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MDPs with Unknown Parameters

@ Methods such as value iteration and policy iteration work when
parameters of MDP are completely known.

@ What if these are unknown but need to be inferred via simulation?
@ That is the difference between MDPs and RL.
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

An Explicit Formula for the Value Function

Suppose X; = x;, the state of interest. An “explicit” formula for V(x;) is

V(X, = 27 Rt+T+1‘Xt =Xi|,
7=0

where
Rt+7’+1 = R(Xt+7'7 Ut+T)

is the reward, but paid at time t + 7+ 1.
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

An Implicit Formula for the Value Function

Now the explicit formula can be expanded as

V(%) = Rer1+ E | D4 Regria|Xe = x;

=1

This can now be rewritten as a recursion:

V(xi) = Rep1 + 7E [V(Xeq1) | Xe = xi]. (1)
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

Monte Carlo Estimate Revisited

Given the sample path {(X;, Us, W;11)} /o, the quantity

T—t

\A/(Xi) = Z Y Wegria
7=0

provides an approximation to V/(x;).

Disadvantage: We must wait for a complete episode to generate this
estimate.

Is there an alternative?
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OneStep TD Learning
The Temporal Difference

Write the implicit equation for V as

V(Xt) ~ Reg1 + vV (Xet1),

where the symbol ~ denotes that the random variables on both sides of
the formula are the same. So, if v € R" is a current guess for the value
vector at time t, then we can take V(X;) as a proxy for V(X;), Wit1 as a

proxy for Rey1, and V/(X41) as a proxy for V(Xi41), and define the
temporal difference

041 = Wepr + 'Y\A/t(Xt—i-l) - Vt(Xt)-
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

Interpretation of the Temporal Difference

Recall
Oer1 = Wepr + v Ve(Xeg1) — Ve(Xe),

If v; = v, the true value vector, then
E[6e41]Xe = x;] = E[Wis1 + 7V (Xer1) — V(Xe) | Xe = x;] = 0.

So 0;41 gives a measure of how erroneous the estimate V/(x;) is. But it
does not tell us how far off the estimates V/(x;), x; # x; are.
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

Temporal Difference Learning

Select a sequence of step sizes {a}+>0 beforehand. Start off iterations
with v = 0.

In terms of programming, TD update is very simple:
V(Xe) = V(Xe) + ae(Wers + 7V (Xe1) — Ve(Xe))
For analysis, at time t, define the TD error:
Ser1 = Wey +7Vi(Xes1) — Ve(Xe),

and update v; as follows:

N Vi(x) + aedern if Xe = x;
vV, ) =< Y 7
rr1(x)) { Vi(x7), otherwise.
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

Convergence of Temporal Difference Learning

See Section 2.1.1 of the book by Csaba Szepesvari.

Theorem

If all states are visited infinitely often and we select step size satisfying the
Robbins-Monro conditions

[eS) o)
E o = 00, g a2 < oo.
n=0 n=0

Then the estimated value vector Uy converges to the true value vector v
almost surely.
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LCUPCIEIIBI NI RETGINEA  One-Step TD Learning

Advantages of Temporal Difference Learning

Vis updated at each time step.
Bootstrapping: Current estimate is based on previous estimate.
Markov process need not have any absorbing states.

If there are absorbing states, even partial episodes are useful.
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G =p D (S
Relationship to Monte Carlo Return

The Monte Carlo return over an episode can be expressed as a sum of
temporal differences. Define

T—t

Gt = Z Y Weyria
=0

to be the total return over an episode starting at time t and ending at T.
Then G; satisfies the recursion

Gt = Wi +7Geqa-
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One-Step TO Learning
Relationship to Monte Carlo Return (Cont'd)

So we can write

Gt — V(Xt) = Wt+1 + "}/GH_l V(Xt)
= Wep1 4+ 761 — V(Xe) = 7V (Xer1) + 7V (Xei1)
= 0t +Y(Grr1 — V(Xey1)).

Now repeat until the end of the episode, when both G1; and \A/(XTH)
are zero (because Xt is an absorbing state). This leads to

T—t
— V(Xt) = Z ’YT(St_;H—.
=0

Note: We assumed here that V is not updated during the episode
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Temporal Difference Learning One-Step TD Learning
MC vs TD

Book by Csaba Szepesvéri shows two examples in Section 2.1.2 one in
which MC is slower to learn whereas in the other TD is slower (but only
for a specific state)

When comparing TD and MC methods, Sutton & Barto (2nd ed) state:
“At the current time this is an open question in the sense that no one has
been able to prove mathematically that one method converges faster than
the other. In fact, it is not even clear what is the most appropriate formal
way to phrase this question!”
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Temporal Difference Learning Multi-Step TD Learning
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Mult-Step TD Learning
Multi-Step TD Learning: Philosophy

Define the return o
Githi= ZVth+r+1-

7=0

Then with / =1 we get
GE = Gy = Ry,
Easy to verify that
V(Xe) ~ GE 4+ 4V (Xeis).

(Analog of one-step recursion). Can we use this to define a “multi-step”

temporal difference?
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AT
Multi-Step Temporal Difference

If v = v, the true value vector, then

E[GH +~'V(Xey)) — V(Xe)|Xe = xi] = 0.
Let us define
Sti1:= G 441V (Xers) = V(X0).

Then we can think of (5£+1 as an /-step temporal difference.
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AT
Multi-Step TD Updating Rule

\71_-+1(Xj) — { \/{t(XJ) + atéé_;'_l If Xt = va

Ve(x), otherwise.

Advantages?
Convergence Analysis?
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Temporal Difference Control [EESJARSYA
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SR
SARSA: On-Policy Control

SARSA = State, Action, Reward, State, Action

@ Once a policy 7 is fixed, the associated state sequence {X;} is a
Markov process.

So is the process {(X¢, Ut)} (even if m € I,).

The associated action-value function Q; : X x U/ — R can be viewed
as a “reward” on the joint Markov process{(X:, U;)}.

@ It satisfies the recursion

(]

Qulivu) = RO )+ aQr(g,m(x)) if 7 € My
j=1

= R(xi, uk) + vE[Qr (Xet1, m(Xe1)) (X, Ur) = (xi uk)]-

It can be learned using a TD scheme just we can learn V.
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SARSA
Estimating @, for a Specific Policy

Given a sample path {(X¢, U, Wei1)}e>0.

Start with some initial guess for @,T.
If CA)F is exact, then

E[Res1 +7Qr(Xew1, m(Xes1)) — Qn(Xe, U)| Xe, U] = 0.

Update the guess according to
OW(XL‘; Ut) — @w(Xt, Ut) + Oét[Wt+1 + VQTr(Xt+1> Ut+1) - @w(Xt, Ut)]-

for the current pair (X¢, U); do not adjust Q.. for other pairs.
@ Reduce a; to zero.

@ This converges to Q; if every pair (x;, ug) is visited infinitely often.
(This requires that 7(x;|ux) > 0 for all (x;, uk).)
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SARSA
Converging to an Optimal Policy

We can in parallel update the policy 7 using an e-greedy approach on the
current policy, as before: Define

k* = arg min Oﬂ'(xia Uk)ﬂﬁ(&') = Ug~,
ueU

|

k # k*

All policies are functions of t.

S

<

Reduce € to zero over time. Then perhaps ¢ — 7* and Q — Q* as
t — oo.
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Temporal Difference Control Q-Learning
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Temporal Difference Control Q-Learning

Reprise: The Action-Value Function

Recall the action-value function Q : X x U — R:

Qr (i, uk) == Ex Zv <(Xe)|Xo = xi, U = u

Q satisfies the recursion
n
Qnr(xi, uk) = R(xi, uk) +7 Y af Qu(xj, 7(x)))-
j=1
The optimal function Q* satisfies the recursion
Q*(xi, ux) = R(x;, ug) + 72 a:k max Q* (xj, wy).
=

Ambuj Tewari (UMich) STATS 701: TD methods Winter 2021 27/33



Temporal Difference Control Q-Learning

Reprise: Action-Value to Optimal Value to Optimal Policy

Recall the Bellman equation:

V*(x;) = max R(xi, u) + ;} a4 V*(x;)
j€ln

Therefore it is clear that

V*(x;) = max Q*(x;, u).

ueU
This leads to a Bellman equation for Q*:
Q* (i, uk) == R(xi, u) +7 ) _ ajf max Q(xj, wi).
Jeln]
Once we know Q*, it is easy to determine the optimal policy, via

7 (x;) = arg max Q*(x;, uk).
ueU

Ambuj Tewari (UMich) STATS 701: TD methods Winter 2021 28/33



Q-Learning
lterative Method to Estimate Q*

Start with some arbitrary Q: X xU — R. Choose a sequence of positive

step sizes {at}+>0. As the time series {(X¢, Ur, Wei1) }e>0 is observed,
update function @ as follows:

Q(Xt, Ut) = Q(Xh Ut) + at(Wt—i-l + 7 mgé O(Xt—i-l, Uk) - é(Xh Ut))
ug

Need to maintain sufficient exploration: e.g., choose U; to be e-greedy
w.r.t. current @
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Temporal Difference Control Q-Learning

Convergence Result

Note: The Reward R is permitted to be random.

Theorem

Suppose each state-action pair is visited infinitely often and the
Robbins-Monro step size conditions

o0 [e.9]
E p = 00, E Oé% < 0.
n=0 n=0

are satisfied. If there exists a finite constant Ry, such that
|R(Xt, Ut)| < Rm, then

Qe(xi, uk) = Q*(xi,ux) ast — oo, Vx; € X, ux €U, a.s.
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Temporal Difference Control Q-Learning
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