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Abstract

We study generation in separable metric instance spaces. We extend the genera-
tion framework from Kleinberg and Mullainathan [13]] beyond countable domains
by defining novelty through metric separation and allowing asymmetric novelty
parameters for the adversary and the generator. We introduce the (e,, €4)-closure
dimension, a scale-sensitive analogue of closure dimension, which yields charac-
terizations of uniform and non-uniform generatability. We also show that the union
of two uniformly generatable classes can fail to be generatable in the limit, even
on the real line. Along the way, we identify a sharp geometric contrast. Namely,
in doubling spaces, including all finite-dimensional normed spaces, generatability
is stable across novelty scales and invariant under equivalent metrics. In general
metric spaces, however, generatability can be highly scale-sensitive and metric-
dependent; even in the natural infinite-dimensional Hilbert space ¢2, all notions of
generation may fail abruptly as the novelty parameters vary.

1 Introduction

Generative models are trained on massive amounts of data from which they learn to generate new,
previously unseen, well-formed objects such as text, images, code, and molecules. A clean, minimal
framework has emerged in recent work [13] 21] that captures the essence of generation. In this
model, the learner receives a sequence of objects from an adversary drawn from a set in a known set
collection. The learner has to generate novel valid objects from the true set that is initially unknown
to the learner. This framework is inspired by the seminal work of Gold [7] on language identification
in the limit. In Gold [7]’s model, an adversary enumerates strings from a language in a collection.
The learner’s task is to identify the true language from only the positive examples shown by the
adversary. Kleinberg and Mullainathan [13]] changed the identification requirement to generation: the
learner has to generate novel, unseen objects from the true set.

This simple change, from identification to generation, completely changes the nature of provable
guarantees. On the one hand, since the seminal characterization by Angluin [3]] of language collections
identifiable in the Gold [7] model, we know that very few natural collections are identifiable in the
limit. On the other hand, Kleinberg and Mullainathan [[13] showed that any countable collection is
generatable in the limit. They also connected their theoretical findings to empirical phenomena such
as under-generation (mode collapse) and over-generation (hallucination). Their elegant framework
and surprising results have led to a flurry of work on extending their basic framework in various
interesting directions (see Sec. [I.2).

However, most work in this area assumes a countable example space with a discrete 0-1 metric. This
implies that the generated object is considered novel if it is distinct from previously seen objects.
This notion is often too weak: in image generation, changing a single pixel of an image will not
necessarily produce a genuinely new image, and in text generation, replacing one word in a sentence
will not necessarily produce a genuinely new sentence.
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In this paper we initiate a theoretical study of generation in metric spaces. A metric space structure is
general enough to encompass not only traditional modalities like text and images but also emerging
applications such as SDE solutions over a spatial domain [16]] and protein generation in 3D space
that respects translational and rotational symmetries [9].

Motivated by practice, we operationalize novelty by requiring that the distance of generated objects
to seen objects must lie above a given threshold 4. For example, in protein structure generation, a
generated structure is often classified as novel only if its maximum structural similarity to all training
structures falls below a fixed threshold, corresponding to a distance-based novelty notion that is
relative to the training set [17].

Furthermore, empirical studies of generative model generalization have observed that generated
samples may lie closer to the training set than independently held-out test samples in a feature space,
reflecting a separation between the scale at which training data are revealed and the scale at which
novelty is required of generated outputs [10]. Our framework makes this distinction explicit by
allowing separate novelty parameters €,, £4: one for the adversary, and one for the generator.

1.1 Main Contributions

Our main contributions are as follows:

* We extend the language generation model to separable metric instance spaces X', while retaining
binary hypothesis classes H C {0,1}**. We introduce a notion of novelty based on metric
separation rather than mere distinctness, and define two independent novelty parameters €4, €4,
for the adversary and the generator, respectively. This leads to a strictly richer and nontrivial
generalization of the countable setting.

* We introduce the (£, £4)-closure dimension, a metric analogue of closure dimension that explicitly
depends on scale. Using this notion, we obtain complete characterizations of uniform and non-
uniform generatability. We also show that the union of two uniformly generatable classes can
fail to be generatable in the limit, even on the real line. Moreover, we generalize the algorithmic
framework from the countable case to the metric space setting under appropriate oracle access.

¢ In doubling spaces, including all finite-dimensional normed spaces, we show that generatability
behaves in a well-controlled manner: uniform and non-uniform generatability is invariant to the
choice of novelty scales and preserved under equivalent metrics.

* Beyond doubling spaces, we demonstrate sharp, non-intuitive behaviors. Generatability can be
highly sensitive to novelty parameters and metric choice. Our constructions show that all notions
of generation can fail abruptly as scales change even in the simple infinite-dimensional space £2,
highlighting a qualitative gap between finite and infinite-dimensional spaces.

Extending generation to metric spaces presents several challenges. First, unlike in the countable
setting, novelty can no longer be defined by distinctness alone and must reflect geometric separation.
This motivates asymmetric novelty parameters for the adversary and the generator. Second, several
characterization results in the countable setting rely explicitly on countability, for example through
enumeration arguments, and do not extend to general metric spaces. Finally, due to the asymmetry
between the adversary’s and generator’s novelty parameters, constructing hypothesis classes and
counterexamples requires careful consideration of their relative scales.

1.2 Related Work

Our work builds on the framework of language generation in the limit, introduced by Kleinberg and
Mullainathan [[13]. Since then, subsequent work has investigated a range of questions surrounding
this language generation model. Here, we discuss the most relevant prior works.

Uniform and Non-Uniform Generation Raman et al. [21]] introduced stronger notions of genera-
tion: uniform and non-uniform generation, and provided characterization for uniform and non-uniform
generation. Charikar and Pabbaraju [5] also, independently studied non-uniform generation and
showed that all countable collections can be non-uniformly generated. Charikar and Pabbaraju [6]]
proposed an almost Pareto-optimal algorithm for non-uniform language generation. Hanneke et al.
[8]] studied unions of generatable classes and solved two open problems posed by Raman et al. [21]].



Extensions of Language Generation Several extensions of language generation have been pro-
posed. Raman and Raman [20], Mehrotra et al. [18]] and Bai et al. [4]] investigated language generation
with contamination, in which the adversary is allowed to omit instances or generate instances outside
the language. Peale et al. [19] studied representative generation, in which the generator needs to
output a distribution that is representative of the seen data. Anastasopoulos et al. [2] investigated safe
language generation, in which there exists a harmful language that the generator needs to avoid.

Other Related Work Several follow-up studies have proposed and studied different definitions
of breadth in the language generation model, and showed that requiring the generator to generate
diverse instances from the target language makes generation significantly harder [[11} 12} 14} [15]].

Alves [1] study language identification in metric spaces by revisiting classical identification in the
limit and allowing distances between languages to be measured by a metric. In contrast, our work
takes a fundamentally different perspective: we study generation rather than identification, and
impose metric structure on the instance space rather than on the space of languages.

2 Preliminaries

2.1 Example Space and Hypothesis Class

Throughout the paper, we let (X, p) be a separable metric space, meaning that X admits a countable
dense subset with respect to p. Let H C {0,1}* be a binary hypothesis class. For a hypothesis
h € H,letsupp(h) := {z € X : h(x) = 1}, that s, its collection of positive examples. For any class
‘H and a finite sequence of examples x1, ..., x,, define the version space as:

H(z1,...,zn) :={h € H : {z1,...,2,} Csupp(h)}.

For any class , define its induced closure operator (-)7; as:

TP N PYRES Mhen(er,y SPR), AF[H(z1:0)| 1.
1 if [H(z10)] = 0

Intuitively, (x4, ..., ;)3 captures the set that must belong to the target hypothesis given consistency
with the observed examples. We will also need several other definitions about metric spaces.

Definition 2.1 (Closed Ball). Let (X, p) be a metric space. For a point x € X ora set A C X, we
denote by B(x,e) or B(A,¢) the closed e-balls centered at x: or A, respectively, defined as

B(z,e) :=={y € X : p(x,y) < e}, B(Aje) ={ye X: gggp(a’;,y) <e}.

Definition 2.2 (Covering Number). Let (X, p) be a metric space and € > 0. An e-covering of a
set A C X is a finite set {01, ...,00} C X such that A C B({0;}M,,¢). The e-covering number
N(e; A, p) is defined as

N(g; A, p) :=min {M € N: Je-covering of A with M points} .

If no such finite covering exists, we write N (g; A, p) = oc.

To prevent the adversary from exhausting all positive examples and thus making the task of generation
impossible, we make the following assumption for the hypothesis set. This assumption extends a
similar condition used in previous work on generation in the countable example space setting (see

Definition[A.T).
Definition 2.3 (r-Uniformly Unbounded Support (r-UUS)). Let (X, p) be a metric space and let
r > 0. A hypothesis class H C {0,1}* satisfies the r-Uniformly Unbounded Support (r-UUS)
property if every h € H has nonempty support and, for every sequence (x;);>1 in supp(h) satisfying

supp(h) C B({x; : i > 1}, 1),
we have

tlim N(r;{xy,..., 2}, p) = 0.

—00

The r-UUS property satisfies the following monotonicity result, which we prove in Appendix [D}

Lemma 2.1. Let H C {0,1}* be any class satisfying the r-UUS property for an r > 0. Then for
any positive § < r, H satisfies the §-UUS property.



2.2 Generatability

Consider the following two-player game for a hypothesis set H. At the start, the adversary picks
a hypothesis h € H and does not reveal it to the learner. The game then proceeds over rounds
t = 1,2,.... In each round ¢t € N, the adversary reveals a new example z; € supp(h). The
generator, after observing enough examples of x1, ..., x;, must output some new example inside
supp(h). Crucially, the generator never observes its loss as it does not know h. The goal of the
generator is to eventually perfectly generate new, positive examples « € supp(h). To make this
formal, we first define a generator as a mapping from a finite sequence of examples to a new example.

Definition 2.4 (Generator). A generator is amap G : X* — X that takes a finite sequence of
examples x1, T2, ... and outputs a new example x.

The challenge of extending the framework to metric spaces lies in the definition of novelty. In a
countable example space, novelty can simply be defined as distinct instances. In a metric space,
however, distinctness is not enough: one does not expect an instance that is very close to the previous
ones to be a new instance.

As a result, we define a new instance to be ¢ far away from the previous instances. To make the
definition general, the ¢ is allowed to be different on the adversary and the generator sides. That is, we
define two novelty parameters for the adversary and the generator, denoted as €, and €, respectively.

Definition 2.5 (Generatability in the Limit). Let H C {0,1}* be any hypothesis class satisfying
the r-UUS property for some r > 0 and let 0 < e4,e4 < 1. If there exists a generator G such
that for every h € H, and any sequence {z;}2, C supp(h) such that supp(h) C B({z;}52,,€4)
(i.e., the adversary eventually reveals an e,-cover of the support), there exists a t* € N such that
G(z1:5) € supp(h) \ B({zi}i_,eq) for all s > t*, then we say H is (cq,€4)-generatable in the
limit.

Remark 2.1. The assumption supp(h) C B({x;}521,€4) is an analogous to the enumeration
assumption in the countable example space setting (see Definition[A2)). It requires the adversary to
eventually show the whole structure of the hypothesis set to the generator.

Our definition above is intentionally general and does not specify the relative magnitudes of €, and
€4. This is because the relative magnitudes of novelty on the adversary and generator sides are
application dependent. For example, consider authors preparing a paper submission to a conference.
An experienced author may read several papers that are closely related in topics (corresponding to a
small ¢, for adversary) yet generate a paper that is substantially different, for example, by introducing
a new technique or applying known methods to a new problem. In this case the generator’s g4 is
larger than than the adversary’s €,. Alternatively, a beginning researcher may read a very diverse set
of papers spanning many topics (a large €,,), yet generate a paper closely aligned with one of them,
such as by extending an existing line of work. Here, the generator’s £ is smaller than the adversary’s
€4. Our definition of generatability in the limit is designed to encompass both behaviors.

Next, we define uniform generation, which requires a common covering-number threshold indepen-
dent of both the target hypothesis and the positive sequence. The round at which this threshold is
reached may depend on the sequence.

Definition 2.6 (Uniform Generatability). Let H C {0,1}* be any hypothesis class satisfying
the r-UUS property for some r > 0 and let 0 < e4,e4 < 1. If there exists a generator G and
d* € N, such that for every h € H and any sequence {x;}5°, C supp(h), if there exists t such that
N(eg;{zi}i_q,p) > d*, then G(x1.5) € supp(h) \ B({zi}i_,,eq) forall s > t, then we say H is
(€a, £g)-uniformly generatable.

For non-uniform generation, the covering-number threshold may depend on the target hypothesis, but
not on the positive sequence.

Definition 2.7 (Non-Uniform Generatability). Let H C {0, 1}* be any hypothesis class satisfying
the r-UUS property for some r > 0 and let 0 < €,,e4 < 1. If there exists a generator G such that for
every h € H there exists a dj, € N, such that for any sequence {x;}32, C supp(h), if there exists t
such that N (eq; {z;}Yi_1, p) > dp, then G(x1.5) € supp(h) \ B({z;}i_1,e,) for all s > t, then we
say H is (€4, €4)-non-uniformly generatable.



It is clear that our framework strictly generalizes the countable example space setting considered
in Raman et al. [21]]. This is achieved by equipping a countable example space with the discrete
{0, 1}-metric. We include a formal proposition in Appendix@]for completeness sake.

3 Characterizations of Generatability

In this section, we characterize hypothesis classes that are uniformly and non-uniformly generatable,
and we show that the union of two uniformly generatable classes can fail to be generatable in the
limit. We show that, despite the additional metric structure, the resulting characterizations closely
parallel those obtained in the countable example space setting (see Appendix [A]for more details).
Consequently, we state the main results in this section and defer the proofs to Appendix (B| In
Appendix [E] we also have a discussion about the computability of generation. Although these
characterizations are straightforward, generation in metric spaces exhibits several counterintuitive
phenomena that do not arise in the countable example space setting. We explore these phenomena in
more detail in Section 4]

We first extend the techniques from Raman et al. [21] to account for metric space structure. As
a result, we first define a metric analog of the Closure dimension originally defined for countable
example space (see Definition[A.5).

Definition 3.1 ((¢,,¢4)-closure dimension). The (gq,¢,)-closure dimension of #H, denoted
Ce, ., (H), is the largest d € N such that there exist h € H and {x;}!_, C supp(h) satisfying

N(ea; {zitizt,p) = d,
and a finite set F C (x1,...,24)3 such that
<(E1, cee 7xt>7-[ - B(Fa’sg)~

If this holds for arbitrarily large d € N, we set C., . (H) = oo. If no such sequence exists for any
deN wesetC., . (H)=0.

Unlike the Closure dimension, the (¢4, €4)-Closure dimension is scale-sensitive. In Sectionwe will
further explore its property for different scales of €, and €,. Our first theorem uses this dimension to
provide a complete characterization of which classes are uniform generatable.

Theorem 3.1 (Characterization of Uniform Generatability). Let H C {0, 1} be any hypothesis class
satisfying the r-UUS property for some r > 0 and let 0 < €,,e4 < 1. Then, H is (¢4, €4)-uniformly
generatable if and only if C., . (H) < oo.

Similarly to the countable example space setting, for every finite hypothesis class H satisfying the
r-UUS property with e, > ¢4, we have Csa,gg (H) < oco. In contrast, when &, < €4, there exists a
finite hypothesis class that is not non-uniformly generatable. Intuitively, if the generator is required
to produce outputs that are more novel than those revealed by the adversary, the generation task may

become impossible. Further discussion is provided in Appendix
Corollary 3.2 (Finite Classes are Uniformly Generatable). Let H C {0, 1} be any finite hypothesis

class satisfying the r-UUS property for some r > 0 and let 0 < €,,e4 < 1 such that 4 < €4. Then,
H is (eq,€4)-uniformly generatable.

We next move to characterize non-uniform generatability. We show that our characterization of
uniform generatability leads to a characterization of non-uniform generatability.

Theorem 3.3 (Characterization of Non-uniform Generatability). Let H C {0,1}* be any hypothesis
class with the r-UUS property for some r > 0 and let 0 < e,,e4 < r. The following statements are
equivalent.

(i) M is (gq,€4)-non-uniformly generatable.
(ii) There exists a non-decreasing sequence of classes H1 C Ho C ... such that H =
Ce,.e,(Hn) < 00 for everyn € N.

ey Hi and

An immediate consequence of combing Corollary [3.2]and Theorem [3.3]is the following corollary.

Corollary 3.4 (Countable Classes are Non-uniformly Generatable). Let H C {0,1}* be any
countable hypothesis class satisfying the r-UUS property for some v > 0 and let 0 < 4,64 < 1
such that 4 < e,. Then, H is (¢4, €4)-non-uniformly generatable.



We next show that uniform generatability of the component classes does not ensure generation in the
limit for their union. This obstruction occurs even on the real line.

Theorem 3.5 (Failure of Finite-Union Closure). Let 7 > 0 and 0 < g4,4 < r. On R with its
usual metric, there exist hypothesis classes H1,Hs C {0,1}%, each satisfying r-UUS and each
(€as £9)-uniformly generatable, such that Hi U Hy is not (g4, € 4)-generatable in the limit.

In contrast, Raman et al. [21] showed that, in the countable example space setting, every finite union
of uniformly generatable classes is generatable in the limit. Theorem [3.5]shows that this finite-union
property fails in the metric setting, even for two classes on the real line.

4 Properties of Generatability

Beyond the structure of the hypothesis class itself, generatability depends on two additional parame-
ters: the novelty thresholds with respect to the adversary and the generator, denoted by ¢, and €4,
respectively. In this section, we study how generatability varies as these novelty parameters change.
We also investigate generatability under different metrics defined on the same underlying space.

4.1 Generatability is Well Behaved in Doubling Spaces

We first establish a robustness result for generatability in doubling spaces. A doubling space is a
metric space in which balls at one scale can be covered by finitely many balls at any smaller scale.
In such spaces, we show that, both uniform and non-uniform generatability are invariant across
all choices of scale parameters ¢, and 4, and are preserved under any change to an equivalent
metric. Throughout, we say that two metrics are equivalent if they are bi-Lipschitz equivalent; see
Appendix [D.3]for details.

Definition 4.1. A metric space (X, p) is said to be doubling if there exists a constant M > 0 such
that for any x € X and any r > 0, the ball B(x,r) can be covered by at most M balls of radius r /2.

We first show a stronger result than Lemma 2.1} in doubling spaces, the 7-UUS property is invariant
to the choice of the scale parameter . The proof is deferred to Appendix [D]for completeness.
Theorem 4.1. Let (X, p) be a doubling metric space. Suppose H C {0,1}* is a class satisfying
r-UUS property for some v > 0. Then it also satisfies the v'-UUS property for any v’ > 0. In this
case, we simply say that H has the UUS property.

We are now ready to present robustness results for uniform and non-uniform generatability in doubling
spaces.

Theorem 4.2. Let (X, p) be a doubling metric space. Let €, ¢4, 04,04 > 0 satisfy 0 < &, < €, and
0 < &, < &4 Suppose H C {0, 1} satisfies the UUS property. Then H is (e4, €,)-uniformly (resp.
non-uniformly) generatable if and only if it is (04, 8)-uniformly (resp. non-uniformly) generatable.

Proof. By Theorem and 3.3 we only need to show that C., . (H) < oo if and only if
Cs,.s,(H) < oo. Since X is a doubling space, there exists C' such that for any € &X', B(z,¢,) can
be covered by the union of at most C' balls of radius ¢, and B(x, ¢4) can be covered by the union of
at most C balls of radius ,. Then under our assumption, for any subset A C X,

N(eg; A, p) =00 <= N(0q4; A4, p) = o0.
Andif N(e,; A, p) < 0o, we have

N(ea; A, p) < N(0a; A, p) < CN(ea; A, p).

We also need to compare covers with centers in the closure. If a nonempty set K has a finite € ,-cover
with centers in K, use doubling to cover each of these balls by finitely many balls of radius d, /2.
From each smaller ball meeting K, choose one point of K as a new center. The triangle inequality
shows that the chosen points form a finite J4-cover of K. Conversely, every §,-cover is a 4-cover.
Thus the same generatable samples have closures admitting the required finite internal covers at the
two generator scales. The displayed covering-number inequalities then give

Cea,eg (H> < Céa,ég (H) < Ccea,eg (H)

This proves the uniform case. Applying the same comparison to every subclass in Theorem [3.3]
proves the non-uniform case. O



It is well known that Euclidean space R¢ is a doubling metric space. As a result, we have the
following corollary:

Corollary 4.3. In any finite-dimensional normed vector space X, if H C {0, 1} satisfies the UUS
property, then for any €q,€4, 04,04 > 0, H is (€4, €4)-uniformly (resp. non-uniformly) generatable if
and only if it is (84, 04)-uniformly (resp. non-uniformly) generatable.

For arbitrary parameter pairs, choose a positive pair strictly smaller in each coordinate than both
pairs and apply Theorem [4.2]twice; finite-dimensional normed spaces are doubling. We next study
how generatability behaves under changes of the underlying metric. The proof is similar to that of
Theorem [4.2]so we defer it to Appendix

Theorem 4.4. Let (X, p1) be a doubling metric space, and let ps be a metric on X bi-Lipschitz
equivalent to py. Suppose H C {0,1}% is a hypothesis class. Then, it satisfies the UUS property
with respect to p1 if and only if it satisfies the UUS property with respect to po. If these equivalent
UUS conditions hold, then H is uniformly (resp. non-uniformly) generatable with respect to py if and
only if it is uniformly (resp. non-uniformly) generatable with respect to po.

So far, we have established the desired stability properties of uniform and non-uniform generation in
doubling metric spaces. What about generation in the limit? Unfortunately, pathological phenomena
can occur: generatability can change abruptly when changing the scale parameters €, or ,. We
present such an example in Example [d.5] here and leave the construction and proof to Appendix [C|

Example 4.5. On the real line R, there is a hypothesis class H that satisfies the UUS property, and
is (¢, 1)-generatable in the limit for any £ € (0, 1), but not (1, 1)-generatable in the limit.

These examples illustrate phenomena that are specific to generation in metric spaces and are examined
in more detail in the next section.

4.2 Generatability is Scale-Sensitive

Outside doubling spaces, these robustness properties can fail: generatability may depend sharply
on gq, €4, and the underlying metric. The adversary reveals a sequence of positive examples from
a hypothesis h, while the generator must eventually produce points in supp(h) at distance strictly
greater than ¢, from every previously observed point. For uniform and non-uniform generation,
the guarantee is triggered when the observed sample’s €,-covering number reaches a prescribed
threshold. Increasing €, can only decrease this covering number, making the guarantee easier to
satisfy. Decreasing €, also makes generation easier, since the generator is required to produce less
novel instances.

In this section, we establish monotonicity results with respect to both ¢, and €. For uniform and non-
uniform generation, the results align with this intuition: if a hypothesis class # is (¢4, £4)-uniformly
(resp. non-uniformly) generatable, then it remains so when ¢, is increased or €, is decreased. We use
Example to illustrate this behavior in the £2 space , where increasing £, or decreasing £, makes
generation easier. Notably, this example also shows a separation between finite-dimensional normed
spaces, and the infinite-dimensional space ¢?. Depending on the choice of scale parameters ¢, and
€4, the same hypothesis class can exhibit all possible regimes of generatability, ranging from not
generatable in the limit to uniformly generatable. This phenomenon cannot occur in a doubling space.

The situation for generation in the limit is more subtle, as already illustrated by Example [#.5] When
considering generation in the limit, monotonicity holds only when ¢, is decreased. In contrast,
increasing ¢, can cause generatability to fail: a hypothesis class may be (g, €,)-generatable in the
limit for small €,, yet lose this property once €, exceeds a threshold. Example [4.8]demonstrates that,
in £2, generatability in the limit can disappear when ¢, and £, exceed such thresholds. Moreover, in
contrast to Example[4.5]in the doubling-space setting, Example [4.8]is more general: the threshold
values of ¢, and €, at which generatability fails can be chosen arbitrarily.

Theorem 4.6. Let H C {0, 1} be any hypothesis class satisfying the r-UUS property for some
r>0andlet0 < eq,e4 < 1. If H is (€4, €4)-generatable in the limit, then for any positive 6, < €,,
dg < &g, H is (04, 04)-generatable in the limit.

Theorem 4.7. Let H C {0, 1} be any hypothesis class satisfying the r-UUS property for some
r>0andlet0 < eq,e4 < 1. If H is (€q,£4)-uniformly (or non-uniformly) generatable, then for
any e, < 9o <rand 0 < 04 < 4, H is (8q, 0g)-uniformly (or non-uniformly) generatable.
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(a) Mlustration of Example [4.8] showing generata- (b) Tllustration of Example[4.9] showing increasing
bility in the limit can disappear when €, and ¢4 €, or decreasing €, makes generation easier.

are larger than a threshold.

Figure 1: Illustration of two generation regimes in a metric space. The horizontal axis represents the
adversary parameter, and the vertical axis represents the generator parameter.

Theorems [4.6|and [1.7] establish monotonicity with respect to both ¢, and ¢, for all three notions of
generation, which we prove in Appendix [D}

Example 4.8. In (?-space, for any r > 0 and any 0 < &,, eg < 1, there exists a hypothesis class

H C {0, 1}52 satisfying the r-UUS property such that, for every 0 < 74,74 < 1, it is (Ya,7Vq)-
generatable in the limit if and only if v, < €, and 4 < g,.

Figure [Ta| gives an illustration of this example. We now present the construction and the underlying
intuition here, and defer the full proof to Appendix [C]

Recall that £2 is the space that contains all sequences (z;)5°; such that Y, 27 < occ. Let ey, € £2
denote the k-th standard basis vector. Define

ug = 4r - ey, ax ‘= €q * €k, gk 1= Eg - €.
Let Z be the set of all infinite subsets of N , i.e., Z = {I|I € 2+ |I| = co}. For I € T, let
Ur={uglk € I}, Or ={asklk € I} U{gogni1lk € [,n € N}, Dj;={gors1lk € I}
and construct the hypothesis class # such that
H ={h1, 15,05/ 11, 12,13 € Z, supp(hr, 1,.1,) = {0} U U, UO, UDy,}

Here, uj, and Uy are constructed to ensure that H satisfies the r-UUS property. As will be seen in
the proof, the points ay, are constructed for the adversary, while the points g are constructed for the
generator. In fact, the gj are the only instances with an explicit structure, which enables the generator
to repeatedly produce them. The set Oy is the optimal set: when v, < €4, revealing asy, € O; with
k > 2 identifies an infinite tower {g2xn+1 : n > 1} from which novel outputs can be chosen. In
contrast, D is the disturbing set: if the adversary continues to reveal g € Dy, then the generator
fails to generate in the limit.

Intuitively, when 7, < €, and 7,4 < €, since the adversary must choose a sequence {x; }$°, such that
supp(h) C B({x;}$21,7a), there must exist some time ¢ at which x; = agy, for some & > 2. From
that point on, the generator can choose a point go;» 41 Whose coordinate has not appeared in the finite
observed sample; this point belongs to the target support and is more than «y, from every observation.
When v, > £,4, however, as long as the adversary reveals 0, the generator cannot generate any gy,
since each g, lies within the ~,-ball centered at 0. Finally, when v, > €,, the adversary may choose
to reveal only instances of the form 0, gi, and uj. The generator’s task is to uncover the structure
of O and generate from it. However, due to the interference caused by Dy, the generator cannot
distinguish whether the observed instances originate from O; or from Dy, rendering generation in
the limit impossible.

Example 4.9. In (?-space, for any r > 0 and any 0 < €41 < €42 < 7 and 0 < eg <1, there exists a

hypothesis class H C {0, 1}52 satisfying the r-UUS property with the following generation behavior.
For v, € (0,¢4),

Ya € [Ea2,7], then (Ya,vq)-uniformly generatable,
Yo € [€a1,€a2), then (Ya,7q)-non-uniformly but not uniformly generatable,
Yo € (0,€41),  then (Yq,7q)-generatable in the limit but not non-uniformly generatable.



Moreover, for vq4 € [e4,7] and any v, € (0,7], H is not (a4, 74)-generatable in the limit.

Figure [Th|illustrates this example. We give the construction and intuition here and prove the claims
in Appendix|[C| Let K = {2,3,...}. For k € K, define points on four disjoint coordinate sets:

U 1= 2r ey, Qk,1 "= €aq1€4k+1,
AL 2 ‘= €q2€4k+2, gk ‘= €g€4k+3-
Let 7 and Zg,, be the infinite and finite subsets of K, respectively. Set

O[:{uk:k/’el}U{gkn:I{JGI,TLZI},
Dry={ax1:keltU{ars: ke J},

and define H = {hr, 1,5 : [1,1o € Z, J € Ign} by
supp(hr,,1,,7) = {0} U O, U Dy, ;.

The u-points ensure -UUS. Observing either uy, or gy, identifies an infinite tower {gg» : n > 1} in
the target support. When v, < ¢4, a tower point on an unobserved coordinate is always novel.

If 4 > €42, the origin and all disturbing points in Dy, ; have covering number at most 1, so a sample
covering number of at least 2 forces a tower observation. If €,1 < 7, < €42, these points have
covering number at most 1 + |J|, giving a target-dependent threshold; arbitrarily large finite sets of
second-family points rule out a uniform threshold. Below ¢, arbitrary infinite subsets of first-family
points obstruct non-uniform generation. Nevertheless, every valid covering sequence must reveal a
u-point, so generation in the limit is possible whenever v, < ¢,. Finally, when -, > ¢, observing 0
blocks all g-points; a diagonal choice of the remaining support defeats generation in the limit.

4.3 Generatability is Metric-Dependent

In Section4.1] we showed that uniform generatability is invariant under changes to equivalent metrics.
In contrast, in general metric spaces, generatability can depend on the underlying metric: even
equivalent metrics on the same instance space may induce different generatability properties.

We begin by establishing a stability result. Theorem .10 shows that if one metric is bounded by
another, then both the UUS property and generatability in the limit transfer in a controlled manner,
with the relevant parameters scaling linearly with the bounding constant. In this sense, generatability
remains stable under sufficiently mild distortions of the metric. We present the proof in Appendix

Theorem 4.10. Let X be a metric space with metric p1 and ps. Assume there exists M > 0 such
that for any x,y € X, pa(x,y) < Mpi(x,y). Let H C {0,1}* be any class satisfying the r-UUS
property for an v > 0 with respect to pa, and 0 < 4,64 < 7. Then H satisfies the r/M-UUS
property with respect to p1. Moreover, if H is (¢4, €4)-generatable in the limit with respect to ps,
then H is also (e, /M, e4/M)-generatable in the limit with respect to p;.

Our next example highlights a sharp contrast. Even when two metrics are uniformly equivalent,
generatability need not be preserved. In particular, we construct an example in /2 showing that a
hypothesis class can be uniformly generatable under the standard metric, yet fail to be non-uniformly
generatable under an equivalent metric. We state the example and leave the full proof in Appendix[C|

Example 4.11. In (?-space, for any v > 0, there exists a hypothesis class H that satisfies the r-UUS
property and a metric p' that is equivalent with the ordinary metric p such that H is (e, €)-uniform
generatable with respect to p for every € € (0,71), but H is not (e, €)-non-uniformly generatable with
respect to p' for any € € (0,r).

5 Discussion

We initiated a theoretical study of generation in metric spaces, extending prior frameworks that were
restricted to countable domains. Our results show that introducing geometric structure leads to new
scale-dependent and metric-dependent phenomena, while preserving several older characterizations
in modified form. In particular, we identified doubling metric spaces as a broad regime in which
generatability behaves in a stable and robust manner, and demonstrated that outside this regime,
generatability can be highly sensitive to both the novelty parameters and the choice of metric.



Several directions remain open, including studying generation when outputs are considered equivalent
under natural symmetries, identifying geometric conditions beyond doubling that ensure stable
behavior, and strengthening our understanding of generation under additional structural assumptions.
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A Summary of Results for Countable Example Space Generation

We recall the formal definitions of generation in countable example spaces and the main structural
results established in prior work, which motivate and inform our development of generation in metric
spaces.

Through this section, X’ is a countable example space and H C {0, 1}¥ is a binary hypothesis class.

A.1 Definitions of Generation

Definition A.1 (Uniformly Unbounded Support (UUS)[21]]). A hypothesis class H C {0, I}X
satisfies the Uniformly Unbounded Support (UUS) property if | supp(h)| = oo for every h € H.

Let X be an countable example space and let H C {0, 1} be a hypothesis class satisfying the UUS
property.

Definition A.2 (Generatability in the Limit [21]]). The hypothesis class H C {0, I}X is generatable in
the limit if there exists a generator G such that for every h € H and every enumeration {x1, o, ...}
of supp(h), there exists t* € N such that G(x1.5) € supp(h) \ {x1,..., 2} forall s > t*.
Definition A.3 (Uniform Generatability [21]). The hypothesis class H C {0,1}?* is uniformly
generatable if there exists a generator G and an integer d* € N such that for every h € H and
every sequence {x1, T2, ...} C supp(h), if there exists t € N such that |{x1,...,2:}| = d* then
G(x1.5) € supp(h) \ {z1,...,25} forall s > 1.

Definition A.4 (Non-uniform Generatability [21]). The hypothesis class H C {0,1}* is non-
uniformly generatable if there exists a generator G such that for every h € H, there exists an integer

dy € N such that for every sequence {x1,x2,...} C supp(h), if there exists t € N such that
Hz1,...,x}| = df, then G(x1.5) € supp(h) \ {z1,...,2s} forall s >t.

A.2 Closure Dimension and Characterizations

Definition A.5 (Closure Dimension [21]]). The closure dimension of a hypothesis class H C {0, 1},
denoted C(H), is the largest integer d € N such that there exist distinct points x1, . ..,zq € X with
(X1, xq)n £ L and |{(x1,...,24)n| < co. If such d exists for arbitrarily large values, we
write C(H) = oc.

Theorem A.1 (Uniform Generatability Characterization [21])). A hypothesis class H C {0,1}% is
uniformly generatable if and only if C(H) < oc.

Theorem A.2 (Non-uniform Generatability Characterization [21]]). A hypothesis class H C {0, I}X
is non-uniformly generatable if and only if there exists a non-decreasing sequence of subclasses
Hi1 CHo C -+ suchthat H=\J;o, H;and C(H;) < oo foralli € N.
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Theorem A.3 (Sufficient Condition for Generatability in the Limit [21]). A hypothesis class H C

{0,1}% is generatable in the limit if there exists a finite sequence of subclasses Hy, ..., H, C
H such that H = |J!_; H; and C(H;) < oo for all i € [n).

B Proofs in Section

To simplify the proof, we give a definition of generatable sequence, which is a sequence that belongs
to some hypothesis class h.

Definition B.1 (Generatable Sequence). Let H C {0, 1} be a hypothesis class satisfying the r-UUS
property for some r > 0. A (finite or infinite) sequence {x;}ic; C X is called generatable if there
exists h € H such that

{zi}ier € supp(h),
where I = {1,...,t} for somet € Nor I = N.

B.1 Proofs for Uniform Generation

Lemma B.1 (Necessity in Theorem . Let H C {0,1}* be any hypothesis class satisfying the
r-UUS property for some r > 0 and and let 0 < eq,e4 < 7. If Cc, ., (H) = 00, then H is not
(€as €g)-uniformly generatable.

Proof. Let G be any generator and fix any proposed uniform threshold d € N. Since C., ., (H) = oo,
there exists a generatable sequence 21, . . ., 2; such that

Neas {2}y, p) > d
and, writing A = (21, ..., z¢)3(, there is a finite set F' C A with A C B(F, ¢g).
Append the points of F' as z;41,...,2,. Since every point of ' belongs to every hypothesis in
H(z1.+), we have

H(zlzp) = H(let)'

Let &, = G(z1,p). If £, € A, then &, € B(F,¢,), so it is not novel; in this case, choose any h* €
H(z1:¢). Otherwise, by the definition of the closure, choose h* € H(z1.;) such that &, ¢ supp(h*).
In either case, the entire prefix lies in supp(h*) and

P
G(z1p) ¢ supp(h*) \ | B(zis ).
i=1
Extend this prefix by any infinite sequence of positive examples from h*. The generator fails at round

p > t, after the covering-number threshold d has been reached. Since G and d were arbitrary, H is
not (&4, £4)-uniformly generatable. O

Lemma B.2 (Sufficiency in Theorem . Let H C {0,1}* be any hypothesis class satisfying the
r-UUS property for some r > 0 and and let 0 < g4,y < r. When C., ., (H) < oo, there exists a
generator G, such that for every h € H and any sequence (x;);cn with {x1,za,... } C supp(h), if
there exists t such that N (eq; {z:}._1, p) > Ce, o, (H)+1, then G(x1.s) € supp(h)\U;_; B(xs,g4)
forall s > t.

Proof. Suppose C., ., (H) = d < oc. For every generatable sample x1, ...,z satisfying

N(5a§ {xi}f:hp) Z d + 13
its closure A = (21, ..., xs)y has no finite € ,-cover with centers in A,. Since {z;}7_; C A,, we
obtain

AN\ Blairgg) # 0;
i=1

otherwise, the observed points themselves would form such a cover.

Define G to choose any point in this difference whenever the sample is generatable and its covering
number is at least d + 1, and to output an arbitrary point of X otherwise.
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Fix a target h € H and a sequence of its positive examples. If the covering number is at least d + 1 at
round ¢, then monotonicity of N(g,; -, p) under set inclusion ensures that it remains at least d + 1 at
every round s > t. Moreover, A; C supp(h). Therefore,

G(x1:5) € supp(h) \ U B(z;,e4) forall s > t.
i=1
This proves the desired uniform guarantee. O

Composing Lemmas [B.T|and [B.2] gives a characterization of uniform generatability. Next we prove

Corollary

Proof of Corollary[3.2] We only need to show that C., . (H) < oc. To do this, suppose H =
{h1,...,hs}. Forany A C [s] such that A # (), define

Nae, = N(ea; () supp(hi), p), Nae, = N(gg: [ ] supp(ha), p).
€A i€A

Since g4 < g4, we have Ny ., < NAﬁg. Define
M= max({O} U{Nac, :0#AC[s], Na., < oo}) < .

This maximum is finite because there are only finitely many nonempty subsets of [s]. Consider
any generatable sample x4, ..., 2; whose closure has a finite £,-cover with centers in the closure.
Let A = {i € [s] : hy € H(x1,...,2¢)}. Then A # (), the closure equals [, , supp(h;), and
Na.e, < oco. Since every observed point belongs to this intersection,

N(eai{wi}iz1,p) < Na, < M.
Thus C,, ., (H) < M < o0, as required. O

We also provide an example of a hypothesis class H consisting of only two hypotheses that is not
non-uniformly generatable in £2.

Example B.3. Foranyr > 0and0 < e, < g4 < 1, there exists a two-hypothesis class H C {0, 1}42
satisfying the r-UUS property that is not (g, €4)-non-uniformly generatable.
Proof. Let ey, be the k-th standard basis vector of £2, and choose o with e, < a < €4. Define

ay 1= aesg, S:={0}U{ay:k>1},
T :={2respy1 : k> 1}, To:={2regpso: k> 1}

Let H = {h1, ho}, where
supp(hy) = SUT, supp(ha) = S UTs.

The r-UUS property is clear from the definition. For every ¢ > 1, both hypotheses contain ay, .. ., a;,
and their supports intersect exactly in .S. Hence

(al,...,at>H:S§B(0,€g), 0es.
This is a finite cover with its center in the closure. But our definition of a; gives
Neq;{a1,...,at}, p) — o0, t — o0.

These samples witness C., . (H) = oo, so Theorem [3.1|rules out uniform generation. If a non-
uniform generator existed, the maximum of its two target-dependent thresholds would be a uniform
threshold for the same generator, a contradiction. O
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B.2 Proofs for Non-Uniform Generation

We now prove Theorem [3.3]across two lemmas, starting with the necessity direction.

Lemma B.4 (Necessity in Theorem . Let H C {0,1}* be any hypothesis class satisfying
the r-UUS property for some r > 0 and and let 0 < e4,e4 < 1. If H is (€q,€4)-non-uniformly
generatable, then there exists a sequence of non-decreasing, (¢, £4)-uniformly generatable classes
H1 C Ho C -+ such that H =, cn Hn-

Proof. Suppose H is (g4, €4)-non-uniformly generatable and G is a (e,, €4)-non-uniform generator
for H. For every h € H, let d;, € N be the smallest natural number such that for any sequence
{z;}52, C supp(h), if there exists ¢ such that N (eq;{z;}!_, p) > dp, then G(z1.5) € supp(h) \
U;_, B(z;,eq) forall s > t. Let H,, :== {h € H : dj, < n} forall n € N. Then, by the
definition of G, we know for every n € N, G is a (g,, €4)-uniform generator for 7{,,, and therefore
My, is (€4, €4)-uniformly generatable. The proof is complete after noting that H, C H5 C - -- and
H= UnEN Hn 0

Lemma B.5 (Sufficiency in Theorem . Let H C {0,1}* be any hypothesis class satisfying
the r-UUS property for some r > 0 and and let 0 < e,,e4 < 7. If there exists a sequence of
non-decreasing, (&4, €4)-uniformly generatable classes 11 C Ho C ... such that H = UneN Hon,
then H is (€4, € 4)-non-uniformly generatable.

Proof. Suppose H C {0,1}* is a class satisfying the r-UUS property for which there exists a
sequence of non-decreasing, (&4,¢,)-uniformly generatable classes H; C Ho C ... with H =
U,~, Hy,. By definition of uniform generatability, for every n € N, there exists a uniform generator
G, for H,,. Let dg,, denote the (e,, €,4)-uniform generation sample complexity of G,, with respect to
Hn.

Consider the following generator G. On any sample inconsistent with every hypothesis in H,
let G output an arbitrary point of X. Otherwise, fix ¢ € N and a sample 1, ..., x; such that

|H(z1,...,2)| > 1. Letdy := N(eq;{z:}t_1,p). G first computes n; = max({n € ft] 1 dg, <

di} U {O}) If n, = 0, G plays any &, € X. If n; > 0, G uses G,,, to generate new instances, which
means G(z1,...,2) = Gp, (21, .., 2¢).

We now prove that such a G is a (eq,€4)-non-uniform generator for 7. To that end, let h*
be the hypothesis chosen by the adversary and suppose that h* belongs to H,-. Let d* =
max{dg,,,n*}. We show that for any sequence {x;}32, C supp(h*), if there exists t* € N
such that N (e4; {x;}¢_ 1, p) > d*, then G(z1.5) € supp(h*) \ U;_, B(wi, e ) forall s > t*.

Fix any valid sequence {z;}22, C supp(h*), and suppose that N (4; {z;}!_,, p) > d* for some
t* € N. Fix any s > t*. By definition, G first computes

ne = max({n €s]:dg, <d,}U {o}).

Note that ng > n* since s > t* > d* > n* (the covering number of a sample is at most its
length) and d; > d* > dg, . by monotonicity of covering numbers. Thus, |Hon, (21.5)] > 1 since
h* € H,~. Accordingly, by construction of G, it uses G, to generate a new instance. The proof
is complete by noting that h* € H,,, and d;, > dg, which guarantees that G, (z1,...,25) €

supp(h*) \ Uiy B(wi, €y).
O

We now show that every countable hypothesis class are non-uniformly generatable with £, > &4.

Proof of Corollary[3.4] Suppose H is a countable hypothesis class satisfying the r-UUS property.
If H is finite, CorollaryB;Z] gives uniform, and hence non-uniform, generatability. Otherwise, H is
countably infinite; fix an enumeration hy, ha, ... without repetition. Let H,, = {hq,...,h,} for
all n € N. Then, H1,Hs, ... is a non-decreasing sequence of classes such that H = UnEN Hn.
Moreover, since for every n € N, we have that |H,| = n < oo, Corollary gives that H,, is
(€a; €4)-uniformly generatable, completing the proof. O
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B.3 Proofs for Generation in the Limit

Proof of Theorem[3.3] Fix r > 0and 0 < g4,&, < r. Define
A={3rn:n>1}, B={3rn+e¢e,:n>1},
and let S consist of all sets Sy = {s,, : n > 1} with
Sn € (3rn,3rn +¢€,) (n>1).
Let H; = {hZ : Sy € S} and Hy = {hP : S, € S}, where
supp(h?) = AU S,, supp(hB) = BU S,.

Clearly both classes and their union satisfies the r-UUS property. To see both classes are uniformly
generatable, for H, after any nonempty finite sample, consider the generator that outputs the first
point of A exceeding the largest observation by more than €. This output belongs to every target in
H1 and is novel. Use B in the same way for H2. Thus, both classes are uniformly generatable with
threshold 1.

Now fix any generator G for the union. Choose s,, recursively in (3rn, 3rn + €,) so that
Sn ¢ {G(s1,...,8t): 1 <t <n}

Only finitely many points are excluded at each step, so this choice is possible. Set S = {s,, : n > 1}.
The sequence (s,,),>1 is positive for both fixed targets hZ' and hZ. Moreover,

|sn — 3rn| < eq, |sn — (3rn +e4)| < €q,
so it £,-covers both supports. In fact, distinct observations are more than 3r — ¢, > 2r apart, and

hence
N(eai{s1,---,seh|-]) =t

The sets A, B, and S are pairwise disjoint, so the intersection of the two target supports is exactly
S. At any round ¢, the output G(sy, .. ., $;) cannot equal any future s,,, by the recursive choice. If it
belongs to S, it is therefore already observed and not novel. Otherwise it is outside at least one of the
two target supports. Thus at every round the generator fails for at least one target. One of these two
fixed targets consequently has infinitely many failure rounds along this admissible sequence. Since G
was arbitrary, the union is not (¢,, £,)-generatable in the limit. O

C Constructing Examples in Section {4

C.1 Useful Lemmas for Constructing Hypothesis Classes

This subsection gives a threshold-transfer lemma for the non-uniform lower bounds, a covering-
number estimate for orthogonal points, and a criterion for failure of generation in the limit.

Lemma C.1 (Transfer of non-uniform thresholds). Let H satisfy r-UUS and let 0 < €4,e4 < 1.
Let S be a family of nonempty subsets of X, and let Ty, ..., T, C X satisfy (\}—, Ti = 0. Suppose
that, for every S € S and i € [q|, H contains a hypothesis hg ; with support S UT;. If G is an
(€as €9)-non-uniform generator for H, then for every S € S there is a finite threshold dg such that,
for every sequence (x;);>1 in S, whenever

N(Ea;{xla"wmt}up) 2 dSJ

we have
G(z1:5) € S\ B{z1,...,2s},¢4) for every s > t.

Note that no UUS or coverage assumption is imposed on S. This Lemma will be useful in later
constructions of examples

Proof. Let ds; be a threshold for G on hg ; and set ds = max;¢c[q ds,;- A sequence in S is positive

for every hg ;. Once its covering number reaches dg, the guarantee for each of these finitely many

targets applies at every subsequent round. Intersecting their required output sets gives the conclusion,
since

q q

(SUT)=SU()Ti=S5.

i=1 i=1
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We will also use the following elementary estimate. For mutually orthogonal points vy, ..., v; of
norm R? in a Hilbert space and 0 < n < R,

2
N(n;{vla~'~vvt}ap)>t(1—;2>. 1)

Indeed, if a radius-7 ball with arbitrary center z contains q of these points, their mean v satisfies
1 q
> 52 lvi, — 21> = R*(1 = 1/q) + |lo — =||*.
j=1

Thus each ball contains at most B2 /(R? — 7?) points, proving the estimate. It applies both to the
ordinary and to the weighted Hilbert norms used below.

The next lemma gives a way to defeat generation in the limit. The idea is to make the generator
repeatedly commit to a target that is consistent with the observations so far, and then continue the
sequence in a way that defeats that commitment. Thinking of the example spaces having infinitely
many rows, and each hypothesis contains an entire row and some points from other rows. At stage n,
condition 2 provides a target that guide the generator to reveal the entire n-th row. If the generator
is tricked to commit to the n-th row, we stop revealing this row and move to the next one. We also
reveal one point of the zeroth row at each stage. Condition 1 guarantees that all the observations
accumulated this way belong to, and cover, a single final target with the zeroth row. For this final
target, condition 3 makes sure that the generator will make a mistake at each stage n, and therefore
infinitely many errors eventually.

Lemma C.2. Let H C {0, 1} satisfy the r-UUS property for some r > 0, and let 0 < £4,e4 < 7.
Suppose there exist k € NU {0}, points y1,...,yx € X, a sequence (xo;);>1 C X, and an array
(@ij)i>1,;>1 C X such that the following hold.

1. There exists a set Ay C X such that for every infinite sequence of positive integers (j;);>1,
there exists h € H containing all the specified observations:

{yei1Seﬁk}U{xoﬁiZ1}UU{$Milféﬁji}gsuPp(h)a

i>1
and satisfying
supp(h) € B({ye}t-1,24) U B({z0:}i>1,€a) U B(U{W 11 << it Ea),
i>1
and

supp(h) € B({yetir,zg) U Ao U B({fwu: 10 <) 2,).

i>1
2. For everyn > 1, there exists a set A,, C X such that for every finite sequence of positive
integers ( ji)?z_ol, there exists h € ‘H containing all the specified observations:

n—1

{ye: 1 <l <k}U{zp:i>1}U U{xig:lgégji}gsupp(h),
i=0
and satisfying

n—1

supp(h) € B({ye}s_1,€4) U B({ni}tis1,€4) U B( U {ig: 1 <<y}, 5(1)7
i=0

and
n—1

supp(h) € B({yeHi1,20) U An U B({Jfmae s 1 <0< i 2,
=0

3. Foreveryn > 1,

A, N (AO U B({mij}i2n+1,j21,5‘g)> = 0.
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Then H is not (¢4, €4)-generatable in the limit.

Proof. Let G be a generator that ensures 7{ is generatable in the limit. We show that there exists a
hypothesis h € H and a sequence {z;}5°,, both depending on G, such that

{z; i >1} Csupp(h) C B({z; : i > 1},&4),
which leads to a contradiction.

We construct the sequence {z;}5°, inductively. Intuitively, we want the adversary first reveals
the points yi,...,yr, and then at stage m reveals xg,, together with a prefix of the m-th row
{Zm1,Tm2, ... } until the generator outputs a point in A,,.

At each stage m, condition 2 ensures that the already played prefix, the next point x,,, and the entire
m-th row belong to a single witnessing hypothesis h,,. Continuing with that row therefore gives a
positive sequence satisfying the required ¢,-coverage condition. The second inclusion in condition
2 places every point of supp(hn,) \ A, within ¢4 of the fixed observations already played before
continuing the row. Thus eventual correct generation along this continuation forces an output in A,
after a finite, nonempty row prefix.

Letng = kand 21 = y1,22 = Y2, .. ., Zn, = Yk. From our second assumption, there exists h; € H
such that

supp(h1) € B({yi}1,€q) UB({z1;}52,60) U B(zo1,24)-
Since G is generatable in the limit, there exists j; € N such that

g(Zl, s 3 Zngs L01, L1y - - - ,Jﬁljl) S Al.
Let ny =ng + 1 —|—j1 and Z7zo+1 = 201, Zno_;'_g =11, Zn0+3 = X912y -y an = I1j17 SO
Q(zl, ey an) € Al.
Similarly, there exists ho € H such that

supp(ha) € B({y:}or,20) UB({aai) iy, 20) UB({wor}on,2a) U B({mai}iiy a).

Since G is generatable in the limit, there exists jo € N such that

g(Zl, ey an,l'og,xgl, e ,1'2]‘2) c AQ.
Letno = ny + 1+ jo and 2, 41 = %02, 2n14+2 = P21, Zny4+3 = L22, -« -y Zny = T2j,, SO
G(21,...,2n,) € As.

Now, for some m > 1, assume we have defined hy,...,hpm—1,51,---,Jm—1 and nq, ..., Nypm_1.

Inductively, there exists h,,, € H such that
m—1 )

supp () € B({yi}o1,20) U B({wmi}i21,60) U B ({0} itasea) U B( U {miediiysca).

i=1

Since G is generatable in the limit, there exists j,, € N such that

G(Z1, - s Znp 19 Z0ms Tmls - -« s Ty ) € Am.
Letny, = nm—1 + 1+ jmand 2z, 141 = Tom, Znm_ 142 = Tml; Zng_ 143 = Tm2, .-, 2n,, =

Tmjm» SO
G(z1,...,2n,,) € Am.

Finally, condition 1 gives hy € H containing the entire constructed sequence and such that
(o)

supp(ho) € B({yi}i—1.ea) UB({z0i}321,€4) U B(U {zi})y, €a>,
i=1
which means
supp(ho) € B({zi}:21,€4a)-
However, from our construction and first assumption, for any m > 1,
supp(ho) \ B({zi}i,€4) € (Ao U B({Iz’j}izmﬂ,jzw:g))

but from our third assumption,
AN (AO U B({xij}iZm—O—l,jZla €g>) = @,

thus when observing {z;}5°,, G will make mistakes infinite times. Thus A is not generatable in the
limit, which completes the proof. O
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C.2  Proof of Example
Let p: R x R — R be the metric defined by
plr,y)=lz—yl, zyeR
Let P denote the set of all positive odd prime integers. For each p € P, define
Ay ={p":neN} U {p"—-1:neN}

Let 2N = {2n : n € N} denote the set of positive even integers. Define the hypothesis class
H= {h e {0,1}*¥ ‘ supp(h) = A, U B, forsomep € P and B C 2N}.

Every support contains the unbounded set A,. For any » > 0, a positive sequence covering the
support at radius r must have unbounded range. This range contains arbitrarily large finite sets with
pairwise distances greater than 27, so its prefix r-covering numbers tend to infinity. Hence H satisfies
r-UUS for every r > 0. We claim that H is (e, 1)-generatable in the limit for every £ € (0, 1), but is
not (1, 1)-generatable in the limit.

We first show that it is (£, 1)-generatable in the limit for any € € (0, 1). For any h € H, {z;}2, C
supp(h), if supp(h) C B({z;}$2,,€), then every support point must occur among the observations:
all support points and observations are integers, so an omitted support point would have distance at
least 1 > ¢ from the observed set. Thus the sequence enumerates supp(h). As a result, there exists
some ¢t € N such that z; = p* for some p € P,k € N. Define G such that if no observed point is a
power of an odd prime, the G(z1.5) = x1, otherwise, once a p¥ is observed, let G(z1.5) € {p"|n €
N}\ B({z;}_1,1). Such an output always exists because the prime powers are unbounded and
finitely many radius-1 balls form a bounded set. This guarantees generation in the limit.

Next, we use Lemma to show that it is not (1, 1)-generatable in the limit.

We show that it is not (1,1/2) generatable, combine with Theorem we then know it is not
(1,1)-generatable in the limit. Let {p;};>¢ denote the sequence of odd prime numbers listed in
increasing order, where p; is the (i + 1)-st odd prime; in particular,

p0:3, p1:5, p2:7,...

Let _
T =p] — 1, 1>0,5>1

Apply Lemma|C.2] with no initial y-points (k = 0) and any UUS radius greater than 1. We verify its
three conditions.

1. For any infinite sequence of positive integers {j; }5°,, let b € H be such that

supp(h) = Ap, U (G{%e}ih)

i=1

This support contains the entire current row and all the indicated row prefixes, as required
by the membership condition of the lemma. It also satisfies

o0

supp(h) € B({zo;}i21,1) U B(Lj{gcig}?:17 1).

i=1

and

supp(h) € Ay, U B(|{wie}is,1/2).
=1

2. For any n > 0 and any finite sequence of positive integers {4; }1_, let b € H be such that

supp(h) = Ap, U (U {m}?_1>

=0
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This support contains the entire current row and all the indicated row prefixes, as required
by the membership condition of the lemma. It also satisfies

n—1
supp(h) € B({ani}21,1) UB((J{riehis 1),
=0
and

n—1
supp(h) € Ay, UB( | {wie}iy.1/2).
i=0
3. Forany n € N, 4, N A,, = (. Moreover, every point of A, is an integer distinct from
every z;; = p; — 1 withi > n + 1 and j > 1: odd powers cannot equal these even integers,
and equality between the even points would contradict uniqueness of prime factorization.
Thus the distance between any such pair is at least 1, so

Ap, N B({wij}iznt1,21,1/2) = 0.
Thus all three conditions of Lemma|C.2]holds, makes H not (1, 1/2)-generatable in the limit.

C.3 Proof of Example 4.8

Proof. Recall that £? is the space that contains all sequences (z;)5°; such that >, 2? < oco. Let
e € ¢2 denote the k-th standard basis vector. Define

ug = 4r - ey, Ay = €q * €k, gk = €g " €k.
Let Z be the set of all infinite subsets of N, i.e., Z = {I|I € 2V |I| = co}. For I € Z, let
Ur={urlk €I}, Or={axlkecl}U{goani1lk€I,ne N}, D;={got1lk €I}
and construct the hypothesis class # such that
H ={hn 1,05111, 12,13 € Z, supp(hr,,1,.1,) ={0} UUr, UOL, U Dy}

Here, uj, and U7 are constructed to ensure that # satisfies the r-UUS property. As will be seen in
the proof, the points a;, are constructed for the adversary, while the points g are constructed for the
generator. In fact, the g;, are the only instances with an explicit structure, which enables the generator
to repeatedly produce them. The set Oy is the optimal set: when 7y, < €4, revealing ag, € O; with
k > 2 identifies an infinite tower {gogn11 : n > 1} from which novel outputs can be chosen. In
contrast, Dy is the disturbing set: if the adversary continues to reveal g; € Dy, then the generator
fails to generate in the limit.

Every u-point in the support has distance at least 3r from every other support point: the a- and
g-points have norm at most 7, whereas distinct u-points are at distance 41/2r. Thus every positive
sequence covering the support at radius  must observe all points of the infinite set Uy, . Since each
radius-r ball contains at most one u-point, the prefix r-covering numbers tend to infinity. This verifies
r-UUS.

Case 1: v, € (0,e,) and vy, € (0,¢,). Fix a target h and a positive sequence with supp(h) C

B({x; : i > 1},74). Each ayy, in the support has distance at least &, from every other support point.
Indeed, its distance from 0 is ,, other a-points are at distance ﬂaa, all g-points have odd coordinates

and are at distance , /g2 + 53, and a u-point on the same coordinate is at distance 4r — g, > €,

(other u-points are farther away). Therefore every such aq; must itself be observed, even under the
infimum-based coverage definition.

Since I, is infinite, eventually an observation asx with K > 2 occurs. Before the first such
observation, let the generator output an arbitrary point. Afterwards, fix that K. Its tower {gogn 41 :
n > 1} is infinite and lies in the target support. At each round s, choose the least n > 1 for which
the coordinate 2K ™ + 1 has not occurred among the nonzero observations x1, . .., s, and output
g2xn41. Such an n exists because the observed sample is finite. The output has distance €4, > 7,
from 0 and, by orthogonality, distance at least ¢, > ~y, from every other observation. Thus the
generator is eventually always correct and novel.

We next prove the two negative regimes, using Lemma|C.2)in Case 2 and a direct diagonal argument
in Case 3.
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Case 2: 7, € g4, 7] and v, € (0,¢4). Let {p;}i>1 = {3,5,7,...} be the sequence of odd prime
numbers. Using Lemma[C.2] let k =1, y; = 0, forany i > 1,5 > 1 let

up(_j+1)/2 j is Odd,
xij = : .
Y j is even.

92.p1/2 11
Moreover, let
Ug(i+1y/2 ] 1s odd,
Toj; = ..
92_2j/2+1 J 1s even.
We verify that the conditions of Lemma[C.2]holds.

1. For any infinite sequence of positive integers {j; }32,, from our construction of z;;, we can
find Jy, Jo € 2N such that

U{fﬂie]’%iﬂ = {urlk € J1} U{gary1lk € Jo}.
i—1

Then, if we let I = {2"|n € N}, I} = I, U Jy, I3 = I5 U Ja, since v, > €4, B(0,7,) can
cover all the points of the form ay. Thus, h = hy, 1, 1, satisfies

Supp(h) - B(Oa fYa) U B({wOi}ioila ’Ya) U B(U{xii}z;p’}/a)
i=1
Moreover, if
Ap = U {Uzk»a2-2k792~2k+1}7
keN

that is, Ay contains the “protected” part for the n = 0 hypothesis (a whole copy of a
u/a/g-pattern indexed by powers of 2). We then know

oo

supp(h) - B(Oan) UAgU B(U{xie}%;pﬁ/g)-
=1

The support also contains 0, the entire zeroth row, and every selected row prefix. Thus both
the membership and covering requirements of the first condition hold.

2. Forn > 1 and any prescribed prefixes of rows 0, ..., n — 1, write their union as
n—1
U{xil 01 Sggji}:{ukikéjl}U{gmﬁ,l :k€J2}.
i=0

Set Q,, = {p* : k > 1} and choose
I = QU i, I = Qy, I3 = Qn U Ja.

All three sets are infinite. The resulting support contains 0, all prescribed prefixes, and the
entire n-th row. Since powers of powers of p,, remain powers of p,,, its remaining points are
exactly the a-points in

Ap = U {upfl ) Aopk ngf'L-&-l}'
E>1

These a-points lie in B(0,,), so the adversarial covering requirement holds. The whole
support is contained in {0} U A,, together with the prescribed prefixes, which gives the
generator-scale covering requirement.

3. Uniqueness of prime factorization gives A,, N Ag = (): within each point type the underlying
prime powers differ; a-points have even coordinates whereas g-points have odd coordinates;
and u-points have norm 4r, different from either other type. Consider a point of A,, and
a point in a later row 7 > n, which contains only u- and g-points. Distinct u-points are
at distance 4+/2r, and distinct g-points are at distance \/559. A u-point and a g-point,
including when they share a coordinate, have distance at least 47 — ¢, > 3r. An a-point
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in A,, has an even coordinate, whereas both types in a later row have odd coordinates; its
distances to them are \/¢2 + 1672 and , /2 + €Z. All these distances are at least £, > 7,.

This uniform bound also excludes membership in the infimum-based neighborhood of all
future rows. Hence condition 3 holds.

All three conditions of Lemma [C_TZ] hold, so H is not generatable in the limit when v, > ¢, and
0 <y <egy.

Case 3: 7, € [¢4,7]. Fixany 0 < 7, < r and any generator G. Let
D ={gopy1: k> 1}.
For every infinite set P of odd primes, the choices
I, ={2p:pe P}, I, =P, I3 =Ny
define a hypothesis hp € H with
supp(hp) = {0} U D U {ugp,as, : p € P}.
Indeed, all g-towers required by Io = P already lie in D.

We choose P and a sequence of positive observations inductively. First reveal 0. Maintain finite sets
of selected and forbidden odd primes, initially empty. At stage m > 1, choose an odd prime p,, in
neither set, add it to the selected set, and reveal gam, 41, U2p,,, and agp,, . Inspect the output of G at
the end of this stage. If it is uo4 Or as, for an odd prime ¢ not yet selected, add ¢ to the forbidden
set. Only finitely many primes are unavailable at any finite stage, so the construction continues
indefinitely.

Let P = {p,, : m > 1}. This set is infinite, and the resulting sequence enumerates exactly supp(hp),
hence is positive and satisfies the coverage requirement for every v, > 0. At the end of each stage,
an output in {0} U D is not novel because all such points lie in B(0,,). An output from a pair
belonging to an already selected prime has itself been observed. An output from a pair belonging to
an unselected odd prime is excluded from the final support by the forbidden-set rule. Every other
output lies outside supp(hp). Thus G fails at the end of every stage. Since G was arbitrary, H is not
(7a, 74)-generatable in the limit throughout this regime, including v, = ¢,. O

C.4 Proof of Example 4.9]

Proof. Use the construction in the main text: K = {2,3,...},

U = 2r eqy, k1 = €alC4k+1,
AL 2 = €q2€4k+2, gk = €g€4k+3,
and
Or={ux kel U{gin : kel, n>1},
DLJ = {ak,l ke [}U{akQ ke J},
Supp(hIhIz,J) - {O} U 011 U DIQ,Ja
where 1, [ C K are infinite and J C K is finite. The four coordinate sets are disjoint even when
some scale parameters coincide. Every u-point has distance at least 2 from every other support
point. Hence every positive sequence covering the support at radius  must observe all its infinitely
many u-points. Their pairwise distances are 21/2r > 2r, so each radius-r ball contains at most one

of them. The sample’s r-covering number is therefore at least the number of observed u-points and
tends to infinity. This proves r-UUS.

For all the positive results below, use the following single generator. Until an observation of the
form wy, or gj occurs, output 0. After the first such observation, retain its index k£ > 2 and, at each
round, output the first point of {gg» : n > 1} whose coordinate has not appeared among the nonzero
observations. This defines the generator on positive samples; on other inputs it may output arbitrarily.
The tower belongs to the target: if g;, was observed, then k = jb for some j € Iy and b > 1, and
k™ = j®". The tower is infinite because k > 2. Its selected point has distance g4 from 0 and, by
orthogonality, at least £, from every observation on another coordinate. Thus every output after the
first tower observation is correct and novel whenever v, < g,.
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Case 1: v, € [eq42,7] and 74 € (0,¢4). The set {0} U Dy, s lies in B(0,,). Therefore a positive
sample with v,-covering number at least 2 must contain a point of Oy, . The generator just defined is
consequently uniform with threshold 2.

Case 2: 7, € [g41,€42) and 74 € (0,&4). The origin and all first-family a-points lie in B(0, 7y, ),
and the |.J| second-family points can each be covered by a ball centered at that point. Thus

N(va:{0} U Dy, 5,p) <141J|.

A sample covering number of at least |.J| + 2 forces an observation from Oy, . The same generator is
therefore non-uniform.

To rule out uniform generation, let F; = {ag 2 : 2 < k <t + 1}. Its closure is exactly {0} U F}.
Indeed, choose J = {2,...,t + 1} to exclude every other second-family point; any first-family
point can be excluded by choosing I5 to omit its index; and the two choices I; = {27 : j > 1} and
I, = {37 : j > 1} have disjoint O-sets. This finite closure has a finite internal ~,-cover, whereas (I)
gives

A2
N(va; F, p) >t< _a;) — o0.

Hence C,, -, (1) = oo, and T heoremrules out uniform generation. If £,; = €42, this case is
empty.

Case 3: 7, € (0,£41) and v, € (0,e,). First, generation in the limit holds. Every u;, has distance
at least 2r from every other support point: its coordinate set is disjoint from the other point types,
and different u-points are farther apart. Since v, < r < 2r, a positive sequence covering the support
at radius -y, must observe each wuy in the support. In particular it eventually identifies a tower, after
which the generator is always correct and novel.

For the non-uniform lower bound, set
Sr={0yU{ar1:kel}, Th = Opi.j>1y, T2 = Oqzi>1y-

Here I ranges over infinite subsets of K. The sets 77, T are disjoint, and S; U T; is a support in H
(take J = (}). Suppose a non-uniform generator G existed. Lemma|C.1|would give it a finite threshold
on every Sj.

‘We construct a contradiction to that conclusion. Reveal 0, and maintain finite sets of selected and
forbidden indices in K, initially empty. At stage t, choose k; in neither set, select it, and reveal
a, 1. If the resulting output is a, 1 for an unselected ¢ € K, forbid ¢ for all subsequent stages. Let
I = {k; : t > 1}. The sequence is positive for S;. At the end of each stage, outputs equal to 0 or to
already selected points are not novel, outputs at unselected first-family indices are excluded from Sy,
and every other output is outside S7. Nevertheless, after ¢ stages its sample covering number is at

least )
t ( - 7;) — 0
€
al
by (I). It therefore eventually exceeds the finite threshold supplied by the lemma, a contradiction.
This argument does not assume any coverage or generator-scale UUS property for S;.

Case4: y, € [e4,7]. Fixany0 < 7, < r and any generator G. Restrict to targets with I = I, = P,
J = 0, where P is an infinite set of odd primes. Their supports are

{0} U{up,ap1 :p€e PtU{gpym :p€ P, n>1}.

Reveal 0. At stage ¢, choose a previously unselected and unforbidden odd prime p;, and reveal u,,
and a,, 1. Also reveal all not-yet-observed gpr with 1 < 4,n < t. At the end of the stage, if the
generator outputs u, or a1 for an unselected odd prime ¢, forbid ¢. Only finitely many primes have
been selected or forbidden at any finite stage, so the construction continues.

For P = {p; : t > 1}, the resulting sequence enumerates exactly the target support and is valid
for every v, > 0. At every stage end, all g-points and 0 are non-novel because they lie in B(0,v,).
Points in pairs for selected primes have already been observed, and predictions of pairs for unselected
primes are excluded from the final support. All other outputs are outside the support. Thus G fails
infinitely often, proving the claimed impossibility, including the boundary v, = €. O
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C.5 Proof of Example 4.11

Proof. Fix r > 0. Retain the weighted Hilbert metric
1/2

1, i odd,
Play) =D 0wy —y)| . 6= {1/4 !

) even.
i>1 J

Writing p for the ordinary ¢ metric, we have p/2 < p’ < p, so the metrics are bi-Lipschitz equivalent.
For m, k > 1, define
Q= 23—m

Let Z be the infinite subsets of N; = {1,2,...}, and set

r, Am,k = OmE€k.-

At = {am, 2n2k4+1) * k € 1, n > 0}.
Define H = {h1 : I = (I,)m>1 € IV+} by

supp(hr) = {0} U | Am.r,..

m>1

Distinct layers consist of points with different ordinary norms, so their point sets are disjoint. Within
a layer, different odd indices generate disjoint doubling orbits.

Every support contains infinitely many first-layer odd-coordinate points, each of norm «; = 47 under
both metrics. Each such point has distance at least 2 from every other support point: later-layer
points have norm at most 2r, and distinct first-layer points occupy orthogonal coordinates. Thus
a positive sequence covering the support at radius r, under either metric, must observe all these
odd-coordinate points. Their pairwise distances are 41/2r > 2r under both metrics, so every radius-r
ball contains at most one of them. The prefix r-covering numbers therefore tend to infinity. This
proves r-UUS under both metrics.

Uniform generation under p. Fix 0 < ¢ < r. If a positive sample has e-covering number at least
2, it contains a point of ordinary norm greater than e: otherwise the sample would lie in B, (0, ¢).
Write such an observation as a, i, where o, > €. Its full forward orbit

{am’an n 2 ].}

belongs to the target support. Indeed, multiplying its coordinate by another power of 2 preserves the
odd part indexing that orbit.

Define the generator to output 0 until the first observation of norm greater than ¢. Thereafter retain
that observation a,, j and at each round output the first point in its forward orbit whose coordinate is
absent from the nonzero observations. The orbit is infinite, so this is always possible. The output has
distance «,,, > ¢ from 0 and distance at least o, > ¢ from every observation on another coordinate.
Thus the generator is correct and novel as soon as the sample covering number reaches 2, and at every
later round. Define its output arbitrarily on other inputs. This proves (&, €)-uniform generation with
threshold 2.

Failure of non-uniform generation under p’. Fix any 0 < £ < r. Choose the unique m > 3 such
that
/2 < e < .

These intervals partition (0, 7), including their lower endpoints. In layer m, odd-coordinate points
have weighted norm cv,,, > ¢, while all even-coordinate descendants have weighted norm «,,, /2 < .

For I € Z,1et S; = {0} U A,, ;. Choose the two disjoint infinite index sets
By ={2j:j>1}, E={2-1:j>1},
and define completions

T, = U Avg,s b=1,2.
£>1, £#m
The sets 77,15 are disjoint: different layers have different norms, and within any layer the disjoint
sets of odd parts give disjoint orbits. For every I, both S; U T} and Sy U T5 are supports in .
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Suppose that G were an (g, ¢)-non-uniform generator under p’. Lemma applied with this
metric, would give a finite threshold for G on each S;. We contradict this using only the origin and
odd-coordinate observations from layer m.

Reveal 0. Maintain finite sets of selected and forbidden indices in N, initially empty. At stage
t, select an index k; in neither set and reveal a,, 2, +1. If the generator outputs an odd-coordinate
point @y, 2q+1 with ¢ > 1 unselected, forbid ¢. Let I = {k; : t > 1}. This defines an infinite set
and a sequence positive for S;. At every stage end, an output at a selected odd-coordinate point has
already been observed; an output at an unselected odd-coordinate point is excluded from S;. Every
even-coordinate point in St lies in B, (0, ¢) and is therefore non-novel, including when «,,, /2 = €.
The origin is also non-novel, and all other outputs are outside S7.

Finally, the observed odd-coordinate points are mutually orthogonal with weighted norm a,,. By (T)),

2
9
N(g’ {O,am72k‘1+17 cte 7am72kt+1}7p/) 2 t <1 B (12) B

m

Thus the sequence eventually crosses the finite threshold supplied by the transfer lemma while the
generator continues to fail, a contradiction. Since € € (0,r) was arbitrary, the same class fails
non-uniform generation under p’ at every scale required by the statement. O

D Other Technical Details

D.1 Proofs Related to the UUS Property

This subsection collects short proofs establishing a basic monotonicity result for the UUS property in
general metric spaces, as well as a stronger scale-invariance result in doubling spaces. We first show
that the UUS property is monotone in the scale parameter.

Proof of Lemma[2.1} Fix 0 < 6 <, h € H, and a sequence (z;);>1 in supp(h) such that
supp(h) C B({x; : i > 1},9).

Since & < r, this sequence also covers the support at radius . Hence r-UUS and monotonicity of
covering numbers give

N(év {I17...7It},p) > N(T;{Ila"'vgjt}ap) — 0.
The supports are nonempty by assumption, so H satisfies 6-UUS. O

The previous lemma shows monotonicity of the UUS property in the scale parameter. Under the
additional assumption that (X', p) is doubling, we now show that UUS is in fact scale-invariant.

Proof of Theorem{.1] Fix h € H. Its support is nonempty and unbounded. Indeed, if it were
bounded, doubling would give a finite radius-r cover of the support. A countable dense sequence
in the support would then cover it at radius  while having uniformly bounded prefix r-covering
numbers, contradicting r-UUS.

Now fix ' > 0 and any positive sequence covering the support at radius /. Its range must be
unbounded, and therefore contains arbitrarily large finite sets with pairwise distances greater than
2r’. Each such set occurs in a finite prefix, and each radius-r’ ball contains at most one of its points.
Consequently,

N(r';{x1, ... 2z}, p) — 00

Thus H satisfies 7/-UUS for every r’ > 0. O

D.2 Recovering the Countable Framework

This subsection shows that our metric-space formulation strictly generalizes the countable example
space model studied in [21]. In particular, when the instance space is equipped with the discrete
metric at a sufficiently small scale, our notions of novelty, coverage, and generatability reduce exactly
to their counterparts in the countable setting. Thus, all generatability notions considered in this paper
are consistent with the classical framework.
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Proposition D.1. Let X be a countable set equipped with the discrete metric

L z#y,
p(z,y) = {0 ey

Letr < land 0 < €4,e4 < r. Suppose H C {0, 1} satisfies the r-UUS property. Then H. is
(€as €q)-generatable in the limit (respectively, (q, €4)-non-uniformly generatable, (€4, € 4)-uniformly
generatable) if and only if H is generatable in the limit (respectively, non-uniformly generatable,
uniformly generatable) in the sense of [21] (see Appendix|[A|for the definitions).

Proof sketch. Since 0 < r < 1, every radius-r ball in the discrete metric is a singleton. A positive
sequence covers the support at radius r if and only if it enumerates the entire support, and each
prefix covering number equals its number of distinct observations. Thus 7-UUS is equivalent to every
support being infinite.

Likewise, since 0 < g4,&4 < 7 < 1, the sample’s €,-covering number equals its number of distinct
observations, ,-coverage requires enumeration of the support, and € ,-novelty means not having been
observed. The three generation notions therefore coincide with their countable counterparts. O

D.3 Definition of Metric Equivalence

We formally define equivalent metric here for completeness sake.

Definition D.1 (Equivalent metrics). Let p1 and po be two metrics on the same space X. We say that
p1 and po are equivalent if there exist constants 0 < ¢ < C' < oo such that for all x,y € X,

cpi(z,y) < p2(z,y) < Cpi(z,y).

D.4 Other Proofs in Section 4]

This subsection collects proofs in Section 4] showing how generatability properties behave under
changes of scale and metric. We first establish that, in doubling metric spaces, generatability is
invariant under equivalent metrics via the closure dimension. We then show that, in general metric
spaces, generatability notions are monotone with respect to the novelty parameters and are stable
under Lipschitz changes of the metric, with appropriate rescaling of parameters.

Proof of Theorem[{.4] In a doubling space, the argument for Theorem [.T] shows that UUS holds
precisely when every support is nonempty and unbounded. Bi-Lipschitz equivalent metrics have the
same bounded sets, and both are doubling. Hence UUS is preserved. Assume these UUS conditions
hold. Choose any £4,&,4 > 0, denote C., ., 1(H) and C., ., 2(H) as the (g4, €,)-closure dimension
of ‘H with respect to p; and ps2. By Theoremand we only need to show that C., . 1(H) < oo
if and only if C., ., 2(H) < oc. Since X is a doubling space and p; is equivalent with p,, for any
subset A C X,
N(ea; A, p1) =00 <= N(eq; A, pa) = 0.

and there exist constants Cy, Cy > 0, independent of A, such that whenever N (e,; A, p1) < 00,
CiN(ga; A, p1) < N(ea; A, p2) < Co2N(gq; A, p1).

For completeness, finite internal covers at the generator scale are also preserved. Choose L > 0 such
that po < Lp;. A finite p;-cover of a nonempty set K at radius €., with centers in K, gives a finite
p2-cover at radius Le, with the same centers. By doubling for po, refine these balls to finitely many
balls of radius €,/2, and choose a point of K from each smaller ball that meets /. These points
form a finite internal po-cover at radius €4. The converse follows by interchanging the metrics. Here
doubling holds for both metrics because they are bi-Lipschitz equivalent. Thus the same samples have
closures with finite internal covers under the two metrics, and the displayed bounds imply equivalence
of finite closure dimension. Theorem [3.1] proves the uniform case, and applying the comparison to
every subclass in Theorem [3.3] proves the non-uniform case. O

Proof of TheoremH.6] Suppose H is (g4,¢4)-generatable in the limit, and let G be an (g,,&4)-
generator. We show that G is also a (d,, d4)-generator, which implies that H is (d4, d4)-generatable
in the limit.
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Let {z;}32, C supp(h) be a sequence such that

supp(h) C B({x;}721,04)-
Since §, < €., we also have

supp(h) € B({zi}iZ1,¢€a) -

By the definition of an (e,, £,)-generator, there exists s such that for all ¢ > s,

G(71.¢) € supp(h) \ B({xi 2;:1759) :
Since g4 > dg, it follows that

g(xlzt) € supp(h) \B({ml g:la 69) .
This completes the proof. O
Proof of Theorem We prove the result for uniform generatability; the non-uniform case follows
by an analogous argument.

Suppose H is (g4, €4)-uniformly generatable, and let G be an (., €4)-uniform generator. Let d € N
be the smallest integer such that for any sequence {x;}52, C supp(h), if there exists ¢ with

N(eas {zitizr, p) > d,
then
G(z1:s) € supp(h) \ B({z;}i_i,e4) foralls>t.
We show that G is also a (J,, d,)-uniform generator.
Fix any sequence {x;}5°; C supp(h) and suppose that for some ¢,
N (ba; {zitizr, p) 2 d.
Since 6, > &,, it follows that
N(eas{zi}tiz1,p) > d.
By the definition of G, for all s > t we therefore have
G(x1:5) € supp(h) \ B({zi}ioi &) -
Because £, > 4,4, this implies
G(x1:5) € supp(h) \ B({zi}i=1,0y) -
This completes the proof. O

Proof of Theorem We write By (z, ) and By(x, €) for the e-balls centered at x with respect to
p1 and po, respectively. First observe that for any x € X and v > 0,

By (x, %) C Ba(z,7).

To prove (r/M)-UUS under p1, fix h € H and a sequence (x;);>1 in its support satisfying
supp(h) C By({x; : i > 1},r/M).

Taking infima in po < M p; gives

supp(h) C Bo({x; : i > 1}, 7).
By r-UUS under po,

N(T7 {1'1, cee 7xt}7p2) — 0.
Every p;-cover at radius 7 /M is a pa-cover at radius r, so

N<T/M7 {'rh' .- 7-1'15}7/01) > N(r7 {.%'17. .- 7$t}ap2) — 0.

The supports are nonempty by assumption. Thus H satisfies (/M )-UUS under p;. Now suppose G
is an (g4, £4)-generator for H with respect to po. We show that G is also an (e, /M, € 4/M )-generator
with respect to p.
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Let {z;}7°, C supp(h) be a sequence such that
supp(h) € Bi({zi};Z,,€q/M).
For every nonempty A C X and « € A&, taking infima in the metric inequality gives

inf < M inf .
inf py(z,a) < M inf pi(z,a)

Thus Bi(A,e,/M) C Bs(A,e,) under the neighborhood definition used here, so the coverage
assumption implies
supp(h) € Ba({zi}iZ1,€a) -

Therefore, there exists s such that for all ¢ > s,

G(z1) € supp(h) \B2({mi}§:1759) .
Since
Bi(z,e4/M) C Ba(,¢),
it follows that
G(x1:4) € supp(h) \ Bi({zi}izy,64/M) .
This completes the proof. O

E Remarks on Computability

There are few remarks on the algorithms on generation in the limit in the countable example space
setting [13| 21} 6]. We point out that the algorithm by [13] for generation in the limit which only
uses the oracle “is « € supp(h)” is not directly extendable to the metric space setting. Because it
explicitly uses the countable structure of the example space, as well as the countable structure of the
hypothesis class. We leave the extension as an open problem. The ERM-based closure-membership
test in Appendix I of [21] does extend to the metric setting. Finding a novel closure point requires an
additional search mechanism, as discussed below.

For a generatable sample x1, . .., x,, the closure (x1,...,x,) consists of the positive examples
common to all hypotheses consistent with the sample. An Empirical Risk Minimization (ERM) oracle
tests membership in this closure. Formally, let

Orn ¢ (219107 \ {0}) x (X x {0,1})* — NU {0}

return minpey Y, ,)es 1{7(x) # y} on a nonempty class # and a finite labeled sample S. Given

a candidate z, query this oracle on the labeled sample S, = ((z1,1),..., (2, 1), (z,0)). Since the
positive sample is realizable, the answer r,, is at most 1. It equals O precisely when some hypothesis
contains all observations but excludes z. Hence

re =1{x € (x1,...,2n)n}

The uniform guarantee in Lemma[B.2]can be implemented using one call per round to a max—min
oracle. Fix £, > 0, a nonempty instance space X, and a default point z(y € X". Define

Omax-min : (2{071})( \ {@}) X X* = X.

Given a nonempty hypothesis class H and a finite sample z, ..., x;, the oracle returns a chosen
element of

¢
arg max min 1{h(z;) # 1} + 1{h(z) #0} | .
w€X\B({zi}_,,e4) NEH (z_:l

If the feasible set is empty, the oracle returns x. For a nonempty feasible set, a maximizer exists
because the objective takes values in the finite set {0,...,¢ + 1}. On the empty sample, take the
novelty exclusion set to be empty. These conventions define the oracle on its full domain.

The inner minimization is the ERM value defined above. Thus, whenever the feasible set is nonempty,

Omax—min(Ha l'l:t) S arg max OERM(H’ {(.T], 1)7 T (xt’ 1)7 (337 O)})
mEX\B({-Ti}f;vEQ)

i
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Algorithm 1 Conditional search over a candidate enumeration using ERM

Input: A generatable sample x4, . .., z; and candidate enumeration (y;);>1
fori =1,2,3,... do
if y; ¢ B({z;}i_;,¢,) then
if Oprn(H, {(21,1),..., (z1,1), (:,0)}) > 1 then
return y;
end
end
end

Returning the oracle’s output at each round gives the uniform guarantee. To see this, fix a nonempty
class as in Lemma a generatable sample, and suppose that N (e4; {z;}!_;, p) > Ceprey(H) + 1.
The closure then has no finite € ;-cover with centers in the closure. Since every observed point belongs
to the closure, it follows that

(1, z)n \ B{zitizy,e9) # 0,

and moreover, for every z € (z1,...,z)n \ B{zi}i_1,&4),

Oerm(H, {(21,1), ..., (z,1), (2,0)}) > 1.

Asa result,
max OER H’ 71’..., 5 y ,O > ,
e€X\B({z;}!_,,eq) M( {(131 ) (th ) (Z‘ )}) 1

and thus the oracle O,ugymin(H, z1.¢) returns a point #; € X \ B({x;}!_,,&,) such that

Oprm(H, {(21,1), ..., (z4,1), (2:,0)}) > 1.
Such a point Z; must therefore belong to (x1, ..., x¢)%, completing the proof.

The max—min oracle supplies a search operation beyond the ERM membership test; the preceding
argument does not implement it using finitely many ERM queries. For an ERM-only search, suppose
a candidate enumeration D = {y; : ¢ > 1} is supplied, together with exact tests of whether
yi ¢ B({x;}5_1,¢4). On a generatable sample, the following procedure returns a novel closure point

whenever
Dn (<331, s 7xt>7'l \ B({xj}ézlﬁgg)) 7é 0.

Under the displayed intersection condition, a successful candidate occurs at a finite index, so the
procedure terminates after finitely many tests and ERM calls. Above the covering-number threshold
in Lemma[B.2] the novel closure is nonempty. A sufficient additional condition for the displayed
intersection is that D N C; be dense in Cy = (x1, . .., )3, since C; \ B({x;}5_,,¢,) is relatively
open in Cy. Density of D in X alone is insufficient: a dense subset can miss the entire closure.
Neither the required intersection property nor a supplied candidate enumeration with that property

follows from separability alone.

This conditional search need not terminate on other samples, including samples below the threshold
for which no novel closure point exists. It therefore does not by itself define a generator on every
finite input. A complete implementation would also need a terminating fallback rule; for example,
a decidable threshold test would allow an arbitrary output below the threshold if the candidate-
intersection condition were guaranteed above it. We do not assume these additional capabilities here.
In general, a finite-ERM implementation per round remains unresolved by this argument, including
the search for a novel closure point above the threshold.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the paper’s main contributions : extending
generation to separable metric spaces, characterizing uniform and non-uniform generatabil-
ity, identifying stability of generation in doubling spaces and instability results in general
metrc spaces.

Guidelines:

¢ The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper discusses limitations and open directions in the Discussion section,
including the need to study generation under natural symmetries, geometric conditions
beyond doubling, and additional structural assumptions. The results are theoretical and
depend on the stated metric-space and hypothesis-class assumptions.

Guidelines:

* The answer [N/A]| means that the paper has no limitation while the answer means

that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.
The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and

how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address

problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will be
specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All main results state their assumptions explicitly, including separability,
the »-UUS condition, novelty parameters, doubling assumptions, and metric-equivalence
assumptions. Proofs are provided in the appendices, with the main paper giving statements
and intuition for the central results.

Guidelines:
* The answer [N/A] means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [N/A]

Justification: The paper is theoretical and does not include empirical experiments.

Guidelines:
* The answer [N/A] means that the paper does not include experiments.
* If the paper includes experiments, a answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
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way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [N/A]
Justification: The paper does not report experimental results requiring code.

Guidelines:
» The answer [N/A] means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.
* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [N/A]
Justification: The paper does not report experimental results.

Guidelines:
* The answer [N/A] means that the paper does not include experiments.
» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [N/A]
Justification: The paper does not report experimental results.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall run
with given experimental conditions).
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» The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

e If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [N/A]
Justification: The paper does not include computational experiments.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research is theoretical and does not involve data collection, human subjects,
deployment of models, or other procedures that would raise apparent conflicts with the
NeurIPS Code of Ethics.

Guidelines:
e The answer [N/A] means that the authors have not reviewed the NeurIPS Code of Ethics.
e If the authors answer , they should explain the special circumstances that require a

deviation from the Code of Ethics.
* The authors should make sure to preserve anonymity (e.g., if there is a special considera-
tion due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper is foundational theoretical work on generative models and novelty
in metric spaces. It may help clarify when generation is possible or unstable, but it does not
introduce a deployable system, dataset, or model; any societal impacts are indirect.
Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

* If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations (e.g.,
deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
Deepfakes for disinformation. On the other hand, it is not needed to point out that a
generic algorithm for optimizing neural networks could enable people to train models
that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mecha-
nisms for monitoring misuse, mechanisms to monitor how a system learns from feedback
over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: The paper does not release models, datasets, or other artifacts with a high risk
of misuse.

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]

Justification: The paper does not use existing datasets, codebases, pretrained models, or
other assets. Prior work is cited in the bibliography.

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
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licenses for some datasets. Their licensing guide can help determine the license of a
dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]

Justification: The paper does not introduce or release new datasets, code, pretrained models,
or benchmarks.

Guidelines:

» The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing or research with human subjects.

Guidelines:

» The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribution
of the paper involves human subjects, then as much detail as possible should be included
in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: The paper does not involve human subjects, so IRB approval is not applicable.

Guidelines:

» The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

34



* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: The core methodology and theoretical results do not use LLMs as an important,
original, or non-standard component.

Guidelines:
* The answer [N/A| means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.
* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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