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Abstract

We study the problem of language identification in the limit, where given a sequence of examples
from a target language, the goal of the learner is to output a sequence of guesses for the target
language such that all the guesses beyond some finite time are correct. Classical results of Gold
showed that language identification in the limit is impossible for essentially any interesting collec-
tion of languages. Later, Angluin gave a precise characterization of language collections for which
language identification is possible. Motivated by recent positive results for the related problem of
language generation, we revisit the classic language identification problem in the setting where the
learner is given the additional power of producing a list of k& guesses at each time step. The goal
is to ensure that beyond some finite time, one of the guesses is correct at each time step. Such list
learning versions of several basic learning problems have been widely studied.

We give an exact characterization of collections of languages that can be k-list identified in
the limit, based on a recursive version of Angluin’s characterization (for language identification
with a list of size 1). This further leads to a conceptually appealing characterization: A language
collection can be k-list identified in the limit if and only if the collection can be decomposed into k
collections of languages, each of which can be identified in the limit (with a list of size 1). We also
use our characterization to establish rates for list identification in the statistical setting where the
input is drawn as an i.i.d. stream from a distribution supported on some language in the collection.
Our results show that if a collection is k-list identifiable in the limit, then the collection can be k-list
identified at an exponential rate, and this is best possible. On the other hand, if a collection is not
k-list identifiable in the limit, then it cannot be k-list identified at any rate that goes to zero.
Keywords: language identification in the limit, list learning

1. Introduction

Modeling language learning is a complex and multi-faceted task. This paper is concerned with the
model of language identification in the limit proposed by Gold in his seminal work (Gold, 1967).
One of Gold’s motivations for considering such a model was to formalize the process of language
acquisition in children. Viewed a certain way, the language learning environment for children com-
prises of people around them constantly uttering valid sentences from a language, with few instances
of negative examples. In this environment, a child supposedly infers a valid grammatical represen-
tation of the language, as the number of positive utterances increases. Moreover, linguistic studies
indicate that children are rarely given feedback when they utter invalid sentences (Brown and Han-
lon, 2004), or are not fully receptive of it when they are (Wikipedia; McNeill, 1970). Thus, the
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learning environment would appear to comprise of a corpus of positive examples from the target
language of interest, from which the child is supposed to infer a valid grammar for the language.

The formal setup that Gold proposes to model this is as follows: there is a countable collection
C = (Li, Lo, ...) of languages, of which a certain language L is the target language of interest.
The sentences, or “strings” in this language are enumerated to a learner in an online fashion, and in
an arbitrary order. Concretely, the learner is provided a sequence x1, x2, ... as input, and at every
time step ¢, the learner guesses an index i; based on the input it has seen so far. The learner is said
to have identified the language L. in the limit if beyond some finite time, all of its guesses 4; satisfy
that L;, = L. If we think of the collection C as comprising of different grammars for languages,
then the criterion of identification in the limit is ensuring that the learner eventually acquires a valid
grammar for the target language. We note that the input does not contain any negative examples
that are outside the target language, and furthermore, the learner is never given any feedback about
its guess being correct or not.

The results established by Gold for when language identification in the limit is possible in this
model are drastically negative. Gold showed that essentially any interesting collection of languages
that contains an infinite language cannot be identified in the limit. In particular, this rules out
most formal language families of interest like regular languages, context-free languages, etc. Later
follow-up work by Angluin (Angluin, 1979, 1980) established a precise characterization of collec-
tions that may be identified in the limit. Namely, Angluin identified a strict combinatorial condition
that must be satisfied by a collection for it to be identifiable in the limit, giving justification for why
most formal language collections are not identifiable.

In contrast to these classical negative results, the recent work of Kleinberg and Mullainathan
(Kleinberg and Mullainathan, 2024) establishes surprisingly general positive results for a slightly
different task of language generation in the limit. In this model, instead of making a guess 7; of the
identity of the target language at every time step, the learner is tasked with generating a string z;.
The learner successfully generates in the limit, if beyond some finite time, the string z; generated
by the learner belongs to the target language L., and is not one of the input strings x1, . . ., x; it has
seen so far. Kleinberg and Mullainathan (2024) showed that this modified success criterion can be
achieved for every countable collection of languages! Such a strong positive result for generation
in the limit motivates revisiting Gold’s model for language identification in the limit, and asking:
Could the strong negative results in the model be circumvented if we consider slightly more relaxed
notions of identification in the limit?

Motivated by this question, in this work, we consider the setting of language identification in the
limit, where instead of making a single guess at every time step, the learner may make a short list of
at most k£ guesses. We will deem the learner to have successfully k-list identified the target language
L, in the limit, if beyond some finite time, every list of guesses output by the learner contains an
index ¢ such that L; = L,. This is a natural way to impose a slightly weaker desideratum on the
learner: of its k guesses, we merely require that at least one is correct. In fact, this formulation of
“learning with a list” has received considerable attention in the literature for various natural learning
problems (see Section 1.2).

1.1. Main Results

As noted above, Angluin (Angluin, 1980) provided a precise characterization of language collec-
tions that are identifiable in the limit. This characterization requires every language in the collection
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to have a finite tell-tale set which distinguishes it from every other language that is a proper subset
of it. As our first main contribution, we present a tell-tale condition (Section 3) which we term
the k-Angluin condition, that precisely characterizes k-list identification in the limit. The condition
stipulates the existence of tell-tales for every language that satisfy a k-level recursive predicate. We
show that this condition is both sufficient and necessary for k-list identification. Our characteriza-
tion thus significantly generalizes Angluin’s tell-tale-style characterization for identification in the
limit, which corresponds to the special case of k = 1, to the setting of k-list identification for any
k> 1.

Theorem 1 (Characterization of k-list Identification) A countable collection C = (L1, Lo, .. .)
of languages can be identified in the limit with a list of size k if and only if it satisfies the k-Angluin
condition.

We note that our characterization above also shows that for any k, there exist language collec-
tions that are k-list identifiable in the limit, but are not (k — 1)-list identifiable. Furthermore, there
also exist countable language collections that are not k-list identifiable for any finite value of k (see
Remarks 9 and 13)!

Our next result is about a structural property of k-list identifiable collections. As guaranteed by
Theorem 1, any k-list identifiable collection must satisfy the k-Angluin condition. As it turns out,
the recursive form of this condition allows us to decompose any k-list identifiable collection into a
union of £ collections that are each identifiable in the limit (in the standard £ = 1 sense)!

Theorem 2 (Stratification of k-list Identifiable Collections) Let C = (L1, Lo, ...) be a count-
able language collection. Then, C is k-list identifiable in the limit if and only if C = uleci where
C; is identifiable in the limit for every i € {1,2, ... k}.

It is instructive to contrast the two results above with standard binary classification in machine
learning. Namely, in the statistical learning setting of binary classification, the ability to output a
list of k£ binary hypotheses from a hypothesis class, with the objective that one of them has low
prediction error on a new test point, does not allow a learner to learn hypothesis classes that it
cannot already learn with a single hypothesis (and these are precisely those classes that have finite
VC dimension (Vapnik and Chervonenkis, 1971; Ehrenfeucht et al., 1989)). Namely, if a learner
outputs k hypotheses of which one has low error, then the learner may as well output the single
hypothesis out of these & hypotheses that minimizes error on some additional training data. In
contrast, in the context of identification in the limit where the language collection plays the role
of a hypothesis class, the characterization in Theorem 1 shows that the ability to output a list of
k languages from the collection is provably more powerful than the ability to output only a single
language.

Similarly, it is known that the union of % binary hypothesis classes, each of which is statistically
learnable, results in a binary hypothesis class that is also statistically learnable' (e.g., see (Ghazi
et al., 2021)). However, consider any collection C that is k-list identifiable, but not identifiable in
the limit. Theorem 2 ensures that such a collection may always be broken down into k collections
all of which are individually identifiable, but their union is not identifiable in the limit!

1. Online learnability, as governed by the Littlestone dimension (Littlestone, 1988; Ben-David et al., 2009), also satisfies
such a union closure property.
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We note that Gold’s classical lower bound example for identification already illustrates the con-
sequences above for the special case of £ = 2. That is, Gold’s lower bound collection is not iden-
tifiable in the limit, but is 2-list identifiable; similarly, this collection can be decomposed into two
individually identifiable collections. Our results thus generalize these consequences for arbitrary k.

We now turn towards somewhat of a more statistical setting for language identification in the
limit, where the sequence of strings input to the learner is an infinite i.i.d. sequence of strings drawn
from a distribution supported on the target language, instead of being an arbitrary worst-case se-
quence. In this setting, one cares about the probability that a learner’s sequence of guesses con-
verges to the the identity of the target language. This setting was first considered by Angluin in
(Angluin, 1988). More recently, it was studied by Kalavasis et al. (2025) in the context of determin-
ing precise finite-sample rates of identification. Namely, with any learner, one can associate a rate
function, which maps any t to the probability of the learner incorrectly guessing the identity of the
target language, upon seeing ¢ i.i.d. examples from a distribution supported on the target language.
The results of (Kalavasis et al., 2025) show that any collection that can be identified in the limit, can
also be identified at an exponential rate in the statistical setting, and this is effectively the best rate
possible. Furthermore, a collection that is not identifiable in the limit does not admit any vanishing
rate.

We can also consider such a statistical setting for list identification, where the rate function
measures the probability that the list output upon seeing ¢ i.i.d. examples does not contain the
identity of the target language. In this setting, we show:

Theorem 3 (Statistical Rates for k-list Identification) Ler C = (Ly, Lo, ...) be any countable
language collection. If C is k-list identifiable in the limit, then C can be k-list identified at an
exponential rate, and this is the best rate possible. Furthermore, if C is not k-list identifiable in the
limit, then C cannot be k-list identified at any rate that goes to zero.

Our result above provides a complete characterization of finite-sample statistical rates possible
for k-list identification, analogous to the results of Kalavasis et al. (2025) for (vanilla) identification.

1.2. Other Related Work

Language Identification in the Limit. The study of inductive inference, starting from the works
of Gold (1967) and Blum and Blum (1975), has a rich history. Various identification criteria under
different names (like EX, BC, Fex, etc.) have been established over the years (see Case and Smith
(1983); Osherson et al. (1986); Case (1999); Baliga et al. (1999)), of which EX (Explanatory) and
BC (Behaviorally Correct) are arguably the two most basic notions. At a high level, the EX criterion
requires the stronger guarantee that the sequence of guesses converges to the same guess (which is
also the correct answer) beyond a finite time on every input sequence. On the other hand, the BC
criterion does not require the sequence of guesses itself to converge to a single guess, but only
requires that every guess beyond a finite time be a correct guess (since there could be multiple
objects in the collection at different indices that all represent the target object). In this regard,
the identification criterion that we are concerned with in this work (and the one described in the
introduction above) is the BC criterion.

The most general setup for inductive inference involves a complete presentation of the graph of
a function f : IN — IN as input, which is any infinite sequence of pairs (x;, f(x;))icn, such that for
every j € IN, z; = j for some ¢. Notably, the function’s values on the entire domain are eventually
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revealed in the input. This is unlike the case in language identification in the limit, where the input
only comprises of positive presentations; namely, if we associate every language L in the collection
with its indicator function fr, :  — L[z € L] over the universe, then the input in the model of
language identification can be seen as only comprising of those (x, f(z)) pairs for which f(z) = 1.
We will distinguish these two paradigms in the study of inductive inference explicitly by referring
to them as “function identification” and “language identification”.

The works most directly relevant to our setting are those on identification with a team, intro-
duced by Smith (1982) for function identification, and extended to language identification in the
works of Jain and Sharma (1990, 1995a,b, 1996a,b, 2000). In particular, the notion of Team}}'ID
identification considered in these works is defined as follows: of n machines working to identify the
target function/language, at least m of them ID-identify the target language, where ID could be one
of various identification criteria of interest (like EX, BC, TxtEX, TxtBC, etc.). Translating to these
terms, our criterion for k-list identification would be equivalent to the notion of Team;. TxtBC iden-
tification considered in the latter set of works, provided that the machines are also allowed to com-
municate with each other. More importantly though, we note that the primary focus in these works
was to: 1) study and establish separations between collections that can be Team};'ID identified, but
not TeamﬂllD identified for (m,n) # (m’,n’), and 2) study connections of team identification
with the notion of probabilistic inductive inference (Pitt, 1985, 1989). In contrast, our primary fo-
cus in this work is on establishing a clean and exact Angluin-style tell-tale characterization of k-list
identification in the limit, as well as to establish precise finite-sample rates for the same. To the best
of our knowledge, prior to our work, such an exact characterization for k-list identification has not
been previously established.

Language Generation in the Limit. The inductive inference paradigm has recently regained a lot
of attention, largely due to the milestone work of Kleinberg and Mullainathan (2024) on language
generation in the limit. Since then, there have been a number of follow-ups on this topic in a very
short span of time (Kalavasis et al., 2025; Li et al., 2024; Charikar and Pabbaraju, 2024; Kalavasis
etal., 2024; Papazov and Flammarion, 2025; Moses Charikar et al., 2025). As mentioned earlier, our
motivation to revisit relaxed notions of identification is inspired from the overwhelmingly positive
results possible in generation.

List Learning. List prediction, or “list-decodable learning” (Balcan et al., 2008), where the ob-
jective is to output a short list of predictions with the goal that at least one of the outputs in the list
is accurate, is also a widely studied topic, particularly in settings where data corruptions abound, or
when the statistical/computational nature of the problem is pathological in the worst case. Among
many works, this includes the extensive literature on list decoding in coding theory (Guruswami,
2007), works on robust mean estimation (Charikar et al., 2017; Diakonikolas et al., 2018), list clas-
sification (Charikar and Pabbaraju, 2023; Moran et al., 2023) as well as list regression (Karmalkar
et al., 2019; Raghavendra and Yau, 2020; Pabbaraju and Sarmasarkar, 2025).

2. Preliminaries

IN = {1,2,3,...} denotes the set of natural numbers, and Z = {...,—2,—1,0,1,2,...} denotes
the set of integers. We assume a countable collection C = (L1, Lo, ... ) of languages, where every
language is a subset of a countable universe U. An enumeration of a language L is a sequence
x1,Z2, ... which satisfies that every x; € L, and furthermore, for every x € L, there exists ¢ such
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that x; = x. We only assume that every language in the collection is non-empty; otherwise, it may
be finite, or countably infinite. Throughout the paper, we will reserve the variable k to denote the
size of the list output by a learner that is trying to do list identification, or a list identifier.

Definition 4 (List Identifier) A list identifier with list size k, or a k-list identifier, is a function®> A :
U* — IN*, which at any time step t, takes as input a finite ordered sequence of strings 1, . . . , Ty,
and outputs a list of indices iy = A(z1,...,x¢) = (i1,...,0k).

For a language L € C, and a list © € IN*, we use the notation L €;q i to denote that 3i € p
such that L; = L. In other words, p contains the “identity” of language L, upto equivalent copies of
L at different indices in C. Similarly, L ¢;q u denotes that Vi € u, L; # L. The notation u 3iq L,
and ;1 Fiq L. represents the corresponding relations with the order of the arguments reversed.

Definition 5 (List Identification in the Limit) A k-list identifier A identifies a countable collec-
tion C = (Ly,Lo,...) in the limit if for every language L, € C, and for every enumeration
Z1,Ta,... of L, presented to A as input, there exists a finite time t* such that for every t > t*,
the list uy = A(x1, ..., x) output by A satisfies that L, €iq .

We now define the notion of a valid distribution, which is any distribution that is supported on some
language in the collection.

Definition 6 (Valid Distribution) A distribution D over U is said to be valid for a language L if
D(x) > 0ifand only if x € L.

We can then describe statistical rates that an identifier may attain with respect to valid distributions.

Definition 7 (List Identification Rates) For a countable language collection C, and a rate func-
tion R : IN — [0, 1] satisfying limy_, o, R(t) = 0, we say that:

* C can be k-list identified at rate R if there exists a k-list identifier A which satisfies that for

every language L, € C, and for every distribution D that is valid for L, there exist constants
c1=c1(L;,D,C) > 0and cy = ca(L,,D,C) > 0 such that for every t € IN,

Prml’“_@t,\/pt [A(xl, o ,.I‘t) Zid LZ] <c- R(CQ . t). (D)
* C cannot be k-list identified at a rate faster than R if for every k-list identifier A, there exists

a language L, € C, a distribution D valid for L., and constants ¢; = ¢1(L,,D,C) > 0,c9 =
c2(L,,D,C) > 0 such that for infinitely many t € N,

Pry,  a~ptl ATy, .o 2¢) Fia L] > c1- R(c - t). 2

Furthermore, we have the following:

* (Optimal Rate) Rate R is the optimal rate at which C can be k-list identified if C can be k-list
identified at rate R, but cannot be k-list identified at a rate faster than R.

* (No Rate) C cannot be k-list identified at any rate if for every k-list identifier A, there exists
a language L, € C and a distribution D valid for L, such that

limsupPry, ., pt[A(x1,...,2¢) Fia L] > 0. 3)

t—00

2. In this paper, we only focus on the existence of list-valued functions that can identify in the limit; we will not be
concerned about the computational power required to compute this function.
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3. The k-Angluin Condition

We begin by precisely stating the k-Angluin condition that characterizes identification in the limit
with a list, and plays a central role throughout the paper. Fix a countable language collection
C = (L1, La,...). For language L; at index 7 in C and list size parameter k& > 1, define the
predicate W(L;, k)* inductively as follows:

Base Predicate.

U(L;, 1) := 3 finite TV C L; such that Vj € N, if L; C L; then T\ ¢ L;. (4)

Inductive Predicate. Vi > 1 :

U(L;, k) := 3 finite ¥ C L; such that Vj € I, if L; € Li then T ¢ L; or U(L;, k — 1).
5)

The precise “k-Angluin” condition that characterizes k-list identification is then as follows:

Vi € IN, \I/(Li,k).‘ (6)

The sets Ti(k) are known as tell-tale sets for the language L;. We note that (6) instantiated with
k =1, i.e., simply having the base predicate (4) for every language is precisely Angluin’s condition
that characterizes standard language identification in the limit without a list (Angluin, 1980).

Remark 8 (Uniqueness of tell-tales across levels) Suppose we have that V(L1,2) and V(La,2)
for two languages Ly and Lo in C. Then, consider some Tl(z) and T. 2(2) that satisfy the respective
predicates, and suppose that language Ls € C is a proper subset of both L1 and Lo, and also con-
tains both T1(2) and TQ(Q). Then, according to (5), for ¥(L,2) to be true, ¥(Ls, 1) needs to be true,
which implies the existence of a Tgfl) C Lg satisfying (4). Similarly, in order for ¥(Lo,2) to be
true, V(Ls, 1) needs to be true again, which, strictly speaking, implies the existence of a Tél) C Lj
satisfying (4). Notably, observe that the definition allows for Tél) and Tél) to be different: as long
as (4) is satisfied for both, there is no contradiction to either of V(L1,2) or ¥(La,2). Nevertheless,
observe that we can have one of T?fl) or TS(I) simultaneously satisfy both the “separate instantia-
tions” of W(Ls, 1). Therefore, without loss of generality, whenever we consider an instantiation of
the predicate V(L;, k) to hold, we can assume it to hold with a unique tell-tale Ti(k). We note also
that if V(L;, k) holds for any language L;, the tell-tale Ti(k) that makes V(L;, k) hold also suffices

to make V(L;, k+ 1) hold. Thus, for any language L;, the tell-tale Ti(k) for the smallest k for which
U(L;, k) holds suffices as a tell-tale for every predicate V(L;, k') where k' > k.

Remark 9 (Canonical Collections) It is helpful to keep in mind the suite of canonical collections
(Cr)k>1, where Cr, = {Z} U{Z \ F : F C Z,|F| < k}. Namely, every language in Cy, excludes a
finite subset Z, of size at most k. We can observe that Cy, does not satisfy the k-Angluin condition,
but satisfies the (k + 1)-Angluin condition. To see why Cy, does not satisfy the k-Angluin condition,

3. We remark that the predicate ¥ has an implicit dependence on C (which we have fixed); we suppress this dependence
in the notation for readability.
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observe that no matter what finite subset T' C 7, we try to ascribe to the language Z. for the purposes
of satisfying V(Z., k), there are many languages 7. \ {i} that are proper subsets of Z, contain T,
and also do not satisfy V(Z \ {i},k — 1). On the other hand, any arbitrary assignment of finite
tell-tale sets Ti(k/) for every language L; € Cy and k' < k suffices for the purposes of satisfying
the (k + 1)-Angluin condition for Cy. To see this, notice that once we fix a tell-tale set Tl-(k/) for
some language L; = 7.\ F towards the purpose of satisfying ¥(L;, k'), the languages L; that are
proper subsets of L; necessarily satisfy that L; = 7.\ G for |G| < |F|. Hence, the languages L;
for which we recursively hit the base predicate V(L;, 1) all satisfy that L; = 7.\ F where |F| =1,
and no two languages of this form are proper subsets of each other. We also note that the collection
Coo ={Z}U{Z\ F : F CZ,|F| < oo} does not satisfy the k-Angluin collection for any finite
value of k.

4. Overview of Techniques and Proof Sketches

In this section and the remainder of the paper, we give a long-form overview of the various tech-
niques that we used, along with proof sketches of all our results, in order to more effectively convey
all the main ideas used to derive our results, and in the interest of space. We provide the formal
details for every result in an organized manner in the appendix.

Characterization of k-list Identification. For the purposes of this overview, we will restrict our-
selves to the case of 2-list identification, and work with canonical language collections that capture
the crux of our characterizing condition, as well as our upper and lower bounds. Consider first the
following language collection:

Example 1 Let C be the language collection whose constituent languages are Z,, as well as 7.\ {i}
for every i € Z.

The collection in Example 1 is not identifiable in the limit (with a single guess), and it is help-
ful to see the direct diagonalization argument for this. Here, we will use the term “identifier” to
denote a learner that seeks to identify in the limit. Fix any enumeration of the language Z (e.g.,
0,—1,1,—2,2,...), and fix any n; € Z. Consider an adversary that starts enumerating Z \ {n}
in the enumeration order that was fixed for Z. For any valid identifier, upon seeing this sequence as
input, there must exist a finite time ¢1 at which it outputs a guess i, , such that L;, = Z\ {n1}.
Attty + 1, the adversary inputs the leftmost number in the enumeration of Z that has not been enu-
merated as yet. At this point, note that the adversary has only enumerated finitely many numbers.
In particular, there is a number ng that the adversary has not yet shown in the input, such that the
language Z \ {ny} is consistent with the input presented so far. Hence, the adversary can pretend
that it was enumerating 7 \ {ns} in the order of Z all this time, and switch to enumerating Z \ {ns}
beyond time ¢; + 1. There must now be a finite time ¢2 at which the identifier outputs a guess %y,
that satisfies L;,, = 7\ {n2}, at which point the adversary can again output the leftmost number in
the enumeration of Z that has not been enumerated as yet, and then switch to a different Z \ {ns}
beyond that. By repeating this ad infinitum, the adversary completely enumerates Z (since before
each “switch point”, the adversary inputs the leftmost number in Z that has not yet been enumer-
ated), while also inducing an infinite sequence of time steps {1 < t2 < ... at which the identifier
does not guess Z to be the target language. Thus, the identifier fails to identify Z. in the limit on this
adversarially constructed input sequence.



A CHARACTERIZATION OF LIST LANGUAGE IDENTIFICATION IN THE LIMIT

Observe however that there is a simple identifier that identifies the collection in Example 1 with
a list of size 2. This identifier always maintains Z as one of its guesses, and constructs its second
guess as follows. The identifier fixes an enumeration o of Z for itself (e.g.,c = 0, —1,1,—2,2,...),
and outputs as its second guess the language Z \ {i}, where i is the leftmost number in o that has
not yet shown up in the input. Observe that if the target language chosen by the adversary was Z,
then the identifier’s first guess renders it to be correct right from the first time step. On the other
hand, if the adversary chose some Z \ {i} as its target language, then every number before i in o
will eventually show up in the input, and ¢ will never show up. Thus, the identifier’s second guess
will stabilize to Z \ {i} after all the numbers before i in o have appeared in the input. In either case,
we have argued that the identifier 2-list identifies the collection in the limit.

Now consider instead the following collection:

Example 2 Let C be the language collection whose constituent languages are Z, 7.\ {i} for every
i€Z aswellasZ\ {i,j} foreveryi,j € Z,i < j.

Since this collection is a superset of the collection in Example 1, it is also not identifiable in the
limit by the same diagonalization argument sketched above. Could this collection be identified with
a list of size 2? Let us try to come up with an identifier similar to the one above, where the first
guess is maintained to be Z, so that there is protection from diagonalization against Z. However,
having the second guess be Z \ {i} for the leftmost i that has not yet shown up in the input would
make the guess converge to Z \ {i}, even when the adversary is enumerating Z \ {4, j} for some j
that is later than ¢ in the enumeration o maintained by the identifier. We may then try to maintain a
joint enumeration o’ of the set Z together with all the pairs (i, j) for ¢ < j, and then output Z \ F
for the leftmost F' (which is either some {i} or {i, j}) satisfying that F' is not a subset of the input.
Unfortunately, this strategy fails too: any 7 must be located at some finite position p; in ¢/, which
means that there is some (i, j) that appears later than p; in 0. The adversary may be enumerating
Z \ {1, j}, but the identifier’s second guess will either converge to Z \ {i} or Z \ {j}, depending on
whether ¢ or j comes first in ¢’. Essentially, we want the identifier to be able to place all the (i, j)
pairs for a particular ¢ before ¢, which is not possible.

As it turns out, the collection in Example 2 is not 2-list identifiable. However, the diagonaliza-
tion argument to show this is more intricate. In particular, observe that the choice of language that
was adversarially enumerated to preclude identification in the limit in the case of Example 1 was
clear: it was the language Z, and we capitalized on being able to confuse the identifier to guess a
proper subset of Z infinitely often. Note however that a 2-list identifier may always have one of
its guesses be Z! Namely, the identifier may completely hedge against being diagonalized on Z,
in which case the adversary has to look towards some other language in the collection that it can
enumerate in an adversarial manner. This is where having all the Z \ {4, j} languages in addition to
the Z \ {i} languages will come in handy. That is, just like how the adversary could use infinitely
many Z \ {i} languages to fool against Z, it can also use infinitely many Z \ {i, j } languages to fool
against Z \ {i}. Since the identifier cannot simultaneously “cover all the three bases” of Z,Z \ {i}
and Z \ {i, j} with just two guesses, it will necessarily be diagonalized against on one of the bases.

Lower Bound. Concretely, consider the following adversarial strategy. The adversary fixes an
enumeration of all the languages in the collection, and will keep switching between enumerating
different languages; in the limit however, they will have enumerated some fixed language. Whenever
the adversary switches to/resumes enumerating a language, it picks back up from the leftmost not-
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yet-enumerated number. So suppose that: (%) the adversary starts enumerating Z. For any valid 2-
list identifier, there must exist a finite time ¢; at which one of the two guesses made by the identifier
is Z. At this point, since the adversary has only enumerated finitely many numbers, they may: (%x*)
switch to enumerating any consistent Z \ {i}. Again, there must exist a finite time ¢5 at which one
of the two guesses made by the identifier is Z \ {i}. Crucially, at this time, the adversary inspects
the other guess made by the identifier. If this guess is not Z, then the adversary has identified a
time step at which none of the two guesses made by the identifier are Z, and it can go back to (%)
and resume enumerating Z. Otherwise, the second guess made by the identifier at this time is still
maintained to be Z. In this case, observe that up until ¢5, the adversary has only enumerated finitely
many strings from Z \ {i}. So, they can safely switch to enumerating any Z\ {4, j } that is consistent
with the input so far. There must now be a finite time t¢3 at which the identifier has Z \ {i,j} as
one of its two guesses. But now the identifier is trapped, in that it must have let go of one of Z or
Z \ {i} as its other guess—this is what the adversary capitalizes on. If the second guess is still Z,
then the adversary goes back to (xx), and resumes enumerating Z \ {i}. Otherwise, the adversary
goes back to (x), and resumes enumerating Z.

If the adversary repeats this routine ad infinitum, in the limit, one of two cases happens: (i)
Either the adversary stops jumping back to () entirely, and keeps jumping back to (%) infinitely
often, in which case it will have produced a valid enumeration of some fixed Z\ {i}. But every jump
back to (x%) witnesses a time step at which the identifier did not have Z \ {i} in its two guesses,
which means that the identifier does not 2-list identify Z \ {i} in the limit. (ii) Or, the adversary
jumps back infinitely often to (x). In this case, the adversary produces an infinite enumeration of
Z.. But every jump back to (x) witnesses a time step where the identifier did not have Z in its two
guesses. Thus, the identifier does not 2-list identify Z in the limit.

In any case, the adversarial strategy is guaranteed to make the 2-list identifier fail on some
language — either Z or Z \ {i}. Crucially, observe how the language that the adversary uses to
diagonalize is dependent on the 2-list identifier they are interacting with, and only gets determined
in the limit. This is fundamentally different from the adversarial strategy used in Example 1, where
the adversary can commit to diagonalizing with Z against all identifiers.

The Characterizing Condition. We can inspect the structure in the collection used in Example 2
more closely to extract a characterizing condition that prevents 2-list identification. Recall that
the adversarial strategy finally fooled the identifier on either Z or some Z \ {i}. This adversarial
strategy was made possible because of the following property: at any finite time in the process of
enumerating 7, the adversary could switch to a proper subset of Z. (namely some Z \ {:}) that was
consistent with the input so far (i.e., which contained the finite input enumerated so far). By itself,
this property is sufficient for diagonalizing against standard identification in the limit. However,
the additional crucial property that enabled diagonalizing against identification with two guesses,
was the fact that at any finite time in which the adversary was also enumerating some Z \ {i}, they
could safely switch to enumerating a further proper subset of Z.\ {i} (namely some Z \ {i,j}). In
other words, the underlying property that enabled the diagonalization was: there exists a language
in the collection (namely Z), such that for every finite subset 7" of it, there exists a language L’ in
the collection (namely Z \ {:}) that contains 7" and is a proper subset of L, such that furthermore,
for every finite subset 7" of L’, there exists a language L” in the collection (namely Z \ {i,j})
that contains 7" and is a proper subset of L’. This is precisely the negation of the condition that

10
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characterizes 2-list identification, and the generalization of this condition to k levels is precisely the
negation of the k-Angluin condition that we stated in Section 3.

Upper Bound. Let us now consider a collection that does not have the pathological structure that
the collection in Example 2 has. Namely, every language L contains a finite “first-level tell-tale”
set T', such that every language L’ that is a proper subset of L necessarily satisfies one of two
properties: (1) Either L’ does not contain 7', or (2) L' itself contains a finite “second-level tell-tale”
T’ such that every language L” that is a proper subset of L’ does not contain 7”. In this case,
there is a natural way to utilize the existence of such layered tell-tales and state a recursive 2-list
identification algorithm. The algorithm is a generalization of Angluin’s algorithm given in Angluin
(1980), and operates as follows: Suppose the target language is language L,. At any time step ¢,
the algorithm finds the leftmost language L in the collection that is consistent with the input, and
whose first-level tell-tale T is entirely contained in the input. We can then see that beyond a large
enough time, this language L stabilizes to the leftmost language in the collection that is a superset
of the target language L., and whose first-level tell-tale is contained in L,. If the collection were
in fact identifiable in the limit, we can already stop here: Angluin’s condition would immediately
imply that L, cannot be a proper subset of L, meaning that L must equal L. But in our case, it is
possible for a language L to have proper subset languages that contain its tell-tale. Nevertheless, the
condition above stipulates that any such language L better contain a second-level tell-tale. So, we
continue reasoning as follows: we set L to be the first of the two guesses made by the algorithm, and
then recursively run the same process on all the languages to the right of L, that are proper subsets
of L, and contain its first-level tell-tale 7'! It is not too hard to see that by virtue of the condition,
either L was equal to L, in the first place, or the second-level tell-tale of L, suffices to discern it
from all the other proper subsets of L that contained its first-level tell-tale.

Stratification of the Collection. The recursive algorithm above, as well as the layered nature of
our condition, naturally also inspire a greedy procedure to stratify a 2-list identifiable collection into
two separate identifiable collections. By the characterization above, any 2-list identifiable collection
must satisfy our condition of having suitable first-level and second-level tell-tales. The greedy
procedure is then as follows: let us construct a directed graph over the languages in the collection,
where we draw a directed edge L — L’ for every pair L, L’ which satisfies that L’ is a proper subset
of L, and L’ contains the first-level tell-tale of L. Intuitively, for any such pair L, L', the first-level
tell-tale does not suffice to discern between them. So, we set C; C C to comprise of all the languages
L € C, that do not have any directed edge coming into it. Then, for any pair of languages L, L’ in
(1, it must be the case that neither of them contain the other’s first-level tell-tale (otherwise, one of
them would have a directed edge coming into it, and would not be added to C1). In other words,
within C, the first-level tell-tales of every language suffice as tell-tales in the standard version of
Angluin’s condition; hence, C; is identifiable in the limit. On the other hand, observe also that any
language L' in C \ C; := Cy must also contain a second-level tell-tale, by virtue of it satisfying
our nested condition. This is because every language L' € Co satisfies that it is a proper subset
of some other language L, and that it also contains the first-level tell-tale of L. Thus, within Co,
the second-level tell-tales of all languages suffice as tell-tales in the standard version of Angluin’s
condition, making Cy also identifiable in the limit. We have thus partitioned C into C; and Cs in a
way that both C; and Cy are identifiable in the limit. We can repeat this greedy peeling procedure k
times over residual collections to generalize to the case where the collection is k-list identifiable.

11
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Statistical Rates. We now describe our results on finite-sample rates in the statistical setting.
These results extend those of Kalavasis et al. (2025) for identification to the list identification setting.

We will first argue that any collection that is k-list identifiable in the limit can be k-list identified
at an exponential rate. From our stratification result above, we know that if C is k-list identifiable, it
can be decomposed into k individually identifiable collections. Since Kalavasis et al. (2025) show
that every identifiable collection can be identified at an exponential rate, this is already sufficient
to conclude that C may be k-list identified at an exponential rate: simply break C into Cy, ..., Cp,
and concatenate the outputs of individual identifiers (that achieve an exponential rate) running on
each of these collections. Since the target language belongs to one of the k collections, the identifier
running on that collection yields the desired exponential rate for list identification.

It is also straightforward to see that an exponential rate is essentially the best rate possible.* In
particular, suppose that the collection contains k£ + 1 distinct languages that all share a string z,
and consider a distribution that assigns mass 1/2 to x. Then, there is at least a 2~t chance that an
ii.d. sequence of ¢t examples drawn from the distribution comprises only of z. In this case, since
the algorithm only outputs k& guesses at any time step, at least one of the k£ + 1 languages is not
identified at time ¢ if this input sequence is realized. With a couple more steps of simple reasoning,
this argument can be formalized to show that a rate faster than exponential is not possible.

Similar to Kalavasis et al. (2025), the major bulk of the work goes into showing that a collection
that is not k-list identifiable in the limit cannot be k-list identified at any vanishing rate. Here, we
note that Kalavasis et al. (2025) were able to directly use a previous result by Angluin (Angluin,
1988) in their proof, which relates identification with respect to an i.i.d. stream to the standard
online setting of identification. In fact, Angluin draws this connection by using results established
by Pitt (Pitt, 1985) in the related setting of probabilistic identification in the limit.> Essentially,
Pitt relates identification in the limit to probabilistic identification in the limit, which Angluin in
turn relates to identification with respect to an i.i.d. sequence. While it sufficed for Kalavasis et al.
(2025) to directly instantiate the end result, we are not afforded this convenience, and have to care-
fully re-derive the entire bridge ourselves for the setting of list identification. In particular, we show
a standalone result analogous to that obtained by Pitt, relating k-list identification to probabilistic
k-list identification. The main part of this result, which converts a probabilistic k-list identifier to a
standard deterministic k-list identifier, requires several ideas, including a careful “Top-k” aggrega-
tion scheme over the predictions made by different nodes in the computation tree of a probabilistic
k-list identifier. We also redo Angluin’s part of the analysis in more detail, relating probabilistic
k-list identification to k-list identification over an i.i.d. stream of examples. The end result of this
bridge asserts that for any collection that is not k-list identifiable in the limit, for any k-list identifier,
there exists a distribution over a target language such that with probability at least k%q over an i.i.d.
stream of examples drawn from this distribution, the k-list identifier fails to k-list identify the target
language in the limit. The last part of the analysis then shows how any k-list identifier that achieves
a vanishing rate with respect to arbitrary distributions may be boosted up to k-list identify from an
i.i.d. stream from any distribution with probability 1, which contradicts the previous assertion.

4. upto “trivial” collections that can always be list-identified with a single example, see Section D.3.
5. In probabilistic identification, an identifier is allowed to be randomized, and we care about the probability (over the
random coins of the identifier) that the guesses of the identifier converge to the target language on any fixed sequence.

12
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5. Conclusion and Discussion

In this paper, we considered the problem of identification in the limit in Gold’s model, but where the
learner could output k£ guesses for the target language at every time step instead of just a single one.
We precisely characterized when such k-list identification in the limit is possible, and also derived
a structural characterization for language collections that admit k-list identification.

Given the recent interest in the model of generation in the limit proposed by Kleinberg and
Mullainathan (2024), a different natural direction to consider is that of k-list generation, where the
learner could generate, at every time step, k strings instead of just one, and the success criterion
requires that eventually, at least one of the k£ generated strings is new and belongs to the target
language. However, the work of Kleinberg and Mullainathan (2024) already shows that vanilla
generation in the limit (i.e., with £ = 1) is possible for all countable collections. In fact, the
subsequent results of Li et al. (2024); Charikar and Pabbaraju (2024) further show that even a
stronger guarantee of non-uniform generation is attainable for all countable collections, with & = 1.
So, at least at these levels, there is little motivation for weakening the generation criterion to allow
lists.

One could nevertheless ask how the class of collections that are uniformly generatable expands
if one allows a list of k& generations at each time step. In uniform generation, one seeks to assign a
uniform time bound for successful generation across all languages in the collection; it turns out that
only those collections that have a bounded “closure dimension” are uniformly generatable (Li et al.,
2024). So, one could consider studying what the natural analog of a k-closure dimension is for k-list
uniform generation, and also ask: is a collection k-list uniformly generatable if and only if it can
be decomposed into £ uniformly generatable collections? Here again, one direction is immediate
— if the collection decomposes into k collections that are individually uniformly generatable, then
the collection is k-list uniformly generatable. The converse seems plausible, but is not immediately
straightforward to prove; we leave it as an open question for future inquiry.

Organization of the Appendix

In Appendix A, we derive a k-list identification algorithm for any collection that satisfies the k-
Angluin condition stated in Section 3. Appendix B contains the diagonalization argument which
shows that the condition is in fact necessary for k-list identification. In Appendix C, we detail the
structural stratification result which decomposes any k-list identifiable collection into & identifiable
collections. Finally, we derive all results related to statistical rates, together with intermediate results
on probabilistic list identification, in Appendix D.
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Appendix A. Upper Bound

We will now show that any countable collection that satisfies the k-Angluin condition can be k-list
identified in the limit. Towards this, consider Algorithm 1 for k-list identification.

Algorithm 1 List Identification Algorithm
Input: List size k, set of indices I satisfying Vi € I : W(L;, k), finite dataset S
Output: A list of size at most k&
Procedure ListIdentify (k,1,S):
if I is empty or k = O then
| return ()
end

* <—min{z’ €l:SCLjand S D Tj’“)}6
if i* = oo then
| return {1}

end

I'{jel:j>i*and L; C Ly and T C L;}
return {*} U ListIdentify(k —1,1,5)

6. We define min over an empty set to be co.
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Observe that for any k, I, S, the size of the list output by List Identify(k, I,.S) is at most
k. This is because every time we recursively invoke ListIdentify, we append a language to
the output, but also decrease k by 1; furthermore, we return () when & = 0. This establishes that the
size of the list output is at most k.

We now claim that when the algorithm above is invoked on increasing prefixes of an input
enumeration, the index ¢* determined in Line 1 stabilizes beyond some finite time step.

Claim 10 (¢* stabilizes) Let the index of the target language being enumerated be z, and let the
enumeration be (x1,x2,...). Let I be any set of indices that contains z, and let k > 1 be such
that Vi € I, V(L;, k). Denote by S, the set of distinct strings in a finite prefix (x1,...,2;) of
the enumeration. Then, there exists a finite time step t*, such that for every t > t*, the index i*
determined in Line 1 of Algorithm 1 upon invoking ListIdentify(k, I, S;) satisfies

=min{i€l:i<zand ;2 Land L, 2 TV}, )
Note that i = z satisfies the condition, and hence i # o fort > t*.

Proof
Consider first any ¢ € [ for which ¢ < zand L; 2 L., but L, 2 Ti(k). Note that such an L;
(k)

never satisfies S; 2 T for any ¢. This is simply because Ti(k) contains some string x ¢ L, which

will never show up in the input. Thus, such an i never becomes feasible in Line 1.

Now consider the set J = {i € [ : i < zand L; O L,and L, D Ti(k)}, which is precisely
the set in (7). Note first that .J is a finite and non-empty set, since z belongs to it. Furthermore, for
any ¢ € .J, observe that S; C L; for every t, simply because the input is an enumeration of L, and
L; O L,. We now claim that there exists a finite time ¢;, such that for every t > ¢1, Sy 2 Ti(k) for

every ¢ € J. Again, this is true because L, DO Ti(k) for every ¢ € J, and since there are finitely
)

many ¢ € J, and each Ti(k) is also a finite set, there is a finite time ¢; when all of U;¢ JTi(k shows
up in the input. Thus, for every ¢ > t1, every L; for ¢ € J is feasible in Line 1.

Finally, observe also there exists a finite time step 2, such that for every ¢t > to, every ¢ € I for
whichi < zand L; 2 L, satisfies that S; ¢ L;: this is simply because for every such ¢, L, contains
some string z; ¢ L;, and this x; appears in the enumeration at some finite time. Since there are only
finitely many such ¢, there is a finite time {5 when the input will contain x; for every ¢. Thus, for
every t > to, we have that every such ¢ is infeasible in Line 1.

Combining the reasoning above, we can conclude that for every ¢ > max(t1,t2), the index t*
determined in Line 1 satisfies

i*:min{iEI:iSzandLiQLzandLZQTi(k)}.
|

Note that the expression for ¢* in (7) does not depend on ¢, and hence ¢* has stablized to this
value for every ¢ > t*.

We are now ready to argue that any collection that satisfies the k-Angluin condition can be k-list
identified by Algorithm 1.
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Theorem 11 (Upper Bound) Let C = (Lq, Lo, ...) be a countable collection that satisfies the
k-Angluin condition given in (6). Let L, be the target language being enumerated as (x1,xa, ... ),
and let Sy denote the set of distinct strings in a finite prefix (x1, ..., xt) of the enumeration. Then,
there exists a finite t*, such that for every t > t*, L, €;q ListIdentify(k,IN,Sy).

Proof Let I;; = IN. The set I; contains the index z of the target language L., and since C satisfies
the k-Angluin condition, we have that Vi € I, ¥(L;, k). Hence, the requirements of Claim 10
are satisfied, implying the existence of a finite time step ¢}, such that for every ¢ > ¢7, the index i},
determined in Line 1 of List Identify(k, I, S¢) is

i;:min{z’efk:igzandLi;Lzansz QT,}’“)}.

Furthermore, 7} is always included in the output list for ¢ > 7. Now, either L; = = L, in which

(%)

since i3 has stabilized for ¢ > 7, the set of mdlces determined in Line 2 also stabilizes for t > 1.
Denote this set by I;_1, and recall that

case we are done. Otherwise, i}, < z, and L is a proper superset of L for Wthh L,D T . Now,

Iy ={jely:j>ifand L; C L;; and TZ.(;) C L;}.

By our previous reasoning, z € I;_;. Furthermore, recall that \II(LZ;, k) holds, and every index j in

I,—1 corresponds to a language L; that is a proper subset of L;x and also contains Tl(zk)

(5), this implies that ¥(L;, k — 1) holds for every j € Ij_;.
We then repeat the above argument on the recursive invocationto List Identify(k—1, Ix_1,S;)
for ¢ > t3. As argued above, the set I;,_; contains the index z of the target language, and
U(Lj, k — 1) holds for every j € I,_;. The requirements of Claim 10 are again satisfied, im-
plying the existence of a finite time step ¢;_,, such that for every ¢ > max(t¢},¢;_,), the index 7},

determined in Line 1 of ListIdentify(k — 1,1;_1,S) is

. Recalling

ir_; = min {z €l,_;:i<zand L, D L,and L, D Ti(k:—l)}'

Furthermore, 4, is always included in the output list for ¢ > max(t},¢; ;). Again, if L;x ==

L., we are done. Otherwise, iy ; < z, and Ll;—l is a proper superset of L, for which L, 2

k—1)
7!
'k

. Since i}_, has stabilized for ¢ > max(t},t;_,), the set of indices determined in Line 2

-1
also stabilizes. Denote this set by [;_o, and recall that
. . P (k—1)
Iio={j€ly_1:j>i;_and L; C Lix  and Ti2 ) C L;}.

By our previous reasoning, 2 € Ir_o. Furthermore, recall that ‘I’(Lz‘;_17 k — 1) holds, and every
index j in [y corresponds to a language L; that is a proper subset of L;»  and also contains

Tl(zk 2 . Recalling (5), this implies that U(L;, k — 2) holds for every j € I, _o.

Continuing thus all the way down till £ = 1, we would either have that L, €iq (i}, ...,3) for
every t > max(t},...,t5). Otherwise, we consider the invocation to ListIdentify(1,I,S;)
for t > max(t}, .. t*). Recall that we ensure that W(L;, 1) holds for every j € I, and that

I; contains the 1ndex z of the target language. Invoking Claim 10 one final time, there exists
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a finite time ¢ such that for every t > max(t},...,t]), the index ] determined in Line 1 of
ListIdentify(1,1I1,5;)is

if=min{ieh i<zand ;2 Loand L. 2TV}

Furthermore, ¢} is now always included in the output list for ¢ > max(t},...,t}). We now claim
that if we are indeed in this case, L;: must indeed equal L. Otherwise, if L;+ is a proper superset

of L,, it would be the case that L, C Li;,TZ%l) C L,, which is a contradiction to \IJ(LZ';, 1) (see

(4)). We conclude that beyond ¢t > max(t},...,t7), List Identify(k,IN, S;) identifies L.. W

Appendix B. Lower Bound

We next proceed to showing that the k-Angluin condition is necessary for k-list identification in the
limit.
Theorem 12 (Lower Bound) LetC = (L1, Lo, ... ) be a countable collection that does not satisfy

the k-Angluin condition given in (6), for k > 1. Then, C cannot be identified in the limit with a list
of size k.

Proof For any k-list identifier A, consider the adversarial enumeration strategy specified in Algo-
rithm 2.

Now, since C does not satisfy the k-Angluin condition, there exists ¢; € IN such that =W (L;, , k)
holds. Referring to (5), this means that

V finite T' C L;,, Jip € N suchthat L;, C L;; and T C L;, and =¥ (L;,, k — 1).

=

Here, we adopt the convention that W(L;,,0) = False for every is € IN.

We now claim that the list-identifier A fails the list identification criterion for C on the infinite
sequence S populated upon invoking AdvEnum((i1),()). We first establish a few invariants of
Algorithm 2 upon this invocation.

Invariant 1: Whenever AdvEnum(chain, S) is invoked, chain is a non-empty sequence of in-
dices (i1, ...,4¢),suchthat L;; 2 L;, D --- 2 L;,. Furthermore, we also have that =W (L;,, k), =V (L;,, k—
1),...,~¥(Li,, k — (£ —1)),and that S C L;; forevery j € [¢].

To see this, we argue inductively: observe that this is true in the base case when we invoke
AdvEnum((41), ()), either vacuously or by choice of i;. Now, suppose that the invariant is true
when AdvEnum(chain, S) is invoked—we will argue that the invariant holds true at a subsequent
invocation. Note that if there is a subsequent invocation at all, it must be the case that the while
loop in Algorithm 2 breaks. Then, if we are in the case that Vj € [{], L;; €iq A(S), we must
not terminate in Algorithm 2; so we will go on to append 7,4, that we found to chain, which is
guaranteed to satisfy S C L;,, , Li, ., & Lg, as well as ~W(L;,,, k — £) by construction. Thus,
the invariant continues to hold true at the next invocation in Algorithm 2. Otherwise, if we are in the
case of the else condition, we trim chain to be (i1,...,%;); then, the invariant continues to hold
true at the next invocation in Algorithm 2, due to the fact that all newly added strings to .S in the
while loop in the present invocation were from L;, C Lz-j , together with the inductive hypothesis.

The invariant above ensures that at the beginning of any invocation to AdvEnum(chain, S), S
is a valid partial enumeration of L;,, and the while loop in Algorithm 2 resumes enumerating L;,
(namely, if the loop goes on endlessly, S gets completed to be a valid complete enumeration of L;,).
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Algorithm 2 Adversarial enumeration strategy against k-list identifier A
Input: Ordered sequence of indices chain, input S enumerated so far
Output: A valid enumeration o of some language in C
Procedure AdvEnum (chain, S):
Suppose chain := (i1,...,14)
while True do
x < first string in the enumeration of L;, that hasn’t yet appeared in S
S+ Sox
if sz €id A(S) then
| break
end

end

if Vj € [E], Lij €id .A(S) then

Let i1 € IN be such that L;,,, C L;,, L
k — ¢ < 0, orif no such i, exists

chain < (i1,...,0p,9p41)
AdvEnum(chain, S)

igy; 2 S and =W (L, k — £); terminate if

end

else

J < min{j € [{] : L;; &aq A(S)}
chain (il, . ,ij)
AdvEnum(chain, S)

end

Invariant 2: Whenever AdvEnum(chain, S) is invoked, [chain| < k + 1.

To see this, note that we begin with |chain| = 1 at the very first invocation AdvEnum((i1), ()).
Thereafter, assuming no termination/infinite loops, we either append a single language to chain in
the case of the if condition, or we strictly reduce the size of chain in the other case—this is because
in Algorithm 2, j is necessarily determined to be strictly smaller than /¢, since the while loop broke
with L;, €iq A(S). So, it suffices to argue that at an invocation of AdvEnum(chain, S) with
|chain| = k + 1, the if condition, namely Vj € [{], L;; €iq A(S), can never be satisfied. But this
is true simply because A(.S) is a list of size at most k, and the languages at the indices in chain
are all distinct (e.g., by Invariant 1). This implies that at least one index i; € chain satisfies
Li; &ia A(S). Thus, we have established the invariant.

Invariant 3: The termination condition in Algorithm 2 is never realized during any invocation.

This follows from Invariant 1 and Invariant 2. The reasoning for Invariant 2 establishes that
after the while loop breaks, the if condition Vj € [], L;; €iq A(S) can be satisfied only if £ =
|chain| < k; but this ensures that k — ¢ is non-negative. Furthermore, from Invariant 1, we also
know that =W (L;,, k — (¢ — 1)) holds. By definition, this means that

V finite T' C L;,, Jipy1 € IN such that L CLj,andT CL

i[+1 -

and =¥ (L;,,,, k—0).

Tg41 Tg419

Taking 7" = S ensures the existence of the required %41, and establishes the invariant.
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With these invariants established, we can now proceed towards finishing the proof. Consider first
the case where the while loop in Algorithm 2 never breaks in some invocation to AdvEnum(chain, S).
By Invariant 1, this means that the loop is validly completing the enumeration of the language L;,
for iy € chain, and L;, is never identified in the list output by .A; this makes A an invalid list
identifier.

So, assume that the while loop breaks in every invocation of AdvEnum(chain, S). By Invari-
ant 3 above, we know that there is never a termination. This means that there is an infinite sequence
of invocations of AdvEnum(chain,S). Let chainj, chaing,... be the corresponding chain
parameters that each AdvEnum is invoked with in this sequence. Define

¢* :=liminf |chain,|.
n—oo

Note that ¢* always exists, and furthermore belongs to the set {1,...,k + 1}, since all the num-
bers in the sequence belong to this finite set. That is, there exists a large enough n*, such that
for every n > n*, |chain,| > ¢*. This means that the indices i1, ..., iy stay fixed in chain,
for every n > mn*. It is also the case that there are are infinitely many n > n* where the invo-
cation AdvEnum(chainy, S) satisfies [chain,| = ¢*. These invocations occur precisely when
the previous invocation (which satisfies |chain,_1| > ¢*) determines j = ¢* in Algorithm 2,
meaning that L;,, &q A(S) at that time. Namely, each invocation AdvEnum(chain,, S) where
|chain,| = ¢* can be associated to a witness of a time step where the list output by the algorithm
did not identify L;,,

Finally, in each invocation where [chain,| = ¢*, the while loop resumes enumerating Lj;,, ;
in particular, it is adding at least one string in the enumeration of L;,. that hasn’t yet appeared in
the input to S. This means that over the infinite execution of Algorithm 2, L;,, gets completely
enumerated. Thus, we have argued the existence of a sequence that is a valid enumeration of some
language L;,, € C, for which there are infinitely many time steps where the list output by A does
not identify L;,, . Thus, A is not a valid list-identifier. |

Remark 13 In light of Remark 9, we thus have that, for any k > 1, the collection C;, = {Z} U
{Z\ F : F C Z,|F| < k} is not k-list identifiable, but is (k + 1)-list identifiable in the limit.
Furthermore, the collection Coo = {Z} U{Z \ F : F C Z,|F| < oo} is not k-list identifiable
for any finite value of k. We highlight that this is an example of a simple countable collection of
languages, which, by the general positive result of Kleinberg and Mullainathan (2024) for countable
collections, is generatable in the limit, but is not identifiable in the limit, even with a finite list of
guesses.

Appendix C. Stratification of k-list Identifiable Collections

In this section, we show that k-list identifiable collections admit additional structure: they can be
decomposed into & collections, each of which is identifiable in the limit in the standard sense!

Theorem 2 (Stratification of /-list Identifiable Collections) Let C = (L1, Lo, ...) be a count-
able language collection. Then, C is k-list identifiable in the limit if and only if C = U_,C; where
C; is identifiable in the limit for every i € {1,2,...,k}.
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Proof One direction is straightforward: if C = U¥_,C; where C; is identifiable in the limit for every
i = {1,2,...,k}, then consider Ay, ..., Ay that identify Cy,...,Cj respectively. We can verify
that A, which assigns A(x1,...,z¢) = (A1(x1,...,2¢),. .., Ag(z1,...,x¢)) successfully k-list
identifies C in the limit.

For the other direction, let C be a k-list identifiable collection. By Theorem 12, this must mean
that C satisfies the k-Angluin condition. Namely, we have that Vi € IN : W(L;, k). We will construct
Ck,Cp_1,...,Cy satisfying UfZICZ- in levels, using the inductive nature of the condition.

Let I;, = IN, and consider the relation R, C I, x I;. constructed as follows:

Ry :={(i,j):1,j € I, L; C Ly and L; 2 TF}. (8)

Then, let J, = {j € I, : (,7) ¢ Ry Vi € I}, and let C, = {L; : j € Ji}. Note that for any two
languages L, Ly in Cg, if Ly & Lg, then it must be the case that L, 2 Ték); otherwise, (a,b) € Ry
and L;, would not have been included in Ci. In other words, for every language L, € Cy, Té’“) serves
as a tell-tale set for L, within Cy, meaning that Cj, satisfies Angluin’s condition, and is identifiable
in the limit.

Now let I}, = I}, \ Ji. Observe that for any j € Ij_1, since L; was not included in Cy, it must

be the case that there exists ¢ € I, for which L; C L; and L; O fl’i(k). But since ¥(L;, k) holds
for every i € Iy, this must mean that ¥(L;,k — 1) holds. Thus, we have argued that Vj € I;,_,
U(L;, k — 1) holds. Furthermore, as detailed in Remark 8, whenever we consider the predicate
U(Lj, k — 1) to hold, we can assume it to hold with a unique Tj(kfl). So, let us proceed with
constructing the relation Ry C I x I;_1 along the same lines as above:

Rp—y :={(i,j) :4,j € It_1,L; C Lyand L; D TV, )

Then let J,_; = {j € I : (Z,j) ¢ Ry 1 Vi € kal}, and let Cj,_1 = {Lj NS kal}-
Again, by the same reasoning as in the above paragraph, we have that for every language L, € C_1,
the set Ték_l) serves as a tell-tale for L, within Cj_1, and thus, C;_1 is identifiable in the limit.

We proceed similarly, and construct the collections Cy_o, . .., C;. By the reasoning above, each
of these collections is identifiable in the limit. We will now argue that their union is C. For this, we
need to show that J, U J,_1 U---UJ; = IN.

Observe that J, U Jp_1 U--- U [, = IN. We will argue that J; = [, by arguing that the set
R; is empty. Indeed, if R; contains any (¢, j) for i, j € I, then by definition, it must be the case
that L; C L;and L; D Til. But recall that we maintain that for every i € I;, U(L;, 1) holds. Thus,

recalling the definition of the base predicate (4), the existence of L; C L; satisfying L; 2 Ti(l) isa
contradiction. We conclude that J; = I, which means that J, U Jp_1 U --- U J; = IN. Thus, we
have that uleci = C, which completes the proof. |

Remark 14 Theorem 2 also implies an alternative k-list identifier to the one described in Ap-
pendix A. Namely, if a collection is k-list identifiable in the limit, then it can be decomposed into k
collections each of which is identifiable in the limit. So, concatenating the outputs of identifiers run
on each of these collections also successfully k-list identifies the collection in the limit.
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Appendix D. List Identification Rates

We now proceed towards establishing rates for list identification in the setting where the input is
drawn as an i.i.d. stream from a valid distribution supported on some language in the collection.
The three subsequent sections respectively show that: (1) If a collection does not satisfy the k-
Angluin condition, then it cannot be k-list identified at any rate, (2) A collection that satisfies the
k-Angluin condition can be k-list identified at an exponential rate, and (3) A rate faster than an
exponential rate is impossible for any (non-trivial) collection.

D.1. Condition Not Satisfied — No Rate

The main result in this section is the following:

Theorem 15 (k-Angluin Condition Not Satisfied —> No Rate) Let C be a countable collection
of languages that does not satisfy the k-Angluin condition (6). Then C cannot be k-list identified at
any rate.

D.1.1. LIST-IDENTIFIABLE COLLECTIONS = PROBABILISTICALLY LIST-IDENTIFIABLE
COLLECTIONS

Our discussion on k-list identification so far has been about list identifiers that are deterministic,
in that the list output at every time step by the identifier is a deterministic function of the input up
until that time step. Here, we will show that the family of collections that are deterministically k-list
identifiable in the limit is precisely the family of collections that are probabilistically k-list identi-
fiable in the limit. In probabilistic k-list identification, we allow the list output by the identifier at
every time step to be randomized. Our discussion here is based on the work of Pitt (1985) on proba-
bilistic inductive inference, although we are required to carefully derive some results differently for
the purposes of list identification.

Definition 16 (Probabilistic List Identifier) A probabilistic list identifier with list size k, or a
probabilistic k-list identifier, is a function A : (U x {0,1})* — IN¥, which at any time step t,

takes as input a finite ordered sequence of strings x1,...,x; and the outcomes of t independent
and uniformly random bits r1, ..., 1, and outputs a list of indices py = A(x1,71,...,2T4,7) =
(i1, .y i)

Definition 17 (Probabilistic List Identification in the Limit) A probabilistic k-list identifier A
identifies a countable collection C = {L1, Lo, ...} in the limit with probability p if for every lan-
guage L, € C, and for every enumeration x1,xo,... of L,, with probability at least p over a
random bit sequence 11,73, ..., there exists a finite time t* such that for every t > t*, the list
we = A(z1,71,. .., T4, 1) output by A satisfies that L, €iq pu

For any given input enumeration o, we model the infinite sequence of guesses made by a prob-
abilistic k-list identifier A on ¢ as a path on a binary tree, that begins at the root, and descends
down infinitely, where at a node at level ¢, the path proceeds towards the left child if the random bit
r¢ = 0, and towards the right child otherwise.

Definition 18 (Tree of Computation) Given a probabilistic k-list identifier A and an input enu-
meration o = (1,2, ... ), we define the object T , to be the infinite binary tree, whose nodes
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coin fip —> ()
outcomes

Figure 1: The tree of computation 74, of a probabilistic k-list identifier on an input sequence
o = (x1,22,...). The labels on the edges represent coin flip outcomes. The root is at level 1.
Every node is associated with the list guessed by .4 at that node.

are numbered 1,2, 3, ... starting from the root, and proceeding in a breadth-first order from left to
right. A node is connected to its left child with an edge labeled 0, and to its right child with an edge
labeled 1. A path in the tree is an infinite sequence of adjacent nodes (n1,na, .. .) starting from the
root (i.e., n1 = 1), and proceeding downwards at every step. The level of a node n, denoted d(n), is
the number of edges on the path from the root to n, plus one (so the root is at level 1). We associate
level i of the tree with input x; in the enumeration o. We associate every node n; at level i in a path,
fori > 1, with the list u(n;) :== A(x1,71,...,Ti—1,7i—1), where r1,...,7;_1 are the edge labels
on the path from the root node to n;. Refer to Figure 1 for an illustration.

We will now define what it means for a path in the tree of computation 74 , to converge.

Definition 19 (Convergence in Tree) A path (ni,no,...)in T, convergesto alanguage L, € C
if there exists a finite i such that for every j > i, L, €iq p(nj). Furthermore, we say that a
path (ni,na,...) converges to language L, € C at node n;, for i > 2, if: (1) for every j > i,
L. €iq n(nj), and (2) either i = 2, or property (1) does not hold for any j < i.

In other words, a path (n,ng,...) converges to L. at node n;, if n; corresponds to the smallest 7,
such that the path converges to L, at node n;. Note that because of this, any path (n1,no,...) that
converges to L, converges to it at a unique node. We denote by P(L) the set of paths in 74, that
converge to language L. € C. Similarly, for any node n € T4, we denote by P(L, n) the set of
paths in 74 . that pass through n and converge to language L, € C at node n. We can then observe
that

P(LZ> = UNETA,UP(Lzan)7 (10)
and by our previous reasoning, the sets P(L,,n) participating in the union above are all mutually
disjoint.

Now consider the random experiment of tracing down a path (n1,n9, ...) in T4, with respect

to a randomly drawn sequence of bits R := (r1,72,...), where from any node n;, we descend
down the edge labeled 0 if r; = 0, and down the edge labeled 1 otherwise. Note that this defines a
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bijection between paths in 74 , and sequences of random bits. In this case, if o is an enumeration
of some language L. € C, then the set P(L.) defines the event that A list-identifies L in the limit.’
Concretely, if A k-list identifies C with probability p, then we have that

Prp[P(L:)] = > Prg[P(L.,n)] > p. (11)

We will require considering truncated versions of the infinite tree 74 in order to validly define a
deterministic list identifier from a probabilistic list identifier. Accordingly, we require the following
definition:

Definition 20 For any input enumeration o, consider the infinite tree T4 5. For any noden € T4 »
at level d(n) > 2, and for any d > d(n), we define P(L,,n,d), for any L, € C, to be the set of
paths (n1,na, ..., ) in T4, which satisfy:

1. The path passes through node n, i.e., n; = n fori = d(n).
2. Either d(n) = 2, or p(ng(ny—1) Zid Lo

3. Every list guessed from node n onward up until level d in the path identifies L,, i.e., for every
Jjwhere d(n) < j <d, L, €q p(n;).

In other words, P(L,,n,d) comprises of paths that appear to have converged to L, at node n, if
one myopically looks beyond node n only until level d. We can observe that for any d > d(n),

P(L,,n) C P(L,,n,d). (12)

More consequentially, observe that we can easily compute Prr[P(L., n,d)] exactly. For this, we
first check if either d(n) = 2 or L, &iq p(ng(ny—1)- If this is not the case, then Prg[P(L.,n, d)] =

0. Otherwise, we consider all the descendants of node n at level d—there are precisely 2¢~4(") many

of these. From each descendant n4, we trace up a path to the root—say (ng, ng—1, - - - , Nd(n)s -+ - » N2, ni),
and check whether L, €;q p(n;) for every ¢ > d(n). We count the number of descendants N, , 4

that pass this check. Then, we can see that P(L,, n,d) is precisely the event that a random path
passes through one of these descendants, giving us that Prg[P(L,,n,d)] = A;Z*fid. This, together
with the observation that P(L.,n,d) and P(L,,n’, d) are disjoint for any n # n’, imply that

n€TU:dn :daLin n

> PralP(L..na) = {1 E T A0 = b L i ],
n€T A0
d(n)<d

13)

where the RHS above is precisely the fraction of nodes at level d in T4, that identify L.
We are now ready to state the main theorem of this subsection which equates deterministic and
probabilistic list identification.

Theorem 21 (Probabilistic List Identification = Deterministic List Identification) LetC = {L;, Lo,...}
be a countable collection of languages.

7. The probability space is indeed well-behaved; for measure-theoretic considerations, we refer the reader to Pitt (1985).
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(1) If C is deterministically k-list identifiable in the limit, then C is probabilistically k-list identi-
fiable in the limit with probability p, for any p € [0, 1].

(2) If C is probabilistically k-list identifiable in the limit with probability p > k—_’f_l, then C is
deterministically k-list identifiable in the limit.

Proof The proof of (1) is immediate: if there exists a deterministic k-list identifier A’ that identifies
C in the limit, then the probabilistic k-list identifier A, which on input o = (x, x9, ... ), disregards
any random bits, and simply outputs A(z1,71, ...,z 1¢) = A'(x1, ..., z¢), probabilistically k-list
identifies C in the limit with probability 1.

Given a probabilistic k-list identifier A for C that succeeds with probability larger than kiﬂ
we will now construct a deterministic k-list identifier A’ for C. We will specify A" by specifying
its outputs on any given input enumeration o := (x1,x2,...). For any index [ € IN, let us define
firste(l) := min{i € IN : L; = L;}. Thatis, first¢(() is the index of the first occurrence of language
L; in the collection C.

Deterministic List Identifier .A’ from Probabilistic List Identifier .A
At time step ¢ on input o := (z1, z2,...):
(a) Let g1, ..., pot denote the k-lists output at all the nodes at level ¢t + 1 in T4 ..
(b) Let S be the multiset of first¢ (1) values for every index [ in these lists. That is,

S := multiset{firstc(l) : | € p;, 1 <14 < 2}

(c) Return A'(z1,...,x¢) := Top-k(S), where Top-k(S) returns a list of the k& most fre-
quently occurring indices in S.

Procedure 2: Obtaining a deterministic list identifier from a probabilistic list identifier.

Let A be a probabilistic k-list identifier that identifies C in the limit with probability p > k,i“;

in particular, let p = k—ﬁl + ¢ for some € > 0. Fix any language L, € C, and any enumeration ¢ of
it. From (11), we have that

k
> Pry[P(L.,n)] > TriTe
n€T A0

Because all the summands in the summation above are non-negative, there exists a finite d* € IN
such that for all d > d*,

k €

> > 4+ -,

Prr[P(L.,n)] > 1 + 5
n€TA o
d(n)<d
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From (12), this implies that for all d > d*,

k €
> — 4 —.
> Pra[P(Lend)] > = + 3 (14)
n€TA, s
d(n)<d

From (13), this implies that for all d > d*, the fraction of nodes in 74, at level d that identify L,
is at least kiﬂ + 5.

So, consider any time step t > d* — 1. By the reasoning above, we have that of the 2! lists
{1, - - -, ot considered by the deterministic list identifier A’ in Step (a) of Procedure 2, at least a

kil + 5 fraction identify L .. This means that the multiset S constructed in Step (b) contains at least

2t (T—Iil + %) copies of firste(z). We then claim that Top-k(.S) necessarily contains firste(z). If

not, there are k distinct indices other than firste(2), each of which occur at least 2¢ - (k—_’il + %)

times in S. Since S also contains 2¢ - (kziﬂ + %) copies of first¢(z), this would mean that there are

a total of at least 2¢ - (k + ‘E(LQH)) numbers in S, which is not possible since .S is a concatenation

of at most 2! lists of size < k. Thus, we have argued that Top-k(S) = A'(z1,...,x) contains
firste(z) for every t > d* — 1, implying that A’ (deterministically) list-identifies L, in the limit on
the input enumeration o. Since the language L, and its enumeration o were arbitrarily chosen, we
conclude that A’ list-identifies C in the limit. |

D.1.2. PROBABILISTIC LIST IDENTIFICATION = LIST IDENTIFICATION ON INFINITE DRAWS

In both the definitions Definition 5 and Definition 17, we considered the enumeration o = (z;);eN
of the target language L to be any fixed worst-case enumeration. In this subsection, we consider the
setting where the enumeration (z;);c is itself an infinite i.i.d. sequence drawn from a distribution
D that is valid for the language L, (and the identifier is deterministic). Since D is valid for L,
meaning that its support is precisely L., every member of L, will eventually show up in an infinite
draw from D, and there are no spurious strings in it. More formally, Proposition 5.2 in Kalavasis
et al. (2025) shows that such an infinite draw is an enumeration of L, with probability 1.

Definition 22 (List Identification in the Limit on Infinite Draws) A deterministic k-list identi-
fier A’ identifies a countable collection C = {Ly, Lo, ... } in the limit with probability p on infinite
draws if for every language L, € C, and for every distribution D that is valid for L, with proba-
bility at least p over (x;);ew ~ D>, there exists a finite time t* such that for every t > t*, the list
we = A'(x1, ..., x¢) output by A’ satisfies that L, €;q jut

The main theorem of this subsection equates list identification in the limit on infinite draws and
probabilistic list identification in the limit. The proof of this theorem follows the proof structure of
Theorem 9 in Angluin (1988).

Theorem 23 (Probabilistic List Identification = List Identification on Infinite Draws) LetC =
{L1, Lo, ...} be a countable collection of languages, and fix p € [0, 1]. Then, C is k-list identifiable
in the limit with probability p on infinite draws if and only if C is probabilistically k-list identifiable
in the limit with probability p.

27



CHARIKAR PABBARAJU TEWARI

Proof First, let A’ be a deterministic k-list identifier that identifies C in the limit with probability
p on infinite draws. We will construct a probabilistic k-list identifier A for C that succeeds with
probability p. Fix any language L, and any enumeration o := (z;);en of it. Define a distribution
D, supported over L, as follows:

0 otherwise.

Since ¢ is a valid enumeration of L., we can verify that D, is a valid distribution for L,. Then,
consider the probabilistic k-list identifier .A which, given o and an infinite random bit sequence
R := (r;);en as input, operates as follows. Using R, A constructs an infinite draw o’ := (2});en ~
D, for D, defined above.® It then feeds o’ to A’, and at each time step, outputs the list output by
A’. Since D, is a valid distribution for L, we have that with probability at least p over o/, A" will
converge to outputting a list that identifies L,. Since the draw of ¢’ is induced by the draw of R,
and A returns the output of A’, we conclude that with probability at least p over R, A converges to
outputting a list that identifies L, on the enumeration o.

Now, let A be a probabilistic k-list identifier that identifies C in the limit with probability p. We
will construct a deterministic k-list identifier A’ that identifies C in the limit with probability p on
infinite draws. Fix any language L, € C, and any distribution D that is valid for L. Consider A’,
which on input (z;);ew ~ D, operates as follows. Suppose 1 = a: A’ scans increasing prefixes
(21,...,x¢) of the input up until the first time it sees some z; # a. Up until this time, A’ keeps
outputting the singleton list {L;}, where j is the index of any language in C for which L; = {a};
if no such language exists A’ keeps outputting { L1 } arbitrarily until it arrives at ;. Observe that if
L, were a singleton set, then the only valid distribution for L, is a point mass on the single element
in L,, and A’ identifies L, with probability 1 from the first time step.

Otherwise, A’ reaches an z; = b # a. Note that this can only happen if L, has at least
two elements. Furthermore, in this case, since D is supported on all of L., such an x; will be
encountered with probability 1. A’ then feeds (x2;—1);en to A as input. Since (z2;-1)ienN is
also an infinite draw from D, it is a valid enumeration of L, with probability 1. A’ constructs a
random bit sequence (7;);en for A, using the randomness in the input, in the following manner:
denote t = ji, where t was the first time where x; = b. In order to determine r1, A’ scans pairs
(Ta(j,41)s T2(j1+2))s (T2(j143), T2(j1+4)), - - - up until the time it sees a pair which is either (a, b) or
(b, a)—say this happens at (Za(j, 4-m), T2(j, +m+1))- This process also terminates with probability 1,
and once it terminates, 7 is set to 1 if the process terminates with the pair (a, b) and 0 if it terminates
with (b, a). Thereafter, 7, is determined similarly by setting jo» = j; + m + 1, and starting to scan
Pairs (Ta(j,+1)s T2(ja+2))» (T2(jo+3)s T2(ja+4)), - - - and so on.

Since (z;);c is an infinite i.i.d. draw from D, conditioned on any (x2;_1);enN, the sequence
(22;)ien, is also an infinite i.i.d. draw from D. So, consider the distribution of (7;);cn induced by
the randomness in (z9;);en ~ D. Since each r; is determined using independent strings from D,
the bits are independent. Furthermore, conditioned on the first two distinct strings in (x;);en being
any (a, b), the next pair in the sequence that is one of (a,b) or (b, a) is equally likely to be either.
So, every 7; is either 0 or 1 with probability 1/2 each. Thus, we have argued that the distribution of

8. For example, one way to do this is as follows: to generate 2’ ~ D,, A scans (the rest of) R ahead and finds the
position j of the first 1 it encounters (here, we imagine the first bit in the rest of R to be at position 1). A then sets x’
to be z; in 0. We can verify that over the randomness of R, =’ generated thus is distributed according to D,
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(r;)ien induced by (x2;);ew ~ D> is precisely that of an infinite sequence of independent random
bits.

So, A’ feeds (x2;—1)icn to the probabilistic k-list identifier A as input, along with the bit se-
quence (7;);ev that it constructs from (z9;);en. At each time step, it outputs precisely the list that
is output by A. Observe that the outputs of A’ are deterministic. It remains to argue that A’ thus
constructed identifies L, with probability at least p over the draw of (z;);en. To see this, note that

Pry),cx~poe A list-identifies L. in the limit on input (z;)ien]
= E(ss, 1) | Pl(as),cnpee [A' listidentifies L. in the limit on input (;)ien | (@2i-1)ienv] |
=By 1)sen~D> [Pr(miem [.A list-identifies L. in the limit on input (z2;—1)ieN ‘ (argz-_l)ie]NH
> Beyi_1)ien~n> [P] = P

The inequality above follows from our above reasoning, which establishes that the induced distribu-
tion of (r;);cw conditioned on any (x2;_1);cn is that of an infinite sequence of independent random
bits, together with the guarantee that A, by virtue of being a probabilistic k-list identifier, identifies
L, in the limit with probability at least p over the randomness in (7;);c on the (fixed) enumeration
(2i-1)ien of L. |

D.1.3. CONDITION NOT SATISFIED —> NO RATE

As a corollary of Theorems 12, 21 and 23, we have the following:

Corollary 24 Let C be a countable collection of languages that does not satisfy the k-Angluin
condition (6). Then, for every (deterministic) k-list identifier A, there exists a language L, € C
and a distribution D that is valid for L,, such that A fails to k-list identify L, in the limit on

(z7)iew ~ D> with probability at least k}rl. In other words,

. . . . 1
Pr(a;i)iG]NN’Doo [H’Ll < <13 < ---: \V/j € ]N,.A({L‘l,xz, . ,:L'ij) ﬁid Lz] > m
Similar to Kalavasis et al. (2025), we now have all the ingredients to establish Theorem 15,
which shows that any collection that does not satisfy the k-Angluin condition (6) cannot be k-list

identified at any rate. More precisely, we will show that:

Theorem 25 Let C be a countable collection of languages that does not satisfy the k-Angluin
condition (6). Then, for every (deterministic) k-list identifier A, there exists a language L, € C and
a distribution D that is valid for L, such that

limsupPr,, .,pt [A(®1,..., %) Fia L2] > (15)

t—o0 — k + 1 '
Proof Assume for the sake of contradiction that there exists a k-list identifier A which satisfies that

for every language L, € C, and for every distribution D that is valid for L.,

. 1
limsup Pry,  o.pt [A(21,...,2¢) Fiq L] < —— —¢ (16)
t—00 kE+1
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for some € > 0. This means that for every L, € C, and every distribution D that is valid for L.,
there exists a finite ¢y = to(L., D), such that for every t > t,

1 €

Przl’m’xtwpt [A(a;l, RSN ) ¥1d L ] ~ k: n 1 5 (17)

Otherwise, if there were infinitely many ¢ for which Pr,, .. ot [A(21, ..., %) Fia L] > k%rl -
5, then we would have limsup,;_, . Pry, o.pt [A(21, ..., 2¢) Ziqa L2] >
contradict (16).

So, with a view to contradict Corollary 24, let us fix an arbitrary L, € C, and an arbitrary D that
is valid for L,. We will use (17) to construct the following k-list identifier A’: given x1, ..., x4 ~
Dt, A’ splits it into M := 10 ; batches By, ..., By, each of size log t. It then runs A on each batch
to obtain the lists A(By), . .A(B ). Then, it constructs S to be the multiset of firste (1) values
for every index [ in these lists, 1.e.,

S = multiset {firstc(l) : { € A(B;),1 <j < M}.

1 € :
yrrm s B which would

Finally, A" outputs Top-k(S). These latter steps are similar to Steps (b) and (c) in Figure 2. In
essence, we are boosting the guarantee in (17) by combining the predictions of .4 on independent
batches of increasing size.

Observe then that when t > e®0 for tg = to(L, D) satistying (17), we will have that every batch
Bj is of size at least £y, which implies that

k
Prp, B; L,)>——+ =
Fix any ¢ > €', and let Y; = 1[A(B;) 2iq L.]. Since the batches are independent, we have that

the Y;s are independent, and also, It [Zj\i 1 Y]] > M (kiﬂ + %) Then, we have that

M k M M Me
bt | L <M (5 )| £ P |1 < B[ o1 | - 2
j=1

j=1 j=1
< 6—M52/8‘

(Hoeffding’s Inequality)

Therefore, we have that with probability at least 1 — e~M¢ */8 it holds that - Z ] 1Y > 5 +1 + 5

which means that of the lists A(B1),. .., A(By), strictly more than a = +1 + £ fraction identify
L. By a similar argument as that at the end of the proof of Theorem 21, this implies that Top-k(.S)
contains firstc(z). Summarily, we have argued that for every ¢ > efo,

_ 2 _i
Z1,...,xe~D?t [A/(xh ceey .Tt) zid LZ] < Pracl,...,thDt [ﬁI’StC(Z) g 'A/(xh s >$t>] <e Me*/8 <e Blet,

Thus, we have that

Z Priz.),en~m> [.A/(a:l, cey ) Fid L Z Pry, . Dt [A/(xl, cees ) Fid LZ]
telN telN
< etO + Z Prrl,‘..,xtht [A,(‘Tla s 7$t) zid Lz]
t>eto

¢ o _te?
<el+ E e 8logt < 00.
t>eto
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Then, by the Borel-Cantelli lemma, we have that
Pr(xi)iE]NN'Doo [3@1 <lg<izg<---:Vj€E ]N,.A’(xl, xo,. .. 7-1'1']-) %id Lz] = 0.

Since the language L. and distribution D were arbitrarily chosen, A’ satisfies this conclusion for
every L, € C and every distribution D valid for L,. But since C does not satisfy the k-Angluin
condition (6), this contradicts Corollary 24, concluding the proof. |

D.2. Condition Satisfied —> Exponential Rate

We will now argue that any collection that satisfies the k-Angluin condition (6) can be k-list identi-
fied at an exponential rate. While this can be shown by arguing that the list identification algorithm
from Appendix A achieves exponential rates, we will provide a more direct argument that uses
the structural property of a k-list identifiable collection, which allows it to be decomposed into &
identifiable collections.

Theorem 26 (Expnential Rate) Ler C be a countable collection of languages that satisfies the
k-Angluin condition (6). Then, C can be k-list identified at rate R(t) = e™".

Proof Since C satisfies the k-Angluin condition, Theorem 11 ensures that it is k-list identifiable in
the limit. Then, from Theorem 2, we further know that C may be expressed as C = U¥_,C;, where
each C; is identifiable in the limit, meaning that it satisfies Angluin’s condition for identification (the
base predicate given in (4)). From Proposition 3.10 in Kalavasis et al. (2025), we then know that
there exists an identifier .4; for every C; that identifies languages in C; at an exponential rate. This

immediately implies that the k-list identifier .4, which concatenates the outputs of Aj, . .., A that
are run on the collections C1, . .., Cy respectively, achieves an exponential rate for k-list identifica-
tion of C. |

D.3. Exponential Rate Best Possible

We will now show that an exponential rate is effectively the best rate possible for list identification,
upto a technical triviality condition. This technical condition captures the following triviality: if
a collection C satisfies that for every k + 1 distinct languages L;,, ..., L;,_, in the collection,
ﬂg‘fillLij = (), then observe that any single string from the target language L. pins down a list
of at most k distinct languages that must necessarily identify L,. That is, collections satisfying
this property can be list-identified right from ¢ = 1 (i.e., at a zero failure probability rate). So,
adopting terminology from Kalavasis et al. (2025), we will say that a collection is non-trivial for k-
list identification if there exist k + 1 distinct languages L;,, . . ., L;, , in C which satisfy ﬂfill Li; #
(). The next theorem shows that a collection that is non-trivial for k-list identification cannot be k-list
identified at a rate that is faster than exponential.

Theorem 27 (Exponential Rate Best Possible) Ler C be a countable collection of languages that
is non-trivial for k-list identification. Then, for every k-list identifier A, there exists a language
L. € C and a distribution D valid for L, such that Pry, . .pt[A(w1,...,2¢) Fia L2] > e~ ? for
infinitely many t € IN.
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Proof Given that C is non-trivial for k-list identification, there exist £ + 1 distinct languages
Liy,..., L, in C that all share some string x. For each j, let Dij be the distribution that as-
signs mass at least 1/2 to x, and distributes the rest of the mass among the rest of the strings in
L;; arbitrarily, in a way that every string gets assigned a positive mass. Then, for every D, , for
any t € IN, there is at least a 1/ 2! chance that the first ¢ strings x1, ..., 2; ~ ij are all equal to

[£)] > &. Observe now that

z. Denoting this event by &, we have that for every j, P, .. pt
ij
conditioned on &;, because A(x1, ..., x;) has size at most k,
k+1

Z]I[A(xl, R ,CCt) Sid sz] < ]43,9
=1

which means that for some j, 1[A(x1,...,7:) Za Li;] = 1. By the pigeonhole principle, it holds
that for some j, 1[A(x1,...,7¢) Ziqa Li;] = 1 conditioned on &, for infinitely many ¢ € IN. We
can therefore conclude that for such a j, for infinitely many ¢,

Prxl,...,athDf_ [.A(.%'l, EER) xt) ?id LIJ)] > Prxl,...,artNDf_ [gt] : Prz’h...,xtfv’Df_ [A(xlv s 73315) gid LZJ) ‘ gt]
j j j

2 2—t 2 €_2t.

9.If A is allowed to be randomized, we can instantiate this inequality as Zfill PrlA(z1,...,2¢) Dia Li,|&] =

E [Zj;rll 1[A(z1, ..., 2¢) ia Lij) | St] < k, where the probability is only over the randomness in A.
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