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Abstract

We study offline constrained reinforcement learning with general function approxi-
mation in discounted constrained Markov decision processes. Prior methods either
require full data coverage to evaluate intermediate policies, lack oracle efficiency,
or require knowledge of the data-generating distribution to extract a policy from
a learned density ratio. We propose PDOCRL, an oracle-efficient primal-dual
algorithm based on a Lagrangian decomposition of the occupancy-measure linear
program. We use a density ratio to estimate the Lagrangian from offline samples
and reparameterize a copy of the occupancy measure to make the policy an explicit
optimization variable. PDOCRL therefore optimizes the policy directly, without
a separate extraction step or knowledge of the data-generating distribution. Ex-
ploiting the linear structure of the decomposed Lagrangian, PDOCRL uses only
standard oracles for policy optimization, online linear optimization, and linear
minimization. We assume all-policy action-value realizability and partial coverage
of an optimal feasible policy with a realizable density ratio. Under Slater’s con-
dition and standard boundedness assumptions, PDOCRL returns a near-optimal,

near-feasible policy with a O(e~2) sample guarantee. Experiments on BulletGym
tasks using DSRL datasets show that PDOCRL is competitive with strong offline
constrained RL baselines.

1 Introduction

Offline constrained reinforcement learning aims to learn, from a fixed dataset, a policy that achieves
high reward while satisfying safety or resource constraints. We study this problem in the framework of
discounted constrained Markov decision processes (CMDPs)[1]], with one primary reward and several
auxiliary signals whose discounted returns must exceed prescribed thresholds. This formulation is
natural when online exploration is risky or expensive but logged data are available, as in autonomous
driving, healthcare, and robotics [[1 1, |16].

The main obstacle in offline CMDPs is data coverage: reliable optimization is only possible for
policies whose state-action occupancy is sufficiently supported by the dataset. In unconstrained offline
RL, recent pessimistic actor-critic methods show that one can still obtain meaningful guarantees
under insufficient coverage by updating policies against pessimistic critics [3| |46].

In the constrained setting, however, applying the pessimistic critic idea within a primal-dual frame-
work introduces an additional obstruction. A primal-dual method must update dual multipliers based
on estimates of constraint violations, which requires evaluating the constraint values of the current
policy. As discussed by Hong et al. [[10], this entails accurately estimating constraint values for inter-
mediate policies encountered during optimization. Under partial data coverage, these intermediate
policies may not be supported by the dataset, making the dual updates unreliable and effectively
reintroducing strong coverage requirements.

This raises the following question:
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Table 1: Algorithms for offline constrained RL. Red entries indicate an undesirable property

. Partial Oracle Requires Function
Algorithm . .
coverage efficient pp Or mper Approximation
PDCA [10] No No No Vr: Q7 € Q,w™ e W
WSAC [34] Yes No Yes w™t e W Vr: Q7 € Q
MBCL [13] No Yes No Vr,Q:T™Q € Q
POCC [43] Yes Yes Yes w*eW,YyweW:x, X
PDOCRL (Ours) Yes Yes No w* e W, Vr: Q" € Q

Can we design an offline CMDP algorithm that avoids evaluating unsupported intermedi-
ate policies, while remaining provably sample efficient under partial data coverage and
computationally efficient with access to standard oracles?

Here and throughout, we use oracle efficient in the sense that the algorithm performs only a poly-
nomial number of elementary operations and calls to basic optimization oracles for the function
classes. Specifically, no-regret online linear optimization, no-regret policy optimization, and linear
minimization over given function classes, rather than requiring a generic, intractable optimization
such as general min-max optimization over these classes.

In this paper, we answer this question affirmatively, but not via an actor-critic method. Instead, we
adopt the linear-programming (LP) view of CMDPs, which optimizes over occupancy measures or
density ratios rather than repeatedly evaluating unsupported intermediate policies. This viewpoint is
well matched to partial coverage, but under general function approximation it exposes two distinct
challenges. First, restricted saddle-point formulations can admit spurious saddle points: even when
the function classes contain an optimal feasible policy, its occupancy measure, and the optimal
action-value functions for the relevant Lagrangian reward combinations, a saddle point need not
correspond to an optimal policy. Second, existing LP-based methods typically recover a policy from a
learned occupancy measure or density ratio using the data distribution pp [[14}|15, |31} {42} |43]], which
is problematic in practice.

We address these two issues separately. For the first, we show that a naive restricted saddle formulation
is indeed insufficient: spurious saddle points can persist even when the class realizes the optimal
solution and the optimal action-value functions for all Lagrangian reward combinations. We then
identify a condition under which this pathology disappears.

The policy-extraction issue is handled separately by a decomposed LP formulation and a reparameter-
ization that make the policy an explicit optimization variable. This lets us optimize policies directly,
rather than first learning an occupancy measure and then extracting a policy using the unknown data
distribution ptp. The resulting method, PDOCRL, is an oracle-efficient primal-dual algorithm for the
decomposed empirical saddle problem. Under our realizability and coverage assumptions, a near

saddle point found by PDOCRL yields a near-optimal and near-feasible policy with a O(e~2) sample
complexity guarantee under partial coverage. As summarized in Table[T] this separates PDOCRL
from prior offline constrained RL methods: PDCA [10] and WSAC [34] require solving intractable
min-max problems, while POCC [43]] requires p1p and access to another auxiliary function class.
Thus PDOCRL is the only method in our comparison that simultaneously provides partial-coverage
guarantees, oracle efficiency, and no dependence on up or a reference policy.

We also evaluate PDOCRL on deep offline safe RL benchmarks. On BulletGym tasks with DSRL
datasets [[7,|19], it is competitive with strong baselines such as BCQ-Lag, BEAR-Lag, CPQ, CDT,
and COptiDICE [15| |18} 37].

1.1 Related work

Offline constrained RL with function approximation Several recent works study offline con-
strained RL with function approximation through policy-value, actor-critic, or primal-dual formula-
tions [|10,/13,/34]. Batch constrained policy learning and primal-dual-critic methods require estimating
the reward and constraint values of intermediate policies, which typically leads to full-coverage or
similarly strong coverage assumptions [[10} | 13]]. The weighted actor-critic method of Wei et al. [34]



handles partial coverage by using importance-weighted critics, but its formulation depends on a
reference policy or the data distribution and is not oracle efficient.

Density-ratio and DICE methods A closely related line of work uses marginalized importance
sampling to rewrite target-policy or occupancy-measure objectives as expectations under the offline
data distribution. This idea appears in off-policy evaluation and DICE-style distribution-correction
methods [[17}24]25,33L|36, 39\ |44, 45]. It has also been adapted to offline policy optimization through
methods such as AlgaeDICE and OptiDICE [14} 26]. These methods motivate our density-ratio
parameterization p = wyp, but they do not by themselves resolve the constrained offline-RL issues
of oracle-efficient optimization and policy recovery without access to the unknown data distribution.

LP-based offline RL under partial coverage On the theory side, there are LP- and density-
ratio-based analyses for offline RL under partial coverage [2} 29, 31} |42, |46]. These methods are
naturally aligned with partial coverage because they reason about covered occupancies rather than
requiring accurate evaluation of arbitrary intermediate policies. However, relative to PDOCRL,
prior LP/density-ratio analyses typically rely on regularization of the saddle-point problem, auxiliary
function classes or occupancy-validity constraints, or a separate policy-extraction step that depends
on the unknown data distribution pp or on a reference policy.

Constrained LP-based offline RL  In the constrained setting, COptiDICE is the closest empirical
DICE-style method, extending stationary-distribution correction to offline constrained RL [[15]]. The
closest LP-based partial-coverage theory result is the primal-dual method of Zhang et al. [43]], which
handles offline convex CMDPs under partial coverage. In contrast to PDOCRL, these constrained
LP/density-ratio approaches either use an additional policy-extraction or weighted behavior-cloning
step, or require auxiliary structure beyond the density-ratio and critic classes considered here.

2 Preliminaries

Notations For functions ' : S x A — Rand G : S — R, we denote their vector representations as
F c RIS*Aland G € RIS!, respectively. For a function Q : Sx.A — Rand a policy 7 : S — A(A),
we write Q(s,m) = >, m(a | s)Q(s,a). Given reward functions ro,r1,...,7r7, and X € R, we
write 7\ = 7o + S1_, \iri. We write BAT = {\ € RL : ||\[|; < B}. Wesay (7,7) € X x Visa
&-near saddle point of L(x,y) if L(x,y) < L(Z,y) + £ for all (z,y) € X x Y.

2.1 Constrained reinforcement learning

We formulate the constrained RL as a discounted CMDP M = (S, A, P, 7o, {r;}!_,, 7, do), where
S is the state space, A is the action space, P(- | s,a) is the transition kernel, v € (0,1) is the
discount factor, dy is the initial-state distribution, 9 : S x A — [0, 1] is the primary reward, and
r1,...,77 : 8 X A — [0, 1] are auxiliary reward signals defining the constraints. For simplicity, we
assume that dj is concentrated on a single start state sg.

A stationary policy 7 : S — A(A) and the transition kernel P induce a trajectory distribution P™
over (s, ag, 81, a1, - . . ), with expectation denoted by E™. Action-value functions are defined as

Qf(sva) = ]Eﬂ[z:;io VtT’i(Shat) ‘ S0 = S,a0 = CL] ) 1= 07 17 s 7I'
Define the discounted return for each reward signal by
Ji(m) = E7[Y 2 viri(se, ar)], i=0,1,...,1.

The CMDP objective, given user-specified thresholds 7, ..., 77, is
max Jo(m) subject to 1=-yJi(m)>mn, i=1,...,I (1
Occupancy measures and LP formulation The linear programming (LP) formulation [20] for

solving () aims to find an occupancy measure that maximizes value, rather than optimizing directly
over the policy space. The occupancy measure of a policy 7, denoted p™ € A(S x A), is defined as:

p(s,a) = (1= 7) 32720V P (s¢ = 8,00 = a).



It satisfies (™, r;) = (1 — v)J;(7), i = 0,1,...,I. Let E denote the linear operator defined by
[ETpl(s) = X, u(s,a), and let [P u](s") = >, , P(s" | 5,a)u(s, a). Then (I is equivalent to
the linear program [30]]

max (p, 7o)

subjectto E'p = (1—7)dy+~vP"p, @)
<[1,7’I"i>27'1‘, Z:L,I

The first constraint, known as the Bellman flow constraint, ensures g corresponds to the occupancy
measure of some policy. We call such a p an admissible occupancy measure.

Policy extraction Given an occupancy measure /i, not necessarily admissible, we can extract a
policy denoted 7 (1) by normalizing 1 at each state:

[m(w))(als) = 2#(7) if 3, u(s,a’) >0, i otherwise, ?3)

o 1(s,a")
Given an admissible occupancy measure i, we can recover the policy that induces p by the policy

extraction rule. Hence, we can find an optimal policy by extracting from the optimal occupancy
measure p* that solves the linear program (2).

2.2 Offline dataset and concentrability coefficient

We observe an offline dataset D = {(s;,a;, s})}7_;, where (s;,a;) are sampled i.i.d. from an
unknown data distribution yp and s ~ P(- | s;, a;). We define the concentrability coefficient of a
policy 7 with respect to up as

C7 = W7 Juplloc = maxu™(s, a)/up(s, a),

which measures how well the dataset covers the state-action pairs visited by the policy 7. Intuitively,
if C'™ is large, then the dataset does not cover the state-action pairs visited by 7, making it difficult to
learn about 7 from the dataset.

3 Main results for offline constrained RL

We start from the LP formulation of the offline CMDP in (). Introducing a Lagrange multipliers
V e RIS! for the Bellman flow constraints and A € Rfr for the safety constraints gives the Lagrangian

L V) = () + (V, (1= )do + 7P T — ETp) + S0 Ml ) —7), @)

which is linear in the occupancy measure p. Writing p(s, a) = w(s, a)up(s, a) turns the u-dependent
term into an expectation under the data distribution yp, allowing it to be estimated directly from the
offline dataset by sample averaging:

Lw; V,A) = (1= y)V(s0) + £ 30 w(s;,a5) (ralsj,az) + 7V (sh) = V(s;)) = Sty Nimi,

)
where 7y = ro + Zfil A;r; is the Lagrangian reward. If p were known, a natural approach would
be to optimize over the density ratio w, form the induced occupancy measure ;1 = wyp, and then
recover a policy by the statewise normalization in using (3). Appendix [B]shows that this approach
already admits provable guarantees. In practice, however, ©p may be unknown, and policy extraction
from w becomes nontrivial.

Existing empirical methods [14,|15] address this issue by adding an importance-weighted behavior-
cloning step motivated by the identity 7* = argmax, E(, q)~,p [w™ (s,a)log m(als)]:

T = argmax, - > i1 W(sj,a5)logm(ayls;), (6)

where w is the learned density ratio. However, this approach suffers from a fundamental statistical
limitation: empirical policy extraction from density ratios can be unreliable under finite samples,
even when the underlying density ratio is well-behaved. The following proposition formalizes this
failure mode. See Appendix [A]for a proof.



Proposition 1. There exist a MDP (S, A, P,r,v,dy) and a policy class 11 that contains an optimal
policy with |S| = |A| = |II| = 2, data distribution up, and a density-ratio estimate W such that:

(i) Policy m = 7(W up) extracted from w with the knowledge of up is optimal.
(ii) The policy extraction T = argmax, .y E, , [W(s, a) log w(a|s)] is optimal.
(iii) But the empirical policy extraction () returns a suboptimal policy with constant probability.

This negative result suggests that policy extraction from density ratios is inherently fragile. It
motivates designing algorithms that optimize over policies directly, without requiring a separate policy-
extraction step. In the next section, we introduce a Lagrangian decomposition and reparameterization
that make the policy an explicit optimization variable, thereby avoiding the policy-extraction step.

3.1 Lagrangian decomposition and reparameterization

The key difficulty is that the occupancy measure variable p in the Lagrangian formulation (@) plays
two roles: Lagrangian estimation and policy extraction. For Lagrangian estimation, we use the
change-of-measure 1 = wup which allows the Lagrangian to be expressed as an expectation under
the data distribution pp. After the change of variables, however, policy extraction has to be done on
wpp(s,a), and hence requires knowledge of the unknown data distribution zp.

Lagrangian decomposition addresses this issue by introducing a copy variable v of p and separating
these two roles:  is used for Lagrangian estimation through the change of measure, while v is used
for policy extraction. The decomposition is obtained by adding a constraint v = y to the original LP
formulation (Z)) and decomposing the Bellman flow constraint:

P20, 20 bty m0)
subjectto E'v = (1—~)dy+~vP p, )
n=v,

<u‘ari>27—i; Z:].,,I
Introducing the multiplier Q@ € R!S*Al for the constraint 4 = v, we get the Lagrangian function

L(IJ"V;Van)‘) = (1 —’7/)<d0,V> + <[.L,7°)\ +’7PV - Q> + <V3Q - EV> - Z;‘rzl )‘17-1 (8)

Lagrangian decomposition [8}32] is a classical method for decomposing an optimization problem
into subproblems by introducing copies of optimization variables. It is first used in the context of
MDP by Mehta et al. [21]]. It has since been used in RL in several settings [} |10, [27} 28]].

One could now change variables by writing w = pu/up, estimate the decomposed Lagrangian as

~

L(w,v; V,Q, \), find a saddle point, and then extract a policy from v. But a simple reparameterization
trick allows us to simplify the optimization problem by introducing a policy variable. Specifically,
consider a policy 7 induced by v. Then, v(s,a) = 7(a|s)r(s) and the decomposed Bellman flow
constraint suggests the following reparameterization of v in terms of y and 7:

Vi (s,a) = m(a] 8)((1 —7)do(s) + [P pl(s)).
By construction, v = v, . satisfies the decomposed Bellman flow constraint for every p and 7, and
the policy extracted from v,  is exactly 7. Substituting v = v, - into the Lagrangian and using the

notation Q~(s) =Y, m(a’[s)Q(s,a’) yield
L(/L,ﬂ'; Q7 >‘) = (1 - ’Y)<Qﬂ'7 d0> + <,U/,’I")\ + ’YPQTr - Q> - Zf:l )‘iTia (9)

The reparameterized decomposed Lagrangian was first introduced by Gabbianelli et al. 5] for offline
RL under linear MDPs. In that setting, the linear structure further allows p and @ to be represented
by linear functions of features, reducing the optimization to one over feature weights. In the general
function approximation setting, however, the restricted saddle-point problem over general function
classes for ;1 and () can admit spurious saddle points that do not correspond to optimal policies, as
discussed next, requiring additional assumptions to rule out this pathology.

3.2 Spurious saddle points and assumptions for saddle-point optimality

The next proposition shows that merely realizing an optimal policy, its occupancy measure, and its
associated action-value functions is not sufficient to rule this out.



Proposition 2. There exists a CMDP M = (S, A, P,ro,{ri}!_1,v,do), function classes U C
]RiXA, Q C RS*4A, and a policy class 11 such that:

(i) there exists an optimal feasible policy ™" € 11 with occupancy measure ©* € U;
(ii) forall o« € RL, QF, € Q, where Q. is the optimal value function for ro + Zle Q;Tis
(iii) nevertheless, there exists T € 11 that is not optimal for the CMDP such that (i, 7; @7 A) is
a saddle point of the reparameterized Lagrangian L over (U x II) x (Q x RY).

To deal with the problem of spurious saddle points in the decomposed formulation, we first impose
the following Slater-type condition to ensure the existence of a feasible policy that satisfies the
constraints with a positive margin:

Assumption A (Slater’s condition). There exist a constant ¢ > 0 and a policy 7 that satisfy
(1-—Ji(m)>7+eforalli=1,... 1.

Under a mild assumption that a feasible policy exists, the thresholds 7; can be adjusted downward
by ¢ to ensure Slater’s condition holds with margin ¢, if necessary. This Slater-type condition is
standard in constrained RL analyses, where it is commonly used to obtain strong duality and to bound
the optimal dual variable [10, 22, 40]. The following lemma demonstrates that, under this assumption,
an optimal dual variable A* is bounded.

Lemma 3. Consider a constrained optimization problem (1)) with thresholds T = (71,...,71).

Suppose the problem satisfies Assumption[A|with margin ¢ > 0. Then, the optimal dual variable \*
of the problem satisfies | X*||1 < %.

Now, to deal with spurious saddle points, we impose the following all-policy value function realiz-
ability assumption.

Assumption B (All-Policy Value Function Realizability). For every policy m € II, we have Qf € Q
and Qf + (1 + i)Qf € Qforalli=0,1,...,1.

This is a strong all-policy realizability condition, but it is standard in iterative offline actor-critic
analyses with general function approximation, where the critic must evaluate the policies generated
by the actor [3| |34} |46]]. Single-policy realizability is possible in methods that solve saddle/minimax
problems such as PRO-RL [42] and CORAL [31]], but these methods are not oracle-efficient in our
sense. With the stronger all-policy condition the lemma below shows spurious saddle points vanish.
We leave the question of whether weaker assumptions for iterative methods can rule out spurious
saddle points to future work.

Lemma 4. Assume Assumption @and @ Consider function classes U C leXAl and Q C RIS*Al

Let 11 be a policy class containing an optimal feasible policy *, and let ji* = p™ € U. If (i, 75 @, X)
is a saddle point of L over (U x II) x (Q x (1 + é)Al), then T is an optimal feasible policy.

3.3 Lagrangian estimation and minimax algorithm

As discussed previously, we can change variable w = p/pp to turn the p-dependent term in the
Lagrangian (9) into an expectation under £, which can be estimated by sample averaging from the
offline dataset as:

n

1
E(w, @A) = (1-9)Qs0, m) - S wlsj,a) (2 (55, 47)+9Q(s5, m) Qs a)) =D Ao
i=1

j=1
Motivated by this estimator, we first consider the following idealized empirical saddle-point problem:

max min Ew,ﬂ'; JA), 10
weW,n€ll Qe e(1+35)Al ( 2.3 (10

and output the policy component 7 of a saddle point (w, 7; Q, X) Although solving (I0) exactly is
generally computationally intractable, it provides a clean benchmark for the analysis: under suitable

realizability and boundedness assumptions, an exact saddle point of L yields a near-optimal and
near-feasible policy. We first require that the density ratio of an optimal feasible policy belong to W.

Assumption C. For an optimal policy 7*, we have w™ = u™ /up € W.



wm AR W N =

Algorithm 1: PDOCRL

Input: Dataset D = {(s;, a;, s)}}_;, function classes W, Q and II, no-regret online
linear-optimization oracle 0L0yy, no-regret policy optimization oracle POy, o, linear
minimization oracles LMOg and LMOga 1, dual bound B > 0, number of iterations 7.

fort=1,...,Tdo
Wy < OLOW({VIUE( : 7777';@7'7)\7) 3—;11)
T — POH’Q(QL’ ceey Qt—l)-
At LMOBAL(L<wt77Tt§Qt717 ).
Q¢ < LMOg (L(wy, 745+, Ar))-
Return: Uniform(ry, ..., 7r)

To control the statistical error of L, we also impose standard boundedness assumptions on the
density-ratio and ()-function classes.

Assumption D. Forallw € W, ||w|l« < C* andforall Q € Q, [|Q| < (2+ é)/(l —).

The bound (2+ é) /(1—7) on the Q-functions is natural since the Lagrangian reward r is bounded by
2+ %. The bound C* on W, together with the assumption w”™ € W, implies C™ = ||w™ o < C*.
Thus, positing a density-ratio class V¥ bounded by C* amounts to assuming that the learner knows an
upper bound on the concentrability coefficient of the optimal policy. Such an assumption is common
in offline RL with function approximation. Appendix contains the guarantee for 7 obtained by
the minimax algorithm (I0).

3.4 Oracle-efficient primal-dual algorithm

We have not yet addressed the computational challenges of finding the saddle point. In this section,
we propose an oracle-efficient primal-dual algorithm that solves the saddle point problem (I0) by
iteratively optimizing for the primal variables w, 7 and the dual variables @), A, using standard oracles.

The w-player employs a no-regret online linear optimization algorithm over WV defined as follows.

Definition 5. An online algorithm OLO,y, is called a no-regret online linear optimization oracle for
the function class W C Rﬁx““, if for every sequence ci,...,cr € W, the algorithm sequentially
outputs wy = 0LOWw(c1,...,¢c—1) € W, t =1,..., T, such that, for every comparator w € W,

%Zfz1<ct’w —w) = 0, as T — oo.

For example, with an assumption that JV is convex, the projected gradient ascent can serve as the
no-regret oracle, as discussed in Appendix [D.2]

The 7-player employs a no-regret policy optimization oracle over I1 defined as follows.

Definition 6. An online algorithm POy, ¢ is called a no-regret policy optimization oracle for the
n-player, function class @ C RS*4 and policy class II C (A(A))S, if for every sequence
Q1,...,Qr € Q, the algorithm sequentially outputs policies 7, = PO, o(Q1,...,Q¢—1) € II,
t=1,...,T, such that, for every comparator policy 7 € II,

T 23:1Ew[Qt(577T) — Qi(s,m)] — 0, as T — oo,

where E denotes the expectation over s ~ > 117 (-, a), the state occupancy measure of 7.

As discussed by Wei et al. [34], there exist many methods that can serve as the no-regret oracle,
for example, the mirror descent approach [|6] and natural policy gradient approach [[12] of the form
7 (+]s) oc m—1(+|s) exp(aQi—1(s, -)) for some learning rate cv > 0.

For the Q-player, since the Q-dependent part of L is linear in Q, we use a linear minimization oracle
LMOg(c) € argmingeg(c, Q). Similarly, since the A-dependent part of L is linear in A, we use a
linear minimization oracle LMOpga:(c) € argminycpar(c, A).
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The full algorithm is described in Algorithm[I] The algorithm runs for 7" iterations and returns a
policy sampled uniformly at random from 74, ..., . The policy returned by the algorithm has the
following guarantee. For the exact statement and the proof, see Theorem[I7]in Appendix [C]

Theorem 7 (Informal). Under Assumptions[A} B} [Cland D} running Algorithm[I|with dual bound
B=1+ é and T large enough, the output policy T satisfies

A=) Jo(7m) > (1 —=y)Jo(m™) —epn, (A —7)Ji(T) >T—¢€n, i=1,...,1.
with probability at least 1 — 6, where ¢,, = (5(C*\/10g(I|W||H|\Q|/5)/n).

3.5 Adaptation to offline unconstrained RL setting

The algorithms we have discussed so far for the constrained RL setting can be adapted to the
unconstrained offline RL setting by removing the dual variable A and the associated terms in the
Lagrangian, and the analysis can be adapted accordingly.

In fact, with a careful analysis on the guarantee of the saddle point of the Lagrangian, we can get a
stronger guarantee in the unconstrained setting. Specifically, we can compete with any comparator
policy covered by W, instead of just the optimal policy as in the constrained setting. The adapted
algorithm is shown in Algorithm 2] and the guarantee is stated in Theorem 8]

Algorithm 2: PDORL

Input: Dataset D = {(s;, aj, s)}_;, function classes W, Q and II, no-regret online
linear-optimization oracle 0L0yy, no-regret policy optimization oracle POy, g, linear
minimization oracles LMOg, number of iterations 7.

fort=1,...,Tdo

wy < OLOW ({VwL( -, 773 Qr) }i2h).
7 < POm,o(Q1,- -+, Qi—1)-
Qt <— LMDQ(VQL(’LUt,TFt; . ))

Return: Uniform(my,...,7r)

Theorem 8 (Informal). Assume Q™ € Q for all m € 11, and w™ € W for some comparator policy
T € I and ||w|| o < C forallw € Wand ||Ql|oc < 1/(1—7) forall Q € Q. Running Algorithm/2]
with T large enough, the output policy T satisfies

(1= J@ = (1 =7)J(7) —en
with probability at least 1 — §, where &,, = (’)(%\/logﬂWHHHQ\/&)/n).

4 Experiments

We compare PDOCRL with offline constrained RL algorithms [[19], assessing constraint violation
and reward maximization.! For each task, training is performed for 100,000 gradient steps using
three cost thresholds and three random seeds. Each trained model is then evaluated over 20 episodes,
and we report the average return. See Appendix [F for details on the experimental setup.

Our empirical evaluation primarily examines constraint satisfaction, with reward performance as-
sessed in conjunction with feasibility, rather than claiming a uniform improvement in the reward—cost
trade-off. The experiments serve as a proof of concept for direct policy optimization under the pro-
posed formulation. The practical implementation in Algorithm 3 uses gradient-based surrogates for
the optimization oracles and evaluates the last-iterate policy. Consequently, the theoretical guarantees
for Algorithm 1 do not directly apply to the implementation evaluated here. Appendix F.2 discusses
these distinctions.

Benchmark and datasets The experiments are conducted on the BulletGym benchmark [7],
consisting of continuous-control tasks with explicit safety constraints. We use the offline datasets

!'Source code: https://github.com/komin0407/PDOCRL
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provided by the DSRL package [19]], which offers D4RL-styled [4]] datasets for safe RL tasks. For
each BulletGym task, the dataset is collected by training multiple safe RL expert policies under
varying cost thresholds, then merging the resulting trajectories. We follow the standard evaluation
protocol of [[19], reporting normalized reward and normalized cost, where the normalized cost is
defined as the ratio of the evaluated cost return to the cost threshold.

Baselines The baselines are taken from the benchmark paper Liu et al. [19]. BC-All and BC-
Safe [[18} [38]] are imitation-learning-based methods. CDT [18]] uses a transformer architecture
conditioned on return and cost. BCQ-Lag [37]], BEAR-Lag [37], and CPQ [37] are Q-learning-based
methods, while COptiDICE [15] is a LP-based approach, most closely related to our method.

Evaluation metrics We evaluate each method using the normalized reward return and normalized
cost return. The reward is normalized by the empirical minimum and maximum reward values of
each task, making the results comparable across different environments. The cost is normalized by
the target cost threshold, so that a value below 1 indicates that the safety constraint is satisfied. For
simplicity, we refer to the normalized reward return and normalized cost return as reward and cost,
respectively. For more details, refer to[F.1}

Table 2: Evaluation results of the normalized reward and cost on BulletGym tasks. The cost threshold is 1. 7:
higher reward is better. |: lower cost (up to threshold 1) is better. Bold: Safe agents (normalized cost < 1).
Gray: Unsafe agents. Blue: Safe agent with the highest reward.

Task BC-All BC-Safe CDT BCQ-Lag BEAR-Lag CPQ COptiDICE PDOCRL (Ours)
Rew. 1 Cost | Rew. 1 Cost | Rew. 1 Cost | Rew. T Cost | Rew. T Cost | Rew. T Cost | Rew. T Cost ] Rew. T Cost ]
BallRun 0.60., .. 5.08 4 74 0.27., 1.46. 0.39., 116, , 0.76.0 01 3.9 0.47 24 00 5034 00 0.22. 7o 0.59., 3.52., 0.485055  0.864045,
CarRun  0.971000 0.331005 0.94:000 0.225000 0.99i000 0.651045 0.94100. 015400 008,  7.78 0.95 o 0.87i000 0.00i000 0.80i00  0.11.0,0
DroneRun 2 o 0.284025  0.T44007 o 5.54i0s  0.42.0, 247 0.33 352,00 0.67., 1 0.1040,45 X
AntRun . 065205 1.09500 5.1 0.15400:  0.73100r  0.03400:  0.024000 0.61i00, 0.94:06  0.03:00;  0.0040.00
BallCircle L7100 0524008 0.6540.r 2.36. 0.8 3.00 0.64100,  0.761000 0.70., 2607 0.6lig,s  0.21igg,
CarCircle 3700020 0.50402:  0.8410.6r 1.89, 218 0.714002  0.334000 019, 314454 0.63.005  0.11402,
DroneCircle 3.030020  0.56400s 0574057 3.07 3.68 0.22., 2800 0264, 1.02., —0.261000 0.2610.50
AntCircle 1.90 0.401,,5 0.96,, 4 .87, 5.48 0.004000 0.004000 0.7, 5.04 0.00400  0.00.000
Average (.64, 336,00 0524007 0.824107 0.48 3.80 0.33 12 0.55., 2.55 0.304005  0.3010.00

In the results reported in Table[2] PDOCRL has a mean normalized cost below the threshold of one
on all eight BulletGym tasks. This observation concerns the reported averages over seeds and cost
thresholds; it does not imply constraint satisfaction in every individual run or evaluation episode.
PDOCRL achieves competitive rewards on some tasks, but its reward performance is lower than
that of several baselines on others. The results therefore provide stronger empirical support for
constraint satisfaction than for a uniform improvement in the reward—cost trade-off, and indicate that
the practical method can be conservative.

4.1 Ablation study

We conduct an ablation study to demonstrate the effectiveness of the reparameterization trick used
in our algorithm, which avoids the policy extraction step and eliminates the need for knowledge
of the data-generating distribution. The ablated variant obtains @ by optimizing for the estimated
Lagrangian (9), then using the policy extraction step (3) to obtain a policy.

As shown in Table[3] PDOCRL shows better average reward and cost performance than the variant that
requires policy extraction, suggesting that the policy extraction step can be a meaningful bottleneck
in offline constrained reinforcement learning.

5 Conclusion

We proposed PDOCRL, an oracle-efficient algorithm for offline constrained RL with general function
approximation under partial data coverage. Our analysis shows that restricted Lagrangian saddle-
point formulations can admit spurious solutions, and that Slater’s condition together with all-policy
action-value realizability rules out this pathology. Building on this guarantee, PDOCRL combines
Lagrangian decomposition with an occupancy-ratio reparameterization to optimize policies directly,
without access to the data-generating distribution. A natural direction for future work is to relax the
all-policy realizability condition, ideally toward a single-policy realizability assumption.



Table 3: Ablation study on BulletGym tasks. We compare PDOCRL (Ours) with an ablated variant, Policy
extraction required. 1: higher reward is better. |: lower cost is better.

PDOCRL (Ours) Policy extraction required

Task
Reward 1 Cost Reward 1 Cost |
BallRun 0~48i0.33 0.86i0,82 71.06i0(15 2.69i1,44
CarRun 0.80+0.08 0.1140.15 —0.5940.26 4.6312.51
DroneRun 0.1040.15 0.84+1.00 —0.2610.00 0.35+1.00
AntRun 0.0310.02 0.00+0.00 0.2140.06 0.0140.02

BallCircle 0.6110.15 0.2140.31 0.0140.04 2.1945 92
CarCircle 0.631005 0.114021 —0.0440.05 3.8T4+4.65
DroneCircle —0.2640.00 0.2640.30 —0.111¢.13 1.304+0.60
AntCircle 0.00+0.00 0.00+0.00 0.06+0.02 0.6540 .35

Average 0.30:(:0_38 0~30j:0.60 —0.22;(:0.41 1.96i2_74

Limitations. Our theoretical guarantees apply to the oracle-based Algorithm [I|and its uniform-
mixture output policy under the stated assumptions. They do not directly cover the practical imple-
mentation evaluated in our experiments, which uses neural function approximation, gradient-based
optimization surrogates, target networks, clipped importance weights, and a last-iterate policy. The
empirical results should therefore be interpreted as a proof of concept for the proposed formulation
rather than as a verification of the theoretical guarantees for the neural implementation. The results
also reveal a tendency toward conservative behavior: low normalized costs can be accompanied by
substantially reduced rewards, and the reported averages do not establish constraint satisfaction for
every individual run or evaluation episode.
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A Proof of Proposition 1]

We construct a single one-step contextual bandit (y = 0), data distribution, and policy class that work
for all n. Only the learned ratio @,, depends on n. Let S = {c, 7}, A = {0,1}, do(c) = do(r) = 3.
The behavior policy 75 is uniform such that the induced occupancy measure is pp(s,a) = % for
every (s,a) € § x A. The reward function is r(¢,0) = r(¢,1) = 0 and r(r,1) = 1, R(r,0) = 0.
Therefore, for any policy m, J(7) = E«[r(s,a)] = $m(1 | r) and it follows that any policy 7 with

7(1|r) = 1 is optimal with optimal value J () = 3.

Let IT = {7*, 7} where 7* is an optimal policy w1th7r Ole)=g.7m1]c)=% 71 ]|r) =1,
(0|7‘)—0 and Tis7(0 | c) = 5, 7(1 | c) = &, 7(1|r) =1, 7(0|r) = & Then, J(r*) =1

and J(7) = ;.

We first verify boundedness of the true optimal density ratio. Since this is a one-step contextual

1, %

bandit, 4™ (s,a) = P(S = s)m*(a | s) = 27*(a | s). Because pup(s,a) = 1/4, we have

w*(s,a) = & ((é “)) = 27*(a | s). Therefore, w*(c,0) = 1, w*(c,1) = %, and w*(r,1) = 2,

w*(r,0) = 0. ThusO < w*(s,a) < 2forall (s,a).

Now, consider a learned density-ratio @,, with @, (c,0) =2 — 1, @,(c,1) = 2, @,(r,1) = 2 and

Wy (r,0) = 0. Then, 0 < Wy (s,a) < 2 for all (s, a). Define ﬁn(s,a) = up(s,a)Wn(s,a). Since

pp(s,a) = 1/4, we have fin(c,0) = 1 (2= 1), fin(c,1) = 4=, fin(r,1) = 4, and fi,,(r,0) = 0.
Hence, the policy extracted from [ puts weight 1 on state r, and is optimal, showing the first claim.

Next we analyze the population weighted-log extraction over the finite class II:

argmax L, (m) .= E,,  [@, log w(a|s)].
mell

It can be shown that

log 7
2n

Hence the population weighted-log extraction over II uniquely selects 7*, showing the second claim.

Ly (") = Ln(7) = >0,

It remains to show that the empirical weighted-log extraction from the dataset D

-~ 1
argmax L, (7) == — Z W (84, a;) log m(as|si),
well n i—1

selects the bad policy with constant probability. Define the counts

Z (si,ai) = (s,a)}.

Then,

7 T B PN (A | i)
Ln * _Ln = - n ivAi 1 A 1 o
() = Ea(R) = & 30 @514 log T

log7 1

|:_2(NCO_NT'1)+(NCO+N01)
n n
log 7
< 22 [<2(Neo = Ni) + 1,

where the inequality follows since N, — NV,; < n. Hence, fn( )< L (7) and the empirical
policy extraction procedure will select the suboptimal 7, as long as N.g — N1 > 1.

Now, we lower-bound P(N.o — N,; > 1). For each i, define

X =1{(si,a;) = (¢,0)} —{(s;,a;) = (r,1)}.

Because 1 p is uniform over the four state-action pairs, we have



Let X := Z?:l X; = N9 — N,1. The distribution of X is symmetric around zero, because X; and
—X; have the same distribution. Therefore, P(X > 0) = P(X < 0) and it follows that
1-P(X =0)

P(X >0) = —

We now prove that P(X = 0) < 1/2. Let K := >;" ; 1{|X;| = 1}. Then K ~ Binomial (n, 3).

Conditional on K = k, the k nonzero signs are i.i.d. Rademacher random variables. If £ = 0, then
X = 0 with probability 1. If £ = 1, then X # 0 with probability 1. If £ > 2, then
1
]P’(X:O\K:k)gi.
Indeed, for odd k, the conditional probability is 0. For even k > 2,
k
P(X=0|K=k) = 27k,
=01 =1=(,},)

For k = 2, this equals 1/2, and for every even k > 4, the central binomial probability is strictly
smaller than 1/2. Hence

IP’(X:O):X”:IF’(X:MK:k)IP’(K:k)
k=0

< P(K = 0)+ %]P’(K > 9)

1
=24 (127" —n2"
+5 n2=")
1 1w 1
2 ontl T 27
where the second equality uses P(K = 0) = 27" and P(K = 1) = n2~". Consequently,

1-P(X=0) _1
- = >

2 !
Hence, the suboptimal policy 7 is chosen with probability at least 1/4, completing the proof.

P(Neo — Np1 > 0) = P(X >0) =

B Known data distribution case

Introducing Lagrangian multipliers V' € RIS! for the Bellman flow constraints and X € Ri for the
safety constraints in the linear program, the Lagrangian function is

I
L, VX)) = () +(V,(1 =~)do+ P pu— E"p) + Z Xi({pe, i) — 730),
i=1
In the general function approximation setting, the restricted saddle-point problem over F (i) X
(v x Ri) can admit spurious saddle points that do not correspond to optimal policies. The below
proposition shows that merely realizing an optimal policy, its occupancy measure, and its associated
action-value functions is not sufficient to rule this out.
Proposition 9. There exists a CMDP (S, A, o, {r;}|_,,7,do) and function classes U C RS**

and V C RS with u* € U and V* € V with the following property. The function classes satisfy
realizability assumption: p* € U, V;* € V foralli = 0,1,...,1. However, there exists a saddle

point ([1; ‘7, X) of the Lagrangian function L associated with the linear programming formulation of
the MDP over U x (V x R.), where the extracted policy 7 is not optimal.

Proof of Proposition[d] We explicitly construct a CMDP (S, A, o, {r;}{_,,7,do) and function
classes U, V as follows; see Figure E]for an illustration.

For notational simplicity, we identify the restricted primal class ¢/ with the set of admissible occupancy
measures, and construct it so that
U={p",n}
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We explicitly construct a CMDP (S, A, o, {r;}1_1,~,do) and function classes U, V as follows.
LetI =1,S8 = {so,l1,71,l2,72}, and A = {L, R}. Let the objective reward ry be defined by
ro(l1,a) =1, ro(le,a) =4 foralla € A,
and all other entries of g are zero. We choose the constraint reward to be identical:
r1 =710, 71 :=0.
Lety = 1/2 and dy(sg) = 1, so that the process starts from s, deterministically.
The states [, l2, and 5 are absorbing, i.e.,
P(s|s,L)=P(s|s,R)=1 fors € {ly,1l2,72}.

At state sg, action L transitions uniformly to the next layer:

P(ly | so,L) = P(r1 | so, L) = 1/2.
At state rq, action L also transitions uniformly:

P(ly|r,L)=P(ro | m,L) =1/2.
On the other hand, action R is biased to the right:

P(ly | so,R) = P(l2 | "1, R) = 1/4, P(r1 | so,R) = P(ra | 71, R) = 3/4.

Since r; = rg > 0 and . > 0, the safety constraint
(1) >11 =0

is redundant for every nonnegative ;. Hence the set of optimal policies of this CMDP coincides with
that of the underlying unconstrained MDP with reward ry.

Let V* := Vi = V{*. A direct calculation shows that

V*(s0) =1, V() =2, V*(r) =2, V*(le) =8, V*(re) = 0.
Moreover, an optimal occupancy measure is induced by the policy that always chooses action L:

1 1 1 1
M*(507L):§= ﬂ*(llyL):Zv M*(leL):ga M*(127L):ﬂ*(T27L):T67
and all other entries are zero.
The CMDP Lagrangian is
L(p; Vo A) = (7o) + (Vo (L= 9)do + 7P = BT ) + A({p, 1) — 7).
At (V*,0), this becomes
L(p; V*,0) = (p,70) + (V*, (1 =9)do +vP = E p).
Using Bellman optimality of V*, every action has zero Bellman residual except (r1, R), for which
3

1/1
rdﬁJﬂ+y§:P®WTLRW”Qﬁ—VWm):O+§G:8+ZIO—2:—L

Therefore, )
L(p; V7, 0) = (1 = 1)V*(s0) = pl(r1, B) = 5V7(s0) — pulr, R).

Hence L(u; V*,0) depends on p only through u(ry, R), and any p with p(rq, R) = 0 is a best
response to (V*,0).

Now define iz by

)

f L(-; V*,0) over F(U). Let

| =

~ 1 ~ ~
M(807R) = ia ,u(th) :/’(‘(llvR) =
and all other entries zero. Then fi(r1, R) = 0, so [ is also a maximizer

V= {V'}.

o
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T1:O

ro=1r1 =4 ro=1r1 =0

Figure 1: Counterexample for Proposition[9] Here 1 = 1 and 71 = 0, so the constraint is redundant.
Nevertheless, the restricted saddle point (z; V*, 0) induces a suboptimal extracted policy.

Since 71 =19 > 0and 7y, = 0, forany A > 0,
L(p; V™, A) = L(; V™, 0) + X, o) = L(i; V™, 0).
Thus A = 0 is a minimizing dual variable for ji. Because ) is a singleton and & maximizes L(-; V*, 0),
we conclude that
(1 V*,0)
is a saddle point of L over U x (V x Ry).

The realizability condition also holds. By construction, u* € U, and since r; = r(, we have
Vi=Vy=V*eV.
Finally, we show that the policy extracted from f is not optimal. Define the extracted policy by
p(s, a) - /
=, if >, u(s,a’) >0,
mu(a|s) = Dq nls,a’)
1{a = R}, otherwise.
Under this rule, the policy 7 := mj; chooses action R at s, and since zi(r1, L) = p(r1, R) = 0, it
also chooses the default action R at 1. Therefore,

Vi) =5 (3v )+ 5viem) = 5 (5845 0) =1,

2\4
and hence
- 11, 3.~ o 1/1 3 N 5 .
Viso) = 5(V 0+ Vi) = 3 (724 51) = 2 <1=V"(s0).

Thus 7 is not optimal, even though (1z; V*,0) is a saddle point of the restricted CMDP Lagrangian.
This proves the proposition.

This proposition suggests that finding a saddle point of L over & x (V x \) may not give an optimal
solution even when U/ x (V x \) contains an optimal solution. As a workaround, Zhan et al. [42] add
a regularization term —aE,,[f(1/pp)] to enforce strong concavity of L in terms of 1. However, this
approach leads to sample complexity for finding & near optimal policy scales with 1/s%. Rather than
regularizing the saddle problem, we make explicit a stronger realizability requirement on the function
class V:

Assumption E (All-Policy Value Function Realizability). For every policy 7 € II, we have VJ € V
and V{7 + (1 4+ i)Vf € Vforalli=0,1,...,1.

Compared with prior LP-based analyses that only require realizability of an optimal value func-
tion [42]], this is a stronger all-policy assumption. It is precisely this strengthening that rules out
spurious saddle points in the restricted saddle problem.

With this stronger assumption on V, we can show that a saddle point of L over &/ x V is optimal, as
formally stated in the following:
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Lemma 10. Ler B =1+ i. Assume Assumption@and and let A == {\ € RL : ||\l < B}.
Consider function classes U C REXAI and V C RISI. If (1, ; v, ;\\) is a saddle point of L over
U x (V x A), then T is an optimal feasible policy.

Proof. Let e; € R! denote the i-th standard basis vector. Using the reparameterized form of the
Lagrangian, for any u € U, the Bellman equations imply

L(p; Vi, 0) = (1 = ) Jo(m),
and, since V" + BV;" is the value function of 7 under reward o + Br;,
L(p; Vg™ + BV, Be;) = (1 =) Jo(m) + B((1 — ) Ji(m) — 73)
foreach:=1,...,1.

Next, since p* = p™ , forany V € Vand A € A,

I
L5V, A) = (L=)Jo(m) + Y Xi((1 =) Ji(7") = 72).

i=1
Since 7* is feasible, the second term is nonnegative, and hence

L(p™5V,A) = (1 =) Jo(m").

By the saddle-point property, choosing (V;, \) = (V, 0) gives
(1 =) Jo(x*) < L(p*; V. X) < L(i; V5T, 0) = (1= 7)o ().
Thus 7 attains objective value at least that of the optimal feasible policy 7*.

It remains to show feasibility of 7. Let A\* be an optimal dual variable of the original CMDP. By
Lemma [IA ]l < i < B. Define

andlet j € argmin;—; 1((1 —y)Ji(T) — Ti).
By strong duality for the original CMDP and optimality of A*, we have

I
(1=2)o(m™) = (1 =) Jo(@) + DA (1 =T@) = 7) = (1 =) Jo(7) + ml|A"]r.

i=1
On the other hand, applying the saddle-point property with (V, \) = (Vf + B Vf, Be;) yields
(1 =) Jo(*) < L(fi,; V + BV, Be;) = (1 —7)Jo(7) + Bm.
Combining the previous two displays, we obtain
m||A*||1 < Bm.

If m < 0, then dividing by m reverses the inequality and gives ||[A*||1 > B, which contradicts
[IA*[l1 < B. Hence m > 0, that is,

=@ =7, i=1,...,1
So 7 is feasible.

We have shown that 7 is feasible and that Jo(7) > Jo(7*). Since 7* is an optimal feasible policy, it
follows that 7 is also optimal.

With the result in the proposition above, we consider an algorithm that finds a saddle point (f, ‘A/, :\\)
that solves max;,cy miny ¢y er! L(p, V, A), then returns the policy 7 = m(j1) extracted from .

Since computing the Lagrangian function requires the knowledge of the transition probability kernel
P, we need to estimate the Lagrangian function. To facilitate the estimation, we change the measure
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from p to pp by multiplying the importance weight w = 11/ p and express the Lagrangian in terms
of w instead of p as follows.

I
L(w,V, A) = (1=7)V (s0) +Epp [(w(s, a)(r(s, ) +7[PV](s,a) =V ()] + D Ni({p, i) = 7).

i=1
Analogous to Lemma [0} we can show that if a function class W for the MIW contains the optimal
w* = u*/up and a function class V contains V7 + (1 + )V’r for all policies 7 € II, then a saddle
point of L(w, V;\) over W x V x A is optimal. In addltlon to Assumptlon@ we make the standard
optimal-density-ratio realizability assumption on W (Assumption [C).

With the realizability assumptions, we consider an algorithm that finds a saddle point of the estimated
Lagrangian:
max  min Z(w; V. )
wEW VEV, AeA
1 I (11)
= (1 —=7)V(so) + - > w(sy,a;) (T,\(Sja a;) +V(s}) — V(Sj)> =) i

j=1 i=1

where 7y =79 + ZZ 1 ATy, and L(w,V, \) is an unbiased estimate of L(w, V, \). After finding a

saddle point (w, V )\) we need to extract policy from w. In general, the policy extraction from an
importance weight w € WV can be done by the policy extraction from the corresponding occupancy
measure 1 = w - up and using (G):

fr(w)](als) = Z:/US( a)/«LDMZZ ) if Z s,a \up(s,a’) >0, ﬁ otherwise.  (12)

The policy 7(w) extracted from a solution (@, v, X) of the saddle point problem (TI) gives the
guarantee. We show the guarantee below.

Lemma 11. Consider the empirical Lagrangian estimate
~ 1 &
L(w; V,A) = (1 —v)V(so) + - Zw(sj, aj)(m(sj, a;) +V(s;) — V(sj)) — Z AiTie
j=1 i=

where T\ = 1o + 25:1 Airi. Given a function class W and V for w and V, with boundedness
condition | w|oo < < ﬁfor all V€V, we have with probability at least

1 — 6 that, forallw € W,V € Vand A € BA!

|L(w; V, ) = L(w; V,A)| < e

where €, = (’)((1 + %(1 + B)) \/log((f—i- 1)|W||V|/6)/n) :

Proof. Fixw € W,V € V,and A € {0, Bey, ..., Ber}. Define

I I
Zj = (1=7)V(s0) +w(s;, aj)(TO(Swaj) + Y Niri(sjiaz) +4V(sh) — V(Sj)) > AT

i=1 i=1
Then

~ 1 <&

L(w; V,\) = — Z; L(w; V,\) = E|[Z;].

(w; V. A) n; bE (w; V. A) Z;]
We now bound |Z;| uniformly. Using ||V ||oc < ==, we have

[(1- V)V(SO)l <L
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Next, since || w|oo < C, [|70]loo < 1, ||7i]loo < 1, and [|A||; < B,

I
To(Sj,aj) + Z)\im(sj,aj) <1+ B.
i=1
Also,
1+~ 2
!
|7V(Sj) - V(Sj)| <AV loe + IV]lo < m < ﬁ
Therefore,

1

w(Sj,aj)(TO(Sj,aj) + Z)\iri(sj,aj) +V(s}) — V(sj)) <C (1 +B+ 27) _

, 1—
i=1
Finally,
I
> ximi| < AL Tlleo < Bli7lloo
i=1
Hence,
2 C
1Z;| <1+ C(14+B4+ —— ) +B|7]e=0(1+ ——(1+B) ).
1—7 1—7
Since 71, ..., Z, are i.i.d. and uniformly bounded, Hoeffding’s inequality implies that for any fixed

triple (w, V, \),

|L(w; V, ) — L(w; V, )| = E[Zj]—%izj <0<(1+1_07(1+B)) log(;/a))
j=1

with probability at least 1 — 4.

Applying a union bound over all triples in W x V x {0, Bey, ..., Be;} yields that, with probability
at least 1 — 4, the above bound holds uniformly for allw € W,V € V, and A € {0, Bey, ..., Ber}:

log((f + 1)|W||V\/§)

n

|L(w; V,A) = L(w; V)| < O <1+ 1?7(1+B)) \/

Now, for any A € BAj, we can express A = BZle a,e; for some ag, aq,...,ar > 0 with
ZiI:O a; = 1. Since L(w, V, \) and L(w, V, A) are affine in A\, we have

I I
L(w,V,\) = agL(w,V,0)+ Y a;L(w,V,e;), L(w,V,\) = agL(w,V,0)+Y _ a;L(w,V,e;),

=1 i=1

and the uniform concentration inequality we obtained for A € {0, Bey, ..., Be;} gives concentration
inequality for all A € BAL. This completes the proof. O

Theorem 12. Let W be a function class such that ||w||s < C andV be a function class such that
(Voo < ﬁ Under Assumptions EI @ and if (W; V', A) is a saddle point that solves

max min L(w; V, A),
wEW VeV, Ae(1+4)A!

then the extracted policy @ = w(W) satisfies, with probability at least 1 — 6,

7 2¢en ~ 4e, ]
> ’ o - i > LT T == DY
Jo(7) > Jo(7") -+ (1 =)Ji(7) > 7 5 i=1,....1,
where
log((I + 1)W||V|/d
en=0 <1+lc(1+3))\/0g(( il /)
-7
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Proof. Let
&= sup ’L(w, V,A) — E(w, V,)\)| <ény-
wEW, VeV, Ae(1+5)Al
By Lemma([l1] P(€) > 1 — . We work under the event £.
Let w* = u™ /up € W, which exists by Assumption Since 7* is feasible, the corresponding
occupancy measure " satisfies
W) =0 =NJi(x) > 7, i=1,..., L

Moreover, since ™ satisfies the Bellman flow constraint, for every V € V and every A € A we

have
I

L(w*, V,A) = (L= 2)Jo(m*) + D Ai((1 =) Ji(7") = 75) = (1= 7)Jo(r").
i=1
Also, exactly as in the proof of Lemma([I0] for any w € W and any A € Ap,

L(w, Vi N) = (1 =) do(m(w)) + 3 A ((1 = ) i(w(w)) — 7).

i=1
where 7(w) is the policy extracted from w.

Now let # = 7 (@). For any A € Ap, since (@, V, X) is a saddle point of L, we obtain

=1 =NJ@ + Y (1 =NLF) = 7) + 2.

i=1

Hence, forall A € Ap,
(1 —=7)Jo(7*) < (1 —7)Jo(T) + Z)\i((l —7)Ji(7) — Ti) + 2¢,.

Setting A = 0 gives
(1 =7)Jo(7") < (1= 7)Jo(T) + 2en,

SO
2en,

1y
Next, fix any ¢ € {1,...,I} and choose A\ = Be; € Ap. Then
(1= Jo(r") < (1= 9)Jo (@) + B((1 = 1) Ji(F) — ) + 26,
Using the objective bound just proved,
(1 =) Jo(m") = (1 = 7)Jo(T) < 2en,

Jo(7) = Jo(7")

and therefore
B((l - ’}/)JZ(%) - Ti) 2 —4En.

Equivalently,
~ 4 )
(I—V)Ji(ﬂ)ZTi—%, i=1,...,1

This completes the proof. O
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C Unknown data distribution case

C.1 Proof of Proposition 2]

For the proof, recall the reparameterized form of the Lagrangian:

I
L(/'l’vﬂ-;Qv}‘) = (1 - 7)<Qﬂ'7d0> + </'L7T)\ +7PQ7T - Q> - Z)\iTi-
i=1

Proof. Consider a single-constraint CMDP with S = {sg,l1,7r1,l2,72}, A = {L,R}, v = % and
dop = ds,. The transition kernel is P(l; | so,L) = 1, P(ry | so,R) = 1, P(ly | r,L) = 1,
P(ry | m,R) = 1,and P(ly | l1,a) = P(l2 | la,a) = P(ra | r2,a) = 1 forall a € A, such
that the states l1, lo, 7o are absorbing under both actions. The reward functions are ro(l1,a) = 1,
ro(la,a) = 2 forall a € A and ro(s,a) = 0 for all other state-action pairs. Set r; = rg and 7y = 0,
such that every policy is feasible.

The optimal action-value function Q) for reward r, can be computed by solving the Bellman
optimality equations: Qf(l1,a) = 2, Q5 (l2,a) = 4, Qf(r2,a) = 0forall a € A. Also, Qf(r1, L) =
2, QS(’I’l,R) = O, QS(S(),L) = 1, QS(S(),R) = 1 QS(S(),L) = 1, Qg(ll,L) = 2

Now consider two policies 7* and 7 defined as follows: 7*(s) = L forall s € S and 7(sg) =
7(r1) = R, w(l1) = w(l2) = 7(re) = L. The policy 7* is optimal, because it moves from s to Iy
and then stays there forever, achieving Jo(7*) = 1. By contrast, 7 moves from sq to 71, then from r;
to 72, and all rewards on this trajectory are zero. Hence Jo(7) = 0. Therefore 7 is not optimal.

Let * = p™ be the occupancy measure of 7*. Since under 7* the process is at (sq, L) at time 0,
and at (I, L) atevery time t > 1, % (so, L) = (1 —v) = 3, p*(l4, L) = (1 =) 107" = 4, and
all other coordinates of y* are zero.

Defined = {p*}, I = {n*, 7}, and Q = {(1 + @)@} : « > 0}. Then, since r; = rg, for every
a>0,Q: = (14 a)Qf € Q. Hence, the realizability properties in item (i) and (ii) are

rotary

satisfied.

We now show that (u*, 7; QF, 0) is a saddle point. First, we verify primal optimality at (Q, 0). Since
p* is supported only on (so, L) and (1, L), and since for both w € II we have Qf ,(so) = 1 and
Q0. (l1) = 2, the Bellman residuals on the support of x/* are

1
To(SQ,L) +’7Qaﬂ—(ll) — QS(SO,L) =0+ 5 -2—-1=0,
and )
To(ll,L) +"}/Qaﬂ.(ll) — Qa(ll,L) =1+ 5 -2—-2=0.
Hence, for every m € 1I,

1

L(p*, ™ Q0,0) = (1 = 7)Q0x(50) = 5-

Because U is a singleton, both (p*, 7*) and (u*, 7) maximize L(u, 7; Q, 0) over U x II. In particular,
(u*,7) is a primal maximizer.

Second, we verify dual optimality at (u*, 7). Fix arbitrary & > 0 and A > 0, and consider
Qr = (1+ a)Q§. Since 7(l1) = L, we have

Qaz(s50) = Qh(so, R)=1+a,  Qiz(l)=Q(1,L)=2(1+a).
Again using that p* is supported only on (sg, L) and (I1, L), we get
1
(1 + )\)To(So,L) + ’)/Qj;ﬁ(ll) — QZ(S(), L) =0+ 5 . 2(1 + Oé) — (1 + a) =0,
and

(14 Mol L) + 1@ 2 (1) — Qi L) = (14+A) + % (1 4+a)—20+a)=A—a.
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Therefore,

£~ s " N 1 1 1
L(* 75 Qe ) = (1= 1)@z (50) + 1° (1, LA — ) = 2(14+0) + 5(A—a) = (14 ).
Thus 1
L(p*,7Q%5 A) > 5= L(p*,7;Q5,0) forallae >0, A > 0.

So (Q§,0) is a dual minimizer over Q x R .

Combining the previous two parts, (u*, T; Qg 0) is a saddle point of the reparameterized Lagrangian
over (U x IT) x (Q x R, ). But 7 is not optimal, since Jo(7) =0 < 1 = Jo(7*).

C.2 Analysis of saddle points of lagrangian function

Recall the Lagrangian function:

I
L(p,m Q) = (1 = 7)(Qr,do) + (1, 7a + YPQr — Q) — Z Aii

= <Q7T7 (1 - ’}/)do +’7PTH‘> /J’v”')\ - Z)\ Ti

Change of variable w = p/pp gives the equivalent form of the Lagrangian:

I
L(w, Q) = (1 = 7)(Qx, do) + (w, 72 + YPQr — Q)pupy — > AiTi,
=1

where (w, )., = >, . w(s,a)up(s,a)f(s,a). We first show useful identities of the Lagrangian
function, which will be used in the proof of Lemma[Ef}

Lemma 13. For every m, Q), and )\, we have
I

L(wwaﬂ; Qv A) = (1 - ’Y)JO(’]T) + Z )‘l((l - ’Y)JZ(,/T) - Ti)a

i=1
and

I
Lw, w5 Q% A) = (1= 7)Jo(m) + 3 A((1 = 3)Ji(m) — 7).
i=1
where Q7 is the value function of policy ™ with respect to the reward T .

Proof. To show the first identity, note that

I
L™, 7 QA) = (1= 7)(Qr. do) + (w7, 7x + 7PQr = Q) — S AT,
1=1
I
= (1 _’Y)<Q‘n’7d0> + <H'7T7TA +7PQ7F - Q> - Z)\sz

= <Q7T7 (1 - ’y)do + fYPTI"’ﬂ'> - <I'L7T7Q> IJ/ T/\ Z)\ Ti.

By the Bellman flow equation, we have (1 — v)dy + yP " u™ = d™ where d” is the state occupancy
measure of policy 7. Since

(Qr,d™) ZQ (s,a)m(als)d™(s) = ZQ(s,a)u”(&a) =(u",Q),

we have

L(w™,m Q,A) = (1™, rx) Zm- NJo(m) + D Nil(1 =) Ji(m) = 72),
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proving the first identity. To show the second identity, note that if @ is a value function of some
policy 7 with respect to the reward 75, then the Bellman equation implies that 7y +vPQ, — Q = 0,
which gives the second identity

The following lemma shows objective bound and feasibility bound of a near-saddle point of L over a
restricted domain.

-~

Lemma 14. Assume Assumption @@ @and Suppose (W, 7; @ A) is a E-near saddle point of L
over (W x II) x (Q x Ag), where B —1+fandAB BAL Then
Ji

(1=7)Jo(m) = (L =) Jo(n") =& and (1 —7)

where m* € 11 is an optimal feasible policy with w™ € W.

()>Ti_£7 1':1)"'3[7

Proof. Fix a comparator policy w € II that is feasible and satisfies w™ € W. Since (@, 7; @, X) isa
¢-near saddle point, applying the near-saddle inequality with (w™ ,7*) and (QF,0) gives

Lw™,7";Q, %) < L(@,7;QF,0) +&.
Using the first identity in Lemma[T3]and the fact that 7* is feasible, we have

I
L™, 7%Q,2) = (1 =) Jo(m) + > Mi((1 =) Ji(7*) = 7) = (1 =) Jo(x").
i=1
On the other hand, the second identity in Lemma [[3]implies
Hence, the saddle inequality gives
(1=7)Jo(m) = (1 =) Jo(7") =&,
which proves near-optimality of the objective.

For feasibility, let (p*, 7*; Q*, A*) be a saddle pomt of the unrestricted population Lagrangian for
the original CMDP. By Lemma' 3L |A*]|1 < ¢~ L. Define

m = ?elm((l —7)Ji(7) — 7).

Since wT is admissible for the unrestricted primal problem, although it might not be in WV, we have

(1—7)Jo(m*) = L(p*, 7 Q*, \*)
> L(w™, 7 Q% \Y)

= (1 =7)Jo(7) + Z Ai (L =) Ji(T) = 7i)

> (1 =7)Jo(T) +m| A",

where the last equality is by the first identity in Lemma[T3] and the last inequality is by the definition
of m and the fact that A} > 0. Rearranging, we get

(L= (Jo(m*) = Jo (7)) = ml|IX*[|1.

Now choose j € argmin;e(r((1 — 7)Ji(7) — 73), so that m = (1 — ~)J;(%) — 7;. Apply the
near-saddle inequality with (w™ , 7*) and (Q§ ;> Bej):

~

Lw™,7%,Q,\) < L(@%,7; Q ;, Be;) + €.

As before, feasibility of 7* implies

I
L(U/ﬂ*ﬂ*;@ax):( ~¥)Jo(m ZX L—y)Ji(m") =) > (1 —7)Jo(7),



where the first inequality uses the first identity in Lemma|[T3] while the second identity in Lemma[T3)|
gives

L(@,7; Q5 Be;) = (1= 7)Jo(7) + B((1 = 7)J;(®) — 73) = (1 = 7)Jo(7) + Bm.
Combining and rearranging, we get
(1 =) (Jo(m") = Jo(7)) < Bm +&.

Combining with (1 — ) (Jo(7*) — Jo (7)) > m||\*||1 obtained previously, we get

m| A < Bm + €.
If m > 0, then (1 — +)J;(7) > 7; for all i, so there is nothing to prove. If m < 0, then

m(B —[A"[1) = -
Since B =1+ ¢ !and |\*||; < ¢!, we have B — ||\*||; > 1, and therefore m > —¢. Thus

(1=)Ji(m) > 7 =&, i=1,...,1

O
Proof of Lemmald} This is a direct consequence of Lemmaﬂwith &E=0. O
Theorem 15. Assume Assumptions and|D| Let B =1 +5 L where ¢ is the Slater constant

defined in Assumption @ Let m* € 11 be an optimal feasible polzcy assumed in Assumption|[C]such
that w™ € W. If (W, 7, Q, )\) is a saddle point of

max min L(w,m;Q, \),
weW, mell QeQ, \eAp

where Ag = BA!, then with probability at least 1 — §,
(1 =do(m) = (1 —=v)Jo(m*) — ep, A=—di(@m) > —en, i=1,...,1,

en = 0((0*(1 +B+ ﬁ) +B)\/1°g((]+ LW 'Q/‘S)) .

where

n

We first prove the corresponding concentration bound for the Lagrangian estimate defined in (T0):

3=

L(w,mQ,\) = (1-)Q(s0, )+ w(sj, a;)(ra(ss, a;) +yQ (s}, 1) —Q(s;, a;)) Z/\ Tis

~
Il
_

where 7 (s,a) = ro(s,a) + Zle Airi(s, a).
Lemma 16. Consider the empirical Lagrangian estimate

L(w,m;Q, ) = (1-7)Q(s0, 7)+

3=

w(sj,a;)(ra(s;, a;)+7Q(sh, ™)~ Q(s;, a;) Zm

)
I
A

Given a functlon class W, 11 and Q, with boundedness conditions ||w||e < C for all w € W,
Qe < 7= = for all Q € Q, we have with probability at least 1 — § that, for allw € W, m € 11,

Qe Qand)\EBAI
|L(w, m5Q,\) — L(w,m;Q,\)| < en,

En = O((C(l + B+ %) JrB)\/lOg((IJr L[WI ] Q|/5)> .

— n

where

On the same event, the bound also holds uniformly for all w € W, m € II, Q € conv(Q), and
X € BATL
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Proof. Fixw e W, m €II,Q € Q,and A € {0, Bey, ..., Bey}. Since the term (1 — )Q(so, 7) is
deterministic, write

Zj = w(sj,a;)(ra(sj, a;) +vQ(s},m) — Q(s5,a;)) ZAE

Then

Z

S\H

L(w, 7 Q. \) - L(w, mQ,\) =

Using ro, 7,7 € [0,1], |w]leo < C, [|Al1 < B, and ||Q||00 < , we have

1 1
|Zj|SO(1+B+21—)+B:O(C(1+B+1—)+B).

Hence, Hoeffding’s inequality gives

| L(w, m.Q,A) - (WW7Q>\)’§O<(C(1+B+117)+B) 10%(;/5))

Applying a union bound over W x II x Q x {0, Bey, ..., Bey}, we get that with probability at least
1-46,

|L(w, w5.Q, ) — (waA)\§O<(C( +B+117)+B)\/log((l+l)|:;v|n|QW)).

Now, for A € BAI, note that it can be expressed as A = B Zi]:l «a;e; for some ag, g, ...,y >0
with Efzo a; = 1. Since L(w, m; Q, ) and L(w, 7; Q, \) are affine in A, we have

I

L(w7 Us Qv >‘) = aoL(U), U Q7 0) + Z aiL(wv Us Qv Bei)v
i=1

and
-~ ~ I -~
L(w7 U Q7 >\) = OéoL(’lU, U Qa O) + Z O[iL(U), 5 Q7 Bez)
1=1

The triangle inequality and Zf:o a; = 1 therefore extend the same uniform concentration bound
to every A € BA!. To extend the bound in the critic argument, let QQ = Zszl Bk Q. be any finite
convex combination of Q € Q, with 8 > 0 and Zszl B = 1. For fixed w, 7, and A, both

L(w,m;Q,\) and E(w, m; @, \) are affine in ). Consequently, on the uniform concentration event
above,

|L(w, m@ A) = L(w, Q. )]
= Zﬂk (L(w,ﬂ;Qk,A) - E(wﬂﬁQka)\))

<Z/Bk|LWWQk7 A) = L(w, 75 Qr, M| < e

k=1

This holds simultaneously for every such convex combination, so no additional union bound or
convexity assumption on Q is required. This completes the proof.

O

Now, we are ready to prove the theorem.
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Proof of Theorem[I3] On the event of Lemma|[I6] we have

sup  |L(w,m Q) — Lw, w5 Q)| < e
w,m,Q, EBAT

Since (@, 7; @ X) is a saddle point of L, Lemma implies that it is a 2¢,,-near saddle point of L
over (W x II) x (Q x BAT). Applying Lemma|l14]with £ = 2¢,, gives
(1= Jo(@) = (1 —7)Jo(7*) — 2e,, 1=-yJ@ =271 -2, i=1,...,1I

Absorbing the factor 2 into the O(+) term completes the proof. O

C.3 Analysis of primal-dual algorithm
For the following theorem statement, we use the notation €7, (7') to denote the average regret of the

no-regret policy optimization oracle for policy 7 after T iterations, and €, (T) to denote the average
regret of the no-regret linear optimization oracle for the w-player after 7' iterations. That is,

opt

'ﬂ \

T
Z (we, 75 Qe i) — L(wy, 75 Qp M),
and

T
1
Eg]pt(T) = urjr,léil)fv T ;L(U/ﬂm Qs A\t) — L(wg, T3 Qp, M)
Theorem 17. Under Assumpnons@ @ @and @ running Algorlthmlwnh dual bound B = 1 —|—

2
(T) < e, and 2(\%) + (1+2\—P 7) < en, andn=1/\T, we have

and T large enough so that eopt
with probability at least 1 — 6 that

A1=y)Jo(@m) > A =yJo(7™) —epn, (1—7%)Ji(T) >7—én, i=1,...,1.

where ¢,, = O(C*(% + 1) w)_

1—y

Proof. Define L(m,\) = (1 —~)Jo(7) + Zle Xi((1=9)Ji(7) — ). Let ™ = Unif{my,..., 77}
be the policy returned by the algorithm and let A = % Z?:l A¢. Since 7 samples one of 7y, ..., 7
uniformly at the beginning of the episode, we have

L(7,N) = % > L(m N).

Also, by linearity in A,



By Lemma it is enough to show that L(w*,X) < L(7,A\) + e forall A € (1+ é)AI. Consider
the following decomposition:

L(7*,X) — L(®,\) = L(7*, \¢) — L(m, \)

Nl =
[M]=

t=1

L(w*aﬂ-*; Qt7>\t) - L(wtvﬂt;Q§t7)\)

I
Nl =
[M]=

~
Il
_

L(w*7ﬂ-*; Qt7)\t) - L(w*77rt;Qt7>\t>

I
Nl =
[M]=

~
Il
-

L(w*,m; Q+, )\t) - L(wtﬂTt; Qs, >\t)

_|_
N[ =
[M]=

ﬁ
Il
_

L(wtﬂTt; Q:, )\t) - L(wt,m; QT,)\t)

+
N[ =
M=

#
Il
_

L(wtﬂft; Qz\rta /\t) - L(wt,ﬂt;Qit, /\)a

N[ =
B

+

ﬁ
Il
—

where the second equality is by Lemma|[T3]

Regret of the m-player Using the uniform concentration bound on the Lagrangian estimate provided
in Lemma([T6] the summand in the first term can be bounded by

L(w*7ﬂ-*; Qta )‘t) - L(w*7ﬂ-t; Qta )‘t) S E(w*aﬂ-*; Qt7 >\t) - E(w*a Tt; Qt7 >\t) + 28”
=1 =7)Qu(so, 7" —me) + y(u*, PQu(-, 7" — m))
=Er [Qu(s,7") — Qu(s, )],

where the expectation is over s ~ >, u™ (-, a). The last equality is by the Bellman flow equation.
Since the 7-player employs a no-regret policy optimization oracle (Definition [6)), it follows that

T

1 .

T E L(w*7ﬂ-*;Qt7)\t) - L(w*aﬂ-t;Qta)‘t) = egpt(T> — Oa
t=1

as T' — oo, hence we can choose 7" large enough so that the average regret of the m-player is at most
En.

Regret of the w-player To bound the second summation, note that

L(w*, 7 Q¢, At) — L(wy, m; Qe Ar) < L(w*, 73 Qe M) — L(wy, w3 Qe \e) + 220,

and as discussed in Section|[D.2] we can bound the average regret of the w-player by

T 1,2
1~ ~ 2(0%)2  n(l++1=)
— E L(w*, my; AN)— L ; Ar) < L il
T i (’LU 77TtaQt7 t) (wtvﬂ-tha t) = 77jv + 2 9
. 1, 2
and the choice 7 = ﬁ gives the bound 2(Z2° 1 (H;\J/r%’” ). Choosing 7 large enough so that this

bound is at most ,, completes the bound for the second term.

Regret of Q-player Fix the comparator A\ € BA! and set a; = \;/B fori = 1,...,I and

ap=1-— Zle «;. These coefficients are nonnegative and sum to one. By linearity of action-value
functions in the reward signal,

B I
V=0 + Z)\’LQ:.H = apQp" + Zai( o' +BQT).
i=1

=1
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Assumption [B| places each critic in this convex combination in Q, hence Qf\”‘ € conv(Q). The
convex-hull extension in Lemma |16 therefore justifies concentration at QY*, uniformly over the
comparator A and the data-dependent iterates. The summand in the third term can be bounded by

L(wg, 743 Qt, M) — L{wg, m; QY Ap) < L(we, 4 Qp, M) — L(wy, mp; QY A\e) + 2¢ep,

The empirical difference is nonpositive because the ()-player minimizes over Q and L is affine in Q.
Indeed, using the coefficients of the comparator A while keeping the multiplier argument )\, fixed, we
have

~

L(wg, 5 QY5 Ar)
= L(ws, Qo' + Zle a; BQT, \y)
= aoL(wy, 3 Qo A\) + Zle o L(wy, Qi+ BQ, M)
> min{L(wy, 75 QF¢, \r), L(wy, 73 QX + BQT, Ay), - . ., L(wy, w5 QFF + BQT, \)}
> Z(wt;ﬂ't;Qta)\t)'

Regret of \-player The summand in the fourth term can be bounded by
L(we, w3 Q3 Ae) = Llwe, i Q3 A) < Lwe, w3 Q3 M) — Lwe, w1 Q3 N) + 2en

= L(we, 15 Qe—1, \e) — L(wy, 3 Qe1, \) + 2¢5,

< 2ey,
where the last inequality holds since the A-player employs a greedy strategy. The equality is by the
fact that the variables @ and X are decoupled in the Lagrangian estimate L(w, m; Q, A).
Combining the four bounds, we get

L(7*,X) — L(7,\) < O(e,),

and invoking Lemma 25 completes the proof. O

D Analysis for offline unconstrained RL

In this section, we provide a full analysis of the algorithm PDORL (Algorithm [2] for the offline
unconstrained RL. We first present a formal theorem of the guarantee.

Theorem 18. Assume Q™ € Q for all w € 11, and w™ € W for some comparator policy w. € 11,
and ||w||oo < C forallw € W and ||Q|| < 1/(1 —7) for all Q € Q. Running Algorithm 2| with

learning raten =1/ VT and T large enough so that eg;t (T') < e, the output policy T satisfies
(I=)J(T) = (1 =7)J(m) —en
with probability at least 1 — 0, where ,, = @(%\/log(ﬂ/w [II||Q]|/§)/n).

The algorithm runs a primal-dual algorithm to find a saddle point of the Lagrangian estimate:

R 1 n
L(w,m:Q) = (1= 1)Q(s0,m) + — D> w(si ai)(r(si, a:) +1Q(s},m) = Qlsi, i),
i=1
which is an unbiased estimator for the Lagrangian
L(p,mQ) = (1 = 7)(Qx, do) + (1,7 + 7PQx — Q).
We first show a uniform concentration bound for the Lagrangian estimate.

Lemma 19. Consider a Lagrangian function estimate

N 1 n

L(w7 U Q) = (1 - 7)@(507 71') + E Z w(qu, ai)(r(siv a’i) + ’YQ(S;’ 7T) - Q(SZ7 al))

i=1
Given a function class W, Il and Q for w, m and @), respectively, with boundedness condition
lw]leo < C forallw € W and ||Ql|co < 1;/ forall Q € Q, we have with probability at least 1 — ¢
that, forallw e W, m € lland Q € Q,
|L(w, 73 Q) — L(w,m Q)| < en.

where ¢, = O(7< \/log(IWI|[II]|Q]/5) /).

~




Proof. The proof follows the proof of Lemma|I6] which shows a uniform concentration bound of the
Lagrangian estimate for the constrained RL setting. O

Lemma 20. For every m, @), and )\, we have
L(wﬂ—vﬁ; Q) = (1 - A/)J(ﬂ—)a
and

L(w, Q) = (1 —7)J (m).

Proof. It is a direct consequence of the identities under the constrained setting shown in Lemma|[I3]
O

We are now ready to show the theorem.

Proof of Theorem[I8] Let @ = Unif(my,...,7r) be the policy returned by Algorithm |2} It is a
policy that first uniformly randomly draws from {71, ..., mr}, then follows the policy for the entire

trajectory. It follows that J(7) = & Zt 1 J(m¢), and

(1 =) J(me) = (1 =)J(7) = L(w™, me; Q) — L(wg, 75 Q™)

-
Il
—

N~
MH

L(w™,7me; Q¢) — L(w™, me; Qy)

S
Il
—

Il
N
M=

L(w™,m; Q) — L(wy, mp; Q)

_l_
N
[M]=

~
I
—

+ L(wy, 745 Q) — L(wy, m; Q™),

N =
[M]=

~
Il
-

where the first equality is by the identities in Lemma|[I3] Note that the suboptimality of the policy 7
is decomposed into average regret terms of the three players. We bound each of the regret terms as
follows.

Regret of w-player The one-step regret of m-player can be written as

L(w™, 70 Q) — L(w™, 113 Q1) = (1 = W)@ me — ), do) + (™, PQu(-,me — )
= (1= Qe me = m),do) +Y(Qu (s e — 7¢), P pc)
= (Q¢(-, Wc—m)( —¥)do + P ™)
=(E"p™, Qu(, me — m))
—Z,Uﬂc )Q+(s, me — )

seS

=E, [Qi(7e) — Q)]

where the fourth equality is by the Bellman flow equation, and E_ is the expectation is over
s~ > p"(-,a). Since the w-player employs a no-regret policy optimization oracle (Definition @),
the regret is bounded by

NI~

T T
ZL(w”C,WC;Qt) — L(wg, m; Q™) = %ZEWC [Qi(me) — Qu(me)] < €5, (T) — 0,
t=1

t=1

as T' — oo. Hence the regret can be made arbitrarily small by increasing 7.
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Regret of w-player To bound the second summation, note that

L(wﬂ'caﬂ-t;Qt) - L(whﬂ-t;Qt) < E(wwc77rt; Qt) - Z(wtaﬂ-t;Qt) + 257“

and following the discussion in Section we can bound the average regret of the w-player by

1

=l

T ~ 20
ZL(wﬂ—caﬂt;Qh)\t)_L(wtvﬁt;Qta)‘t) < T"‘ )
t=1

2c? 4 1
) VT = (1-)VT
is at most €,, completes the bound for the second term.

and the choice n = ﬁ gives the bound . Choosing T large enough so that this bound

Regret of (Q-player The one-step regret of (-player can be bounded as

L(wy, 7 Q1) — L(wy, m; Q™) < L(wy, w3 Q) — L(we, m; Q) + 2¢4,
< 2ey
where the first inequality is by the concentration inequality in Lemma[T9)and the second inequality is

by the fact that Q)-player chooses ), € Q greedily and that Q™ € Q by the all-policy realizability
assumption. Hence, the regret of ()-player can be bounded by

T
1
T Z L(wg, 75 Q1) — L(wy, w5 Q™) < 2.
t=1
Combining the regret bounds completes the proof. O

D.1 Comparison to previous work
In this section, we compare our algorithm, PDORL (Algorithm [2), with prior work on offline

reinforcement learning with function approximation, where the performance objective is the infinite-
horizon discounted sum of rewards. See Table [ for the comparison.

Table 4: Comparison of algorithms for offline RL with general function approximation

Algorithm Data Oraf:le Requires Fun(,ttion. N
coverage efficient D Approximation

FQI [23] Full Yes No TQCQ e ?
Minimax [35]] Any T No No Vr:T™Q C Q € d
Minimax [41]] * No No Qe e?
PRO-RL [42] T* No Yes w*eW,Vrey e 6
A-Crab [46] Any 7, No No w eW,Vrell: Q™ € Q €2
ATAC [3] Any 7, No No Vr:T"QC Q,m, 1l e 3
CORAL [31]] * No Yes w*eW, VeV,YueW:u, €U €2
PDORL (Ours)  Any 7. Yes No Vrell: Q™ € Q,w™ e W € ?

Note that our algorithm is the only oracle-efficient algorithm that achieves sample complexity of ¢ 2
under partial data coverage that does not require the knowledge of the data generating distribution

HD-

D.2 Projected gradient Ascent for w-player

The w-player runs the projected gradient ascent algorithm on co(WW. The uniform concentration
inequality for L(w, m; Q, \) over w € W implies uniform concentration inequality over w € ( W)

since L is affine in w. To analyze the guarantee of the projected gradient ascent algorithm employed
by the w-player, we use this uniform concentration inequality, and the following standard regret
bound for projected gradient ascent.

30



Lemma 21. Givenz; € X C R? where X is convex and 1) > 0, define the sequences x, . . ., Ty 41 €
Xandhy, ... h, € R suchthat fork =1,...,n,

Tr1 = Ha(zg + nhi)
where Iy (-) is a projection onto X. Then, with the assumption that ||hi||2 < G forallk =1,...,n,

we have for any x* € X:

n

Z<$* — Tk, hk> S

k=1

o a3, G
2n 2

Proof. We start by bounding following term:
lzpr1 — 213 = | Ta (@ +nhe) — (2|13
< Mk +nhi) — 213
= llew — ™[I + 202y, — 27, hi) + 02| A3
Rearranging, we get
2n(a” — ap, hi) < ok — 27|13 = lewes — 27|13 + 0?73

Summing over k = 1,...,n, we get

n

n
20 (2" —an, hi) < llo1 =23 — s — 275 + 07 Y hall3 < Jox — 2713 +9*nG2.
k=1 k=1

Rearranging completes the proof. O

We now apply the lemma to the w-player. For the dataset D = {(s;, a;, s})}"_,, define the empirical
evaluation map

Ep(w) = (w(sl, ay), ..., w(sn, an)) e R"
and the convex set .
Wp = co{Ep(w) : w € W} CR".

Since L (w, 7; Q, \) depends on w only through the evaluation vector Ep(w), we may equivalently
let the w-player play directly in Wp.

At round ¢, define the vector g; € R" by
[gt]i =T, (Si, ai) + VQt(S{Nﬂ-t) - Qt(si7ai)7 1= 17 e, n.
The w-player update is
Uty = HWD (Ut -+ 779,5)

The w-player aims to maximize the empirical Lagrangian, so for any comparator w* € W,

~ ~

L(w*, w3 Qp, At) — L(wy, m3 Qp, \) = (Ep(w™) — ug, gy).

Applying Lemma 21| with z; = u;, 2* = Ep(w*), and hy = g;, we obtain

- |Ep(w) —wl? | 0
- - D —u
Z(L(w o7 Qs Ae) — L(we, Qe M) € - — + 5 Z llgell?
t=1 2n 23
2(c)2  nT(B+ %)
n 2 ’
where use the bounds in Assumption @ to bound ||Ep(w*) — u1]|? and ||g;||>. Choosing n =
ﬁ gives further bounds %
1—v
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E Properties of saddle points

Lemma 22 (Lemma 31 in Zhan et al. [42]). Suppose (x*,y*) is a saddle point of f(x,y) over X x Y,
then forany X' C X and )’ C Y, if (z*,y*) € X' x V', we have:

(z*,y") € argmin argmax f(z,y),
reX’ yey’

(z*,y") € argmax argmin f(x,y).
ye)y’ reX’

Proof of Lemma[3] Let ©* be an optimal policy of the optimization problem P(7). De-
fine the dual function f(Q,A) = max gsxa cpsxa L(p,v;Q,A). Let (Q",A") =
+ +

argmingepsxa A€R! f(Q, ). Trivially, A\f > 0 forall¢ = 1,...,I. Also, by strong duality,
we have f(Q*, A*) = (1 — ) Jo(7%).
By the definition of the dual function, for any policy m, we have
(L=7)Jo(m") = f(Q",A") = L(p™, ™ Q%, )
— (o) + (W7 RTA) — (A7)

I
= (1 —7)Jo(m N A Zw)' (13)

i=1

Let 7 be a feasible policy with J;(7) > (7; + ¢)/(1 — ) forall i = 1,..., I. Such a policy exists
by the assumption of this lemma. Then, using the display above, we get

(I =7)Jo(7") = (1 =) Jo(m) + (1 =) Z/\E‘(Ji(?) -

I
> (1—9)Jo(7) + wZAZ‘

= (1 =7)Jo(T) + @lA*]l1-
Rearranging and using 1/(1 — ) > Jo(7*) > Jo(7) > 0 completes the proof:

ey < L) = (=) h(®) _ 1
< . <

AS)

O
Lemma 23. If (Z,7) is a saddle point of L(-,-) over X x Y and |L(z,y) — L(z,y)| < £/2 for all
(x,y) € X x Y, then (Z,9) is a &-near saddle point of L(-, ).

Proof. Since (,y) is a saddle point of f(, -), we have for all (z,y) € X x A that

L(z,9) — L(Z,y) < L(z,7) — L(Z,y) + £ <&,

as required. [

Lemma 24. Consider the following Lagrangian function

I
L(p,mQ,A) = (1 = 1){Qu,do) + (11,72 +7PQr — Q) = Y AT,
where we use the notation Qr(s) = >, m(a’|s)Q(s,a’). Then, the Lagrangian function has a
saddle point over (U x TI) x (Q x Ri), where U, T1 and Q contain optimal variables ,u”*, ™ and

Qg* + Zle )\fo* where ©* is an optimal policy and \* is an optimal dual variable.
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Proof. By linear-programming strong duality, the decomposed Lagrangian (8) admits a saddle point
over the unrestricted domains of u, v, V, @, and A. Moreover, if (u*, v*) is any optimal primal pair
and 7* is the policy extracted from v*, then v* = v« -, so the reparameterized Lagrangian (9
also has a saddle point over the unrestricted space of stationary policies. Hence, when restricting the
variables to (U, IT) x (Q x Ri) for some function classes U, Q, policy class II, saddle points of the
restricted Lagrangian are guaranteed to exist as long as the classes contain an optimal primal-dual
pair, due to the invariance property of saddle points shown in Lemma [22] O

Lemma 25. Consider a CMDP (1)) that satisfies the Slater’s condition with margin ¢ (Assumption [A).
Define
I

L(m,A) == (1 =) Jo(m) + D> Xi((1 =) Jilw) — 7).

i=1
Let ™ be an optimal feasible policy. Suppose that T is a policy and NeEAp = {\e Ri A <
B} satisfy
L(m*,A\) < L(m,A\)+§&  forall X € Ap.
Then, T is a near-optimal, near-feasible solution:
(L=7do(@) = (1 =7)Jo(7") =& (L=)i@) =7 - &

foreveryi=1,...,1,

Proof. Since 7* is feasible, we have

I
L(*,X) = (1= 7)Jo(7*) + _ZM@ — i) =) = (1= y)Jo(m).

Because 0 € A, the assumed inequality with A = 0 gives
(1=7)Jo(m*) < L(x*, ) < L(7,0) + & = (1 = 7)Jo(7) + &,
which shows the near optimality of 7.
It remains to prove near feasibility. Consider the linear program formulation (2) of the CMDP:
max (B: 7o)
subjectto E'p= (1—~)do+~vP'p,
(p,rs) > 7, 1=1,...,1.

By strong duality for this linear program and Lemma there exists a saddle point (p*, A*) of the
corresponding Lagrangian L(u, A) where A* € Ag. Also, it can be easily checked that L(mw, A) =
L(p™, A). Hence,

L(m,A*) = L(p™, X*) < L(p*, A) = L(7*, A),

for every A > 0, where the inequality follows since (u*, A*) is a saddle point. In particular, setting
A =0and 7 =7, we get
L) < (1= 7)Jo(").

Now define
m:= min (1 —~)J;(7) — 7,

i=1,...,1

and choose j € arg min; g;(7), so that g;(7) = m. Then, the above inequality gives

(1=)Jo(m") = L(m,\") = (1—V)Jo(%)+z A (=) Ji(T) =7) =2 (1 =) Jo(T) +m[[ A7

On the other hand, since Be; € Ap, the assumed inequality gives

(1=7)Jo(m") < L(x",A) < L(F, Bej) + € = (1 =) Jo(7) + Bm + €,
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Combining the last two displays, we obtain

ml[A*[l1 < Bm + €.

If m > 0, then (1 —~)J;(7) — 7 > 0 for all 4, so 7 is feasible, and there is nothing to prove. Suppose
now that m < 0. Then, rearranging the above inequality, we get

—£

> oo 2 S
B — ][l

m

where we use Lemmawhich gives || A*]]; < % = B — 1. By the definition of m, this means

1=yJi(7) —1 > —¢ foreveryi=1,...,1,

which shows the desired near-feasibility of 7. O

F Experimental setup

In this section, we explain the evaluation metric, the practical implementation of PDOCRL and the
experimental setting of Table [2]and Table 3]

F.1 Evaluation metrics

In the metric setting, we follow a metric formula [[19]. Denote R™, Ryax (7 ) and Rpyin(7) as empirical
total reward evaluation of the policy, maximum, and minimum empirical total reward for task 7T,
respectively. Then the normalized reward is calculated by:

. ' _ R™ — Rmin (T)
normalized = Rmax(T) — Rmin(T)

The normalized cost is calculated by dividing the total cost evaluation by the cost threshold. Denote
C™ and Clpreshola as the total cost evaluation and the cost threshold respectively. The normalized cost
is calculated by:
Cﬂ'
Onormalized = =
Cthreshold

F.2 Practical implementation

We now describe the practical instantiation of PDOCRL for deep RL experiments. We parameterize
the importance weight function w, the policy 7, and the state-action value function () as neural
networks with parameters 6, ¢, and v, respectively. Since each benchmark task specifies a single
cost threshold C, the Lagrangian multiplier reduces to a scalar A, which we parameterize via an
unconstrained scalar A, (e.g., A = softplus(\,)) to ensure non-negativity.

The practical updates are motivated by the decomposed empirical Lagrangian associated with (T0):

J(0, 0,1, A7)

=(1—7)Qyulmg) + %Zwe(sjvaj)[m(sjﬂj)+7Qw(8}77f¢)—Qw(sj»aj)] - AC,
j=1

where Q,,(my) = + Zivzl Qy (s, my) approximates the initial-state term (1 — ) Q(so, m) by
averaging over all states in the mini-batch, treating the empirical state distribution as a surrogate for
the initial state distribution.

We adopt three stabilization techniques common in offline RL. First, to mitigate overestimation of @,
we maintain a target network ¢’ [9] that is periodically synchronized with 1. Second, because the
importance weight wy can also suffer from overestimation, we clip its output to the interval [0, 10].
Third, while Algorithm [I]returns a policy sampled uniformly at random over all iterates, in practice
we return the last-iterate policy, which we find to perform well empirically.

The resulting procedure is summarized in Algorithm 3]
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Table 5: Comparison between the analyzed oracle-based algorithm and the practical implementation
used in the experiments. The theoretical guarantees apply to Algorithm 1 under its stated assumptions
and do not directly extend to Algorithm 3.

Component Algorithm 1/ theory Practical implementation

Function classes Classes satistying the stated real- Neural-network parameterizations, for which the
izability and boundedness assump-  required realizability and optimization assump-
tions; finite classes in the stated tions are not verified.

analysis
Primal updates No-regret optimization oracles for ~ Gradient-based updates, without an established
the weight function and policy guarantee matching the assumed oracle regret
bounds.
Critic update Linear-minimization oracle over Gradient-based critic optimization, used as a
the critic class practical surrogate for the analyzed oracle.
Multiplier update Linear minimization over the Numerical updates of a nonnegative multiplier,
bounded nonnegative multiplier do-  rather than exact linear minimization.
main
Output policy Uniform mixture over iterates, Last-iterate policy evaluated at the final check-
sampled once per episode point.
Target networks Not part of the analyzed algorithm  Used to stabilize training.
Weight clipping Optimization over the prescribed Importance weights clipped to [0, 10]; this nu-
bounded weight class merical choice does not establish the theoretical
assumptions.
Initial-state term Expectation under the initial-state ~ Offline dataset states used as a surrogate.
distribution

Algorithm 3: Practical PDOCRL

Input: Offline dataset D = {(so, s, a,,c,s'); }}_,, learning rate 7, Polyak averaging coefficient
K.

Initialize parameters 6, ¢, ¥, A,

Initialize target parameters ¢’ < 1)

fort=1,2,...do

Sample a mini-batch from D

// Ascent on primal variables

0—0+nVoJ

P d+nVed

// Descent on dual variables

Y1 —nVyJ

)\-,— — /\T —n V)\TJ

// Soft target network update

L V= (=R + Ry

return last-iterate policy

Relation to the theoretical algorithm. Algorithm 3 is a practical neural-network instantiation mo-
tivated by Algorithm 1, rather than an exact implementation of its optimization oracles. It retains the
policy as an explicit optimization variable, thereby avoiding a separate policy-extraction step through
the unknown data-generating distribution. However, gradient-based updates of the neural networks
and the nonnegative multiplier are practical surrogates for the no-regret and linear-minimization
oracles assumed in the analysis; their required optimization guarantees are not established here.

The analyzed output policy is a uniform mixture over the policy iterates: an iterate is sampled
uniformly at the beginning of an episode and used throughout that episode. In contrast, our exper-
iments evaluate the final policy iterate, following the final-checkpoint evaluation protocol. Target
networks and clipping the importance weights to [0, 10] are additional implementation choices used
for stabilization. Moreover, the practical initial-state term uses states sampled from the offline dataset
as a surrogate for the initial-state distribution, as described above. These choices are not covered by
the stated theoretical guarantees. Table [5|summarizes the main distinctions.
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Table 6: Hyperparameters for PDOCRL.

Hyperparameter Value
Hidden sizes (actor / critic / weight) [256, 256]
Number of Q-networks 2
Actor / Q / weight learning rate 3x 1074
Lagrangian learning rate 1x 1074
Batch size 512
Gradient steps 100,000
Discount factor ~y 0.99
Target update coefficient 7 0.005
Reward scale 0.1
Cost scale 1.0
Slater margin ¢ 1.0
Initial A 1.0
Evaluation episodes 20
Evaluation frequency every 2,500 steps

F.3 Experimental setting

In this section, we describe the experimental setup for the results reported in Table 2] and Table 3]
The baseline results in Table Q] are taken from [19]]. For the baselines, all experiments use cost
thresholds C' € {20, 40, 80} and three random seeds € {0, 10, 20}, yielding nine configurations per
environment. For PDOCRL, we use the same cost thresholds and with seeds € {0, 5, 10}. For each
configuration, the final checkpoint is evaluated over 20 episodes for the baselines and 10 episodes for
PDOCRL, and the resulting reward and cost are normalized following the protocol of [19]. The values
reported in the tables are averages of the normalized reward and cost across all nine configurations.

All baseline algorithms adopt a common architecture of two hidden layers of size [256, 256] with
ReLU activations, are trained for 100,000 gradient steps with a batch size of 512, and use an
actor learning rate of 10~ and a critic learning rate of 10~2. For Lagrangian-based methods
(BCQ-Lag, BEAR-Lag), the Lagrangian multiplier is controlled by a PID controller with gains
(Kp,K;,Kp) = (0.1,0.003,0.001). We refer the reader to [[19] for further algorithm-specific
details.

For PDOCRL, the policy network 4, the Q-networks ()5, and the importance weight network wy
each use two hidden layers of size [256, 256] with ReLU activations, matching the baseline architec-
ture. We maintain two Q-networks and take the minimum of their outputs to mitigate overestimation.
The target networks are updated via Polyak averaging with coefficient 7 = 0.005. The actor, Q-
network, and importance weight networks are each optimized with a learning rate of 3 x 104, while
the Lagrangian parameter )\, uses a learning rate of 10~%. The reward signal is scaled by a factor
of 0.1. We set the Slater margin to ¢ = 1.0 and initialize the Lagrangian multiplier at Ay = 1.0.
Training runs for 100,000 gradient steps with a batch size of 512 and a discount factor v = 0.99.
The hyperparameters of PDOCRL are summarized in Table[6] For the ablation study, the baseline is
identical to PDOCRL except for the policy extraction procedure. Lastly, All PDOCRL experiments
were conducted on a local CPU-only machine, without the use of GPU acceleration.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See the methods section
Guidelines:
e The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See the section section 3]
Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: See the section 3} section[B] section[C} and section[D]

Guidelines:

The answer [N/A] means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.
Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: See sections section d and section [l

Guidelines:

The answer [IN/A] means that the paper does not include experiments.
If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: We provide the code to reproduce our results in section [4]
Guidelines:

» The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]
Justification: See the section @] and section
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: See the experiment section section 4]
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See section section [E3)
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in this paper conforms with the NeurIPS Code of
Ethics.

Guidelines:

e The answer [N/A]| means that the authors have not reviewed the NeurIPS Code of
Ethics.

o If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See the section[I] and section [3]
Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

e If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: This paper does not release any models or datasets that pose a high risk for
misuse. Therefore, no safeguards are required.

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We cite the works to introduce all assets we deal with.
Guidelines:

* The answer [N/A] means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]
Justification: There is no asset
Guidelines:

» The answer [N/A] means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: There is no human study.
Guidelines:
* The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: There is no hu,am study.
Guidelines:
* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: LLMs were used for editing and writing procedures. They were not utilized
for the core methods

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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