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Abstract: We consider the problem of best subset selection (BSS) under the well known
high-dimensional sparse linear regression model. Recently, Guo et al. (2020) [10] showed
that the model selection performance of BSS depends on a certain identifiability margin, a
measure that captures the model discriminative power of BSS under a general correlation
structure that is robust to the design dependence, unlike its computational surrogates such
as LASSO, SCAD, MCP, etc. Expanding on this, we further broaden the theoretical under-
standing of BSS in this paper and show that the complexities of the residualized signals,
the portion of the signals orthogonal to the true active features, and spurious projections,
describing the projection operators associated with the irrelevant features, also play fun-
damental roles in characterizing the margin condition for model consistency of BSS. In
particular, we establish both necessary and sufficient margin conditions depending only on
the identifiability margin and the two complexity measures. We also partially extend our
sufficiency result to the case of high-dimensional sparse generalized linear models (GLMs).
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1. Introduction

Variable selection in high-dimensional sparse regression has been one of the central topics in
statistical research over the past few decades. Consider n observations {(x;, y;)}_, following
the linear model:

yi=x:ﬂ+8,~, ied{l,..., n}, (D)

where {X;};c[n] are fixed p-dimensional feature vectors, {&;};c[,] are i.i.d. mean-zero noise,
and the signal vector B € R? is unknown but is assumed to have a sparse support. In matrix
notation, the observations can be represented as

y=XB+¢,

wherey = (y1,...,y) ", X = (X1,...,X,) ", and & = (&1,...,&,)". We consider the stan-
dard high-dimensional sparse setup where n < p, and possibly n <« p, and the vector 8
is sparse in the sense that [|B]|, := Zle 1(B; # 0) = s, which is much smaller than p.
In this paper, we focus on the variable selection problem, i.e., identifying the active set
S = {j : B # 0}. We primarily use the 0-1 loss, i.e., P(§ # 8), to assess the quality
of the selected model S.

One of the well-studied methods for variable selection in high-dimensional sparse regres-
sion is to penalize the empirical risk by model complexity, thereby encouraging sparse solu-
tions. Specifically, consider

B = argmingcz, L(B) +pen, (B),

were L(f) is a loss function and pen,(f) is the penalization term that controls the model
complexity. Classical methods such as AIC [2, 3], BIC [18], Mallow’s C), [16] use model
complexity as penalty term, i.e., {o-norm of the regression coefficient, to penalize the nega-
tive log-likelihood. Although these methods enjoy nice sampling properties [4, 26], such £y
regularized methods are known to suffer from huge computational bottleneck [9]. This mo-
tivated a whole generation of statisticians to develop alternative penalization methods such
as LASSO [21], SCAD [8], MC+ [24], and many others that have both strong statistical
guarantees and computational expediency.

However, after recent computational advancements in solving BSS [5, 6, 29], there has
been growing acknowledgment that BSS enjoys significant statistical superiority over its
computational surrogates and has inevitably motivated statisticians to investigate the prop-
erties of BSS. For example, through extensive simulations, [11] shows that BSS performs
better than LASSO in high signal-to-noise ratio regime in terms of the prediction risk. [12]
showed that a wide family of iterative hard thresholding (IHT) algorithms can approximately
solve the BSS problem, in the sense that they can achieve similar goodness of fit with the best
subset with slight violation of the sparsity constraint. [15] studied the optimal thresholding
operator for such iterative thresholding algorithms, which manages to exploit fewer variables
than IHT to achieve the same goodness fit as BSS. Recently, [19] proposed an algorithmic
framework based on quantile-thresholding that iteratively optimizes £>-penalized BSS objec-
tive function and can achieve model consistency under certain regularity conditions on the
design. On the theoretical side, [10] showed that the model selection behavior of BSS does
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not explicitly depend on the restricted eigenvalue condition for the design [7, 22], a condi-
tion which appears unavoidable (assuming a standard computational complexity conjecture)
for any polynomial-time method [27]. Specifically, they show that BSS is robust to design
collinearity. Under a particular asymptotic regime and independent design, [17] further es-
tablished information-theoretic optimality of BSS in terms of precise constants for the signal
strength parameter under weak and heterogeneous signal regimes.

In this paper, we also study the variable selection property of BSS and identify novel quan-
tities that are fundamental to understanding the model consistency of BSS. Specifically, we
take the geometric alignment of the feature vectors {X} je[,] into consideration to produce a
more refined analysis of BSS, and show that on top of a certain identifiability margin [10], the
following two geometric quantities also control the model selection performance of BSS: (a)
Geometric complexity of the space of residualized signals, and (b) Geometric complexity of
spurious projections. We show the explicit dependence of these two complexity measures in
our main results and demonstrate the interplay between the margin condition and the under-
lying geometric structure of the features through some illustrative examples. In the process,
we also point out the existence of a design that is more favorable to BSS than the orthogonal
design, which is commonly believed to be the easiest case for model selection. To the best of
our knowledge, this is the first work that identifies the underlying geometric complexity of
the feature space as a governing force behind the performance of BSS.

The rest of the paper is organized as follows. In Section 2 we discuss the preliminaries
of BSS. Section 3 is devoted to the discussion of the key quantities, i.e., identifiability mar-
gin and the two complexities. In particular, Section 3.1-3.3 carefully introduce the notion
of identifiability margin and the two novel complexity measures. In Section 3.4, we build
intuition for understanding the effect of these two complexities with varying correlation. In
Section 4, we present both sufficient (Section 4.1) and necessary (Section 4.3) conditions for
model consistency of BSS. We also partially extend our result to GLMs and present a similar
sufficiency result for model consistency in Section S2 of the supplementary material.

Notation. Let R denote the set of real numbers. Denote by R” the p-dimensional Euclidean
space and by RP*4 the space of real matrices of order p X ¢q. For a positive integer K, denote
by [K] the set {1,2,...,K}.

Regarding vectors and matrices, for a vector v € R”, we denote by ||v||, the £,-norm of v.
I, denotes the p-dimensional identity matrix, and 1,, € R? denotes the p-dimensional vector
with all entries equal to 1. For A € RP*P, we denote by A; and a; the jth column and the
transposed jth row of A respectively. We use col(A) and col(A)* to denote the columnspace
of A and its orthogonal complement respectively.

Let (M, d) be a metric space where M is a set endowed with the metric d. For a subset
T c M, we denote by N(T,d, &) the e-covering number of 7. Similarly, we denote by
M(T, d, ) the e-packing number of 7.

Throughout the paper, let O (-) (respectively €(-)) denote the standard big-O (respectively
big-Omega) notation, i.e., we say a, = O(b,,) if there exists a universal constant C > 0, such
that a,, < Cb,, (respectively a,, > Cb,,) for all n € N. Sometimes for notational convenience,
we write a,, < b, in place of a, = O(b,) and a,, = b, in place of a,, = Q(b,). We write
a, < by ifa, = O(by) and a,, = Q(b,,). Finally, we write a,, ~ by, if lim,_,. a, /b, = 1, and
a, = o(b,) iflim,_,« a, /b, =0.
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Table 1
Notations for the geometric sets and corresponding complexity measures.

Geometric Sets Residualized signals (scaled) Spurious projections
Notation ¥ p forall D # S (Eq. (7)) Pp — Py forall D # S (Eq. (2) and (9))
Collection sets 79 such that 7 = S 1 D (Eq. (7)) 6% such that 7 = S n D (Eq. (7))
Upper scaled complexities &5 (Eq.(8)) & (s (Eq.(10))
T 97
Lower scaled complexity &* . (Eq. (16)) &* _ (Eq. (18))
T(S) g(‘)
T T
Diameter D_® D (5
Tr 97
Minimal ti 5 5
inimal separation d,]}(s) dg}q)

Brief summary of main contributions. Before diving into the mathematical details, we
first lay out a brief summary of the main results of the paper. As mentioned before, the main
contribution of the paper is to identify the role of two quantities related to the complexities
of the residualized signals and the spurious projections in the model recovery performance of
BSS. To elaborate more on this, we revisit a specific identifiability margin 7.(s) (introduced
in [10] and Equation (4)) that essentially captures the joint effect of the signal strength and
the collinearity among the true and spurious features arising from mutual correlation between
them. If the minimum signal strength Smin := min{|3;| : j € S} is large and the correlation
between true and spurios features are small, then 7.(s) is large, which makes it easier for
BSS to identify the true support S. Next, we introduce the two complexity measures of the

set of residualized signals ‘7}(S) and the set of spurious projections Q}S) (see Table 1):

1. Complexity of residualized signals: In Section 3.2, we introduce the complexity mea-
sure for the class of residualized signals y 5, (see Equation (6)) originating from the
part of the true signal Xgf s that can not be linearly explained by a model O with
D NS = 1. To be prices, we consider a scaled log-entropy integral of the space of
resulting unit vectors ¥ 5, which we denote by cg’Tm (see Equation (8)).

2. Complexity of spurious projections: Section 3.3 ifltroduces the complexity measure for
the the spurious projection operators Py — P (see Equation (2) and (9)) which are the
orthogonal projection matrices onto the subspace col(Xp) Ncol(Xg)* with DNS = 7.
Similar to the previous case, the proposed complexity measure is a scaled version of
the log-entropy (under operator norm) integral of the space of spurious projection (see
Equation (10)) which is denoted by éag}s).

Both of this complexities can be linked to the diameter of the set of residualized signals
7}(S) and the spurious projections Q}S) respectively under proper choices of metrics. It is
important to note that depending on the structural properties of the design matrix X, the
intrinsic complexity of the sets might be much smaller compared to the vanilla complexity
measure that is often associated with just the cardinality of the sets. We elaborate on this
through the following example.
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Example 1. Let us consider the case when the dimension p = 3, i.e,

X = [eq, (e] +6€2) /(V1 +62), (&1 + de3)/ (V1 +62)] € R™3

where e, e, e3 are the first three canonical basis of R", and 6 ~ 0. Also assume that the true
support is S = {1}. For any other candidate model D of unit size, we have D NS = @.
Therefore, we have the set of spurious projections to be QQ()I) = {Py2y,Py3,}. Then, we
have HP{z} - P{g}”()p =6/V1 + 6% < 6, and hence logN(gél), Illop - 0") = 0 for all 6" > 6.
Therefore, overall complexity of the spurious projections, which is integral of the log-entropy,
is much smaller compared to the log-cardinality of the set which is log 2 in this case. A more
detailed study can be found in Section 4.2.

Therefore, considerations of these quantities will result into sharper results on the margin
conditions required for 7.(s) (see Theorem 1) in order to have model consistency of BSS.
Informally, one of our our main results Theorem 1 shows that

7.(8)

o2

> max {max fz(s) ,max &2
n

logp
7cs 7 1cs 6%

is sufficient for model consistency of BSS. The above condition reveals an interesting in-
terplay between the two complexity measures that shows that only the set of dominating
complexity measure characterizes the model recovery performance. Moreover, the above con-
dition allows us to artificially construct an example with a specific correlation structure in the
design matrix which is more favorable for BSS compared to the independent Gaussian design
(see Section 4.2) case which is popularly believed to be the easiest setting for model selec-
tion. Finally, in Theorem 2, we also present a somewhat similar necessary condition that also
involves the complexity measures (fourth row of Table 1) of the residualized signals and spu-
rious projections. In the supplementary material, we also present an extension of Theorem 1
under the GLM case, i.e., we also provide similar complexity measures tailored to the GLM
models under some regularity assumptions on the design and the link function.

2. Best subset selection

We briefly review the preliminaries of BSS, one of the most classical variable selection ap-
proaches. For a given sparsity level s, BSS solves for

Brest(3) 1= argming g 5y <5 Iy = XBI13 -

For model selection purposes, we can choose the best fitting model to be §best(§) ={j:
[ﬁbest(fv)]j # 0}. For a subset D C [p], define the matrix Xp = (X;;j € D). In addition,
we denote by Py the orthogonal projection operator onto the column space of X, i.e.,

Py = Xp (X[ Xp) 'XJ,. (2)
Next, we define the corresponding residual sum of squares (RSS) for model D as

Rp =y (L, -Pp)y.
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With this notation, the §best('s) can be alternatively written as

Shest(5) 1= argming (), p|<s Ro- ?3)

Given any candidate model D C [p], we can rewrite the model (1) as

Yy=XsBs+&=PpXsBs+ (I, —Pp)Xs\pBs\p + &

The term (I, — Pp)Xs\pBs\p is the residual part of the signal that can not be linearly
explained by X 5. We refer to this part as the residualized signals. We can thus measure
the discrimination between the true model S and a different candidate model D through the
quantity n~'||(I, - Pp)Xs\0Bs\pll3-

Let T := n~'XTX be the sample covariance matrix and for any two sets Dy, D, C [p],

)3 »,,D, denotes the submatrix of X with row indices in 9 and column indices in D,. Next,
we define the collection &% = {D C [p] : D # S, |D| =5}, and for D € <% write

—~ —~ _~1 ~
['(D) =Zs\p,5\D —~ E8\D,0Xp. pED,S\D-

In the Gaussian design case, the above quantity can be identified as the empirical version
of the conditional variance-covariance matrix cov(Xs\p | Xp). Therefore, I'(D) roughly
captures the degree correlation between the features in X\ p and Xp. To understand the
above quantity more clearly, note that

_ _ 2
B5 ol (D)Bs\p =n"" (L, = Pp)Xs\pBs\pll3 = 1" [|(1, - Pp)XsBs]|, -
This shows that ﬁg\ pl (D)Bs\p captures the goodness-of-fit for model D. Intuitively, if

BE\DF(Z))BS\D is very close to zero, then there exists b € RI?! such that XsB¢ ~ Xpb.
Hence, S and D have similar linear explanatory power, and the true model S becomes prac-
tically indistinguishable from D. In fact, the following lemma shows that ﬂ;\ »L (D)Bs\p
needs to be at least bounded away from O for all D € 2% to make S identifiable.

Lemma 1. For any given's > 0, if there exists a D € <t such that ﬂ;\DF(Z))ﬂS\D =0,

then there exists b € RY such that X 8 s = Xpb. Hence, both XsB g and Xpb generates the
same probability distribution fory, and S becomes non-identifiable.

Now we are ready to introduce the identifiability margin that characterizes the model dis-
criminative power of BSS and the two complexity measures.

3. Identifiability margin and two complexities
3.1. Identifiability margin

The discussion in Section 2 motivates us to define the following identifiability margin:
() = min Bs\pT(D)Bs\p
S Deos IS\ DI
If we define % ;. = {D € &% : |S \ D| = k}, then the above can be rewritten as

.
7.(5) = min min 'BS\DF(@)'BS\D
* ke[s] De s k :

4
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As mentioned earlier, the quantity 7.(s) captures the model discriminative power of BSS.
To add more perspective, note that if the features are highly correlated among themselves
then it is expected that 7..(s) is very close to 0. Hence, any candidate model D is practically
indistinguishable from the actual model S which in turn makes the problem of exact model
recovery harder. On the contrary, if the features are uncorrelated then 7. () becomes bounded
away from 0 making the true model S easily recoverable. For example, [10] showed that
under the condition

1
.(s) 2 ng, 5)

BSS is able to achieve model consistency. In general, Condition (5) is less restrictive than the
well known SB-min condition which demands

logp 172
ﬂmm=r_nin|ﬂj|20( ) )
JjeS

To see this, let A,, := Mingpey, Amin (I'(D)) where Apin (I'(D)) denotes the minimum eigen-
value of I'(D), and note that 7.(s) > /imﬁzmm. Thus a sufficient condition for (5) to hold is
Bmin 2 o{log p/(nd,)}"/?. In comparison, [26] showed that the £-regularized least square
estimator is able to achieve model consistency when Bnin = o{log p/(nk_)}'/?, where
K- :=mingp:| p|<s,Dc[p] /lmin(f ). The latter condition is very sensitive to the feature corre-
lation as «x_ can vary drastically depending on the degree of correlation between the features.
In contrast, A, is robust against design dependence; rather, it reflects how spurious variables
can approximate the true model, which implies much less restriction than that induced by
x—. For more details on the identifiability margin, we point the readers to Section 2.1 of [10].
From now on, unless otherwise mentioned, we will assume that the margin quantity 7..(s) > 0
to avoid the non-identifiability issue as pointed out in Lemma 1.

Next, we will shift focus on the underlying geometric structures of two spaces that govern
the difficulty of the BSS problem (3). We identify the complexities of two types of sets that
control the hardness of BSS: (i) the set of residualized signals, and (ii) the set of spurious
projections. We discuss these two sets, and the associated complexities in detail below and
Table 1 compiles important notations and quantities related to the aforementioned sets.

3.2. Complexity of residualized signals

We start with the definition of the residualized signal. For a candidate model D € 2%, define

vp =121, - Pp)Xs\0Bs\ p- ©)

and the corresponding unit vector ¥, = ¥/ ”71)”2' Note that ¥ 5 is well-defined as

||7/ D”i > 7.(5) > 0. As mentioned before, ¥ 5, represents the part of the signal that can
not be linearly explained by the features in model ©. Note that the margin condition (5)
essentially tells that the vectors y o are well bounded away from the origin. However, this
property does not quite capture the degree of their radial spread in R”. It may happen that de-
spite being well bounded away from the origin, the vectors are clustered along one common
unit direction. For example, in Figure 1, the distance between y 5, and y o, are large as the
vectors are at a larger distance from the origin, although the angular separation between them
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?Dl -_V:YD
4«-‘ ---¥p,
Y,

Unit sphere

Fig 1: Distance between ¥ 5, and ¥ ¢, correctly captures the angular separation.

is small. To capture this notion of separation within the vectors {y o} pec .z, We also need to
capture the spatial alignment of their corresponding unit vectors {¥ o} pe.z.. This motivates
us to consider the geometric complexities of this set of unit vectors. Specifically, for a set
I c 8, we define

7 = (Fp:DehSND =T} CR", @

which is the set of all the normalized forms of the residualized signals corresponding to the
models D € % with I as the common part with true model S. To capture the complexity of
these spaces, we look at the scaled entropy integral

* Jog N7, |11, £) de
(o@ (5) = /0 \/ ! 2 . (8)

T =
' Vlog |7,

The numerator in the above display is commonly known as entropy integral which captures
the topological complexity of 7'](5). In literature, this quantity has a connection to the well-
known Talagrand’s complexity [20], which often comes up in controlling the expectation of
the supremum of Gaussian processes [13, 14, 1]. In this paper, we look at the above scaled
version of the entropy integral which allows us to compare the quantlty with the diameter and
minimum pairwise distance between the elements of the set ‘7' $) To elaborate on this point,

define the diameter and minimum pairwise distance of ‘7}(3) as follows:

Dﬁq) = max_ lu-vl,, and d s := min_[u-v],.

I S
u,ve [ u,ve’]}

Now notice the following two simple facts:
log N(T,7. [l D7) = 0. log N (7,7, [l d7;) = log | 7].

Noting that log N (7}(3), I-l2 , 6) is a decreasing function over J, we finally get
d7}<;> < (5"7}@ <D @

I
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This shows that the quantity &, 74 roughly captures the average separation of the elements

within ‘7}(5). In our subsequent dlscussion, we will show that @“’7.@ heavily influences the
I

margin condition for exact recovery. This is indeed an important observation, as the com-
plexity of the set of residualized signals depends heavily on the association between the
features. For example, they can differ vastly for highly correlated designs compared to al-
most uncorrelated designs. Hence, the effect of c5"7_<§) on the exact model recovery also varies

I
significantly across different classes of distributions and leads to sharper margin conditions
for exact model recovery.

3.3. Complexity of spurious projections

In this section, we will introduce the space of projection operators that also control the level
of difficulty of the true model recovery. Similar to the previous section, for a fixed set 7 C S,
we consider the set

G = {Pp-Pr:DehSND=TI}CR™, 9)

It is a well-known fact that every projection operator of the form Py — P [ € g< %) has a one-

to-one correspondence with the subspace col(Xp) Ncol(X7)*. Thus, g 7 ) can be thought of
as the collection of all linear subspaces of the form col(X ) Ncol(X )+, which is essentially
the set of spurious features that can not be linearly explained by the set of features in model
I c 8. To capture the proper measure of complexity of the set g}‘), it is crucial to induce the
space of projection operators with a proper metric. It turns out that Grassmannian distance is
the correct distance to consider in this context. Specifically, for two linear subspaces U, V we
look at their maximum sin-theta distance:

d(U, V) = [0y =Ty,

where Iy, Iy are the orthogonal projection operators of U, V respectively. It turns out that
d(U, V) evaluates the trigonometric sine function at the maximum principal angle between
the subspaces U and V (see Figure 2). We point the readers to [23] for a more detailed
discussion on this topic.

Under this distance, we define the scaled entropy integral as

* JIog NG, [I-llop - €) de
E ) = Jo \/ ! P . (10)

g —
! Jloglg|

Note that, unlike 6"745), the complexity measure & G has no dependence on S or the resid-

ualized signal. Thus & G roughly captures the geometrlc complexity of only the spurious
features. In fact, via a 51m11ar argument as in Section 3.2, it can be shown that d < é" © <

D

G

G f) , Where

d min ”U_VHop’ D

g(E) = R
T uveg? I uveg?



d(U,V) = sin(6,)
U

Fig 2: The figure shows the two principal angles between two subspaces U and V. {u,u"}
are the two orthonormal basis of U, and v is an orthonormal basis of V. 6, is the maximum
principal angle between U and V.

Thus, é"gm only captures the separability in the set of subspaces generated by the spurious
I

features. The main motivation behind considering such quantity is to capture the influence
of the effective size of the set {Qf,s) } rcs in the analysis of BSS. A naive union bound only

uses | gff)| = ({ I_jl) as a measure of complexity of the set Ql@. This is rather loose, as

the effective complexity of the set is much smaller if & G® is small. Thus, taking & G® into
I

I
account unravels a broader picture of the effect incurred by the underlying geometry of the
feature space.

3.4. Correlation and complexities

From the discussion on the two complexities, it is quite evident that both of the complexity
measures heavily rely on the alignment of the feature vectors {X; : j € [p]}, which directly
depends on the correlation structure among the features in the model. Below, we discuss how
these two types of complexities may vary with correlation among the features.

Correlation and spurious projection operators: We first focus on the set Ql(.s), as it is
relatively easy to understand its behavior across different correlation structures. Recall that
for a fixed choice of 7, the set g}” is the collection of all the projection operators of the form
Py — P for all D € %, which can be thought of as the collection of different subspaces
generated by the linear combination of the spurious features. If the spurious features are
highly correlated then these subspaces may be essentially indistinguishable from each other,
i.e., the mutual distance between the projection operators {Pp — Pr}pc . is significantly
smaller compared to the case when they are weakly correlated. As an example, let us consider
the equi-correlated Gaussian design, i.e., the row vectors {x;};e[,] of X in (1) follows i.i.d.
mean-zero Gaussian distribution with covariance matrix

E=(1-rI,+ rlpl;
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Maximum principal angle: 60.11°, r = 0.0 Maximum principal angle: 9.53°, r = 0.9

—— Subspace 1 —— Subspace 1
—— Subspace 2 —— Subspace 2

sixe Z
sixe Z

() (b)

Fig 3: (a) shows the angle between spurious features in Qé,l) for r = 0, (b) shows the angle
between spurious fi ing." =
purious features in G * for r = 0.9.

For the sake of simplicity, we also assume that the true model is a singleton set. In particular,
we consider S = {1} and set s = 1. Also, note that in this case @4 = {j € [p] : j # 1} and
I = @. Under this setup, we have G = {XJ-X]T./HXJ-H; :j ¢ Stand n7!|X; - Xk||§ ~
2(1 —r), forall j,k # 1. If r is very close to 1 in the above display, then it follows that the
vectors {X;/+/n} ;21 are extremely clustered towards each other, and as a result, the spuri-
ous projection operators are also very close to each other in operator norm. Due to this, the
complexity measure & Gl becomes extremely small and the subspaces become almost indis-
tinguishable. In contrast when the features are approximately uncorrelated, i.e., r = 0, the
scaled features {X;/+/n} jz1 are roughly orthogonal. In that case the

n X - Xel[y ~ 2, forall jk # 1.

As an example, for p = 6 and s = 1, Figure 3 illustrates a similar phenomenon in 3-
dimension. Figure 3(a) clearly shows that for the case r = 0 the angle is larger compared
to the r = 0.9 case in Figure 3(b). This suggests that the linear spans generated by each of the
set of features {n~!/%2X; j}jz1 are well separated and & ol is well bounded away from zero.
Thus, it follows that the features are well spread out in R" This phenomenon indicates that a
higher correlation may aid the model recovery chance for BSS by reducing the search space
over the features. As we will see in our subsequent discussion in Section 4.2, the correlation
between noise variables can significantly help BSS to identify the correct model. Specifically,
we construct an example where the true variables are uncorrelated with the noise variables
and show that a high correlation among noise variables helps BSS to identify the correct
model. The intuition is that under the presence of correlation, the diversity of the elements
in g}” gets reduced as & 6 becomes small. Thus, BSS needs to search on a comparatively

smaller feature space rather than searching over all possible (Eli |_j_|) models, which in turn
aids the probability of finding the correct model out of the other candidate ones. Thus, the
smaller complexity of Ql(_s) counteracts the adverse effect of correlation to some degree, and

it may improve the model recovery performance of BSS.
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Maximum principal angles between subspaces, r=0.99

max principal angle = 84.93°

sixe Z

Fig 4: Maximum principal angle between the subspaces U := span{X;,X,} and V :=
span{X3, X4} for r = 0.99 under equi-correlated Gaussian design.

However, it is not necessary that the complexity will be small for a highly correlated
structure. For example, in the above case, if S = {1, 2}, then Q((;) might be closer to 1, i.e.,
the maximum principal angles between the subspaces are closer to 90° as shown in Figure 4.
Therefore, the complexity solely depends on the distribution and correlation structure of the
design matrix and may behave differently on a case-by-case basis.

Correlation and residualized signals: Now we shift our focus to understanding the be-
havior of the set of normalized residualized signals denoted by 7}(5). Recall that for a fixed
7, the set 7}(3) denotes the collection of all the unit vectors ¥ ,, (defined in Section 3.2) such
that D NS = 7. Similar to gf), the complexity of the set 7}(5) also depends on the cor-
relation structure among the features. To elaborate more on this, we revisit the example of
equi-correlated Gaussian design with correlation parameter » and S = {1}. We denote by P;
the orthogonal projection operator onto the span of X;, i.e., P; = X jX]T. / ||X 1”5 . Similar to
the previous section, in this case also the set ‘7;1) consists of the scaled residualized signals
that take the following form for large n with high probability:

(]In - Pj)X] X] - I‘Xj

= ~ R { 17 +1.
a—epxifl,  Xi-x ],

Y

Also, note that

YiVk =
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Since, f(r) is a strictly decreasing function on [0, 1), and ||57j - 77k||§ =2(1 - 57;-57,(), it

follows that dg; > 1/2 when r is very close to 1. On the contrary, when r = 0, the above

display suggests that D) ~ 0, i.e., for uncorrelated design, the complexity é?m of the set
%] )

7;(1) is smaller compared to the highly correlated case which is in sharp contrast with the
behavior of & ().

However, it is worth pointing out that the above property of (5"721) is very specific to the
above considered model. There may exist a correlated structure where higher correlation
among noise variables does not increase é"%m (see Section 4.2), and improves the chance
of identifying the correct model via BSS. However, understanding such a phenomenon for a
more general design could be significantly more challenging.

4. Theoretical properties of BSS
4.1. Model selection consistency of BSS under known sparsity

This section illustrates the interaction between the identifiability margin (4) and the two com-
plexities that characterize the sufficient condition for the exact model recovery. From here on,
we assume that the true sparsity is known, i.e., we set s = s in (3), and BSS searches the best
model out of all possible models of size s. We now introduce a technical assumption that es-
sentially prevents the noisy features from becoming highly correlated with the true features:

Assumption 1. The design matrix X enjoys the following property:

jr_nclg 5@:) > {log(ep)} ™"/

The above assumption ensures that the noisy features are distinguishable enough from the
active features in order for BSS to identify the active features. To see this, consider the case
when the noise variables are highly correlated with the true features {X;} ;cs. In this case,
the projection operator Py — P; can be written as (I, — Pr)Pyp forall D e gl(f), whenever
I # @. As the features in {X; : j € D \ S} are highly correlated with X7, it follows that
IPp —Prllo, ~ 0 and by triangle inequality it follows that [[Pp — Py, = O for any two
candidate models D and D’ such that D NS = D’ NS = 7. Thus, Assumption 1 gets rid
of such cases by indirectly controlling the correlation between the active features and noisy
features. Secondly, the assumption also enforces diversity among the noise variables in the
following sense: If the features {X; : j ¢ S¢} are too similar to each other, then also & G
shrinks towards 0. Thus, Assumption 1 prevents the noise variables from becoming extreméTIy
correlated with each other.

Assumptions with similar spirits are fairly common in the literature on high-dimensional
statistics. For example, the well-known Sparse Riesz Condition (SRC) [25] assumes that
there exist positive numbers «_, k; and ¥ > 1 such that

2
1Xvll3

n

< < k4, forallve{ueR?:|ul,=1,]ul,< ¥s}. (11)

The above SRC condition controls the maximum and minimum eigenvalues of all the models
of size s, which essentially prevents the features to become extremely correlated with each
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other. In comparison, Assumption 1 is much weaker than SRC condition in two aspects. First,
unlike the SRC, Assumption 1 imposes conditions only over (2° — 2) models, whereas SRC
imposes conditions on Q((p/s)L¥*)) many models. Second, the lower bound requirement in
Assumption 1 is rather weak as the bound decays with increasing ambient dimension and
allows a higher degree of correlation among the features. In other words, SRC condition (11)
implies the condition in Assumption 1, and we formalize this claim below.

Proposition 1. Let the columns of X be normalized, i.e., ||X j”2 = +/n. Also, assume that

there exist positive constants k_, k;. such that the SRC condition (11) holds with ¥ = 2. Then

the condition in Assumption 1 also holds for large enough p, i.e., minycg & G 2 K_[Kky >
I

{log(ep)}~Y/2. Furthermore, the implication in the other direction is not true in general.
Next, we assume that the noise in model (1) is sub-Gaussian.

Assumption 2. The noise {g;};c[n] in model (1) are i.i.d. mean-zero o -sub-Gaussian noise,
i.e., max;e[,] Eexp(te;) < exp(c2t2/2) forall t € R.

Now we are ready to state our main sufficiency result.

Theorem 1 (Sufficiency). Under Assumption 1 and Assumption 2, there exists a positive
universal constant Cy such that for any 0 < n < 1, whenever the identifiability margin 7.(s)

satisfies
7.(5) S
o2
G 1 log| i (12)
— 9% Imax{max &2, max&? !+ og(es) Vloglog(ep) | log(ep)
(1-n)? 7cs 7 1cs 6% log(ep) pa—
we have

{Spest ()} € {5: S| =5, Rg < hin, Rp +mm(S)} = {S},
with probability at least 1 — O({s V log p}~"). In particular, we have S = arg ming ., Rp
with high probability.

The proof of the above theorem is present Section S1.3 of the supplementary material. The
above theorem gives a sufficient condition for BSS to achieve model consistency. The above
theorem states that under the margin condition (12) the true model S is the optimizer of the
BSS problem. Furthermore, the parameter n quantifies the magnitude of the sub-optimality
gap. For n > 0, the above theorem shows that Ry — Rs > nnt.(s) for any D € o, i.e, the
gap between the optimal RSS value Rs and the next smallest RSS is more pronounced for
larger values of . However, this is more demanding than just the requirement for Rs being
the optimal value, and hence the margin condition (12) is more stringent for > 0 compared
ton = 0 case.

Next, note that the margin condition (12) involves the identifiability margin 7..(s) and the
two complexities associated with the sets of residualized signals and spurious projection op-
erators. This condition reveals an interesting interplay between the identifiability margin and
the two complexities. To highlight this phenomenon, it is instructive to consider the case when
the true model S = {1} and X is orthogonal to the spurious features {X;} ;1. However, the
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spurious features are allowed to be extremely correlated to each other. As mentioned in the
independent block design example in Section 4.2, in this case, both of the two complexities
are small for higher correlation among the spurious features, whereas 7..(s) remains roughly
unaffected by the strength of correlation. Thus, the margin condition (12) becomes less strin-
gent with increasing strength of correlation, and the performance of BSS should improve. To
illustrate this phenomenon, we consider a simulation setup with p = 2000, n = 500, and s = 1.
We generate X from independent Gaussian block design mentioned in Section 4.2 with the
cross-correlation ¢ = 0, and r € [0, 1) being the correlation within the noise variables. Thus,
r = 0 corresponds to the independent Gaussian design. We set g = (0.1,0,...,0)T € RP,
and the errors {&;};c[n] are generated in i.i.d. fashion from N(0, 1). Finally, the response y is
generated according to model (1). Assuming s is known, we use ABESS [29] as a fast com-
putational surrogate for BSS. The left panel of Figure 5 shows that the mean model recovery
rate of ABESS (across 20 independent runs) increases as the correlation between the noise
variables increases to 1, which validates the findings in Theorem 1. The right panel of Figure
5 also shows that a similar phenomenon is true even for s > 1.

exact recovery rate
exact recovery rate

00 0.2 04 06 08 1.0
00 02 04 06 08 1.0

00 02 04 06 08 10 00 02 04 06 08 10

Fig 5: Model recovery rate of ABESS under independent block design.

On the other hand, as mentioned in Remark 1, under equicorrelated model with S = {1}
and high correlation, &, 70 remains strictly bounded away from O and it dominates & G-
However, the 1dent1ﬁab111ty margin 7.(s) becomes very small due to the high correlatlon
between the true and noise variables. Hence, the margin condition (12) becomes harder to
satisfy with increasing correlation. In the case of independent design, it turns out & Gl is
the dominating complexity measure. This is not surprising as under independent demgn the
features are more spread out in the feature space compared to correlated design, whereas
the residualized signals are more concentrated towards a single unit direction, making g%m
smaller compared to & 0F

The above discussion shows that apart from the quantity 7.(s), the complexity of residu-
alized signals and the complexity of spurious projection operators also play a decisive role
in the margin condition of the best subset selection problem. Specifically, the set with higher
complexity characterizes the margin condition in Theorem 1.
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We can further represent the condition (12) in terms of the diameter of the sets T; ) and

Ql(.s). To see this, recall that é"7_<s> < D74s) and &) < D s forall 7 ¢ S. Under the light
T Gr Gr

of this fact, we have the following corollary:

Corollary 1. Let the conditions in Assumption I and Assumption 2 hold. Then there exists

a positive universal constant Cy such that for any 0 < n < 1, whenever the identifiability
margin T.(s) satisfies

n(s) |
oz -
_ G0 o maxD? maxD? b4 . [logles) Vioglog(ep) | log(ep) (13)
(1-n)? 1cs 77 1cs 6y log(ep) n o’
we have
{gbest(s)} < {A |§| § 21)111?{ Rop +I’lT]T*(S)} = {S},

with probability at least 1 — O({s Vv log p}~"). In particular, we have S = arg mingc ., Rop
with high probability.
Corollary 1 essentially conveys the same message as Theorem 1, only under a slightly

stronger margin condition (13). However, in some cases, it could be comparatively easier

to give theoretical guarantees on the diameters D_s), D G rather than their corresponding
I I
complexity measures é"(]_{,s),é” G respectively. In the next section, we will discuss a few

I I
illustrative examples to further elaborate on the effects of two complexities.

4.2. Illustrative examples

In this section, we will discuss a few illustrative examples to highlight the effect complexities
of the two spaces described in Section 3.2 and Section 3.3.

Block design with a single active feature

Consider the model (1) where the rows of X are independently generated from p-dimensional
multivariate Gaussian distribution with mean-zero and variance-covariance matrix

1 clT_1
T = P ,
cl,y (l—r)I[p_1+r1p_11;_]

where ¢ € [0,0.997],r € [0, 1). We need to further impose a restriction

9 1-r
c-<r+
p-—1

to ensure positive definiteness of X. In this case, we also set the true model S = {1} and the
noise variance o = 1. Recall that in this case the sets of residualized signals and spurious
projection operators are denoted by 7;” and Qél) respectively. Under this setup, we have
the following lemma:
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Lemma 2. Assume that logp = o(n). Then under the above setup, there exist universal
positive constants C, L, M such that the followings are true with &, ;, = C{(log p)/n}'/?:

(a) For large enough n, p we have

2 2
— * 1 +
1 + Sn,p - (C Sn’p) 2 T (2) Z 1 - 8”,[7 - (C Sn’p)
l+e&,, B I —&np
=1+o0(1/p).

(b) For large enough n, p we have

2¢2(1 - 2¢2(1 -
P [max{M —Lsn,p,O} <d*, <D*, < 2e(-r) +Lsn,p]

P

1-c? TR T 1=
=1+o0(1/p).

(c) For large enough n, p we have

P

max{(l -r?) —Msn,p,O} < dzgg) < ngél) <(1-r? +Msn,p]

=1+0(1/p).

From part (b) and (c) of the above lemma, it follows that the complexity <5"7_<1> ~ 0 when
%)
¢ =0. For any fixed ¢ > 0 and r € [0, 1), we have

2¢2(1-r)
T T o 2

A detailed derivation of the result is present in Section S1.5 of the supplementary material.
Left panel of Figure 6 shows the partition of c-r plane based on the dominating complexity.
It is worthwhile to note that a high value r, i.e., a high correlation among the noise variables
results in a smaller value of the complexity terms in (12). However, Lemma 2(a) suggest
that 7.(1)/ ,8% ~ (1 = ¢?%), i.e., higher correlation between true and noise variables shrinks
the margin quantity 7.(1) towards 0. This suggests that a smaller value of ¢ and a higher
value r is more favorable to BSS than other possible choices of (r, ¢). We now discuss these
phenomena through some selected examples.

, and é";(l) ~(1—-r% forlargen, p. (14)

Independent design: In this case ¢ = r = 0. In this case (14) suggest that @“’;é , ~ 1.Onthe

other hand, we see that 572_(,) ~ 0. Thus, the complexity of spurious projections is dominant
%)

in this case. Also, in this case, 7.(1) = ﬁf which suggests that higher signal strength results
in a better performance in terms of model selection.

Independent block design: In this case, we set ¢ = 0 and we vary r in (0, 1). Note that (14)
tells that éa;(l) ~ 0, and 5’;(1) has a decreasing trend with » € (0, 1). This suggests that the

independentz block design with a high value of r is more favorable for BSS to identify the true
model compared to the independent random design model in the previous example. Finally,
noting the fact that 7,(1) ~ 82, we can conclude that for high values of r, the sufficient
condition in Theorem 1 becomes less stringent.



18 Roy et al.

P 0.9 08
0.8

o
o

-

06 L 03

Complexity

o
©

o

o

o
o
o

02 04 06
-09 r

ro 0.8 1.0

—— unexplained signals —— spurious projections

Fig 6: (left) Partition of c-r plane showing dominating regions for the two complexities. The
color gradient indicates the value of c?’,r(l) - g(‘) (right) The plot of two complexities for
varying r under equicorrelated design.

Equicorrelated design: Here we set ¢ = r and vary r in the interval [0, 1). Let o be the
unique positive solution to the following equation:

Calculation shows that ro = 0.675. Using (14), it follows that for » € [0, ) the complexity
of spurious projection operators is dominating, i.e., é§” 741) In contrast, for r € (rg, 1),

we have the complexity of the residualized signals to be dominating, i.e., &, > &2

7—( (1)

Right panel of Figure 6 indicates the phase transition between the two complexmes Smce
the identifiability margin 7. (1) roughly behaves like ﬁf(l —r?), the margin quantity becomes
very small for a high value of r. Hence, for model consistency, we need a high value for ,8%.

Remark 1. In the example of equi-correlated design with S = {1}, the effect of correlation
parameter r on the complexities &, 70 and & gl are complementary to each other. In the case
of the set of residualized signals, mcreasmg correlation among the features increases the
overall complexity of the set %(1) and vice versa. In contrast, higher correlation decreases
the complexity & G thus shrinking the effective size of gé” . Thus, in this case, the two
complexities act as two opposing forces in the margin condition (12).

4.3. Necessary condition

One question that arises from the preceding discussion is whether the margin condition in
Theorem 1 is necessary for model consistency or not. Specifically, it is natural to ask whether
the complexities of residualized signals and spurious projections also characterize the nec-
essary margin condition. In this section, we show that a condition very similar to (12) is
necessary for model consistency of BSS, which is also governed by a similar margin quantity
and complexity measures.

For jo € S, we define the set €, :== {D : S\ D = {jo},|D| = s} C o 1. We consider
the maximum leave-one-out identifiability margin for j, € S as

“(5) = max ma Bs pT(D)Bs\p 5
T\S) = X X =
JjoeS DeE, |S\ D JoeS De%;

(15)
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Consider the set 7y := S\ {jo} for a fixed index jy € S. We capture the complexity of T<S)

through the following quantity:

SUPg=0 5 /108 MUT 10y bieses Il 6)
E g = : (16)

7 )
o NS

The above display immediately shows that @@7*} >d ) /2. Also, from the property of packing
0 5

and covering number, it follows that

MUY guijytiese 2, 0) S NHY gugiy tieses Iz, 6/2).

As N({¥ qugjy tjeses lIll2»6/2) is a decreasing function over § € (0, ), we have the fol-
lowing inequality:

sup 3 0 Joe N (7 1oy} jeser M 0/2) < /0 Vg N ({7 sy} jeses Il ) de.

The above inequality further shows that é"; < éa,r(;) Dﬁg) Hence, similar to @“’745),

Iy
the alternative complexity measure & ) also captures the average separation among the
0
elements in 7}(5).
0

Next, we focus on the set Qj(_z) which is the collection of all the spurious projection op-

erators of the form Pp — Py, forall D € €. If D = Ip U {j} for some j € S¢, then the
corresponding spurious projection operator takes the form

Pp-Pp = a7

T
] b
where u; denotes the unit vector along the residualized feature vector u; := (I, — Pz)X;.
Thus, the above display basically shows that the Pp — Py, is the orthogonal projection oper-
ator onto the linear span generated by the residualized feature u;. Similar to (16), we define

the complexity measure of g( 5)

o o0 3E MGE: ey 0)

o T :
g JloglG ]

By a similar argument, it also follows that d (\> [2 <&

(18)

(3) < g(g). Hence, combining the

above observation with (17), it also follows that é";m captures the angular separation among
X
the elusive features {u;} ;¢ sc. Next, we introduce some technical assumptions that are crucial

for our theoretical analysis of the necessity result.

Assumption 3. The complexities of the g“) and 7'<S) are not too small, i.e.,

6 g > 16{loglep)t™, and 6774 > 16{log(ep)}”

Io

forall Iy c S and | Iy| = s — 1.
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Assumption 3 combined with the observation (17) essentially tells that the set of elusive
features {u;} ;e sc and the scaled spurious signals {¥ o} De%;, are not too identical with each

other, as @@*( , and & ) would be typically small otherwise. Thus, Assumption 3 induces

Io o

(s) (s)
diversity in 7}0 and G 7

Condition 1. There exists a constant a € (0, 1) such that &* 74 / é"ﬂs) € (a, ).
Iy Iy

The condition essentially tells that the set 7'(‘) has a somewhat regular geometric shape
in the sense that both the lower and upper complex1ty are of the same order. This essentially
implies that minimal separation and maximal separation of the set 7}(() $) are of the same order.

Now we present our theorem on the necessary condition for model consistency of BSS.

Theorem 2 (Necessity). Assume & ~ N(0,07%L,), p > 16¢> and s < p/2. Also, let the
Assumption 3 hold and write § ={I C S : |I| = s — 1}. Then the followings are true:

(a) If & g(‘) ¢ (& 75 T(Y))for all Iy € 9, then there exists a universal constant C1 > 0
such that 0

7(s) < Cymax {max &2 ), max &2
heg T hed Yy

implies that

1
P(Sbest(s) # S) 2 E

(b) If there exists Iy € g such that & ) € (5*7_(s), 697@)), then under Condition 1, there
g1, I I

exists a constant C,, depending on a, such that

n

2
2 o~log(ep)
7(s) < Cq max{rf)ls?}cg" 749,%12?5 gm}_

implies that

B(Sea(s) £ 8) = 15

The detailed proof can be found in Section S1.4 of the supplementary material. The above
theorem essentially says that if the maximum leave-one-out margin 7(s) < o->(log p)/n then
the BSS fails to achieve model consistency with positive probability. However, the interest-
ing part of the above theorem is to understand the effect of the term involving complexity
measures. Similar to Theorem 1, here also we see that the dominating complexity charac-
terizes the necessary condition for model consistency. However, we reiterate a few major
differences between the above theorem and Theorem 1. First, Theorem 1 needs 7.(s) to be
lower bounded, which is much stronger than the required condition on 7(s) in Theorem 2.

Second, Theorem 2 involves the alternative complexity measures &™) and &™ which
I

are typically smaller than the complexity measures used in Theorem 1. Third, the resulting
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complexity in Theorem 1 involves the maximum over all possible subsets of S, whereas The-
orem 2 involves the maximum only over the subsets of S of size (s — 1). These three facts
are the main reasons that the requirement in Theorem 2 is weaker compared to the margin
condition (12). Nonetheless, Theorem 2 is still interesting as it shows that the two types of
complexities are indeed important quantities to understand the model selection performance
of BSS.

Theorem 2 can also be stated in terms of the diameter and minimum separability of the
sets ‘7}(()8) and Q};) . Recall that &* TIE)S) > d7}<0s> and & g}g) 2 d g}: Hence, it follows that
under the same conditions in Theorem 2, the margin condition

} o?log(ep)

7(s) = max { max d* ,, max d’
(s) (s) n

eg 7}0 Ieg gjo

is necessary for model consistency of BSS.

5. Experiments

In this section, we will compare the performance of BSS with that of LASSO, one of the
most popular tools for model selection. In these experiments, we set p = 2000, s = 10 and
n = 500. We construct the design matrix X by sampling each row x; ~ N(0,X) fori € [n],
where

(1 _rt)l[s +rt1s1;— 0s><(p—s)

O(p—s)xs (1 _rs)]Ip—s +rs1p—51;—s

and r;,rg € [0,1]. We set B € RP sothat 8; =0.2 X 1{j < s} forall j € [p]. The responses
{yi}ie[n] are generated according to model (1) with &; ~ N(0, 1). For the experiments, we
vary r, € {0.0,0.5,0.9} and rg € {0.0,0.1,...,0.9}.

We use ABESS [28] as a computational surrogate for BSS, and we also provide the knowl-
edge of s to the algorithm. For LASSO, we choose the penalty parameter by five-fold cross-
validation and then choose the s coordinates with the highest absolute values of the estimated
LASSO coefficient, i.e., we perform hard thresholding (HT) operation on the LASSO esti-
mator. In Figure 7, we plot the exact recovery rates of BSS and LASSO + HT for varying
choices of r; and .

In all the cases in Figure 7, we see that the performance of BSS improves as r increases to
1. This is in fact consistent with the theoretical results in Theorem 1 as the overall complexity
of the spurious signals is likely smaller for high values of ry, and thus the margin condition
is easier to satisfy. In this case, complexity of residualized signals are somewhat unaffected
as the cross-correlation between true and spurious signals is 0. However, the performance
of LASSO+ HT does not seem to exhibit any particular behavior across different correlation
structure. For r; = 0, performance of LASSO + HT, although comparatively worse than BSS,
is similar in terms of the trend. However, for r, = 0.5, LASSO + HT is consistently better
and somewhat stable. For r, = 0.9, LASSO + HT is generally better than BSS and exact
recovery rate increases for ry > 0.4. However, its performance is much worse compared to
the r; = 0.5 case. These observations indicate that similar complexity theory for LASSO is
in fact potentially challenging and evidently requires more future research.
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Fig 7: Exact recovery rate of BSS and LASSO + HT for varying choices of r; and r.

6. Conclusion

In this paper, we establish the sufficient and (nearly) necessary conditions for BSS to achieve
model consistency in a high-dimensional linear regression setup. Apart from the identifiabil-
ity margin, we show that the geometric complexity of the residualized signals and spurious
projections based on the entropy number and packing numbers also play a crucial role in
characterizing the margin condition for model consistency of BSS. In particular, we establish
that the dominating complexity among the two plays a decisive role in the margin condi-
tion. We also highlight the variation in these complexity measures under different correlation
strengths between the features through some simple illustrative examples. Moreover, in the
supplementary material, we extend the results in Theorem 1 to the high-dimensional sparse
generalized linear models (Section S2). However, it is an open problem to find the analogs of
the two complexities in more general settings, e.g., the low-rank matrix regression problem
or multi-tasking regression problem.

Supplementary Material

The supplementary material contains the extension of Theorem 1 to the generalized linear
model and the proofs of the main results.
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S1. Proof of main results under linear model
S1.1. Proof of Lemma 1

First note that ﬂ;\DF(Z))ﬂS\D =0e (I, —Pp)Xs\pBs\p = 0. This shows that

Xs\0Bs\p € col(Xp).

Thus, we have XsBs = Xs\pBs\p + XsnoBsnp € col(Xp). This finishes the proof.

S1.2. Proof of Proposition 1

In this section, we will show that the SRC condition (5) is strictly stronger than the condition
in Assumption 1. Recall that the features are normalized, i.e., ||X J'Hz = +/nforall j € [p].

Now, we will prove the proposition.
1
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Proof. SRC implies Assumption 1:

Foraset 7 Cc S, define &7 .= {D € a7, : SND = I }. Now recall that gg(s> > dgm for large
I I
p. Thus, it suffices to show that d G is large for all choices of 7 C S. Let Dy, D, € &/ and
I

write M = D;NDs. Let m = | M| and consider the two subspaces L; = col(Xp, )Ncol (X )+
and Ly = col(Xp,) N col(Xp)*. Let {§J-}’]?1:1 be an orthonormal basis of M. Let {«; j;lm
be an orthonormal basis of L and {4 }j.;f" be the orthonormal basis of L, such that

0; =Z(a;,6;), Jelkl

are the principal angles between L and L, in decreasing order. Now, we construct the matrix
Z in the following way:

Z=Xp\0, | Xm | Xpp0,]-
There exists matrix u, v € R*™ and wy, wp € R such that
a1 =Xp\p,u+Xpyw; and 61 =Xop,\p,V+XyWs.
As a1 L col(X ), we have
1= afar =] Xp,\0,u < VK [[ull, = [Jull} > 1/(nx,).

By a similar argument, we have ||V||§ > 1/(nky). Define the vectors  := (u', (w; —

w>)T,vT)T. Hence, ||n||§ > ||u||§ + ||V||§ > 2/(nky). Due to SRC condition (4.7), we have

1Znl3 = 7 llnll; k- > 2(k-/xs). (SL.1)

I1Znl13 = lla; - 6113

=2(1—-+/1 —sin?6,) (S1.2)

< 2sin#,

where the last inequality follows from the fact that 1 — x < V1 —x2 for all x € [0,1].
Combining (S1.1) and (S1.2), we have

K_
||PD| - PDZHop 2 K_+

The above display shows that dg(s) > (k_/ky) > {log(ep)}~'/? for all I c S. Hence, the
I

claim follows.

Assumption 1 does not imply SRC:

In this case, assume S = {1} and e; be the jth canonical basis in R”. Under this setup,
Assumption 1 becomes

Eg > {log(ep)} ™12 (S1.3)
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Now assume that

> %X
log(ep) ™ n ~ log(ep)’

Then, for large p, the condition in (S1.3) holds but SRC fails with the choice of v = (e; —
ei)/V2. O

forall j, ;" € [p].

S1.3. Proof of Theorem 1

Recall that g = XsBs, 7 p =n""/?(I, - Pp)u and

~~1 ~

[(D) = £5\0.5\0 — 28\0.0Lp pZD.5\D- (S1.4)
Note that for D € @/ , and 0 < n < 1 we have the following:
n'(Rp —Rs) =n""{y (I, —~Pp)y -y (I, - Ps)y}
=n"' {(Xs\0Bs\p +&) (I, —Pp)(Xs\nBs\p +&) — &' (I, - Ps)&}
=1B% ol (D)Bs\p (S1.5)
+27' (1 =BG T (D)Bsip — 2 {n” (I - Pp)Xs\pBs\p} (-8)
+27 (1 =Be pl(D)Bs\p —n”'e" (Pp - Ps)e.

Also, let € := (—&). Now, & be an event under which the following happens:

{§: S| = s, ;Iél@r; Rs<Rs +m77*(S)} ={S}.

Define the set &/ == {D € & : SND =71} Wealsoset |[I| =5 —k for k € [s]. Then we
have @/; C @ x. By union bound we have the following:

N

HCOED YD P{&{an-l<R@ - Rs) < nT*(S)} . (S1.6)

k=1 IcS:|I|=s-k

Thus, under the light of equation (S1.5) it is sufficient to show the following with high
probability:

~T ~ ”1/2(1 o))

B 708 < —— pun ok, 17
_ -n . 2
nax n HeT(Pp - Ps)s} < 5 A v ol (S1.8)

for every k € [s]. We will analyze the above events separately. We recall the two important
sets below:

T ={Fp:Dedy,DNS=1}, and G = {Pp-P;: D e, DNS=TI}.

To reduce notational cluttering, we will drop the s in the superscript, and use 77 and Gy
to denote the above sets.
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Linear term: Let fp := ?%5 and || f|| := maxpey;, fp. Since Dg; < V2, Theorem 5.36
of [12] tells that there exists a constant A; > 0 such that

2
P {||f|| > A1o(&7; Kk log(ep) +u)} < 3exp (—”7) (S1.9)

for all u > 0. Setting u = 2cq+/k log(ep) in Equation (S1.9) we get
P(|fll = AioérJklog(ep) + 24 croklog(ep)) < 3(ep) 27+, (S1.10)

Writing A; as c1, we get

P {Zr)nag); Y p€ > c1(Er +2cr)ok log(ep)} < 3(ep) 267k, (S1.11)
€Ay

Quadratic term: Here we study the quadratic supremum process in Equation (S1.8). First,
define the two projection operators Pp| 7 = Pp — P and Pg|7 := Ps — P7. For any number
cg € ({log(ep)}~1, 1), by union bound we have,

P {n_l max & (Pp —Pg)e > ocu + Uzcguo}
DE.QY]
P {n_l max &' (Pp|; —Psjr)e > o?u+ O'ZCQM()}
DG%]
<P{n(ko? - &"Psjr&) > clupcg} +P {n_l max (6" Ppjre —ko?) > a’zu} )
De. T

(S1.12)
Also, note that E(e "Ppr&) < ko? and recall that Eg, > {log(ep)}~'/2 for all I c S. This

shows that Vk < &g,k log(ep). Furthermore, by the properties of projection matrices,
we have dop(Gr) = 1 and dp(Gr) = Vk (defined in Section S4). Also, it follows that the
quantities M,V and U (defined in Theorem S4.2) have the following properties:

M <26 klog(ep), V <2vklog(ep), and U=1.

Using these facts and Theorem S4.2, we get that there exists a universal positive constants
Ay, Az, such that for t = Azcgk log(ep), we get

P { max & Ppjr& > Aza'Z(éaé +c§)klog(ep)} < (ep)_zcék. (S1.13)
Z)EJZVI 4

Due to Theorem 1.1 of [9], setting ug = k log(ep)/(2n) we can show that there exists an
absolute constant A4 > 0 such that

cgo’klog(ep)
Pi{n~'|e"Pg ;e — ko? >g—}s26x —A4cgklog(e
{ |e™Psi 1 | 7 p{-Ascgklog(ep)} SL14)
— 2(€p)_A4cgk,
Combining Equation (S1.12), (S1.13) and Equation (S1.14) yields
- klog(ep)
P ! T(Pp—-P > (&2 + R Rt 4
[ g2 T P0 R > a6y 1ol s

< (ep) 26K 4 2(ep)~Hicek,
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where c» is a universal constant. Now, if we have

7.(s) = min Bs\oT(D)Bs\»
4 21 .
> (léw max {q r}lgg(@‘“};} +2¢0)%, ca I}lffé(gé] + CQ)} %g(ep)’

it will ensure that (S1.7) and (S1.8) hold with high probability. Finally, using (S1.11) and
(S1.15), we have

P(E°)

S
< Z Z P{ min n~'(Rp — Rs) <17'r*(s)}
DG.,Q{I
k=1 TcS:|T|=s—k
S
<> 2 {em I (ep) P 4 (ep) et
k=1 IcS:|I|=s-k

< kZ:; (}i) {(ep)_zc'(%»k + (ep)—Zcék + (ep)—AAka}

< Z(es)k {(ep)—Zcsz + (ep)—Zcék + (ep)—A4c§k}
1

x~

N

< exp [—k{2cgrlog(ep) - log(es)}] + exp[—k{Zczg log(ep) —log(es)}]

~

=1
+ exp [—k{A4Cg log(ep) — log(es)}] .

Now, setting cs = /{log(es) V loglog(ep)}/log(ep) and cg = (2 V AZI)CT in the above
display, and using the identity (a + b)?> < 2(a* + b?) we can conclude that the following is
sufficient to hold (S1.16):

log(ep)

max{8¢ciy,c2(2 Vv Ail)}
n

T, (8) >

2 2
max {I}lgg{ @“’7}, max é"gj} +cq

64
(1-m)? 7cS

Now the result follows by renaming the absolute constant 64 max{8cy, c2(2 V A;l )} as Cy.
S1.4. Proof of Theorem 2
Proof. First, we will show that Hy 1)”2 has to be well bounded away from 0 for every D €

Uj,es%,- Again, to reduce notational cluttering, we drop the s in the superscript and use 77,
and G, to denote the sets of scaled residualized signals and spurious projections respectively.

Ruling out the case minpey, %, “7’1)”2 <o/yn:

Let minDeujoes%‘}-o ||79H2 < o /+/n, i.e, there exists D € G, for some jy € S such that

by oll, < o/ V.
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Recall that y ~ N(Xs 8%, 01,) and define w := y — XsB. Hence, we have

)

P(RD—RS<O):P(|| -

2
_p (||w + nl/%/@”2 < ||w||§)
-0.5

1 e
>—-———>0.1 (ByLemma S5.2),
2 N y

ie,P (S ¢ argming,,| g, R @) is strictly bounded away from 0. Hence, BSS can not recover
the true model. Hence, we rule out this case.

Under the case minpey; 4%, lyoll, > o/vn :

We fix a jo € S.

First decomposition:

IA

min n~'(Rp — Rs)

min {5 (D — 20712y TE—n"leT (Pp - Pg)e
Dy, DE%{IBS\D (D)Bs\p =21~ ""ypg—n" & (Pp -Ps)e}

IA

i (ol I ol - 2172553} - 767 (Po - Pr)e]

+n” sT (Ps—Pp)e
< min [lypl, {lyol, 227?758} +n7'eT(Ps -Pr)e
Z)e%”jo
(S1.17)
We start with the quadratic term in the right hand side of the above display. First note that
e"(Ps—-Pyz)e/ o?=(u 8)2 /o? follows a chi-squared distribution with degrees of freedom
1. Hence, Markov’s 1nequa11ty shows that

2

2
P{n_lsT(PS—P[0)8> %} < (S1.18)

1
>
Recall that

H71)”2 2 %, for all D € €.

Next, by Sudakov’s lower bound, we have

> o0& \/log(p -5) > \/log(ep

E | max r
(De%’ 7@

The last inequality uses the fact that s < p/2 and p > 16¢>. Again, an application of Borell-
TIS inequality yields

P{zl)nggx YpE= o T Vlog(ep) — cqo+/log(ep) } >1-(ep)” "/‘/2 (S1.19)
€
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for any cs > 0. Choosing cq = 60*730 (2712 — 2-1), and using the fact that g*?}_j >
0

16{log(ep)}~", we get
P {Zl)ne%x Y pE = Uéa*ﬁox/log(ep)/Z} >1-el. (S1.20)
€ jO

Let us define 7j, = max De;, A(Z))ﬁﬁo., and by construction we have 7(s) = maxj,es Tj,. If
~1/2 .
Tjo/ <o&r \log(ep)/(2n'/?), then we have

0'25*7}0 vlog(ep)

2n

gin (ol (I oll - 2072755 < -

Thus, using (S1.18) and the above display we have

1 1 1
. . -1
P(S ¢ argming,. p-,Rp) =P Dn;lgo n~ (Rp—Rg) < 0) >1- ) > 0

as we have & *730 vlog(ep) > 4 (Assumption 2). Thus the necessary condition turns out to be

%2
& T, 0% log(ep)

Ty >
Jo n

(S1.21)

Second decomposition:
We again start with the difference of RSS between a candidate model D € o7 j and the true
model S:

n"'(Rp - Ry)

=n"{y" (I = Pp)y —y" (I, — Ps)y}

=n"' {(Xs\0Bs\p +&) (I, —Pp)(Xs\nBs\p +&) — &' (I, - Ps)&}

= B5 ol (D)Bsip —2{n" (1 - Pp)Xs\0Bs\p} E-n"'e(Pp - Ps)e.

First of all, in order achieve model consistency, the following is necessary for any k € [s]:

(S§1.22)

min n~'(Rp — Rg) > 0. (S1.23)

De Jjo
Recall that 7j, = max De?), F(Z)),B?O. Next we note that
min
j

n"!(Rp = Rs) < min {8, ,T(D)Bs\p — 21" 2y p& —n"'8" (Pp — Ps)e}
Jo

0
<7 +2n" 2 max |yT &l -n"' max €"(Pp - Ps)e
Jo De(ﬁjo }71) ’ De(fjo ( D S)
<7y, +2(T;,/m)""* max |[y,&|-n"! max " (Pp - Pg)s.
jo +2(Tjo/n) Doty ’7’2) | Deg (Pp —Ps)

Jo
(S1.24)
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~T ~

Similar to the proof of Theorem 1, we define fp = Y€ and || f]|| := maxpeg;, [
Hence, we have

= Y S1.25

ax 7 0% = X fo V (/o) (S1.25)

By Borell-TIS inequality [2, Theorem 2.1.1], we have
U2
B E1A1) 2 o) < exp -5 ).

for all u > 0. Setting u = cq+/log(ep) we get

2{IAI1=BIAD > eroioglep)} < (ep) 712,

E(|I£1l) < 42687 o\/log(ep),

which ultimately yields

2|11 = (V26 + cr)oiog(en)) < (ep) ™.

Finally. using (S1.25) we have the following for any c4 > 0:

e {z?n"i‘é‘ %E’ > (4«/5(5"7;.0 + cfr)(r\/log(ep)} < 2(ep)cr/2. (S1.26)
€ jo

Next, we will lower bound the quadratic term in Equation (S1.24) with high probability.
similar to the proof of Theorem 1, we consider the decomposition

T T =~ =T
max n e (P Ps)e =maxn 'eT (W;u] —u; 0. )e.
ax (Pp —Pgs) ma (uju; —uju;)

For the maximal process we will use Theorem 2.10 of [1]. We begin with the definition of
concentration property.

Definition 1 ([1]). Let Z be random vector in R". We say that Z has concentration property
with constant K if for every 1-Lipschitz function ¢ : R" — R, we have E |¢(Z)| < oo and for
everyu > 0,

P (l9(Z) - E(¢(2))| 2 u) < 2exp(-u*/K?).

Note that the Gaussian vector £/0- enjoys concentration property with K = V2 [4, The-
orem 5.6]. Let Q; := maxjgs sT(ﬁjﬁJT. - ﬁjoﬁ;))s. By Theorem 2.10 of [1] we conclude
that

2
P10~ B0 > 107} < 2exp (- min 5. 2.

Setting ¢ = 26 log(ep)/n in the above equation we get

P{n"'|Q) —E(Q1)| = 260 log(ep)/n} < 2(ep)~%. (S1.27)
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Next, we will lower bound the expected value of Q. First, note the following:
E(Q)) =E {I]n;g( sT(ﬁjﬁJT- - ﬁjoﬁ;))s}

=E {%%;((ﬁj-s)z} - (S1.28)

2
> {Ejnel?s)f (uje) Vv (—iij-s)} —o?
Define the set
Usym :={u; : jeS}tu{-u; :jeSY}.
We denote by u; a generic element of Uyn,. Thus for any two elements u;, uy, we have

=T

8 5l = min {8, ~ il [, + el } = [ - map|

By Sudakov’s lower bound, we have

o

0
: \/logM('Usym, M1, 6)

4

Emax (u)&)V (-u]&) > sup
jese ! >0

\%

oo — =
> sup == \log M({8/8]} je5c |-llop - 6)
>0

*

&
> U%\ﬂog(ep).

The last inequality uses the fact that p > 16¢>. Finally, (S1.28) yields

o2&%2 log(ep)
G5 2
E > -0
(01) = 1/3 o

Thus, combined with (S1.27) we finally get

PO = (3/4)0’2@@*2@0 log(ep) — o2 = 2602 log(ep)| > 1 - 2(ep)~%/%.

%2
. G
Setting ¢ = SIO , we get

%2
0_26)*2 & &

G
PO > Tjolog(ep) —o?| > 1-2(ep)” 5

Thus, finally combining the above with (S1.24) and (S1.26) we get

P
Rp—R
D“;g;on (Rp — Rs)
2,042 $1.29
loglep) _,[7°¢ (51.29)

~ ~ G
<7, + 27_}0/2(4\/56"7}0 +cq)o - n TIO log(ep) — o2
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g*z

I
with probability at least 1 — 2(e p)“"zf/ 2 _2(ep)” . Thus, for large p we have

min n~ ' (Rp — Rp)

DeT),
2 %2
- 1 T G 1
1/2(4\/—57_[ reno [log(ep) g 5 log(ep)
n n

*2
with probability at least 1 — 2(ep)c"2f/2 2(ep)” "1 . Now choose cs = 4/+/log(ep) and
use Assumption 2 to get

min n~'(Rp — Rp)
€ JO

- ~ 4 1 G5, 1
< T+ 27, (4@57;0 + )0' oglep) _ Z ~ 6n loglep)

Viog(ep) n 4

ol&*2

26%2
~ _1/2 1 log(ep) 97¢ gr, log(ep)
STJO+8\/§T].O (é”q}o+ 210g(ep))0- " 2 "
log(ep) 7% 6, log(ep)
< 7, + 10V27, P&y, ognep -— il Ognep

with probability at least 1/5.
Thus, in light of (S1.23), the following is necessary:

20062 +65, ~10V24y, |
> m— 7 azlog(ep)_ (S1.30)

TjO = 2 n

Case1: If &7; < &™g, , then the right hand side of (S1.30) is lower bounded by

%2
G1, o?log(ep)
(V201 +10v2)2 n

Thus (S1.30) yields the necessary condition

%2
~ o & G1, o?log(ep)
T (W20 +10V2)2 n

Combining this with (S1.21) we have the necessary condition to be

o log(ep)

>C] max{&™* 7},6"*910} .

for a universal constant C;.
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Case 2: If é"*gj.o < 5*7}0, then using the inequality V1 +¢ — v < 1 for all # > 0, we can
conclude that the right hand side of (S1.30) is always smaller than
%2
& G5, 0% log(ep)
4 n ’

which is further smaller than

2
& T2 o2 log(ep)

4 n

Thus, combining this with (S1.21) we have the necessary condition to be

éa*zT 2 2
= 7 o~ log(ep) 2 w2 0" log(ep)
Tjo = 2 0 - = max{& 7}0,@@ gfo}T'

Combining all these cases we finally have the following necessary condition for consistent
model selection with C;, C, > 0 being some absolute constants:

2
_ 2 g otlog(ep)
Ty 2 Comax{6"y, 67, } T,

2 2
T o lo
jo = C, max {@“’*ZIO, ( 2006’27[O + é"*z;IO — 10\/_2(51%) } g(ep)’

if (oﬁ*glo S ((53*7}0, (557}0)
If there exists 7y € J such that & *730 / éar,;o € (a, 1), then in the preceding case it follows

it &g, ¢ (&7 .67, (S1.31)

or,

that the last display can be simplified in the following form:

- * * 0—2 log(e . * *

T 2 Comax {675, A8, | #, it &g, € (87 . En )
where

-1
2 10v2
A( 1+ﬂ+0_f) |

a? @

Thus, using the fact that A, < 1 and combining the previous three displays we have the
necessary condition to be

o2 log(ep)

—_ %2 %2
7j, =2 C2A, max {éa 7}0,é? gfo} p

(S1.32)

Since, (S1.31) and (S1.32) hold for all choices of jy and 7y depending on whether the &* 61, €
(& *7}0, é"ﬁo) is satisfied or not, the claim follows. O
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S1.5. Correlated random feature model example (Proof of Lemma 2)

Consider the model (1). We assume that the rows of X are independently generated from
p-dimensional multivariate Gaussian distribution with mean-zero and variance-covariance
matrix

1 clT_1
X= P +
cl,or (1=, +r1p_11p_]
where ¢ € [0,0.997],r € [0, 1) and true model is S = {1}. We need to further impose the
restriction
1-r
p—1

C2<r+

to ensure positive definiteness of Z. In this case

X2 (X[X;/n)? 2114113 X[X;/n)?
?:ﬁ%nﬂ?{n iy (X ,/)}:ﬂln o (XTXG/m)
J#

N N n RN

We start with providing an upper bound on the margin quantity 7. Using Equation (S5.57)
and (S5.58), for any &, , € (0,1) we get

2
P M>1+g < exp(-ne? ,/16), Vj € [p] (S1.33)
n = n,pl| — p n,p ’ J p . .
X2
%15 2 .
Pl=——=<1-¢&p,p| <exp(-ne;, ,/4), Vjelp] (S1.34)
" ,
Using Equation (S1.33) and Equation (S1.34), we also get the following:
x.|I?
111, )
P|max|=——= — 1| > &n,p | < 2pexp(-ne;, ,/16). (S1.35)
£l | n ’
Let X; = (x1j,...,x,, ;)" forall j € [p]. To this end we recall the sub-Gaussian norm

lI-Il, [11, Definiton 2.5.6] and the sub-exponential norm ||-||,,, [11, Definition 2.7.5]. Now
due to. [113 Lemma 2.7.71, we have that ||xu,1x,4,j”wl < qu,l”wz ”x“’ZHM < 4. Thus, by
Berstein’s inequality, we have

P(X{Xj

n
where C > 0 is a universal constant. Thus, we have

TY .
). ¢D.¢

n

—C

> sn,p) < exp (—Cn min{sn,p,si,p}) ,

- C

P | max
j#l

> sn,p) < pexp(—Cn min{en,p,ei,p}). (S1.36)
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Combining (S1.34), (S1.35) and (S1.36) we have

l+& _(C—é‘n,p)2 >i> l—s _(C+8n,p)2
P T xen, | TR A .

> 1 - exp(-ne;, ,/16) — 2p exp(-ne;, ,/4) — pexp(=Cs, ,n)
=1+o(1/p),

P

(S81.37)

ife,, , < {(log p)/n}'/? and (log p)/n is small enough. Similarly, due to Bernstein’s inequal-
ity, it can also be shown that

X7X;

n

P(max -r

jok#l

<snp) > 1 - p*exp(-Cns? p)=1+0(1/p), (S1.38)

where r € [0, 1) and with the same conditions on &, ,.
Next, we will analyze the geometric quantities. In this case, we have

XTX
| Ry 29: §
~ 111>

£ , (XX)?
||Xl||2 - 2
[1%;1];

~T—~
)

7, - 7:ll; =20 - 779,

Note that

and

X ”2 In - (X7 X /n)* CXIXy/m)? (XFXG /) (XX /n) (X X /m)
~T~ H [1X;|[3/n Xk ll3/n (1% 113/7) (1Xkc 13 /n)

it = (X[X;/n)? (XX /n)?
X 2 jin k/n
N N L

Next, we consider the event

2
X
G ::{max (%1, <}
Jjelp]

n

Due to (S1.33), (S1.34), (S1.36) and (S1.38) we have P(G,) = 1 + o(1/p). Also, for large

n, p, the value of &, , can be chosen such that &, , < 0.001 so that ¢ + &, , < 0.998 for all
€ [0,0.997].

X/ X;

n

XTX;

n

-1

—C| < &p,p, MaAX

J k#1

-r

< &n,p, Max
Jj#l

Complexity of unexplained signals: Letu := (uj,u»,u3) € R and t := (1,12, 12) € R3.
Define the function

D(u.t) = u — (13 /uz) — (63 /u3) + (tlf2t3)/(u2u3),

\/ul - t%/uz\/ul - t%/u3

where
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(ur,uz, u3,t1,12,13) €
[0.999, 1.001] X [0.999, 1.001] x [0.999, 1.001] X [0, 0.998] x [0,0.998] x [0, 1] .

=K

It is easy to see that the function ® is continuously differentiable on the compact set K.
Hence, there exists a universal constant L > 0 such that

|®(u,t) - @', t)| < L(Jla—u'[|; + ||t = t']|)).
Since we have

~T

2
. X3 X0 XI5 X7X; X[ Xe X)Xk
j k — ) ) ) )

n n n n  n n

B

it follows that on the event G,, the following holds for all j, k € [p] \ {1} :

2¢2(1 —7)
1-c?

2¢2(1-r) ~ 2¢2(1 —r)
= \/max {ﬁ —12Lenp 0y < [[7; = Vil < N[ === + 12Lenp

< 12Lgy, p,

”?J - ?kH; -

Hence, we have

&7

@

2(1-
2 d ’L12Lsn,,,)v0

= {log(ep)}—l/z[/o\/( 2

Viog N (75, IIll, » €) de

2¢2(1-
20n) 1 12L e,

1-c

+/
2 .2(1, )
\/(%—luen,p)vo

Applying Lemma S5.4 on the second integral, it follows that

Viog N (7o, 112 . #) de|.

logp logp
A N g B L T
Wn,p log(ep) T2 Wn,p En,p log(ep)

1-c

where w, , = \/(202(17) - 12L3n,p) Vv 0. Thus, for ¢ = 0 we have 0 < &7, < /24L&, p.

For any fixed ¢ > 0 and r € [0, 1) we have

2¢2(1-n)|"?
~ {M} for large n, p. (S81.39)
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Complexity of spurious projections: For j, k # 1, let 6, ; denote the angle between X;
and Xj.

XTX 2

P.—-P — sin(@; — /1_ 2(0; — 1-(—L
IFs = Pilly = (0 o0 J 1], 11Xl

By a similar argument as above, we can conclude that there exists a universal constant M > 0
such that on the event G,, we have,

“|Pj P - (1 - r2)‘ < Me,,, forall j,k € [p]\ {1}.
Thus, for any fixed r € [0, 1) we have
Eg, ~ (1-rH)'2. (S1.40)
S2. Generalized linear model

In this section, we will focus on the best subset selection problem under generalized linear
models (GLM). Similar to the linear regression setup, we will also adopt the fixed design

setup in this case. In particular, given the data matrix X := (X1,...,X,)’ € R"*? we observe
the responses y := (y1,...,y,) " coming from the distribution
y(xTB) - b(x"B") yn —b(n)
fop () 5= h(y) exp { ; =h)expi ==L (524D

Here n = x" B* is linear predictor and B” is true parameter with ||8*||, = s and support S.
The functions » : R — R and 4 : R — R are known and specific to modeling assumptions.
Examples include several well-known models such as

1. Linear regression: Consider the linear regression model y = x'B* + &, where & ~
N(0, o). In this case h(y) = exp{—y?/(20%)} and b(u) = u?/2.

2. Logistic regression: In this model y ~ Ber(1/(1 +exp(—x'B%))). Standard calculations
show that 4(y) = 1 and b(u) =log(1 + ).

For the purpose of model selection, we choose the loss function to be the scaled negative
log-likelihood function

LOB Gty et = 2 3 €0B: (51, 0),
i€[n]

where £(B; (x,y)) = —y(x"B) + b(x" B). Furthermore, for a candidate model D € .«7; and
B € R®, define the restricted version of the scaled negative log-likelihood function as

LB A0,y }iet) = (/)71 Y o (B; (1,0, 1),

i€[n]

where £ (B; (xp,y)) = —y(x}, B) + b(x], B). Let B, 1= arg ming Lo (B; {(Xi,0, yi) }ie(n))-
Under the oracle knowledge of sparsity s, BSS solves for

Spest =1 arg minz);|z)|:SLD(Bz); {Xi,0,¥i) Yien])-
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Next, we will introduce the quantities that capture the degree of separation between the true
model S and a candidate model D € .7 and characterize the identifiability margin for model
selection consistency. Let #, 5 be probability measure corresponding to the joint density

[Tictn) fx, ,p(vi) and define

2
Ma(D) = 57 min KL (P g,
c S

Pp.j)

2 S * ’ * %
= st o ) b B}
- max 2 ST B (KL oB) - b(x] )
BERS n = i,D i,SFFS i,D ’

where KL(-||-) denotes the Kullback-Leibler (KL) divergence. The above quantity can be
thought of as the degree of model separation as it measures the minimum KL-divergence
between the likelihood generated by the data under (S, B’) and the likelihood generated by
O and all possible choices of € R? with the support in D. Let B, be the minimizer of the
optimization problem in the above display, i.e.,

PD,B) .

By definition it follows that B¢ = Bs. Also, note that for P, B,,» the natural parameter of the
density function is Xqp 5. Thus, one can also measure the separation between two models
through the mutual distance between the corresponding natural parameters. This motivates
the definition of the second measure of separability between the true model S and candidate
model D:

By = arg ming g KL (7)3,,3*5

Y]
XspB% - X
Apar(D) 1= ” Sﬁs _ DﬁDHZ.

Note that, under the linear regression model with isotropic Gaussian error, both Ay (9) and
Apar (D) becomes equal to the quantity ﬂg\ pl (D)Bs\p- To see this, recall that for linear

regression model b(u) = u?/2 and the KL-divergence

KL(Ps g, || Po jy) = [XsBs - XoBolf2 /(202).

Thus, from the definition of B, it immediately follows that Xp B4, = PpXsp. Later, we
will see that these two notions of distances are equivalent under certain regularity conditions
on the link function b(-).

S2.1. Identifiability margin and two complexities

In this section we will introduce the identifiability margin and the two complexities similar
the case of linear model. We consider the following identifiability margin:

7+(5) := min Au(D)
Ded, |S\ D
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We assume that 7.(s) > 0 to avoid non-identifiability issue. Next, we consider the trans-
formed features as follows:

Xp =AY Xp,
where Ap = diag(b"(xIDBD), cee b”(xZ’DBD)). Let Py be orthogonal projection matri-

ces onto the columnspace of Xp.LetP 7| be the orthogonal projector onto the columnspace
of [ Xp] . Now we define the following sets of residualized signals and spurious projections:

;71(5) _ { XZ)BZ) - XSﬁ*S

! XpBp - XsBs

IDGW]},
2

3 = [Po~Prip: D e ).

The complexity measures for these two sets are &= and éaé " respectively, which are
T (s

defined in the same way as the complexity measures in Section 3.2 and Section 3.3 of the
main paper.

S$2.2. Main results

In this section we will state the main result analogous to the Theorem 1 in the main paper. We
begin with some standard assumption necessary for the theoretical analysis for GLM models.

Assumption S2.1 (Features and parameters). We assume the following conditions:

(a) There exists positive constants xo and Ry such that maX;e(n) 1X|lc < x0 and ||B7||; <
Ro.
(b) There exists a constant ko > 0 such that

min Amin (X1, X > KQ.
D[l Dl=s mm( D Z)/n) Ko

(c) There exists constant M > 0 such that

1
max — Z X, p X, p®X;. p» <M.
Dclpl:iDl=s||n i€

op

(d) There exists a constant R > 0 such that max pc o7, MaX;e[n] XZDBZ)| < xgR.

(e) The design matrix X enjoys the following property:
in&?2, > {1 -1
jr_nclg g}” {log(ep)}

Assumption S2.1(a) is very common in high-dimensional literature. Assumption S2.1(b)
basically tells that the sparse-eigenvalues of X are strictly bounded away from 0. Assumption
S2.1(c) tells that the third order empirical moment of X is bounded. A stronger version of
Assumption S2.1(d) is present in [8, 13], where the authors assume that ||BD“1 is bounded
uniformly over all D € 7. Finally, Assumption S2.1(e) allows diversity among the spurious
features. Next, we will assume some technical assumptions on the link function b ().
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Assumption S2.2 (b(-) function). We assume the following conditions on b(-) function:

(a) There exists a function  : Ry — R, such that for any n € R and any w > 0, b’ (n) >
¥ (w) whenever |n| < w.
(b) There exists constants B > 0 and B > 0 such that ||b"'||., < B and ||b""'||, < B.

These assumptions on the link function are pretty common to analyze high-dimensional
generalized models. Assumption S2.2(a) basically assumes that b(-) is strongly convex within
a compact neighborhood of 0. It is straightforward to check that this assumption is satisfied
by standard GLM setups like linear regression and logistic regression. In particular, one can
choose ¥ (w) = 1 for linear regression, and ¢ (w) = (3 + ¢®“)~! in the case of logistic regres-
sion. Furthermore, from (S2.41) it follows that E(y) = ’(x" %) and var(y) = ¢b” (x" B*) >
o (w), whenever X B*| < w.

Finally, Assumption S2.2(b) tells that the second and third derivatives of b(+) are bounded.
This guarantees the first convergence rates of the maximum likelihood estimator. Moreover,
this assumption guarantees sub-Gaussianity of y as

E(exp{t(y = b"(m)})
ot () /_w h(s) exp { (n+ ¢z); E b(n)} &
= exp (b(n + ¢t) — bqgn) - t¢b'(77)) /00 - { (n+¢t)y ; b(n+ ¢r)} by (S2.42)

2
= xpl4™ (b + 91) = b(n) = 165’ ()}] < exp (W;t ) .

(o)

oo

Under Assumption S2.2, we can compare between the margin quantities A (D) and
Apar (D). To see this, we first focus on Ay (D) . Recall that

A (D)
2 n
n

_ % Z (T BV (T B = b 5B} = = 3 | (K pBo)b (5] 5B5) = b pB)]}
i=1

i=1

2 _ _
== {b(x[z)ﬁz)) ~b(x] ¢B%) — (X] pBp - XIS,B*S)b’(xISﬁ*S)}
i=1

n
= %; b” (Xzsﬁfs + t(XIz)Bz) - XIS,B})) {XI@BZ) - Xzsﬁfg}z,
for some 7 € (0, 1). Due to Assumption S2.1(a) and Assumption S2.1(d), we get
XZSB*S + t(xZD,BD - XiT,S'B*S)| <xo(Ro+R).
Finally, strong convexity and smoothness of (-) (Assumption S2.2(a), S2.2(b)), we have
BApar (D) 2> A(D) = ¢ (xoRo + XoR) Apar (D). (S2.43)

This established the equivalence between A (D) and Apy (D). Now, we present the main
below.
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Theorem S2.1 (Sufficiency). Under Assumption 1, there exists a positive constant C depend-
ing on ¢, B, B, xo, R, Ry, ko, M and the function y(-) such that for any 0 < n < 1, whenever
the identifiability margin 7.(s) satisfies

T, () S
¢B
C 1 V logl 1
5 Max { max { max &2 max & b+ og(es) v log Og(ep),ts(},z,p,tﬁ’z,{’l, log(ep)
(1-n) Ics 7; T log(ep) n
(S2.44)
. 1 2 2 1 2 3/2 1 3/2
for a specified zﬁ,,i,p = O(s{logs Vloglog p}/log p) and tﬁ’,)l’p =0(2 ,flzi’;) 2 ‘/(Z?fg"; ),

we have
{5: [S1=s. min L5(Bg) < Ls(Bs) +mm(s)} = {S}.

with probability at least 1 — O({s v log p}~! + n~"slog p). In particular, setting n = 0, we
have S = argming__, L5(Bg) with high probability.

The proof of the above theorem is deferred to Section S3. The above theorem is the gen-
eralization of Theorem 1, and (S2.44) also involves the two complexities related to the sets
of residualized signals and spurious projection operators. However, condition (S2.44) also
involves two extra terms tgl,), p and r§2,2 p» the exact forms of which can be found in Section
S3. It can be shown that both of these terms are exactly O for linear models as ¢ = 1,B = 1
and B = 0.

Remark 1. If p = Q(e“"") for some universal constant co > 0 and s(logn)/n — 0 as

n — oo, then both tgl,),p and tfz,ip are negligible compared to the complexity term in (S2.44).

Hence, in this case, we witness roughly a similar phenomenon involving the two complexities
as in the linear model.

S3. Proof of main results under GLM model

Let D € &/, suchthat SN D =171.

Strong convexity

We will start by showing the strong convexity of L5 (8; {xi, Yitie[n])- For ease of presen-
tation we will just write Lp () instead of Lo (B;{X;,yi}ie[n]). Given any r € (0, Ry A R]
and A € B (0, r) define the function

6Lp(Bp+A:Bp) :=Lp(Bp+A)—Lp(Bp) - VLp(Bp)'A

1 _
= EATVZLD([}D +1A)A  (for some 7 € (0, 1))

1< _
=— ) b'(x] tA))(x] pA)
HZ (5 p (B +14)) (x] pA)

> ¥ (xoR + xor)ko ||A||% (Using Assumption S2.1(a), S2.1(b), S2.1(d))
> Y (xR + xoRo) o ||Al|3
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Rate of convergence

Construct an intermediate estimator By, , = By, +@(By — By) Where

@ = min { ;_} ,
1Bp — Boll2
where r will be chosen later.

Write BD o — Bp as A, and note that

Y (x0R + x0R0) 1Aall3 < 6 LB, o Bp) < ~VL(Bp) A < [VLo(Bp)|, 1Aall> -

Hence we have

[VLoBo), _ V5IVLo B,

A < <
1allz ¥ (xoR + xoRo) Y (xoR + xoRo)

(83.45)
Now, note that

VLo (Bp) = -~ Z {yi = b’ (] pBop)}%i.p

lE[n]

= Z{yl“b“xisﬂfs)}xu@ ZW TsBs) = b (x] pBp)xio

ie[n] l€ [n]
=0
2(¢B)'/? {yi = b (x] ¢Bs)}
T B2 P
i€[n]

=€

Note that E{exp(1€;[x; p];) < exp(A%x 2/2)} i.e., €[X;,p]; is sub-Gaussian with parameter
xo. Hence, by an application of union bound and Hoeffding’s inequality we have

2
? (VLo Bo)l., = 26x0(9B)'2) < 25exp (—%) . (S3.46)

Setting ¢ = 4(logn/n)'/? in (S3.46) we get

P (||V£D(B@)Hm > 8x0(¢B)' 1"%)

Using the above fact and (S3.45) we finally get that with probability at least 1 — 2n~ the

2
-

IA

(S3.47)

following holds:
8xo(¢B)!/? slogn
lAall, < -
¥ (xoR +xoRo) n
/ . .
Now we set r = 9x12((i£g; ’ Sk;g". Hence, we have ||Ay|l, < 7, i.e., ||A]l, < r. This shows

that

9xo(¢B)!/? slogn 4slogp
N < . S3.48
ﬂD” ¥ (xoR + xoRy) n |~ ( )

max
Ded
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By a similar argument, it can be shown that

9xo(¢B)'/?  [slogn 2
< —. S3.49
2 ~ W (xR + xoRp) n “nl ( )

#(ps-

Expansion of likelihood estimate

Now that we have determined the rate of estimation, we can now write ,B p in terms of B,.
To see this, note that

0=YL(Bp) =VLo(Bp) +V’Lo(Bp)(Bp—Bp) +Ro(Bp - Bp)™,
where Rp = (1/2)V2 Lp(By + t@(Z?D — Byp)) for some tg € (0,1). Thus, we have

Bo=Bp -V LoBp)™ (VLo (Bp) + Ro(Bp - Bp)®) (83.50)

Higher order Taylor’s expansion of loss function

Now we are ready to analyze the loss functions. We do so by expanding the Taylor series of
the loss function. Write B4, — B, ad Ap. Then, using (S3.50) we have

Lo(Bo)

= Lo(Bp) + VLo (Bp) Ap + 3ApV Lo (Bp)Ao + (1A pRo(Rp ® Ap)

= L(Bp) = VL (Bp) [V L(Bp)I ™ (VLo (Bp) + Ro(Bp - Bp)™)

+5 (VLo (Bo) + Ro By - Bp)™) [V LoBo)™ (VLo(Bp) + Ro(Bp - Bo)™)
+ 5ApR0 (A @ Ap)

= £o(B) - 3V Lo(Bo) [V Lo(B )V Lo(Bp)

+ 3 RoRp) [V Lo(Bp)l ™ (Rokpy) + (1/3A R (R @ Ap)

2 _ -
== 2 05 pBo) + b(x[ pBo)}

i€[n]
-1y - p(XoBp) Xo(XpXn) ' Xp(y - p(XnBp)
+ 5 RoAp) TV Lo(Bp) ™ (RoAp) + (1/3A R (R @A)

2 - 2 - 2 _
= ~~p(XsBy) XpBp+~ D) b(x] pBo) =~ (v~ p(XsB5) XoBy

i€[n]
1 o
- ;(y - p(XsB%) Xp(XpXp) ' X (y - p(XsB%))

1 o - - L~ ~T &~ ~
+3Rohp) [V Lo(Bp) ™ Rohp) + (1/3)ApRo(Rp 8 Ap),
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where Rp = (1/2)V3Lp(By +ip(Bp — Bp)) for some 7y € (0, 1).
Thus, we have the following:

LoBp) - Ls(Bs)

= A4(D) - 2 (v~ p(XsB5) (XoBp - XsB3)

linear term

-y - p(XsBe)T (KXo XpXn) X - Xs(K5Xs) ' XT (v - p(XsB)

quadratic term

+ 3 (RoAD) TV Lo(Bp)l™ RoAp) + (1138 pRo (R @ Ap)

- S RADTIV LB RAD) - (1/9ApRo (R @ Ao).

Write ¥, = min{y(xoR), ¥ (xoRp)}. By definition of fi@, we have

X5 Xp = XpApXp = . X, Xp, where Ap = diag(b” (x| ,Bp).....b" (X, nBp))-
Hence, we have (igf(@)‘l = i(X;XZ))‘l = XD(X;)?@)‘IX; < iP@. Similarly,
Xs(igis)_le = %PS. Also, recall that Py, = i@(i%i@)_li; forany O € o7, U{S}.

Let P 7|p be the orthogonal projector onto the col([Xp] 7). Using these facts, for any n €
[0, 1), the difference between the two losses can be lower bounded as follows:

LoBp) - Ls(Bs)
> 1A (D)

+27 (1= )A(D) - 2 (y - p(XsB5) (XnByp - XsB)
$27 (=) = (3 - p(XsBE) AL (P~ Prin)Ag (v - p(X )

1 = = _
o (y - p(XsBs) AP (Ps —Pris)AG (v - p(XsBs) (S3.51)

>0

1 125 -
~~(y = p(XsBs) A, "PrinA, (v - p(Xs)

1 ~1)25 -
+=(y = P(XsB) A PrsAS P (y - p(XsBY))

o [Roll - o sl - 22 R - 22 ],
4k, 2l Akor Sl 6 2l 6 Sy
Now recall that
— XpBp — XsB
T = Po=2Ps . e,
[XoBp - X584,

G0 = {Po-Prip: D e
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Now we will handle the linear and the quadratic terms separately. We assume that | 7| =
s—k,where 1l < k <s.

Analysis of likelihood lower bound
Analysis of linear term

To analyze the linear term we will use the deviation bound for the supremum of the sub-
Gaussian process. In particular, we will use Theorem 5.36 of [12]. First, note that the diameter

—_ i_b/ T *
diam(7}(s)) < V2 and recall € = (ey,...,€,)7, where € = %

Gaussianity, we have max;c [, var(g;) < 02 for some universal constant o > 0. Also, recall
that

. Due to 1-sub-

_ XpBp - XsB%
[XoBgp - XsB4l,

Thus, using the aforementioned theorem we get

rp

P { max 7€ > A1 (Ex) Vklog(ep) + v2k{log(es) V log log(ep)})}

Ded, (S3.52)
< 3{(es) Vv log(ep)} 7,
for some universal constant A > 0.
Analysis of quadratic terms
Now, we focus on the quadratic terms. Define the random vector € 5, = (é1,p,...,én, D),

where

i = b (] B}

($BU)2\fb" (T pBp)

Note that {&; p}ic[n) are independent 1-sub-Gaussian. We will study the random quantity
Q. = MaXpey, f;)(P@ —Prp)é p. Let us assume that max;e(, var(é;, p) = 0'%. First,

i € [n].

&i

we note that Py — P7|p is a projection matrix of rank k and hence it is idempotent. Also

note that E {g;(ﬁﬂ - ﬁm))gﬂ} —tr {(% - ﬁﬂﬂ)E(ngg)} = ko2 < ko2, where o
is a universal constant. Now, to bound Q,, we will use Theorem S4.2. By the properties
of projection matrices, we have dop(g_(;)) =1 and dp(g}“‘)) = Vk. Hence, equipped with
Assumption S2.1(e), the quantities M,V and U (defined in Theorem S4.2) has the following

properties:

M < 2<§é~?>klog(ep), V <2+/klog(ep), and U =1.

Due to Theorem S4.2, there exists a universal positive constant A3, such that for

t = Ask+/log(ep){log(es) V loglog(ep)},
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we get

P|Cy (€Ep) 2 Azéaéy)klog(ep) + Agk\/log(ep){log(es) Vv log log(ep)})

< {(es) Vlog(ep)}~*,
for a universal positive constant A,. As we have

D D 2 2 p2
nax E{£T(Pp - P1ip)€} < ko < kaogg?) log(ep),

it follows that

?(0u, < 462, Klog(ep) + Asklog(ep) (log(es) V loglog(ep)}
I

< {(es) v log(ep)} ™,

where A4 is a universal positive constant.
Next, by construction, we have

(S3.53)

n(y - p(XsB) AL " PrinAL (v - p(XsB)
=n" Ny - p(XsB) X (X[X 1) X (y - p(XsB%))
<n 'y (y - p(XsB%) "Pr(y - p(XsB%)).
Similarly,
(P (KB AL PrioA ) P (y-p(XsBy) = —= (y-p(XsBs) Pr(y-p(Xshy).

By Theorem 1 of [9], there exists a universal constant A5 > 0 such that
)
P {|eTPIe —(s-— k)(fgf > t} < 2exp [—A5 min {—k,t}] .
S f—

Fort = 2A5‘1s{10g(es) V loglog(ep)} and a universal constant Ag > 0, we get
P [eTP[e > Ags max{log(es),log log(ep)}] < {log(ep)}™ > forall D € o U{S}.
(S3.54)

Final 0-1 error bound

Define the event
P _ 9 B 1/2 1
0=l max Hﬂ@—ﬂ@“ < x0(¢B) slogn
Deo,U{S} 2 7 W(xoR +x0Ryp) n

By (S3.48) and (S3.49) we have P(Q€) < (slogp)/n’. Also, let & be an event inside of
which the assertion of the theorem holds. It follows that

P(E) = P(E° N Q) + P(E° N Q°)

s R _ B 1
2 P(Zr)rg}]L@(ﬁ@)—ls(ﬁs)<77T*(S)) + 2L

k=1 IcS:|I|=s-k
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Now, assume the follwing

. . ' A(D) A (D)
Telm{$) -= Digflnll)lq i Apar (D) |D\ S| 1D\ S

-1
o (Avy)

@)
(1-m)?

max {Compl, Compy, s 1. pstns.p

} (¢B)log(ep)

n

where
2

3 log(es) V loglog(ep)
Comp, = (éo"?” +\/ log(ep) ’

o) log(es) V loglog(ep)
g " log(ep) ’

B s{log(es) V loglog(ep)}
log(ep)

Comp, =

1
= (!

>

12
snp

32M2x3¢232 sz(logn)2+ BMX(3)¢3/2B3/2 532 (log n)3/?
koW, nlogp 6 \nlog p

where V.. = W (xoR + xoRo). Now, recall the property (S2.43) of Ax(D). Thus, for the
aforementioned condition to hold for Tgy, (), it is sufficient to have

T ( ) Akl(@)
" Z);tSlZ)l s S\ D|
(@B)(1 v y) 1) @ |loglep)
2 WA D =) max {Compl, Compz,ts,n’p,zn,s’p} ——

Under the above inequality and due to (S3.52), (S3.53), and (S3.54), we can finally conclude

N

c s _ slogp
PE%) < ) (1) teo) viogtep)y 2+ 28
k=1
1 slogp

S
(s Vlogp) n’

S4. Quadratic chaos process

Let A be a set of m X n matrices and € be a 1-sub-Gaussian random vector. The random
variable of interest is

Ca(€) = sup [|A£|3 - E||A£|3
AEA

This quantity is studied by [6] and [3]. In the literature of empirical process, this is known
as order-2 sub-Gaussian chaos. Before we present the main result for C # (&), we introduce
some useful definitions.
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Definition 2. For a metric space (T, d), an admissible sequence of T is a collection of subsets
of T, {T, : r > 0}, such that for every r > 0, |T,,| < 2% and |Ty| = 1. For a > 1, define the
v o functional by

(o)

Ya(T,d) =infsup > 2"/°d(1, T,).
teT 12,

The vy, functional can be bounded in terms of the covering numbers N (7, d, €) by the
well-known Dudley’s integral (see [10]). A more specific formulation for the vy, functional
of a set of matrices A endowed with the operator norm, the scenario which we will focus on
in this article, is

V(A ) < [ Jlog Ny €) e

We also define the two quantities dop (A) = sup e g |Allo, and dp (A) := sup e 4 VIr(ATA).
Now, we present the main deviation bound for C #(&).

Theorem S4.2 (Theorem 1 of [3]). Let A be a set of m X n matrices and & := (£1,...,&,)"
be a random vector with independent 1-sub-Gaussian entries. Let

M = yy(A, ”'”)op {YZ(ﬂa ”'”)op + dF(ﬂ)} >
V= dop(ﬂ) {72(?(’ ”'”)op + dF(ﬂ)} s
U = dop(A).

Then, fort > 0,

2t
P(C >ciM+1) <2 - in{—, —¢1,
2 < 20a[ o 2]

where ¢, cy are universal positive constants.

S5. Technical lemmas

Lemma S5.1 (Equation (9) in [5]). Let ®(-) denote the cumulative distribution function of
standard Gaussian distribution. Then for all x > 0, the following inequalities are true:

) 1 -x2)2
( xz)e SI—CD(x)S(—)e .
1+x \2r x] \2x

Lemma S5.2. Let w ~ N(0, 0%1,,) and p € R \ {0} such that |||, < 0°6. Then

5 5 S 6‘_62/2
P(||lw + < |lw > .
(ll pllz < llwlly) 1462 \an

Proof. By straightforward algebra, it follows that

po :=P(llw+ pll3 < [Iwl[3) = P(p"w+ |pl5 < 0).
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Note that u™w d llull, w, where w ~ N(0, o%). Hence, due to Lemma S5.1 we have

po =P(w < —||ull)
=P(w > ||ull)
> P(w > 00)
19) e~ 512

1+6% \2x

>

O

Lemma S5.3 (Lemma 1 in [7]). Let W be chi-squared random variable with degrees of
freedom m. Then, we have the following large-deviation inequalities for all x > 0

P(W —m > 2Vmx + 2x) < exp(-x), and (S5.55)
P(W —m < —2y/mx) < exp(—x). (S5.56)

If we set x = mu in Equation (S5.55) for u > 0, then we get

P (K -1> 2\/E+2u) < exp(—mu).

m

Note that for u < 1, we have 2+/u + 2u < 4+/u. Thus, setting u = 6%/16 for any 6 < 1, we get

P (% -1> 5) < exp(-mé?%/16). (S5.57)

Similarly, setting x = mu and u = 6%/4 in Equation (S5.56), we get

P (K -1< —5) < exp(-mé?/4). (S5.58)

m

Lemma S5.4. Let 6 € (0, ). Then for any x > 0 the following inequality holds:

0<Vx+6-+(x-6)VvO0<V26.

Proof. It is obvious that fs(x) = Vx +6 — \/ (x =) v 0 > 0. Now for the other inequality,
we will consider two cases:

Case 1: x < 6 In this case fs(x) = Vx +0 < V26.

Case 2: x > 6 In this case we have

1{ 1 1
f’(x)=—( -~ )<0 for all x > 6.
° 2 Vx+6 Vx-6

Hence f5(x) < fs5(6) = V26. m]
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