection with
posterior sampling; we present it below and include experimental comparisons in Section 6.7.

Algorithm 14 Projection and Bonuses for Accelerating Latent bandit Thompson Sampling
(ProBALL-TS)

1: Input: Projection matrix ÛÛ⊤, confidence bound ∆off . Hyperparameters α1,t, α2,t, τ, τ
′.

2: Initialize V1 ← I , b1 ← 0, Ct ← 0
3: for t = 1, . . . T do
4: if ∆offτ

√
t+∆offτ

′
√
dK
∑t

s=1κ
2
s/t ≤ dA then

5: Compute θ̄1,t ← (Û⊤VtÛ)−1Û⊤bt

6: Sample θ̂1,t ∼ N
(
β̄1,t, α

2
1,t(Û

⊤VtÛ)−1
)

7: Play at ← argmaxa ϕ(xt, a)
⊤Ûθ̂1,t

8: else
9: Compute β̄2,t ← V−1

t bt
10: Sample β̂2,t ∼ N

(
β̄2,t, α

2
2,tV

−1
t

)
11: Play at ← argmaxa ϕ(xt, a)

⊤β̂2,t

12: end if
13: Observe reward rt and update bt+1 ← bt + ϕ(xt, a)rt, Vt+1 ← Vt + ϕ(xt, a)ϕ(xt, a)

⊤

14: Update Ct+1 ← Ct + Û⊤ϕ(xt, at)ϕ(xt, at)
⊤, κt+1 ← ∥Ct+1∥(Û⊤Vt+1Û)−1

15: end for

6.7 Experiments

We now establish the practical efficacy of SOLD (Algorithm 11) and ProBALL-UCB (Algorithm
13) for linear latent contextual bandits through a series of numerical experiments.6 We perform a
simulation study and a demonstration using real-life data. While specific details of the experiments
and many ablation studies are in Appendix D.8, we sketch our experiments and discuss key
observations in this section.

In all experiments, we obtain confidence bounds ∆off using three different concentration in-
equalities – (1) Hoeffding as in Proposition D.3.3 (H-ProBALL), (2) empirical Bernstein as in
Proposition D.3.2 (E-ProBALL), and (3) the martingale Bernstein concentration inequalities of
Waudby-Smith and Ramdas [2023] (M-ProBALL). We use a simpler expression for ∆off , set τ ′ = 0,
and choose a suitable value of the hyperparameter τ to adjust for overly conservative ∆off

7. We later
vary τ in ablation experiments to demonstrate that our results are not a consequence of our choice
of hyperparameters. Finally, for the MovieLens experiments, we additionally design a natural

6See https://github.com/hetankevin/probono for source code.
7Namely, we set ∆D = 0 in ∆off . Also, Lemma D.5.1 and some thought reveal that choosing τ ′ = 0 recovers the

"good" version of ProBALL-UCB guarantees, if features are isotropic enough.
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Figure 6.2: Left to Right. First: Simulation study comparison of ProBALL-UCB against LinUCB
for τ = 5. Second/Third: Comparison of ProBALL-UCB initialized with SOLD against {LinUCB,
mUCB, and mmUCB, TS, mmTS, and MixTS}, for τ = 0.1 and various confidence bound
constructions. ProBALL-UCB outperforms all other algorithms, and approaches the performance of
LinUCB when Hoeffding confidence sets are used. Fourth: ProBALL-UCB regret on MovieLens
against offline samples used in SOLD, compared to LinUCB on ground-truth low-dimensional
features. Here, τ = 0.1, T = 200. As the number of offline samples increases, SOLD recovers a
low-rank subspace almost as good as ground-truth. The shaded area in each sub-figure depicts 1-s.e.
confidence intervals over 30 trials with fresh θ, accounting for the variation in frequentist regret for
changing θ.

Thompson sampling version of ProBALL-UCB to highlight the applicability of the ProBALL idea
called ProBALL-TS in Appendix D.7. All experiments for ProBALL-TS are in Appendix D.8.3.2.

Simulation study. We first perform a simulation study on a latent linear bandit with dA = 50

and dK = 2, with 5000 trajectories generated offline. Further details are provided in Appendix D.8,
and the results are presented in Figure 6.2. Note that ProBALL-UCB (Algorithm 13) performs no
worse than LinUCB, no matter what we choose for τ and ∆off . However, we see a clear benefit
from using tighter confidence bounds – as ∆off gets smaller, Algorithm 13 chooses to utilize the
projected estimate β̂1,t more often, resulting in better performance. Note that the kinks in the regret
curves correspond to points where Algorithm 13 switches over to the higher dimensional optimism
in step 7.

MovieLens dataset. In line with Hong et al. [2020], we assess the performance of our algorithms
on real data using the MovieLens dataset. Like them, we filter the dataset to include only movies
rated by at least 200 users and vice versa, and apply probabilistic matrix factorization (PMF) to the
rating matrix to generate ground truth user preferences for online experiments. Applying PMF gives
dK = 18 and we choose dA = 200, generating 5000 trajectories offline. For baselines, we reproduce
the methods of Hong et al. [2020, 2022] and implement LinUCB with canonical hyperparameter
choices.

We initialize ProBALL-UCB with a subspace estimated with an unregularized variant of SOLD
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(see Appendix D.7) that uses pseudo-inverses instead of inverses. This is due to difficulties in
finding an appropriate regularization parameter for this large, noisy, and high-dimensional dataset.
Figure 6.2 depicts the result of this experiment. Once again, ProBALL-UCB performs no worse than
LinUCB, no matter what we choose for τ and ∆off , and the benefit of using tighter confidence bounds
remains. With τ = 0.5, ProBALL-UCB with martingale Bernstein confidence bands stops using
the projected estimates at around timestep 70, but still continues to outperform LinUCB. Although
mUCB and mmUCB perform slightly better than ProBALL-UCB and LinUCB at the beginning, the
model misspecification incurred by discretizing the features into dK clusters ensures that it typically
suffers linear regret in this scenario. The lower initial performance of ProBALL-UCB and Lin-UCB
is a consequence of their higher initial exploration.

Ablation study. While the end-to-end performance of ProBALL-UCB significantly improves
over existing algorithms, we also address further questions about various components of our method
in Appendix D.8. We first show that the rank dK can be determined from offline data via the
procedure outlined in Section 6.3 of using the eigenvalues of D

−1

N,1MND
−1

N,2 to determine the rank
of our subspace. Second, we study the effect of varying the hyperparameter τ and note that our
method stably outperforms existing methods at all reasonable values of τ . Third, we compare
different combinations of algorithms in our figures above, side by side. Finally, we evaluate the
effect of offline data by plotting the online regret against the number of offline samples used to
estimate the latent subspace.

6.8 How General Are Latent Bandits?

While have established that latent bandits are a powerful framework for accounting for uncertainty
in reward models, the extent of their generality is unclear. Are there other stateless decision
processes that generalize over latent bandits? We cap off our contributions by establishing the
generality of latent bandits. In this section, we show a de Finetti theorem for decision processes,
demonstrating that every "coherent" and "exchangeable" stateless (contextual) decision process is a
latent (contextual) bandit. We first define a stateless decision process at a high level of generality.8

Definition 6.8.1. A stateless decision process (SDP) with action set A is a probability space
(Ω,G,P) with a family of random maps FH : Ω→ (AH → RH) for H ∈ N ∪{∞}. That is, given
a sequence of actions (a1, . . . aH), an SDP generates a random sequence of rewards (Y1, . . . YH). As
such, we abuse notation to denote by FH(a1, . . . aH) the random variable ω 7→ FH(ω)(a1, . . . aH).
Without any coherence between FH across H , a stateless process can behave arbitrarily for different
horizons H . We present a natural coherence condition below, essentially requiring that a given

8Liu et al. [2023] work with a much more restrictive notion of a generalized bandit and use the original de Finetti
theorem in some of their lemmas. See Appendix D.2.1 for a discussion.
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action sequence should produce consistent rewards.
Definition 6.8.2. A stateless decision process is coherent if for any h ≤ k ≤ H,H ′ ∈ N ∪ {∞}
and for any two action sequences τ, τ ′ of lengths H and H ′ sharing the same actions (ah, . . . ak)
from index h to k, with FH(τ) = (Y1, . . . YH) and FH′(τ ′) = (Y ′

1 , . . . Y
′
H′), we have (Yh, . . . Yk) =

(Y ′
h, . . . Y

′
k), viewed as functions of Ω. It is natural to require equality in value and not just in

distribution, since after taking an extra action, the values of past rewards stay the same, not just
their distribution. For example, if we pull 10 different jackpot levers and then pull a new one, the
previous 10 outcomes stay the same in value, not just in distribution.

The requirement of pointwise coherence (not merely distributional) is necessary. In Ap-
pendix D.1.1, we construct an exchangeable SDP with θ ∼ Ber(1/2) where all rewards are θ
for even-length trajectories and 1− θ for odd-length trajectories. This process satisfies distributional
coherence but is not coherent, since the reward at position 1 equals θ or 1 − θ depending on
trajectory length. It is also not a latent bandit: the law condition applied to even and odd H forces
F (a) = Ber(1/2) a.s., but then conditional independence requires independent Ber(1/2) rewards
for even-length trajectories, contradicting the perfect correlation (Y1, Y2) = (θ, θ).

We also give a natural definition for exchangeability of a stateless decision process – namely
that exchanging any two rewards should lead to the distribution obtained by exchanging the
corresponding actions.
Definition 6.8.3. A stateless decision process is exchangeable if for any permutation π : [H]→ [H]

and FH(a1, . . . aH) = (Y1, . . . YH), we have Fh(aπ(1), . . . aπ(H)) ∼ (Yπ(1), . . . Yπ(H)). Finally, a
latent bandit is an SDP that behaves like a bandit conditioned on a random latent state F that
determines the reward distribution. As F determines a distribution, it is a random measure-valued
function on A.
Definition 6.8.4. A latent bandit is a stateless decision process equipped with a random measure-
valued function F : Ω → (A → P(R)) so that for any H and action sequence (a1, . . . aH),
the rewards (Y1, . . . YH) := FH(a1, . . . aH) are independent conditioned on F . Moreover, the
conditional distribution L[Yh | F ] = F (ah) for all h ≤ H .9 As such, the latent bandit is indeed a
special case of an SDP, where the function FH is induced by the latent state random variable F .

While exchangeability and coherence are reasonable conditions on an SDP and are clearly
satisfied by latent bandits, it is a-priori unclear if they are sufficient to ensure that the SDP is a latent
bandit. As only exchanging rewards from the same action preserves the distribution, standard de
Finetti proof ideas do not immediately apply. After all, it is possible that an SDP could be cleverly

9We abuse notation twice here. First, we write F (ah) := (ω 7→ F (ω)(ah)). Second, as the regular conditional
distributionL[Yh | F ] is a kernel that maps from Ω×B → R, we view F (ah) as its curried map (ω,B) 7→ F (ah)(ω)(B).
A discussion of issues (measurability and well-definedness) is in Appendix D.2.2.
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designed to choose rewards adaptively across time and satisfy these properties. Reassuringly, no
such counterexamples exist, guaranteed by the following theorem.
Theorem 6.8.1 (De Finetti Theorem for Stateless Decision Processes). Every exchangeable and

coherent stateless decision process is a latent bandit. We show in Lemma D.1.1 in Appendix D.1
that coherence is not a consequence of exchangeability – it is a necessary condition for being a latent
bandit. Finally, we analogously consider contexts and define "transition-agnostic contextual decision
processes" (TACDPs) in Appendix D.2.2. We define coherence and coherence and exchangeability
for TACDPs, and define latent contextual bandits by simply replacingAwithX×A in the definitions
above. We then show an analogous de Finetti theorem, as a corollary of our proof of Theorem 6.8.1.
See Appendix D.2.6 for more details.

Linear latent contextual bandits and SDPs. Finally, note that this section is faithful to the
rest of this paper. A linear latent contextual bandit is a latent contextual bandit where the random
measure-valued function F : Ω→ ((X ×A)→ P(R)) is defined by setting F (ω)(x, a) to be the
distribution given by ϕ(x, a)⊤U⋆θ(ω) + ϵ, for any ω ∈ Ω and (x, a) ∈ (X ×A). We have seen that
every coherent and exchangeable stateless contextual decision process is a latent contextual bandits,
of which the linear latent contextual bandit is an important special case.

6.9 Discussion, Limitations and Further Work

In this paper, we have addressed the problem of leveraging offline data to accelerate online learning
in linear latent bandits. Our work has a few limitations. First, while ProBALL-UCB is practical and
computationally efficient, it has a slightly weaker worse-case guarantee than LOCAL-UCB. Second,
when the data is noisy, it can be hard to tune the regularization µ. We use a pseudoinverse-based
version of SOLD in such a case (Appendix D.7), implemented in our code. This variant is easy to
tune and performs well empirically. Third, the offline uncertainty sets computed using ∆off can be
overly conservative, and a discount hyperparameter τ for deciding when to switch between using
the offline confidence ball and the online confidence set within ProBALL-UCB must be fine-tuned
online.

Despite these limitations, our work enjoys strong theoretical guarantees and convincing empirical
performance. We hope that this method opens the door for developing other efficient and scalable
algorithms for sequential decision-making with continuous latent states. One can use ideas presented
in this paper to design similar algorithms for MDPs, linear MDPs, and RL or bandits with general
function approximation.

An alternative is to learn a Bayesian prior over θ from the offline data — for instance, by
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fitting a distribution over the latent subspace estimated by SOLD — and then run Thompson
sampling or a posterior-based method online, letting the prior implicitly encode the low-dimensional
structure. This could yield Bayesian regret guarantees and may be more natural in practice than the
confidence-set-based approach of LOCAL-UCB.

A practical concern is that the coverage constants λθ and λA governing our guarantees are hard
to compute from data. Our algorithms do not require knowledge of these quantities to run — they
are fully specified given the offline data and the estimated subspace. However, computing the
sample complexity needed for a desired level of statistical accuracy does require knowing these
constants. Our experiments suggest that the qualitative predictions of the theory — the 1/

√
N

subspace estimation rate and the transition from dA to dK scaling — hold in practice even without
explicit knowledge of these constants.
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CHAPTER 7

Conclusion

7.1 Summary through the Compass

This thesis began with a claim: that many tractable and realistic problems can be found in the
intractable ocean of POMDPs by looking for settings where the latent state’s influence is confined

to one part of the observables and acts through a low-complexity channel within that part. We can
now assess what this perspective bought us.

In Chapters 3 and 4, the latent variable — the road type, the confounder — affects the transition
dynamics and the behavior policy, but the reward is defined from observables alone. This confine-
ment decouples reward estimation from the latent structure entirely, and the low-complexity channel
(a K-dimensional subspace of transition kernels, a small sensitivity parameter Γ) determines the
statistical cost of handling the latent part. In Chapters 5 and 6, the latent variable — the internal
state of the human, the latent preference vector — affects the reward, but transitions or contexts
remain clean. This confinement lets us estimate the transition model with standard methods and
concentrate all algorithmic novelty on the reward channel, whose complexity is governed by the
eluder dimension, the history-aware Bellman eluder dimension, or the latent subspace dimension
dK .

The compass did three things. First, it gave us a language for tractability: rather than asking “is
this POMDP learnable?” in the abstract, we ask where the latent variable enters and how complex
its channel is. Second, it produced a recipe: decouple the clean and latent-affected parts, handle the
clean part with standard methods, handle the latent-affected part by aggregating across trajectories
using tools calibrated to the channel’s complexity, and compose. Third, it generated impossibility

results that are as informative as the algorithms: the Ω(H) hardness for general confounders
with memory (Theorem 4.2.6), the unidentifiability of the latent subspace when confinement fails
(Lemma 5.2.1), and the exponential separation between model-based and model-free methods on
recursive reward structures (Proposition 5.3.3) all arise from understanding exactly which structural
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assumption is absent and what breaks without it.

7.2 Cross-Cutting Themes

Several technical themes recur across chapters that are superficially about different problems.

Spectral methods and the double estimator. The double estimator — split each trajectory into
two halves, estimate the relevant quantity from each, form the cross-product, and average — appears
in Chapter 3 for recovering the subspace of transition kernels and again in Chapter 6 for recovering
the latent preference subspace via SOLD. In both cases, the same failure mode motivates the
construction: squaring a single per-trajectory estimate and averaging gives a full-rank matrix due to
estimation noise, so PCA conflates signal and noise even with infinite data. The double estimator
targets the second-moment matrix E[β1β

⊤
2 ] directly, whose rank equals the latent dimension. The

technique is not new [Vempala and Wang, 2004], but in each setting it replaces PCA, EM, and
probabilistic matrix factorization — all of which fail silently for the reasons discussed in Section 1.4.

The impossibility-then-algorithm pattern. Each chapter first establishes what cannot be done,
then designs algorithms that reach the boundary. Chapter 4 proves that FQE incurs irreducible
Ω(H) error under general confounders with memory, then shows that restricting to memoryless or
global confounders restores tractability. Chapter 6 proves that the latent subspace is unidentifiable
when confinement fails in any of three ways, then shows that under confinement the subspace is
recoverable at the N−1/2 rate with explicit confidence bounds. Chapter 5 shows that the naive
dueling-to-cardinal reduction always fails, then provides a whitebox reduction that works by
restricting both policies to the current confidence set. This pattern ensures the assumptions are
necessary and the algorithms are tight.

Coverage of the latent space. As discussed in Section 1.4, the settings in this thesis require
coverage of the latent space, not just of state-action pairs. The form of this requirement varies —
model separation ∆ in Chapter 3, the sensitivity parameter Γ in Chapter 4, the coverage constant
λθ in Chapter 6 — but the underlying demand is the same: the offline population must be diverse
enough to span the latent structure.

Aggregation across trajectories. The latent structure is invisible in any single trajectory; it
becomes visible only through aggregation across many trajectories. In Chapters 3 and 6, the
subspace estimation error decays at the parametric N−1/2 rate once trajectory length exceeds a
mixing or coverage threshold, shifting the statistical burden from trajectory length to trajectory
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count. In Chapter 5, the analogous aggregation happens online across episodes. The latent channel
is a population-level object, and recovering it requires seeing the population, not just individual
instances.

7.3 Practical Considerations

The guarantees in this thesis are stated in terms of instance-dependent constants — the mixing time
tmix, the model separation ∆, the sensitivity parameter Γ, the latent coverage λθ, the eluder and
coverability dimensions — that are rarely known in advance. Several of these are hard to compute or
verify from data alone: tmix requires knowledge of the stationary distribution; confinement (whether
the latent variable truly leaves the reward or the transitions clean) is an untestable causal assumption;
λθ depends on the diversity of latent types in the offline population, which is invisible from the
observed data. The theoretical bounds themselves may be loose, since they optimize for the right
scaling rather than tight constants.

The thesis provides partial remedies. The number of latent types K is estimable from the
eigenvalue spectrum of the double estimator (Section 3.5.1), which shows a clear gap between
signal and noise eigenvalues in both synthetic and real data. The model separation ∆ is visible in
scatter plots of pairwise trajectory distances, where well-separated clusters correspond to distinct
latent types. The mixing time tmix manifests as a threshold in trajectory length beyond which
clustering accuracy improves sharply; the experiments in Chapter 3 show this transition clearly.
Overestimating the latent dimension dK in Chapter 6 is harmless — SOLD learns a subspace
containing the true one, and the online algorithm pays for the extra dimensions but does not break.
These heuristics do not replace the theoretical assumptions, but they make it possible to apply the
methods in settings where the assumptions are plausible but not certifiable.

7.4 Future Directions

The four chapters open several lines of future work that cut across the individual settings.

Function approximation and continuous state spaces. Chapters 3 and 4 operate in the tabular
setting. Extending the spectral clustering approach of Chapter 3 to MDPs with large or continuous
state spaces — where the transition kernel is not a finite matrix but a conditional density — is open.
The double estimator targets the second-moment matrix of per-trajectory statistics; the challenge is
defining the right per-trajectory statistic when the state space is continuous and the mixing time is
not measured in visits to individual states. For confounded MDPs, function approximation would
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allow the sensitivity-based methods of Chapter 4 to handle the continuous-state settings common
in healthcare and robotics. Shi et al. [2021] take steps in this direction under bridge function
assumptions, but a general treatment remains to be developed.

Real-world dataset applications. The experiments in Chapters 3 and 4 use gridworld envi-
ronments and the sepsis simulator of Oberst and Sontag [2019]. Applying the clustering and
confounded OPE pipeline to real clinical datasets — where the latent confounder is a genuine
unrecorded patient characteristic rather than a hidden simulator variable — would test whether the
structural assumptions hold in practice and whether the heuristics for checking them (eigenvalue
gaps, scatter plots, mixing time thresholds) are reliable outside controlled settings.

Bridging confinement assumptions. The four chapters study two complementary confinement
regimes: the latent variable affects transitions but not rewards (Chapters 3 and 4), or the latent
variable affects rewards but not transitions (Chapters 5 and 6). What happens in between? If
the latent variable has a “strong” effect on one part and a “weak” effect on the other, the clean
decoupling breaks down, but a perturbative analysis may be possible: treat the weak effect as
misspecification and bound the additional error. The graceful degradation results in Chapter 4
(where the OPE error scales as O(εH2) with the sensitivity ε = Γ − 1) and in Chapter 6 (where
overestimating dK is harmless) suggest that such an analysis is feasible, but a unified treatment
across settings does not yet exist.

Bayesian and empirical Bayes approaches for latent bandits. Chapter 6 recovers the latent
subspace from offline data and then runs a frequentist bandit algorithm online. An alternative is
to estimate a prior distribution over the latent preference vector θ from the offline population —
empirical Bayes — and then refine the posterior online using Thompson sampling or a Bayes-UCB
variant. This could exploit not just the subspace but also the distribution of preferences within it,
potentially accelerating adaptation for new users whose preferences are close to common archetypes.

Simulations and practical algorithms for PORRLs. Chapter 5 is the most theoretical of the four
chapters; it provides no experiments. Developing simulated RLHF environments with nontrivial
internal state dynamics — where the human’s mood, trust, or attention evolves over the episode
— would test whether the theoretical separation between model-based and model-free methods
(governed by the history-aware Bellman eluder dimension) manifests in practice. More broadly,
the optimistic algorithms POR-UCRL and POR-UCBVI are designed for theoretical analysis;
translating them into practical perturbative or posterior-sampling variants, following the path from
UCRL to PSRL or from optimistic Q-learning to bootstrapped DQN, is an important next step.
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Cost-aware observation of the latent state. This thesis assumes the latent variable is genuinely
inaccessible. In many applications, the agent can pay a cost to observe it: running a diagnostic
test, deploying an additional sensor, or asking a user to complete a preference survey. This leads to
cost-aware decision-making frameworks where the agent chooses when to invest in observing the
latent state and when to rely on the structural assumptions developed here. The value of observation
depends on the quality of the low-complexity channel: if the channel is already highly informative
(small dK , large ∆), the marginal benefit of direct observation is low, and the methods of this thesis
may suffice without ever paying the observation cost.

7.5 Closing Remarks

Partial observability pervades real sequential decision-making. The general POMDP is intractable,
but many applications carry structure that generic frameworks ignore. This thesis has developed one
systematic approach — confinement and low-complexity channels — for identifying and exploiting
that structure, with algorithms and matching lower bounds across four settings spanning offline and
online learning, MDPs and bandits, cardinal and dueling feedback.
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APPENDIX A

Supplementary Material for Chapter 2

This appendix contains proofs and supplementary material for Chapter 3.

A.1 Additional Figures

All figures here pertain to the gridworld experiment in Section 3.6.

A.1.1 Determining K

See Figure 3.2 in Section 3.5.1.

A.1.2 Block Matrix of Raw Distance Estimates

See Figure A.1 below, which presents the raw distance matrix before thresholding, to provide a
sense of the quality of the pairwise distance estimates themselves. These could also be used for
agglomerative clustering, for example.

Figure A.1: Block structure of the matrix of squared pairwise distance estimates (after sorting).
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A.1.3 Determining The Threshold τ

See Figure 3.3 in Section 3.5.2.

A.1.4 Local Extrema in EM

See Figure 3.6 in Section 3.6, illustrating how EM often gets stuck in suboptimal local extrema,
given by the low final log-likelihood values recorded in the scatterplot.

A.1.5 Comparing End-To-End Performance Using Soft and Hard EM

We compare various initializations of EM – (1) random initializations, (2) models from Nclust, and
(3) classification and clustering labels fromNclust andNsub – this time using both soft and hard EM.

Figure A.2: End-to-end error v.s. trajectory length on (left) 1000 MDP trajectories from the
gridworld dataset and (right) 750 Markov chain trajectories from the Last.fm dataset, comparing
various initializations of the soft and the hard EM algorithm. Results averaged over 30 trials, with
30 random initializations for randomly-initialized EM within each trial.

A.2 Discussion on Using Random Projections

We note that those familiar with the intuition behind the Johnson-Lindenstrauss lemma would guess
that a projection to a random n-dimensional subspace for low n would preserve distances with
good accuracy. However, note that the bound on the dimension n needed to preserve distances
between our Nclust estimators up to a multiplicative distortion of 1± ϵ is log(Nclust)

ϵ2
. This bound is

known to be tight, see for example Larsen and Nelson [2017]. Upon thought, this shows that to get
good distortion bounds (which will contribute to the deviation between distance estimates and the
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thresholds), we need a large dimension, interpreted as being affected by the 1/ϵ2. In fact, as soon as
log(Nclust) exceeds 1, we will need a dimension of order 1/∆2, while K can be arbitrarily small
compared to this.

In the gridworld case, K = 2, and we see that we don’t get good performance using a random
subspace until we hit dimension 50, where the maximum dimension is S = 64. Clearly, the 1/ϵ2

term in the Johnson-Lindenstrauss lemma drastically affects the performance of using random
subspaces. Using a random subspace of dimension 50 for S = 64 is much closer to not projecting
at all than to using a subspace of dimension 2.

Figure A.3: Clustering error using random projections of varying dimension for a trajectory length
of 100, benchmarked against the performance of the "with subspace" and "without subspace"
versions. The gridworld MDP dataset is on the left, while the Last.fm Markov chain dataset is on
the right.

A.3 Details of the EM Algorithm

We describe the E and M steps for hard EM below first, for simplicity.

M-step: Given the cluster labels, we can estimate each model with the MLE as:

P̂k(s
′|s, a)←

∑
n∈Nclust

1n∈CkN(n, s, a, s′)∑
n∈Nclust

1n∈CkN(n, s, a)

f̂k ←
∑

n∈Nclust
1n∈Ck

Nclust

=
|Ck|
Nclust

Readers can convince themselves that this is truly the MLE estimate by making the following
observation. We can write the log-likelihood of the predicted clusters Ck and estimated models
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as
∑K

k=1

∑
n∈Nclust

1n∈Ckℓ(P̂k, f̂k, n), where ℓ(P̂k, f̂k, n) = log
(
fk
∏

s,s′,a(P̂k(s
′ | s, a))N(n,s,a,s′)

)
.

The rest of the derivation mimics the well-known and straightforward computation for Markov
chains, using Lagrange multipliers to constrain the estimates to probability distributions.

E-step: On new or unseen data, assign cluster membership according to the following rule:

km ← argmax
k

ℓ(P̂k, f̂k,m) + log(f̂i) (A.1)

where ℓ(P̂k,m) is as above.

A.4 The Classification Algorithm

The classification algorithm is presented as Algorithm 3 in Chapter 3. Note that we define a
new quantity, f̂k,s,a, which is the proportion of trajectories with label k among all trajectories in
Nclust where s, a is observed. QuantitiesN(n, s, a),N(n, i, s, a, ·) andN(n, i, s, a) carry their usual
meanings with respect to either Nclust until step 5 and with respect to Nclass after that.

A.5 Proof of Theorem 3.4.2

A.5.1 Proof of the theorem

We recall the theorem here.
Theorem 3.4.2 (Subspace Estimation Guarantee). Consider 2 models with labels k1, k2 and a

state-action pair s, a with dmin(s, a) ≥ α/3. Consider the output VT
s,a of Algorithm 1. Let

fmin = min(fk1 , fk2) be the lower of the label prevalences. Remember that each trajectory has

length Tn.

Then given that Nsub = Ω
(

log(1/δ)
α2

)
, Tn = Ω(tmix log

4(1/α)), with probability at least 1 − δ,
for k = k1, k2

∥Pk(· | s, a)− Vs,aVT
s,aPk(· | s, a)∥2 ≤ ϵsub(δ)

where

• For Tn = Ω
(
tmix log

3
(
fminNsubα
KS log(1/δ)

))

ϵsub(δ) = O


√√√√ K

fmin

(√
S

Nsub · α3
log

(
1

δ

))
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• While for Tn = O
(
tmix log

3
(
fminNsubα
KS log(1/δ)

))

ϵsub(δ) = O

(1

2

) 1
16

(
Tn

tmix

)1/3


Alternatively, we only need Nsub = Ω
(
K2S log(1/δ)

f2minα
3ϵ4

)
and Tn = Ω

(
tmix log

3(1/ϵ) log4(1/α)
)

trajectories for ϵ accuracy in subspace estimation with probability at least 1− δ.
Remark 9. We can convert the α3 in the denominator to an α at the cost of making Tn more
heavily dependent on α (more than just log(1/α)). Intuitively, α accounts for the probability of
not observing s, a, so this is just saying that we can shift the onus for that from the number of
trajectories to their length. We chose not to do that since we are trying to minimize the length of
trajectories needed, and assume that we have access to many trajectories.

Proof. The main input is the proposition below, proved in the next section.

Proposition A.5.1. Consider L < K models with labels jl, 1 ≤ l ≤ L, with dmin(s, a) :=

minl djl(s, a). Consider the output VT
s,a of Algorithm 1. Let fmin = minl fjl be the minimum

frequency across these models in the mixture. Remember that each trajectory has length Tn. Then

we have the guarantee that with probability at least 1− δ

∥Pj(· | s, a)− Vs,aVT
s,aPj(· | s, a)∥2

is bounded above by√√√√ 4K

fmindmin(s, a)

(√
128

Nsub · dmin(s, a)
(2S log(12) + log(4/δ)) +

(
1

2

) Tn
8Gtmix

)

for all j ∈ {jl | 1 ≤ l ≤ L}, when Nsub ≥ 32
dmin(s,a)2

log
(
1
δ

)
and Tn

8tmix
> G log(48G/dmin(s,a))

log 2
.

For a state-action pair with dmin(s, a) ≥ α/3, the conditions simplify to Nsub ≥ Ω
(

log(1/δ)
α2

)
and Tn ≥ Ω(Gtmix log(G/α)). We set G =

(
Tn
tmix

) 2
3

to get bounds that only depend on Tn. Note

that this means a sufficient condition on Tn is Tn ≥ Ω(tmix log
4(1/α)) (one can show this with an

elementary computation). Also note that√
S + log(1/δ)

Nsub · α
≤

√
S log(1/δ)

Nsub · α
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Then with probability at least 1− δ, the following bound holds for any label j = jl for some l.

∥Pj(· | s, a)− Vs,aVT
s,aPj(· | s, a)∥2 ≤ O


√√√√√ K

fminα

√S log(1/δ)

Nsub · α
+

(
1

2

) 1
8

(
Tn

tmix

)1/3



So, there is a universal constant C2 so that for Tn > C2tmix log
3
(
fminNsubα
KS log(1/δ)

)
,

(
1

2

) 1
8

(
Tn

tmix

)1/3

≤ C ′ K

fmin

(√
S

Nsub · α3
log

(
1

δ

))

While for Tn = O
(
tmix log

3
(
fminNsubα
KS log(1/δ)

))
,

K

fmin

(√
S

Nsub · α3
log

(
1

δ

))
≤ O

(1

2

) 1
8

(
Tn

tmix

)1/3


So, combining all these, for Nsub = Ω
(

log(1/δ)
α2

)
, Tn = Ω(tmix log

4(1/α))

• For Tn = Ω
(
tmix log

3
(
fminNsubα
KS log(1/δ)

))

ϵsub(δ) = O


√√√√ K

fmin

(√
S

Nsub · α3
log

(
1

δ

))
• While for Tn = O

(
tmix log

3
(
fminNsubα
KS log(1/δ)

))

ϵsub(δ) = O

(1

2

) 1
16

(
Tn

tmix

)1/3


A.5.2 Proof of the Proposition A.5.1

We recall the proposition here.

116



Proposition A.5.1. Consider L < K models with labels jl, 1 ≤ l ≤ L, with dmin(s, a) :=

minl djl(s, a). Consider the output VT
s,a of Algorithm 1. Let fmin = minl fjl be the minimum

frequency across these models in the mixture. Remember that each trajectory has length Tn. Then

we have the guarantee that with probability at least 1− δ

∥Pj(· | s, a)− Vs,aVT
s,aPj(· | s, a)∥2

is bounded above by√√√√ 4K

fmindmin(s, a)

(√
128

Nsub · dmin(s, a)
(2S log(12) + log(4/δ)) +

(
1

2

) Tn
8Gtmix

)

for all j ∈ {jl | 1 ≤ l ≤ L}, when Nsub ≥ 32
dmin(s,a)2

log
(
1
δ

)
and Tn

8tmix
> G log(48G/dmin(s,a))

log 2
.

Remark 10. We should point out that we will only need L = 2 for subsequent theorems. Also,
remember that only s, a with dmin(s, a) > α will be relevant in subsequent theorems, with α as in
our assumption.

Proof. For brevity of notation, we will denote cn,i := N(n, i, s, a), wn,i := N(n, i, s, a, ·) and
suppress the (s, a) dependence. We will first need the following lemma which guarantees that we
can get past mixing and concentration hurdles with our estimator, modulo actually observing s, a in
both segments.

Lemma A.5.2. Let Bn be the event given by n ∈ Ntraj(s, a), which is the same as cn,1cn,2 ̸= 0 and

let

Ms,a =
K∑
j=1

P(kn = j | Bn)Pj(· | s, a)Pj(· | s, a)T

.

Call our estimator M̂s,a. Then we know that

M̂s,a =
1

Ntraj(s, a)

∑
n

P̂n,1(· | s, a)P̂n,2(· | s, a)T

and we have

∥M̂s,a −Ms,a∥ <

√
32

Ntraj(s, a)
(2S log(12) + log(

2

δ
)) +

48G

dmin(s, a)

(
1

4

) Tn
8Gtmix
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Remark 11. Note that since all trajectories are generated independently of each other and the
process that generates them is identical, P(kn = j ∩Bn) is the same for all n. A similar observation
holds for many conditional/unconditional probabilities and conditional/unconditional expectations
in this proof, and will not be stated again.

Assume the lemma for now. The proof is delayed to after the proof of the theorem. We will
combine this lemma with Lemma 3 from Chen and Poor [2022]. In the context of their lemma,
p(j) = P(kn = j | Bn), y(j) = Pj(· | s, a). Now, we can use the first term on the right-hand side of
the bound in Lemma 3 of Chen and Poor [2022] to get that for any 1 ≤ l ≤ L

∥Pjl(· | s, a)− Vs,aVT
s,aPjl(· | s, a)∥2 ≤

√
2K

minl(P(kn = jl | Bn))
∥M̂s,a −Ms,a∥ (A.2)

A.5.2.1 Lower Bounding P(kn = jl | Bn)

Note that
P(kn = jl | Bn) =

P(kn = jl)P(Bn | kn = jl)

P(Bn)
≥ fjlP(Bn | kn = jl)

So, we need only lower bound P(Bn | kn = jl), for which we will need a lemma. We will use
the following crucial lemma several times in our proofs. This is where we use Yu [1994]’s blocking
technique.

Lemma A.5.3. Consider a function h on segments of a Markov chain with mixing time tmix =

tmix(
1
4
) with C = suph. Consider the joint distribution χ over the product of the σ-algebras of n

such segments, with marginals χi. Let the product distribution of the marginals χi be called Ξ. Then

for λ = (1
4
)

1
tmix and for the minimum distance between consecutive segments being an, we have

|Eχh− EΞh| ≤ 4C(n− 1)λan

Proof. Remember that each of our Markov processes is mixing, so there exists tmix,j = tmix,j(
1
4
)

and a stationary distribution dj so that TV (P n
j (x, ·), dj) < 1

4
for n ≥ tmix,j . Let tmix = maxj tmix,j .

Since the decay in total variation distance is multiplicative, TV (P n
j (x, ·), dj) < (1

4
)c for all j and

n ≥ ctmix. This implies that

max
j
TV (P n

j (x, ·), dj) <
(
1

4

) Tn
4tmix

−1

= 4λn
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where λ = (1
4
)

1
tmix

This means that we satisfy the definition of V -geometric ergodicity from Vidyasagar [2010],
with V being the constant function with value 1, µ = 4 and λ as above. That means that any of our
processes is beta-mixing by (the proof of) Theorem 3.10 from the text and

βn ≤ µλn = 4λn

we employ an argument analogous to the setup and argument used to prove Lemma 4.1 of Yu
[1994], merely with Hi’s replaced by the segments of arbitrary length instead of an-sized blocks
while Ti’s stay at an sized blocks. Then, Q from Corollary 2.7 is the probability distribution of the
segments here, Ωi from Corollary 2.7 is the real vector space of the same dimension as the length
of the ith segment, Σi is the product Borel field on this vector space and m in the theorem is the
number of segments n here (note that n is called µn in Lemma 4.1). Q̃ is the product distribution
over the marginals of Q, as in the theorem. Note that β(Q) from Corollary 2.7 used in the proof
remains less than βan . Now we can directly quote Corollary 2.7 to conclude that

|Eχh− EΞh| ≤ C(n− 1)βan ≤ 4C(n− 1)λan

Define
h = 1(cn,1cn,2=0)

We are now ready to bound P (Bn | kn = j) = P (cn,1cn,2 = 0 | kn = j). Consider the joint
distribution over the segments Ω1 and Ω2 of a trajectory sampled from hidden label j. Call this χ
and let its marginals on Ωi be χi. Let the product distribution of its marginals be Ξ := χ1 × χ2.
Notice that then

EΞh = P (cn,1 = 0 | kn = j)P (cn,2 = 0 | kn = j)

by definition of Ξ. Also, clearly we have

Eχh = P (cn,1cn,2 = 0 | kn = j)

Now, using Lemma A.5.3, we get that for C = suph = 1 and n = 2, we have the following
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inequality.

|P (cn,1cn,2 = 0 | kn = j)− P (cn,1 = 0 | kn = j)P (cn,2 = 0 | kn = j)| = |Eχh− EΞh| ≤ 4λ
Tn
4

(A.3)

Additionally, for i = 1, 2, if dt,j(s, a) is the distribution at time t, the following is obtained by
the definition of mixing times.

P(cn,i = 0 | kn = j) ≤ (1− d(2i−1)T,j(s, a))

≤ (1− dj(s, a) + TV (d(2i−1)T,j, π))

≤ (1− dmin(s, a) + 4λ
Tn
4 )

≤
(
1− dmin(s, a)

2

)
(A.4)

where the last inequality holds for Tn > 4tmix
log(8/dmin(s,a))

log 4
. This allows us to use inequality A.3

and

P (cn,1cn,2 = 0 | kn = j) ≤ 4λ
Tn
4 + P (cn,1 = 0 | kn = j)P (cn,2 = 0 | kn = j)

≤ 4λ
Tn
4 +

(
1− dmin(s, a)

2

)2

≤ 1− dmin(s, a) +
dmin(s, a)

2

4
+ 4λ

Tn
4

≤ 1− dmin(s, a) +
dmin(s, a)

4
+ 4λ

Tn
4

≤ 1− dmin(s, a)

2
(A.5)

where the last inequality holds for Tn > 4tmix
log(16/dmin(s,a))

log 4
. We conclude that for Tn >

4tmix
log(16/dmin(s,a))

log 4
, and j = jl for some l,

P (Bn | kn = j) ≥ dmin(s, a)

2

And so,

min
l
fjl(P(kn = jl | Bn)) ≥ min

l
fjl(P(kn = jl ∩ Bn))
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≥ min
l
fjl(P(Bn | kn = j)P(kn = j))

≥ fmindmin(s, a)

2

We can thus conclude that for Tn > 4tmix
log(16/dmin(s,a))

log 4
,

∥Pjl(· | s, a)− Vs,aVT
s,aPjl(· | s, a)∥2 ≤

√
4K

fmindmin(s, a)
∥M̂s,a −Ms,a∥ (A.6)

A.5.2.2 Absorbing the extra terms into the exponent of 1/4

Now remember from Lemma A.5.2 that

∥M̂s,a −Ms,a∥ <

√
32

Ntraj(s, a)
(2S log(12) + log(

2

δ
)) +

48G

dmin(s, a)

(
1

4

) Tn
8Gtmix

Notice that for Tn
8tmix

> G log(48G/dmin(s,a))
log 2

> log(16/dmin(s,a))
2 log 4

, we have that

48G

dmin(s, a)

(
1

4

) Tn
8Gtmix

=
48G

dmin(s, a)

(
1

4

) Tn
16Gtmix

(
1

4

) Tn
16Gtmix

=
48G

dmin(s, a)

(
1

2

) Tn
8Gtmix

(
1

2

) Tn
8Gtmix

≤
(
1

2

) Tn
8Gtmix

A.5.2.3 Bounding the concentration term

We finally need to bound Ntraj(s, a) from below to bound the first term in this sum. Note that
E[Ntraj(s, a)] ≥ Nsub(1 − P (cn,1cn,2 = 0)) ≥ Nsub

dmin(s,a)
2

from equation A.5 above. Now, by
Hoeffding’s inequality, we have

P

(
Ntraj(s, a) < Nsub

dmin(s, a)

4

)
= P

(
Ntraj(s, a) < Nsub

dmin(s, a)

2
−Nsub

dmin(s, a)

4

)
≤ P

(
Ntraj(s, a) < E[Ntraj(s, a)]−Nsub

dmin(s, a)

4

)
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= P

( ∑
n∈Nsub

1cn,1cn,2 ̸=0

< NsubE[1cn,1cn,2 ̸=0]−Nsub
dmin(s, a)

4

)
≤ exp

(
−dmin(s, a)

2Nsub

8

)

This is less than δ for Nsub ≥ 8
dmin(s,a)2

log
(
1
δ

)
.

Combining this with equation A.6 and splitting the two δ, we have our result that

∥Pj(· | s, a)− Vs,aVT
s,aPj(· | s, a)∥2

is bounded above by√√√√ 4K

fmindmin(s, a)

(√
128

Nsub · dmin(s, a)
(2S log(12) + log(4/δ)) +

(
1

2

) Tn
8Gtmix

)

for Nsub ≥ 8
dmin(s,a)2

log
(
1
δ

)
and Tn

8tmix
> G log(48G/dmin(s,a))

log 2
.

A.5.3 Proof of Lemma A.5.2

We recall Lemma A.5.2.
Lemma A.5.2. Let Bn be the event given by n ∈ Ntraj(s, a), which is the same as cn,1cn,2 ̸= 0 and

let

Ms,a =
K∑
j=1

P(kn = j | Bn)Pj(· | s, a)Pj(· | s, a)T

.

Call our estimator M̂s,a. Then we know that

M̂s,a =
1

Ntraj(s, a)

∑
n

P̂n,1(· | s, a)P̂n,2(· | s, a)T

and we have
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∥M̂s,a −Ms,a∥ <

√
32

Ntraj(s, a)
(2S log(12) + log(

2

δ
)) +

48G

dmin(s, a)

(
1

4

) Tn
8Gtmix

Proof. We divide the proof into subsections. We first remind ourselves that the estimator M̂s,a is
given by the matrix

M̂s,a =
1

Ntraj(s, a)

∑
n∈Ntraj(s,a)

(
P̂n,1(·|s, a)P̂n,2(·|s, a)T

)

A.5.3.1 Estimating E[M̂s,a]

We will split the expectation into the desired term and the error coming from correlation between
the two segments Ω1 and Ω2. Remember that for brevity of notation, let cn,i := N(n, i, s, a),
wn,i := N(n, i, s, a, ·). Call the estimate from each trajectory a random variable M̂n,s,a, that is

M̂n,s,a =
wn,1wT

n,2

cn,1cn,2

Now
M̂s,a =

∑
n∈Ntraj(s,a)

1

Ntraj(s, a)
M̂n,s,a

Remember that
P̂n,i(· | s, a) :=

wn,i

cn,i
1cn,i ̸=0

Let kn be the hidden label for trajectory n, as usual. Define the event Bn to be n ∈ Ntraj(s, a),
which is the same as cn,1cn,2 ̸= 0. We establish the following equality, essentially just defining the
quantity Mix(j).

E[M̂n,s,a | Bn] = E

[
wn,1wT

n,2

cn,1cn,2

∣∣∣∣∣Bn
]

=
K∑
j=1

P(kn = j | Bn)E

[
wn,1wT

n,2

cn,1cn,2

∣∣∣∣∣kn = j,Bn

]

=
K∑
j=1

P(kn = j | Bn)Pj(· | s, a)Pj(· | s, a)T +
K∑
j=1

P(kn = j | Bn)Mix(j) (A.7)
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where Mix(j) = E
[

wn,1wT
n,2

cn,1cn,2

∣∣∣kn = j,Bn
]
− Pj(· | s, a)Pj(· | s, a)T . Notice that this has

connotations of covariance. Now note the following chain of equations.

E[M̂s,a | Ntraj(s, a)] = E

 ∑
n∈Ntraj(s,a)

1

Ntraj(s, a)
M̂n,s,a

∣∣∣∣∣∣Ntraj(s, a)


=
∑

n∈Ntraj(s,a)

1

Ntraj(s, a)
E
[
M̂n,s,a

∣∣∣Ntraj(s, a)]
=

∑
n∈Ntraj(s,a)

1

Ntraj(s, a)
E
[
M̂n,s,a

∣∣∣1B1 ,1B2 , . . .1BNsub

]
=

∑
n∈Ntraj(s,a)

1

Ntraj(s, a)
E
[
M̂n,s,a

∣∣∣Bn]
= E

[
M̂n,s,a

∣∣∣Bn]
=

K∑
j=1

P(kn = j | Bn)Pj(· | s, a)Pj(· | s, a)T +
K∑
j=1

P(kn = j | Bn)Mix(j)

= Ms,a +
K∑
j=1

P(kn = j | Bn)Mix(j) (A.8)

Here, the third equality is because the set Ntraj(s, a) is exactly described by the indicators
listed, and they generate the same σ-algebra, The fourth equality holds since all trajectories are
independent and so conditioning on events in other trajectories doesn’t affect the expectation of
M̂n,s,a. The fifth equality is because E[M̂n,s,a | Bn] is the same for all n as determined above (in
fact, we have shown that it is a constant random variable).

A.5.3.2 Setup for the main bound

We have that

Ms,a =
K∑
j=1

P(kn = j | Bn)Pj(· | s, a)Pj(· | s, a)T

By equation A.8,

∥M̂s,a −Ms,a∥ ≤ ∥M̂s,a − E[M̂s,a | Ntraj(s, a)]∥+
K∑
j=1

P(kn = j | Bn) ∥Mix(j)∥

≤ ∥M̂s,a − E[M̂s,a | Ntraj(s, a)]∥+

(
K∑
j=1

P(kn = j | Bn)

)
max
j
∥Mix(j)∥
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= ∥M̂s,a − E[M̂s,a | Ntraj(s, a)]∥+max
j
∥Mix(j)∥

The first term represents the error in concentration across trajectories and the second term
represents the correlation between the two segments Ω1 and Ω2 in the same trajectory. We bound
the first using a covering argument and use Bin Yu’s work to bound the other.

A.5.3.3 Covering argument to bound M̂s,a − E[M̂s,a]

We will need this conditional version of Hoeffding’s inequality for this section. Note that this is not
quite the Azuma-Hoeffding inequality with a constant filtration due to the conditional probability
involved, as well as due to the conditional independence needed.

Lemma A.5.4. Consider a σ-algebra F and let Ai ≤ Bi be random variables measurable over it.

If random variables Xi are almost surely bounded in [Ai, Bi] and are conditionally independent

over some σ-algebra F , then the following inequalities hold for Sn =
∑n

i=1Xi

P (Sn − E[Sn | F ] > ϵ|F) ≤ exp

(
− 2ϵ∑

i(Bi − Ai)2

)
P (Sn − E[Sn | F ] < −ϵ|F) ≤ exp

(
− 2ϵ2∑

i(Bi − Ai)2

)
Proof. The proof is essentially a repeat of one of the standard proofs of Hoeffding’s inequality.
Note that we have the conditional Markov inequality P(X ≥ a | F) ≤ 1

a
E[X ≥ a | F ], shown

exactly the way Markov’s inequality is shown. Now, we have the following chain of inequalities.

P((Sn − E[Sn | F ] > ϵ|F) = e−sϵE[eSn−E[Sn|F ] | F ]

= e−sϵ
n∏
i=1

E[eXi−E[Xi|F ] | F ]

We now show a conditional expectation version of Hoeffding’s lemma by repeating the steps for
a standard proof to show that E[eX−E[X|F ] | F ] ≤ λ2(B−A)2

8
for random variables A ≤ B measurable

over F and X ∈ [A,B] almost surely. Note that by convexity of eλx, we have the following for
x ∈ [A,B] at any value of A and B.

eλx ≤ B − x
B − A

eλA +
x− A
B − A

eλB

WLOG, we can replace X by X − E[X | F ] and assume E[X | F ] = 0. In that case, we
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note the following inequality, where we define for any fixed value of A and B the function
L(y) := yA

B−A + log
(
1 + A−eyB

B−A

)
.

E[eλX | F ] ≤ B − E[X | F ]
B − A

eλA +
E[X | F ]− A

B − A
eλB

=
B

B − A
eλA +

−A
B − A

eλB

= eL(λ(B−A))

Basic computations involving Taylor’s theorem from a standard proof of Hoeffding’s inequality
show that L(y) ≤ y2

8
for any value of A,B. This gives us the condition version of Hoeffding’s

lemma, E[eX−E[X|F ] | F ] ≤ λ2(B−A)2
8

. This allows us to establish the following chain of inequalities.

P((Sn − E[Sn | F ] > ϵ|F) = e−sϵ
n∏
i=1

E[eXi−E[Xi|F ] | F ]

≤ exp(−sϵ)
n∏
i=1

exp

(
s2(Bi − Ai)2

8

)

= exp

(
−sϵ+

n∑
i=1

s2(Bi − Ai)2

8

)

Since s is arbitrary, we can pick s = 4ϵ∑
i(Bi−Ai)2

above to get an upper bound of

exp
(
− 2ϵ2∑n

i=1(Bi−Ai)2

)
. The other inequality is proved analogously.

We now show that the first term from the previous section concentrates. Pick u, v ∈ SS−1,
that is they lie in the unit Euclidean norm sphere in RS . We need only bound this term when
Ntraj(s, a) ̸= 0, as otherwise the lemma holds vacuously.

Note that

M̂s,a − E[M̂s,a | Ntraj(s, a)] =
∑

n∈Ntraj(s,a)

M̂n,s,a − E[M̂n,s,a | Ntraj(s, a)]
Ntraj(s, a)

Now we set up our covering argument. Consider a covering of SS−1 by balls of radius 1
4
. We will

need at most 12S such balls and if C is the set of their centers, then for any matrix X , the following
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holds in regard to its norm.

∥X∥ = sup
u,v∈SS−1

|uTXv| ≤ 2 max
u,v∈C

|uTXv| ≤ 2∥X∥ (A.9)

For any pair u,v ∈ C, note that

|uTM̂n,s,av| =
∣∣∣∣uT wn,1

cn,1

∣∣∣∣
∣∣∣∣∣wT

n,2

cn,2
v

∣∣∣∣∣1cn,1cn,2 ̸=0

≤ ∥u∥2∥v∥2
∥∥∥∥wn,1

cn,1

∥∥∥∥
2

∥∥∥∥wn,2

cn,2

∥∥∥∥
2

≤
∥∥∥∥wn,1

cn,1

∥∥∥∥
1

∥∥∥∥wn,2

cn,2

∥∥∥∥
1

≤ 1

and so |uTE[M̂n,s,a]v| ≤ E[|uTM̂n,s,av|] ≤ 1. A little thought shows that the estimates M̂n,s,a

are independent for n ∈ Ntraj(s, a) when conditioned on the Ntraj(s, a).

P

∣∣∣∣∣∣
∑

n∈Ntraj(s,a)

1

Ntraj(s, a)
uT (M̂n,s,a − E[M̂n,s,a | Ntraj(s, a)])v

∣∣∣∣∣∣ > ϵ

4

∣∣∣∣∣∣Ntraj(s, a)


< 2e−
ϵ2Ntraj(s,a)

32

Doing this for all 122S pairs u,v, we use inequality A.9 to get that the conditionalprobability
given by

P

∥∥∥∥∥∥
∑

n∈Ntraj(s,a)

1

Ntraj(s, a)
M̂n,s,a − E[M̂n,s,a | Ntraj(s, a)]

∥∥∥∥∥∥ > ϵ

2

∣∣∣∣∣∣Ntraj(s, a)


is bounded above by the following expression.

P

∃u,v ∈ C;

∣∣∣∣∣∣
∑

n∈Ntraj(s,a)

1

Ntraj(s, a)
uT (M̂n,s,a − E[M̂n,s,a | Ntraj(s, a)])v

∣∣∣∣∣∣ > ϵ

4

∣∣∣∣∣∣Ntraj(s, a)


≤
∑

u,v∈C

P

∣∣∣∣∣∣
∑

n∈Ntraj(s,a)

1

Ntraj(s, a)
uT (M̂n,s,a − E[M̂n,s,a | Ntraj(s, a)])v

∣∣∣∣∣∣ > ϵ

4

∣∣∣∣∣∣Ntraj(s, a)

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< 2 ∗ 122S ∗ e−
ϵ2Ntraj(s,a)

32

This is less than δ for Ntraj(s, a) >
32
ϵ2
(2S log(12) + log(2

δ
)). Since this holds for such values

of Ntraj(s, a) irrespective of Ntraj(s, a), we can conclude that for Ntraj(s, a) >
32
ϵ2
(2S log(12) +

log(2
δ
)), with probability universally greater than 1− δ,

∥M̂s,a −Ms,a∥ <
ϵ

2
+ max

j
∥Mix(j)∥

Alternatively, this establishes that with probability greater than 1 − δ, we have the following
inequality involving the random variables M̂s,a and Ntraj(s, a).

∥M̂s,a −Ms,a∥ <

√
32

Ntraj(s, a)
(2S log(12) + log(

2

δ
)) + max

j
∥Mix(j)∥

A.5.3.4 Bounding the mixing term

We now resolve the last remaining thread, which is that of bounding the mixing term. Let’s fix a j
for this section, since proving our upper bounds for arbitrary j is sufficient. Let the joint distribution
of the observations under label j be χ. Let its marginal on the segment Ωi be χi. Let the marginals
on each of the G single-step sub-blocks be χi,g. Denote the product distribution

∏
g χi,g by Qi.

∥Mix(j)∥ =

∥∥∥∥∥E

[
wn,1wT

n,2

cn,1cn,2

∣∣∣∣∣kn = j,Bn

]
− Pj(· | s, a)Pj(· | s, a)T

∥∥∥∥∥
=

∥∥∥∥∥ 1

P(Bn)
Eχ

[
wn,1wT

n,2

cn,1cn,2
1Bn

]
− Pj(· | s, a)Pj(· | s, a)T

∥∥∥∥∥
≤ 1

P(Bn)

∥∥∥∥∥Eχ

[
wn,1wT

n,2

cn,1cn,2
1Bn

]
− Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT

n,2

cn,2
1cn,2 ̸=0

]∥∥∥∥∥
+

1

P(Bn)

∥∥∥∥Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT

n,2

cn,2
1cn,2 ̸=0

]

− PQ1
(cn,1 ̸=0)PQ2

(cn,2 ̸=0)Pj(· | s, a)Pj(· | s, a)T
∥∥∥∥

+
1

P(Bn)
∥∥(PQ1(cn,1 ̸= 0)PQ2(cn,2 ̸= 0)

− P(cn,1 ̸= 0)P(cn,2 ̸= 0))Pj(· | s, a)Pj(· | s, a)T
∥∥

+
1

P(Bn)
∥∥(P(cn,1 ̸= 0)P(cn,2 ̸= 0)− P(Bn))Pj(· | s, a)Pj(· | s, a)T

∥∥
≤ 1

P(Bn)

∥∥∥∥∥Eχ

[
wn,1wT

n,2

cn,1cn,2
1Bn

]
− Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT

n,2

cn,2
1cn,2 ̸=0

]∥∥∥∥∥
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+
1

P(Bn)

∥∥∥∥Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT

n,2

cn,2
1cn,2 ̸=0

]

− PQ1
(cn,1 ̸=0)PQ2

(cn,2 ̸=0)Pj(· | s, a)Pj(· | s, a)T
∥∥∥∥

+
1

P(Bn)
|PQ1

(cn,1 ̸= 0)PQ2
(cn,2 ̸= 0)− Pχ1

(cn,1 ̸= 0)Pχ2
(cn,2 ̸= 0)|

+
1

P(Bn)
|Pχ1(cn,1 ̸= 0)Pχ2(cn,2 ̸= 0)− P(Bn)| (A.10)

Here, in the last inequality, we used the fact that ∥Pj(· | s, a)∥2 ≤ ∥Pj(· | s, a)∥1 = 1 and
∥aaT∥ ≤ ∥a∥2∥a∥2. Also note that Pχi

(cn,i ̸= 0) = Pχ(cn,i ̸= 0) = P(cn,i ̸= 0).

Intuitively, the first term represents mixing of the expectation across the two segments, the
second term represents mixing of the expectations across the single-step sub-blocks inside segments,
the third term represents mixing of the observation probabilities across the single-step sub-blocks
inside segments, and the fourth term represents mixing of the observation probabilities across the
two segments. In short, the first and fourth represent segment-level mixing while the second and
third represent sub-block-level mixing.

Bounding the first term (segment-level mixing)

We will use Yu [1994]’s blocking technique again, invoking Lemma A.5.3. Pick an arbitrary
u,v ∈ SS−1. Recall that

P̂n,i(· | s, a) :=
N(n, i, s, a, ·)
N(n, i, s, a)

1N(n,i,s,a)̸=0 =
wn,i

cn,i
1cn,i ̸=0

Consider the real-valued random variable

hu,v := uT
(

wn,1wT
n,2

cn,1cn,2
1Bn

)
v

We have the following basic computations for expectations. Remember that 1Bn = 1cn,1cn,2 ̸=0 =

1cn,1 ̸=01cn,2 ̸=0.

Eχhu,v = uT
(

Eχ

[
wn,1wT

n,2

cn,1cn,2
1Bn

])
v

and

Eχ1×χ2hu,v = uT
(

Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT
n,2

cn,2
1cn,2 ̸=0

])
v
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This allows us to establish the following relation.

sup
u,v∈SS−1

|Eχhu,v − Eχ1×χ2hu,v| =

∥∥∥∥∥Eχ

[
wn,1wT

n,2

cn,1cn,2
1Bn

]
− Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT
n,2

cn,2
1cn,2 ̸=0

]∥∥∥∥∥
Now, we want to use Lemma A.5.3. Note the following upper bound.

|hu,v| ≤ ∥u∥2
∥∥∥∥wn,1

cn,1

∥∥∥∥
2

∥∥∥∥wn,2

cn,2

∥∥∥∥
2

∥v∥2

≤
∥∥∥∥wn,1

cn,1

∥∥∥∥
1

∥∥∥∥wn,2

cn,2

∥∥∥∥
1

= 1

So, we can use Lemma A.5.3 with C = Cu,v := suphu,v and n = 2 for any u,v ∈ SS−1, giving
us the following inequality.

|Eχhu,v − Eχ1×χ2hu,v| ≤ 4λ
Tn
4 (A.11)

Since inequality A.11 holds for any u, v ∈ SS−1, we can take the supremum over such u, v to
get the desired inequality below. We also recall that P(Bn) ≥ dmins,a

2
from equation A.5.

1

P(Bn)

∥∥∥∥∥Eχ

[
wn,1wT

n,2

cn,1cn,2
1Bn

]
− Eχ1

[
wn,1

cn,1
1cn,1 ̸=0

]
Eχ2

[
wT
n,2

cn,2
1cn,2 ̸=0

]∥∥∥∥∥ ≤ 1

P(Bn)
4λ

Tn
4

≤ 8λ
Tn
4

dmin(s, a)

Bounding the second term (sub-block-level mixing)

Remember that the product distribution
∏

g χi,g is Qi. First note that, since under Qi, each
observation is independent, we have the following expectation.

EQi

[
wn,i

cn,i
1cn,i ̸=0

]
= EQi

[
EQi

[wn,i | cn,i]
cn,i

1cn,i ̸=0

]
= EQi

[
Pj(· | s, a)cn,i

cn,i
1cn,i ̸=0

]
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= Pj(· | s, a)PQi
(cn,i ̸= 0) (A.12)

Remark 12. Note that this holds crucially because we are working with the product distribution Qi

over the single-step sub-blocks.

Also, let hu = uT wn,1

cn,1
1cn,1 and let gv =

wT
n,2

cn,2
1cn,2v. Then the second term is exactly given by the

following expression.

1

P(Bn)
sup

u,v∈SS−1

|Eχ1 [hu]Eχ2 [gv]− EQ1 [hu]EQ2 [gv]|

Also note that both |hu| and |gv| are bounded by 1. We then have the following chain of
inequalities.

|Eχ1 [hu]Eχ2 [gv]− EQ1 [hu]EQ2 [gv]| ≤ |Eχ1 [hu]− EQ1 [hu]| |Eχ2 [gv]|+ |Eχ2 [gv]− EQ2 [gv]||EQ1 [hu]|

≤ |Eχ1 [hu]− EQ1 [hu]|+ |Eχ2 [gv]− EQ2 [gv]|

Since the single step sub-blocks are separated by at least Tn
8G

timesteps, we can apply Lemma A.5.3
with C = 1 and n = G to get bounds on both terms here, since Qi =

∏
g χi,g. Also remember that

P(Bn) ≥ dmin(s,a)
2

from equation A.5.

1

P(Bn)
sup

u,v∈SS−1

|Eχ1 [hu]Eχ2 [gv]− EQ1 [hu]EQ2 [gv]| ≤
1

P(Bn)

(
4Gλ

Tn
8G + 4Gλ

Tn
8G

)
≤ 16Gλ

Tn
8G

dmin(s, a)

Bounding the third term (sub-block-level mixing)

Again, note that the third term is given by the following expression.

1

P(Bn)
∣∣EQ1 [1cn,1 ̸=0]EQ2 [1cn,2 ̸=0]− Eχ1 [1cn,1 ̸=0]Eχ2 [1cn,2 ̸=0]

∣∣
We can bound this above using the fact that |ab−cd| ≤ |b||a−c|+ |c||b−d|, to get the following
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upper bound.

EQ2 [1cn,2 ̸=0]
∣∣EQ1 [1cn,1 ̸=0]− Eχ1 [1cn,1 ̸=0]

∣∣+ Eχ1 [1cn,1 ̸=0]
∣∣EQ2 [1cn,2 ̸=0]− Eχ2 [1cn,2 ̸=0]

∣∣
This in turn is bounded above by the expression below.

|EQ1 [1cn,1 ̸=0]− Eχ1 [1cn,1 ̸=0]|+ |EQ2 [1cn,2 ̸=0]− Eχ2 [1cn,2 ̸=0]|

Since indicator functions are bounded above by 1, we can apply Lemma A.5.3 as in the second
term (C = 1, n = G) to bound both the differences above. Skipping the routine details, we finally
get the following inequality, analogous to the second term.

1

P(Bn)
∣∣EQ1 [1cn,1 ̸=0]EQ2 [1cn,2 ̸=0]− Eχ1 [1cn,1 ̸=0]Eχ2 [1cn,2 ̸=0]

∣∣ ≤ 16Gλ
Tn
8G

dmin(s, a)

Bounding the fourth term (segment-level mixing)

Now note that the fourth term is the same as the expression below.

1

P(Bn)
|Eχ1 [1cn,1 ̸=0]Eχ2 [1cn,2 ̸=0]− Eχ[1cn,1 ̸=01cn,2 ̸=0]|

=
1

P(Bn)
|Eχ1×χ2 [1cn,1 ̸=01cn,2 ̸=0]− Eχ[1cn,1 ̸=01cn,2 ̸=0]|

We can now apply Lemma A.5.3 with C = 1 and n = 2. The segments are separated by T and
P(Bn) ≥ dmin(s,a)

2
, giving us the following bound.

1

P(Bn)
|Pχ1(cn,1 ̸= 0)Pχ2(cn,2 ̸= 0)− P(Bn)| ≤

8λ
Tn
4

dmin(s, a)

Combining all these, we get that

∥M̂s,a −Ms,a∥ <

√
32G

Ntraj(s, a)

(
2S log(12) + log

(
2

δ

))

+
16

dmin(s, a)

(
1

4

) Tn
4tmix

+
32G

dmin(s, a)

(
1

4

) Tn
8Gtmix
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≤

√
32

Ntraj(s, a)

(
2S log(12) + log

(
2

δ

))
+

48G

dmin(s, a)

(
1

4

) Tn
8Gtmix

(A.13)

as desired.

A.6 Proof of Theorem 3.4.3

Theorem 3.4.3 (Exact Clustering Guarantee). Pick any pair of trajectories n,m. Then for Freqβ
so that it contains (s, a) with dmin(s, a) ≥ Ω(α), Tn = Ω(tmix log

4(1/δ)/α3), with probability at

least 1− δ, ∣∣dist1(m,n)− ∥∆m,n∥22
∣∣

is

O

(√
K log(1/δ)

α

(
tmix
Tn

) 1
3

)
+ 4ϵsub(δ/2)

This means that if we choose λ = 1, then if ϵsub(δ) ≤ ∆2/32 and Tn = Ω
(
K3/2tmix

log4(Nclust/(αδ))
∆6α3

)
,

no distance estimate attains a value between ∆2/4 and ∆2/2. So, Algorithm 2 attains exact

clustering using a threshold of say ∆2/3 with probability at least 1− δ.

Proof. Consider the testing of trajectories m and n. Recall that we defined

dist1(m,n) := max
(s,a)∈SAα

[((
P̂n,1(· | s, a)− P̂m,1(· | s, a)

)T
Vs,a

)
((

P̂n,2(· | s, a)− P̂m,2(· | s, a)
)T

Vs,a

)T]

Let km be the label of trajectory m and kn the label of trajectory n. According to our assumptions, if
km ̸= kn, then we have an s, a so that dkm(s, a), dkn(s, a) ≥ α and ∥Pkm(· | s, a)−Pkn(· | s, a)∥2 ≥
∆. We will make s, a implicit in our notation except in Pj(· | s, a). Let cn,i := N(n, i, s, a),
wn,i := N(n, i, s, a, ·). Recall that we have two nested partitions: (1) of the entire trajectory into the
two Ωi and (2) of each segment Ωi into G blocks. Finally, define dist1,(s,a) as below, suppressing m
and n. Note that dist1(m,n) is the maximum of dist1,(s,a) over all (s, a) ∈ Freqβ , for the given two
trajectories m and n.

dist1,(s,a) :=

[(
(P̂n,1(· | s, a)− P̂m,1(· | s, a))TVs,a

)(
(P̂n,2(· | s, a)− P̂m,2(· | s, a))TVs,a

)T]
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We want to show that this is close to ∥∆m,n(s, a)∥22 for the (s, a) pairs that we search over, where

∆m,n(s, a) = Pkm(· | s, a)− Pkn(· | s, a)

Assume the lemma below for now, we prove it in the next subsection.

Lemma A.6.1. We claim that there is a universal constantC1 so that for any (s, a) with dmin(s, a) ≥
α/3, with probability at least 1− δ,

∣∣dist1,(s,a)−∥∆m,n(s, a)∥22
∣∣ ≤ C1

(√
K + log(1/δ)

Gα

)
+ 4ϵsub(δ/2)

whenever Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α2

)
. Here, ϵsub(δ) is the high

probability bound on ∥Pj(· | s, a) − Vs,aVT
s,aPj(· | s, a)∥2 with j = kn, km, from Theorem 3.4.2

(satisfied with probability > 1− δ).

We now set G =
(

Tn
tmix

) 2
3
. Then a sufficient condition on Tn to meet the conditions of the lemma

is Tn = Ω(tmix log
4(1/δ)/α3), under which, with probability at lest 1− δ, we have the following

bound for (s, a) with dmin(s, a) ≥ α/3.

∣∣dist1,(s,a)−∥∆m,n(s, a)∥22
∣∣ ≤ O

(√
K log(1/δ)

α

(
tmix
Tn

) 1
3

)
+ 4ϵsub(δ/2) (A.14)

It is now easy to see that the first term on the right-hand side is less than ∆2/8 when
Tn = Ω

(
K3/2tmix

log3/2(1/δ)

∆6α3/2

)
and Tn = Ω(tmix log

4(1/δ)/α3). We can combine these to have
the guarantee that the first term on the right-hand side is less ∆2/8 with probability at least 1− δ
when Tn = Ω

(
K3/2tmix

log4(1/δ)
∆6α3

)
.

Now note that if β ≥ α/3, then a separating state action pair always lies in Freqβ and thus, the
maximum over the ∥∆m,n(s, a)∥22 values corresponding to Freqβ is in fact either 0 if km = kn or
larger than ∆2 if km ̸= kn. So, if ϵsub(δ/2) ≤ ∆2/32 and for each of the (s, a) pairs, the first term
on the right-hand side of inequality A.14 is less than ∆2/8, then our distance estimate dist1(m,n)

is on the right side of any threshold as long as ∆2/4 ≤ τ ≤ ∆2/2. That is, the distance estimate is
then less than the threshold if km = kn, and larger than it if km ̸= kn.

Note that upon choosing an occurrence threshold of order α, we will have at most O(1/α) many
(s, a) pairs in Freqβ to maximize dist1,(s,a) over to get dist1(m,n). By applying a union bound over
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all (s, a) pairs in Freqβ and using the conclusion of the previous paragraph, we correctly determine

if km = kn with probability 1− δ for Tn = Ω
(
K3/2tmix

log4(1/(αδ))
∆6α3

)
, as long as ϵsub(δ/2) ≤ ∆2/32

and ∆2/4 ≤ τ ≤ ∆2/2.

By applying a union bound over incorrectly deciding whether or not km = kn for any of the
Nclust(Nclust− 1)/2 pairs, we get that we can recover the true clusters with probability at least 1− δ
for Tn = Ω

(
K3/2tmix

log4(Nclust/(αδ))
∆6α3

)
, whenever ϵsub ≤ ∆2/32 and as long as ϵsub(δ/2) ≤ ∆2/32

and ∆2/4 ≤ τ ≤ ∆2/2.

A.6.1 Proof of Lemma A.6.1

We recall the statement of the lemma.

Lemma A.6.1. We claim that there is a universal constantC1 so that for any (s, a) with dmin(s, a) ≥
α/3, with probability at least 1− δ,

∣∣dist1,(s,a)−∥∆m,n(s, a)∥22
∣∣ ≤ C1

(√
K + log(1/δ)

Gα

)
+ 4ϵsub(δ/2)

whenever Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α2

)
. Here, ϵsub(δ) is the high

probability bound on ∥Pj(· | s, a) − Vs,aVT
s,aPj(· | s, a)∥2 with j = kn, km, from Theorem 3.4.2

(satisfied with probability > 1− δ).

Notation: We say cn,i = N(n, i, s, a) as in the statement of the lemma and wn,i = N(n, i, s, a, ·).
Let the joint distribution of the observations over the pair of trajectories (m,n) be χ. This means
that χ is the product of the joint distribution of the observations over the trajectory m and that of the
observations over the trajectory n, since trajectories are generated independently. Let its marginals
on the segments Ωi be χi. Let the marginals on each of the G single-step sub-blocks along with their
next states be χi,g. Denote the product distribution

∏
g χi,g by Qi. Let G(s, a) denote the two sets

of indices where the state-action pair (s, a) is observed in trajectories n and m. For brevity, we will
abbreviate G(s, a) to G. Note that the sizes of these two sets are exactly cn,i and cm,i respectively.

We first prove some preliminary lemmas.

A.6.1.1 Decomposition of | dist1,(s,a)−∥∆m,n(s, a)∥22 |

Lemma A.6.2. We claim that for each fixed value of G(s, a) (abbreviated to G), with probability at

least 1− δ, the following bound holds.
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∣∣dist1,(s,a)−∥∆m,n(s, a)∥22
∣∣ ≤ 2∑

i=1

2 ∥∆i − EQi
[∆i | G]∥2 + 4ϵsub(δ)

+ 4
(
max
i

1cn,i=0 +max
i

1cm,i=0

)
(A.15)

Here cn,i = N(n, i, s, a), ϵsub(δ) is the high probability bound on ∥Pjl(· | s, a) − Vs,aVT
s,aPjl(· |

s, a)∥2 from Theorem 3.4.2 (satisfied with probability > 1− δ), and

∆T
i = (P̂n,i(· | s, a)− P̂m,i(· | s, a))TVs,a

Remark 13. In the inequality,

• The first term is a concentration-type term, which will be broken into an “independent
concentration" error and a mixing error to account for the low but non-zero dependence across
blocks.

• The second term accounts for subspace estimation error.

• The third term accounts for actually observing s, a in our blocks.

Proof. We first establish a simple inequality.

| dist1,(s,a)−EQ1 [∆
T
1 | G]EQ2 [∆2 | G]|

= |∆T
1∆2 − EQ1 [∆

T
1 | G]EQ2 [∆2| | G]

≤ |(∆T
1 − EQ1 [∆

T
1 | G])EQ2 [∆2 | G]|+ |∆T

1 (∆2 − EQ2 [∆2 | G])|

≤ ∥∆1 − EQ1 [∆1 | G]∥2 ∥EQ2 [∆2 | G]∥2 + ∥∆1∥2 ∥∆2 − EQ2 [∆2 | G]∥2
≤ 2 ∥∆1 − EQ1 [∆1 | G]∥2 + 2 ∥∆2 − EQ2 [∆2 | G]∥2 (A.16)

Remark 14. Notice that because of this inequality, the double estimator does not impact any
theoretical guarantees for exact clustering w.h.p, which is the form of the guarantees in both Kong
et al. [2020] and Chen and Poor [2022]. However, we find that using a double estimator allows for
better performance in real life. This makes sense because while exact clustering doesn’t need a
double estimator, approximate clustering w.h.p. does depend on the expectation of the distances
across pairs of trajectories. This expectation is controlled by the covariance of ∆1 and ∆2.

We define the following quantity.

diffi =
(
1cn,i ̸=0Pkm(· | s, a)− 1cm,i ̸=0Pkn(· | s, a)

)
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Note that ∥diffi∥2 ≤ 2. Note the following expectation, which uses the dieas from equation A.12.

EQi
[∆i | G] = EQi

[
VT
s,a(P̂n,i(· | s, a)− P̂m,i(· | s, a))

]
= VT

s,a

(
EQi

[P̂n,i(· | s, a) | G]− EQi
[P̂m,i(· | s, a) | G]

)
= VT

s,a

(
EQi

[
wn,i

cn,i
1cn,i ̸=0 | G

]
− EQi

[
wm,i

cm,i
1cm,i ̸=0 | G

])
= VT

s,a

(
EQi

[wn,i | G]
cn,i

1cn,i ̸=0 −
EQi

[wm,i | G]
cm,i

1cm,i ̸=0

)
= VT

s,a

(
Pkn(· | s, a)cn,i

cn,i
1cn,i ̸=0 −

Pkm(· | s, a)cm,i
cm,i

1cm,i ̸=0

)
= VT

s,a

(
Pkn(· | s, a)1cn,i ̸=0 − Pkm(· | s, a)1cm,i ̸=0

)
= VT

s,adiffi

We recall the following definition before proceeding to show the main inequality.

∆m,n(s, a) = Pkm(· | s, a)− Pkn(· | s, a)

∣∣∣EQ1 [∆
T
1 | G]EQ2 [∆2 | G]− ∥∆m,n(s, a)∥22

∣∣∣
=
∣∣diffT1 Vs,aVT

s,adiff2 − diffT1 diff2
∣∣+ ∣∣∣diffT1 diff2 − ∥∆m,n(s, a)∥22

∣∣∣
≤ ∥diff1∥2

∥∥diff2 − Vs,aVT
s,adiff2

∥∥
2
+ ∥diff1 −∆m,n(s, a)∥2 ∥diff2∥2

+ ∥diff1∥2 ∥diff2 −∆m,n(s, a)∥2
≤ ∥diff1∥1

∥∥diff2 − Vs,aVT
s,adiff2

∥∥
2
+ ∥diff1 −∆m,n(s, a)∥2 ∥diff2∥1

+ ∥diff1∥1 ∥diff2 −∆m,n(s, a)∥2
≤ 2

∥∥diff2 − Vs,aVT
s,adiff2

∥∥
2
+ 2 ∥diff1 −∆m,n(s, a)∥2

+ 2 ∥diff2 −∆m,n(s, a)∥2
≤ 2

∥∥Pkm(· | s, a)− Vs,aVT
s,aPkm(· | s, a)

∥∥
2

+ 2
∥∥Pkn(· | s, a)− Vs,aVT

s,aPkn(· | s, a)
∥∥
2

+ 2
∥∥1cm,1=0Pkm(· | s, a)− 1cn,1=0Pkn(· | s, a)

∥∥
2

+ 2
∥∥1cm,2=0Pkm(· | s, a)− 1cn,2=0Pkn(· | s, a)

∥∥
2

≤ 4ϵsub(δ) + 2
(
1cm,1=0 ∥Pkm(· | s, a)∥2 + 1cn,1=0 ∥Pkn(· | s, a)∥2

)
+ 2
(
1cm,2=0 ∥Pkm(· | s, a)∥2 + 1cn,2=0 ∥Pkn(· | s, a)∥2

)
≤ 4ϵsub(δ) + 4

(
max
i

1cn,i=0 +max
i

1cm,i=0

)
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Combining this with inequality A.16, we have the following final bound.

∣∣dist1,(s,a)−∥∆m,n(s, a)∥22
∣∣ ≤ 2∑

i=1

2 ∥∆i − EQi
[∆i | G]∥2 + 4ϵsub(δ)

+ 4
(
max
i

1cn,i=0 +max
i

1cm,i=0

)
(A.17)

where we remind the reader that cn,i = N(n, i, s, a) and recall the definition of ∆i.

∆T
i = (P̂n,i(· | s, a)− P̂m,i(· | s, a))TVs,a

A.6.1.2 Bounding the concentration-type term

We bound the first term in the decomposition lemma (Lemma A.6.2) with high probability.

Lemma A.6.3. With probability at least 1 − δ, when Tn ≥ Ω
(
Gtmix log

(
G
δ
log(1/α)

))
and

G ≥ Ω
(

log(1/δ)
α2

)
, we have the following bound.

∥∆i − EQi
[∆i | G])∥2 ≤ O

(√
K + log(1/δ)

Gα

)

Proof. Recall that the joint distribution of the observations over the pair of trajectories (m,n) is χ.
Its marginals on the segments Ωi are χi. The marginals on each of the G single-step sub-blocks is
χi,g. The product distribution

∏
g χi,g is Qi. Recall that G(n, s, a) denotes the two sets of indices

where (s, a) is observed in trajectory n and m respectively, and the sets have sizes cn,i and cm,i
respectively.

Let wn,i,g be the one hot vector of the next state if the (i, g) sub-block witnesses (s, a), and
the zero vector otherwise. Let cn,i,g be the indicator of (s, a) in the (i, g) sub-block. Then wn,i =∑

g wn,i,g and cn,i =
∑

g cn,i,g.

1. Covering argument for the product distribution

Pick a unit vector u ∈ RK and consider the following inequality. Remember that we abbreviate
G(n, s, a) to G.

|uT (∆i − EQi
[∆i | G])| ≤ |uTVs,a(P̂n,i(· | s, a)− EQi

[P̂n,i(· | s, a) | G])|

+ |uTVs,a(P̂m,i(· | s, a)− EQi
[P̂m,i(· | s, a) | G])|
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We work with the term for trajectory n, WLOG. Any bounds thus obtained will also apply to
trajectory m. Notice the following equation.

|uTVT
s,a(P̂n,i(· | s, a)− EQi

[P̂n,i(· | s, a) | G])|

=

∣∣∣∣∣∣ 1

cn,i

∑
g∈G(n,s,a)

(
uTVT

s,awn,i,g − EQi
[uTVT

s,awn,i,g | G])
)∣∣∣∣∣∣

Note that |uTVT
s,awn,i,g| ≤ ∥u∥2∥VT

s,awn,i,g∥2 ≤ 1. Note that conditioned on the set of (s, a)
observations in trajectory n, the next states are independent under the product distribution Qi

(but not under χi, of course). Now, using the conditional version of Hoeffding’s inequality from
Lemma A.5.4, we get the following bound.

PQi

∣∣∣∣∣∣ 1

cn,i

∑
g∈G(n,s,a)

(
uTVT

s,awn,i,g − EQi
[uTVT

s,awn,i,g | G])
)∣∣∣∣∣∣ > ϵ

8

∣∣∣∣∣∣G
 ≤ 2e−

ϵ2cn,i
32

Note that if X ≤ Y + Z, then P(X > ϵ
4
) ≤ P(Y > ϵ

8
) + P(Z > ϵ

8
) by a union bound. We

apply this to the inequalities above with X = |uT (∆i−EQi
[∆i])| to get the following concentration

inequality.

PQi

(
|uT (∆i − EQi

[∆i | G])| >
ϵ

4
| G
)
≤ 2e−

ϵ2cn,i
32 + 2e−

ϵ2cn,i
32 = 4e−

ϵ2cn,i
32

Consider a covering of SK−1 by balls of radius 1/4. We will need at most 12K such balls. Call
the set of their centers C. We know that for any vector v, the following holds.

sup
∥u∥2≤1

uTv = ∥v∥2 ≤ 2 sup
u∈C

uTv

We use this to arrive at the concentration inequality below.

PQi

(
∥∆i − EQi

[∆i | G])∥2 >
ϵ

2
| G
)
≤ PQi

(
∃u ∈ C; |uT (∆i − EQi

[∆i | G])| >
ϵ

4
| G
)

≤
∑
u∈C

PQi

(
|uT (∆i − EQi

[∆i | G])| >
ϵ

4
| G
)
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< 4 ∗ 12K ∗ e−
ϵ2cn,i

32

3. Accounting for non-independence (mixing error)

We know that we can bound the difference in the probability of any event E between χi and Qi

by applying Lemma A.5.3 to the function h = 1E with n = G and C = 1 as we have before, giving
us the following inequality.

Pχi

(
∥∆i − EQi

[∆i | G])∥2 >
ϵ

2

)
≤ PQi

(
∥∆i − EQi

[∆i | G])∥2 >
ϵ

2

)
+
δ

2
+ 4G

(
1

4

) Tn
8Gtmix

≤ 4 ∗ 12K ∗ e−
ϵ2Gdmin(s,a)

128 +
δ

2
+ 4G

(
1

4

) Tn
8Gtmix

We know that both terms are less than δ
4

when Tn ≥ Ω
(
Gtmix log

(
G
δ

))
andG ≥ Ω

(
K+log(1/δ)

ϵ2α

)
,

since dmin(s, a) ≥ α/3. We thus have the following bound with probability at least 1 − δ, when
Tn ≥ Ω

(
Gtmix log

(
G
δ

)
log(1/α)

)
and G ≥ Ω

(
log(1/δ)
α2

)
.

∥∆i − EQi
[∆i | G])∥2 ≤ O

(√
K + log(1/δ)

Gα

)

A.6.1.3 Bounding the probability of not observing s, a

We bound the third term in the decomposition lemma (Lemma A.6.2) with high probability. We
first need an auxiliary lemma for this.

Lemma A.6.4. For Tn ≥ Ω (Gtmix log(1/α)), we have the following bound.

P(cn,i = 0) ≤
(
1− dmin(s, a)

2

)G
+ 4G

(
1

4

) Tn
8Gtmix

Remark 15. Again, we can think of this sum as a bound on the probability of not observing s, a in
the blocks if they were independent (the first term) versus a mixing error between blocks to account
for their non-independence (the second term).

Proof. Recall that the joint distribution of the observations over the pair of trajectories (m,n) is χ.
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Its marginals on the segments Ωi are χi. The marginals on each of the G single-step sub-blocks is
χi,g. The product distribution

∏
g χi,g is Qi. Recall that G(n, s, a) denotes the two sets of indices

where (s, a) is observed in trajectory n and m respectively, and the sets have sizes cn,i and cm,i
respectively.

Remember that wn,i,g is the one hot vector of the next state if the (i, g) sub-block witnesses
(s, a), and the zero vector otherwise, and that cn,i,g is the indicator of (s, a) in the (i, g) sub-block.
Also recall that then wn,i =

∑
g wn,i,g and cn,i =

∑
g cn,i,g.

Define h :=
∏G

g=1(1 − cn,i,g). Under any distribution Q over these sub-blocks, EQh is the
probability of not observing s, a in any of them. Let di,g,n be the distribution of state-action pairs at
the first observation of sub-block (i, g). Let dkn(·, ·) be the stationary distribution under label kn for
state-action pairs. We use Lemma A.5.3 with h as above, C = 1, n = G and an = Tn

8G
to note the

following chain of inequalities.

P(cn,i = 0) = Eχi
h

≤ EQi
h+ |EQi

h− Eχi
h|

≤

(
G∏
g=1

EQi
(1− cn,i,g)

)
+ 4Gλ

Tn
8G

≤

(
G∏
g=1

(1− dkn(s, a) + TV (di,g,n, dkn)

)
+ 4Gλ

Tn
8G

≤

(
G∏
g=1

(1− dkn(s, a) + 4λ
Tn
8G )

)
+ 4Gλ

Tn
8G

=
(
1− dkn(s, a) + 4λ

Tn
8G

)G
+ 4Gλ

Tn
8G

≤
(
1− dkn(s, a)

2

)G
+ 4Gλ

Tn
8G

≤
(
1− dmin(s, a)

2

)G
+ 4Gλ

Tn
8G

where the inequality in the second to last line holds for Tn ≥ Ω (Gtmix log(1/α)) ≥
Ω (Gtmix log(1/dmin(s, a))).
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From the above lemma, the following corollary immediately follows by getting conditions
to bound each term on the right hand side by δ/2, upon also noting that − log(1 − x) ≥ x, so
log
(

1
1−α/2

)
≥ α/2.

Corollary A.6.5. For Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α

)
, we have with

probability at least 1− δ that

4
(
max
i

1cn,i=0 +max
i

1cm,i=0

)
= 0

A.6.1.4 Combining the bounds

We finally combine these lemmas to prove Lemma A.6.1 – the lemma that this section was dedicated
to. The conditions of the lemmas combine to ask that Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and
G ≥ Ω

(
log(1/δ)
α2

)
.

Proof of Lemma A.6.1. Combining the decomposition from Lemma A.6.2 with the bounds in
Lemma A.6.3 and Corollary A.6.5, we conclude using union bounds on the low probability events
that we are excluding that there is a universal constant C1 so that with probability at least 1− δ,

∣∣dist1,(s,a)−∥∆m,n(s, a)∥22
∣∣ ≤ C1

(√
K + log(1/δ)

Gα

)
+ 4ϵsub(δ/2)

whenever Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α2

)
.

A.7 Guarantees for one step of the EM Algorithm for mixtures
of MDPs

Remember that the M-step is just the model estimation step, so Theorem 3.4.4 provides guarantees
for that. We also have the following guarantees for the E-step of hard EM.
Theorem A.7.1. Consider any (s, a) with dmin(s, a) ≥ α/3 where model estimation accuracy is ϵ

with ϵ ≤ min(∆/4,∆2gmin/64) where gmin is the least non-zero value of Pk(s′ | s, a) across k, s′.

Using log-likelihood ratios of transitions of all such (s, a) pairs, we can classify any set of N new

trajectories with probability 1− δ if it has length Tn = Ω(tmix log
4(N/δ) log3(1/fmin)/α

3∆3).
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Remark 16. The dependence on gmin is unavoidable. For example, if the estimate for the models
was only off at the value of k, s′ attaining gmin and our estimate for gmin was P̂k(s′ | s, a) = 0, then
no trajectory from label k witnessing s′ will get correctly classified. This event will happen roughly
with probability gmin, up to a mixing error, and gmin cannot be made less than some arbitrary δ
chosen to bound the probability of all undesirable events.

Proof. We are inspired by the lower bound obtained in Lemma 1 of Wong and Shen [1995] for
obtaining our sample complexity bounds. Consider a separating state-action pair s, a. We first
establish Hellinger distance lower bounds between the distributions P̂k(· | s, a) and P̂l(· | s, a).
Notice that

TV (P̂k(· | s, a),Pk(· | s, a)) =
1

2
∥P̂k(· | s, a)− Pk(· | s, a)∥1 ≤ ϵ/2 ≤ ∆/4

The same holds for l as well. Combining the latter with ∥Pk(· | s, a) − Pl(· | s, a)∥1 ≥ ∥Pk(· |
s, a)−Pl(· | s, a)∥2 ≥ ∆ and using the inequality H(P,Q) ≥ TV (P,Q)/

√
2, we get the following

bound.
H(Pk(· | s, a), P̂l(· | s, a)) ≥

1√
2
TV (P̂k(· | s, a), P̂l(· | s, a)) ≥

∆

4
√
2

We now recall notation from the previous section. Again, we modify notation slightly, in a natural
way. Let χn be the joint distribution of observations recorded in trajectory n, with their marginals
on each single-element sub-block being χn,g. Let Qn be the product distribution Qn =

∏
n,g χn,g.

Let G(n, s, a) be the set of sub-blocks (n, g) in which (s, a) is observed in trajectory n. Let cn be
the size of this set. We have the following lemma.

Lemma A.7.2. Let the random variables for the next states following each (s, a) observation given

by S1, S2, . . . Scn and let the true label be kn = k. Then for any l ̸= k, consider the likelihood ratio

over next state transitions from (s, a).

LRn(s, a) =
cn∏
i=1

P̂k(Si | s, a)
P̂l(Si | s, a)

We claim that LRn(s, a) > 0 with probability at least 1− δ for Tn ≥ Ω
(
Gtmix log

(
G
δ

)
log(1/α)

)
and G ≥ Ω

(
log(1/fmin) log(1/δ)

α2∆2

)
.

Just like in the proof of Theorem 3.4.3, now set G =
(

Tn
tmix

) 2
3
. Then a sufficient condition on Tn

to meet the conditions of the lemma is Tn = Ω(tmix log
4(1/δ) log3(1/fmin)/α

3∆3).

Now remember that upon choosing an occurrence threshold β of order α, we will have at most
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O(1/α) many (s, a) pairs in Freqβ . By applying a union bound over all (s, a) pairs in Freqβ , we get
that with probability 1− δ, we get that the sum of the log-likelihood ratios of next-state transitions
starting in Freqβ between the true label’s model estimate and any other label’s model estimate is
positive whenever Tn = Ω(tmix log

4(1/δ) log3(1/fmin)/α
3∆3).

We now take another union bound over the N new trajectories to get that we can exactly classify
all of them with probability at least 1− δ whenever Tn ≥ Ω(tmix log

4(N/δ) log3(1/fmin)/α
3∆3).

A.7.1 Proof of Lemma A.7.2

We first perform a computation analogous to Lemma 1 in Wong and Shen [1995]. Let D1 = Pk(· |
s, a), D2 = Pl(· | s, a), D̂1 = P̂k(· | s, a), D̂2 = P̂l(· | s, a). Fix b > 0. We use the conditional
Markov inequality and the fact that conditioned on G(n, s, a) and under the product distribution Q̂n,
the Hellinger distance between the next-state distributions at any (s, a) observation is H(D̂1, D̂2),
which satisfies H(D̂1, D̂2) ≥ ∆/4

√
2. This is crucially due to the independence and the fact that

we are fixing G(n, s, a) by conditioning on it. As usual, abbreviate G(n, s, a) to G for brevity.

PQn(LRn(s, a) ≤ ecnb/2 | G) = PQn

 cn∏
i=1

(
D̂2(Si)

D̂1(Si)

)1/2

≥ e−cnb/2

∣∣∣∣∣∣G


≤ ecnb/2

EQn

(D̂2(Si)

D̂1(Si)

)1/2
∣∣∣∣∣∣G
cn

= ecnb/2

ED1

(D̂2(Si)

D̂1(Si)

)1/2
cn

= ecnb/2

ED1

(D1(Si)

D̂1(Si)

)1/2(
D̂2(Si)

D1(Si)

)1/2
cn

≤ ecnb/2

ED1

(1 + ∆2/64
)1/2(D̂2(Si)

D1(Si)

)1/2
cn

= ecnb/2
(
1 + ∆2/64

)cn/2(
1− H(D1, D2)

2

2

)cn
≤ ecnb/2

(
1−∆2/128

)cn/2
≤ ecnb/2e−cn∆

2/128

Setting b = ∆2/256, we get that PQn(LRn(s, a) ≤ ecn∆
2/256 | G) ≤ e−cn∆

2/256. Now by

144



following a very similar computation to that in point 2 in section A.6.1.2, we get that for Tn ≥
Ω(Gtmix log(1/α)) and G ≥ Ω

(
log(1/δ)
α2

)
, cn ≥ Gdmin(s, a)/4 with probability at least 1 − δ/2.

That is, for such Tn and G,

PQn(LRn(s, a) ≤ eGdmin(s,a)∆
2/512 | G) ≤ PQn(LRn(s, a) ≤ ecn∆

2/128 | G)

≤ e−Gdmin(s,a)∆
2/512 +

δ

2

Since this holds for any value of G = G(n, s, a), we can say that with probability at least 1− δ,
for Tn ≥ Ω(Gtmix log(1/α)) and G ≥ Ω

(
log(1/δ)
α2

)
, cn ≥ Gdmin(s, a)/4, we have the following

bound.

PQn(LRn(s, a) ≤ eGdmin(s,a)∆
2/512) ≤ e−Gdmin(s,a)∆

2/512 +
δ

2

After following a computation very similar to that in point 3 of section A.6.1.2, we get that for
Tn ≥ Ω

(
Gtmix log

(
G
δ

)
log(1/α)

)
and G ≥ Ω

(
log(1/δ)
α2∆2

)
,

Pχ(LRn(s, a) ≤ eGdmin(s,a)∆
2/512) ≤ δ

Note that we want eGdmin(s,a)∆
2/512 ≥ fl/fk, in which case it suffices to ask eGdmin(s,a)∆

2/512 ≥
1/fmin. Combining this with earlier conditions, for G ≥ Ω

(
log(1/δ) log(1/fmin)

α2∆2

)
and Tn ≥

Ω
(
Gtmix log

(
G
δ

)
log(1/α)

)
,

Pχ

(
fk
fl
LRn(s, a) ≤ 1

)
≤ δ

A.8 Proof of Theorem 3.4.4

Theorem 3.4.4 (Model Estimation Guarantee). For any state action pair (s, a) with dmin(s, a) ≥
α/3, and for GNclust ≥ Ω

(
log(1/δ)

f2minα
2

)
and Tn ≥ Ω(Gtmix log(G/δ)), with probability greater than

1− δ,

∥P̂k(· | s, a)− Pk(· | s, a)∥1
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is bounded above by

O

((
tmix
Tn

)1/3√
1

Nclustfminα
(S + log(

1

δ
))

)

Proof. The proof is quite straightforward and employs the techniques used so far, especially those
used in section A.6.1.2. Let k be the (now known) label that we’re working with.

We modify previous notation a bit for this proof. For brevity of notation, we denote by cn,g the
indicator variable for observing (s, a) in the gth single-step sub-block of the trajectory n. Denote
by wn,g one-hot vector of the next state observed if the currect state-action pair is (s, a), and
set it to the zero-vector otherwise. Note that

∑
g cn,g = N(n, s, a) and

∑
g wn,g = N(n, s, a, ·).

We denote the set of indices (n, g) of all s, a observations that come from label k (across the
GNclust observations recorded) by N (s, a, k). Let the size of this set be N(s, a, k). Note that
N(s, a, k) =

∑
n∈Ck N(n, s, a) =

∑
n,g cn,g. Also note the following alternate expression for

P̂k(· | s, a).

P̂k(· | s, a) :=
∑

(n,g)∈N (s,a,k) wn,g∑
(n,g)∈N (s,a,k) cn,g

1N(s,a,k)̸=0 =

∑
(n,g)∈N (s,a,k) wn,g

N(s, a, k)
1N(s,a,k)̸=0 (A.18)

Let χn be the joint distribution of observations recorded in trajectory n, with their marginals
on each single-element sub-block being χn,g. Let χ be the joint distribution of all observations
recorded across all trajectories. Since the trajectories are independent, we know that χ =

∏
n χn.

Let Qg be the joint distribution of the observations at the gth sub-block. Note that this is also the
marginal of the joint distribution χ on the gth sub-block, and since the trajectories are independent,
Qg =

∏
n χg,n. Finally, denote by Q the product distribution

∏
gQg =

∏
g

∏
n χg,n. This would be

the distribution if all observations recorded were independent (across sub-blocks).

1. Concentration under the product distribution

We have the following computation.

EQ[P̂k(· | s, a) | N (s, a, k)] = EQ

[∑
n∈Nclust

wn

N(s, a, k)
1N(s,a,k)̸=0

∣∣∣∣N(s, a, k)

]
= E

[∑
n∈N (s,a,k) wn

N(s, a, k)

∣∣∣∣∣N(s, a, k)

]
1N(s,a,k)̸=0

=

∑
n EQ[wn | N (s, a, k)]

N(s, a, k)
1N(s,a,k)̸=0

=

∑
n Pk(· | s, a)cn
N(s, a, k)

1N(s,a,k)̸=0
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=
Pk(· | s, a)(

∑
n cn)

N(s, a, k)
1N(s,a,k)̸=0

=
Pk(· | s, a)N(s, a, k)

N(s, a, k)
1N(s,a,k)̸=0

= Pk(· | s, a)1N(s,a,k)̸=0

Now we set up our covering argument. Remember that [−1, 1]S is the set of all vectors u ∈ RS

with ∥u∥∞ ≤ 1. Consider a covering of [−1, 1]S by boxes of side length 1
4

and centers lying in
[−1, 1]S . We will need at most 12S such boxes and if C is the set of their centers, then for any
vector v

∥v∥1 = sup
u∈[−1,1]S−1

|uTv| ≤ 2max
u∈C
|uTv| ≤ 2∥v∥1

Also, for any u ∈ C, note that

|uT P̂n,i(· | s, a)| ≤ ∥u∥∞
∥∥∥∥wn,1

cn,1

∥∥∥∥
1

≤
∥∥∥∥wn,1

cn,1

∥∥∥∥
1

= 1

and so |uTEQ[P̂k(· | s, a) | N (s, a, k)]| ≤ E[|uT P̂k(· | s, a)| | N (s, a, k)] ≤ 1. Again, note that
conditioned on the set of all (s, a) observations recorded, the next states wn,g are all independent
under the product distributionQ (but not under χ, of course). Recalling the expression for P̂k(· | s, a)
from equation A.18, this means that we can use the conditional version of Hoeffding’s inequality,
giving us the following bound.

PQ
(∣∣∣uT (P̂k(· | s, a)− EQ[P̂k(· | s, a) | N (s, a, k)])

∣∣∣ > ϵ

4

∣∣∣N (s, a, k)
)
< 2e−

ϵ2N(s,a,k)
8

Doing this for all 12S vectors u ∈ C, we get the following inequality.

PQ
(∥∥∥(P̂n,i(· | s, a)− EQ[P̂n,i(· | s, a) | N (s, a, k)])

∥∥∥
1
>
ϵ

2

∣∣∣N (s, a, k)
)

is bounded above by

PQ
(
∃u ∈ C;

∣∣∣uT (P̂k(· | s, a)− EQ[P̂k(· | s, a) | N (s, a, k)])
∣∣∣ > ϵ

4

∣∣∣N (s, a, k)
)
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≤
∑
u∈C

PQ
(∣∣∣uT (P̂k(· | s, a)− EQ[P̂k(· | s, a) | N (s, a, k)])

∣∣∣ > ϵ

4

∣∣∣N (s, a, k)
)

< 12S ∗ e−
ϵ2N(s,a,k)

8

2. Bounding N(s, a, k) under the product distribution

Now note that N(s, a, k) =
∑

(n,g)∈Nclust×[G] cn,g. So,

EQ[N(s, a, k)] =
∑

(n,g)∈Nclust×[G]

EQ[cn,g] =
∑

(n,g)∈Nclust×[G]

Pχ(cn,g ̸= 0)

We can show the following inequality.

Pχ(cn,g ̸= 0) = Pχ(cn,g ̸= 0 | kn = k)P(kn = k) ≥ dmin(s, a)

2
fmin

for Tn ≥ Ω(Gtmix log(1/α)), getting the last inequality by using a computation very similar
to the one in equation A.4, along with the fact that P(kn = k) = fk. So, EQ[N(s, a, k)] ≥
GNclustfmindmin(s,a)

2
.

PQ

(
N(s, a, k) < GNclust

fmindmin(s, a)

4

)
= PQ

(
N(s, a, k) < GNclust

fmindmin(s, a)

2
−GNclust

fmindmin(s, a)

4

)
≤ PQ

(
N(s, a, k) < E[N(s, a, k)]−GNclust

fmindmin(s, a)

4

)

= PQ

 ∑
(n,g)∈Nclust×[G]

cn,g < E[N(s, a, k)]−GNclust
fmindmin(s, a)

4


≤ exp

(
−f2

mindmin(s, a)
2GNclust

8

)

This is less than δ/2 for GNclust ≥ Ω
(

log(1/δ)

f2minα
2

)
. So, with probability at least 1 − δ/2, for

GNclust ≥ Ω
(

log(1/δ)

f2minα
2

)
and Tn ≥ Ω(Gtmix log(1/α)), we have the following bound.

PQ
(∥∥∥(P̂n,i(· | s, a)− EQ[P̂n,i(· | s, a) | N (s, a, k)])

∥∥∥
1
>
ϵ

2

)
≤ 12Se−

ϵ2GNclustfmindmin(s,a)

128
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3. Mixing error to account for non-independence in the true joint distribution

Note that we can think of the combined dataset as a Markov chain over the tuple of n observations,
with a joint distribution χ over observations. Its marginal over the gth single-step sub-blocks is Qg

and Q =
∏

gQg. We now want to apply Lemma A.5.3, noting that the relevant function of this
Markov chain is 1E where E is the event ∥P̂k(· | s, a)− Pk(· | s, a)∥1 < ϵ

2
. Clearly, in this case, n

from the lemma is G and C from the lemma is 1. We use this to get the following bound.

Pχ
(∥∥∥(P̂n,i(· | s, a)− EQ[P̂n,i(· | s, a) | N (s, a, k)])

∥∥∥
1
>
ϵ

2

)
is bounded above by

PQ
(∥∥∥(P̂n,i(· | s, a)− EQ[P̂n,i(· | s, a) | N (s, a, k)])

∥∥∥
1
>
ϵ

2

)
+ 4G

(
1

4

) Tn
8Gtmix

≤ 12Se−
ϵ2GNclustfmindmin(s,a)

128 + 4G

(
1

4

) Tn
8Gtmix

Each term is less than δ/4 forGNclust ≥ Ω
(

1
ϵ2fminα

(S + log(1
δ
)
)

and Tn ≥ Ω(Gtmix log(G/δ)).
So for such G,Nclust, Tn, with probability greater than 1− δ,

∥P̂k(· | s, a)− Pk(· | s, a)∥1 < ϵ

Alternatively, for GNclust ≥ Ω
(

log(1/δ)

f2minα
2

)
and Tn ≥ Ω(Gtmix log(G/δ) log(1/α)), with proba-

bility greater than 1− δ,

∥P̂k(· | s, a)− Pk(· | s, a)∥1 ≤ O

(√
1

GNclustfminα
(S + log(

1

δ
))

)

Letting G =
(

Tn
tmix

)2/3
, for

(
Tn
tmix

)2/3
Nclust ≥ Ω

(
log(1/δ)

f2minα
2

)
and Tn ≥

Ω(tmix log
4(1/δ) log4(1/α)), with probability greater than 1− δ,

∥P̂k(· | s, a)− Pk(· | s, a)∥1 ≤ O

((
tmix
Tn

)1/3√
1

Nclustfminα
(S + log(

1

δ
))

)
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A.9 Proof of Theorem 3.4.5

We recall the theorem here.
Theorem 3.4.5 (Classification Guarantee). Let ϵmod(δ) be a high probability bound on the model

estimation error ∥P̂k(· | s, a) − Pk(· | s, a)∥2. Then there is a universal constant C3 so that

Algorithm 3 can identify the true labels for trajectories in Nclass with probability at least 1− δ for

Tn = Ω
(
K3/2tmix

log4(Nclass/(αδ))
∆6α3

)
, whenever ϵmod(δ/2) ≤ C3∆4fminα

K
and Nclust ≥ Ω

(
log(1/δ)

f2minα
2

)
.

Proof. The proof is very similar to the proof of theorem 3.4.3. Consider the testing of trajectory n.
Recall that in algorithm 3, we defined

dist1(n, k) := max
(s,a)∈SAα

[((
P̂n,1(· | s, a)− P̂k(· | s, a)

)T
Ṽs,a

)
((

P̂n,2(· | s, a)− P̂k(· | s, a)
)T

Ṽs,a

)T]

Let kn the label of trajectory n. According to our assumptions, if kn ̸= k, then we have an s, a so
that dkn(s, a) ≥ α and ∥Pkn(· | s, a) − Pk(· | s, a)∥2 ≥ ∆. Again, we will make s, a implicit in
our notation except in Pj(· | s, a). Let cn,i := N(n, i, s, a), wn,i := N(n, i, s, a, ·). Recall that we
have two nested partitions: (1) of the entire trajectory into the two Ωi and (2) of each segment Ωi

into G blocks. Finally, define dist1,(s,a) as below, suppressing n and k. Note that dist1(n, k) is the
maximum of dist1,(s,a) over all (s, a) ∈ Freqβ , for the given trajectory n and label k.

dist1,(s,a) :=

[(
(P̂n,1(· | s, a)− P̂k(· | s, a))T Ṽs,a

)(
(P̂n,2(· | s, a)− P̂k(· | s, a))T Ṽs,a

)T]

We want to show that this is close to ∥∆n,k(s, a)∥22 for the (s, a) pairs that we search over, where

∆n,k(s, a) = Pkn(· | s, a)− Pk(· | s, a)

Recall that ∥P̂k(· | s, a) − Pk(· | s, a)∥2 ≤ ϵmod(δ) for any 1 ≤ k ≤ K. Let Mtrue
s,a =∑

1≤k≤K f̂k,s,aPk(· | s, a)Pk(· | s, a)T . We use the fact that ∥aaT − bbT∥ ≤ (∥a∥2 + ∥b∥2)∥a− b∥2
in the bound below.

∥Mtrue
s,a − M̃s,a∥ ≤

∑
1≤k≤K

f̂k,s,a∥Pk(· | s, a)Pk(· | s, a)T − P̂k(· | s, a)P̂k(· | s, a)T∥
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≤
∑

1≤k≤K

f̂k,s,a(∥P̂k(· | s, a)∥2 + ∥Pk(· | s, a)∥2)∥P̂k(· | s, a)− Pk(· | s, a)∥2

≤
∑

1≤k≤K

2f̂k,s,a∥P̂k(· | s, a)− Pk(· | s, a)∥2

≤ 2ϵmod(δ)

Also note that if we redefine Bn to be the event of observing (s, a) in a trajectory (instead of
in both segments as in the notation in previous proofs), then f̂k,s,a =

∑
n 1kn=k1Bn∑

n 1Bn
≥

∑
n 1kn=k1Bn

Nclust
.

So, E[f̂k,s,a] ≥ P(kn = k ∩ Bn) = P(Bn | kn = k)P(kn = k) ≥ fminP(Bn | kn = k). Using a
computation very similar to the one leading up to inequality A.5, we note that P(Bn | kn = k) ≥
dmin(s, a)/2 for Tn ≥ Ω(tmix log(1/α)). In that case, E[f̂k,s,a] ≥ fmindmin(s, a)/2 ≥ fminα/2.
Additionally, using a standard concentration argument, f̂k,s,a ≥ E[f̂k,s,a]/2 ≥ fminα/4 for Nclust ≥
Ω
(

log(1/δ)

f2minα
2

)
≥ Ω

(
log(1/δ)

E[f̂k,s,a]2

)
We now apply Lemma 3 of Chen and Poor [2022], with p(k) = f̂k,s,a, y(k) = Pk(· | s, a),

M = Mtrue
s,a and M∗ = Ms,a. We use the right-hand side of the bound in the lemma to get the bound

below for all 1 ≤ k ≤ K, which holds for a universal constant C2 with probability at least 1− δ
whenever Nclust ≥ Ω

(
log(1/δ)

f2minα
2

)
and Tn ≥ Ω(tmix log(1/α)).

∥Pk(· | s, a)− Ṽs,aṼT
s,aPk(· | s, a)∥2 ≤

√
2Kϵmod(δ)

f̂k,s,a
≤ C2

√
Kϵmod(δ)

fminα
(A.19)

Assume the lemma below for now, we prove it in the next subsection.

Lemma A.9.1. We claim that there is a universal constantC1 so that for any (s, a) with dmin(s, a) ≥
α/3, with probability at least 1− δ,

∣∣dist1,(s,a)−∥∆n,k(s, a)∥22
∣∣ ≤ O

(√
K + log(1/δ)

Gα

)
+ 8C2

√
Kϵmod(δ/2)

fminα

whenever Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α2

)
. Here, ϵmod(δ) is a high

probability bound on ∥Pk(· | s, a) − Ṽs,aṼT
s,aPk(· | s, a)∥2 for all 1 ≤ k ≤ K (which holds with

probability at least 1− δ).

We now set G =
(

Tn
tmix

) 2
3
. Then a sufficient condition on Tn to meet the conditions of the lemma

is Tn = Ω(tmix log
4(1/δ)/α3), under which, with probability at lest 1− δ, we have the following

bound for (s, a) with dmin(s, a) ≥ α/3.
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∣∣dist1,(s,a)−∥∆n,k(s, a)∥22
∣∣ ≤ O

(√
K log(1/δ)

α

(
tmix
Tn

) 1
3

)
+ 8C2

√
Kϵmod(δ/2)

fminα
(A.20)

It is now easy to see that the first term on the right-hand side is less than ∆2/8 when
Tn = Ω

(
K3/2tmix

log3/2(1/δ)

∆6α3/2

)
and Tn = Ω(tmix log

4(1/δ)/α3). We can combine these to have
the guarantee that the first term on the right-hand side is less ∆2/8 with probability at least 1− δ
when Tn = Ω

(
K3/2tmix

log4(1/δ)
∆6α3

)
.

Now note that if β ≥ α/3, then a separating state action pair always lies in Freqβ and thus,
the maximum over the ∥∆n,k(s, a)∥22 values corresponding to Freqβ is in fact either 0 if k = kn

or larger than ∆2 if k ̸= kn. So, if 8C2

√
Kϵmod(δ/2)
fminα

≤ ∆2/32 and for each of the (s, a) pairs, the
first term on the right-hand side of inequality A.20 is less than ∆2/8, then our distance estimate
dist1(n, k) is on the right side of ∆2/3. That is, the distance estimate is then less than ∆2/4 if
k = kn, and larger than it if k ̸= kn. As a consequence, the output of the argmin in algorithm 3 is
kn in this situation.

Note that upon choosing an occurrence threshold of order α, we will have at most O(1/α) many
(s, a) pairs in Freqβ to maximize dist1,(s,a) over to get dist1(n, k). By applying a union bound over
all (s, a) pairs in Freqβ and using the conclusion of the previous paragraph, algorithm 3 correctly

predicts the label kn for trajectory n with probability 1− δ whenever Tn = Ω
(
K3/2tmix

log4(1/(αδ))
∆6α3

)
and 8C2

√
Kϵmod(δ/2)
fminα

≤ ∆2/32.

By applying a union bound over incorrectly predicting kn for any of the Nclass(Nclass − 1)/2

pairs, we get that algorithm 3 can recover the true labels with probability at least 1 − δ for
Tn = Ω

(
K3/2tmix

log4(Nclass/(αδ))
∆6α3

)
, whenever 8C2

√
Kϵmod(δ/2)
fminα

≤ ∆2/32.

Finally note that due to inequality A.19, we get that algorithm 3 can recover the true labels with
probability at least 1− δ for Tn = Ω

(
K3/2tmix

log4(Nclass/(αδ))
∆6α3

)
, whenever ϵmod(δ/2) ≤ C3∆4fminα

K
.

A.9.1 Proof of Lemma A.9.1

We recall the lemma here.
Lemma A.9.1. We claim that there is a universal constantC1 so that for any (s, a) with dmin(s, a) ≥
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α/3, with probability at least 1− δ,

∣∣dist1,(s,a)−∥∆n,k(s, a)∥22
∣∣ ≤ O

(√
K + log(1/δ)

Gα

)
+ 8C2

√
Kϵmod(δ/2)

fminα

whenever Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α2

)
. Here, ϵmod(δ) is a high

probability bound on ∥Pk(· | s, a) − Ṽs,aṼT
s,aPk(· | s, a)∥2 for all 1 ≤ k ≤ K (which holds with

probability at least 1− δ).

Proof. The proof of this lemma is very similar to the proof of Lemma A.6.1.

Notation: We say cn,i = N(n, i, s, a) as in the statement of the lemma and wn,i = N(n, i, s, a, ·).
Let the joint distribution of the observations over trajectory n be χ. Let its marginals on the segments
Ωi be χi. Let the marginals on each of the G single-step sub-blocks along with their next states be
χi,g. Denote the product distribution

∏
g χi,g by Qi. Let G(n, s, a) denote the set of indices where

the state-action pair (s, a) is observed in trajectory n. For brevity, we will abbreviate G(n, s, a) to
G. Note that the size of this set is exactly cn,i.

We first prove a preliminary lemma, similar to lemma A.6.2.

A.9.1.1 Decomposition of | dist1,(s,a)−∥∆n,k(s, a)∥22 |

Lemma A.9.2. We claim that for each fixed value of G(s, a) (abbreviated to G), with probability at

least 1− δ, the following bound holds.

∣∣dist1,(s,a)−∥∆n,k(s, a)∥22
∣∣ ≤ 2∑

i=1

2
∥∥∥P̂n,i(· | s, a)− EQi

[P̂n,i(· | s, a) | G]
∥∥∥
2

+ 8C2

√
Kϵmod(δ)

fminα
+ 4

(
max
i

1cn,i=0

)
(A.21)

Here cn,i = N(n, i, s, a) and ϵmod(δ) is a high probability bound on ∥Pk(· | s, a)− Ṽs,aṼT
s,aPk(· |

s, a)∥2 (satisfied with probability > 1− δ).

Remark 17. In the inequality,

• The first term is a concentration-type term, which will be broken into an “independent
concentration" error and a mixing error to account for the low but non-zero dependence across
blocks.

• The second term accounts for subspace estimation error.
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• The third term accounts for actually observing s, a in our blocks.

Proof. Define the following quantities.

∆T
i = (P̂n,i(· | s, a)− P̂k(· | s, a))T Ṽs,a

∆̄T
i = (EQi

[P̂n,i(· | s, a) | G]− Pk(· | s, a))T Ṽs,a

We first establish a simple inequality, using the fact that |aT b−cTd| ≤ ∥b∥2∥a−c∥2+∥c∥2∥b−d∥2

| dist1,(s,a)−∆̄T
1 ∆̄2| = |∆T

1∆2 − ∆̄T
1 ∆̄2|

≤ ∥∆1 − ∆̄1∥2∥∆2∥2 + ∥∆̄T
1 ∥2∥∆2 − ∆̄2∥2

≤ 2∥∆1 − ∆̄1∥2 + 2∥∆2 − ∆̄2∥2

≤
2∑
i=1

2∥P̂n,i(· | s, a)− EQi
[P̂n,i(· | s, a) | G]∥2

+
2∑
i=1

2∥P̂k(· | s, a)− Pk(· | s, a)∥2

≤
2∑
i=1

2∥P̂n,i(· | s, a)− EQi
[P̂n,i(· | s, a) | G]∥2

+ 4ϵmod(δ) (A.22)

Also note the following computation.

EQi
[P̂n,i(· | s, a) | G] = EQi

[
wn,i

cn,i
1cn,i ̸=0 | G

]
=

EQi
[wn,i | G]
cn,i

1cn,i ̸=0

=
Pkn(· | s, a)cn,i

cn,i
1cn,i ̸=0

= 1cn,i ̸=0Pkn(· | s, a)

We define the following quantity, overloading notation from Lemma A.6.2.

diffi = 1cn,i ̸=0Pkn(· | s, a)− Pk(· | s, a)

Note that ∆̄i = diffTi Ṽs,a. We recall the following definition before proceeding to show the main
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inequality.
∆n,k(s, a) = Pkn(· | s, a)− Pk(· | s, a)

∣∣∣∆̄T
1 ∆̄2 − ∥∆n,k(s, a)∥22

∣∣∣
=
∣∣∣diffT1 Ṽs,aṼT

s,adiff2 − diffT1 diff2
∣∣∣+ ∣∣∣diffT1 diff2 − ∥∆n,k(s, a)∥22

∣∣∣
≤ ∥diff1∥2

∥∥∥diff2 − Ṽs,aṼT
s,adiff2

∥∥∥
2
+ ∥diff1 −∆n,k(s, a)∥2 ∥diff2∥2

+ ∥diff1∥2 ∥diff2 −∆n,k(s, a)∥2
≤ ∥diff1∥1

∥∥∥diff2 − Ṽs,aṼT
s,adiff2

∥∥∥
2
+ ∥diff1 −∆n,k(s, a)∥2 ∥diff2∥1

+ ∥diff1∥1 ∥diff2 −∆n,k(s, a)∥2
≤ 2

∥∥∥diff2 − Ṽs,aṼT
s,adiff2

∥∥∥
2
+ 2 ∥diff1 −∆n,k(s, a)∥2 + 2 ∥diff2 −∆n,k(s, a)∥2

≤ 2
∥∥∥Pkn(· | s, a)− Ṽs,aṼT

s,aPkn(· | s, a)
∥∥∥
2

+ 2
∥∥∥Pk(· | s, a)− Ṽs,aṼT

s,aPk(· | s, a)
∥∥∥
2

+ 21cn,1=0 ∥Pkn(· | s, a)∥2 + 21cn,2=0 ∥Pkn(· | s, a)∥2

≤ 4C2

√
Kϵmod(δ)

fminα
+ 4

(
max
i

1cn,i=0

)

Notice that 4C2

√
Kϵmod(δ)
fminα

≥ 4ϵmod(δ) since ϵmod(δ) ≤ 2, C2 ≥ 2, K ≥ 1, fmin, α ≤ 1.
Combining this and the computation above with inequality A.16, we have the following final bound.

∣∣dist1,(s,a)−∥∆n,k(s, a)∥22
∣∣ ≤ 2∑

i=1

2
∥∥∥P̂n,i(· | s, a)− EQi

[P̂n,i(· | s, a) | G]
∥∥∥
2

+ 8C2

√
Kϵmod(δ)

fminα
+ 4

(
max
i

1cn,i=0

)
(A.23)

where we remind the reader that cn,i = N(n, i, s, a).

A.9.1.2 Bounding the concentration-type term

We bound the first term in the decomposition lemma (Lemma A.9.2) with high probability.

Lemma A.9.3. With probability at least 1 − δ, when Tn ≥ Ω
(
Gtmix log

(
G
δ
log(1/α)

))
and
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G ≥ Ω
(

log(1/δ)
α2

)
, we have the following bound.

∥∥∥P̂n,i(· | s, a)− EQi
[P̂n,i(· | s, a) | G]

∥∥∥
2
≤ O

(√
K + log(1/δ)

Gα

)

Proof. The proof of this lemma is verbatim the proof of Lemma A.6.3 after the first inequality.

A.9.1.3 Combining the bounds

We reuse Corollary A.6.5 along with Lemma A.9.3 applied to Lemma A.9.2 to get the following
bound with probability at least 1− δ,

∣∣dist1,(s,a)−∥∆n,k(s, a)∥22
∣∣ ≤ O

(√
K + log(1/δ)

Gα

)
+ 8C2

√
Kϵmod(δ)

fminα

whenever Tn ≥ Ω (Gtmix log(G/δ) log(1/α)) and G ≥ Ω
(

log(1/δ)
α2

)
.
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APPENDIX B

Supplementary Material for Chapter 3

This appendix contains proofs and supplementary material for Chapter 4.

B.1 Experimental Details

Computing Infrastructure. All numerical experiments were run on a single desktop computer
with an Intel i9-13900K CPU, 128 gigabytes of RAM, and an NVIDIA RTX 3090 graphics card.

Estimating Policy Values for Global Confounders. Due to computationally expensive operations
needed to compute the exact policy value for confounders, we use estimates of the policy values
instead. Namely, we get estimates V̂1(s0, u, π) for a policy π, and report

∑
u P (u)V̂1(s0, u, π). Com-

puting the true values V1(s0, u, π) is computationally far more expensive. The estimates V̂1(s0, u, π)
are obtained using standard FQE applied to the standard, unconfounded MDP determined by
confounder u.

B.2 Lower Bounds for Memoryless Confounders

We recall and prove Theorem 4.2.1.
Theorem 4.2.1 (Lower Bound for Memoryless Confounders). There exists a parameter ε that

determines a pair of confounded MDPsM1 andM2 with i.i.d. (and thus memoryless) confounders

along with stationary policies πb1 , πb2 and πe, so that data collected fromMi using πbi has the

same distribution for i = 1, 2, but the values under πe differ by |V πe
1 (M1)− V πe

1 (M2)| = 2εH . In

particular, when ε = 1
2
− 1

H2 , the values under πe differ by Ω(H).

Proof. Consider two confounded MDP environmentsM1 andM2.

Environments. In both environments:

• S = {1, 2}, U = {1, 2}, A = {1, 2}, horizon H .
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• r(s = 1) = 1, r(s = 2) = 0.

For confounders:

• P1(u = 1) = 1
2
− ε, P1(u = 2) = 1

2
+ ε.

• P2(u = 1) = 1
2
+ ε, P2(u = 2) = 1

2
− ε.

For full state transitions:

P1(s
′ = 1 | s, u = 1, a = 1) = z,P1(s

′ = 1 | s, u = 2, a = 1) = 1− z

P1(s
′ = 1 | s, u = 1, a = 2) = z1,P1(s

′ = 1 | s, u = 2, a = 2) = z2

P2(s
′ = 1 | s, u = 1, a = 1) = z,P2(s

′ = 1 | s, u = 2, a = 1) = 1− z

P2(s
′ = 1 | s, u = 1, a = 2) = z2,P2(s

′ = 1 | s, u = 2, a = 2) = z1

Next, consider two behavior policies πb1 and πb2:

πb1(a = 1 | s, u = 1) =
1

2
+ ε, πb1(a = 1 | s, u = 2) =

1

2
− ε

πb2(a = 1 | s, u = 1) =
1

2
− ε, πb2(a = 1 | s, u = 2) =

1

2
+ ε

And an evaluation policy πe:

πe(s) = 1, for s = {1, 2}.

Data Collection. Suppose we collect data using πb1 inM1 and using πb2 inM2. Notice that the
sensitivity Γ is given by

Γ =

( 1
2
+ ε

1
2
− ε

)( 1
2
+ ε2

1
2
− ε2

)

Observations. Note that in the limit, i.e. infinite data, the observed transition probabilities and
policies are given by

P̂1(s
′, a | s) =

∑
u

P1(u)πb1(a | s, u)P1(s
′ | s, u, a),

π1(a | s) =
∑
u

P (u)π1(a | s, u),

P̂1(s
′ | s, a) = P̂1(s

′, a | s)/π1(a | s).
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One can then easily verify that for all s, a, s′, the observed transition probabilities will be equal:

P̂1(s
′, a | s) = P̂2(s

′, a | s),

For example, P̂i(s′ = 1, a = 1 | s) = x(1− x) for i = 1, 2.

The state transition and the observed policy induced by the two policies in their corresponding
environment are thus also equal:

π1(a | s) = π2(a | s),

P̂1(s
′ | s, a) = P̂2(s

′ | s, a).

That means, no algorithm can distinguish the two environments based on the given two datasets.

Value under the evaluation policy. Recall that at each step, we take action 1. Note that the true
marginalized state transitions will be different, which are what a confounder-oblivious policy will
interact with:

P1(s
′ = 1 | s, a = 1) =

∑
u

P1(u)P1(s
′ = 1 | s, u, a = 1) =

(
1

2
+ ε

)
(1− z) +

(
1

2
− ε
)
z

P2(s
′ = 1 | s, a = 1) =

∑
u

P2(u)P2(s
′ = 1 | s, u, a = 1) =

(
1

2
− ε
)
(1− z) +

(
1

2
+ ε

)
z

Note that Pπei (s′ = 1 | s) = Pi(s′ = 1 | s, a = 1). Since state transitions are independent of the
initial state, this is the same as generating a state independently at each step based on the action
taken. Then under the evaluation policy πe(a = 1 | s) = 1, the state s = 1 is generated i.i.d. at each
step with probability pi = Pi(s′ = 1 | s, a = 1) inMi, while s = 2 is generated with probability
1 − pi. So, the reward of a trajectory is distributed according to Bin(H, pi), having an expected
value of V πe

1 (Mi) = Hpi = HPi(s′ = 1 | s, a = 1).

Necessity of a Sensitivity Assumption Let ε = 1
2
− 1

H2 , z = 0. We then have the following

V πe
1 (M1) = H((1− 1

H2
)2 + 1/H4) = O(H)

V πe
1 (M2) = 2H · 1

H2
(1− 1

H2
) = O(

1

H
).

From this example, we see that without information about Γ, no algorithm can universally give
meaningful lower bounds for the true value function. One can compute that in this example,
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Γ = Θ(H2).

Lower Bound on Value Estimation Under Sensitivity Let ε be small and let z = 0. We then
have the following.

V πe
1 (M1) = H(

1

2
− ε)

V πe
1 (M2) = H(

1

2
+ ε)

Note that Γ = 1 +O(ε+ ε2) = 1 +O(ε) for small ε. Since any estimator will return the same
value for both MDPs (because they are observationally indistinguishable under the behavior policy),
any estimator will have a worst-case error of at least εH . Thus, there does not exist a consistent
estimator whenever Γ > 1.

B.3 FQE and Confounded FQE

We describe the FQE and CFQE algorithms here, adapted for memoryless systems instead of merely
stationary ones.

B.3.1 FQE Algorithm

Algorithm 15 FQE
1: input: evaluation policy πe.
2: initialize: f̂H+1 ← 0.
3: for h = H,H − 1, . . . , 1 do
3: f̂h(s, a)← E(s,a,s′)∼Dπb

,h

[
rh(s, a) +

∑
a′ πe,(h+1)(a

′ | s′)f̂h+1(s
′, a′)

]
, ∀s, a.

4: end for
5: return:

∑
a πe,1(a | s)f̂1(s, a) for ∀s.

B.3.2 Confounded FQE Algorithm

Confounded FQE (CFQE), proposed by Bruns-Smith [2021], provides an estimate for a lower bound
by taking the characteristics of the data into account. Given infinite samples, this will actually be a
lower bound, unlike the case of FQE. In particular, CFQE obtains an estimate for a lower bound by
sequentially searching over the worst behavior policy consistent with the observations.
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Let π̂b,h(a | s) and P̂h(s′ | s, a) be empirical estimates from finite data Dπb,h. Let Pπbh (s′ | s, a)
be the limit of P̂h(s′ | s, a) under infinite data. We then define the following uncertainty sets.
Definition B.3.1 (Valid Behavior Policy Set). Under a memoryless confounder, for all s, a, s′, define
Bsa,h to be the set of all π(a | s, ·) that satisfy Assumption 5 and the two equations below.∑

u∈U

Ph(u | s)πb,h(a | s, u) = πb,h(a | s)∑
u∈U

Ph(u | s)πb,h(a | s, u)P (s′ | s, u, a) = πb,h(a | s)Pπbh (s′ | s, a).

Now we define the following quantity using the posteriors P πb
h (u | s, a), a confounded analog to

inverse propensity weights.

gh(s, a, s
′) :=

∑
u

(
P πb
h (u | s, a)Ph(s′ | s, a, u)

P̂πbh (s′ | s, a)

)
1

πb,h(a | s, u)

=
∑
u

(
Ph(u | s)Ph(s′ | s, a, u)

P̂πbh (s′ | s, a)

)
1

πb,h(a | s)

Theorem 1 and the discussion following that in Bruns-Smith [2021] shows that we can reflect
the same uncertainty using the set B̃sa,h of possible values of gh(s, a, ·).

B̃sa,h := {gh(s, a, ·) | αh(s, a) ≤ πb,h(a | s)gh(s, a, s′) ≤ βh(s, a),∑
s′

πb,h(a | s)gh(s, a, s′)Pπbh (s′ | s, a) = 1} (B.1)

B̃sa,h presents a reparameterization of the uncertainty that allows us to get rid of the explicit
presence of the unknown variable u while optimizing over the uncertainty set. Let B̂sa,h and ˆ̃Bsa,h
be the version of these sets determined by the point estimates π̂b and P̂(s′ | s, a) under finite data,
instead of by their true values.

However, if a very poor estimate of π̂b and P̂πb(s
′ | s, a) is collected (due to low N(s, a) and/or

N(s)), the estimated lower bound will be a lower bound on the output of FQE but not on the true
value. To get a lower bound on the true value with probability at least 1 − δ, we modify ˆ̃Bsa,h

using error bounds errπ(N(s)) and errP(N(s, a)) obtained using the Hoeffding inequality to get the
following set.
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Algorithm 16 Confounded FQE (adapted from Bruns-Smith [2021])
1: input: evaluation policy πe.
2: initialize: f̂H+1 ← 0.
3: for h = H,H − 1, . . . , 1 do
4: Compute

f̂h(s, a) := min
gh(s,a,·)∈ ˆ̃Bsa,h

E(s,a,s′)∼Dπb,h

[
π̂b,h(a | s)gh(s, a, s′)(

rh(s, a) +
∑
a′

πe,h(a
′ | s′)f̂h+1(s

′, a′)

)]
5: end for
6: return:

∑
a πe(a | s)f̂1(s, a) for ∀s.

{gh(s, a, ·) | αh(s, a) ≤ πb,h(a | s)gh(s, a, s′) ≤ βh(s, a),∑
s′

πb,h(a | s)gh(s, a, s′)Pπbh (s′ | s, a) = 1

|πb,h(s, a)− π̂b,h(s, a)| ≤ errπ(N(s)),

|Pπbh (s′ | s, a)− P̂h(s
′ | s, a)| ≤ errP(N(s, a))}

Additionally, the observant reader will note that CFQE finds a different optimal gh for each
time step. That is, it finds H different functions g1(s, a, ·), ..., gH(s, a, ·) ∈ B̃sa. If the transition
structures were stationary, this does not leverage the stationarity. In that case, it is advisable to use
our model-based method and its projected gradient descent version, as discussed in Section 4.2.3.

B.4 FQE and CFQE Theoretical Results

B.4.1 Proof of FQE Error Bounds, Theorem 4.2.2

We recall the theorem below.
Theorem 4.2.2 (FQE Error). Suppose Γ = 1 + ε in Assumption 5. Then in the limit of infinite

samples, the point estimate f̂1(s, a) of the Q-function produced by FQE has a worst-case error of

|V πe
1 (s)−

∑
a πe,1(a | s)f̂1(s, a)| = O(εH2) for small ε.

Proof. In the limit of an infinite amount of data, at every step of FQE, the update evaluates f̂h(s, a)
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using:

f̂h(s, a) = argmin
fh(s,a)

E(s,a,s′)∼Dh
πb
[lossFQE(fh(s, a), s′)]

= argmin
fh(s,a)

∑
u,s′

Pπb(s′, u | s, a)lossFQE(fh(s, a), s′)

= argmin
fh(s,a)

∑
u,s′

P πb
h (u | s, a)Ph(s′ | s, u, a)lossFQE(fh(s, a), s′)

= argmin
fh(s,a)

∑
u,s′

Ph(u | s)
πb,h(a | s, u)
πb,h(a | s)

∑
s′

Ph(s
′ | s, u, a)lossFQE(fh(s, a), s′)

where P πb
h (u | s, a) is the posterior on u under πb and

lossFQE(fh(s, a), s′) =

(
fh(s, a)− r(s, a)−

∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′)

)2

f̂h(s, a) is then given by the following expression.

∑
u,s′

Ph(u | s)
πb,h(a | s, u)
πb,h(a | s)

Ph(s
′ | s, u, a)

(
r(s, a) +

∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′)

)

= r(s, a) +
∑
u,s′

Ph(u | s)
πb,h(a | s, u)
πb,h(a | s)

Ph(s
′ | s, u, a)

∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′)

True marginalized transition structure. Note that under any confounding-unaware policy πe,
the induced transition structure Pπeh (s′ | s) is determined by the marginalized transition dynamics
Ph(s′ | s, a) :=

∑
u Ph(u | s)Ph(s′ | s, a, u). This is clear from the computation below.

Pπeh (s′ | s) =
∑
u,a

πe,h(a | s)Ph(u | s)Ph(s′ | s, a, u)

=
∑
a

πe,h(a | s)

(∑
u

Ph(u | s)Ph(s′ | s, a, u)

)
=
∑
a

πe,h(a | s)Ph(s′ | s, a)

Bounding f̂h(s, a). By Assumption 5 and the computations above, we can bound f̂h(s, a) by:

f̂h(s, a) ≤ r(s, a) +
1

αh(s, a)

∑
s′

Ph(s
′ | s, a)

∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′),
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f̂h(s, a) ≥ r(s, a) +
1

βh(s, a)

∑
s′

Ph(s
′ | s, a)

∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′).

The ultimate goal is to bound V πe
1 (s) −

∑
a πe,1(a | s)f̂1(s, a), which is given by

∑
a πe,1(a |

s)
(
Qπe

1 (s, a)− f̂1(s, a)
)

. So, we consider the error of f̂h(s, a) at every step, given by errh(s, a) :=

Qπe
h (s, a)− f̂h(s, a). We will use the following relation.

Qπe
h (s, a) = r(s, a) +

∑
u,s′

Ph(u | s)Ph(s′ | s, a, u)V πe
h+1(s

′)

= r(s, a) +
∑
s′

Ph(s
′ | s, a)V πe

h+1(s
′) (B.2)

At h = H , by definition

f̂H(s, a) = r(s, a) = Qπe
H (s, a).

Thus, we get that errH(s, a) = 0 for all s, a. Let βmax := maxs,a,h βh(s, a) and let αmin =

mins,a,h αh(s, a).

For step H − 1,

errH−1(s, a) ≤
∑
s′

PH−1(s
′ | s, a)V πe

H (s′)

− 1

βH(s, a)

∑
s′

PH−1(s
′ | s, a)

∑
a′

πe,H(a
′ | s′)f̂H(s′, a′)

= (1− 1

βH(s, a)
)
∑
s′

PH−1(s
′ | s, a)V πe

H (s′)

≤
(
1− 1

βmax

)∑
s′

PH−1(s
′ | s, a)

·
(
1− 1

βmax

)

By induction, we will show that for all h, the following holds.

errh(s, a) ≤ H − h−
H−h∑
i=1

1

βimax

We know this for h = H − 1. For the induction step, we show this for h− 1 given the statement

164



for h using the following computation.

errh−1 ≤
∑
s′

Ph−1(s
′ | s, a)V πe

h (s′)− 1

βh(s, a)

∑
s′

Ph−1(s
′ | s, a)

∑
a′

πe,h(a
′ | s′)f̂h(s′, a′)

≤
∑
s′

Ph−1(s
′ | s, a)V πe

h (s′)

+
1

βh(s, a)

∑
s′

Ph−1(s
′ | s, a)

∑
a′

πe,h(a
′ | s′)(errh(s, a)−Qπe

h (s, a))

= (1− 1

βh(s, a)
)
∑
s′

Ph−1(s
′ | s, a)V πe

h (s′) +
1

βh(s, a)
errh(s, a)

≤
(
1− 1

βmax

)∑
s′

Ph−1(s
′ | s, a)(H − h+ 1) + +

1

βh(s, a)
errh(s, a)

≤
(
1− 1

βmax

)
(H − h+ 1) +

1

βmax

(
H − h−

H−h∑
i=1

1

βimax

)

= H − h+ 1−
H−h+1∑
i=1

1

βimax

Thus, the result holds by induction, giving us the following final bound.

Qπe
1 (s, a)− f̂1(s, a) ≤ H − 1−

H−1∑
i=1

1

βimax
= H −

1− 1
βH
max

1− 1
βmax

Similarly, we have the lower bound below:

Qπe
1 (s, a)− f̂1(s, a) ≥ H − 1−

H−1∑
i=1

1

αimin
= H −

1− 1
αH
min

1− 1
αmin

Recall that αh(s, a) = πb,h(a | s)+ 1
Γ
(1−πb,h(a | s)) and βh(s, a) = Γ+πb,h(a | s)(1−Γ). So,

αh(s, a) ≥ 1
Γ

and βh(s, a) ≤ Γ for all s, a, h. In particular, αmin ≥ 1
Γ
= 1

1+ε
and βmax ≤ Γ = 1+ ε.

In particular, we have the following bound.

1 + εH − (1 + ε)H

ε
≤ V πe

1 (s)−
∑
a

πe,1(a | s)f̂1(s, a) ≤
1

(1+ε)H
− (1− εH)

ε

We know that we have the following bounds for small ε: (1 + ε)H ≥ 1 + εH + O(εH2) and
1

(1+ε)H
≤ 1− εH +O(εH2), giving us the following bound for small ε.
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|V πe
1 (s)−

∑
a

πe,1(a | s)f̂1(s, a)| ≤ O(εH2)

Remark 18. For any ε, the lower bound 1+εH−(1+ε)H

ε
≤ − εH2

2
, and thus we need to be at least

as conservative as subtracting ϵH2

2
from the FQE estimate to get a lower bound, if not more. This

remark will be used in Section 4.3.

We further remark in Section 4.2.3 that the bound in the theorem is data-oblivious, being only
dependent on the confounding sensitivity model and horizon, and note that the other two methods
below (CFQE and MB) both produce bounds at least as tight as this one.

B.4.2 Proof of CFQE Error Bounds, Theorem 4.2.3

We recall the theorem below.
Theorem 4.2.3 (CFQE Error). Suppose Γ = 1 + ε in Assumption 5. Then the worst-case error for

the lower bound f̂1(s, a) generated by CFQE in the infinite-sample case is |V πe
1 (s)−

∑
a πe,1(a |

s)f̂1(s, a)| = O(εH2) for any range of ε.

Proof. In the limit of infinite data, the true value of gh always lies in the set B̃sa,h by the sensitivity
assumption. So, CFQE trivially gives a lower bound on the true value function in the limit of infinite
data. We now give bounds on its error below.

We define the error term at each step by errh(s, a) := maxs,aQ
πe
h (s, a)− f̂h(s, a), where here f

is generated by CFQE. We claim that

errh(s, a) = (H − h)− αmin
βmax

− · · · − αH−h
min

βH−h
max

. (B.3)

Then, the following bound follows for any ε.

V πe
1 (s)−

∑
a

πe(a | s)f̂1(s, a) ≤ H − 1− αmin
βmax

− · · · − αH−1
min

βH−1
max

≤ H −
H−1∑
i=0

1

(1 + ε)2i

≤ 2εH2

This completes the proof since by induction, f̂h(s, a) ≤ Q(s, a) for all h, and so we already have
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the lower bound V πe
1 (s)−

∑
a πe(a | s)f̂1(s, a) ≥ 0. Thus, it remains to prove B.3.

At step H of CFQE, we have

f̂H(s, a) = r(s, a).

Then as in the previous proof, the error at step H is given by errH(s, a) = 0.

At step h+ 1, suppose errh+1(s, a) = (H − h− 1)− αmin

βmax
− · · · − αH−h−1

min

βH−h−1
max

. Then for step h, we

have the following chain of inequalities for errh(s, a) = Qπe
h (s, a)− f̂h(s, a).∑

s′

Ph(s
′ | s, a)V πe

h+1(s
′)

−
∑
u,s′

Pπb(s′, u | s, a)πb,h(a | s)gh(s, a, s′)
∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′)

=
∑
s′

Ph(s
′ | s, a)V πe

h+1(s
′)

−
∑
u,s′

P πb
h (u | s, a)Ph(s′ | s, u, a)πb,h(a | s)gh(s, a, s′)

∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′)

=
∑
s′

Ph(s
′ | s, a)V πe

h+1(s
′)

−
∑
u,s′

Ph(u | s)
πb,h(a | s, u)
πb,h(a | s)

Ph(s
′ | s, u, a)πb,h(a | s)gh(s, a, s′)

·
∑
a′

πe,h+1(a
′ | s′)f̂h+1(s

′, a′)

≤
∑
s′

Ph(s
′ | s, a)V πe

h+1(s
′)

− αh(s, a)

βh(s, a)

∑
u,s′

Ph(u | s)Ph(s′ | s, u, a)
∑
a′

πe,h+1(a
′ | s′)(errh+1 −Qπe

h+1(s, a))

=

(
1− αh(s, a)

βh(s, a)

)∑
s′

Ph(s
′ | s, a)V πe

h+1(s
′) +

αh(s, a)

βh(s, a)
errh+1

≤
(
1− αh(s, a)

βh(s, a)

)
(H − h) + αh(s, a)

βh(s, a)

(
H − h− 1− αmin

βmax
− · · · − αH−h−1

min

βH−h−1
max

)
≤
(
1− αmin

βmax

)
(H − h) + αmin

βmax

(
H − h− 1− αmin

βmax
− · · · − αH−h−1

min

βH−h−1
max

)
=H − h− αmin

βmax
− · · · − αH−h

min

βH−h
max

.

The first expression comes from using equation B.2 as well as explicitly computing the argmin

involved in CFQE in the limit of infinite data, analogous to the proof of Theorem 4.2.2 above. In the

167



first inequality, we use the facts that πb,h(a|s,u)
πb,h(a|s)

≥ 1
βh(s,a)

and πb,h(a | s)gh(s, a, s′) ≤ αh(s, a). In the
equality after that, we use the definition of errh(s, a). In the second inequality, we use equation B.2.

Thus, errh(s, a) = H − h− αmin

βmax
− · · · − αH−h

min

βH−h
max

and (B.3) is proved.

B.5 Model-Based Method

B.5.1 General Memoryless Version

Notice that the model-based method leverages the fact that the marginalized transition dynamics

are stationary. In particular, we only need Ph(s′ | s, a, u) and Ph(u | s) to be stationary, since this
makes the marginalized transition structure stationary. In that light, we discuss here the version of
the method where πb and πe are non-stationary.

Consider the observed transition structure at timestep h, given by P̂πbh , denote by π̂b,h the observed
behavior policy and by α̂h(s, a) and β̂h(s, a) the versions of αh(s, a) and βh(s, a) computed using
π̂b,h. Let πe also be non-stationary. For the model to improve over CFQE, we still need Ph(u | s) to
be the same for all timesteps h, so that the marginalized transition structure is stationary.

Define Gh := {P : α̂h(s, a)P̂
πb
h (s′ | s, a) ≤ P(s′ | s, a) ≤ β̂h(s, a)P̂

πb
h (s′ | s, a), ∀s, a, s′}

Note that in the limit of infinite data, the true marginalized transition structure satisfies the
following relation for each h.

αh(s, a)P
πb
h (s′ | s, a) ≤ P(s′ | s, a) ≤ βh(s, a)P

πb
h (s′ | s, a), ∀s, a, s′

So, in the limit of infinite data, the true marginalized structure lies in ∩hGh. We then define this to
be G := ∩hGh even in the finite sample case.

With this as our G, we have the same program for obtaining a model-based lower bound on the
value function.

min
V1(s0),V2,...,VH ,VH+1=0,P

V1(s0) (B.4)

s.t. P ∈ G,
∑
s′

P(s′ | s, a) = 1 ∀s, a.

Vh(s) = πe,h(· | s)T (Rs + PsVh+1(·)) ∀h ∈ {1, ..., H}, s

Remark 19. Note that assuming stationarity of πb allows us to use data across timesteps to estimate
a universal P̂πb , which helps with finite samples in practice.
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We present our proofs below for stationary πb and πe for clarity, noting that they can easily be
modified for general memoryless πb and πe in a similar vein as the proofs for CFQE.

B.5.2 Confidence Interval for State Transitions

We can use the following lemma to modify our definition of the set G to use confidence intervals
instead of point estimates. We show that both methods converge to the lower bound obtained with
infinite data. However, using Hoeffding confidence intervals to modify G ensures that for any
amount of data, the output of the model-based method is a true lower bound on the value function.
In the version that uses point estimates of πb and Pπb , we only get estimates of a lower bound with
finite data.

Let N(s) and N(s, a) be the counts of s and (s, a) in the data.
Lemma B.5.1 (Confidence Interval for State Transitions). For ∆π :=

√
1

2N∗(s)
log(2SA

δ1
), ∆P :=√

1
2N∗(s,a)

log(2S
2A
δ2

), bounds αδ1(s, a) := 1/Γ − (1 − 1/Γ)(π̂b(a|s) + ∆π) and βδ1(s, a) := Γ +

(1 − Γ)(π̂b(a|s) + ∆π), and N∗(s) = − logmeanexp({−N(s1), ...}), P(s′|s, a) falls between

αδ1(s, a)(P̂
πb(s′|s, a)−∆P) and βδ1(s, a)(P̂

πb(s′|s, a) + ∆P) with probability at least 1− δ1 − δ2.

Proof. We attempt to use the data collected by πb to construct a confidence interval for P̂(s′ | s, a)
that also takes into account estimation error in the bounds αδ1(s, a) and βδ1(s, a). We consider
below empirical estimation for P(s′ | s, a) and πb(a|s) using data collected by πb:

P̂πb(s′ | s, a) = N(s, a, s′)

N(s, a)
, π̂b(a|s) =

N(s, a)

N(s)

where N(s, a, s′) :=
∑n

i=1 1{si=s,ai=a,s′i=s′}, N(s, a) :=
∑n

i=1 1{si=s,ai=a}, and N(s) :=∑n
i=1 1{si=s}.

Note that P(s′ | s, a) =
∑

u P (u | s)P(s′ | s, u, a), while Pπb(s′ | s, a) =
∑

u Pπb(u |
s, a)P(s′ | s, u, a). In πb, u and a are dependent.

We also have:

Pπb(s′ | s, a) =
∑
u

Pπb(s′, u | s, a) =
∑
u

Pπb(u | s, a)P(s′ | s, u, a)

=
∑
u

P (u | s)πb(a | s, u)
πb(a | s)

P(s′ | s, u, a).
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By Assumption 5,

1

β(s, a)
P(s′ | s, a) ≤ Pπb(s′ | s, a) ≤ 1

α(s, a)
P(s′ | s, a) (B.5)

α(s, a)Pπb(s′ | s, a) ≤ P(s′ | s, a) ≤ β(s, a)Pπb(s′ | s, a). (B.6)

We claim that by Hoeffding’s inequality and the union bound, with probability at least 1−δ1−δ2,

|π̂b(a | s)− πb(s | a)| ≤

√
1

2N∗(s)
log

(
2SA

δ1

)
= ∆π

∣∣∣P̂πb(s′ | s, a)− Pπb(s′ | s, a)
∣∣∣ ≤√ 1

2N∗(s, a)
log

(
2S2A

δ2

)
= ∆P (B.7)

where N∗(s) = − logmeanexp({−N(s1), ...}) and N∗(s, a) =

− logmeanexp({−N(s1, a1), ...}).

We illustrate this by showing the result for P̂πb(s′ | s, a), and the other case follows analogously.

P(∃s′, s, a s.t. |P̂πb(s′ | s, a)− Pπb(s′ | s, a)| ≤ ϵ) ≤
∑
s′,s,a

P(|P̂πb(s′ | s, a)− Pπb(s′ | s, a)| ≤ ϵ)

≤
∑
s′,s,a

2 exp{−2ϵ2N(s, a)}

= S
∑
s,a

2 exp{−2ϵ2N(s, a)}

≤ 2S2A exp{−2ϵ2N∗(s, a)} = δ

for some N∗ that satisfies the last inequality above. Various choices for N∗ exist. Perhaps
the most obvious choice is the min function, though it can be shown that − logmeanexp(−x) is
optimal, as:

x∗ s.t.
∑
n

eXn = nex
∗ ⇐⇒ ex

∗
=

1

n

∑
n

eXn ⇐⇒ logmeanexp(X1, ..., Xn) = x∗

The logmeanexp function returns a value between the maximum and the mean, and in our case,
we use it to obtain a soft approximation to the minimum that provides a less conservative bound
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than using the minimum of counts over all states (or states and actions).

Combining our inequalities B.7 and B.6 with the definitions of α(s, a) and β(s, a), we have our
result.

B.5.3 Solving (4.2) Gives Better Lower Bound than Confounded FQE, Proof
of Theorem 4.2.4

Recall Theorem 4.2.4 below.
Theorem 4.2.4 (Error for the Model-Based Method). Suppose Γ = 1 + ε in Assumption 5. Then

the value estimation from solving (4.2) with infinite data, denoted by Ṽ1, provides a lower bound no

looser than CFQE and satisfies that |V πe
1 (s0)− Ṽ1(s0)| = O(εH2) for any range of ε.

We consider the infinite sample setting, which means:

G = {P : α(s, a) ≤ P(s′ | s, a)
Pπb(s′ | s, a)

≤ β(s, a), for ∀s, a, s′}

The key to the proof is the observation that we can always get a valid gh from a valid P ∈ G by
setting gh(s, a, s′) :=

P(s′|s,a)
Pπb (s′|s,a)πb(a|s)

, which formalizes the intuition that the uncertainty set G for P

is tighter. Since we are in the stationary case, we drop all unnecessary h in subscripts.

Proof. We denote the solution of (4.2) in the infinite-sample setting by Ṽ1, . . . , ṼH , ṼH+1, P̃. We will
show that Ṽ1 gives a lower bound on the true value function that is larger than the lower bound given
by CFQE. That is, if the iterates of CFQE are f̂h(s, a), then

∑
a πe(a | s)f̂1(s, a) ≤ Ṽ1(s) ≤ V πe

1 (s).
Combining this with Theorem 4.2.3 gives us the whole theorem.

First note that in the infinite data setting, the marginalized transition kernel lies in G, so the
optimization problem minimizes V1 over values of P that include the true marginalized transition
structure. Thus, we trivially get that Ṽ1(s) ≤ V πe

1 (s).

We now prove that Vh(s) ≥
∑

a πe(a | s)f̂h(s, a) holds for all h by induction. Note that the
argument below also works for the finite-sample case by merely replacing every quantity associated
with πb (such as Pπb) by its finite sample version.

For h = H + 1:

ṼH+1(s) = 0 ≥ 0 =
∑
a

πe(a | s)f̂H+1(s, a)
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Suppose we have Ṽh+1(s) ≥
∑

a πe(a | s)f̂h+1(s, a). Then for step h:

Ṽh(s) =
∑
a

πe(a | s)

[
R(s, a) +

∑
s′

P̃(s′ | s, a)Ṽh+1(s
′)

]

f̂h(s, a) = min
g∈B̃sa

(∑
u,s′

Pπb(s′, u | s, a)CFQE(f̂h+1, g)

)

≤
∑
u,s′

Pπb(s′, u | s, a) P̃(s′ | s, a)
Pπb(s′ | s, a)

[
R(s, a) +

∑
a′

πe(a
′ | s′)f̂h+1(s

′, a′)

]

=
∑
s′

P̃(s′ | s, a)

[
R(s, a) +

∑
a′

πe(a
′ | s′)f̂h+1(s

′, a′)

]
≤ R(s, a) +

∑
s′

P̃(s′ | s, a)Ṽh+1(s
′).

where

CFQE(f̂h+1, g) :=

(∑
s′

πb(a | s)g(s, a, s′)

[
R(s, a) +

∑
a′

πe(a
′ | s′)f̂h+1(s

′, a′)

])

The first inequality in above is achieved by setting g(s, a, s′) = P̃(s′|s,a)
Pπb (s′|s,a)πb(a|s)

. It’s easy to check
that by this choice, g(s, a, ·) ∈ B̃sa by (B.6). The second inequality is by the induction hypothesis.
Thus, we have Ṽh(s) ≥

∑
a πe(a | s)f̂h(s, a).

By induction, Ṽ1(s) ≥
∑

a πe(a | s)f̂1(s, a), which means the lower bound provided by (4.2) is
always no worse than confounded FQE (Alg. 5).

B.5.4 Worst-Case Error for the Model-Based Method, An Independent Al-
ternative Proof

In this section, we give an alternative proof of the fact that the output of (4.2) satisfies |V πe
1 (s)−Ṽ1| =

O(εH2) for Γ = 1 + ε without comparing to CFQE. Again, recall that we consider the infinite
sample setting, which means the following.

G = {P : α(s, a) ≤ P(s′ | s, a)
Pπb(s′ | s, a)

≤ β(s, a), for ∀s, a, s′}

Proof. By definition, we know V πe
H (s) = ṼH(s) for all s. We define δh = maxs |V πe

h (s)− Ṽh(s)|.
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Note that δH = 0. Next, consider |V πe
h (s)− Ṽh(s)|:

δh := max
s
|V πe
h (s)− Ṽh(s)|

= max
s
|
∑
a

πe(a | s)
∑
s′

P(s′ | s, a)Vh+1(s
′)−

∑
a

πe(a | s)
∑
s′

P̃(s′ | s, a)Ṽh+1(s
′)|

≤ max
s
|
∑
a

πe(a | s)
∑
s′

P(s′ | s, a)Vh+1(s
′)−

∑
a

πe(a | s)
∑
s′

P̃(s′ | s, a)Vh+1(s
′)|

+max
s
|
∑
a

πe(a | s)
∑
s′

P̃(s′ | s, a)Vh+1(s
′)−

∑
a

πe(a | s)
∑
s′

P̃(s′ | s, a)Ṽh+1(s
′)|

= max
s
|
∑
a

πe(a | s)
∑
s′

P(s′ | s, a)Vh+1(s
′)−

∑
a

πe(a | s)
∑
s′

P̃(s′ | s, a)Vh+1(s
′)|

+ δh+1

≤ (βmax − αmin)(H − h) + δh+1,

where
βmax := max

s,a
Γ + πb(a | s)(1− Γ) ≤ 1 + ε

and
αmin := min

πb(a|s)

ε

1 + ε
πb(a | s) +

1

1 + ε
≥ 1

1 + ε

It is easy to check βmax − αmin = ε + ε
1+ε

= O(ε) (ignoring higher order terms of ε). So, we get
that δh ≤ O(ε(H − h)) + δh+1 from h = 1, . . . , H . So, we have that

δ1 ≤ O(εH2)

B.5.5 Consistency of the Model-Based Method

We first prove this extremely elementary and useful geometric lemma.
Lemma B.5.2. If a function f : X → R on a Hausdorff metric space X is continuous (resp.

Lipschitz), then fmin : Comp(X)→ R given by fmin(K) := infx∈K f(x) is also continuous (resp.

Lipschitz) in the Hausdorff metric on the space Comp(X) of compact subsets of X . The same holds

for fmax(K) := supx∈K f(x).

Proof. We prove this for α-Lipschitz f and fmin, the other cases are similar. Consider compact sets
K1 and K2, so that the infima are attained at xi ∈ Ki. This means that fmin(Ki) = f(xi). Since Kj

are closed, we have points uj that attain the closest distance from xi to Kj . Combining these, we
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know that
d(xi, Kj) ≤ dHaus(Ki, Kj)

and
d(xi, uj) = d(xi, Kj) := infu∈Kj

d(xi, u)

Using the Lipschitzness of f ,

|f(xi)− f(uj)| ≤ αd(xi, uj) ≤ αdHaus(Ki, Kj)

Also, f(uj) ≥ f(xj) by definition of xj , since uj ∈ Kj and xj minimizes f over Kj . So,

f(xi) ≥ f(uj)− αdHaus(Ki, Kj) ≥ f(xj)− αdHaus(Ki, Kj)

This holds for (i, j) = (1, 2), (2, 1), so we get that

|fmin(Ki)− fmin(Kj)| = |f(xi)− f(xj)| ≤ αdHaus(Ki, Kj)

We use Lemma B.5.2 along with the fact that the objective function is Lipschitz. We will prove
it for the version of the Model-Based method incorporating Hoeffding-based bounds (which are
incorporated to give finite sample guarantees). The proof for the version with point estimates of the
relevant quantities is in fact easier and subsumed by this by setting ∆π = ∆P = 0. We first need the
lemma below, which will we later combine with Lemma B.5.2.
Lemma B.5.3. Let the feasible region given by the values of Pπb , α(s, a) and β(s, a) in the limit

of infinite data be F . Let the feasible region obtained using our finite sample estimates in Lemma

B.5.1 be F̂ . Then there is a constant K depending on Γ so that

dHaus(F, F̂ ) ≤ 2S2AΓ
(
|Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+ |πb(s | a)− π̂b(s | a)|+∆P +∆π

)
Notice that this also applies to the case of replacing the Hoeffding-based intervals by the point

estimates, since that merely involves replacing ∆π and/or ∆P by 0.

Proof. Notice that the condition ∑
s′

P(s′ | s, a) = 1

is identical across both sets, so the difference is only induced by the infinite-sample G∞ and the
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finite sample G. That is, for P ∈ G∞, we have the following

α(s, a)Pπb(s′|s, a) ≤ P(s′ | s, a) ≤ β(s, a)Pπb(s′|s, a)

Let’s call the interval above Is,a. For P ∈ G, we instead have

αδ1(s, a)(P̂
πb(s′|s, a)−∆P) ≤ P(s′ | s, a) ≤ βδ1(s, a)(P̂

πb(s′|s, a) + ∆P)

We can check that using the inequalities above, the following hold for ŵ ∈ F̂ :

• If ŵs′,s,a < α(s, a)Pπb(s′ | s, a), then

d(ŵs′,s,a, Is,a)

≤ α(s, a)|Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+ α(s, a)∆P

+ (P̂πb(s′ | s, a) + ∆P)|α(s, a)− αδ1(S, a)|

≤ |Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+∆P + 2

(
1− 1

Γ

)
(|πb(s | a)− π̂b(s | a)|+∆π)

≤ |Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+K1|πb(s | a)− π̂b(s | a)|+∆P +K1∆π

where K1 = 2
(
1− 1

Γ

)
.

• If ŵs′,s,a > β(s, a)Pπb(s′ | s, a) then we get terms using β, so that we have

d(ŵs′,s,a, Is,a) ≤ K3|Pπb(s′ | s, a)−P̂πb(s′ | s, a)|+K2|πb(s | a)−π̂b(s | a)|+K3∆P+K2∆π

with K2 = 2(Γ− 1) and K3 = Γ

• In the third case, ŵs′,s,a ∈ Is,a, so d(ŵs′,s,a, Is,a) = 0

Combining these and noting that 2Γ ≥ K1, K2, K3, we have that

d(ŵs′,s,a, Is,a) ≤ 2Γ(|Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+ |πb(s | a)− π̂b(s | a)|+∆P +∆π)

This means that by the triangle inequality, for any matrix/vector norm on RS
2A,

d(ŵ, F ) = d(ŵ,
∏
s′,s,a

Is,a) ≤ S2Amax
s′,s,a

d(ŵs′,s,a, Is,a)

≤ 2S2AΓ
(
|Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+ |πb(s | a)− π̂b(s | a)|+∆P +∆π

)
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Since ŵ ∈ F̂ is arbitrary,

dHaus(F, F̂ ) ≤ 2S2AΓ
(
|Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+ |πb(s | a)− π̂b(s | a)|+∆P +∆π

)

We finally recall and prove our consistency result below.
Theorem 4.2.5 (Consistent Estimation of the Lower Bound). The estimated lower bound from the

model-based method is strongly consistent for the lower bound Ṽ1, where Ṽ1 is the lower bound

estimate of the value function from solving (4.2) with infinite data. That is, V̂1
a.s.→ Ṽ1.

Proof. To remind the reader of the precise sense in which "limit of infinite data" is used here,
we mean that the behavior policy is exploratory, so that every s, a has a non-zero probability
of occurring in the trajectory. In particular N(s), N(s, a) → ∞ as we observe infinitely many
trajectories.

We know that our objective function is a polynomial in the entries of w = P(· | ·, ·). Since
the entries of w lie in [0, 1], the domain of our multivariate polynomial is compact and it is thus
Lipschitz, since it is C1. Let its Lipschitz constant be α. Call the minimum in the infinite data case
Ṽ1 and the one in the finite sample case V̂1. Combining Lemma B.5.3 with Lemma B.5.2, we get
that

|Ṽ1 − V̂1| ≤ αdHaus(F, F̂ )

≤ 2αS2AΓ
(
|Pπb(s′ | s, a)− P̂πb(s′ | s, a)|+ |πb(s | a)− π̂b(s | a)|+∆P +∆π

)
Note that as N(s), N(s, a) → ∞, |Pπb(s′ | s, a) − P̂πb(s′ | s, a)|, |πb(s | a) − π̂b(s | a)| → 0

almost surely, and ∆P,∆π → 0. This implies that as N(s), N(s, a)→∞, |Ṽ1 − V̂1| → 0 almost
surely.
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B.6 Variations of The Model-Based Method

B.6.1 Relaxation of (4.2)

Recall that in (4.2), we solved a non-convex optimization problem with H · |S|+1 Bellman backup
constraints. If one were to not require the P(s′|s, a) to stay constant at every step, one could
sequentially solve H · |S| + 1 convex programs to obtain a lower bound that is looser than one
obtained by (4.2). Gh is as defined in Appendix B.5. Computationally, to compute policy values
for each starting state, confounded FQE (Alg. 5) solves (H + 1) · |S| · |A| linear programs, while
Alg. 17 below solves (H + 1) · |S| convex programs.

Algorithm 17 Relaxation of Model-Based Method
1: input: evaluation policy πe, starting state s0.
2: initialize: VH+1 ← 0.
3: for h = H,H − 1, . . . , 1 do
4:

Vh(s) := min
Ph∈Gh

∑
a

πe,h(a | s)

[
R(s, a) +

∑
s′

Ph(s
′ | s, a)Vh+1(s

′)

]
= min

Ph∈Gh

πe,h(· | s)T (Rs + Ps,hVh+1(·)).

5: end for
6: return V1(s0)

Notice that this is similar to confounded FQE (Alg. 5) in that it optimizes over Ph(s′|s, a)
at each step, instead of requiring it to stay constant for all h = 1, ...H . Consider the bijection
gh(s, a, s

′) ↔ Ph(s
′|s,a)

P̂
πb
h (s′|s,a)π̂b,h(a|s)

between the uncertainty sets
∏

h B̃sa,h and
∏

h Gh for g1, . . . gH
and P1, . . . ,PH respectively. It is easy to check using the definitions of the sets that this is truly a
bijection. We can see using this bijection and with an argument similar to the proof of Theorem 4.2.4,
that the value estimates from this relaxation and CFQE are equal at each step. By the remark made
in the proof of Theorem 4.2.4, this also holds for the finite sample versions.

B.6.2 Projected Gradient Descent

In a similar vein to Algorithm 4.1 in Kallus and Zhou [2020], we provide a method to efficiently
compute the lower bound with projected gradient descent.

Given an estimate of P, the corresponding estimate of V1(s0) can be obtained by iteratively
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performing H + 1 Bellman backups, each of which is dependent on P itself. Each Bellman backup
is obtained by translations and matrix multiplications of P. As such, V1(s0) is differentiable with
respect to P, and the gradient ∇PV1(s0) can be easily obtained with modern autograd tools.

Algorithm 18 Projected Gradient Descent for Model-Based Lower Bound
1: input: evaluation policy πe, empirical estimate of P, decaying learning rate ηt, starting state
s0.

2: initialize: VH+1 ← 0.
3: for t = 1, ..., N do
4: for h = H,H − 1, . . . , 1 do
5:

Vh(s) :=
∑
a

πe(a | s)

[
R(s, a) +

∑
s′

P(s′ | s, a)Vh+1(s
′)

]
= πe(· | s)T (Rs + PsVh+1(·)).

6: end for
7: P← ProjG(P− ηt∇PV1(s0))

8: end for
9: return the lowest V1(s0) encountered.

B.7 FQE Does Not Work for Confounders with Memory

We recall Theorem 4.2.6 below.
Theorem 4.2.6 (Lower Bound for Confounders with Memory). There exists an MDPM having

confounders with memory, a stationary unconfounded behavior policy πb with sensitivity Γ = 1,

a stationary evaluation policy πe with πe(a|s)
πb(a|s)

≤ 2 ∀s, a, and a state s1, so that V πe
1 (s1) = Ω(H)

while the output of FQE for πe is O(logH), even with infinite data.

Proof. We demonstrate that there exists a confounded MDP with non-memoryless confounders and
a behavior policy πe where even under the limit of infinite data, if the estimate obtained using FQE
is f̂1(s, a) and the true value function is V πe

1 (s), then V πe
1 (s)−

∑
a πe(a | s)f̂1(s, a) = O(H).

Environment:

• Consider S = {s1, s2}, A = {a1, a2}, U = {u0, ua1}, horizon H .

• Rewards: r(s = s1, a1) = 1, otherwise 0 reward.
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• Starting state: Let the starting state be s1.

Confounder distribution: The confounder’s distribution starts at ua1 and is induced by con-
founder transitions with memory. Specifically, consider the following confounder transitions.

• If u = ua1 and the current action is a1, stay in ua1 .

• In all other cases, transition to u0.

State transitions: P(s1 | s, a1, ua1) = 1 for any s, and for all other s, a, u, we have that
P(s1 | s, a, u) = 1/H and P(s2 | s, a, u) = 1− 1/H

Behavior policy: Let πb(a | s, u) = 1
2

for any s, a, u.

Evaluation policy: Let πe(a1 | s) = 1.

Policy values: Notice that in the evaluation policy, we are always in ua1 and always take action
a1, so we are always in state s1. Thus the reward at each step is 1 and V πe

1 (s1) = H .

FQE Output: First note that to iterate through FQE for πe, we need only compute f̂h(s, a1) for
all s, h. Notice that under the behaviour policy, at timestep h, Pπb,h(ua1) =

1
2h−1 and Pπb,h(u0) =

1− 1
2h−1 . We start with f̂H+1(s, a) := 0 and the update rule is given by

f̂h(s, a) = E(s,a,s′)∈Dπb,h
[r(s, a) +

∑
a′

πe(a
′ | s′)f̂h+1(s

′, a′)]

= E(s,a,s′)∈Dπb,h
[r(s, a) + f̂h+1(s

′, a1)]

= r(s, a) +
∑
s′,u

Pπb,h(s
′, u | s, a)f̂h+1(s

′, a1)

= r(s, a) +
∑
s′,u

P(s′ | s, a, u)Pπb,h(u | s, a)f̂h+1(s
′, a1)

Note that for u = u0, ua1

Pπb,h(u | s, a) =
Pπb,h(s, a | u)Pπb,h(u)

Pπb,h(s, a | u0)Pπb,h(u0) + Pπb,h(s, a | ua1)Pπb,h(ua1)

For s = s2, P(s2, a | ua1) = 0, so P(ua1 | s2, a) = 0. On the other hand, for s1, a1, we have the
following.

Pπb,h(ua1 | s1, a1) =
1

2h−1

1
2H

(
1− 1

2h−1

)
+ 1

2h−1

≤ min

(
1,

2H

2h−1

)
Thus, Pπb,h(u0 | s1, a1) ≥ 1− 2H

2h−1
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Thus, for s1, a1, the update rule is given by

f̂h(s1, a1) = 1 +
1

H
Pπb,h(u0 | s1, a1)f̂h+1(s1, a1) +

(
1− 1

H

)
Pπb,h(u0 | s1, a1)f̂h+1(s2, a1)

+ Pπb,h(ua1 | s1, a1)f̂h+1(s1, a1)

≤ 1 +

(
1

H
+min

(
1,

2H

2h−1

))
f̂h+1(s1, a1) +

(
1− 1

H

)
f̂h+1(s2, a1)

For s2, it is given by

f̂h(s2, a1) = 1 +
1

H
Pπb,h(u0 | s1, a1)f̂h+1(s1, a1) +

(
1− 1

H

)
Pπb,h(u0 | s1, a1)f̂h+1(s2, a1)

+ Pπb,h(ua1 | s1, a1)f̂h+1(s1, a1)

=
1

H
f̂h+1(s1, a1) +

(
1− 1

H

)
f̂h+1(s2, a1)

We can use these to perform a straightforward but tedious calculation and inductively verify
that for h ≥ 2 log(H) + 6, f̂h(s1, a1) ≤ 1 + 2H−2h

H
and f̂h(s2, a1) ≤ 2H−2h

H
. Induction starts at

h = H and works backwards. For h ≤ 2 log(H) + 6, we use the simple upper bounds on the FQE
recursion.

f̂h(s1, a1) ≤ 1 + max(f̂h+1(s1, a1), f̂h+1(s2, a1))

f̂h(s2, a1) ≤ max(f̂h+1(s1, a1), f̂h+1(s2, a1))

In particular,

max(f̂h(s1, a1), f̂h(s2, a1)) ≤ 1 + max(f̂h+1(s1, a1), f̂h+1(s2, a1))

This gives us the following relation.

f̂1(s1, a1) ≤ max(f̂1(s1, a1), f̂1(s2, a1)) ≤ (2 logH+6)+1+
2(H − (2 logH + 6))

H
≤ 2 logH+9

In particular, FQE gives an underestimate of the value and its estimation error is

V πe
1 (s1)−

∑
a

πe(a | s)f̂1(s1, a) = O(H)
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B.8 Proof of Consistency for Clustering OPE, Theorem 4.2.7

We first rephrase the end-to-end clustering guarantee from Kausik et al. [2022] in our context.
Theorem. Under Assumptions 4, 6, and 7, there are constants H0, N0 depending polynomi-

ally on 1
α
,∆, 1

minu P (u)
, log(1/δ), so that for n ≥ U2SN0 log(1/δ) trajectories of length H ≥

H0tmix log(n), we recover all clusters of trajectories exactly with probability at least 1− δ.

We now recall Theorem 4.2.7.
Theorem 4.2.7 (Sample Complexity for OPE under Global Confounding). Under Assumptions 4,

6, 7, 8, there are constants H0, N0 depending polynomially on 1
α
,∆, 1

minu P (u)
, log(1/δ), so that

for n trajectories of length H ≥ H0tmix log(n), we have that |V̂1(s0; πe) − V1(s0; πe)| < ϵ with

probability at least 1− δ if n ≥ Ω(max(n1, n2, n3, n4)), where

n1 := U2SN0 log(1/δ), n2 :=
log(U/δ)

min(ϵ2/H2,minu P (u)2)

n3 :=
H2τaτsSA log(U/δ)

ϵ2
, n4 :=

τaH

dm

As discussed in Section 4.2.5, we prove a more general version of this, in the form of the theorem
below. Assume that we instantiate Algorithm 7 with an OPE estimator that requires an assumption
A(b) parameterized by a vector b and has sample complexity N2(δ, ϵ, b).
Theorem. Under Assumptions 4, 6, 7, andA(b), there are constantsH0,N0 depending polynomially

on 1
α
,∆, 1

minu P (u)
, log(1/δ), so that for n trajectories of length H ≥ H0tmix log(n), we have that

|V̂1(s0; πe)− V1(s0; πe)| < ϵ with probability at least 1− δ if

n ≥ Ω

(
max

(
U2SN0 log(1/δ),

log(U/δ)

min(ϵ2/H2,minu P (u)2)
, N2(δ/U, ϵ, b)

))
.

Proof. Note that V1(s0; πe) = Eu[V1(s0;u, πe)] =
∑

u P (u)V1(s0;u, πe). Using the clustering
guarantee from Kausik et al. [2022] (rephrased above), we know that for the sameH0 andN0 as in the
clustering guarantee, given n ≥ N(δ) = U2SN0 log(1/δ) trajectories of lengthH ≥ H0tmix log(n),
we recover clusters C1, ..., CU consisting of trajectories with the same confounders with probability
at least 1− δ. Recall that H0 is not explicitly dependent on S,A and tmix, but could depend on the
model.

We only identify the confounder labels in each trajectory up to permutation upon ob-
taining exact clustering, but for any permutation σ ∈ SU ,

∑K
u=1 P (u)V1(s0;Cu, πe) =∑U

u=1 P (σ(u))V1(s0;Cσ(u), πe). That is, the result of the sum is independent of the order of
its terms P (u)V̂1(s0;Cu, πe). So, we assume WLOG that we recover the true cluster labels.
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Upon obtaining the confounder labels un in each trajectory, we can estimate P (u) with P̂ (u) :=
1

Ntraj

∑
n 1(un = u) via label proportions. By a simple application of Hoeffding’s inequality, there

is another function N1(δ, α) so that for n ≥ N1(δ/U, α), the weights satisfy |P̂ (u) − P (u)| ≤ α

for all u with probability at least 1− δ.

We use |ab− cd| ≤ |b||a− c|+ |c||b− d| to conclude that for n ≥ N1(δ/U, ϵ/2H), we have the
following bound with probability at least 1− δ.

|V1(s0; πe)− V̂1(s0; πe)| ≤
ϵ

2H
max
u

V̂1(s0;Cu, πe)+max
u

(P (u)|∆(u)|) ≤ ϵ

2
+max

u
|∆(u)| (B.8)

where ∆(u) := V1(s0;Cu, πe)− V̂1(s0;Cu, πe).

So, whenever we have exact clustering, there is a function N2(δ, ϵ, b) so that |∆(u)| < ϵ for
all u outside of a set of probability δ whenever

∑
n 1(un = u) ≥ N2(δ/U, ϵ, b). By Hoeffding’s

inequality from above,
∑

n 1(un = u) ≥ n(P (u)− α) ≥ nP (u)/2 for α ≤ minu P (u)/2.

So, for n ≥ max
(
N
(
δ
3

)
, N1

(
δ
3U
,min

(
ϵ

2H
, minu P (u)

2

))
, 2
minu P (u)

N2

(
δ
3U
, ϵ
2
, b
))

, we get that

|V1(s0; πe)− V̂1(s0; πe)| ≤ ϵ

Note that N(δ/3) = U2SN0 log(3/δ) and N1

(
δ
3U
,min

(
ϵ

2H
, minu P (u)

2

))
= 2 log(3U/δ)

min(ϵ2,minu P (u)2)
.

This gives us our final bound.

B.9 The Necessity of the Horizon Being O(tmix)

We showed in Section 4.2.6 that under Assumptions 4, 6, 7 and 8, Algorithm 7 provides a point
estimate of the policy’s value with provable sample complexity guarantees. The only additional
requirement was that H ≥ H0tmix log n. We claim that the tmix dependence is not an artifact of the
clustering method used. In fact, the theorem below shows that if H ≤ Õ(tmix), clustering and value
estimation can be arbitrarily bad even when tmix is small. It essentially produces an example with
logarithmically small tmix where the confounders cannot be identified for H ≤ Õ(tmix). We prove
it in Appendix B.9. We state Theorem B.9.1 below.
Theorem B.9.1 (Necessity of H ≥ Ω(tmix)). There exist globally confounded MDPs M1 and

M2 and a behavior policy πb with induced mixing time tmix = O(logS) so that for H ≤ Õ(tmix),

trajectories from confounders in both MDPs have the same distribution. Furthermore, there exists a

stationary evaluation policy πe and a starting state s so that |V πe
1 (s,M1)− V πe

1 (s,M2)| = Ω(H).

Proof. We construct two MDPs which satisfy all our assumptions, but have the same distribution
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over a horizon less than tmix and thus cannot be distinguished. We will also note that given the
reward structure, under a different starting distribution, the MDPs will have value functions differing
by O(H).

The intuition is that the state space is an n-dimensional Boolean hypercube with an extra
rewarding state sr, thought of as a "twin" to (1, 1, . . . 1). If one identifies sr to (1, 1, . . . 1), then
a = 1 pushes states to have more ones while a = 2 pushes states to have more zeros, and the actions
taken with probability 1/2 combine to produce a lazy random walk on the Boolean hypercube.
Depending on which MDP one is in, sr and (1, 1, . . . 1) have proportional transition dynamics, with
different levels of "traffic." Controlling this "traffic" allows us to control the rewards of a different
evaluation policy in the MDPs, because we choose all states besides sr to have 0 reward.

Environments:

• Consider S = {0, 1}n ∪ {sr}, A = {1, 2}, U = {1, 2}, horizon H .

• Rewards: r(s = sr, a) = 1 for any action a, otherwise 0 reward.

• Starting state: Let the starting state be (0, 0 . . . 0).

• Confounders: P(u = 1) = P(u = 2) = 1
2
.

Transitions: We describe the transition structure below. Pick a parameter pi,j ∈ [0, 1] for MDP
Mi and confounder u = j, whose role will be clear below. For both MDPsM1 andM2 and both
confounders u = 1, 2, consider the following transition structure.

• Under a = 1: Consider s ̸= sr, and let it have k > 1 zeros. Pick one of the zeros with
probability 1

n
each and change it to a 1, doing nothing and staying in s with probability

n−k
n

. If s has exactly 1 zero, then for MDPMi and confounder u = j, let s transition to
sr with probability pi,j

n
, to (1, 1, . . . 1) with probability 1−pi,j

n
and stay at s with probability

1 − 1
n

. Fix p2,1 = p2,2 = 1
2
. If s = sr, then inMi and confounder uj , move to (1, 1, . . . 1)

with probability 1 − pi,j , staying with probability pi,j . If s = (1, 1, . . . 1), then inMi and
confounder uj , move from to sr with probability pi,j , staying with probability 1− pi,j .

• Under a = 2: Consider s ̸= sr, and let it have k > 0 zeros. Pick one of the ones with
probability 1

n
each and change it to a zero, doing nothing and staying in s with probability k

n
.

If s = sr, (1, 1, . . . 1), then let it transition to a state with a single zero with probability 1
n

.

Behavior policies: In both MDPs, choose the same policy π(a | s) = 1
2

for all a, s. One can
check that the occupancies of sr and (1, 1, . . . 1) are only non-zero together and always have the
ratio pi,j/(1− pi,j) in MDPMi and confounder u = j. This will thus also hold in the stationary
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distribution. Note that while in general, identifying states in a Markov chain does not create a
Markov chain, this is true if two states always have the same ratio of occupancies. Additionally,
since the occupancy ratios are fixed, for any MDP and confounder in our system, the TV distance
between the distribution of the system and at any time t from the stationary distribution is the same
if we identified sr and (1, 1, . . . 1). Thus, this system has the same mixing time as it would if we
identified sr and (1, 1, . . . 1).

Notice that the transition structure of the induced Markov chains in both MDPs after identifying
sr and (1, 1, . . . 1) is identical, and in fact it is the same as picking a bit in a state uniformly at
random and flipping it with probability 1/2, doing nothing otherwise. This is in fact the same as the
lazy random walk on the Boolean hypercube in Levin and Peres [2017]. We thus know from Levin
and Peres [2017] that both induced Markov chains have the same mixing time tmix = O(n log n).
Let k be a constant so that tmix ≤ kn log n.

Observational indistinguishability: Consider H ≤ tmix

4k log(tmix)
≤ n

4
. Since the MDPs have

identical transition structures for s ̸= sr with s having 2 or more zeros, and no state can have
fewer than 2 zeros after less than n

4
bit flips starting from the starting state (0, 0 . . . 0), trajectories

generated under either MDP and either confounder have the same probability.

In particular, the confounders are observationally indistinguishable in either MDP and cannot
be clustered even with infinite observations, even though transitions differ in n + 2 of the states
with ∆ > max(|1− 2pi,j|, |pi,1 − pi,2|) > 0. Moreover, the MDPs themselves are observationally
indistinguishable as well.

Evaluation policy: One can produce many examples of an evaluation policy πe so that there is a
state s with V πe

1,i (s) very different across the two MDPs. Here we present a trivial one. Consider
πe(a = 1 | s, u) = 1 for all s, u.

Policy values: Let us say that we intend to find V πe
1,i ((1, 1, . . . 1)). Notice that in the first

step in confounder u = j and MDP Mi, the distribution of states will be P(sr) = pi,j and
P((1, 1, . . . 1)) = 1−pi,j and stays that way for all future steps. This means that V πe

1,i ((1, 1, . . . 1)) =(∑2
j=1

pi,j
2

)
(H − 1) in MDPMi.

The difference in values is given by |V πe
1,1((1, 1, . . . 1)) − V πe

1,2((1, 1, . . . 1))| = (H − 1)(p1,1 +

p1,2− p2,1− p2,2). We arbitrarily instantiate our parameters to be say p1,1 = 1− 1
100

, p1,2 = 1− 2
100

,
p2,1 = − 1

100
, p2,2 = 2

100
, to get that

|V πe
1,1((1, 1, . . . 1))− V πe

1,2((1, 1, . . . 1))| =
94

100
(H − 1) = Ω(H)
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B.10 Policy Optimization under General and Memoryless Con-
founders

B.10.1 Bounds on Sub-optimality given Optimization Oracles

Here, we elaborate on the comment at the beginning of Section 4.2.7, where we claim that given
error bounds on our value estimate V̂1 and an optimizer for V̂1, we can get suboptimality bounds for
the output of the optimizer. Notice the slight change in notation below.
Lemma B.10.1. Fix an arbitrary starting distribution d0. If for any policy π, |V̂1(π)− V1(π)| ≤ ϵ,

then for π̂∗ = argmaxπ V̂1(π) and π∗ = argmaxπ V1(π), we have that 0 ≤ V1(π
∗)− V1(π̂∗) ≤ 2ϵ.

Proof. Consider the following chain of inequalities.

V1(π
∗)− V1(π̂∗)

= V1(π
∗)− V̂1(π∗) + V̂1(π

∗)− V̂1(π̂∗) + V̂1(π̂
∗)− V1(π̂∗)

≤ ϵ+ 0 + ϵ

Here, the first part of the last inequality holds by our assumption applied to π = π∗, while the
second part holds by the definition of π̂∗ as the optimal policy for V̂1. The third part holds by
applying our assumption to π = π∗.

Finally, by the definition of π∗ as the optimal policy for V1, V1(π∗)− V1(π̂∗) ≥ 0. Combining
these, we have our results.

B.10.2 Gradient Ascent on the Lower Bound

Algorithm 19 Gradient Ascent on Differentiable Lower Bounds for Policy Improvement under
Confounding

1: input: decaying learning rate ηt, πθ.
2: for t = 1, ..., N do
3: run subroutine: obtain differentiable lower bound V1(s0; πθ) on πθ via Alg. 6, Alg. 17, or

Alg. 5
4: update: θ ← θ + ηt · ∇θV1(s0; πθ)
5: end for
6: return πθ
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This enjoys the following elementary local convergence guarantees.
Lemma B.10.2. If ∇θV1(s0; πθ,P) and ∇PV1(s0; πθ,P) are Lipschitz, every local max-min is a

gradient ascent/descent stable point.

Lemma B.10.3. If V1(s0; πθ,P) is twice differentiable with a Lipschitz continuous gradient, its sad-

dle points are a strict-saddle, and one waits for the inner minimization to converge in each iteration,

in the limit of infinite trajectories the procedure converges to a local maxima of V1(s0; πθ,P).

The first result follows from Section 2 in Daskalakis and Panageas [2018], given the knowledge
that V1(s0; πθ,P), being constructed from translations and matrix multiplications, is smooth, and
therefore so are its gradients. The second result follows from Lee et al. [2016].

B.11 Policy Optimization under Global Confounders

Algorithm 20 Clustering-Based Policy Gradient
1: input: Number of clusters U , clustering algorithm cluster(), offline policy gradient

estimator gradient(), learning rate η, initial policy parameters θ0.
2: run subroutine: Perform clustering on trajectories with clustering algorithm cluster(),

obtain clusters C1, ..., CK .
3: Obtain cluster weight estimates P̂ (u) := |Cu|

Ntraj
.

4: for t = 1, ..., T : do
5: run subroutine: Use offline policy gradient estimator gradient() to estimate Zi(θt) =

∇θV1(s0;ui, πθt) for each cluster Ci, obtaining Ẑi(θt).
6: Obtain gradient estimate of Z(θt) = ∇θV1(s0; πθt) with Ẑ(θt) =

∑U
u=1 P̂ (ui)Ẑi(θt).

7: Update θt+1 := θt − ηẐ(θt).
8: end for
9: return: Output the final policy πθT+1

.

We now recall Theorem 4.2.8 below. We remind the reader that like Theorem 4.2.7, the theorem
below holds when H ≥ H0tmix log n.
Theorem 4.2.8. Let us have large enough β > 1 and T = nβ, for n ≥
Ω
(
max

(
U2SN0 log(1/δ),

log(U/δ)
minu P (u)2

))
. Also let H ≥ H0tmix log n, for H0, N0 as in Theo-

rem 4.2.7. Then we have that 1
T

∑T
t=1 ||∇θV1(s0; πθt)||2 = O(max(ϵMSE, ϵfreq), where ϵMSE =

H4 log(nU/δ)
nminu P (u)

, and ϵfreq =
L2 log(U/δ)

n

To prove this, we first provide a high-probability guarantee for the overall gradient estimate
across all clusters analogous to that of Theorem 4.2.7 for OPE. This is proved in Section B.11.1.
Theorem B.11.1. When Assumptions 4, 6, 7 and 8 are satisfied, there are constants H0, N0

depending polynomially on 1
α
,∆, 1

minu P (u)
, log(1/δ), so that for n trajectories of length H ≥

186



H0tmix log(n), if we use the EOPPG offline policy gradient estimator from Kallus and Uehara

[2020],

n ≥ max

(
U2SN0 log(3/δ),

8 log(6U/δ)

min{ϵ2/L2,minu P (u)2}
,

C

minu P (u)

H4 log(nU/δ)

ϵ2

)

then ||Z(θ)− Ẑ(θ)|| ≤ ϵ with probability 1− δ for some constant C.

The following result for the convergence of unconstrained gradient descent is effectively Theorem
11 in Kallus and Uehara [2020], combined with the bound in Theorem B.11.1. We repeat the proof
in Section B.11.2 for completeness.
Theorem B.11.2. Assume V1(s0;u, πθ) and V1(s0; πθ) are differentiable and M -smooth in θ for all

u ∈ U , and the learning rate η < 1
4M

. Then, if the number of trajectories n satisfies the condition

in Theorem B.11.1, the iterates θt from Algorithm 9 offer

1

T

T∑
t=1

||∇θZ(θt)||2 =
1

T

T∑
t=1

||∇θV1(s0; πθt)||2 ≤
4

ηT
(V1(s0; πθ∗)− V1(s0; πθ1)) + 3ϵ2

The result of Theorem 4.2.8 then follows immediately from the two results above. The only
additional observation needed is that since V1 is Lipschitz, it is bounded in a compact domain and
so the first term in Theorem B.11.2 is O(1/nβ) ≤ O(1/n).

Another Formulation of Policy Optimization Notice that the nature of the global confounder
assumption permits another kind of policy optimization. One can optimize U different policies, one
for each value of the confounder, with standard off-policy improvement methods. To deploy them,
one will have to identify the confounder online, which is a nontrivial problem in itself. One avenue
is to first deploy each of the U behavior policy components in any order for O(tmix) time each, and
then attempt to identify the confounder using the classification algorithm in Kausik et al. [2022]. If
the classification algorithm successfully classifies trajectories generated in this way, we can achieve
the optimal reward thereafter by deploying the optimal policy for the confounder in question.

B.11.1 Proof of Theorem B.11.1

Proof. Note that ∇θV1(s0; πθ) = Eu[∇θV1(s0;u, πθ)] =
∑

u P (u)∇θV1(s0;u, πθ).

Using the clustering guarantee from Kausik et al. [2022] rephrased in Section B.8, we know
that there are numbers N0 and H0 so that given n ≥ U2SN0 log(1/δ) trajectories of length H ≥
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H0tmix log(n), we recover clusters C1, ..., CU consisting of trajectories with the same confounders
with probability at least 1− δ. Recall that N0 and H0 are not explicitly dependent on S,A and tmix,
but could depend on the model.

Write Z(θ) = ∇θV1(s0; πθ), Zi(θ) = ∇θV1(s0;ui, πθ) and Ẑi(θ) for the estimate of Zi(θ) and
Ẑ(θ) =

∑U
i=1 P̂ (ui)Ẑi(θ) for the estimate of Z(θ). We only identify the confounder labels in each

trajectory up to permutation upon obtaining exact clustering, but as above we assume WLOG that
we recover the true cluster labels.

Estimate P (u) with P̂ (u) := 1
Ntraj

∑
n 1(un = u) via label proportions. By a simple application

of Hoeffding’s inequality and the union bound, for n ≥ 2 log(2U/δ)
α2 , the weights satisfy |P̂ (u) −

P (u)| ≤ α with probability at least 1− δ.

We can then bound

||Z(θ)− Ẑ(θ)|| =

∥∥∥∥∥
U∑
i=1

(
P (ui)Zi(θ)− P̂ (ui)Ẑi(θ)

)∥∥∥∥∥ (B.9)

=
U∑
i=1

∥∥∥P (ui)Zi(θ)− P̂ (ui)Ẑi(θ)∥∥∥ (B.10)

≤
U∑
i=1

||Zi(θ)||(P (ui)− P̂ (ui)) + P̂ (ui)||Zi(θ)− Ẑi(θ)|| (B.11)

=
U∑
i=1

||Zi(θ)||(P (ui)− P̂ (ui)) +
U∑
i=1

P̂ (ui)||Zi(θ)− Ẑi(θ)|| (B.12)

≤ α
U∑
i=1

||Zi(θ)||+
U∑
i=1

P̂ (ui)||Zi(θ)− Ẑi(θ)|| (B.13)

≤ α
U∑
i=1

||Zi(θ)||+
U∑
i=1

2P (ui)||Zi(θ)− Ẑi(θ)|| (B.14)

where the second inequality holds with high probability and the last inequality holds for sufficiently
small α. If all ||Zi(θ) − Ẑi(θ)|| ≤ ϵ/4 for some ϵ > 0, then we would have ||Z(θ) − Ẑ(θ)|| ≤∑U

i=1 2P (ui)||Zi(θ)− Ẑi(θ)|| ≤ ϵ/2.

It remains to bound the error of each Ẑi. Notice that the result of Theorem 7 in Kallus and
Uehara [2020] is independent of the gradient update rule or the value of θ and only depends on the
number of samples used to estimate ẐEOPPG. So, it also holds for Ẑi with ni samples. Additionally,
note that the proof of Theorem 12 in Kallus and Uehara [2020] only uses the supremum of the
error over all possible values of θ and does not use any facts about the gradient update, it follows
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verbatim for Ẑi with ni samples. In particular, with probability at least 1− δ/U ,

∥Zi(θ)− Ẑi(θ)∥2 ≤ O

(
H4 log(TU/δ)

ni

)

and so for T = nβ , we need ni ≥ Ω
(
H4 log(nU/δ)

ϵ2

)
trajectories for ||Zi(θ)−Ẑi(θ)|| ≤ ϵ to hold for

all ui with probability 1− δ. To convert this into a bound for n, we use Hoeffding’s inequality from
above in a similar way to the previous proof to find ni =

∑
n 1(un = u) ≥ n(P (u)−α) ≥ nP (u)/2

for α ≤ minu P (u)/2. We therefore need n ≥ Ω
(

1
minu P (u)

H4 log(nU/δ)
ϵ2

)
for the error of each Zi to

be bounded by ϵ with probability 1− δ.

We then bound α
∑U

i=1 ||Zi(θ)|| ≤ ϵ/2. Let L be a uniform bound over θ ∈ Θ on the magnitude
of the gradients Z(θ) (in the continuous case, this corresponds to a Lipschitz-type assumption on
the value functions). It then suffices to require α ≤ ϵ

2L
.

Splitting the failure probability into δ/3, requiring α ≤ minu P (u)/2, ϵ/2L, and bounding the
error of each Zi by ϵ/4, we get ||Z(θ)− Ẑ(θ)|| ≤ ϵ with probability 1− δ when

n ≥ Ω

(
max

(
U2SN0 log(1/δ),

log(U/δ)

min{ϵ2/L2,minu P (u)2}
,

1

minu P (u)

H4 log(nU/δ)

ϵ2

))
(B.15)

B.11.2 Proof of Theorem B.11.2

Proof. The result is largely analogous to Theorem 11 from Kallus and Uehara [2020], and in fact,
we can transform our problem into theirs and follow their proof.

Assume V1(s0;u, πθ) and V1(s0; πθ) are differentiable and M -smooth in θ for all u ∈ U . Let
f(θ) = −V1(s0; πθ), and fi(θ) = −V1(s0;ui, πθ) for each ui. For simplicity, fix the learning rate
for all time steps to be some η < 1

4M
. By M -smoothness,

f(θt+1) ≤ f(θt) + ⟨∇f(θt, θt+1 − θt⟩+
M

2
||θt+1 − θt||2.

Define Bit = Ẑi(θ)− Zi(θ) for confounder ui, Bt = Ẑ(θ)− Z(θ), wi = P̂ (ui). Observe that

θt+1 = θt − η∇f(θt)− ηBt = θt − η
∑
i

∇wif(θt)− η
∑
i

wiBit.
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Then, similarly to the proof in Kallus and Uehara [2020],

f(θt)− f(θt+1) ≥ −⟨∇f(θt), θt+1 − θt⟩ −
M

2
||θt+1 − θt||2 (B.16)

= η⟨∇f(θt),∇f(θt)−Bt⟩ −
η2M

2
||∇f(θt)−Bt||2 (B.17)

= η||∇f(θt)||2 + η⟨∇f(θt), Bt⟩ −
η2M

2
||∇f(θt)−Bt||2 (B.18)

≥ η||∇f(θt)||2 − η|⟨∇f(θt), Bt⟩| −
η2M

2
||∇f(θt)−Bt||2 (B.19)

≥ η||∇f(θt)||2 − 0.5η(||∇f(θt)||2 + ||Bt||2)− η2M ||∇f(θt)−Bt||2 (B.20)

≥ 0.25η||∇f(θt)||2 − 0.5η||Bt||2 − 0.25η||Bt||2 (B.21)

where the second-last inequality uses the parallelogram law and the last inequality uses the fact that
η < 1

4M
. We then obtain

f(θt)− f(θt+1) + 0.75η||Bt||2 ≥ 0.25η||∇f(θt)||2.

Similarly, by a telescoping sum,

(f(θ1)− f(θ∗))/T +
0.75η

T

∑
t

||Bt||2 ≥
0.25η

T

∑
t

||∇f(θt)||2,

(V1(s0; πθ∗)− V1(s0; πθ1))/T +
0.75η

T

∑
t

||Bt||2 ≥
0.25η

T

∑
t

||∇f(θt)||2,

η

T

∑
t

||∇f(θt)||2 ≤
4

T
(V1(s0; πθ∗)− V1(s0; πθ1)) +

3η

T

∑
t

||Bt||2,

1

T

∑
t

||∇f(θt)||2 ≤
4

ηT
(V1(s0; πθ∗)− V1(s0; πθ1)) +

3

T

∑
t

||Bt||2,

1

T

∑
t

||∇f(θt)||2 ≤
4

ηT
(V1(s0; πθ∗)− V1(s0; πθ1)) + 3max

t
||Bt||2,

and finally by applying Theorem B.11.1 for an n that fulfills its conditions for some error threshold
ϵ, we obtain

1

T

∑
t

||Z(θt)||2 =
1

T

∑
t

||∇f(θt)||2 ≤
4

ηT
(V1(s0; πθ∗)− V1(s0; πθ1)) + 3ϵ2.
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APPENDIX C

Supplementary Material for Chapter 4

C.1 Lemmas and Discussion

C.1.1 Relation between Vw and Vg

Lemma 5.2.1 (Replacing w with g). For any history-dependent policy π that selects an action

ah ∼ π(τ [h− 1], sh), Vw(M, π) = Vg(M, π) holds for anyM.

Proof. By a slight abuse of notation, the following chain of equalities holds. Here, (i) holds since
rh(sh, uh, ah) is a function of sh, uh, ah. Equation (ii) holds since we have already conditioned on
τ [h], which includes sh, ah. Equation (iii) holds by the definition of gh(τ [h]) as the conditional
distribution of uh given τ [h].

Vw(M, π) = Eτu∼Pw,π

∑
h∈Hp

rh(sh, uh, ah)


=
∑
h∈Hp

Eτu∼Pw,π [rh(sh, uh, ah)]

=
∑
h∈Hp

Eτu[h]∼Pw,π [rh(sh, uh, ah)]

=
∑
h∈Hp

Eτ [h]∼Pπ

[
Eτu[h]∼Pw,π [rh(sh, uh, ah)]

∣∣∣τ [h]]
(i)
=
∑
h∈Hp

Eτ [h]∼Pπ

[
Euh,sh,ah∼Pw,π [rh(sh, uh, ah)]

∣∣∣τ [h]]
(ii)
=
∑
h∈Hp

Eτ [h]∼Pπ

[
Euh∼Pw,π [rh(sh, uh, ah)]

∣∣∣τ [h]]
(iii)
=
∑
h∈Hp

Eτ [h]∼Pπ

[
Euh∼gh(τ [h]) [rh(sh, uh, ah)]

]
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=
∑
h∈Hp

Eτ∼Pπ

[
Euh∼gh(τ [h]) [rh(sh, uh, ah)]

]
= Eτ∼Pπ

∑
h∈Hp

Euh∼gh(τ [h]) [rh(sh, uh, ah)]


= Vg(M, π)

C.1.2 Ignoring Internal Reward-States is Bad for Alignment

We define traditional RL methods as those that output possibly time-dependent Markovian policies.
In this section, we provide a toy example showing that there is a PORMDP with good sublinear
regret guarantees where any time-dependent Markovian policy has value bounded away from the
maximum value. This means that traditional RL methods will always incur linear regret. We hope
that this illustrates that RL methods that ignore internal reward-states can be bad for alignment.
Lemma 5.2.2 (Markovian policies are not enough). There is a PORMDP where POR-UCRL and

POR-UCBVI achieve poly(H,S,A)
√
T regret, but any Markovian policy is at least 1

4
-suboptimal

and so any method that outputs Markovian (possibly time-dependent) policies will lead to linear

regret.

Proof. Consider a PORMDP M in the setting of Chatterji et al. [2021] (see point (ii) below
Definition 5.2.2) and set S = {s1, s2}, A = {a1, a2} and w = 1 ∈ R. Let the transition matrix be
P(s′ | s, a) = 1

2
for all s, a, s′. Let the starting state always be s1.

Consider the set T of all trajectories that have a2 until s2 appears, and then only have a1. Choose
ϕ(τ) = 1(τ ∈ T ). The best non-Markovian policy π⋆ can follow this rule and achieve ϕ(τ) = 1 for
all τ ∼ Pπ⋆ . Thus, maxπ∈Π V (M, π) = 1, where Π is given by all history-dependent policies.

On the other hand, consider a Markovian but potentially time-dependent policy π, where πh(a | s)
denotes the probability of action a in state s at timestep h. If π1(a2 | s1) = 0, then its value is zero.
If π1(a2 | s1) > 0, then conditioned on the event that s2 appears first at timestep 2 (probability
1/2), the expected total reward is at most π1(a2 | s1)(1− π2(a2 | s2)). Conditioned on s2 appearing
first at timestep 3 (probability 1/4, requiring s1 at timestep 2), the expected total reward is at most
π1(a2 | s1)π2(a2 | s1). Conditioned on seeing s2 first at timestep h ≥ 4, the expected total reward
is certainly at most 1. Using these crude inequalities, we can bound the expected reward of a
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Markovian policy π by

π1(a2 | s1)(1− π2(a2 | s2))
2

+
π1(a2 | s1)π2(a2 | s1)

4
+

H∑
h=4

1

2h

≤ π1(a2 | s1)(2− π2(a2 | s2))
4

+
1

4
≤ 1

2
+

1

4
=

3

4

This means that the value of any time-dependent Markovian policy is at most 3
4

and so any time-
dependent Markovian policy is at least 1

4
-suboptimal and incurs T

4
regret.

Recall that we defined traditional RL algorithms as those that output (possibly time-dependent)
Markovian policies. Clearly, any traditional RL algorithm in this sense will have at least T

4
regret,

which is linear regret.

C.1.3 The Naive Reduction from Dueling to Cardinal PORRL Fails

Lemma 5.4.1 (Naive Reduction Lower Bound). Using any algorithm for cardinal PORRL

with sublinear cardinal regret on M with policy class Π′ := Π × Π to get a sequence

(π1,1, π2,1), . . . , (π1,T , π2,T ) leads to linear dueling regret forM whenever all policies π do not

have the same value V (M, π).

Proof. Define π⋆ := argmaxπ∈Π V (M, π) and let πmin := argminπ∈Π V (M, π). Then note that

max
π,π′∈Π

VD(M, π, π′) = max
π,π′∈Π

V (M, π)− V (M, π′)

= max
π∈Π

V (M, π) + max
π′∈Π

[−V (M, π′)]

= max
π∈Π

V (M, π)−min
π′∈Π

V (M, π′)

= V (M, π⋆)− V (M, πmin)

Under the naive reduction described in Section 5.4, a cardinal PORRL algorithm is used to
maximize dueling feedback. If the algorithm has sublinear cardinal regret, then it will produce duels
(π1,t, π2,t), t = 1→ T , satisfying

T∑
t=1

max
π,π′∈Π

VD(M, π, π′)− VD(M, π1,t, π2,t) = o(T )
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From above, this means that

T∑
t=1

[V (M, π⋆)− V (M, π1,t)] + [V (M, π2,t)− V (M, πmin)] = o(T )

Now note that by definition of π⋆ and πmin, both terms are positive. This is the key point. We thus
have

T∑
t=1

V (M, π⋆)− V (M, π1,t) = o(T )

T∑
t=1

V (M, π2,t)− V (M, πmin) = o(T )

This means that for dueling regret RegretD(T ), we have the following.

RegretD(T ) =
T∑
t=1

[V (M, π⋆)− V (M, π1,t)] + [V (M, π⋆)− V (M, π2,t)]

=
T∑
t=1

[V (M, π⋆)− V (M, π1,t)] + [V (M, π⋆)− V (M, πmin)]

+
T∑
t=1

[V (M, πmin)− V (M, π2,t)]

= o(T ) + T [V (M, π⋆)− V (M, πmin)]

= Θ(T )

Where the last line holds since all policies π do not have the same value V (M, π), and so
V (M, π⋆)− V (M, πmin) > 0.

C.2 Regret-to-PAC Conversion

When learning in MDPs, we can turn any guarantee on the regret into a corresponding PAC guarantee,
the so-called “regret-to-PAC conversion” [Jin et al., 2018, Ménard et al., 2021, Wagenmaker et al.,
2022, Tirinzoni et al., 2023]. Similarly, we want to convert guarantees on the cardinal and dueling
regret (see Section 5.2) into corresponding PAC guarantees, which are more adherent to an offline
setting. We provide distinct results for the cardinal and dueling regret below.
Lemma C.2.1 (Cardinal regret to PAC). For T ∈ N and δ ∈ [0, 1], let ALG be an algorithm

for cardinal PORRL producing a sequence of policies (πt)t∈[T ] with cardinal regret bounded with
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probability at least 1− δ as

T∑
t=1

V (M, π⋆)− V (M, πt) ≤ R(T, δ) ∈ R.

Then, a policy π̂T ∼ π1, . . . , πT sampled uniformly satisfies with probability at least 1− 2δ

V (M, π⋆)− V (M, π̂T ) ≤
R(T, δ)

T
+ 8Bp

√
log(1/δ)

T
.

Proof. We consider the sequence of random variables Yt = V (M, π⋆) − V (M, πt) ∀t ∈ [T ].
Through the Hoeffding’s inequality on Yt and |rh| ≤ B we have

V (M, π⋆)− V (M, π̂T ) = E[V (M, π⋆)− V (M, πt)]

≤ 1

T

T∑
t=1

(
V (M, π⋆)− V (M, πt)

)
+ 8Bp

√
log(1/δ)

T

with probability at least 1− δ. Then, combining the latter inequality with the upper bound on the
regret and a union bound, we get

V (M, π⋆)− V (M, π̂T ) ≤
R(T, δ)

T
+ 8Bp

√
log(1/δ)

T

with probability at least 1− 2δ.

The latter result implies a PAC guarantee of the form P(V (M, π⋆)− V (M, π̂T ) ≥ ϵ) ≤ δ for
some ϵ > 0 and δ ∈ [0, 1] with a number of episodes of order Õ(1/ϵ2). An analogous result can be
stated for the dueling setting.
Lemma C.2.2 (Dueling regret to PAC). For T ∈ N and δ ∈ [0, 1], let ALG be an algorithm for

dueling PORRL producing a sequence of policy pairs (π1,t, π2,t)t∈[T ] with dueling regret bounded

with probability at least 1− δ as

T∑
t=1

V (M, π⋆)−
V (M, π1,t) + V (M, π2,t)

2
≤ RD(T, δ) ∈ R.

Then, a policy π̂T ∼ π1, . . . , πT sampled uniformly satisfies with probability at least 1− 4δ

V (M, π⋆)− V (M, π̂T ) ≤
RD(T, δ)

T
+ 16Bp

√
log(1/δ)

T
.

Proof. The proof proceeds as in the previous lemma by applying Hoeffding separately on the
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sequences Y1,t = V (M, π⋆) − V (M, π1,t) and Y2,t = V (M, π⋆) − V (M, π2,t), then applying a
union bound.

C.3 Proofs for General Optimistic Algorithms for Cardinal
PORRL

C.3.1 Generic Model-Based Optimism using Confidence-Sets

We present a template to get regret bounds for a generic model-based optimistic algorithm using

confidence sets, which we will later instantiate into POR-UCRL and also use in our reduction from
the dueling PORRL to optimistic algorithms for cardinal PORRL.

A generic algorithm using confidence sets is determined by confidence sets CM(D, δ) based on a
dataset D. Maintaining a running dataset Dt, at each step t, we run πt given by

πt,M̃t := argmax
π∈Π,M∈CM(Dt,δ)

V (P, f, π)

We obtain a trajectory τt ∼ Pπt⋆ and append it to Dt to get Dt+1, recompute confidence sets
CM(Dt+1, δ), and continue. This algorithm is formally presented in Appendix C.3.1 below.

Algorithm 21 Generic Confidence-Set Optimism

1: Input Known family of reward functions {Rh}Hh=1, known model classM induced by known
probability transition kernel class P and known decoder-induced function class F , confidence
level δ.

2: Initialize dataset D1 ← {} and CM(D1, δ)←M.
3: for t = 1, ..., T do
4: Compute the optimistic history dependent policy,

πt,M̃t = argmax
π, M∈CM(Dt,δ)

V (M, π)

5: Observe trajectory τt = {(sth, ath)}
H
h=1 and feedback {oh}h∈Hp .

6: Update Dt+1 ← Dt ∪ {τt} and compute new confidence set CM(Dt+1, δ).
7: end for

We now make the following assumption about our confidence sets. It essentially controls the
effect of shrinking confidence sets for P and F on the value. Showing this assumption is the core
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of proving regret bounds for any instantiation of this generic algorithm. We will see later that it is
satisfied by the confidence sets for POR-UCRL.
Assumption 13 (Controlling Value Error due to Confidence Sets, Refined Version). For a transition
kernel P⋆ and function f⋆, consider any sequence of policies πt and datasets Dt that contain {τi}ti=1

generated under (Pπt⋆ , f
⋆). We require thatM⋆ ∈ CM(Dt, δ) for all t with probability 1 − δ/16.

We require that there exist problem dependent functions CP (M, T, δ) and CF (M, T, δ) so that for
arbitrary sequences (Pt, f t) ∈ CM(Dt, δ), the following hold with probability 1− δ/2 each.∣∣∣∣∣

T∑
t=1

V (Pt, f
t, πt)− V (P⋆, f

t, πt)

∣∣∣∣∣ = Õ(CP (M, T, δ))

∣∣∣∣∣
T∑
t=1

V (P⋆, f
t, πt)− V (P⋆, f⋆, πt)

∣∣∣∣∣ = Õ(CF (M, T, δ))

Theorem C.3.1 (Regret for Confidence-Set Optimism). Under Assumption 13, any generic opti-

mistic algorithm using confidence sets CM(D, δ) satisfies the regret bound

Regret(T ) = Õ (CP (M, T, δ) + CF (M, T, δ))

Proof. Let M̃t be given by P̃t and f̃ t. Note the following inequalities, where (i) holds with
probability 1 by the optimistic definition of πt.

Regret(T ) =
T∑
t=1

V (P⋆, f
⋆, π⋆)− V (P⋆, f

⋆, πt)

(i)

≤
T∑
t=1

V (P̃t, f̃
t, πt)− V (P⋆, f

⋆, πt)

≤
T∑
t=1

V (P̃t, f̃
t, πt)− V (P⋆, f̃

t, πt)︸ ︷︷ ︸
(I)

+V (P⋆, f̃
t, πt)− V (P⋆, f

⋆, πt)︸ ︷︷ ︸
(II)

We now apply Assumption 13 to bound (I) and (II). We can use the assumption since Dt contains
trajectories {τi}ti=1 generated by Pπt⋆ , f̃ t ∈ CF(Dt, δ) ⊂ F and P̃t ∈ CF(Dt, δ). This immediately
gives us that with probability 1− δ

Regret(T ) = Õ(CF (M, T, δ) + CP (M, T, δ))

as desired.
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C.3.2 Generic Model-Based Optimism using Bonuses

We present a template to get regret bounds for a generic model-based optimistic algorithm using

bonuses, which we will later instantiate into POR-UCBVI and also use in our reduction from the
dueling PORRL to optimistic algorithms for cardinal PORRL.

A generic optimistic algorithm using bonuses relies on bonuses bDP(P, π, δ), b
D
F(P, π, δ) that

depend on a policy π, transition kernel P and dataset D. It also relies on estimates P̂D

and f̂D that depend on D. Maintaining a running dataset Dt, at each step t, we run πt :=

argmaxπ∈Π Ṽ (P̂Dt , f̂Dt , π), where Ṽ (P̂Dt , f̂Dt , π) is given by:

V (P̂Dt , f̂Dt , π) + bDt
F (P̂Dt , π, δ) + z(Bp)bDt

P (P̂Dt , π, δ)

where z is defined below. We obtain a trajectory τt ∼ Pπt⋆ and append it to Dt to get Dt+1, compute
new bonuses and estimates, and continue. This algorithm is formally presented in Appendix C.3.2.

Algorithm 22 Generic Bonus-Based Optimism

1: Input Known family of reward functions {Rh}Hh=1, method Est(D) to estimate P̂D and f̂D
from dataset D, bonus functions bDF(P, π, δ) and bDP(P, π, δ), confidence level δ

2: Initialize D1 ← {}, initialize f̂D1 , P̂D1 arbitrarily.
3: for t = 1, ..., T do
4: Compute optimistic history dependent policy,

πt = argmax
π

V (P̂Dt , f̂Dt , π) + bDt
F (P̂Dt , π, δ) + z(Bp)(bDt

P (P̂Dt , π, δ))

5: Observe trajectory τt = {(sth, ath)}
H
h=1 and feedback {oh}h∈Hp .

6: Compute new estimates f̂Dt+1 , P̂Dt+1 ← Est(Dt+1) and compute new bonus functions
b
Dt+1

F (f̂Dt+1 , ·, δ), bDt+1

P (P̂Dt+1 , ·, δ).
7: end for

We now make the following assumption about our bonuses. Showing this assumption is the core
of proving regret bounds for any instantiation of this generic algorithm. We will see later that it is
satisfied by the bonuses for POR-UCBVI.
Assumption 14 (Controlling Value Error via Bonuses). For a transition kernel P⋆ and function f⋆,
consider any sequence of policies πt and datasets Dt that contain {τi}ti=1 generated under (Pπt⋆ , f

⋆).
We require that for sequences P̂Dt and f̂Dt and any sequence f t ∈ F , the following hold.

• Bounding effect of error in F: With probability 1− δ/32, for any P and uniformly over all
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policies π, |V (P, f̂Dt , π)− V (P, f ⋆, π)| ≤ bDt
F (P, π, δ) and there is a function CF (M, T, δ)

so that
∑T

t=1 b
Dt
F (P⋆, πt, δ) = Õ(CF (M, T, δ)) with probability 1− δ/32

• Bounding effect of error in P: For any function µ : ΓH → R bounded by D, there is a
function z(D) ≥ D so that the following holds uniformly over all policies π with probability
1− δ/32.

Eτ∼(P̂Dt )
πµ(τ)− Eτ∼Pπ

⋆
µ(τ) ≤ z(D)bDt

P (P⋆, π, δ)

The statement also holds if we switch P⋆ and P̂Dt . Additionally, the statement holds for
a suitable D if we replace Eτ∼Pπµ(τ) with bP(P, π, δ) or bF(P, π, δ).1 Finally, there is
a function CP (M, T, δ) so that

∑T
t=1 b

Dt
P (P⋆, πt, δ) = Õ(CP (M, T, δ)) with probability

1− δ/32.
Theorem C.3.2 (Regret for Bonus-Based Optimism). Under Assumption 14, with z1(D) = z(D) +

z(2D) + z(2z(D)), any generic optimistic algorithm using bonuses satisfies

Regret(T ) = Õ (CF (M, T, δ) + z1(Bp)CP (M, T, δ))

Proof. Note that we can use Assumption 14 since Dt contains trajectories {τi}ti=1 generated by
Pπt⋆ , f̂Dt ∈ F is computed using Dt and P̂Dt is computed using Dt. Also note that WLOG,
bDt
P (P, π, δ) ≤ 2 always holds since we can otherwise clip it at 2 and our assumption will still hold.

Similarly, WLOG bDt
F (P, π, δ) ≤ 2z(Bp), otherwise we can clip it at 1 and our assumption will still

hold. Now note the following inequalities.

Regret(T ) =
T∑
t=1

V (P⋆, f
⋆, π⋆)− V (P⋆, f

⋆, πt)

(i)

≤
T∑
t=1

V (P̂Dt , f
⋆, π⋆) + z(Bp)(bDt

P (P̂Dt , π⋆, δ))− V (P⋆, f
⋆, πt)

(ii)

≤
T∑
t=1

V (P̂Dt , f̂Dt , π⋆) + bDt
F (P̂Dt , π⋆, δ) + z(Bp)(bDt

P (P̂Dt , π⋆, δ))− V (P⋆, f
⋆, πt)

(iii)

≤
T∑
t=1

V (P̂Dt , f̂Dt , πt) + bDt
F (P̂Dt , πt, δ) + z(Bp)(bDt

P (P̂Dt , πt, δ))− V (P⋆, f
⋆, πt)

=
T∑
t=1

V (P̂Dt , f̂Dt , π⋆)− V (P⋆, f
⋆, πt) + bDt

F (P̂Dt , πt, δ) + z(Bp)(bDt
P (P̂Dt , πt, δ))

=
T∑
t=1

V (P̂Dt , f̂Dt , π⋆)− V (P̂Dt , f
⋆, π⋆) + V (P̂Dt , f

⋆, π⋆)− V (P⋆, f
⋆, πt)

1This would instantly hold with D = Bp if bF (P, π, δ) := Eτ∼PπbF (τ, δ) for some trajectory level bonus bF (τ, δ),
and similarly for P .
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+
T∑
t=1

bDt
F (P̂Dt , πt, δ) + z(Bp)(bDt

P (P̂Dt , πt, δ))

Here, inequality (i) holds with probability 1−δ/16 by the second point in Assumption 14. Inequality
(ii) holds with probability 1− δ/16 by the first point in Assumption 14. Inequality (iii) holds with
probability 1 by the optimistic definition of πt. Continuing, we have

Regret(T )
(iv)

≤ 2
T∑
t=1

bDt
F (P̂Dt , πt, δ) + z(Bp)(bDt

P (P̂Dt , πt, δ))

(v)

≤ 2
T∑
t=1

bDt
F (P⋆, πt, δ) + 2z(Bp)(bDt

P (P⋆, πt, δ)) + z(Bp)(bDt
P (P⋆, πt, δ))

+ 2z(z(Bp))(bDt
P (P⋆, πt, δ))

= O

(
T∑
t=1

bDt
F (P⋆, πt, δ) + z1(Bp)(b

Dt
P (P⋆, πt, δ))

)

Here, inequality (iv) holds with probability 1− δ/8 by a union bound over the first and the second
point in Assumption 14. Finally, inequality (v) holds with probability 1− δ/4 by a union bound
over four applications of the second point of Assumption 14. Finally, we use a union bound over
both points of Assumption 14 to conclude that with probability 1− δ/8

O

(
T∑
t=1

bDt
F (P⋆, πt, δ) + z1(Bp)(b

Dt
P (P⋆, πt, δ))

)
= Õ (CF (M, T, δ) + z1(Bp)CP (M, T, δ))

By taking a union bound over the events of all inequalities above, we have that with probability
1− δ

Regret(T ) = Õ (CF (M, T, δ) + z1(Bp)CP (M, T, δ))

as desired.
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C.3.3 Generic Model-Free Optimism

Algorithm 23 Generic Model-Free Optimism
1: Input Known Bellman-complete class of Q-functions Q, confidence level δ.
2: Initialize dataset D1 ← {} and CQ(D1, δ)← Q.
3: for t = 1, ..., T do
4: τ [0]← ()

5: for h = 1, . . . H do
6: Play ath, Qt

h ← argmaxa,Q∈CQ(Dt,δ)Qh(τ [h], a) and observe feedback oth
7: end for
8: Update Dt+1 ← Dt ∪ {τ, (ot1, . . . otH}
9: Compute CQ(Dt+1, δ)

10: end for

Note that the method for choosing actions ath at time t induces a history dependent policy πt,
whose suboptimality is what we use to define regret. Regret is still given by

Regret(T ) =
T∑
t=1

V (M⋆, π⋆)− V (M⋆, πt)

We now make the following assumption about our confidence sets. Showing this assumption
is the core of proving regret bounds for any instantiation of this generic algorithm. We know that
this is satisfied by GOLF using the BE-dimension. We will show that in our case, it is also satisfied
by a more refined notion known as the α-HABE dimension (the α-history aware Bellman eluder
dimension).
Assumption 15. For a Q-function Q⋆ induced by modelM⋆, consider any sequence of policies πt
and datasets Dt that contain {τi}ti=1 generated underM⋆. We require that Q⋆ ∈ CQ(Dt, δ) for all t
with probability 1−δ/16. We require that there exists a problem dependent function CQ(Q, T, δ), so
that for arbitrary sequences Qt ∈ CQ(Dt, δ), the following holds for all h with probability 1− δ/2.

t∑
j=1

|Eµh(Qt)[Q
t
h − ThQ

j+1
h ]| ≤ CQ(Q, T, δ)

Theorem C.3.3 (Regret for Generic Model-Free Optimism). If the confidence sets CQ(D, δ) used in

Algorithm 23 satisfy Assumption 15, then the regret of Algorithm 23 is bounded by

Regret(T ) = O (HCQ(Q, T, δ))
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Proof. Note that V (M⋆, π⋆) = maxaQ
⋆
1(s1, a) ≤ maxaQ

t
1(s1, a) for all t, giving us the following

result by the policy loss decomposition in Jiang et al. [2017].

Regret(T ) =
T∑
t=1

V (M⋆, π⋆)− V (M⋆, πt)

≤
T∑
t=1

max
a
Qt

1(s1, a)− V (M⋆, πt)

=
T∑
t=1

H∑
h=1

Eµh(Qt)[Q
t
h − ThQ

j+1
h ]

=
H∑
h=1

T∑
t=1

Eµh(Qt)[Q
t
h − ThQ

j+1
h ]

= O(HCQ(Q, T, δ))

where the last line holds by Assumption 15.

C.4 Details and Proofs for Cardinal POR-UCRL

We now instantiate Algorithm 21 using standard confidence sets to get POR-UCRL. We show that
they satisfy Assumption 13 and get regret bounds for the algorithm. Note that our algorithm is
crucially different from naively summarizing the history to define a modified state space, since we
are separating the use of history summarization for getting confidence sets f from using only the
current state while learning the Markovian transitions P. In this case, it is a priori unclear if we can
use ideas from optimism to prove guarantees with a favorable (non-exponential) dependence on the
complexity of transitions.

Recall that given a dataset of the first t trajectory samples {τi}ti=1 and an index h ∈ [H], we
consider the following least squares objective to estimate f :

f̂ t+1
h = argmin

fh∈Fh

t∑
i=1

(
σh(fh(τi[h]))− oih

)2
Simple least squares guarantees imply the lemma below.
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Lemma C.4.1 (Concentration for σ ◦ fh). Define

MSEh,t(fh, f
′
h) :=

t∑
i=1

(σh(fh(τi[h]))− σh(f ′
h(τi[h])))

2

Also define β̄h,t(δ) = η2h log

(
N(Fh,

B
T
,∥·∥∞)

δ

)
+ αh,t with αh,t :=

tB+tηh log( t
δ )

T
. Then f ⋆h simultane-

ously satisfies MSEh,t(f
⋆
h , f̂

(t+1)
h ) ≤ β̄h,t

(
δ

2t2H

)
for all h, t with probability 1− δ/32.

Proof. We apply Lemma 6 in Chan et al. [2021] and the last statement in its proof to each h

separately with the function class in the lemma set to {σh ◦ fh|fh ∈ Fh}, P = 1, xt,p = xt,1 = τt[h]

and misspecification ϵ = 0 (decoupled from the Eluder dimension’s ϵ). We also note that oth are
ηh-subgaussian samples with mean σh(fh(τ [h])). This gives us that each of event indexed by h, t
below holds with probability at least 1− δ

2t2H
.

t∑
i=1

(σh(fh(τi[h]))− σh(f ′
h(τi[h])))

2 ≤ β̄h,t

(
δ

2t2H

)

So, the events all simultaneously hold with probability at least 1− δ by a union bound.

Recall the definition of our confidence sets below.

Confidence Sets for POR-UCRL. We instantiate the generic optimistic algorithm using confi-
dence sets by defining CM(Dt, δ) := CtP(δ) × CtF(δ) as our confidence sets below. We name the
resulting algorithm POR-UCRL. We use the data from trajectories {τi}ti=1 to build the confidence
sets Ct+1

F (δ) =
∏

h C
t+1
h (δ) with Ct+1

h (δ) defined below, where βh,t(δ) := β̄h,t
(

δ
2t2H

)
.

Ct+1
h (δ) :=

{
fh ∈ Fh

∣∣∣MSEh,t(f
⋆
h , f̂

(t+1)
h ) ≤ βh,t (δ)

}

We also use the MLE estimate for P after t episodes to define P̂t(· | s, a) := Nt(s,a,s′)
Nt(s,a)

. Now for

ζ(n, δ) = 2
√

S log(2)+log(n(n+1)SA/δ)
2n

, define CtP(δ) as below:

{
P
∣∣∣∥P(· | s, a)− P̂t(· | s, a)∥1 ≤ ζ(Nt(s, a), δ)∀s, a

}
Confidence Sets for POR-UCRL in case P⋆ is known. For known-model UCRL, the confidence
sets CtF(δ) are still as above, but CtP(δ) := {P⋆}
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For completeness, we repeat the algorithm POR-UCRL here, which is an instantiation of
Algorithm 21, the generic optimistic algorithm using confidence sets.

Algorithm 24 POR-UCRL

1: Input: Known family of reward functions {Rh}Hh=1, known probability transition kernel class
P and known decoder-induced function class F , confidence level δ.

2: Initialize dataset D1 ← {} and CF(D1, δ)←
∏H

h=1Fh, CP(D1, δ)← P .
3: for t = 1, ..., T do
4: Compute the optimistic history dependent policy,

πt, f̃t, P̃t = argmax
π, F∈CF (Dt,δ),P∈P(Dt,δ)

V (P, f, π)

5: Collect trajectory τt = {(sth, ath)}
H
h=1 and feedback {oh}h∈Hp by sampling from Pπt⋆ with

true decoder-induced function f⋆.
6: Update Dt+1 ← Dt ∪ {τt}, P̂t+1, f̂

t+1
h for all h

7: Compute new confidence sets CF(Dt+1, δ)←
∏H

h=1 C
t+1
h (δ) and CP(Dt+1, δ) where

Ct+1
h (δ)←

{
fh ∈ Fh

∣∣∣MSEh,t(f
⋆
h , f̂

(t+1)
h ) ≤ βh,t (δ)

}
CP(Dt+1, δ)←

{
P
∣∣∣∥P(· | s, a)− P̂t+1(· | s, a)∥1 ≤ ζ(Nt+1(s, a), δ)∀s, a

}
8: end for

We will now show our regret bound.
Theorem C.4.2 (POR-UCRL Regret). Under Assumption 9, the regret Regret(T ) of POR-UCRL is

bounded by the following with probability at least 1− δ

Õ
((

pS
√
HA+

∑
h∈Hp

√
dE,hdC,h

)√
T

)
where dE,h = dimE

(
Fh, BT

)
and dC,h = log(N (Fh, 1/T, ∥ · ∥∞)).

C.4.1 Showing that Assumption 13 is Satisfied

C.4.1.1 Bounding Reward Model Deviations

Lemma C.4.3 (Bounding Reward Model Deviations). Consider decoder-induced functions

{fh}h∈Hp satisfying |fh| ≤ B that induce value functions V (P, f, π). For any sequence of policies
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πt, if the confidence CtF(δ) is generated using data τi ∼ Pπi⋆ , i = 1 → t and f̃ t ∈ CtF(δ) is an

arbitrary sequence of functions, then we have the following with probability 1− δ/4.∣∣∣∣∣
T∑
t=1

V (P⋆, f̃
t, πt)− V (P⋆, f

⋆, πt)

∣∣∣∣∣
is bounded by

O

Bp√T log(T/δ) +
∑
h∈Hp

Bκ2,hdE,h +
∑
h∈Hp

κ2,h

√
dE,hβh,T (δ)T


Proof.

T∑
t=1

V (P⋆, f̃
t, πt)− V (P⋆, f

⋆, πt) =
T∑
t=1

Eτ∼P
πt
⋆

[
H∑
h=1

f̃ th(τ [h])

]
− Eτ∼P

πt
⋆

[
H∑
h=1

f ⋆h(τ [h])

]

=
T∑
t=1

Eτ∼P
πt
⋆

∑
h∈Hp

f̃ th(τ [h])

− Eτ∼P
πt
⋆

∑
h∈Hp

f ⋆h(τ [h])


=

T∑
t=1

Eτ∼P
πt
⋆

∑
h∈Hp

f̃ th(τ [h])− f ⋆h(τ [h])


=

T∑
t=1

∑
h∈Hp

f̃ th(τt[h])− f ⋆h(τt[h]) +X1,t +X2,t


(ii)

≤
T∑
t=1

∑
h∈Hp

f̃ th(τt[h])− f ⋆h(τt[h])

+O
(
Bp
√
T log(T/δ)

)
where

X1,t := Eτ∼Pπ

∑
h∈Hp

f̃ th(τ [h])

−
∑
h∈Hp

f̃ th(τt[h])


X2,t :=

∑
h∈Hp

f ⋆h(τt[h])

− Eτ∼Pπ

∑
h∈Hp

f ⋆h(τ [h])



Inequality (i) follows by the definition of πt and f̃ th – that is, by optimism. Inequality (ii) holds
with probability at least 1− δ since X1,t and X2,t are both martingales with respect to the filtration
Gt given by the data of trajectories {τs}t−1

s=1. Also, |X1,t|, |X2,t| ≤ Bp. We can thus apply the
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Azuma-Hoeffding inequality twice to obtain inequality (ii).

Continuing, note the following.

T∑
t=1

V (P⋆, f̃
t, πt)− V (P⋆, f

⋆, πt)

≤

[
H∑
h=1

f th(τt[h])− f ⋆h(τt[h])

]
+Bp

√
T log(T/δ)

≤

[
H∑
h=1

κ2,hσh(f
t
h(τt[h]))− κ2,hσh(f ⋆h(τt[h]))

]
+Bp

√
T log(T/δ)

≤ κ2,h

T∑
t=1

∑
h∈Hp

max
fh,f

′
h∈W

t
h(δ)

σh(fh(τt[h]))− σh(f ′
h(τt[h]))︸ ︷︷ ︸

=:γ̄h,t(τt[h],δ)

+Bp
√
T log(T/δ)

= κ2,h
∑
h∈Hp

[
T∑
t=1

γ̄h,t(τt[h], δ)

]
+Bp

√
T log(T/δ)

The sum of these maximum uncertainty evaluations can be upper bounded using the Eluder
dimension. The inequality below holds by applying Lemma 3 in [Chan et al., 2021] for each h
separately, with the function class in the lemma set to {σh ◦ fh|fh ∈ Fh}, P = 1, xt,p = xt,1 = τt[h]

and misspecification ϵ = 0 (decoupled from the Eluder dimension’s ϵ). We also recall that oth are
ηh-subgaussian samples with mean σh(fh(τt[h])). We obtain

T∑
t=1

γ̄h,t(τt[h], δ) ≤ O
(
BdE,h +

√
dE,hβh,T (δ)T

)

Where dE,h = dimE

(
Fh, BT

)
is the Eluder dimension of Fh and βh,T (δ) = β̄h,t

(
δ

2t2H

)
. There-

fore, we have our result.

T∑
t=1

V (P⋆, f̃
t, πt)− V (P⋆, f

⋆, πt)

is bounded by

O

∑
h∈Hp

Bκ2,hdE,h +
∑
h∈Hp

κ2,h

√
dE,hβh,T (δ)T +Bp

√
T log(T/δ)


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Note that this entire argument can be repeated with f⋆ and f̃ t switched, by the symmetry of the
definition of γ̄h,t(τt[h], δ) and the fact that the negative of a martingale is also a martingale.

C.4.1.2 Bounding Probability Model Deviations

Lemma C.4.4 (Bounding Probability Model Deviations). Consider an arbitrary sequence of

functions f t ∈ F satisfying |fh| ≤ B that induce value functions V (P, f, π). For any sequence

of policies πt, if the confidence CtP(δ) is generated using data that includes τi ∼ Pπi⋆ , i = 1 → t

and P̃t ∈ CtP(δ) is an arbitrary sequence of transition structures, then we have the following with

probability 1− δ/4.∣∣∣∣∣
T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

∣∣∣∣∣ ≤ O (cδBp√SAHT + cδBpHSA+Bp
√
pT log(T/δ)

)
where cδ := 8

√
S log(2) + log(HTSA/δ).

Proof. We first show the following.

Lemma C.4.5.

T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt) ≤
T∑
t=1

H∑
h=1

2pζ(Nt(s
t
h, a

t
h), δ) +O

(
Bp
√
pT log(T/δ)

)

Recall that we denote the Bellman operator by T π where T πf = Ea∼πPf . Momentarily define
the following for τ = (τl−1, sl, τ

′), where τl−1 is an arbitrary trajectory of length l − 1 ≤ H , and sl
is an arbitrary state.

V t
l,P(τl−1, sl) := Eτ ′∼Pπt

[
H∑
h=l

f̃ th(τ [h])

]

= Eτ ′∼Pπt

 ∑
h∈Hp,h≥l

f̃ th(τ [h])



So in the definition above, the first l − 1 observations in τ come from τl−1 while the rest are
generated by the input P starting with state sl. Note that V (P, f t, πt) = V t

1,P(∅, s1). Also note that
by the Bellman equation, we have the following.

V t
l,P(τt[l − 1], sl) = Ea∼πt

[
f tl (τt[l])

]
+ Ea∼πt

[
Es′∼P(·|sl,a)V

t
l+1,P((τt[l − 1], s, a), s′))

]
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= Ea∼πt
[
f tl (τt[l])

]
+ Ea∼πt

[
P(· | sl, a)⊤V t

l+1,P((τt[l − 1], sl, a), ·)
]

Now use τt to set τl−1 := τt[l − 1] and define the following.

∆t
l(sl) := V t

l,P⋆
(τt[l − 1], sl)− Vl,P̃t

(τt[l − 1], sl)

Note that
∆t

1(s1) = V (P̃t, f
t, πt)− V (P⋆, f

t, πt) (C.1)

The computation above then gives us the following.

∆t
l(s

t
l) = Ea∼πt

[
P̃t(· | stl , a)⊤V t

l+1,P̃t
((τt[l − 1], stl , a), ·))

]
− Ea∼πt

[
P⋆(· | stl , a)⊤V t

l+1,P⋆
((τt[l − 1], stl , a), ·))

]
= P̃t(· | stl , atl)⊤V t

l+1,P̃t
(τt[l], ·)− P⋆(· | stl , atl)⊤V t

l+1,P⋆
(τt[l], ·) + Yl,t + Zl,t

where Yl,t and Zl,t are stochastic processes defined below.

Yl,t := P⋆(· | stl , a)⊤V t
l+1,P⋆

(τt[l], ·)− Ea∼πt
[
P⋆(· | stl , a)⊤V t

l+1,P⋆
((τt[l − 1], stl , a), ·)

]
Zl,t := Ea∼πt

[
P̃t(· | stl , a)⊤V t

l+1,P̃t
((τt[l − 1], stl , a), ·)

]
− P̃t(· | stl , a)⊤V t

l+1,P̃t
(τt[l], ·))

Consider the filtration Gl,t induced by the data of {τs}t−1
s=1 ∪ τt[l − 1] ∪ {stl}. Since atl ∼ πt and

(τt[l − 1], stl , a
t
l) = τt[l], we get that E[Yl,t|Gl,t] = E[Zl,t|Gl,t] = 0. So, one can see that both

processes are martingales over Gl,t. Also note that |Yl,t|, |Zl,t| ≤ p. We thus have that

∆t
l(s

t
l) =

[
P̃t(· | stl , atl)− P⋆(· | stl , atl)

]
V t
l+1,P̃t

(τt[l], ·))

+ P⋆(· | stl , atl)⊤
[
V t
l+1,P̃t

(τt[l], ·))− V t
l+1,P⋆

(τt[l], ·)
]
+ Yl,t + Zl,t

=
[
P̃t(· | stl , atl)− P⋆(· | stl , atl)

]
V t
l+1,P̃t

(τt[l], ·)) + P⋆(· | stl , atl)⊤∆t
l+1(s

′) + Yl,t + Zl,t

=
[
P̃t(· | stl , atl)− P⋆(· | stl , atl)

]
V t
l+1,P̃t

(τt[l], ·)) + Es′∼P⋆(·|stl ,a
t
l)

[
∆t
l+1(s

′)
]
+ Yl,t + Zl,t

=
[
P̃t(· | stl , atl)− P⋆(· | stl , atl)

]
V t
l+1,P̃t

(τt[l], ·)) + ∆t
l+1(s

t
l+1) + Ul,t + Yl,t + Zl,t

where
Ul,t := Es′∼P⋆(·|stl ,a

t
l)

[
∆t
l+1(s

′)
]
−∆t

l+1(s
t
l+1)

Consider the filtration Ḡl,t defined by the data of {τs}t−1
s=1 ∪ τt[l]. Clearly, Ul,t is a martingale over
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Ḡl,t. Also note that |Ul,t| ≤ p To conclude, we have that

∆t
l(s

t
l)−∆t

l+1(s
t
l+1) =

[
P̃t(· | stl , atl)− P⋆(· | stl , atl)

]
V t
l+1,P̃t

(τt[l], ·)) + Ul,t + Yl,t + Zl,t

Using a telescoping sum over l for a fixed t and equation C.1, we get that for any t, the following
holds.

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

= ∆t
1(s1)

=
H∑
l=1

[
P̃t(· | stl , atl)− P⋆(· | stl , atl)

]
V t
l+1,P̃t

(τt[l], ·)) + Ul,t + Yl,t + Zl,t

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

≤
H∑
l=1

Bp
∥∥∥P̃t(· | stl , atl)− P⋆(· | stl , atl)

∥∥∥
1
+ Ul,t + Yl,t + Zl,t

≤
H∑
l=1

Bp
∥∥∥P̃t(· | stl , atl)− P̂t(· | stl , atl)

∥∥∥
1

(C.2)

+Bp
∥∥∥P⋆(· | stl , atl)− P̂t(· | stl , atl)

∥∥∥
1
+ Ul,t + Yl,t + Zl,t

Until equation C.2, all statements have held with probability 1 and did not use any facts about P̃t.
The last inequality also holds with probability 1 and uses the design of the confidence sets. Now,
note the following well known concentration lemma. See, for example, Szepesvári [2023].

Lemma C.4.6. For ζ(n, δ) = 8
√

S log(2)+log(n(n+1)SA/δ)
2n

and

CtP(δ) =
{

P
∣∣∣∥P(· | s, a)− P̂t(· | s, a)∥1 ≤ ζ(Nt(s, a), δ)∀s, a

}
the true model P⋆ ∈ CtP(δ) for all t ≥ 1 with probability at least 1− δ/32.

Applying the lemma twice and applying a union bound imply that the following holds with
probability 1− δ/8.

T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)
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(i)

≤
H∑
l=1

2Bpζ(Nt(s
t
l , a

t
l), δ) + Ul,t + Yl,t + Zl,t

=
T∑
t=1

H∑
h=1

2Bpζ(Nt(s
t
h, a

t
h), δ) +

 T∑
t=1

∑
h∈Hp

Uh,t + Yh,t + Zh,t


(ii)

≤
T∑
t=1

H∑
h=1

2Bpζ(Nt(s
t
h, a

t
h), δ) +O

(
Bp
√
pT log(T/δ)

)
Note that inequality (i) is subtle since we could have used more data than that from τi, i = 1→ t to
construct CtP . The inequality still holds since ζ(n, δ) is decreasing in n. Also, inequality (ii) holds
by the Azuma-Hoeffding inequality.

Now note that the whole argument above can be repeated with P⋆ and P̃t switched, since the
negative of a martingale is also a martingale. So, we have that with probability 1− δ/4

∣∣∣∣∣
T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

∣∣∣∣∣ ≤
T∑
t=1

H∑
h=1

2Bpζ(Nt(s
t
h, a

t
h), δ) +O

(
Bp
√
pT log(T/δ)

)

Finally, we need the following easy lemma, proved in Szepesvári [2023].

Lemma C.4.7. Let cδ := 8
√
S log(2) + log(HTSA/δ). Then the following holds almost surely.

T∑
t=1

H∑
h=1

2Bpζ(Nt(s
t
h, a

t
h), δ) ≤ cδBp

√
SAHT + cδBpHSA

This establishes our claim.

C.4.2 Putting It All Together

Theorem C.4.8 (POR-UCRL Regret). Under Assumption 9, the regret Regret(T ) of POR-UCRL is

bounded by the following with probability at least 1− δ

Õ
((

pS
√
HA+

∑
h∈Hp

√
dE,hdC,h

)√
T

)
where dE,h = dimE

(
Fh, BT

)
and dC,h = log(N (Fh, 1/T, ∥ · ∥∞)).

Proof. We can now combine Lemmas C.4.1and C.4.6 to conclude thatM⋆ ∈ CM(Dt, δ) for all t
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with probability 1− δ/16. We can now combine this observation with Lemmas C.4.3 and C.4.4 to
observe that Assumption 13 is satisfied by POR-UCRL. By Theorem C.3.1, the following holds
with probability 1− δ.

Regret(T ) = O

cδBp√SAHT + cδBpHSA+
∑
h∈Hp

Bκ2,hdE,h +
∑
h∈Hp

κ2,h

√
dE,hβh,T (δ)T


where cδ = 8

√
S log(2) + log(HTSA/δ), dE,h = dimE

(
Fh, BT

)
is the Eluder dimension of

Fh and βh,T (δ) = βh,t

(
δ

2t2H
= Õ(B2η2hdC,h)

)
. This is because all the terms dependent on p get

absorbed by the first term in our expression below.

We further refine it by ignoring terms independent of T and using the fact that βh,T (δ) = Õ(dC,h)
to get that

Regret(T ) = Õ

pS√AHT +
∑
h∈Hp

√
dE,hdC,hT



Analogously, we can provide a sample complexity result for POR-UCRL.
Corollary C.4.9 (POR-UCRL Sample complexity). Let ϵ > 0, δ ∈ [0, 1]. Ignoring polynomial

terms independent of ϵ, we can bound the sample complexity N(ϵ, δ) of POR-UCRL as follows

Õ
(
p2HS2A

ϵ2
+
p2dEdC
ϵ2

)
where dE := maxh∈Hp dE,h, and dC := maxh∈Hp dC,h.

Proof. We invoke the regret-to-PAC conversion in Lemma C.2.1 with confidence δ′ = δ/2 and we
plug the regret bound in Theorem 5.3.1 to write

ϵ = Õ

(BpS√AH +
∑
h∈Hp

κ2,h
√
dE,hdC,h +Bp

√
log(1/δ)

)(
1√
T

)
from which we get the result by picking N = T and the definition of dE, dC .

Also note the following theorem and corresponding corollary.
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Theorem C.4.10 (POR-UCRL Regret if P⋆ is Known). If we know the transition matrix P⋆ in

POR-UCRL, then our regret is given by the following with probability 1− δ, ignoring polynomial

terms independent of T .

Regret(T ) = Õ

Bp+ ∑
h∈Hp

√
dE,hdC,h

√T


Proof. We can now use Lemmas C.4.3 and the fact that CtP(δ) is always a singleton to observe that
Assumption 13 is satisfied by this version of POR-UCRL as well. By Theorem C.3.1, the following
holds with probability 1− δ.

Regret(T ) = Õ

Bp√T +
∑
h∈Hp

Bκ2,hdE,h +
∑
h∈Hp

κ2,h

√
dE,hβh,T (δ)T


We further refine it by ignoring terms independent of T and using the fact that βh,T (δ) = Õ(dC,h)
to get that

Regret(T ) = Õ

Bp+ ∑
h∈Hp

κ2,h

√
dE,hβh,T (δ)

√T


Corollary C.4.11 (POR-UCRL sample complexity if P⋆ is Known). Let ϵ > 0, δ ∈ [0, 1]. Ignoring

polynomial terms independent of ϵ, we can bound the sample complexity N(ϵ, δ) of POR-UCRL

when P⋆ is known as follows

Õ
(
p2dEdC
ϵ2

)
where dE := maxh∈Hp dE,h, and dC,h := maxh∈Hp dC,h.

Proof. The proof proceeds as in Corollary C.4.9 by plugging Theorem C.4.10 in Lemma C.2.1.

C.5 Details and Proofs for Cardinal POR-UCBVI

We now describe how we instantiate POR-UCBVI from a generic optimistic algorithm using
bonuses. Note that again, this is crucially different from naively summarizing the history to define
a modified state space, since we are separating the use of history summarization for getting bonuses
for f from using only the current state while getting bonuses for the Markovian transitions P. Like
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with confidence sets, it is a priori unclear if we can use ideas from optimism to prove guarantees
with a favorable (non-exponential) dependence on the complexity of transitions. In particular, we
will note that showing that the bonuses are optimistic would naively need a union bound over the
doubly exponential (A(SA)H ) set of history-dependent policies, which is a non-trivial challenge to
overcome.

Given a dataset of the first t trajectory samples {τi}ti=1 and an index h ∈ [H], we consider the
following:

Estimates for POR-UCBVI:

f̂ t+1
h = argmin

fh∈Fh

t∑
i=1

(
σ(fh(τi[h]))− oih

)2

We also use the MLE estimate for P after t episodes to define P̂t(· | s, a) := Nt(s,a,s′)
Nt(s,a)

. Now for

ζ(n, δ) = 2
√

S log(2)+log(n(n+1)SA/δ)
2n

, define CPt(δ) as below:

{
P
∣∣∣∥P(· | s, a)− P̂t(· | s, a)∥1 ≤ ζ(Nt(s, a), δ)∀s, a

}
Recall the definition of our bonus below.

Bonuses for POR-UCBVI. Recall that simple least squares guarantees imply the lemma below.
Lemma C.4.1 (Concentration for σ ◦ fh). Define

MSEh,t(fh, f
′
h) :=

t∑
i=1

(σh(fh(τi[h]))− σh(f ′
h(τi[h])))

2

Also define β̄h,t(δ) = η2h log

(
N(Fh,

B
T
,∥·∥∞)

δ

)
+ αh,t with αh,t :=

tB+tηh log( t
δ )

T
. Then f ⋆h simultane-

ously satisfies MSEh,t(f
⋆
h , f̂

(t+1)
h ) ≤ β̄h,t

(
δ

2t2H

)
for all h, t with probability 1− δ/32.

We use the data from trajectories {τi}ti=1 to build the confidence sets Ct+1
F (δ) =

∏
h C

t+1
h (δ) with

Ct+1
h (δ) defined below, where βh,t(δ) := β̄h,t

(
δ

2t2H

)
.

Ct+1
h (δ) :=

{
fh ∈ Fh

∣∣∣MSEh,t(f
⋆
h , f̂

(t+1)
h ) ≤ βh,t (δ)

}
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We first define a trajectory dependent bonus term below, with δ̄ := δ
HSHAH

γh,t(τ [h], δ) = max
fh,f

′
h∈C

t
h(δ̄)

fh(τ [h])− f ′
h(τ [h])

Note that according to the definition of β, this does not create any exponential dependence in the
confidence intervals used to define Ct+1

h .

βh,t

(
δ

16SHAH

)
≤ 64

(
log(N(Fh, α, ∥ · ∥∞)) +B + ηh log(1/δ) + η2hH log(THSA/δ)

)
= O(dC,h +H)

It follows by a union bound over all trajectory segments and all timesteps t that with probability
at least 1− δ/16 and for any trajectory τ and t ≥ 1, h ∈ Hp,

|f ⋆h(τ [h])− f̂ th(τ [h])| ≤ γh,t(τ [h], δ) (C.3)

Remark 20. In the case of many popular function classes F , like the linear class FH = {τ 7→
ϕ(τ)⊤w | ∥w∥ ≤ W}, we can compute γh,t(τ [h], δ) quite easily. In this case γH,t is given by

sup
w,w′∈Wt

ϕ(τ)⊤(w− w′) = ∥ϕ(τ)∥Vt sup
w,w′∈Wt

∥w − w′∥V −1
t

for a suitable quadratic form Vt.

γh,t(τ [h], δ) induces a trajectory-dependent bonus, given by

btF(τ, δ) :=
∑
h∈Hp

γh,t(τ [h], δ)

This in turn induces a policy-level bonus (which depends on the transition kernel), given by:

btF(P, π, δ) := Eτ∼Pπ

[
btF(τ, δ)

]
= Eτ∼Pπ

∑
h∈Hp

γh,t(τ [h], δ)


Let us define a term ξt(s, a, δ) that will be used to define the probability bonus.

ξt(s, a, δ) := min

(
2, 4

√
H log(6HSA) + S log(8t2H2) + log(32t2Nt(s, a)/δ)

2Nt(s, a)

)
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This induces a trajectory-dependent bonus, given by

btP(τ, δ) :=
H−1∑
h=1

ξt(sh, ah, δ)

This induces a policy-level bonus (which depends on the transition kernel), given by:

btP(P, π, δ) := min
(
4,Eτ∼Pπ

[
btF(τ, δ)

])
= min

(
4,Eτ∼Pπ

[
H−1∑
h=1

ξt(sh, ah, δ)

])

Estimates and Bonuses in case P⋆ is known. If P⋆ is instead known, keep f̂ t and btF(P, π, δ) the
same as above, but set P̂t := P⋆ and btP(P, π, δ) := 0 for all t.

For completeness we state POR-UCBVI here, which is an instantiation of Algorithm 22, the
generic optimistic algorithm using bonuses.

Algorithm 25 POR-UCBVI

1: Input Known family of reward functions {Rh}Hh=1, methods Est(D) to estimate P̂t and f̂ t

from dataset D, confidence level δ
2: Initialize D1 ← {}, initialize f̂D1 , P̂D1 arbitrarily.
3: for t = 1, ..., T do
4: Compute optimistic history dependent policy,

πt = argmax
π

V (P̂t, f̂
t, π) + btF(P̂t, π, δ) + z(Bp)(btP(P̂t, π, δ))

5: Observe trajectory τt = {(sth, ath)}
H
h=1 and feedback {oh}h∈Hp .

6: Compute new estimates f̂ t+1, P̂t+1 ← Est(Dt+1) and compute new bonus functions
bt+1
F (f̂ t+1, ·, δ), bt+1

P (P̂t+1, ·, δ).
7: end for

We will show the following regret bound.
Theorem C.5.1 (POR-UCBVI Regret). Under Assumption 9, POR-UCBVI satisfies Assumption 14

and its regret Regret(T ) is bounded by the following with probability at least 1 − δ, ignoring

polynomial terms independent of T .

Õ

pC(H,S,A) + ∑
h∈Hp

√
dE,h(dC,h +H)

√T

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where C(H,S,A) := H
√
SA+ S

√
HA

C.5.1 Showing that Assumption 14 is Satisfied

C.5.1.1 Bounding effect of error in F

Lemma C.5.2 (Bounding f̂ t Value Error). Given any P, with f̂ t computed using data from {τi}ti=1 ∼
Pπi⋆ for any sequence of policies πi using least squares, the following holds with probability 1−δ/16
uniformly over all π.

|V (P, f̂ t, π)− V (P, f ⋆, π)| ≤ btF(P, π, δ)

Proof. Recall that with probability at least 1− δ/16, the following holds for any trajectory τ and
any t ≥ 1, h ∈ Hp.

|f ⋆h(τ [h])− f̂ th(τ [h])| ≤ γh,t(τ [h], δ) (C.4)

Now note the following inequalities, where (i) holds with probability 1− δ/16 uniformly over
all policies due to inequality C.4 above.

V (P, f̂ t, π)− V (P, f ⋆, π) = Eτ∼Pπ

∑
h∈Hp

f̂ th(τ [h])− f ⋆h(τ [h])


(i)

≤ Eτ∼Pπ

∑
h∈Hp

γh,t(τ [h], δ)


= btF(P, π, δ)

Lemma C.5.3 (Bounding Sum of F Bonuses). The following holds with probability 1.

T∑
t=1

btF(P⋆, πt, δ) = Õ

∑
h∈Hp

BdE,h +
∑
h∈Hp

√
dE,hβh,T (δ̄)T +Bp

√
T log(T/δ)


Proof. First note the following inequality, which hold with probability 1 − δ/16 by the Azuma-
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Hoeffding inequality.

T∑
t=1

btF(P⋆, πt, δ) =
T∑
t=1

Eτ∼P
πt
⋆

∑
h∈Hp

γt,h(τ [h], δ)


≤

T∑
t=1

∑
h∈Hp

γt,h(τ [h], δ) +O
(
Bp
√
T log(T/δ)

)

Now apply Lemma 3 in [Chan et al., 2021] for each h separately, with the function class in
the lemma set to {σ ◦ fh|fh ∈ Fh}, P = 1, xt,p = xt,1 = τt[h] and misspecification ϵ = 0

(decoupled from the Eluder dimension’s ϵ). We also note that oth are η-subgaussian samples with
mean σ(fh(τ [h])). We obtain

T∑
t=1

max
fh,f

′
h∈C

t
h(δ)

σ(fh(τ [h]))− σ(f ′
h(τ [h])) ≤ O

(
BdE,h +

√
dE,hβh,T (δ̄)T

)

where dE,h = dimE

(
Fh, BT

)
is the Eluder dimension of Fh and βh,T (δ̄) = β̄

(
δ̄

2t2H

)
. Since the

Lipschitz constant of σ−1 is κ2, we have that the following holds with probability 1.

T∑
t=1

γt,h(τ [h], δ) ≤ O
(
Bκ2dE,h + κ2

√
dE,hβh,T (δ̄)T

)

This implies that the following holds with probability 1− δ/16.

T∑
t=1

btF(P⋆, πt, δ) ≤
T∑
t=1

∑
h∈Hp

γt,h(τ [h], δ) +O
(
Bp
√
T log(T/δ)

)

= Õ

∑
h∈Hp

Bκ2dE,h +
∑
h∈Hp

κ2

√
dE,hβh,T (δ̄)T +Bp

√
T log(T/δ)



C.5.1.2 Bounding effect of error in P

We now restate Lemma B.2 of Chatterji et al. [2021] in our notation.
Lemma C.5.4 (Change of Measure Inequality). For any function µ of trajectories bounded by D, if

P̂t is computed from data that includes trajectories {τi ∼ Pπi⋆ }ti=1 for any sequence of policies πi,
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then the following holds uniformly over all policies π with probability 1− δ/16.

Eτ∼Pπ
⋆
[µ(τ)]− Eτ∼P̂π

t
[µ(τ)] ≤ 2D

√
log(D)btP(P̂t, π, δ)

The same statement holds if we switch the roles of P and P̂t on both sides.

Proof. For the order of P and P̂t in the statement, the following follows from Lemma B.2 of
Chatterji et al. [2021] with η = D and ϵ = 1

t2
. We pull the additive log(D) in the square root outside

to fit our assumption’s phrasing.

Eτ∼P⋆ [µ(τ)]− Eτ∼P̂t
[µ(τ)] ≤ D

√
log(D)btP(P̂t, π, δ) +

1

t2
≤ 2D

√
log(D)btP(P̂t, π, δ)

The only subtlety is that more data than that from {τi}ti=1 could have been used to compute P̂t. The
proof still follows since cP(P̂t, π,D) is decreasing in the counts Nt(s, a).

Finally, if we switch P and P̂t on both sides, we can follow the proof of Lemma B.2 verbatim
with P and P̂t switched everywhere, except for the martingale argument. There, instead of switching
the two transition kernels, we negate the martingale to get our desired result. This exception is
because we still need the expectation to be over the true transition kernel P⋆ for the stochastic
process defined to be a martingale.

Lemma C.5.5 (Bounding P̂t Value Error). Consider any sequence of functions f t that induce value

functions V (P, f t, π). For any sequence of policies πt, if the estimates P̂t, bonuses bP and costs cP
are generated using data including that of τi ∼ Pπi⋆ , i = 1→ t, then the following holds uniformly

over t and over all policies with probability 1− δ/16.

V (P̂t, f
t, π)− V (P⋆, f

t, π) = Bp
√

log(Bp)(btP(P⋆, π, δ))

The statement also holds if we switch P̂t and P⋆.

Proof. Note the following two inequalities that immediately follow from Lemma C.5.4

V (P⋆, f
t, π)− V (P̂t, f

t, π) ≤ Bp
√

log(Bp)(btP(P̂t, π, δ))

V (P̂t, f
t, π)− V (P⋆, f

t, π) ≤ Bp
√

log(Bp)(btP(P⋆, π, δ))

Our result follows immediately.

Lemma C.5.6 (Bounding Sum of P Bonuses). The following holds with probability 1 − δ/16
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whenever the data used to compute btP(P, π, δ) includes the data of trajectories τi, t = 1→ t.

T∑
t=1

btP(P⋆, πt, δ) = Õ
(
SAc̄δ + c̄δ

√
HSAT

)
where

c̄δ := 4

√
H log(6HSA) + S log(8t2H2) + log(32t2NT (s, a)/δ)

2

This means that for any s, a, ξt(s, a, δ) = 2 until Nt(s, a) ≥ c̄δ
2

Proof. First note that by the definition of the bonus and the Azuma-Hoeffding inequality, we have
the following.

T∑
t=1

btP(P⋆, πt, δ) ≤
T∑
t=1

Eτ∼PπbtP(τ, δ)

≤
T∑
t=1

btP(τt, δ) +O(4
√
T log(T/δ))

=
T∑
t=1

H−1∑
h=1

ξt(sth, a
t
h, δ) +O(4

√
T log(T/δ))

Now note that the first inequality holds even if more data beyond that of {τi}ti=1 is used to compute
ξt(s, a, δ), since ξt(s, a, δ) is decreasing in Nt(s, a).

T∑
t=1

H−1∑
h=1

ξt(sth, a
t
h, δ) ≤ SAc̄δ +

T∑
t=1

H−1∑
h=1

c̄δ√
Nt(s

(t)
h , a

(t)
h )

≤ SAc̄δ + c̄δ
∑

(s,a)∈S×A

NT (s,a)∑
l=1

1√
l

≤ SAc̄δ + 2c̄δ
∑

(s,a)∈S×A

√
NT (s, a)

≤ SAc̄δ + 2c̄δ

√
SA

∑
(s,a)∈S×A

NT (s, a)

= O
(
SAc̄δ + c̄δ

√
SATH

)
This concludes our proof, since 1 = Õ(

√
HSA)
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C.5.1.3 Putting everything together

Theorem C.5.7 (POR-UCBVI Regret). Under Assumption 9, POR-UCBVI satisfies Assumption 14

and its regret Regret(T ) is bounded by the following with probability at least 1 − δ, ignoring

polynomial terms independent of T .

Õ

pC(H,S,A) + ∑
h∈Hp

√
dE,h(dC,h +H)

√T


where C(H,S,A) := H
√
SA+ S

√
HA

Proof. Note that by Lemmas C.5.2, C.5.3, C.5.4, C.5.5, C.5.6, Assumption 14 is satisfied by
POR-UCBVI. Using Theorem C.3.2 and Lemmas C.5.3 and C.5.6, we have the following.

Regret(T ) = O
( ∑
h∈Hp

Bκ2,hdE,h +BpHSAc̄δ +
∑
h∈Hp

κ2,h

√
dE,hβh,T (δ̄)T

+Bp
√
T log(T/δ) + c̄δBpH

√
SAT

)
We further refine it grouping terms and ignoring terms independent of T , and also noting that

c̄δ = Õ(
√
H +

√
S) as well as βh,T (δ̄) = O(dC,h +H)

Regret(T ) = Õ

∑
h∈Hp

κ2

√
dE,h(dC,h +H) +Bp(H

√
SA+ S

√
HA)

√T


= O

p(H√SA+ S
√
HA) +

∑
h∈Hp

√
dE,h(dC,h +H)

√T


From the latter we derive a sample complexity result as follows.
Corollary C.5.8 (POR-UCBVI Sample complexity). Let ϵ > 0, δ ∈ [0, 1]. Ignoring polynomial

terms independent of ϵ, we can bound the sample complexity N(ϵ, δ) of POR-UCBVI as follows

Õ
(
p2HSAmax(H,S)

ϵ2
+
p2dE max(dC , H) log(1/δ)

ϵ2

)
where dE := maxh∈Hp dE,h, and dC := maxh∈Hp dC,h.
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Proof. We invoke the regret-to-PAC conversion in Lemma C.2.1 with confidence δ′ = δ/2 and we
plug the regret bound in Theorem C.5.1 to write

ϵ = Õ

(Bp(H√SA+ S
√
HA) +

∑
h∈Hp

√
dE,hβh,T (δ̄) +Bp

√
log(1/δ)

)(
1√
T

)
from which we get the result by noting N = pT and the definition of dE, dC .

We also have the following theorem and corollary, in the same vein as Theorem C.4.10.
Theorem C.5.9 (Regret for POR-UCBVI if P⋆ is Known). When P⋆ is known, POR-UCBVI that

sets P̂t := P⋆ and btP(P, πδ) := 0 for all t ≥ 1 still satisfies Assumption 14 and its regret Regret(T )

is bounded by the following with probability at least 1− δ, ignoring terms independent of T .

Õ

∑
h∈Hp

√
dE,h(dC,h +H)

√T


where dE,h = dimE

(
Fh, BT

)
.

Proof. Note that by Lemmas C.5.2 and C.5.3, Assumption 14 is satisfied by POR-UCBVI. Using
Lemma C.5.3, we have the following.

Regret(T ) = O

∑
h∈cHp

Bκ2dE,h +
∑
h∈Hp

κ2

√
dE,hβh,T (δ)T +Bp

√
T log(T/δ)


We further refine it grouping terms and ignoring terms independent of T , and also noting that

c̄δ = Õ(
√
H +

√
S)

Regret(T ) = Õ

∑
h∈Hp

κ2

√
dE,hβh,T (δ) +Bp

√T


= O

Bp+ ∑
h∈Hp

√
dE,hβh,T (δ)

√T


= Õ

∑
h∈Hp

√
dE,h(dC,h +H)

√T

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Corollary C.5.10 (POR-UCBVI Sample complexity if P⋆ is Known). Let ϵ > 0, δ ∈ [0, 1]. Ignoring

polynomial terms independent of ϵ, we can bound the sample complexity N(ϵ, δ) of POR-UCBVI

when P⋆ is known as follows

Õ
(
p2HdE max(dC , H)

ϵ2

)
where dE := maxh∈Hp dE,h, β := maxh∈Hp βT,h(δ), and dC := maxh∈Hp dC,h.

Proof. The proof proceeds as in Corollary C.5.8 by plugging Theorem C.5.9 in Lemma C.2.1.

C.6 Extension to General Function Approximation for Proba-
bility Transitions

Note that for simplicity of exposition and proofs, the confidence sets for P in POR-UCRL and the
bonuses for P in POR-UCBVI are given for tabular observed states and actions s, a. The function
approximation using G and F is relegated to the effect of latent states u. Using the work of Liu
et al. [2022b], it is quite straightforward to extend and modify the proofs here to general function
approximation for P .

Let us assume that we have a set of parameters Θ and a mapping from θ ∈ Θ to probability
transition functions Pθ ∈ P so that the image of Θ under this mapping is all of P . These functions
Pθ mapping from s, a to distributions over s′ act on a featurization ϕ(s, a) of s, a. This is the most
general function approximation setting for probability transition functions. Linear MDPs, tabular
MDPs, factored MDPs, kernel linear MDPs, and many other function approximation settings are
special cases of this.

For convenience of notation, we will occasionally drop the subscript θ. It is beneficial to
remember that throughout this section, we are working under general function approximation
nevertheless.

C.6.1 POR-UCRL

For POR-UCRL, we redefine the confidence sets to be the ones in Algorithm 2 (reward-free OMLE)
in Liu et al. [2022b]. That is, we first recursively define Dt+1 := Dt ∪ {(πt, τt)} instead of just
appending τt. We also recursively define CP(Dt+1, δ) below. Note that we merely rephrased the
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definition in Liu et al. [2022b] to use the negative log-likelihood instead of the log-likelihood.

CP(Dt+1, δ) :=

CP(Dt, δ) ∩

θ ∈ Θ

∣∣∣∣∣∣
∑

(π,τ)∈Dt+1

− log(Pπθ (τ)) ≤ min
θ

∑
(π,τ)∈Dt+1

− log(Pπθ (τ)) + β


We now simply need to replace Lemma C.4.4 with a version involving function approximation.

Recall the following.

V (P, f t, πt) := Eτ ′∼Pπt

[
H∑
h=1

f̃ th(τ [h])

]

= Eτ ′∼Pπt

∑
h∈Hp

f̃ th(τ [h])



So, by a simple change of measure inequality and the fact that |f th| ≤ B for all h, we have the
following. ∣∣∣V (P̃t, f

t, πt)− V (P⋆, f
t, πt)

∣∣∣ ≤ BpdTV (P̃
πt
t ,P

πt
⋆ ) (C.5)

Where dTV represents the TV distance taken over all trajectories of length H . This implies the
following. ∣∣∣∣∣

T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

∣∣∣∣∣ ≤ Bp
T∑
t=1

dTV (P̃
πt
t ,P

πt
⋆ )

Now, we have two options. We can either use the distributional eluder dimension directly, or we
can use the strong SAIL condition of Liu et al. [2022b]. The former is more flexible and allows us
to address all function approximation scenarios. The latter approach has very crisp guarantees and
is still satisfied by most function approximation models.

C.6.1.1 Use the distributional Eluder dimension

Note that by proposition B.2 and step 2 of the proof of Theorem 3.2 in Liu et al. [2022b], we have
the following upon setting Πexp(π) := π in their proofs. This way, we are not running any extra
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“exploratory” policies at every step.

t−1∑
k=1

d2TV (P̃
πk
t ,P

πk
⋆ ) ≤ O(β) (C.6)

Here, β = c log(Nbr,P(1/T )) + c log(T/δ), where Nbr,P(ϵ) is the ϵ-bracketing number of P =

{Pθ}θ∈Θ as in definition 2.2 of Liu et al. [2022b], and c is a universal constant.

Now, consider the functions ϕt defined on the space of policies by ϕt(π) := dTV (P̃πt ,P
π
⋆ ). Define

µt to be the Dirac-delta measures on πt. Let the class of Dirac-delta measures over policies be
DΠ, and let the class of possible ϕt functions be Φ. Let dE,P be the corresponding distributional
Eluder dimension dimDE(Φ,DΠ,

√
1/T ), as defined in Jin et al. [2021a]. Then by equation C.6

and the properties of the distributional Eluder dimension (Lemma 41 of Jin et al. 2021a), we have
the following.

T∑
t=1

dTV (P̃
πt
t ,P

πt
⋆ ) = Õ(

√
dE,PβT )

We can further define dC,P = log(Nbr,P(1/T )) to be the bracketing dimension of P . By equa-
tion C.5, we have the following.∣∣∣V (P̃t, f

t, πt)− V (P⋆, f
t, πt)

∣∣∣ ≤ Õ(√dE,PβT )

We can now follow the rest of the proof for the guarantee for POR-UCRL verbatim and establish
the following bound on POR-UCRL regret.
Theorem C.6.1. Consider the functions ϕt defined on the space of policies by ϕt(π) := dTV (P̃πt ,P

π
⋆ ).

Define µt to be the Dirac-delta measures on πt. Let the class of Dirac-delta measures over policies

be DΠ, and let the class of possible ϕt functions be Φ. Let dE,P be the corresponding distributional

Eluder dimension dimDE(Φ,DΠ,
√

1/T ). Define dC,P = log(Nbr,P(1/T )) to be the bracketing

dimension of P . Then, Then, we have the following bound for the regret of our modified POR-UCRL

algorithm, with probability 1− δ.

Regret(T ) = Õ

p√dE,PdC,P +
∑
h∈Hp

√
dE,hdC,h

√T


Future work can investigate the choice of the distribution class DΠ and make other technical
tweaks to obtain crisper versions of the dE,P defined here.
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C.6.1.2 Use the strong SAIL condition

We make a minor modification to the POR-UCRL algorithm in the spirit of Algorithm 2 (reward-free
OMLE) in Liu et al. [2022b] to use this condition. Instead of merely running πt, we run all policies
in an exploratory set Πexp(πt) of size Πexp every time we collect trajectories. Recall that the strong
SAIL condition of Liu et al. [2022b] is satisfied by well conditioned PSRs, factored MDPs, kernel
linear MDPs, sparse linear bandits, etc. These automatically subsume tabular MDPs and linear
MDPs.

Assume that our model class P satisfies the (
√
dS,P , κ, C) strong SAIL condition. That is, we

define dS,P := d2 for the d in the original strong SAIL condition. Now by theorem 7.2 of Liu et al.
[2022b], we can conclude that since P̃t ∈ CP(Dt, δ), we have that

dTV (P̃
πt
t ,P

πt
⋆ ) ≤ poly(H)

√
dS,P

(
C|Πexp|

t
+ κ

√
β|Πexp|2

t
log2(t/|Πexp|

)

Here, β = c log(Nbr,P(1/T )) + c log(T/δ), where Nbr,P(ϵ) is the ϵ-bracketing number of P =

{Pθ}θ∈Θ and c is a universal constant. Adding these up across t and discarding logarithmic terms,
we get the following.

Bp
T∑
t=1

dTV (P̃
πt
t ,P

πt
⋆ ) = Õ

(
poly(H)Bpκ

√
dS,Pβ|Πexp|2T

)
This means that by equation C.5, we have the following.∣∣∣∣∣

T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

∣∣∣∣∣ = Õ
(
poly(H)Bpκ

√
dS,Pβ|Πexp|2T

)

Let us also define dC,P = log(Nbr,P(1/T )) to be the bracketing dimension of P . We can now
follow the rest of the proof for the guarantee for POR-UCRL verbatim and get the following bound
on POR-UCRL regret, with the caveat that we are ignoring the contribution of the non-optimal
exploratory policies. We have thus established the following theorem.
Theorem C.6.2. Assume that our model class P satisfies the (

√
dS,P , κ, C) strong SAIL condition.

Define dC,P = log(Nbr,P(1/T )) to be the bracketing dimension of P . Then, we have the following

bound for the regret of our modified POR-UCRL algorithm, with probability 1− δ.

Regret(T ) = Õ

poly(H)pκ
√
dS,PdC,P |Πexp|2 +

∑
h∈Hp

√
dE,hdC,h

√T

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C.6.2 POR-UCBVI

Again, we start with confidence sets that we will use to define the bonuses. That is, we define the
confidence sets to be the ones in Algorithm 2 (reward-free OMLE) in Liu et al. [2022b]. That is, we
first recursively define Dt+1 := Dt ∪ {(πt, τt)} instead of just appending τt. We also recursively
define CP(Dt+1, δ) below. Note that we merely rephrased the definition in Liu et al. [2022b] to use
the negative log-likelihood instead of the log-likelihood.

CP(Dt+1, δ) :=

CP(Dt, δ) ∩

θ ∈ Θ

∣∣∣∣∣∣
∑

(π,τ)∈Dt+1

− log(Pπθ (τ)) ≤ min
θ

∑
(π,τ)∈Dt+1

− log(Pπθ (τ)) + β


Defining bonuses is trickier than defining confidence sets. Like the case of POR-UCRL above,

we have two options again – we can use the distributional Eluder dimension or the strong SAIL
condition. While it is possible to work out the details for the former, they are much more
involved and do not cover significantly more useful examples than those covered by the
strong SAIL condition. So, we will focus on the latter. This is especially true when considering
sample complexity, since the use of exploratory policies under the strong SAIL condition creates no
complications in giving sample complexity guarantees, unlike it does for regret guarantees.

C.6.2.1 Using the strong SAIL condition

Again, we make a minor modification to the POR-UCBVI algorithm in the spirit of Algorithm 2
(reward-free OMLE) in Liu et al. [2022b] to use this condition. Instead of merely running πt, we
run all policies in an exploratory set Πexp(πt) of size Πexp every time we collect trajectories. Again,
recall that the strong SAIL condition of Liu et al. [2022b] is satisfied by well conditioned PSRs,
factored MDPs, kernel linear MDPs, sparse linear bandits, etc. These automatically subsume tabular
MDPs and linear MDPs.

Let P̂t be the MLE model at time t. Assume that our model class P satisfies the (
√
dS,P , κ, C)

strong SAIL condition. That is, we define dS,P := d2 for the d in the original strong SAIL condition.
Now by theorem 7.2 of Liu et al. [2022b], we can conclude that since Pt ∈ CP(Dt, δ), we have that
the following holds with probability 1− δ.

max
π

dTV (P̂
π
t ,P

π
⋆ ) ≤ poly(H)

√
dS,P

(
C|Πexp|

t
+ κ

√
β|Πexp|2

t
log2(t/|Πexp|

)
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Here, β = c log(Nbr,P(1/T )) + c log(T/δ), where Nbr,P(ϵ) is the ϵ-bracketing number of
P = {Pθ}θ∈Θ and c is a universal constant. By a simple change of measure, for any policy π, we
have the following. ∣∣∣V (P̂t, f

t, π)− V (P⋆, f
t, π)

∣∣∣ ≤ BpdTV (P̂
π
t ,P

π
⋆ )

holds for any policy π with probability 1, the following holds simultaneously for all policies with
probability 1− δ.

∣∣∣V (P̂t, f
t, π)− V (P⋆, f

t, π)
∣∣∣ ≤ poly(H)Bp

√
dS,P

(
C|Πexp|

t
+ κ

√
β|Πexp|2

t
log2(t/|Πexp|

)

Define the right hand side as the bonus btP(P, π, δ). Adding these up across t and discarding
logarithmic terms, we get the following.

T∑
t=1

btP(P, π, δ) = Õ
(
poly(H)Bpκ

√
dS,Pβ|Πexp|2T

)
This means that by equation C.5, we have the following.∣∣∣∣∣

T∑
t=1

V (P̃t, f
t, πt)− V (P⋆, f

t, πt)

∣∣∣∣∣ = Õ
(
poly(H)Bpκ

√
dS,Pβ|Πexp|2T

)

Let us also define dC,P = log(Nbr,P(1/T )) to be the bracketing dimension of P . We can now
follow the rest of the proof for the guarantee for POR-UCBVI verbatim and get a bound on POR-
UCBVI regret, with the caveat that we are ignoring the contribution of the non-optimal exploratory
policies. We have thus established the following theorem.
Theorem C.6.3. Assume that our model class P satisfies the (

√
dS,P , κ, C) strong SAIL condition.

Define dC,P = log(Nbr,P(1/T )) to be the bracketing dimension of P . Then, we have the following

bound for the regret of our modified POR-UCBVI algorithm, with probability 1− δ.

Regret(T ) = Õ

poly(H)pκ
√
dS,PdC,P |Πexp|2 +

∑
h∈Hp

√
dE,hdC,h

√T


C.6.3 Dueling PORRL

We have the following immediate corollary of Theorem 5.4.2, Theorem C.6.1 and Lemma 5.4.3.
Corollary C.6.4 (Dueling Regret using modified POR-UCRL Confidence Sets). Consider the
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functions ϕt defined on the space of policies by ϕt(π) := dTV (P̃πt ,P
π
⋆ ). Define µt to be the Dirac-

delta measures on πt. Let the class of Dirac-delta measures over policies be DΠ, and let the class

of possible ϕt functions be Φ. Let dE,P be the corresponding distributional Eluder dimension

dimDE(Φ,DΠ,
√
1/T ). Define dC,P = log(Nbr,P(1/T )) to be the bracketing dimension of P . Then,

the modified confidence sets for POR-UCRL described in section C.6.1.1 satisfy Assumption 10 and

using them in Algorithm 10 leads to the following dueling regret bound with probability 1− δ.

RegretD(T ) = Õ

p√dE,PdC,P +
∑
h∈Hp

√
dE,hdC,h

√T


Similar corollaries can be immediately produced for the strong SAIL method, whenever |Πexp| =
1. The strong SAIL method doesn’t quite work for dueling regret guarantees when |Πexp| > 1, so
we must stick to the distributional eluder dimension in that case.

C.7 Details and Proofs for PORRL with GOLF

For completeness and establishing notation, we recall GOLF here.

Algorithm 26 GOLF
1: Input Known class of Bellman consistent Q-functions Q, confidence level δ.
2: Initialize dataset D1 ← {} and CQ(D1, δ)← Q.
3: for t = 1, ..., T do
4: τ [0]← ()

5: for h = 1, . . . H do
6: Compute ath, Qt

h ← argmaxa,Q∈CQ(Dt,δ)Q(τ [h], a)

7: Play ath and observe feedback oth
8: end for
9: Update Dt+1 ← Dt ∪ {τ, (ot1, . . . otH}

10: Compute

CQ(Dt+1, δ)←
{
LDt(Qh, Qh+1) ≤ inf

g∈Gh

LDt(g,Qh+1) + β

}
11: end for

Theorem C.7.1 (Modified GOLF Regret). Let Assumption 9 hold, let Q be Bellman complete, and

let dHABE = dimHABE(Q, α,min(α,
√

1/T )). Choose hyperparameter β = c log(HTN (Q ∪
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G, 1/T, ∥ · ∥∞)) for some universal constant c and the auxiliary function class G used in

GOLF, and define dC,Q := log(N (Q ∪ G, 1/T, ∥ · ∥∞)). Then, GOLF satisfies Regret(T ) =

O
(
pH
√
dHABEdC,QT

)
.

Proof. The meat of the theorem is in proving Lemma C.7.4. We β = c log(HTN (Q∪ G, 1/T, ∥ ·
∥∞)) for some suitably large universal constant c, and use Theorem C.3.3 and Lemma C.7.4 to get
that

Regret(T ) =
H∑
h=1

(
Tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)

+min(dh(ω), T )Bp+ 2Bp
√
βdh(ω)T

)
where dh(ϵ) := dimDE(Φh,Dh, ϵ). Now set ω = Bp

T
and use the fact that dh(ϵ) increases with

decreasing ϵ to get that

Regret(T ) = Õ
(
pH
√
dHABEβT

)
= Õ

(
pH
√
dHABEdC,QT

)

since dHABE := dimHABE(Q,min(α,Bp/T )) := maxh dh(min(α,Bp/T )).

Corollary C.7.2 (GOLF Sample complexity). Let ϵ > 0, δ ∈ [0, 1]. Ignoring polynomial terms

independent of ϵ, we can bound the sample complexity N(ϵ, δ) of GOLF as follows

Õ
(
p2H2dHABEdc,Q

ϵ2

)
.

Proof. Again, we use Lemma C.2.1 and a quick computation shows our result.

C.7.1 Comparing dimHABE and dimT

It is easy to see that since the function class Φh is a subset of the class Ψh of all Bellman errors,
dimHABE ≤ maxh dimDE(Ψh,Dh,Q, ϵ). Recall that the Bellman eluder dimension is a minimum
over the RHS and another term that uses Dirac-δ distributions, but typically, the RHS is smaller. So,
in many cases, dimHABE ≤ dimT . However, we don’t have a universal inequality in either direction.
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C.7.2 Computing dimensions for the combination lock

Proposition C.7.3 (Dimensions for the Combination Lock). Consider the combination lock problem

with model classM = P × F and induced Q-function class Q.

• Under dense intermediate feedback withHp = [H], dimHABE(Q, α) = A for all α < q, while its

BE dimension is at least AH − 2. The eluder dimension for reward functions dimE(Fh, BT ) is at

least Ah for any h ≤ H .

• For sparse intermediate feedback withHp = {H} and any α > 0, the α-HABE dimension, the

BE dimension and the eluder dimension of FH are all at least AH − 2. Moreover, any algorithm

in this setting will have regret Ω(
√
AHT ).

Proof. We separately resolve the cases of sparse and dense intermediate feedback.

C.7.2.1 Dense intermediate feedback,Hp = [H]

Notice that we get a reward Ber(q) at every step as long as we are on the correct sequence of
actions a⋆1, . . . a

⋆
H , and as soon as we take a wrong action, we always get a reward of 0 subsequently.

It is then easy to see that the induced function classes Q then are given by Q = {(Q1, . . . QH) |
∃a1, . . . aH ∈ A s.t. Qh = (H − h+ 1)q1a1,...ah}.

α-HABE dimension: It suffices to show the upper bound using Dh,Q(α,h−1), since the α-HABE
dimension takes the minimum of distirbutional eluder dimensions over two distributions. For any
α < q, consider the function class

Q(α, h− 1) =
{
Q ∈ Q,

∣∣∣|Eµl(Q)[Ql − TlQl+1]| ≤ α, ∀1 ≤ l ≤ h− 1
}

Now note that Eµl(Q)[Ql − TlQl+1] = q1a1,...al − q1a⋆1,...a⋆l . If this is smaller than α, then this is
smaller than q and thus must be 0. So, (a1, . . . ah−1) = (a⋆1, . . . a

⋆
h−1) for any Q ∈ Q(α, h − 1).

This also means that any ϕh ∈ Φh, there is a Q ∈ Q(α, h− 1) so that

ϕh = Qh − ThQh+1 = q1a⋆1,...a⋆h−1,ah
− q1a⋆1,...a⋆h−1,a

⋆
h

Thus, the size of Φh is just A. More importantly, the set Dh,Q(α,h−1) of distributions µh(Q) in-
duced by Q ∈ Q(α, h − 1) only include indicators of the form 1a⋆1,...a⋆h−1,a

for actions a. Thus,
the set of distributions DQ(α,h−1) has size A. We know that the distributional eluder dimension
d = dimDE(Φh,DD(α,h−1),min(α,Bp/T )) is bounded by the number of possible distributions∣∣DQ(α,h−1)

∣∣. So, d ≤ A.

BE dimension: The Bellman differences, from above, are q1a1,...ah − q1a⋆1,...a⋆h . This is an affine
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transformation of a family of AH indicator functions. The distributions µl(Q) over trajectories
induced by Q include indicators 1a′1,...a′l of all trajectories of length l. Now for any sequence
µ1, . . . µn, µn+1 of different indicator distributions not including a⋆1, . . . a

⋆
l , we consider the Bellman

difference gn+1 = q1a1,...ah − q1a⋆1,...a⋆h with action sequence given by µn+1. Note that Eµign+1 = 0

for all i ≤ n but Eµn+1gn+1 = q. This means that the longest possible sequence in the definition of
the distributional eluder dimension has length AH − 2. So, the BE dimension is at least AH − 2.

Eluder dimension: The reward function class Fh is given by all functions of the form q1a1,...ah .
This is a scaled version of a class of Ah indicator functions. Since it contains Ah indicator functions,
its eluder dimension is at least Ah.

C.7.2.2 Sparse intermediate feedback,Hp = [H]

Notice that we get a reward Ber(q) at the last step if we took correct sequence of actions a⋆1, . . . a
⋆
H ,

and reward 0 otherwise. It is then easy to see that now, the induced function classes Q then are
given by Q = {(Q1, . . . QH) | ∃a1, . . . aH ∈ A s.t. Qh = q1a1,...ah}.

α-HABE dimension: This time, note that Eµh(Q)[Ql − ThQh+1] = 0 for all h ≤ H − 1. So,
the function class Φh = {0} for all h ≤ H − 1. Only for h = H do we have that EµH(Q)[QH −
THQH+1] = q1a1,...aH − q1a⋆1,...a⋆H . Also note that Q(α,H − 1) = Q for all α since Eµh(Q)[Ql −
ThQh+1] = 0 for all h ≤ H − 1. So, this is merely the BE dimension of the problem. Now, the
Bellman differences at timestep H are identical to those for the sparse feedback problem, and the
distributions DQ(α,H−1) = DQ since we have established that Q(α,H − 1) = Q. This means that
by the argument for BE dimension in the dense feedback case, we have that the distributional eluder
dimension of ΦH is at least AH − 2, which is then also the α-HABE dimension of this problem.

BE dimension: From the argument for the α-HABE dimension in the sparse case, the BE
dimension and the α-HABE dimension match in this case, and are both at least AH − 2.

Eluder dimension: Again, the reward function class FH is given by all functions of the form
q1a1,...aH . This is a scaled version of a class of AH indicator functions. Since it contains AH

indicator functions, its eluder dimension is at least AH .

Also note that this example also produces a universal lower bound of
√

(AHT ) under any
algorithm. That is, no algorithm can improve over our bounds under sparse feedback. This lower
bound is an immediate consequence of regret lower bounds for bandit algorithms by treating each
sequence of actions taken as a different arm.
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C.7.3 Proofs of Lemmas

Recall that Q(α, h) = {Q ∈ Q | |Eµl(Q)[Ql − TlQl+1]| ≤ α, ∀1 ≤ l ≤ h}, that µh(Q) is the
distribution induced on τ [h− 1], ah by πQ and Dh,Q := {µh(Q) | Q ∈ Q}.
Lemma C.7.4. Let dh(ϵ) := dimDE(Φh,Dh,Q(α,h−1), ϵ) with

Φh :=
{
Qh − ThQh+1

∣∣∣Q ∈ Q(α, h− 1)
}

Then, we have that for β = c log(HTN (Q ∪ G, 1/T, ∥ · ∥∞)),
∑t

j=1 |Eµh(Qj)[Q
j
h − ThQ

j
h+1]| is

bounded by

tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+min(dh(ω), t)Bp+ 2Bp

√
βdh(ω)t

Proof. We modify the proof of Lemma 41 in Jin et al. [2021a]. Pick arbitrary h and t and let Ψh be
the function class given by

Φh :=
{
Qh − ThQh+1

∣∣∣Q ∈ Q(α, h)}
=
{
Qh − ThQh+1

∣∣∣(Q1, · · ·QH) ∈ Q, |Eµl(Q)[Ql − TlQl+1]| ≤ α, ∀1 ≤ l ≤ h− 1
}

Also note that we have the function class Φh of timestep h Bellman errors induced by "historically
α-accurate" functions - functions whose expected Bellman errors in previous timesteps are smaller
than α. The distribution used for computing the expected Bellman errors for previous timesteps is
µl(Q).

Now abbreviating ψjl := Qj
l − TlQ

j
l+1 gives a sequence ψ1

l , . . . ψ
t
l of functions in Ψl for every

1 ≤ l ≤ h. This must have a subsequence ϕ1
l , . . . ϕ

rl
l consisting of all the functions in the sequence

that lie in Φl, for every 1 ≤ l ≤ h. Also let dh(ϵ) = dimDE(Φh,Dh, ϵ) for any ϵ. Now note that

t∑
j=1

|Eµh(Qj)[Q
j
h − ThQ

j
h+1]|

=
t∑

j=1

|Eµh(Qj)[ψ
j
h]|

(i)
=

t∑
j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµh(Qj)[ψ

j
h]| ≤ ω

)
+

h−1∑
l=1

t∑
j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµh(Qj)[ψ

j
h]| > ω,Q ∈ Q(α, l − 1) \ Q(α, l)

)
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+
t∑

j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµh(Qj)[ψ

j
h]| > ω,Q ∈ Q(α, h− 1)

)
≤

t∑
j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµh(Qj)[ψ

j
h]| ≤ ω

)
+

h−1∑
l=1

t∑
j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (Q ∈ Q(α, l − 1) \ Q(α, l))

+
t∑

j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµh(Qj)[ψ

j
h]| > ω,Q ∈ Q(α, h− 1)

)
≤ tω +

h−1∑
l=1

t∑
j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµl(Qj)ψ

j
l | > α,Q ∈ Q(α, l − 1)

)
t∑

j=1

∣∣Eµh(Qj)[ψ
j
h]
∣∣1 (|Eµh(Qj)[ψ

j
h]| > ω,Q ∈ Q(α, h− 1)

)
(ii)

≤ tω +
h−1∑
l=1

rl∑
j=1

∣∣Eµh(Qj)[ϕ
j
h]
∣∣1 (|Eµl(Qj)[ϕ

j
l ]| > α

)
+

rh∑
j=1

∣∣Eµh(Qj)[ϕ
j
h]
∣∣1 (|Eµh(Qj)[ϕ

j
h]| > ω

)
(ii)

≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+

rh∑
j=1

∣∣Eµh(Qj)[ϕ
j
h]
∣∣1 (|Eµh(Qj)[ϕ

j
h]| > ω

)

Here, (i) holds since one of three possibilities holds – either
∣∣Eµh(Qj)[ψ

j
h]
∣∣ ≤ ω, or |Eµh(Qj)ψ

j
l | > ω

and there is a least l ≤ h− 1 so that Q ∈ Q(α, l − 1) but Q /∈ Q(α, h− 1), or Q ∈ Q(α, h− 1).
(ii) holds since if |Eµk(Qj)ψ

j
k| ≤ α for all k ≤ l − 1, then ψjl = ϕil for some i. Finally, (iii) holds

by Proposition 43 of Jin et al. [2021a] since
∑s−1

j=1 Eµl(Qj)[(ϕ
j
l )

2] ≤ β by Lemma 39(a) of Jin et al.
[2021a]. While our rewards are stochastic and theirs are not, we can repeat their arguments verbatim
after noting that the martingale defined in the beginning of their proof continues to be a martingale
even for stochastic rewards that have second moments.

Now arrange the sequence
∣∣Eµh(Qj)ϕs

∣∣ in order to get e1, . . . erh . We can then write

t∑
j=1

∣∣Eµh(Qj)[Q
j
h − ThQ

j
h+1]

∣∣ ≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+

rh∑
j=1

ej1(ej > ω)

For any ej > ω, consider arbitrary γ such that ej > γ > ω. This means that by Proposition 43 of
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Jin et al. [2021a] again,

j ≤
rh∑
i=1

1(ei > γ) ≤
(
B2p2β

γ2
+ 1

)
dh(ω)

This means that γ ≤ Bp
√

βdh(ω)
j−dh(ω)

for any such γ. Since ej ≤ Bp, we get that ej ≤

min
(
Bp,Bp

√
βdh(ω)
j−dh(ω)

)
. Finally, this means that

t∑
j=1

∣∣Eµh(Qj)[Q
j
h − ThQ

j
h+1]

∣∣
≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+

rh∑
j=1

ej1(ej > ω)

≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+

rh∑
j=1

min

(
Bp,Bp

√
βdh(ω)

j − dh(ω)

)

≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+min(dh, rh)Bp+

rh∑
j=1

Bp

√
βdh(ω)

j

≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+min(dh(ω), rh)Bp+ 2Bp

√
βdh(ω)rh

≤ tω +Bp

(
B2p2β

α2
+ 1

)(h−1∑
l=1

dl(α)

)
+min(dh(ω), t)Bp+ 2Bp

√
βdh(ω)t

as desired.

C.8 Proofs for Dueling Feedback

C.8.1 Proof for Reduction to Confidence-Set Optimism

Theorem C.8.1 (Reduction from Dueling to Confidence-Set-Based Optimism). If the confidence

sets CM(Dt, δ) satisfy Assumption 10, then the dueling regret RegretD(T ) of Algorithm 10 is given

by

RegretD(T ) = Õ(CP (M, T, δ) + CF (M, T, δ))

Remark 21. While the theorem states that we need Assumption 10 from the main paper, we actually
use its slightly more refined version – Assumption 13. The less refined version was added to the
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main paper for brevity.

Proof. For ease of notation, let us use the sets CM(Dt, δ) given by the pre-image of CM(Dt, δ)
under the mapM 7→M from Section 5.4. We first recall thatM⋆ ∈ CM(Dt, δ) and so π⋆ ∈ Πt for
all t with probability 1− δ/16. Recall that the value of a duel (π, π′) under modelM↔ is denoted
by

VD(M, π, π′) := V (M, π)− V (M, π′) = V (P, f, π)− V (P, g, π′)

We overload notation and use the natural maps (P, f)↔M 7→M to define

VD(M, π, π′) := VD(M, π, π′)

For ease of notation, we will then work with CM(Dt, δ) in this proof until we can. Since
πi,t ∈ Πt for i = 1, 2, there exists someMi,t ∈ CM(Dt, δ) for i = 1, 2 so that VD(Mi,t, π, π1,t) ≤ 0

for all π. Note that dueling regret is given below. Inequality (i) is by definition ofMi,t, since
VD(Mi,t, π⋆, πi,t) ≤ 0 for i = 1, 2. Inequality (ii) holds by definition of π1,t, π2,t.

RegretD(T ) =
T∑
t=1

2∑
i=1

VD(M⋆, π⋆, πi,t)

=
T∑
t=1

[ 2∑
i=1

VD(M⋆, π⋆, πi,t)− VD(Mi,t, π⋆, πi,t) +
2∑
i=1

VD(Mi,t, π⋆, πi,t)
]

(i)

≤
2∑
i=1

T∑
t=1

[VD(M⋆, π⋆, πi,t)− VD(Mi,t, π⋆, πi,t)]

(ii)

≤
T∑
t=1

2 max
M,M′∈CM(Dt,δ)

[VD(M, π1,t, π2,t)− VD(M′, π1,t, π2,t)]

Continuing, we have

RegretD(T ) ≤
T∑
t=1

2 max
M,M′∈CM(Dt,δ)

[VD(M, π1,t, π2,t)− VD(M′, π1,t, π2,t)]

= 2
T∑
t=1

max
M,M′∈CM(Dt,δ)

[
VD(M, π1,t, π2,t)− VD(M⋆, π1,t, π2,t) + VD(M⋆, π1,t, π2,t)

− VD(M′, π1,t, π2,t)
]
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≤ 2
T∑
t=1

max
M,M′∈CM(Dt,δ)

[VD(M, π1,t, π2,t)− VD(M⋆, π1,t, π2,t)] +

max
M,M′∈CM(Dt,δ)

[VD(M⋆, π1,t, π2,t)− VD(M′, π1,t, π2,t)]

= 2
T∑
t=1

[
VD(M̃t, π1,t, π2,t)− VD(M⋆, π1,t, π2,t)

]
+
[
VD(M⋆, π1,t, π2,t)− VD(M̃′

t, π1,t, π2,t)
]

where M̃t and M̃′
t are the respective maximisers. It suffices to analyse only one of the terms, as

a consequence of the symmetry of Assumption 13.

We can now use the fact thatM is described by (P, f) to analyse the first term, letting M̃t ↔
(P̃t, f̃ t).

T∑
t=1

[
VD(M̃t, π1,t, π2,t)− VD(M⋆, π1,t, π2,t)

]
= 2

T∑
t=1

[
VD(P̃t, f̃

t, π1,t, π2,t)− VD(P⋆, f ⋆, π1,t, π2,t)
]

≤ 2
T∑
t=1

[
VD(P̃t, f̃

t, π1,t, π2,t)− VD(P⋆, f̃ t, π1,t, π2,t)
]

+
[
VD(P⋆, f̃

t, π1,t, π2,t)− VD(P⋆, f ⋆, π1,t, π2,t)
]

≤ 2
T∑
t=1

[
VD(P̃t, f̃

t, π1,t, π2,t)− VD(P⋆, f̃ t, π1,t, π2,t)
]

+
[
VD(P⋆, f̃

t, π1,t, π2,t)− VD(P⋆, f ⋆, π1,t, π2,t)
]

(i)
= 2

T∑
t=1

[
V (P̃t, f̃

t, π1,t)− V (P⋆, f̃
t, π1,t)

]
−
[
V (P̃t, f̃

t, π2,t)− V (P⋆, f̃
t, π2,t)

]
+
[
VD(P⋆, f̃

t, π1,t, π2,t)− VD(P⋆, f ⋆, π1,t, π2,t)
]

(ii)
= 2

T∑
t=1

[
V (P̃t, f̃

t, π1,t)− V (P⋆, f̃
t, π1,t)

]
−
[
V (P̃t, f̃

t, π2,t)− V (P⋆, f̃
t, π2,t)

]
+
[
V (P⋆ ⊗ P⋆, f

t
, (π1,t, π2,t))− V (P⋆ ⊗ P⋆, f

⋆
, (π1,t, π2,t))

]
Where (i) holds by the definition of VD and V , and (ii) holds in the product MDP M⋆ once
we define f

t

h((τ1, τ2)[h]) := f̃ th(τ1[h]) − f̃ th(τ2[h]) and recall that P⋆ = P⋆ ⊗ P⋆. Now, we can

236



immediately apply Assumption 13 to the last line in two different ways. For the first two terms, we
apply the first point in the assumption to each under cardinal feedback for MDPM⋆, noting that
the datasets Dt contain trajectories from π1,t as well as π2,t. For the last term, we apply the second
point in the assumption under cardinal feedback for the MDP (P⋆, f

⋆
).

This gives us that with probability 1− δ,

Regret(T ) = Õ(CP (M, T, δ) + CF (M, T, δ))

We have the following lemma, which is an immediate consequence of
Lemma 5.4.3 (Relating F and F). For any function class F , dimE(F , ϵ) ≤ 9 dimE(F , ϵ/2).

Proof. Let dh = dimE(Fh, ϵ). Pick the ϵ′ so that there is a sequence of dh pairs τ j, j = 1→ dh of
length h trajectories, where each one is ϵ′-independent of its predecessors. Note that τ j = (τ1,j, τ2,j).
We now inductively build a sequence ij so that each τij ,j is ϵ′/2-independent of its predecessors.

Pick the first i1 arbitrarily. Now assume that we have built the sequence until index j = k.
Also, by definition of this sequence, there exist f j, f

′
j , we have

√∑k
j=1(f j(τ j)− f

′
j(τ j))

2 ≤ ϵ′

but |fk+1(τ j)− f
′
k+1(τ j)| ≥ ϵ′. Since a2 + b2 ≤ 2(a+ b)2, we have that√√√√ k∑

j=1

(fj(τij ,j)− f ′
j(τij ,j))

2 ≤

√√√√ k∑
j=1

(fj(τij ,j)− f ′
j(τij ,j))

2 + (fj(τ3−ij ,j)− f ′
j(τ3−ij ,j))

2

≤

√√√√ k∑
j=1

2(f j(τ j)− f
′
j(τ j))

2 ≤
√
2ϵ′

Additionally, since

|fk+1(τ1,k+1)− f ′
k+1(τ1,k+1)|+ |fk+1(τ2,k+1)− f ′

k+1(τ2,k+1)| ≥ |fk+1(τ j)− f
′
k+1(τ j)| ≥ ϵ′

. So, there is an ik+1 so that

|fk+1(τik+1,k+1)− f ′
k+1(τik+1,k+1)| ≥ ϵ′/2

So, we have a sequence xj := τij ,j and a sequence of pairs of functions fj, f ′
j so that for any

1 ≤ k ≤ dh,
∑k

j=1(fj(xj)− f ′
j(xj))

2 ≤ 2(ϵ′)2 but |fk+1(xk+1)− f ′
k+1(xk+1)| ≥ ϵ′/2. This implies
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the following. Inequality (i) holds by Proposition 43 of Jin et al. [2021a] upon setting β = 2(ϵ′)2

and setting the proposition’s ϵ to ϵ′/2. Inequality (ii) holds since ϵ′/2 ≥ ϵ/2.

dh =

dh∑
j=1

1(|fj(xj)− f ′
j(xj)| ≥ ϵ′/2)

(i)

≤
(

2(ϵ′)2

(ϵ′/2)2
+ 1

)
dimE(Fh, ϵ/2)

= 9 dimE(Fh, ϵ′/2)

≤ 9 dimE(Fh, ϵ/2)

This establishes our claim.

We have the following immediate corollary of Theorem 5.4.2, Theorem C.4.10 and Lemma 5.4.3.

Corollary 5.4.4 (Dueling Regret using POR-UCRL Confidence Sets). The confidence sets from

POR-UCRL satisfy Assumption 10 and using them in Algorithm 10 leads to the following regret

bound RegretD(T ) = Õ
((
pS
√
HA+

∑
h∈Hp

√
dE,hdC,h

)√
T
)

.
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C.8.2 Reduction to Bonus-Based Optimism

We define the reduction using the algorithm below.

Algorithm 27 Reduction from Dueling to Cardinal Bonus-Based Optimism

1: Input Known reward function {rh}Hh=1, method Est(D) to estimate P̂D and fD from dataset
D, bonus functions bDF(P, π, δ) and bDP(P, π, δ), confidence level δ.

2: Initialize dataset D1 ← {}
3: for t = 1, ..., T do
4: Compute good set Πt {Valid π⋆ candidates}

Πt :=
{
π ∈ Π

∣∣∣VD((P̂Dt , fDt
), π, π1) + bF(P̂Dt , (π, π1), δ)

+ z(Bp)bP(P̂Dt , π, δ) + z(Bp)bP(P̂Dt , π1, δ) ≥ 0, ∀π1 ∈ Π
}

5: Pick (π1,t, π2,t) given by {Most uncertain duel}

argmax
π,π′∈Πt

bF(P̂Dt , (π, π
′), δ) + z(Bp)bP(P̂Dt , π, δ) + z(Bp)bP(P̂Dt , π1, δ)

6: Collect trajectories τt,i =
{
(sth,i, a

t
h,i))

}H
h=1

along with feedback {oh}h∈Hp by sampling from
Pπi,t⋆ for i = 1, 2.

7: Append the data to Dt to get Dt+1, update estimates and bonuses.
8: end for

Theorem C.8.2 (Reduction from Dueling to Bonus-Based Optimism). If the bonuses and esti-

mates used in Algorithm 27 satisfy Assumption 13, then with probability 1− δ, the dueling regret

RegretD(T ) of Algorithm 27 is given by

RegretD(T ) = Õ(CP (M, T, δ) + CF (M, T, δ))

Proof. Recall that the value of a duel (π, π′) under modelM↔M↔ (P, f) is denoted by

VD(M, π, π′) := V (M, π)− V (M, π′) = V (P, f, π)− V (P, g, π′)

We overload notation and use the natural bijectionM↔M to define

VD(M, π, π′) := VD(M, π, π′)

For ease of notation in the proof, we often work with an arbitrary pre-image f̂D of fD under
the map f 7→ f . A careful read will confirm that this does not affect the correctness of any of the
statements. First note that π⋆ ∈ Πt for all T with probability 1 − δ/16 since the following hold
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uniformly over all π1 ∈ Π

−VD((P̂Dt , f̂Dt), π⋆, π1) = V (P̂Dt , f̂Dt , π1)− V (P̂Dt , f̂Dt , π⋆)

=
[
V (P̂Dt , f̂Dt , π1)− V (P⋆, f̂Dt , π1)

]
−
[
V (P⋆, f̂Dt , π1)− V (P̂Dt , f̂Dt , π1)

]
+ V (P⋆, f

⋆, π1)− V (P⋆, f
⋆, π⋆)

+ VD((P⋆, fDt
), π1, π⋆)− VD((P⋆, f ⋆), π1, π⋆)

≤ z(Bp)bP(P̂Dt , π⋆, δ) + z(Bp)bP(P̂Dt , π1, δ)

+ 0

+ bF(P̂Dt , (π⋆, π1), δ)+

= bF(P̂Dt , (π⋆, π1), δ) + z(Bp)bP(P̂Dt , π⋆, δ)

+ z(Bp)bP(P̂Dt , π1, δ)

where the inequality holds by Assumption 14 and the optimality of π⋆ in the true model. Note let
M̂t be the model given by P̂Dt , f̂Dt and letMt be the corresponding model inM. We make the
following abbreviation:

bM(Mt, (π, π
′), δ) := bF(P̂Dt , (π, π

′), δ) + z(Bp)bP(P̂Dt , π, δ) + z(Bp)bP(P̂Dt , π
′, δ)

RegretD(T ) =
T∑
t=1

2∑
i=1

VD(M⋆, π⋆, πi,t)

=
T∑
t=1

[ 2∑
i=1

VD(M⋆, π⋆, πi,t)− VD(M̂t, π⋆, πi,t) + bM(Mt, (π⋆, πi,t), δ)

+
2∑
i=1

VD(M̂t, π⋆, πi,t)− bM(Mt, (π⋆, πi,t), δ)
]

(i)

≤
2∑
i=1

T∑
t=1

[
VD(M⋆, π⋆, πi,t)− VD(M̂t, π⋆, πi,t) + bM(Mt, (π⋆, πi,t), δ)

]

Inequality (i) holds since VD(M̂t, π⋆, πi,t) = −VD(M̂t, πi,t, π⋆), and πi,t ∈ Πt for i = 1, 2

implies that

VD(M̂t, πi,t, π⋆) + bF(P̂Dt , (π⋆, π1), δ) + z(Bp)bP(P̂Dt , π⋆, δ) + z(Bp)bP(P̂Dt , π1, δ) ≥ 0
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Now note that the following holds uniformly over all timesteps t with probability 1− 3δ/8 for
i = 1, 2 simultaneously using Assumption 14 multiple times and applying a union bound.

VD(M⋆, π⋆, πi,t)− VD(M̂t, π⋆, πi,t) = VD((P⋆, f
⋆
), π⋆, πi,t)− VD((P̂Dt , fDt

), π⋆, πi,t)

= VD((P⋆, f
⋆
), π⋆, πi,t)− VD((P̂Dt , f

⋆
), π⋆, πi,t)

+ VD((P̂Dt , f
⋆
), π⋆, πi,t)− VD((P̂Dt , fDt

), π⋆, πi,t)

= V (P⋆, f
⋆
, π⋆)− V (P̂Dt , f

⋆
, π⋆)

+ V (P̂Dt , f
⋆
, πi,t)− V (P⋆, f

⋆
, πi,t)

+ VD((P̂Dt , f
⋆
), π⋆, πi,t)− VD((P̂Dt , fDt

), π⋆, πi,t)

= z(Bp)bP(P̂Dt , π⋆, δ) + z(Bp)bP(P̂Dt , πi,t, δ)

+ bF(P̂Dt , (π⋆, πi,t), δ)

= bM(Mt, (π⋆, πi,t), δ)

So, with probability 1− 3δ/16, we have that

RegretD(T ) ≤
T∑
t=1

2∑
i=1

bM(Mt, (π⋆, πi,t), δ)

(i)

≤ 2
T∑
t=1

bM(Mt, (π1,t, π2,t), δ)

= 2
T∑
t=1

z(Bp)bP(P̂Dt , π1,t, δ) + z(Bp)bP(P̂Dt , π2,t, δ) + bF(P̂Dt , (π1,t, π2,t), δ)

(ii)

≤ Õ

(
T∑
t=1

(z1(Bp)bP(P⋆, π1,t, δ) + z1(Bp)bP(P⋆, π2,t, δ) + bF(P⋆, (π1,t, π2,t), δ)

)

where inequality (i) holds since (π1,t, π2,t) = argmaxπ,π′∈Πt
bM(Mt, (π, π

′), δ) and inequality
(ii) holds with probability 1 − 3δ/8 by 6 applications of the change of measure inequality in
Assumption 14.

Now, we can use the fact that Assumption 14 is satisfied again to conclude that with probability
1− δ/32.

T∑
t=1

(
z1(Bp)bP(P⋆, π1,t, δ) + z1(Bp)bP(P⋆, π2,t, δ)

+ bF(P⋆, (π1,t, π2,t), δ)
)
= Õ(CP (M, T, δ) + CF (M, T, δ))
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Taking a union bound over all inequalities stated so far, we have the following with probability
1− δ

RegretD(T ) = Õ(CP (M, T, δ) + CF (M, T, δ))

as desired.

Again, the following corollary is immediate from Theorem C.3.2, Theorem C.5.9 and
Lemma 5.4.3.
Corollary C.8.3. By using POR-UCBVI as the algorithm in the dueling reduction in Algorithm 27,

we can get a bound on the dueling regret given by

RegretD(T ) = Õ

pC(H,S,A) + ∑
h∈Hp

√
d̄E,h(dC,h +H)

√T


where d̄E,h = dimE

(
Fh, B2T

)
.
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APPENDIX D

Supplementary Material for Chapter 5

D.1 Additional Lemmas and Discussion

D.1.1 Broader Impacts

Often, protected groups with private identities have temporal behavior correlated with their private
identities. Latent state estimation methods have the potential to identify such private identities online,
and must be used with care. Use of such methods should comply with the relevant privacy and
data protection acts, and corporations with access to a large customer base as well as governments
should be mindful of the impact of the use of latent state methods on their customers and citizens
respectively.

D.1.2 Coherence with Equality is Necessary

Lemma D.1.1 (Coherence with Equality is Necessary). There exists a stateless decision process

that is exchangeable and satisfies distributional coherence — for any two action sequences τ, τ ′ of

lengthsH andH ′ sharing the same actions (ah, . . . ak) from index h to k, withFH(τ) = (Y1, . . . YH)

and FH′(τ ′) = (Y ′
1 , . . . Y

′
H′), we have (Yh, . . . Yk) ∼ (Y ′

h, . . . Y
′
k) — but is neither coherent nor a

latent bandit.

Proof. Consider an SDP with action set A = {0, 1} equipped with a random variable θ ∈ {0, 1}
distributed as Ber(1/2). For an action sequence of length H , define all rewards to be θ if H is even,
and 1− θ if H is odd.

Exchangeability: Within any fixed H , the rewards (Y1, . . . , YH) are all identical (either all θ or
all 1− θ), so any permutation of action-reward pairs preserves the joint distribution.

Distributional coherence: Consider two action sequences τ, τ ′ of lengths H and H ′ sharing the
same actions (ah, . . . ak) from index h to k. The reward subsequence from τ is (X, . . . , X) where
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X = θ or X = 1 − θ depending on the parity of H , and similarly from τ ′ with the parity of H ′.
In either case, the subsequence is a vector of perfectly correlated Ber(1/2) random variables, so
(Yh, . . . Yk) ∼ (Y ′

h, . . . Y
′
k).

Not coherent: Consider τ of length 2 (even) and τ ′ of length 3 (odd) sharing any action at
position 1. From τ , Y1 = θ; from τ ′, Y1 = 1 − θ. On the same sample point ω, θ(ω) ̸= 1 − θ(ω)
whenever θ(ω) ̸= 1/2, so the rewards are not equal as functions of ω.

Not a latent bandit: Suppose for contradiction that there exists F : Ω → (A → P(R))
satisfying the latent bandit conditions. Fix any action a.

Step 1 (law condition). For H = 2 (even), Y1 = θ, so L[θ | F ] = F (a). For H = 1 (odd),
Y1 = 1 − θ, so L[1 − θ | F ] = F (a). Therefore L[θ | F ] = L[1 − θ | F ] almost surely. Let
p(ω) = P (θ = 1 | F )(ω). Then L[θ | F ] puts mass p on 1 and 1 − p on 0, while L[1 − θ | F ]
puts mass 1 − p on 1 and p on 0. Equating these gives p = 1 − p, so p = 1/2 a.s., meaning
F (a) = Ber(1/2) a.s.

Step 2 (conditional independence). For H = 2, actions (a, a): (Y1, Y2) = (θ, θ). The latent
bandit condition requires Y1, Y2 to be conditionally independent given F . Since F (a) = Ber(1/2)

a.s., we have P (Y1 = 0, Y2 = 0 | F ) = F (a)({0})2 = 1/4 a.s. But Y1 = Y2 = θ, so P (Y1 =

0, Y2 = 0 | F ) = P (θ = 0 | F ) = 1/2 a.s. This is a contradiction.

D.1.3 Contexts, Latent State and Behavior Policy cannot be Dependent

Lemma 6.3.1 (Contexts, θ, and πb cannot be dependent). For each of these conditions:

1. Contexts in a trajectory are dependent but do not depend on θ, and πb also does not use θ,

2. Contexts are generated independently using θ, while πb does not use θ,

3. Contexts are generated independently without using θ, while πb uses θ,

there exist two different linear latent contextual bandits with orthogonal latent subspaces satisfying

the condition, and a behavior policy πb so that the offline data distributions are indistinguishable

and cover all (x, a) pairs with probability at least 1/4. Since the latent subspaces are orthogonal,

an action that gives the maximum reward on one latent bandit gives reward 0 on the other.

Proof. Let e1, e2 be the standard basis of R2. For all these examples, our two latent bandits will
satisfy the following:

• Latent contextual bandit 1: Let θ take values e1 + e2 and −e1 − e2 with probability 1/2

each.
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• Latent contextual bandit 2: Let θ take values e1 − e2 and e2 − e1 with probability 1/2 each.

D.1.3.1 Contexts cannot be dependent on each other

We consider two actions, so A = {0, 1}We have two contexts x, y so that ϕ(x, 0) = e1, ϕ(x, 1) =
2e1 while ϕ(y, 0) = e2, ϕ(y, 1) = 2e2. We design them to be dependent so that any trajectory either
only sees x or only sees y. However, x and y are both seen with probability 1/2. Pick πb so that it
takes each action with probability 1/2. Now note that the mean reward of x, 0 in either latent bandit
takes values ±1 with probability 1/2. So, the offline data distributions are also indistinguishable
and every context-action pair is seen with probability at least 1/4.

D.1.3.2 Contexts and latent state cannot be dependent

We consider two actions, so A = {0, 1} Again, consider two contexts x, y so that ϕ(x, 0) = e1,
ϕ(x, 1) = 2e1 while ϕ(y, 0) = e2, ϕ(y, 1) = 2e2. Let us say that for either latent bandit and for any
θ, the context distribution is a Dirac-δ over the context whose features have a positive dot product
with θ. Then, note that either context is seen in both latent bandits with probability 1/2. Again, let
πb take either action with probability 1/2. So, the offline data distributions are indistinguishable
and every context-action pair is seen with probability at least 1/4.

D.1.3.3 Latent state and behavior policy cannot be dependent

We consider four actions, so that A = {0, 1, 2, 3}. Let there be a single context x with ϕ(x, 0) =
e1, ϕ(x, 1) = e2, ϕ(x, 2) = −e1, ϕ(x, 3) = −e2. For any latent state θ in either bandit, let πb be
uniform over the actions that have a positive dot product with θ. It is then easy to see that the offline
data distributions are indistinguishable and every context-action pair is seen with probability at least
1/4.

D.2 A de Finetti Theorem for decision processes

D.2.1 Discussion on Liu et al. [2023]’s smaller class of generalized bandits

We prove the de Finetti theorem for a very general formulation of decision processes. However, past
work [Liu et al., 2023] has studied a simpler generalization of bandits, namely a stochastic process
valued inRA. A sample point in this space is a sequence of functions in A → R, which rules out
the possibility of adaptivity. In contrast, a sample point in our space is a function of sequences,
which subsumes all sample points of their space, but allows for adaptivity.
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Liu et al. [2023] are able to use the original de Finetti theorem on their random process directly,
but work with a much more restrictive kind of decision process. We show that even when considering
much more general stateless decision processes, latent bandits are the "right" objects produced by a
de Finetti theorem for stateless decision processes.

D.2.2 Proof of the De Finetti Theorem for Stateless Decision Processes

A note on F , measurability and well-definedness in the definition of a latent bandit. Recall
that F in the definition of a latent bandit needs to be a measurable map Ω → (A → P(R)). To
define measurability for the output space of functions (A → P(R)), we endow P(R) with the
topology of weak convergence, endow the space P(R)A of maps A → P(R) with the topology of
point-wise convergence, and require F to be measurable w.r.t. the induced Borel σ-algebra. We
also recall two abuses of notation in the definition of a latent bandit. First, we abuse notation to
define the random measure F (a) := (ω 7→ F (ω)(a)). Second, we also abuse notation to conflate
F (a) with the curried map κa(ω,B) := F (a)(ω)(B), which is a map Ω × B → [0, 1]. This map
κa will turn out to be a kernel by the construction of F . Equating F (a) to a regular conditional
distribution in the definition of a latent bandit requires that κa be a kernel.

We recall our de Finetti theorem for stateless decision processes here.
Theorem D.2.1 (De Finetti Theorem for Stateless Decision Processes). Every exchangeable and

coherent stateless decision process is a latent bandit.

Proof. Consider an exchangeable and coherent stateless decision process. We will establish that
there is a latent bandit with the same reward distribution as this process for any sequence of actions.

For any sequence τ = (a1, . . . aH), denote by (Yτ,1, . . . Yτ,H) := FH(a1, . . . aH). We intend to
establish that there is a random measure-valued function F such that (Yτ,1, . . . Yτ,H) are independent
given F and L[Yτ,h | F ] = F (ah) for all h ≤ H almost surely. Since conditional independence is
a property of finite subsets of a set of random variables, it suffices to show this for finite H . The
version for H =∞ will immediately follow by coherence.

First recall that regular conditional distributions L[Y | F ] are almost surely unique under if
the σ-algebra of the output space of Y is countably generated. Since the Borel σ-algebra on R is
countably generated, this is true for our case. We also recall for the rusty reader that conditioning
on a random variable is the same as conditioning on the induced σ-algebra in the domain.

D.2.3 Constructing F

Fix any finite trajectory τ = (a1, . . . aH) and index h.

246



The trick: Consider the infinite sequence τ∞ := (ah, ah, . . . ). By coherence, Yτ,h = Yτ∞,h. Now
τ∞ is a sequence where exchanging any finite set of rewards preserves the reward distribution, since
all actions are identical. Since R is locally compact, we can apply the usual de Finetti representation
theorem (Theorem 12.26 in Klenke [2008]) to conclude that:

• The random measure Ξah = wlimn→∞
1
n

∑n
j=1 δYτ∞,j

is well defined. Here wlim is the weak
limit of measures.

• The regular conditional distribution L[Yτ∞,j | Ξah ] = Ξah for all j.

Since Yτ,h = Yτ∞,h, we conclude that the conditional distribution L[Yτ,h | Ξah ] = L[Yτ∞,h | Ξah ] =
Ξah .

Constructing F : For every action, consider such a random measure Ξah and define a random
measure-valued function F : Ω→ (A → P(R)) in the following manner: for any ω ∈ Ω, define
F (ω)(a) := Ξah(ω). We know that for any a, Ξah is measurable w.r.t. the topology of weak
convergence on P(R). It is now tedious but straightforward to verify that F is measurable w.r.t. the
Borel σ-algebra generated by the topology of pointwise convergence on P(R)A.

D.2.4 Establishing that L[Yτ,h | F ] = F (ah) almost surely for all h

Again, fix any finite trajectory τ = (a1, . . . aH) and index h. Recall that we abuse notation
to denote by F (a) the random-measure ω 7→ F (ω)(a). In particular, for any measurable set
B ⊂ R, we conflate F (a)(ω)(B) = F (ω)(a)(B) = F (a)(ω,B), where the last equality holds
since F is a regular conditional distribution. Note that F (ah) = Ξah by the construction of
F . Since Ξah = F (ah), we have L[Yτ,h | F (ah)] = F (ah). Thus, it suffices to show that
L[Yτ,h | F ] = L[Yτ,h | F (ah)].

Lemma D.2.2. L[Yτ,h | F ] = L[Yτ,h | F (ah)] almost surely.

Proof. First note that F (ah) is measurable w.r.t. F . For showing this, view the set of maps P(R)A

as the product set
∏

a′ P(R)a′ . Now merely note that F−1(E×
∏

a′ ̸=aP(R)a′) = (F (ah))
−1(E) for

any measurable subset E ⊂ P(R)a. Hence, F (ah) is measurable w.r.t. F .

Let B be the Borel σ-algebra on R. Now recall that the regular conditional distribution L[X | G]
for a real-valued random variable X is the almost surely unique kernel κG,X : Ω×B → R such that:

• ω → κG,X(ω,B) is G-measurable for any set B ∈ B

• B → κG,X(ω,B) is a probability measure on R for any sample point ω ∈ Ω.
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• For any measurable set B ⊂ R and any G-measurable set A,

E[1B(Y )1A] =

∫
1B(Y (ω))1A(ω)dP(ω) =

∫
κG,X(ω,B)1A(ω)dP(ω)

We will show our claim using the definition and a.s. uniqueness of the regular conditional
distribution in our case. Consider any F -measurable set A ⊂ Ω and Borel-measurable set B ⊂ R,
B ∈ B. Denote by κF := L[Yτ,h | F ] and by κah := L[Yτ,h | F (ah)] = F (a). Note that by the
coherence and exchangeability in section D.2.3,∫

κF (ω,B)1A(ω)dP(ω) = E[1B(Yτ,h)1A] = E[1B(Yτ∞,h)1A] = E[1B(Yτ∞,j)1A]

for all j. Averaging all these equations and taking a limit, we get that∫
κF (ω,B)1A(ω)dP(ω) = E[1B(Yτ,h)1A] = E[1B(Yτ∞,h)1A]

= lim
n→∞

1

n

n∑
j=1

E[1B(Yτ∞,j)1A]

= E

[(
lim
n→∞

1

n

n∑
j=1

1B(Yτ∞,j)

)
1A

]

where the last equality holds by the dominated convergence theorem, if the limit exists. To
establish that the limit exists and compute it, we apply the usual de Finetti theorem – specificaly
point (i) of remark 12.27 in Klenke [2008] with f set to the identity map. This gives us that
limn→∞

1
n

∑n
j=1 1B(Yτ∞,j) = E[1B(Yτ∞,h) | Ξah ] = Ξah(B), where Ξah(B) is the random variable

ω 7→ Ξah(ω)(B). This in turn satisfies Ξah(ω)(B) = F (ah)(ω)(B) = κah(ω,B). This establishes
that for any F -measurable set A and Borel set B,∫

κF (ω,B)1A(ω)dP(ω) =
∫
κah(ω,B)1A(ω)dP(ω)

. In conclusion, κah satisfies:

• F (ah)(B) := ω → κah(ω,B) is F -measurable for any set B ∈ B since F (ah)(B) is F (ah)
measurable by definition of κah and F (ah) is F -measurable from above.

• B → κah(ω,B) is a probability measure on R for any sample point ω ∈ Ω by definition of
κah
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• For any measurable set B ⊂ R and any F -measurable set A, by the argument above,

E[1B(Yτ,h)1A] =
∫
κF (ω,B)1A(ω)dP(ω) =

∫
κah(ω,B)1A(ω)dP(ω)

By the definition as well as a.s. uniqueness of regular conditional distributions in our case, this
establishes that L[Yτ,h | F ] = κF = κah = E[E[Yτ,h | F (ah)] almost surely.

D.2.5 Establishing conditional independence of rewards

This is the trickier to establish. It suffices to show that for any finite length h trajectory τ =

(a1, . . . aH) and any tuple (f1, . . . fH) of bounded measurable functions, E
[∏H

h=1 fh(Yτ,h) | F
]
=∏H

h=1 E[fh(Yτ,h) | F ]. Equivalently, it suffices to show that for any bounded F -measurable real-
valued random variable U , the following holds.

E

[
U

H∏
h=1

fh(Yτ,h)

]
= E

[
U

H∏
h=1

E[fh(Yτ,h) | F ]

]

We will show this by induction on H . This clearly holds for H = 1 by section D.2.3 above. Now
assume that this holds for H = l − 1.

Replacing the last term, fl(Yτ,l), by an empirical average: Fix any trajectory τ = (a1, . . . al).
First consider the infinite trajectory τ ′ = (a1, . . . al−1, al, al, al, . . . ). This creates a random se-
quence of rewards Yτ ′,1, Yτ ′,2, . . . . Define τ ′j by switching indices l and l + j in τ ′ and considering
the first l actions. In particular, τ ′j gives the sequence of rewards (Yτ ′,1, . . . Yτ ′,l−1, Yτ ′,l+j).

First note that τ ′0 = τ . By coherence, (Yτ,1, . . . Yτ,l) = (Yτ ′,1, . . . Yτ ′,l). By exchangeability and
coherence, (Yτ ′,1, . . . Yτ ′,l−1, Yτ ′,l) ∼ (Yτ ′,1, . . . Yτ ′,l−1, Yτ ′,l+j). This means that for any j ≥ 0,

E

[
U

l∏
h=1

fh(Yτ,h)

]
= E

[
U

(
l−1∏
h=1

fh(Yτ ′,h)

)
fl(Yτ ′,l+j)

]

We can then consider the average over all these equations for j = 0→ n− 1 and get that for all
n ≥ 1,

E

[
U

l∏
h=1

fh(Yτ,h)

]
= E

[
U

(
l−1∏
h=1

fh(Yτ ′,h)

)(
1

n

n−1∑
j=0

fl(Yτ ′,l+j)

)]
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Taking limits and using the dominated convergence theorem, we get that

E

[
U

l∏
h=1

fh(Yτ,h)

]
= E

[
U

(
l−1∏
h=1

fh(Yτ ′,h)

)(
lim
n→∞

1

n

n−1∑
j=0

fl(Yτ ′,l+j)

)]
(D.1)

if the limit on the right side exists.

Showing that the empirical average is the conditional expectation: Again, consider a different
infinite trajectory τl = (al, al, . . . ). Again, by coherence, Yτl,l+j = Yτ ′,l+j for all j ≥ 0. From the
usual de Finetti theorem, specifically point (i) of remark 12.27 in Klenke [2008], we have that
1
m

∑m
j=1 fl(Yτl,j)→ E[fl(Yτl,l) | F ]. We can then observe that by general properties of convergence,

the following holds.

E[fl(Yτl,l) | F ] = lim
m→∞

1

m

m∑
j=1

fl(Yτl,j) = lim
m→∞

1

m− l

m−1∑
j=l

fl(Yτl,j)

= lim
m→∞

1

m− l

m−1∑
j=l

fl(Yτ ′,j) = lim
n→∞

1

n

n−1∑
j=0

fl(Yτ ′,l+j)

We can combine this with equation D.1 to get that

E

[
U

l∏
h=1

fh(Yτ,h)

]
= E

[
U

(
l−1∏
h=1

fh(Yτ ′,h)

)
E[fl(Yτl,l) | F ]

]

Since both U and E[fl(Yτl,l) | F ] are now F measurable, we can apply the induction hypothesis to
τ ′ truncated at l − 1 and conclude that

E

[
U

l∏
h=1

fh(Yτ,h)

]
= E

[
UE[fl(Yτl,l) | F ]

l−1∏
h=1

fh(Yτ,h)

]
= E

[
U

(
l∏

h=1

E[fh(Yτ ′,h) | F ]

)]

Thus, the induction step holds and the claim holds for all finite H . We discussed at the beginning of
the section how this implies conditional independence for H =∞ as well.

D.2.6 A de Finetti theorem for TACDPs

We consider contexts and define contextual decision processes in a manner agnostic to context
transitions. That is, the process only carries the data of how rewards are generated from given
sequences of contexts and actions, while the context transitions themselves may be generated by a
different process.
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Definition D.2.1. A transition-agnostic contextual decision process (TACDP) with action set
A and context set X is a probability space (Ω,G,P) equipped with a family of random maps
FH : Ω→ ((X ×A)H → RH) for H ∈ N as well as a map F∞ : Ω→ ((X ×A)N → RN ). It is
natural to isolate away context dynamics for processes like stochastic contextual bandits, in which
actions do not affect the context transitions – in contrast to transition-aware definitions in Jiang et al.
[2017].
Definition D.2.2. A TACDP is said to be coherent if for any h ≤ k ≤ H,H ′ ∈ N ∪ {∞} and for
any two context-action sequences τ, τ ′ of lengths H and H ′ sharing the same context-action pairs
((xh, ah), . . . (xk, ak)) from index h to k, with FH(τ) = (Y1, . . . YH) and FH′(τ ′) = (Y ′

1 , . . . Y
′
H′),

we have (Yh, . . . Yk) = (Y ′
h, . . . Y

′
k), viewed as functions of Ω.

Definition D.2.3. A stateless decision process is said to be exchangeable if for any per-
mutation π : [H] → [H] and FH((x1, a1), . . . (xH , aH)) = (Y1, . . . YH), we have
Fh((xπ(1), aπ(1)), . . . (xπ(H), aπ(H))) ∼ (Yπ(1), . . . Yπ(H)).
Definition D.2.4. A latent contextual bandit is a stateless decision process equipped with a random
measure-valued function F : Ω → ((X × A) → P(R)) so that for any H and context-action
sequence ((x1, a1), . . . (xH , aH)), the rewards (Y1, . . . YH) := FH((x1, a1), . . . (xH , aH)) are inde-
pendent conditioned on F . Moreover, the conditional distribution L[Yh | F ] = F ((xh, ah)) for all
h ≤ H .1

Theorem D.2.3 (De Finetti Theorem for Stateless Decision Processes). Every exchangeable and

coherent TACDP is a latent contextual bandit.

Proof. The proof is verbatim the same as that for Theorem 6.8.1 after merely replacing A with
X ×A and a with (x, a).

D.3 Proofs for SOLD

Recall that µθ := E[θ] and define µβ := E[β] = U⋆µθ. Also recall that Λ := E[θnθ⊤
n ]. For a

trajectory with index n, denote by βn := U⋆θn. Denote by Xn := [ϕ(x1, a1), . . . ϕ(xH , aH)]
⊤.

Denote by ηn := [ϵn,1, ϵn,2 . . . ϵn,H ]
⊤ the vector of subgaussian noises with subgaussian parameter

σ2. Since rewards are bounded by R, we know that σ2 ≤ R2. Denote by Xn,i and ηn,i the action
matrix and noise vector corresponding to the trajectory halves τn,i for i = 1, 2. Since rewards are
bounded by R, ϵn,h is subgaussian for all h and so ηn,i is σ2-subgaussian for i = 1, 2. Also note that

β̂n,i = (µI +X⊤
n,iXn,i)

−1X⊤
n,irn,i

1We abuse notation twice here. First, we write F ((xh, ah)) := (ω 7→ F (ω)((xh, ah))). Second, as the regular
conditional distribution L[Yh | F ] is a kernel that maps from Ω × B → R, we view F ((xh, ah)) as its curried map
(ω,B) 7→ F ((xh, ah))(ω)(B). A discussion of issues like measurability and well-definedness is in Appendix D.2.2.
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= (µI +X⊤
n,iXn,i)

−1X⊤
n,i(Xn,iβn + ηn,i)

= (I − µ(µI +X⊤
n,iXn,i)

−1)βn + (µI +X⊤
n,iXn,i)

−1X⊤
n,iηn,i

= (I − µ(µI +X⊤
n,iXn,i)

−1)βn + (µI +X⊤
n,iXn,i)

−1X⊤
n,iηn,i

Note that β̂n,1 and β̂n,2 are identically distributed. Now recall that

Mn =
1

2
(β̂n,1β̂

⊤
n,2 + β̂n,2β̂

⊤
n,1)

are i.i.d. random matrices. Denote by Dn,i := (I − µ(µI + X⊤
n,iXn,i)

−1) and denote by ui :=
(µI +X⊤

n,iXn,i)
−1X⊤

n,iηn,i.
Lemma D.3.1. If the per-reward noise is σ2-subgaussian, then the following inequalities hold

∥Mn∥2 ≤ R2

(
2 +

H

2µ

)
∥E[M2

n]∥2 ≤ R4 +
σ4(dA + 1)

8µ2

Proof. We prove various bounds and assemble them.

Bounding ∥(µI +X⊤
n,iXn,i)

−1X⊤
n,i∥2: Consider any X with SVD X = U⊤ΣV . This means that

∥(µI +X⊤X)−1X⊤∥2 = V ⊤(Σ2 + µ)−1ΣU

= ∥V ⊤(Σ2 + µ)−1Σ∥2 = ∥(Σ2 + µ)−1Σ∥2

≤ max
a

a

a2 + µ

=
1

2
√
µ

We can now apply this to X = Xn,i and conclude that ∥(µI +X⊤
n,iXn,i)

−1X⊤
n,i∥2 ≤ 1

2
√
µ

ui are independent, σ2

4µ
-subgaussian and σ

√
H

2
√
µ

-bounded: We claim that ui are indepen-

dent, σ2

4µ
-subgaussian and ∥ui∥22 ≤ σ

√
H

2
√
µ

. Recall that ηn,i are σ2-subgaussian vectors and

∥(µI + X⊤
n,iXn,i)

−1X⊤
n,i∥2 ≤ 1

2
√
µ

. So, we have that ui = (µI + X⊤
n,iXn,i)

−1X⊤
n,iηn,i is σ2

4µ
-

subgaussian. Also recall that u1 and u2 are independent since both contexts and reward-noise are gen-
erated independently at each timestep. Finally, since |ϵn,h| ≤ R, we also have that ∥ηn,i∥22 ≤ R2H ,
so ∥ui∥22 ≤ R2H

4µ
since ∥(µI +X⊤

n,iXn,i)
−1X⊤

n,i∥2 ≤ 1
2
√
µ

.
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Bounding ∥Mn∥2: Note that ∥Dn,i∥2 ≤ 1, ∥β2∥n ≤ R and ∥ui∥2 ≤ σ
√
H

2
√
µ

. So, we have that

∥Mn∥2 ≤

(
R +

R
√
H

2
√
µ

)2

≤ R2

(
2 +

H

2µ

)

Bounding ∥E[M2
n]∥2: We compute that

E[M2
n] =

1

4

(
E[Dn,1βnβ

⊤
n Dn,1]E[β

⊤
n D2

n,2βn] + E[Dn,2βnβ
⊤
n Dn,2]E[β

⊤
n D2

n,1βn]

+ E[(β⊤
n Dn,2Dn,1βn)Dn,1βnβ

⊤
n Dn,2]] + E[(β⊤

n Dn,1Dn,2βn)Dn,2βnβ
⊤
n Dn,1]]

E[∥u1∥22]E[u2u⊤2 ] + E[∥u2∥22]E[u1u⊤1 ] + E[u1u
⊤
2 u1u

⊤
2 ] + E[u2u

⊤
1 u2u

⊤
1 ]
)

Now since ∥Dn,i∥2 ≤ 1 and ∥βn∥2 ≤ R, the norm of the first four terms is bounded by R4. Now
note that

∥E[uiu⊤i ]∥2 = max
v,∥v∥2≤1

E[v⊤uiu
⊤
i v] = max

v,∥v∥2≤1
E[(u⊤i v)2] ≤ σ2

2µ

∥E[∥ui∥22]∥2 = Tr(E[uiu
⊤
i ]) ≤ ∥E[uiu⊤i ]∥2dA ≤

σ2dA
2µ

∥E[u2u⊤1 u2u⊤1 ]∥2 = ∥E[u1u⊤2 u1u⊤2 ]∥2 = max
v,∥v∥2≤1

E[v⊤u1u
⊤
2 u1u

⊤
2 v]

max
v,∥v∥2≤1

E[v⊤u1u
⊤
2 u1u

⊤
2 v] = max

v,∥v∥2≤1
Tr(v⊤E[u1u

⊤
1 ]E[u2u

⊤
2 ]v] = ∥E[u1u⊤1 ]E[u2u⊤2 ]∥2 ≤

σ4

4µ2

Combining all of these, we get that

∥E[M2
n]∥2 ≤ R4 +

σ4(dA + 1)

8µ2

Proposition D.3.2 (Confidence Bound for MN ). With probability at least 1− δ/2, we have that

∥MN − E[M1]∥2 ≤ ∆M with

∆M :=

√√√√2

∥∥∥∥∥
N∑
n=1

M2
n

∥∥∥∥∥
2

log(4dA/δ)

N
+ 2R2

(
2 +

H

2µ

)(
2 log(4dA/δ)

N

)3/4

+ 4R2

(
2 +

H

2µ

)
log(4dA/δ)

3N
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Proof. Now since ∥M2
n∥2 ≤ ∥Mn∥22 ≤ R4

(
2 + H

4µ

)2
, we have that ∥M2

n − E[M2
1]∥2 ≤

2R4
(
2 + H

4µ

)2
by the matrix Hoeffding bound, we have that with probability 1− δ/2,

∥∥∥∥∥ 1

N

N∑
n=1

M2
n − E[M2

1]

∥∥∥∥∥
2

≤ 4R4

(
2 +

H

2µ

)2
√

log(dA/δ)

N

Further, by the matrix Bernstein inequality, we have that with probability 1− δ/2,∥∥∥∥∥ 1

N

N∑
n=1

Mn − E[M1]

∥∥∥∥∥
2

≤
√

2∥E[M2
1]∥2

log(dA/δ)

N
+ 4R2

(
2 +

H

2µ

)
log(dA/δ)

3N

Combining the two results and using a union bound, we get that with probability 1− δ/2

∥MN − E[M1]∥2 =

∥∥∥∥∥ 1

N

N∑
n=1

Mn − E[M1]

∥∥∥∥∥
2

≤

√√√√2

∥∥∥∥∥
N∑
n=1

M2
n

∥∥∥∥∥
2

log(2dA/δ)

N
+ 2R2

(
2 +

H

2µ

)(
2 log(2dA/δ)

N

)3/4

+ 4R2

(
2 +

H

2µ

)
log(dA/δ)

3N

Proposition D.3.3 (Confidence Bound for DN,i). With probability 1− δ/4, for i = 1, 2, we have

that ∥DN,i − E[Dn,i]∥2 =
∥∥∥ 1
N

∑N
n=1 Dn,i − E[Dn,i]

∥∥∥
2
≤ ∆D with

∆D ≤
√

8 log(4dA/δ)

N

Proof. Since ∥Dn,i∥2 ≤ 1, this immediately follows by the matrix Hoeffding inequality.

Lemma D.3.4 (Confidence Bound for D−1

N,1MND−1

N,2). We have that with probability 1− δ

∥D−1

N,1MND−1

N,2 − E[DN,1]
−1E[MN,1]E[DN,2]

−1∥2 ≤
(
B3
D(2−BD∆D)

(1−BD∆D)2

)
(R2 +∆M)∆D

+

(
BD

1−BD∆D

)2

∆M
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where BD = maxi=1,2 ∥D
−1

N,i∥2.

Proof. For brevity, just for this proof, we define Di = E[DN,i] for i = 1, 2 and by M := E[M1] =

E[MN ]. By a union bound, Propositions D.3.2 and D.3.3 hold with probability at least 1− δ. The
statements in the rest of this proof thus hold with probability at least 1− δ. Now note that

∥D−1

N,1MN,1D
−1

N,2 − D−1
1 MD−1

2 ∥2 ≤ ∥D
−1

N,1∥2∥MN,1∥2∥D
−1

N,2 − D−1
2 ∥2

+ ∥D−1

N,1 − D−1
1 ∥2∥MN,1∥2∥D−1∥2

+ ∥D−1
1 ∥2∥MN,1 −M∥2∥D−1

2 ∥2

Now note that by inequality (1.1) from Wei et al. [2005], we have that

∥D−1

N,i − D−1
i ∥2 ≤

B2
D∆D

1−BD∆D

This means that
∥D−1

i ∥2 ≤ ∥D
−1

N,i∥2 + ∥D
−1

N,i − D−1
i ∥2 ≤

BD

1−BD∆D

Also, since contexts in both trajectory halves have the same distribution and contexts are generated
independently, M = E[M1] = DiE[β1β⊤

1 ]Di. So, ∥M∥2 ≤ ∥D1∥2∥D2∥2R2 ≤ R2. This implies that

∥MN,1∥2 ≤ R2 + ∥MN,1 −M∥2 ≤ R2 +∆M

Combining all these with the bound above, we get that

∥D−1

N,1MND−1

N,2 − E[DN,1]
−1E[Mn,1]E[DN,2]

−1∥2 ≤
(
B3
D(2−BD∆D)

(1−BD∆D)2

)
(R2 +∆M)∆D

+

(
BD

1−BD∆D

)2

∆M

Proof. First note that E[DN,1]
−1E[MN,1]E[DN,2]

−1 = U⋆(Λ+ µθµ
⊤
θ )U

⊤
⋆ . Also recall that Û is given

by the top-dK eigenvectors for E[D−1
N,1MN,1D−1

N,2]. This means that there is a dK ×dK unitary matrix
W such that U⋆W forms the eigenvectors for U⋆(Λ+µθµ

⊤
θ )U

⊤
⋆ . This means that by the Davis-Kahan

theorem for statisticians Yu et al. [2014] and Lemma D.3.4, we have that with probability 1− δ

∥ÛÛ⊤ − U⋆U⊤
⋆ ∥2 = ∥ÛÛ⊤ − U⋆WW⊤U⊤

⋆ ∥2 =
√
2(dK − ∥Û⊤U⋆∥2F )

≤ 2
√
2dK

λ̂
∥E[DN,1]

−1E[MN,1]E[DN,2]
−1 − D−1

N,1MN,1D−1
N,2∥2
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≤ 2
√
2dK

λ̂

((
B3
D(2−BD∆D)

(1−BD∆D)2

)
(R2 +∆M)∆D +

(
BD

1−BD∆D

)2

∆M

)

We thus set ∆off to be the value above.

Bounding ∆off: Now note that for large enough N , ∥E[Dn,1]
−1∥2∆D =

√
8 log(dA/δ)

λAN
≤ 1

2
. In

particular, by applying inequality (1.1) from Wei et al. [2005], we have that BD ≤ 2∥E[Dn,1]
−1∥2 =

2
λA

. This already gives us the much simpler expression

∆off ≤
2
√
2dK

λ̂

(
64

λ3A
(R2 +∆M)∆D +

16

λ2A
∆M

)
Also note that by Lemma D.3.1 and the matrix Hoeffding inequality, we have that

∥ 1
N

N∑
n=1

M2
n∥ ≤ ∥E[M2

1]∥+ 4R4

(
2 +

H

2µ

)2
√

log(dA/δ)

N

≤ R4 +
σ4(dA + 1)

8µ2
+ 4R4

(
2 +

H

2µ

)2
√

log(dA/δ)

N

We combine this with Proposition D.3.2 to get that

∆M = O

((
R2 +

σ2
√
dA

µ

)√
log(dA/δ)

N

)

Since σ2 ≤ R2, we get that

∆M = O

(
R2

√
dA log(dA/δ)

N

)
= O(R2)

Also recall from Proposition D.3.3, we get that

∆D =

√
8 log(dA/δ)

N

Also recall that λθ is the minimum eigenvalue of 1
R2Λ, and so the minimum eigenvalue of U⋆(Λ +

µθµ
⊤
θ )U

⊤
⋆ is larger than R2λθ. We then conclude that λ̂ ≥ R2λθ − 2∆M ≥ λθ

2
for large enough N .

Combining all these, we get that

∆off = O

(√
dK

R2λθ

(
R2

λ3A
+
R2

λ2A

√
dA

)√
log(dA/δ)

N

)
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= O

(
1

λθλ3A

√
dKdA log(dA/δ)

N

)

D.4 Proofs for LOCAL-UCB

Theorem D.4.1 (LOCAL-UCB Regret). Under Assumptions 11 and 12, if α1,t = R
√
µ +

CR
√
dK log(2T/δ) and α2,t = R

√
µ + CR

√
dA log(2T/δ) for a universal constant C, then

with probability at least 1− δ over offline data and online rewards, LOCAL-UCB has regret RegT
bounded by

O

(
min

(
RdA
√
T ,RdK

√
T

(
1 +

1

λθλ3A

√
dAT

dKN

)))
.

Proof. Let the true latent state for the given trajectory be θ⋆, so that the reward parameter β⋆ =
U⋆θ⋆.

Showing that U⋆,β⋆ are in our confidence set: We check all our constraints:

• Note that with probability 1− δ/3, U⋆ satisfies ∥Û⊤U⋆∥F ≥
√
dK −∆2

off/2.

• From the standard confidence ellipsoid bound for linear models applied to dimension dA,
with probability 1− δ/3T , ∥β̂2,t − β⋆∥V−1

t
≤ α2,t for all t.

• Note that U⋆U⊤
⋆ β⋆ = β⋆.

• Finally, we apply the standard confidence ellipsoid bound for linear models to dimension
dK instead of dA with model rt = (ϕ(xt, at)

⊤U⋆)(U⊤
⋆ β⋆) + ϵt. This means that ∥U⊤

⋆ β⋆ −
U⊤
⋆ β̂1,t∥V−1

1,t
≤ α1,t where V1,t = (IdK +

∑t−1
s=1 U⊤

⋆ ϕ(xt, at)ϕ(xt, at)
⊤U⋆). Note that since

U⋆U⊤
⋆ = IdK , we have that V1,t = (U⊤

⋆ VtU⋆). So, ∥U⊤
⋆ (β − β̂1,t)∥(UT

⋆ VtU⋆)−1 ≤ α1,t holds
with probability at least 1− δ/3T for all t.

So, by a union bound over all events, we get that for all actions a, the tuple (a,β⋆,U⋆) satisfies our
conditions with probability 1− δ.

Leveraging optimism in low dimension: From above and by the optimistic design of the
algorithm, with probability 1− δ, ϕ(xt, at)⊤β̃t is an upper bound on ϕ(xt, a)⊤β⋆ for any action a.
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Thus, we have the following regret decomposition with probability at least 1− δ:

RegT =
T∑
t=1

ϕ(xt, a
⋆
t )

⊤β⋆ − ϕ(xt, at)⊤β⋆

≤
T∑
t=1

ϕ(xt, at)
⊤β̃t − ϕ(xt, at)⊤β⋆

(i)
=

T∑
t=1

ϕ(xt, at)
⊤ŨtŨ⊤

t β̃t − ϕ(xt, at)⊤U⋆U⊤
⋆ β⋆

≤
T∑
t=1

ϕ(xt, at)
⊤(̃UtŨ⊤

t − U⋆U⊤
⋆ )β̃t + ϕ(xt, at)

⊤U⋆U⊤
⋆ (βt − β⋆)

≤ RT∥UtŨ⊤
t − U⋆U⊤

⋆ ∥2 +
T∑
t=1

ϕ(xt, at)
⊤U⋆U⊤

⋆ (βt − β⋆)

≤ RT∆off +
T∑
t=1

ϕ(xt, at)
⊤U⋆U⊤

⋆ (βt − β⋆)

≤ RT∆off +
T∑
t=1

∥ϕ(xt, at)⊤U⋆∥(U⊤
⋆ VtU⋆)−1∥U⊤

⋆ (βt − β⋆)∥(U⊤
⋆ VtU⋆)−1

≤ RT∆off +
T∑
t=1

α2,t∥ϕ(xt, at)⊤U⋆∥(U⊤
⋆ VtU⋆)−1

(ii)
= RT∆off +

T∑
t=1

α2,t∥ϕ(xt, at)⊤U⋆∥V−1
1,t

(iii)

≤ RT∆off +O
(
dK
√
T log (T/δ)

)
(iv)
= O

(
RdK

√
T log (T/δ) +

Rλ3D
λmin

√
T 2dKdA log(dA/δ)

N

)

= O

RdK√T log (T/δ)

1 +
λ3D
λmin

√
TdA log(dA)

dKN


= Õ

(
RdK
√
T

(
1 +

√
TdA
dKN

))

where (i) holds since ŨtŨ⊤
t β̃t = β̃t and U⋆U⊤

⋆ β⋆ = β⋆ (ii) holds since V−1
1,t = (U⊤

⋆ VtU⋆)
−1, (iii)

holds by the usual proof of LinUCB applied to dimension dK , and (iv) holds by Theorem 6.3.2.

Leveraging optimism in high dimension: This is merely the proof of LinUCB. From above
and by the optimistic design of the algorithm, with probability 1− δ, ϕ(xt, at)⊤β̃t is an upper bound
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on ϕ(xt, a)⊤β⋆ for any action a. Thus, we have the following regret decomposition with probability
at least 1− δ:

RegT =
T∑
t=1

ϕ(xt, a
⋆
t )

⊤β⋆ − ϕ(xt, at)⊤β̃⋆

≤
T∑
t=1

ϕ(xt, at)
⊤β̃t − ϕ(xt, at)⊤β⋆

=
T∑
t=1

∥ϕ(xt, at)⊤∥V−1
t
∥β̃t − β⋆∥Vt

= O(RdA
√
T log(T/δ))

= Õ(RdA
√
T )

where the last line follows from the standard regret bound for LinUCB applied to dimension dA.

Combining the two bounds, we have our result.

RegT = O

min

RdA√T log(T/δ), RdK
√
T log (T/δ)

1 +
λ3D
λmin

√
TdA log(dA)

dKN


= Õ

(
min

(
RdA
√
T ,RdK

√
T

(
1 +

√
TdA
dKN

)))

D.5 Proofs for ProBALL-UCB

D.5.1 Confidence bound for the low-dimensional reward parameter

Lemma D.5.1 (Confidence Bound for β̂1,t). If for all timesteps t, ϕ(xt, at) lies in the span of Û, we

have that for a universal constant C,∥∥∥Û⊤β̂1,t − Û⊤β⋆

∥∥∥
V−1
1,t

≤ R
√
µ+ CR

√
dA log(t/δ)
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Otherwise, we have that∥∥∥Û⊤β̂1,t − Û⊤β⋆

∥∥∥
V−1
1,t

≤ R
√
µ+Rκt +∆offCR

√
dA log(t/δ)

where κt = ∥Û⊤X⊤
t Xt∥(Û⊤VtÛ)−1 , with notation ∥A∥C :=

√
∥A⊤CA∥2

Proof. For brevity, in this proof we will denote by Xt := [ϕ(x1, a1), . . . ϕ(xt−1, at−1)]
⊤, which

is a t × dA matrix. Recall that Vt = µIdA + X⊤
t Xt. We will also denote V1,t = Û⊤VtÛ. Note

that the vector of rewards is given by Xtβ⋆ + ηt, where ηt is a random vector of t independent
R2-subgaussian entries. So, bt = X⊤

t (Xtβ⋆ + ηt). Also define the notation ∆U := ÛÛ⊤ − U⋆U⊤
⋆ .

If all actions lie in the span of Û. Note that since all actions taken lie in the span of Û,
Xt = XtÛÛ⊤. This is the key observation. Now note that

β̂1,t = ÛV−1
1,t Û

⊤X⊤
t (Xtβ⋆ + ηt)

= ÛV−1
1,t Û

⊤X⊤
t Xtβ⋆ + ÛV−1

1,t Û
⊤X⊤

t ηt

= ÛV−1
1,t Û

⊤X⊤
t XtÛÛ⊤β⋆ + ÛV−1

1,t Û
⊤X⊤

t ηt

= ÛV−1
1,t (V1,t − µIdK )Û

⊤β⋆ + ÛV−1
1,t Û

⊤X⊤
t ηt

= ÛU⊤β⋆ − µÛV−1
1,t Û

⊤β⋆ + ÛV−1
1,t Û

⊤X⊤
t ηt

The rest of the proof is similar to Theorem 2 in Abbasi-Yadkori et al. [2011]. We first note that
for any x, we have that

x⊤(β̂1,t − ÛÛ⊤β⋆) ≤
∣∣∣(x⊤Û)V−1

1,t (−µÛ⊤β⋆ + Û⊤X⊤
t ηt)

∣∣∣
≤ ∥Û⊤x∥V−1

1,t

∥∥∥(−µÛ⊤β⋆ + Û⊤X⊤
t ηt)

∥∥∥
V−1
1,t

≤ ∥Û⊤x∥V−1
1,t

(
µ∥Û⊤β⋆∥V−1

1,t
+ ∥Û⊤X⊤

t ηt∥V−1
1,t

)

Now note that µ∥Û⊤β⋆∥V−1
1,t
≤ ∥Û⊤β⋆∥2

√
µ ≤ R

√
µ and by the self normalized martingale

concentration inequality from Abbasi-Yadkori et al. [2011] applied to dK dimensional vectors Û⊤Xt,
we have that with probability at least 1− δ, ∥Û⊤X⊤

t ηt∥V−1
1,t
≤ CR

√
dA log(t/δ) for some universal
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constant C. So we have with probability at least 1− δ that

=
∥∥∥Û(β̂1,t − ÛÛ⊤β⋆)

∥∥∥2
V−1
1,t

≤
∥∥∥β̂1,t − ÛÛ⊤β⋆

∥∥∥
V−1
1,t

(
R
√
µ+ CR

√
dA log(t/δ)

)
This means that ∥∥∥Û⊤β̂1,t − Û⊤β⋆

∥∥∥
V−1
1,t

=
∥∥∥β̂1,t − ÛÛ⊤β⋆

∥∥∥
V−1
1,t

≤ R
√
µ+ CR

√
dA log(t/δ)

If all actions don’t lie in the span of Û. This time note that

β̂1,t = ÛV−1
1,t Û

⊤X⊤
t (Xtβ⋆ + ηt)

= ÛV−1
1,t Û

⊤X⊤
t Xtβ⋆ + ÛV−1

1,t Û
⊤X⊤

t ηt

= ÛV−1
1,t Û

⊤X⊤
t XtÛ⋆U⊤

⋆ β⋆ + ÛV−1
1,tU

⊤X⊤
t ηt

= ÛV−1
1,t Û

⊤X⊤
t XtÛÛ⊤β⋆ + ÛV−1

1,t Û
⊤X⊤

t Xt∆Uβ⋆ + ÛV−1
1,t Û

⊤X⊤
t ηt

= ÛV−1
1,t (V1,t − µIdK )Û

⊤β⋆ + ÛV−1
1,t Û

⊤X⊤
t Xt∆Uβ⋆ + ÛV−1

1,t Û
⊤X⊤

t ηt

= ÛU⊤β⋆ − µÛV−1
1,t Û

⊤β⋆ + ÛV−1
1,t Û

⊤X⊤
t Xt∆Uβ⋆ + ÛV−1

1,t Û
⊤X⊤

t ηt

The rest of the proof is similar to Theorem 2 in Abbasi-Yadkori et al. [2011]. We first note that
for any x, we have that

x⊤(β̂1,t − ÛÛ⊤β⋆) ≤
∣∣∣(x⊤Û)V−1

1,t (−µÛ⊤β⋆ + Û⊤X⊤
t Xt∆Uβ⋆ + Û⊤X⊤

t ηt)
∣∣∣

≤ ∥Û⊤x∥V−1
1,t

∥∥∥(−µÛ⊤β⋆ + Û⊤X⊤
t Xt∆Uβ⋆ + Û⊤X⊤

t ηt)
∥∥∥

V−1
1,t

≤ ∥Û⊤x∥V−1
1,t

(
µ∥Û⊤β⋆∥V−1

1,t
+ ∥Û⊤X⊤

t Xt∆Uβ⋆∥V−1
1,t

+ ∥Û⊤X⊤
t ηt∥V−1

1,t

)
(i)

≤ ∥Û⊤x∥V−1
1,t

(
µ∥Û⊤β⋆∥V−1

1,t
+ ∥∆Uβ⋆∥2∥Û⊤X⊤

t Xt∥V−1
1,t

+ ∥Û⊤X⊤
t ηt∥V−1

1,t

)
≤ ∥Û⊤x∥V−1

1,t

(
µ∥Û⊤β⋆∥V−1

1,t
+R∥∆U∥2∥Û⊤X⊤

t Xt∥V−1
1,t

+ ∥Û⊤X⊤
t ηt∥V−1

1,t

)
≤ ∥Û⊤x∥V−1

1,t

(
µ∥Û⊤β⋆∥V−1

1,t
+R∆off∥Û⊤X⊤

t Xt∥V−1
1,t

+ ∥Û⊤X⊤
t ηt∥V−1

1,t

)
Here, (i) holds because for any matrices A,C and any vector v, we have that ∥Av∥C =
√

v⊤A⊤CAv ≤ ∥v∥2
√
∥A⊤CA∥2 = ∥v∥2∥A∥C, where we recall that ∥A∥C :=

√
∥A⊤CA∥2.
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Now note that µ∥Û⊤β⋆∥V−1
1,t
≤ ∥Û⊤β⋆∥2

√
µ ≤ R

√
µ and by the self normalized martingale

concentration inequality from Abbasi-Yadkori et al. [2011] applied to dK dimensional vectors Û⊤Xt,
we have that with probability at least 1− δ, ∥Û⊤X⊤

t ηt∥V−1
1,t
≤ CR

√
dA log(t/δ) for some universal

constant C. Also recall that ∥Û⊤X⊤
t Xt∥V−1

1,t
= κt. So we have with probability at least 1− δ that

∥∥∥Û(β̂1,t − ÛÛ⊤β⋆)
∥∥∥2

V−1
1,t

≤
∥∥∥Û⊤(β̂1,t − ÛÛ⊤β⋆)

∥∥∥
V−1
1,t

(
R
√
µ+R∆offκt + CR

√
dA log(t/δ)

)
This means that ∥∥∥Û⊤β̂1,t − Û⊤β⋆

∥∥∥
V−1
1,t

=
∥∥∥Û(β̂1,t − ÛÛ⊤β⋆)

∥∥∥
V−1
1,t

≤ R
√
µ+R∆offκt + CR

√
dA log(t/δ)

Note that κt =
∥∥∥∑t−1

s=1 Û⊤ϕ(xs, as)ϕ(xs, as)
⊤
∥∥∥

V−1
1,t

= 1√
µ

∥∥∥∑t−1
s=1 Û⊤ϕ(xs, as)ϕ(xs, as)

⊤
∥∥∥
2
=

O(t), but this is a worst case bound.

We also state a lemma, borrowed from the standard proof of LinUCB regret.
Lemma D.5.2. For any sequence of actions and contexts xt, at and Vt = µI +∑t−1

s=1 ϕ(xt, at)ϕ(xt, at)
⊤, we have that

T∑
t=1

min
(
∥ϕ(xt, at)∥2V−1

t
, 1
)
= O(

√
dA)

T∑
t=1

min
(
∥Û⊤ϕ(xt, at)∥2(Û⊤VtÛ)−1 , 1

)
= O(

√
dK)

Proof. This follows immediately from Lemma 11 of Abbasi-Yadkori et al. [2011].

D.5.2 Proof of the theorem

Theorem D.5.3 (Regret for ProBALL-UCB). Let α1,t = R
√
µ+ τ ′R∆offκt + CR

√
dK log(T/δ)

and let α2,t = R
√
µ+ CR

√
dA log(T/δ). Let S be the first timestep when Algorithm 13 does not

play Line 6 and let S = T if no such timestep exists. For τ = τ ′ = 1 we have that

RegT = Õ
(
min

(
Regon,T ,Reghyb,T

))
.

262



where Regon,T = RdA
√
T and Reghyb,T is defined as

RdK
√
T

1 +
1

λ3Aλθ

√ dAT

dKN
+

√√√√ dA
SN

S∑
t=1

κ2t

 .

In the worst case, κt = O(t) and so 1
S

∑S
t=1 κ

2
t = O(T 2), but if all features ϕ(xt, at) lie in the span

of Û for t ≤ S, then 1
S

∑S
t=1 κ

2
t = O(T ).

Proof. We will first show that our bonuses give optimistic estimates of the true reward whp and
then leverage the optimism.

Showing optimism when τ∆off

√
T ≤ dA: In this case, we are inside the "if" statement and are

running a projected and modified version of LinUCB. In that case, for all timesteps the projected
version is run, all features will lie in the span of Û. This is because the maximization problem is
given by

at = arg max
a,∥ϕ(xt,a)∥2≤1

ϕ⊤ÛÛ⊤β̂1,t + ∥Û⊤ϕ(xt, a)∥(Û⊤V1,tÛ)−1

If our features are isotropic, then this is only maximized by a feature in the span of Û. So, the
conditions of the first bound in Lemma D.5.1 are fulfilled. We will denote V1,t = Û⊤VtÛ. We have
that with probability 1− δ/2, for all x, a, t, the following holds.

|ϕ(x, a)⊤β⋆ − ϕ(x, a)⊤ÛÛ⊤β̂1,t| ≤ |ϕ(x, a)⊤Û(Û⊤β⋆ − Û⊤β̂1,t)|+ |ϕ(x, a)⊤(U⋆U⊤
⋆ − ÛÛ⊤)β⋆|

≤ ∥Û⊤ϕ(x, a)∥V−1
1,t
∥Û⊤β⋆ − Û⊤β̂1,t∥V−1

1,t
+R∥U⋆U⊤

⋆ − ÛÛ⊤∥2

≤ α1,t∥Û⊤ϕ(x, a)∥V−1
1,t

+R∆off

This shows that with probability at least 1− δ and for all x, a, t,

ϕ(x, a)⊤β⋆ ≤ ϕ(x, a)⊤ÛÛ⊤β̂1,t + α1,t∥Û⊤ϕ(x, a)∥V−1
1,t

+R∆off

This implies that with probability at least 1− δ, for any action a,

ϕ(xt, a)
⊤β⋆ ≤ max

a
ϕ(xt, a)

⊤ÛÛ⊤β̂1,t + α1,t∥Û⊤ϕ(xt, a)∥V−1
1,t

+R∆off

= ϕ(xt, at)
⊤ÛÛ⊤β̂1,t + α1,t∥Û⊤ϕ(xt, at)∥V−1

1,t
+R∆off

Leveraging optimism when τ∆off

√
T ≤ dA: Consider the standard regret decomposition,
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which holds with probability 1− δ:

RegT =
T∑
t=1

ϕ(xt, a
⋆
t )

⊤β⋆ − ϕ(xt, at)⊤β⋆

≤
T∑
t=1

ϕ(xt, at)
⊤ÛÛ⊤β̂1,t − ϕ(xt, at)⊤β⋆ + α1,t∥Û⊤ϕ(xt, at)∥V−1

1,t
+R∆off

≤
T∑
t=1

2α1,t∥Û⊤ϕ(xt, at)∥V−1
1,t

+ 2R∆off (D.2)

(i)

≤
T∑
t=1

2α′
1,tmin

(
∥Û⊤ϕ(xt, at)∥V−1

1,t
, 1
)
+ 2R∆off

≤
T∑
t=1

2(R
√
µ+ C

√
dK log(T/δ))min

(
∥Û⊤ϕ(xt, at)∥V−1

1,t
, 1
)
+ 2R∆off

+
T∑
t=1

2R∆offκtmin
(
∥Û⊤ϕ(xt, at)∥V−1

1,t
, 1
)

(ii)

≤ 2(R
√
µ+ C

√
dK log(T/δ))

√√√√ T∑
t=1

min
(
∥Û⊤ϕ(xt, at)∥2V−1

1,t

, 1
)
+ 2R∆offT

+ 2R∆off

√√√√ T∑
t=1

κ2t

√√√√ T∑
t=1

min
(
∥Û⊤ϕ(xt, at)∥2V−1

1,t

, 1
)

(iii)

≤ O(dK
√
T log(T/δ)) + 2R∆offT + 2R∆off

√∑T
t=1 κ

2
t

T

√
dKT (D.3)

= O

RdK√T log(T/δ)

1 + ∆off

√T
dK

+

√√√√ 1

TdK

T∑
t=1

κ2t


where (i) holds since ϕ(xt, a⋆t )

⊤β⋆ − ϕ(xt, at)
⊤β⋆ ≤ 2R, (ii) holds by the Cauchy Schwarz

inequality and (iii) holds by Lemma D.5.2. So, we have that

RegT = O

RdK√T log (T/δ)

1 +
1

λ3Aλθ

√
dA log(dA)

NdK

√T +

√√√√dK
T

S∑
t=1

κ2t


= Õ

RdK√T
1 +

1

λ3Aλθ

√ dAT

NdK
+

√√√√ dA
TN

T∑
t=1

κ2t


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= Õ

RdK√T
1 +

1

λ3Aλθ

√ dAT

NdK
+

√√√√ dA
min(S, T )N

min(S,T )∑
t=1

κ2t





where the last inequality holds since T < S for the first timestep S satisfying

∆off

(√
S +

√
dK
S

∑S
t=1 κ

2
t

)
≥ dA. Additionally, since ∆off

(√
T +

√
dK
T

∑T
t=1 κ

2
t

)
≤ dA, we

have using equation D.3 that

RegT = Õ(dA
√
T )

as well. So, we have that when τ∆off

√
T ≤ dA,

RegT = Õ

min

dA√T ,RdK√T
1 +

1

λ3Aλθ

√ dAT

NdK
+

√√√√ dA
min(S, T )N

min(S,T )∑
t=1

κ2t






Bounding regret when τ∆off

(√
T +

√
dK
T

∑T
t=1 κ

2
t

)
≥ dA: In this regime, after the first

timestep S satisfying ∆off

(√
S +

√
dK
S

∑S
t=1 κ

2
t

)
≥ dA, we run standard LinUCB with dimension

dA and incur Õ(dA
√
T ) regret with probability 1− δ. Until timestep S − 1, we run the projected

and modified version of LinUCB and incur regret bounded by

Õ(dK
√
S) + 2R∆offS + 2R∆off

√∑S
t=1 κ

2
t

S

√
dKS = Õ

(
dA
√
S + dK

√
S
)

= Õ(dA
√
T + dK

√
T )

= Õ(dA
√
T )

Combining these, we incur O(dA
√
T ) regret during the whole method.

Also, since dA
√
T ≤ ∆off

(√
TS +

√
dKT
S

∑S
t=1 κ

2
t

)
, we get that our regret is also bounded by

RegT = Õ

∆off

√TS +

√√√√dKT

S

S∑
t=1

κ2t


= Õ(dK

√
T +∆off

√TS +

√√√√dKT

S

S∑
t=1

κ2t

)
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= Õ

RdK√T
1 +

1

λ3Aλθ

√ dAT

NdK
+

√√√√ dA
min(S, T )N

min(S,T )∑
t=1

κ2t





So, our regret satisfies

RegT = Õ

min

dA√T ,RdK√T
1 +

1

λ3Aλθ

√ dAT

NdK
+

√√√√ dA
min(S, T )N

min(S,T )∑
t=1

κ2t






D.5.2.1 Understanding κt

Letting Xt = Û⊤[ϕ(x1, a1), . . . ϕ(xt, at)]
⊤, recall that κt := ∥ÛX⊤

t Xt∥(µI+X⊤
t Xt)−1 . In the worst

case, κt ≤ ∥ÛX⊤
t Xt∥2 = O(t) since actions have norm 1. In that case, 1

S

∑S
t=1 κt = O(S2).

However, if Xt lies in the span of Û⊤, then XtÛ⊤Û = Xt. This means that for Yt := XtÛ⊤,

κt =

√
ÛX⊤

t XtÛ⊤Û(µI + X⊤
t Xt)−1U⊤ÛX⊤

t XtÛ⊤

=

√
Y⊤
t Yt(µI + Y⊤

t Yt)−1Y⊤
t Yt

=

√
(I− µ(µI + Y⊤

t Yt))Y⊤
t Yt

= Õ(
√
t)

So, 1
S

∑S
t=1 κt = O(S) = O(T ).

D.6 Lower Bounds

We formally state and prove the lower bound below. Much like how we generate families of reward
parameters in lower bound proofs for purely online regret, we are now generating a family of tuples
of latent bandits (for the offline data) and reward parameters represented in the latent bandit (for the
online interaction).
Theorem D.6.1 (Regret Lower Bound). Let d2AH ≤ 2T , d2A ≤ N , dK > 1. Consider the action set

A = {a | ∥a∥2 ≤ 1}. For each regime, either dKT
(dA−dK)N

being larger than 1, or between 1 and 1/2,

or less than 1/2, there exists a family of tuples (F,β), where F is a latent bandit with a rank dK
latent subspace and β is a reward parameter in its support, satisfying the following:

(i) For any offline behavior policy πb, all F have uniformly bounded λθ associated to the offline

data.
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(ii) For any offline behavior policy πb and any learner, there is a (F,β) such that the regret

Reg(T,β) of the learner under offline data from πb and F and online reward parameter β is

bounded below by

Reg(T,β) ≥ Ω

(
min

(
dA
√
T , dK

√
T

(
1 +

√
dAT

dKN

)))

Remark 22. • We are stating a version with no contexts and only actions here for notational
simplicity, the version for contextual bandits has the same proof verbatim. One just replaces
A with {ϕ(x, a) | x ∈ X , a ∈ A}.

• Note that the theorem statement is complicated to ensure that it is essentially the strongest
version of the theorem possible. Condition (i) is needed to ensure that we aren’t cheating by
ensuring that the offline data itself obscures the correct subspace. Condition (ii) is the actual
regret lower bound.

Proof. The proof is inspired by the proof of Theorem 24.2 in Lattimore and Szepesvári [2018],
giving a regret lower bound for standard stochastic linear bandits with a unit ball action set. Without
loss of generality, we can assume that dA ≥ 1.01dK , otherwise both terms in the minimum have
the same order and the proof is complete. An astute reader will note that the regimes are separated
based on whether dK

√
T
(
1 +

√
(dA−dK)T
dKN

)
≤ dA

√
T . We will first address the difficult regime

where 1
2
≤
√

dKT
(dA−dK)N

≤ 1. Until stated otherwise in this proof, we will work in this regime and

assume that 1
2
≤
√

dKT
(dA−dK)N

≤ 1.

D.6.1 Setup

Consider ∆in = 1
5
√
3

√
dK/T and ∆out = 1

4
√
3

√
dK/N . Let B := {±∆in}dK−1 × {0} ×

{±∆out}dA−dK and let β ∈ B. We set the dthK coordinate to 0 for technical reasons. For any
bandit instance β, let the rewards have Gaussian noise with variance 1. Construct a family of latent
bandit-online latent state pairs as follows. Define Fβ to be a latent bandit with a uniform distribution
over all 2dK−1 reward parameters obtained by negating any of the first dK − 1 coordinates of β.
Notice that this latent bandit has 2dK−1 latent states sharing a dK-dimensional subspace. Let us
construct the family of pairs (Fβ,β), where Fβ is the latent bandit used to generate offline data and
β is the reward parameter underlying the online trajectory.

Note that condition (i) is satisfied by merely computing the matrix Eβ[ββ
⊤] and noticing

that eigenvalues are merely norms dK
T∥β∥2 or dK

N∥β∥2 , up to a constant. Now note that ∥β∥2 =
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√
d2K
T

+ dK(dA−dK)
N

up to a constant, so λθ is bounded since 1
2
≤ dKT

(dA−dK)N
≤ 1

Notice that if β′ is β with any of the first dK − 1 coordinates negated, then Fβ′ is the same latent
bandit as Fβ. Assume that a fixed behavior policy πb is used to produce offline data, producing a
known dataset of contexts and actions shared across all latent bandit instances. We will repeatedly
use the fact that dK − 1 ≥ dK/2 in this proof.

D.6.2 Proof Sketch and Intuition

Notice that we are working in the regime where N is significantly larger than T . That means that
we are treating the first dK coordinates as the main subspace and the rest of the coordinates as
perturbations out of the subspace. This is represented in the notation ∆in and ∆out. In our regime,
where

√
dKT

(dA−dK)N
≤ 1, ∆out should be thought of as much smaller than ∆in.

Eventually, we intend to lower bound the average regret over all pairs (Fβ,β) ranging over the
vertices of a hypercuboid B of reward parameters. This will allow us to claim that there exists one
parameter β ∈ B for which the regret is larger than this average. To lower bound this average,
we first use change of measure inequalities, careful computation and clever design of B to get an
intermediate lower bound, bounding the average regret over any pair of "adjacent" tuples (F ′,β′)

and (F,β). These are pairs where the sign of only one coordinate is flipped from β to β′ and F and
F ′ at most differ in their "out of subspace" perturbation. We can then average over all such pairs to
lower bound the regret averaged over all β ∈ B, as desired.

We will need two separate computations for the intermediate lower bound – one for when the
pair of adjacent reward parameters corresponds to a coordinate i < dK , and another for when it
corresponds to a coordinate i > dK . The proof ends with the averaging trick mentioned in the
previous paragraph.

D.6.3 Regret Lower Bound Decomposition

For i < dK , define τi = T ∧ min{t :
∑t

s=1A
2
si ≥ T/dK}. For i ≥ dK , define τi = T ∧ min{t :∑t

s=1A
2
si ≥ T/(dA − dK)}. For now, let us denote the regret under parameter β to be Reg(T,β).

Now note the following decomposition of the lower bound.

Reg(T,β) = Eβ

[
∆in

T∑
t=1

dK−1∑
i=1

(
1√

dK − 1
− Ati sign(βi)

)
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+∆out

T∑
t=1

dA∑
i=dK+1

(
1√

dA − dK
− Ati sign(βi)

)]

≥ Eβ

[∆in

√
dK − 1

2

T∑
t=1

dK−1∑
i=1

(
1√

dK − 1
− Ati sign(βi)

)2

+
∆out

√
dA − dK
2

T∑
t=1

dA∑
i=dK+1

(
1√

dA − dK
− Ati sign(βi)

)2 ]

≥ ∆in

√
dK − 1

2

dK−1∑
i=1

Eβ

[
τi∑
t=1

(
1√

dK − 1
− Ati sign(βi)

)2
]

+
∆out

√
dA − dK
2

dA∑
i=dK+1

Eβ

[
τi∑
t=1

(
1√

dA − dK
− Ati sign(βi)

)2
]

The first inequality holds by merely evaluating the square, simplifying and noting that ∥At∥22 ≤ 1.

The second inequality For i < dK and x ∈ {±1}, define Ui(x) :=
∑τi

t=1

(
1√
dK−1

− Ati sign(βi)
)2

.

For i > dK and x ∈ {±1}, define Ui(x) :=
∑τi

t=1

(
1√

dA−dK
− Ati sign(βi)

)2
.

Fix i and let β′ be such that β′
j = βj for j ̸= i and β′

i = −βi. Let P and P′ be the joint laws of
the offline data and the bandit/learner interaction measure for β and β′ respectively. We will bound
Eβ[Ui(1)] + Eβ′ [Ui(−1)] in the following subsections, treating i < dK and i > dK separately. This
will allow us to bound

∑
β∈B Eβ[Ui(sign(βi))] later and apply an averaging trick.

D.6.4 Bounding Eβ[Ui(1)] + Eβ′[Ui(−1)] when i < dK

Note that

Eβ[Ui(1)]
(i)

≥ Eβ′ [Ui(−1)]−
(
6T

dK
+ 2

)√
1

2
D(P,P′)

(ii)

≥ Eβ′ [Ui(−1)]−∆in

(
3T

dK
+ 1

)√√√√ τi∑
t=1

A2
ti

(iii)

≥ Eβ′ [Ui(−1)]−∆in

(
3T

dK
+ 1

)√
T

dK
+ 1

(iv)

≥ Eβ′ [Ui(−1)]−
5
√
3∆inT

dK

√
T

dK
(D.4)

where in (i), we rely on the bound below and then use the TV distance change of measure
inequality, followed by Pinsker’s inequality. The bound below relies on the fact that dK−1 ≥ dK/2.
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Ui(1) =

τi∑
t=1

(
1√

dK − 1
− Ati sign(βi)

)2

≤ 2

τi∑
t=1

1

dK − 1
+ 2

τi∑
t=1

A2
ti

≤ 4T

dK
+

2T

dK
+ 2 =

6T

dK
+ 2

For the bound above, we use the definition of τi. In (ii), we use the chain rule for KL divergence
under a stopping time, and crucially note that the offline data distributions is identical in this case
since Fβ = Fβ′ . Inequality (iii) holds by the definition of τi, and inequality (iv) holds since
dK ≤ dA ≤ 2T since d2AH ≤ 2T .

So, we can conclude that

Eβ[Ui(1)] + Eβ′ [Ui(−1)] ≥ Eβ′ [Ui(1) + Ui(−1)]−
5
√
3∆inT

dK

√
T

dK

= 2Eβ′

[
τi

dK − 1
+

τi∑
t=1

Ati2

]
− 5
√
3∆inT

dK

√
T

dK

≥ 2T

dK
− 5
√
3∆inT

dK

√
T

dK

=
T

dK
(D.5)

D.6.5 Bounding Eβ[Ui(1)] + Eβ′[Ui(−1)] when i > dK

Note the following computation, where we let Ar,h be the action chosen at step h of offline
trajectories d, where h = 1→ H and r = 1→ N .

Eβ[Ui(1)]
(i)

≥ Eβ′ [Ui(−1)]−
(

4T

dA − dK
+ 2

)√
1

2
D(P,P′)

(ii)

≥ Eβ′ [Ui(−1)]−∆out

(
2T

dA − dK
+ 1

)√√√√ τi∑
t=1

A2
ti +

dK
48N

Eπb [
N∑
r=1

H∑
h=1

A2
r,h,i]

(iii)

≥ Eβ′ [Ui(−1)]−∆out

(
2T

dA − dK
+ 1

)√
T

dA − dK
+
dKH

48

(iv)

≥ Eβ′ [Ui(−1)]−
5
√
3∆outT

dA − dK

√
T

dA − dK

where again in (i), we rely on the bound below and use the TV distance change of measure
inequality, followed by Pinsker’s inequality.
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Ui(1) =

τi∑
t=1

(
1√

dA − dK
− Ati sign(βi)

)2

≤ 2

τi∑
t=1

1

dA − dK
+ 2

τi∑
t=1

A2
ti ≤

4T

dA − dK
+ 2

For the bound above, we use the definition of τi. In (ii), we use the chain rule for KL divergence
under a stopping time and include the non-zero KL divergence coming from the offline term this
time, which appears as the second term in the square root. Inequality (iii) holds by the definition of
τi and the fact that A2

ri ≤ 1. Inequality (iv) holds since dk(dA − dK)H ≤ d2AH ≤ 2T .

So, we can conclude that

Eβ[Ui(1)] + Eβ′ [Ui(−1)] ≥ Eβ′ [Ui(1) + Ui(−1)]−
4
√
3∆outT

dA − dK

√
T

dA − dK

= Eβ′

[
τi

dA − dK
+

τi∑
t=1

Ati2

]
− 4
√
3∆outT

dA − dK

√
T

dA − dK

≥ 2T

dA − dK
− 4
√
3∆outT

dA − dK

√
T

dA − dK

=
2T

dA − dK
− T

dA − dK

√
dKT

(dA − dK)N

≥ T

dA − dK
(D.6)

where crucially, the last inequality holds since
√

dKT
(dA−dK)N

≤ 1.

D.6.6 Lower bounding regret using an averaging trick

For i ≤ dK , define by B−i := {±∆in}dK−2 × {0} × {±∆out}dA−dK , which is the slice of B where
all coordinates but βi vary. Similarly, for i > dK , define the slice B−i := {±∆in}dK−1 × {0} ×
{±∆out}dA−dK−1. We will denote the tuple of coordinates of β other than i by β−i. We thus get the
following lower bound on regret, using inequalities D.4, D.5 and D.6.

∑
β∈B

Reg(T,β) ≥ ∆in

√
dK − 1

2

dK−1∑
i=1

∑
β∈B

Eβ[Ui(sign(βi))]

+
∆out

√
dA − dK
2

dA∑
i=dK+1

∑
β∈B

Eβ[Ui(sign(βi))]
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√
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That means that there exists β ∈ B so that

Reg(T,β) ≥ 1

80
√
6
dK
√
T

1 +

√
(dA − dK)T

dKN


As desired.

D.6.7 The Other Two Regimes

In the regime dKT ≥ (dA − dK)N , one can simply use the 2dA bandit instances in the standard unit
ball regret lower bound from Theorem 24.2 in Lattimore and Szepesvári [2018] with dimension dA,
and follow the proof essentially verbatim. The only difference is that we will be choosing pairs of
tuples (F ′,β′) and (F,β) instead of just pairs of reward parameters β′ and β. One can choose any
latent bandit with dK reward parameters in its support, two of which are β and β′, and set both F
and F ′ to this. For this, it is convenient to choose the latent bandit to have a uniform distribution
over 2dK reward parameters obtained by flipping signs of dK chosen coordinates, since then one can
easily compute that λθ = 1. This will ensure that offline data distributions are identical and the KL
divergence contribution from the offline data distribution is 0, allowing us to follow the proof of
Theorem 24.2 in Lattimore and Szepesvári [2018] essentially verbatim. This establishes condition
(ii), and we have also establis

Similarly, when dKT ≪ (dA − dK)N , we can use the standard lower bound from Theorem 24.2
in Lattimore and Szepesvári [2018] again, this time with dimension dK . Fix F to be the latent
bandit with a uniform distribution over all 2dK reward parameters B = {±∆in}dK × {0}dA−dK , and
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consider the family (F,β) of tuples with fixed F and β varying through B. We can now follow the
proof of Theorem 24.2 in Lattimore and Szepesvári [2018] verbatim. Again, the only difference is
that we will be choosing pairs of tuples (F,β′) and (F,β) instead of just pairs of reward parameters
β′ and β. And yet again, we can check that λθ = 1 and condition (i) is thus satisfied.

D.7 Additional Algorithms

We provide a version of SOLD that utilizes pseudoinverses. We use this within our experiments to
avoid having to search for regularization parameters, and recommend that the user use this instead
of Algorithm 11 when finding a suitable regularization parameter is a concern.

Algorithm 28 Subspace estimation from Offline Latent bandit Data (SOLD) – Pseudoinverse
Version

1: Input: DatasetDoff of collected trajectories τn = ((xn,1, an,1, rn,1), ..., (xn,H , an,H , rn,1)) under
a behavior policy πb, dimension of latent subspace dK .

2: Divide each τn into odd and even steps, giving trajectory halves τn,1 and τn,2.
3: Estimate reward parameters β̂n,i ← V†

n,ibn,i, where Vn,i ←
∑

(x,a,r)∈τn,i
ϕ(x, a)ϕ(x, a)⊤ and

bn,i ←
∑

(x,a,r)∈τn,i
ϕ(x, a)r for i = 1, 2.

4: Compute Mn ← 1
2
(β̂n,1β̂

⊤
n,2 + β̂n,2β̂

⊤
n,1) and compute MN ← 1

N

∑N
n=1 Mn.

5: Compute Wn,i, the eigenvectors of Vn,i corresponding to nonzero eigenvalues.
6: Compute DN,i ← 1

N

∑N
n=1(Wn,iW⊤

n,i)
†, i = 1, 2.

7: Obtain Û, the top dK eigenvectors of D−1

N,1MND−1

N,2.
8: return Projection matrix ÛÛ⊤, ∆off as in Theorem 6.3.2

We also provide a method of instantiating the ProBALL framework with linear Thompson
sampling. Like ProBALL-UCB, ProBALL-TS operates within the estimated subspace until the
online uncertainty is low enough. We therefore maintain two normal posterior distributions, one
over the latent state parameter in the estimated subspace, and one over the high-dimensional reward
parameter, and sample from them as such.

D.8 Experimental Details and Additional Experiments

D.8.1 Determining the Latent Rank from Offline Data

We note that as discussed in 6.3, we can use the eigenvalues of D−1

N,1MND−1

N,2 to determine the rank
of our subspace. We use the version of this arising from pseudo-inverses instead of regularization,
just like in the MovieLens experiments. We demonstrate that we can indeed determine that the
dK = 18 by finding the significant eigenvalues of the pseudo-inverse version of D−1

N,1MND−1

N,2
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Algorithm 29 Projection and Bonuses for Accelerating Latent bandit Thompson Sampling
(ProBALL-TS)

1: Input: Projection matrix ÛÛ⊤, confidence bound ∆off . Hyperparameters α1,t, α2,t, τ, τ
′.

2: Initialize V1 ← I , b1 ← 0, Ct ← 0
3: for t = 1, . . . T do
4: if ∆offτ

√
t+∆offτ

′
√
dK
∑t

s=1κ
2
s/t ≤ dA then

5: Compute θ̄1,t ← (Û⊤VtÛ)−1Û⊤bt

6: Sample θ̂1,t ∼ N
(
β̄1,t, α

2
1,t(Û

⊤VtÛ)−1
)

7: Play at ← argmaxa ϕ(xt, a)
⊤Ûθ̂1,t

8: else
9: Compute β̄2,t ← V−1

t bt
10: Sample β̂2,t ∼ N

(
β̄2,t, α

2
2,tV

−1
t

)
11: Play at ← argmaxa ϕ(xt, a)

⊤β̂2,t

12: end if
13: Observe reward rt and update bt+1 ← bt + ϕ(xt, a)rt, Vt+1 ← Vt + ϕ(xt, a)ϕ(xt, a)

⊤

14: Update Ct+1 ← Ct + Û⊤ϕ(xt, at)ϕ(xt, at)
⊤, κt+1 ← ∥Ct+1∥(Û⊤Vt+1Û)−1

15: end for

estimated from the offline dataset of 5000 samples. We show the plots and log plots of these
eigenvalues. We also plot the eigenvalues of the completed ratings matrix for comparison. Notice
that they match and both fall after 18 eigenvalues.

Figure D.1: Plot of eigenvalues of aforementioned matrix. Notice the drop after 18 eigenvalues.
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Figure D.2: Log-plot of eigenvalues of aforementioned matrix. Notice the drop after 18 eigenvalues.
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D.8.2 Simulation Study

We generate U∗ with Uij i.i.d. Unif(0, 2.5
dKdA

). We simulate the hidden labels θn ∼ N (0, d−1
K IdK ),

generate feature vectors ϕ(xn,h, an,h) ∼ N (0, IdA) normalized to unit norm, and sample noise
ϵn,h i.i.d. N (0, 0.52). We use SOLD to estimate Û from the offline dataset Doff , which consists of
5000 trajectories of length 20 each. In accordance with the confidence set determined by Li et al.
[2010], we choose α1,t = 0.33

√
dK log(1 + 10T/dK) and α2,t = 0.33

√
dA log(1 + 10T/dA), and

share the LinUCB and ProBALL-UCB hyperparameters by assigning αt = α2,t. 2

Figure D.3: Comparison of ProBALL-UCB with LinUCB, for different choices of τ and confidence
bound constructions. All variants perform no worse than LinUCB, with martingale Bernstein
performing the best. The shaded area depicts 1-standard error confidence intervals over 30 trials.

2All experiments were run on a single computer with an Intel i9-13900k CPU, 128GB of RAM, and a NVIDIA
RTX 3090 GPU, in no more than an hour in total.
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D.8.3 MovieLens

MovieLens [Harper and Konstan, 2015] is a large-scale movie recommendation dataset comprising
6040 users and 3883 movies, where each user may rate one or more movies. Like Hong et al. [2020],
we filter the dataset to include only movies rated by at least 200 users and vice-versa. We factor
the sparse rating matrix into user parameters β and movie features Φ using the probabilistic matrix
factorization algorithm of Mnih and Salakhutdinov [2007a], using nuclear norm regularization so
that the rank of β is dK = 18. However, we consider a much higher dimensional problem than
Hong et al. [2020] do – we let dA = 200 so β ∈ R1589×200,Φ ∈ R200×1426. At each round for user
i, the agent chooses between 20 movies of different genres with features Φa1 , ...,Φa20 , and has to
recommend the best movie presented to it to maximize the user’s rating of the movie. We generate
rewards for recommending movie j to user i by βTi Φj + ϵij, ϵij i.i.d. N (0, 0.5).

Our hyperparameters are chosen and varied just as in the simulation study. To reproduce the
methods of Hong et al. [2020], we cluster the user features into dK clusters using k-means, and
provide mUCB and mmUCB with the mean vectors of each cluster as latent models. We initialize
ProBALL-UCB with a subspace estimated with an unregularized variant of SOLD, that uses
pseudo-inverses instead of inverses, because of difficulties in finding an appropriate regularization
parameter for this large, noisy, and high-dimensional dataset. The subspace was estimated from 5000

trajectories of length 50 simulated from the reward model and the uniform behavior policy. Note
that we assign ∆off for ϵ in mmUCB, as this is their tolerance parameter for model misspecification.

Figure D.4: Comparison of ProBALL-UCB with LinUCB and TS algorithms, for different choices of
τ and confidence bound constructions. All variants perform no worse than LinUCB and outperform
the TS algorithms, with martingale Bernstein performing the best. The shaded area depicts 1-
standard error confidence intervals over 30 trials.
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Figure D.5: Comparison of ProBALL-UCB and ProBALL-TS initialized with SOLD against
LinUCB, TS, MixTS, and mmTS, for different choices of τ and confidence bound constructions.
ProBALL-UCB outperforms LinUCB, and ProBALL-TS outperforms MixTS and mmTS. Shaded
area depicts 1-standard error confidence intervals over 30 trials with fresh θ. The confidence
intervals on regret thus account for the variation in frequentist regret for changing θ.
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D.8.3.1 UCB Algorithms

Figure D.6: Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB, for different choices of τ and confidence bound constructions, in terms of regret. All
variants of ProBALL-UCB perform no worse than LinUCB, and outperform mUCB and mmUCB.
Shaded area depicts 1-standard error confidence intervals over 30 trials with fresh θ. The confidence
intervals on regret thus account for the variation in frequentist regret for changing θ.

Figure D.7: Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB, for different choices of τ and confidence bound constructions, in terms of rolling average
rating over 25 timesteps. ProBALL-UCB performs no worse than LinUCB, and outperforms mUCB
and mmUCB.
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D.8.3.2 TS Algorithms

Figure D.8: Comparison of ProBALL-TS initialized with SOLD against TS, mmTS, and MixTS,
for different choices of τ and confidence bound constructions, in terms of regret. All variants of
ProBALL-TS outperform TS, mmTS, and MixTS.

Figure D.9: Comparison of ProBALL-TS initialized with SOLD against TS, mmTS, and MixTS,
for different choices of τ and confidence bound constructions, in terms of rolling average rating
over 25 timesteps. All variants of ProBALL-TS outperform TS, mmTS, and MixTS. Shaded area
depicts 1-standard error confidence intervals over 30 trials with fresh θ. The confidence intervals on
regret thus account for the variation in frequentist regret for changing θ.
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D.8.3.3 Comparison Against Low-Dimensional Ground Truth Subspaces

Figure D.10: Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB on low-dimensional ground-truth features, for different choices of τ and confidence bound
constructions. When τ is small enough, all variants of ProBALL-UCB perform no worse than
low-dimensional LinUCB, and outperform mUCB and mmUCB, on ground truth features. This
showcases the efficacy of SOLD, and demonstrates that we recover subspaces that are just as good
as ground-truth. Shaded area depicts 1-standard error confidence intervals over 30 trials with fresh θ.
The confidence intervals on regret thus account for the variation in frequentist regret for changing θ.

Figure D.11: Comparison of ProBALL-UCB initialized with SOLD against LinUCB, mUCB, and
mmUCB on low-dimensional ground-truth features, for different choices of τ and confidence bound
constructions. When τ is small enough, all variants of ProBALL-UCB perform no worse than
low-dimensional LinUCB, and outperform mUCB and mmUCB, on ground truth features. This
showcases the efficacy of SOLD, and demonstrates that we recover subspaces that are just as good
as ground-truth. Shaded area depicts 1-standard error confidence intervals over 30 trials with fresh θ.
The confidence intervals on regret thus account for the variation in frequentist regret for changing θ.
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D.8.3.4 No Usage of SOLD

Figure D.12: Comparison of ProBALL-UCB initialized with ground truth subspaces against
LinUCB, mUCB, and mmUCB, for different choices of τ and confidence bound constructions. All
variants of ProBALL-UCB perform no worse than LinUCB, and outperform mUCB and mmUCB.
Shaded area depicts 1-standard error confidence intervals over 30 trials with fresh θ. The confidence
intervals on regret thus account for the variation in frequentist regret for changing θ.

Figure D.13: Comparison of ProBALL-UCB initialized with ground truth subspaces against
LinUCB, mUCB, and mmUCB, for different choices of τ and confidence bound constructions,
in terms of rolling average rating over 25 timesteps. All variants of ProBALL-UCB perform no
worse than LinUCB, and outperform mUCB and mmUCB. Shaded area depicts 1-standard error
confidence intervals over 30 trials with fresh θ. The confidence intervals on regret thus account for
the variation in frequentist regret for changing θ.
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D.8.4 Sample Complexity of SOLD

We perform an empirical study of the sample complexity of SOLD on the MovieLens dataset.
To do so, we compare the end-to-end regret at T = 200 timesteps of both ProBALL-UCB and
ProBALL-TS, against LinUCB and Linear Thompson sampling using ground-truth low-dimensional
features. When τ is small enough, we see that the end-to-end regret of both ProBALL-UCB and
ProBALL-TS converges to that of LinUCB and Linear Thompson sampling using ground-truth
low-dimensional features. This shows that we lose little from needing to estimate the subspace with
SOLD when enough offline samples are present.

Figure D.14: Subspace estimation error of SOLD against the number of offline samples, in the
Frobenius norm. This was performed on the MovieLens dataset. We compare the error of SOLD
against the parametric rate of 1/

√
N . This shows that the error of SOLD indeed decreases very

quickly in practice.
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Figure D.15: End-to-end regret at T = 200 timesteps of ProBALL-UCB initialized with SOLD,
against the number of offline samples used in fitting SOLD. With a low enough τ , the regret
of ProBALL-UCB approaches the regret of LinUCB on ground-truth low-dimensional features,
showing that we lose next to nothing from needing to estimate the subspace with SOLD. Shaded
area depicts 1-standard error confidence intervals over 30 trials with fresh θ.

Figure D.16: End-to-end regret at T = 200 timesteps of ProBALL-TS initialized with SOLD,
against the number of offline samples used in fitting SOLD. With a low enough τ , the regret of
ProBALL-TS approaches the regret of TS on ground-truth low-dimensional features, showing that
we lose next to nothing from needing to estimate the subspace with SOLD. Shaded area depicts
1-standard error confidence intervals over 30 trials with fresh θ.
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