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Abstract

Curvature adaptivity is a classical theme in online optimization: for convex Lips-
chitz losses, adaptive methods interpolate between the optimal O(

√
T ) regret for

general convex losses and O(log T ) regret under strong convexity. Recent work
has shown that Follow-the-Perturbed-Leader (FTPL) achieves optimal O(

√
T )

regret even for online non-convex Lipschitz losses, assuming access to an ap-
proximate offline-optimization oracle, but these guarantees do not exploit cur-
vature. We show that FTPL can be made curvature-adaptive in the non-convex
setting, without knowing in advance how curvature will accumulate over time.
Our algorithm replaces the fixed perturbation scale of standard FTPL with a time-
varying scale chosen using only past information. We give a simple follow-
the-leader tuning rule for this scale and show that it competes, up to constants,
with the best choice in hindsight. The resulting method achieves O(

√
T ) regret

for arbitrary non-convex Lipschitz losses and improves as cumulative curvature
grows; with sufficiently accurate oracle calls, it achieves O(log T ) regret when
cumulative curvature grows linearly, which includes the classical strongly con-
vex regime. We complement these upper bounds with matching lower bounds
for prescribed cumulative-curvature sequences, already for one-dimensional con-
vex losses, showing that the tradeoff between worst-case non-convex regret and
curvature-driven fast rates is intrinsic.

1 Introduction

A central question in online optimization is how regret scales with the number of rounds T . Two
classical results characterize this dependence: for convex and Lipschitz losses, the optimal re-
gret is O(

√
T ) [Zinkevich, 2003], while for strongly convex and Lipschitz losses, it improves to

O(log T ) [Hazan et al., 2006]. Both rates are known to be tight [Abernethy et al., 2008].

A natural goal, therefore, is to design algorithms whose guarantees adapt to the curvature of the
loss sequence. In a seminal work, Bartlett et al. [2007] introduced adaptive gradient methods for
online convex optimization whose regret seamlessly interpolates between O(

√
T ) and O(log T )

depending on the cumulative strong convexity in the sequence. These ideas have since influenced
widely used methods such as Adagrad [Duchi et al., 2011] and Adam [Kingma and Ba, 2015].
More recently, Suggala and Netrapalli [2020] showed that the Follow-the-Perturbed-Leader (FTPL)
framework achieves O(

√
T ) regret even for non-convex Lipschitz losses, assuming access to an

oracle that solves perturbed offline problems.
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These results naturally raise the following question:

Can FTPL be made adaptive to curvature, achieving O(
√
T ) regret for general

non-convex Lipschitz losses while improving to O(log T ) when sufficient strong
convexity is present?

In this paper, we answer this question in the affirmative. Our approach is based on introducing a
time-varying noise scale in the FTPL perturbations, chosen adaptively using only past information.
We first derive a general regret bound parameterized by this sequence of noise scales. We then show
that selecting these parameters can itself be cast as a meta online learning problem, for which a
simple FTL approach achieves a constant competitive ratio. The resulting algorithm achieves regret
that interpolates between O(

√
T ) and O(log T ), without prior knowledge of the curvature of the

losses. We further complement our upper bounds with matching lower bounds, showing that the
bounds we meta-optimize are intrinsic to the problem and not an artifact of our method.

Beyond its theoretical interest, our setting is motivated by a broad class of problems where the
learner encounters composite losses of the form

ft = gt + rt,

where gt is a data-dependent term that may be non-convex, and rt is a strongly convex regularizer.
Such composite structures are ubiquitous in modern machine learning and optimization.

One prominent example arises in continual learning [Kirkpatrick et al., 2017], where gt represents
a task-specific loss, typically non-convex due to neural network parameterizations, and rt is a regu-
larizer that tethers the current iterate to previously learned models, thereby mitigating catastrophic
forgetting. In contrast, in online robust regression [Maronna et al., 2019], even with a linear model,
the loss gt can be non-convex when using robust losses such as the Tukey biweight function, while
rt is typically a strongly convex shrinkage term (e.g., ℓ2 regularization) that tethers the iterate to a
fixed reference point, such as the origin.

In these settings, the effective curvature of the loss sequence depends on the interplay between the
non-convex data term and the accumulated regularization. In favorable regimes, the regularizer dom-
inates and the problem behaves like a strongly convex one; in adversarial regimes, the non-convexity
prevails. Since this balance is typically unknown a priori, it is essential to design algorithms that au-
tomatically adapt, achieving O(

√
T ) regret in the worst case while improving to O(log T ) whenever

sufficient curvature emerges.

Our key contributions are as follows.

• Curvature-adaptive FTPL across non-convex to strongly convex regimes. We design
an FTPL algorithm with a time-varying perturbation scale that adapts to the curvature of the
loss sequence, achieving regret that interpolates from O(

√
T ) for arbitrary non-convex Lip-

schitz losses to O(log T ) when sufficient strong convexity is present. To our knowledge,
this is the first FTPL method that achieves such curvature adaptivity in the non-convex
regime, bridging the gap between prior adaptive methods for online convex optimization
(e.g., [Bartlett et al., 2007]) and non-convex but non-adaptive FTPL guarantees (e.g., [Sug-
gala and Netrapalli, 2020]).

• Meta-online tuning and optimality guarantees. We derive a regret bound parameterized
by the perturbation schedule and show that selecting this schedule can be cast as a meta
online learning problem. We give a simple constant-competitive strategy for this problem,
yielding near-optimal tuning without prior knowledge of the loss sequence. We also prove
matching lower bounds, showing that the bounds we meta-optimize are intrinsic to the
problem.

• Empirical validation. We empirically evaluate our method on representative problems
with composite non-convex and strongly convex structure, demonstrating improved perfor-
mance over non-adaptive FTPL and baseline methods in regimes with varying curvature.

2 Related Works

Oracles in Online Optimization. The FTPL algorithm [Hannan, 1957, Kalai and Vempala, 2005]
is especially attractive for efficient online learning over structured decision sets. The main computa-
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tional burden in FTPL at each round is solving a perturbed offline problem. If the cost functions and
perturbation are both linear, then the perturbed offline problem becomes an instance of the offline
optimization problem itself. However, for general decision sets, there is known to be an exponen-
tial (in the ambient dimension d) gap in the oracle complexities of online and statistical learning
if the learner is only provided access to the offline optimization oracle [Hazan and Koren, 2016].
For decision classes with exponentially many experts in the ambient dimension, the lower bound
of Hazan and Koren [2016] implies that no algorithm using only a standard offline optimization
oracle and polynomial additional computation can achieve O(poly(d)Tα) regret for any α < 1. It
was therefore surprising when Agarwal et al. [2019] showed that FTPL with linear perturbations,
which makes one call per time step to a linearly perturbed offline optimization oracle, achieves
O(poly(d)T 2/3) cumulative regret against non-convex Lipschitz functions on a bounded decision
set. The O(poly(d)T 2/3) rate was later improved to O(poly(d)

√
T ) by Suggala and Netrapalli

[2020].

Adaptive Step-Sizes and Regularization. Online gradient algorithms with different step-size
schedules achieve O(

√
T ) and O(log T ) regret against convex Lipschitz and strongly convex Lips-

chitz functions respectively [Hazan et al., 2006, Zinkevich, 2003]. Bartlett et al. [2007] designed a
single adaptive algorithm that interpolates between these rates and automatically adapts to the actual
amount of curvature present in the adversary’s convex functions. Some related lower bounds can be
found in the work of Abernethy et al. [2008]. Subsequent work developed a broader theory of adap-
tive regularization and adaptive first-order methods, including AdaGrad-style algorithms [Duchi
et al., 2011, McMahan and Streeter, 2010] and adaptive FTRL/mirror-descent frameworks [McMa-
han, 2017]. These ideas later influenced practical optimization methods for deep learning such
as Adam [Kingma and Ba, 2015]. While adaptive step-size methods are also widely studied for
stochastic non-convex optimization [Li and Orabona, 2019, Ward et al., 2020], their guarantees are
typically formulated in terms of convergence to stationary points rather than regret minimization.
Also note that, as observed by Agarwal et al. [2019], standard FTRL-style regularization does not
necessarily stabilize the minimizers of non-convex objectives, limiting the direct applicability of
FTRL-based approaches for provable regret guarantees in the non-convex regime.

Adaptive Perturbation. Adaptive variants of FTPL have previously been studied through adap-
tive learning-rate schedules, data-dependent perturbation magnitudes, and generalized FTPL frame-
works for oracle-efficient online learning [Hutter and Poland, 2005, Wang et al., 2022]. Existing
works primarily focus on adapting to favorable data sequences, for example when the loss of the
best expert is small or the adversary is stochastic, while retaining the classical O(

√
T ) dependence

on the horizon. In contrast, our goal is to adapt to curvature itself. To the best of our knowledge,
no prior online optimization algorithm, let alone one that is perturbation-based for oracle-efficiency,
achieves a full interpolation between the optimal O(

√
T ) regret for Lipschitz non-convex losses and

the O(log T ) regret achievable for strongly convex losses.

Universal Online Learning. Yan et al. [2023] adapt to unknown curvature in online convex op-
timization by aggregating learners over a geometric grid of curvature parameters. Their fast-rate
analysis exploits convexity and curvature of individual losses, which need not hold in our setting
even when cumulative losses are strongly convex. Consequently, their aggregation guarantees do
not directly extend: generic expert aggregation can hurt the desired fast rates, while a direct ensem-
ble of FTPL learners generally requires multiple optimization oracle calls per round. Our method
instead uses previously observed cumulative curvature to tune a time-varying perturbation schedule,
achieving curvature-dependent rates with one oracle call per round.

3 Adaptive FTPL

Problem Setup. The setup comprises of an online game between an adversary and a learner that
proceeds in rounds. At round t, the learner chooses some xt ∈ X , where X is a bounded space;
simultaneously, the adversary picks a function ft : X → R. Both the learner’s and adversary’s
choices at round t can depend on the entire history of the game up until round t− 1. Thereafter, the
choices made by the learner and adversary are revealed to each other, and the learner suffers a loss
ft(xt). The learner’s objective is to minimize their regret at the end of the game; that is, the learner
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aims to minimize the cumulative loss they suffer at the end of T rounds, relative to the single best
x ∈ X they could have played at each round in hindsight. Formally, define the regret of a sequence
of moves x1:T := x1, . . . , xT with respect to a sequence of functions f1:T := f1, . . . , fT as

RegretT (f1:T ;x1:T ) :=

T∑
t=1

ft(xt)− inf
x∈X

T∑
t=1

ft(x). (1)

We will assume that X ⊆ Rd with ℓ∞ diameter D < ∞. We will also assume that the functions ft
that the adversary can play are guaranteed to be L-Lipschitz with respect to the ℓ1 norm. That is, for
every x, y ∈ X , and for every t, |ft(x)− ft(y)| ≤ L∥x− y∥1.

Curvature. We say that a function f : X → R has strong convexity constant µ > 0 (with respect
to ℓ1) if for every x, y ∈ X , it holds that

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ µ

2
∥y − x∥21. (2)

We use the convention that µ = 0 if (2) above does not hold for f for any µ > 0.

We note that strong convexity can be defined with respect to many norms/Bregman divergences,
and there are more generalized notions, e.g., uniform convexity, that include strong convexity as a
special case. These are all valid notions of “curvature”. In this paper, we fix one specific notion of
strong convexity, namely (2) with the ℓ1 norm.

The “curvature-adaptivity” that we will be concerned with is not across different notions of curva-
ture, but across the magnitude of curvature under this fixed notion of strong convexity. In particular,
we will seek an algorithm that exploits the (cumulative) strong convexity seen so far. This is di-
rectly analogous to Bartlett et al. [2007]: their work also seeks to adapt to the cumulative curvature
(for an explicitly fixed notion of curvature) observed so far. While Bartlett et al. [2007] estab-
lish this phenomenon for online convex optimization, our contribution is to establish the analogous
curvature-adaptive phenomenon for online non-convex optimization.

Approximate Optimization Oracle. As in Suggala and Netrapalli [2020], we assume that the
learner has access to an “(α, β)-approximate optimization oracle”. Given a function f : X → R

and a vector σ ∈ Rd, the oracle Oα,β(f, σ) returns x̂ ∈ X satisfying

f(x̂)− ⟨σ, x̂⟩ ≤ inf
x∈X

(f(x)− ⟨σ, x⟩) + (α+ β∥σ∥1). (3)

From a worst case complexity point of view, most interesting non-convex problems will not have
efficient oracles, barring a surprising collapse of complexity classes. However, note that the bench-
mark term in the regret definition (1) in a non-convex problem itself solves a difficult offline (offline
because all losses are available to the comparator) optimization problem. When the offline optimiza-
tion problem is computationally hard, one cannot hope for an online algorithm that is substantially
easier in full generality. For this reason, when the offline oracle solves an intractable problem, the
standard oracle-efficient viewpoint in online learning is to keep the computational complexity no
worse than that of the offline problem (e.g., see Hazan and Koren [2016]) by making sure that the
online learner only needs calls to an exact or approximate offline optimization oracle. We neverthe-
less note that in practice, many worst-case hard problems do admit highly effective heuristic solvers,
primary examples being the successes of gradient-based optimization in deep learning and various
specialized solvers for robust regression.

We can now state our main Adaptive FTPL algorithm, which takes as input the oracle Oα,β , and a
non-decreasing schedule ρ1, ρ2, . . . of noise scales to invoke the oracle with.
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Algorithm 1 Adaptive Follow the Perturbed Leader (AdaFTPL)

1: Input: Approximate optimization oracle Oα,β , non-decreasing noise scale schedule ρ1, ρ2 . . . ,
2: for t = 1 . . . T do
3: Generate random vector σt such that {σt,j}dj=1

i.i.d.∼ Exp(1)1

4: Let Ft−1 =
∑t−1

i=1 fi ; predict xt as

xt = Oα,β (Ft−1, ρtσt)

5: Observe loss function ft
6: end for

We are now ready to state our main regret guarantee for Adaptive FTPL. We note that throughout
the paper, we will use the convention 1/0 = +∞.

Theorem 1 (Adaptive FTPL Regret). Let D be the ℓ∞ diameter of X , and suppose that the functions
f1, . . . , fT encountered by Adaptive FTPL (Algorithm 1) are L-Lipschitz with respect to the ℓ1 norm.
Furthermore, let St be the strong convexity constant of Ft =

∑t
i=1 fi. Then, the algorithm has the

following regret guarantee:

Eσ [RegretT (f1:T ;x1:T )] ≤
T∑

t=1

min

125L2d2D

ρt
+

α+ βρtd

20
+ 2βdL,

2L2

St
+ 2L

√
2(α+ βρtd)

St


+ dDρT + αT + dβ

T∑
t=1

ρt. (4)

We give the complete proof of Theorem 1 in Section A, but provide a detailed sketch here.

Proof Sketch. By a standard argument for FTPL (e.g., see Lemma 12 in Hutter and Poland [2005],
Chapter 4 in Cesa-Bianchi and Lugosi [2006]), it suffices to study the regret of Algorithm 1 in the
setting where the functions f1, . . . , fT are specified upfront by an oblivious adversary, and show the
regret bound for every fixed f1, . . . , fT ; so, fix such an oblivious adversary. Now, for an oblivious
adversary, expected regret does not change if instead of drawing a fresh σt at each time step, we
draw a random vector σ = {σj}dj=1

i.i.d.∼ Exp(1) once at the start and reuse it at every time step.
With these considerations, our goal is to upper bound the regret in the left-hand side of (4) for fixed
f1, . . . , fT , where the expectation is only with respect to σ drawn at the start by the algorithm.

The key object that enables the analysis is a “ghost” move x̄t+1 = Oα,β(Ft, ρtσ). Note that x̄t+1

is separate from xt = Oα,β(Ft−1, ρtσ) which the algorithm plays at time t, as well as xt+1 =
Oα,β(Ft, ρt+1σ) which the algorithm plays at time step t + 1. We introduce x̄t+1 solely for the
sake of analysis, and for the reason that it uses a noise vector whose scale matches that of the noise
vector used in the previous time step. This will help us (1) establish a standard decomposition of the
regret into a stability and perturbation term, and (2) directly utilize the bound on the stability term
from Suggala and Netrapalli [2020].

Namely, we show that

Eσ [RegretT (f1:T ;x1:T )] ≤ L

T∑
t=1

Eσ [∥xt − x̄t+1∥1]︸ ︷︷ ︸
stability

+ dDρT + αT + dβ

T∑
t=1

ρt.︸ ︷︷ ︸
perturbation

(5)

This decomposition follows a standard analysis once the ghost object x̄t+1 has been defined. The
stability term arises directly from Lipschitzness. In order to bound the rest of the perturbation terms,
we crucially observe that x̄t+1 is a move that the learner would have liked to play at time step t, but
cannot do so, since it does not know ft. Thus, we can employ a standard “be-the-leader” analysis
for x̄t+1 to bound the perturbation terms in the desired form.

1A random variable X ∼ Exp(η) if for every s ≥ 0, Pr[X ≥ s] = exp(−ηs).
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It then remains to bound the stability terms Eσ [∥xt − x̄t+1∥1]. We do this in two ways, allowing us
to interpolate between non-convexity and strong convexity. First, we observe again that both xt and
x̄t+1 use a noise vector having the same scale ρt; the only difference is that xt invokes the oracle
with Ft−1, whereas x̄t+1 invokes the oracle with Ft. But this means that we can directly use the
analysis of Suggala and Netrapalli [2020] — in their setting, they upper-bound Eσ [∥xt − xt+1∥1]
where both xt and xt+1 use the same noise vector; the same upper bound goes through for us,
provided we replace xt+1 with x̄t+1.

Second, we use a different upper bound on ∥xt−x̄t+1∥ arising from the analysis of follow-the-leader
(FTL) for strongly convex online optimization. Namely, if we assume that the strong convexity
constant of the cumulative function Ft is St, then ∥xt − x̄t+1∥ can be upper-bounded as O(L/St).
This gives a different, curvature-cognizant upper bound on the perturbation term. This bound is
vacuous when Ft is not strongly convex (given that we are using the convention 1/0 = +∞), but it
nevertheless always applies.

Finally, given that we have two upper bounds for the stability term, both of which always hold, we
can use the minimum of these two. This gives us the final regret upper bound in Theorem 1.

3.1 A meta-online learning problem to choose ρt

Observe that the regret bound in Theorem 1 holds for any non-decreasing ρ1, . . . , ρT . We now
consider the problem of optimally choosing this sequence. A natural way to do this is to optimize
the upper bound that we obtain, as a function of ρ1, . . . , ρT .

Namely, for any horizon T , and error parameters α, β, define the offline optimal value of the regret
upper bound over all possible non-decreasing noise scale schedules ρ1 ≤ · · · ≤ ρT that are lower-
bounded by r ≥ 0 (i.e., r ≤ ρ1), as:

OPTα,β
T (r) := inf

r≤ρ1≤···≤ρT

 T∑
t=1

min

125L2d2D

ρt
+

βρtd

20
+ 2Lβd+

α

20
,
2L2

St
+ 2L

√
2(α+ βρtd)

St


+ dDρT + αT + dβ

T∑
t=1

ρt

]
. (6)

When α = β = 0, we denote the quantity above simply as OPT0
T (r). In this case, a single consistent

choice of ρ at all time steps suffices, i.e.,

OPT0
T (r) = inf

ρ≥r

[
T∑

t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ

]
. (7)

This follows by noting that, for every feasible r ≤ ρ1 ≤ · · · ≤ ρT , we can simply set ρt = ρT
for every t; this keeps the sequence feasible, and does not increase any individual term inside the
summation.

Given this, a natural ρt that the algorithm can choose, solely as a function of the information it
has seen so far, is OPT0

t−1(r). This is the value of ρt that would realize the best offline regret in
hindsight, had the game been stopped before round t, and corresponds to an FTL move itself in
the space of noise schedules. This choice of ρt turns out to be non-decreasing; more interestingly,
we can show that the regret of Algorithm 1 instantiated with this choice of ρt is constant-factor
competitive with OPTα,β

T (r).
Theorem 2 (FTL for Noise Scale Schedule). Fix r > 0. Let ρ1 = r, and for t ≥ 2,

ρt = min arg inf
ρ≥r

[
t−1∑
i=1

min

{
125L2d2D

ρ
,
2L2

Si

}
+ dDρ

]
, (8)

Then,

1. ρ1 ≤ · · · ≤ ρT , and every ρt depends only on S1, . . . , St−1.

2. For this noise scale schedule, Algorithm 1 has the following regret guarantee:
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(a) With α = β = 0, we have Eσ [RegretT (f1:T ;x1:T )] ≤ C1 ·OPT0
T (r).

(b) If β ≤ c/T , we have Eσ [RegretT (f1:T ;x1:T )] ≤ C2 ·OPTα,β
T (r).

Here, C1 and C2 are constants depending only on d,D,L, r, and c.

We note that ρt as given by (8) can be efficiently computed, provided that we are given the values
S1, . . . , St−1. To see this, for each Si, consider bi = 125L2d2D

2L2/Si
(where bi = 0 if Si = 0), and sort

the bi values, so that bi1 ≤ bi2 ≤ · · · ≤ bit−1
. Furthermore, set bi0 = 0 and bit = ∞, and consider

the intervals [b̃i0 , bi1), [b̃i1 , bi2), . . . , [b̃it−1
, bit), where b̃ij = max(bij , r). For any ρ ∈ [b̃ij , bij+1

),
observe that the objective function in (8) evaluates to

125jL2d2D

ρ
+ dDρ+

∑
k<t:bik>ρ

2L2

Si
.

Note that the last term is constant for every ρ ∈ [b̃ij , bij+1
). Thus, the “unconstrained” minimizer

for this interval balances the first two terms, giving

ρ̂j =
√

125jL2d.

This is a valid value for ρ̂j , provided
√
125jL2d ∈ [b̃ij , bij+1). However, if

√
125jL2d /∈

[b̃ij , bij+1
), we simply set ρ̂j to be either b̃ij or bij+1

, based on whichever of the two evaluates to a
smaller objective in (8). Finally, we set ρt to be the ρ̂j value which realizes the smallest objective
among all ρ̂j’s.

We give the complete proof of Theorem 2 in Section A, which goes through a be-the-leader analysis
again. Namely, it considers the regret of the algorithm, had it chosen ρt+1 instead of ρt at time step
t (it cannot do so, since it does not know ft). Thereafter, it bounds the cost of instead having played
ρt, by using the specific form of the objective function.

Theorem 2 allows us to derive precise regret guarantees of Algorithm 1, with the choice of ρt given
in (8), for different curvature regimes.
Corollary 3.1 (Curvature-adaptive Regret). Consider Algorithm 1 instantiated with the noise sched-
ule ρt given in (8), and suppose that α, β = O(1/T ). Then, the following guarantee always holds:

Eσ[RegretT (f1:T ;x1:T )] ≤ O(
√
T ).

Additionally, if the cumulative curvature satisfies St ≥ tγ , we have that

Eσ[RegretT (f1:T ;x1:T )] =


O(

√
T ), γ ≤ 1

2 ,

O(T 1−γ), 1
2 < γ < 1,

O(log T ), γ = 1.

The proof of Corollary 3.1 is a calculation upper-bounding OPTα,β
T (r) in each of the regimes, and

is given in Section A.

It is instructive to compare the regime-wise guarantees above to the regime-wise guarantees given
in Corollary 3.3 in Bartlett et al. [2007] for online convex optimization. Specifically, Bartlett et al.
[2007] consider the setting where every individual ft has curvature t−λ (which implies that St ≈
t1−λ), and do casework on λ. Mapping their cases to our cases above yields identical regret bounds
as theirs. In this way, Corollary 3.1 generalizes their guarantees by analyzing different regimes of
cumulative curvature, which allows non-convex functions too.

Lastly, we comment about the setting of the error parameters α, β in our results. Theorem 2 required
no condition on α, but required β = O(1/T ). On the other hand, Corollary 3.1 required α =
O(1/T ) as well. Similar conditions on the error parameters were required by Suggala and Netrapalli
[2020] as well. In particular, Suggala and Netrapalli [2020] required setting α = O(1/

√
T ) and

β = O(1/T ) in order to guarantee O(
√
T ) regret. This suffices for us as well for the purposes of

getting a uniform O(
√
T ) regret guarantee. However, since we are aiming for o(

√
T ) regret in the

cases where curvature is ample, we require α to be smaller. This is made clear by considering the
expression (6) for OPTα,β

T (r), which explicitly contains an αT term.
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4 Lower Bound

The previous section showed that the regret of our algorithm, instantiated with the suggested noise
scale schedule, is at most O(OPT0

T (r)). In fact, it holds that OPT0
T (r) ≤ OPT0

T (0) + dDr (see
Claim B.3), which means that, holding r,D,L fixed, the regret of our algorithm grows with T as
O(OPT0

T (0)). We will now show that a regret of Ω(OPT0
T (0)) is necessary in the worst case for

any algorithm. This shows that the O(OPT0
T (0)) regret bound that we obtained above is not just

a consequence of our analysis, but is in fact inherent. Moreover, it also shows that our algorithm
achieves a minimax optimal regret.

Our lower bound holds for any given sequence of cumulative curvatures satisfying 0 = s0 ≤ s1 ≤
s2 ≤ · · · ≤ sT . In particular, this means that an Ω(OPT0

T (0)) regret is necessary already for a
sequence of convex functions. Given such a curvature sequence, we derive a sequence of functions
f1, . . . , fT that are L-Lipschitz on X , and have cumulative curvature St = st for all t.

More concretely, define the minimax regret for a cumulative curvature sequence s1:T = s1, . . . , sT
to be

RT (s1:T ) := inf
A

sup
f1,...,fT L-Lipschitz on X

St=st for all t

EA [RegretT (f1:T ;x1:T )] . (9)

Theorem 3 (Curvature-specific Lower Bound). Fix the dimension d = 1. There is a universal
constant c > 0, such that for every T ≥ 1 and every non-decreasing sequence 0 = s0 ≤ s1 ≤ · · · ≤
sT satisfying st − st−1 ≤ L

2D for all t ∈ [T ],

RT (s1:T ) ≥ c · inf
ρ≥0

[
T∑

t=1

min

{
L2D

ρ
,
L2

st

}
+Dρ

]
= Ω

(
OPT0

T (0)
)
. (10)

As discussed above, since our algorithm always has a regret guarantee of O(OPT0
T (0)), we thus

have that the minimax regret satisfies RT (s1:T ) = Θ(OPT0
T (0)).

The entire proof of Theorem 3 comprises of several intricate steps, and we defer the details to
Section B. Here, we highlight some salient aspects of the construction. Previous work by Abernethy
et al. [2008] shows a minimax lower bound of Ω(

√
T ) for generic online convex optimization, as

well as a lower bound of Ω(log T ) for strongly convex online optimization. These constructions
use (1) a sequence of random linear functions for the general convex case, and (2) a sequence of
quadratics with drifting centers for the strongly convex case.

Neither of these constructions, by themselves, directly extend to our case, where we wish to show
a lower bound for an arbitrary sequence of non-negative and non-decreasing cumulative curvatures.
Nevertheless, a natural strategy would be to carefully mix in both the above components. That
is, we choose every ft to comprise of a random linear term, together with a quadratic function
whose center zt follows a suitably chosen random process. The curvature constraints imply that the
coefficient on the quadratic term ought to be at = st − st−1. The main technical innovation in the
analysis is the construction of fictitious functions Gt(x) that are regularized forms of the cumulative
functions Ft(x). These functions enable lower-bounding the regret of any algorithm by relating the
best-in-hindsight loss on FT to the telescoping summation of Gt(zt)−Gt−1(zt−1).

Finally, in Section B.1, we complement the regime-specific regret upper bounds given in Corol-
lary 3.1 with matching lower bounds. This shows that the guarantees for our algorithm given in
Corollary 3.1 are optimal.

5 Simulations

We perform synthetic experiments on a sequence of quadratic functions, and compare the regret of
three algorithms: FTL, FTPL and AdaFTPL. We specifically choose quadratics to have precise con-
trol on the cumulative curvatures, and also because the optimization oracle for all the algorithms can
be computed exactly in closed form. Concretely, we set d = 10, and consider X = [−D/2, D/2]d.
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Figure 1: (a)-(e) We gradually increase curvature. (f),(g) Curvature is introduced/taken away in the
middle. (h) Adversarial sequence that causes FTL to oscillate heavily and incur linear regret.

Each ft is of the form

ft(x) := κt

d∑
i=1

at,i(xi − bt,i)
2, (11)

where κt ∈ {+1,−1} is set to be +1 with probability p+, and −1 otherwise. Each at,i ∼ [0, 1/2D],
and bt,i ∼ [−D/2, D/2] uniformly at random, which ensures that ft is 1-Lipschitz on X . Note that
if p+ = 0, every ft is non-convex, and as p+ increases, the cumulative curvature builds up, with
all the functions being strongly convex at p+ = 1. We consider horizons ranging from T = 1 to
T = 3000. For each horizon T , we run each of the algorithms on the sequence f1, . . . , fT , and
compute its final regret. Recall that FTPL as given by Suggala and Netrapalli [2020] is simply
AdaFTPL with ρt = ρ for all t. We set ρ =

√
T as suggested by Suggala and Netrapalli [2020],

which guarantees an O(
√
T ) regret bound. For AdaFTPL, we set ρt according to the noise scale

schedule in Theorem 2. Figures 1a-1e plot the regret of the algorithms (averaged over 10 random
runs) against the time horizon T .

We can observe that when p+ is small, all the three algorithms perform similarly. As p+ increases,
and curvature starts showing up in the function sequence, AdaFTPL adapts to this, and achieves
much better regret than FTPL. In fact, in the cases where p+ = 0.75 and p+ = 1, the regret
of AdaFTPL grows similarly to the regret of FTL (∼ log T ), whereas the regret of FTPL grows
significantly worse (∼

√
T ).

To highlight the adaptive behavior of AdaFTPL, we also consider: (1) a sequence where p+ = 0.5
for the first 1000 functions, and p+ = 1 for the rest of the functions, and (2) a sequence where
p+ = 1 for the first 1000 functions, and p+ = 0.5 for the rest of the functions. The coefficients
at,i for the first 1000 functions are scaled down; the idea is to either introduce/take away positive
curvature in the middle of the sequence, and see if AdaFTPL adapts to it as expected. We can see in
Figures 1f and 1g that this is indeed so: in the first case, beyond T = 1000, the regret of AdaFTPL
grows akin to FTL, and much slower than FTPL. In the latter case, AdaFTPL exploits the available
curvature in the first 1000 steps, and thereafter still maintains its conservative regret guarantee.

Finally, we also include an example (Figure 1h) of an adversarial sequence of functions (with d = 1)
that has alternating κt signs, a standard and well-known failure case for FTL. For this sequence,
FTL plays a sequence of moves that oscillates a lot, causing linear regret, whereas both FTPL and
AdaFTPL, by virtue of their perturbations, play stable moves that result in sublinear regret. This
example highlights how FTL fails drastically in the worst case, even if it may work well in other
problem instances.
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6 Conclusion

In this work, we derived an Adaptive FTPL algorithm that uses time-varying perturbations, and en-
joys regret guarantees that interpolate between O(log T ) and O(

√
T ) based on the curvature present

in the function sequence. We also obtained an intuitive and efficient method to set the noise scale of
the perturbation at each round, as a function of the curvatures of the functions seen so far. We give
a matching lower bound construction which shows that our regret guarantees are optimal. Our work
thus extends adaptive regret rates in the theory of online optimization significantly beyond online
convex optimization.
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A Proofs from Section 3

We restate and prove Theorem 1.

Theorem 1 (Adaptive FTPL Regret). Let D be the ℓ∞ diameter of X , and suppose that the functions
f1, . . . , fT encountered by Adaptive FTPL (Algorithm 1) are L-Lipschitz with respect to the ℓ1 norm.
Furthermore, let St be the strong convexity constant of Ft =

∑t
i=1 fi. Then, the algorithm has the

following regret guarantee:

Eσ [RegretT (f1:T ;x1:T )] ≤
T∑

t=1

min

125L2d2D

ρt
+

α+ βρtd

20
+ 2βdL,

2L2

St
+ 2L

√
2(α+ βρtd)

St


+ dDρT + αT + dβ

T∑
t=1

ρt. (4)

Proof. By a standard argument for FTPL (e.g., see Lemma 12 in Hutter and Poland [2005], Chapter
4 in Cesa-Bianchi and Lugosi [2006]), it suffices to consider the setting where the functions are
specified upfront by an oblivious adversary, and show the regret bound for every fixed f1, . . . , fT .
With obliviously specified functions, it furthermore suffices in Algorithm 1 to simply draw a random
vector σ = {σj}dj=1

i.i.d.∼ Exp(1) once at the start and reuse it at every time step, instead of drawing
a fresh σt at each step. With these considerations, our goal is to upper bound the regret in the left-
hand side of (4) for fixed f1, . . . , fT , where the expectation is only with respect to σ drawn at the
start of the game.

We begin by defining a key quantity in the analysis: for any t = 1, . . . , T , let x̄t+1 = Oα,β(Ft, ρtσ).
Note that x̄t+1 is separate from xt+1 = Oα,β(Ft, ρt+1σ) that the algorithm plays at time step t+1.
We introduce x̄t+1, which uses the noise vector from the previous time step, solely for the sake
of analysis. This will help us (1) establish a standard decomposition of the regret into a stability
and perturbation term, and (2) directly utilize the bound on the stability term from Suggala and
Netrapalli [2020].
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We now claim that2:

Eσ

[
T∑

t=1

ft(xt)− inf
x∈X

T∑
t=1

ft(x)

]
≤ L

T∑
t=1

Eσ [∥xt − x̄t+1∥1]︸ ︷︷ ︸
stability

+ dDρT + αT + dβ

T∑
t=1

ρt.︸ ︷︷ ︸
perturbation

(12)

To see this, fix any x⋆ ∈ X . We have that

T∑
t=1

ft(xt)−
T∑

t=1

ft(x
⋆) =

T∑
t=1

(ft(xt)− ft(x̄t+1)) +

T∑
t=1

(ft(x̄t+1)− ft(x
⋆))

≤ L

T∑
t=1

∥xt − x̄t+1∥1 +
T∑

t=1

(ft(x̄t+1)− ft(x
⋆)), (13)

where the inequality follows by the Lipschitzness assumption. We thus proceed to bound the second
term in (13). With a view to apply the “be-the-leader” inequality, define

gt(x) := ft(x)− ⟨(ρt − ρt−1)σ, x⟩,

(where ρ0 = 0), and observe that

t∑
i=1

gi(x) =

t∑
i=1

fi(x)− ⟨ρtσ, x⟩ = Ft(x)− ⟨ρtσ, x⟩.

So, by the definition of x̄t+1, we have that x̄t+1 is the (approximate) minimizer of
∑t

i=1 gi(x),
where the summation crucially includes i = t. Namely, for any t = 1, . . . , T ,

t∑
i=1

gi(x̄t+1) = Ft(x̄t+1)− ⟨ρtσ, x̄t+1⟩

≤ inf
x∈X

(Ft(x)− ⟨ρtσ, x⟩) + (α+ β∥ρtσ∥1) = inf
x∈X

t∑
i=1

gi(x) + (α+ β∥ρtσ∥1).

(14)

We can thus instantiate the standard “be-the-leader” inequality to obtain that
∑T

t=1 gt(x̄t+1) ≲

infx∈X
∑T

t=1 gt(x). In more detail,

T∑
t=1

gt(x̄t+1)− inf
x∈X

T∑
t=1

gt(x) ≤
T∑

t=1

gt(x̄t+1)−
T∑

t=1

gt(x̄T+1) + (α+ β∥ρTσ∥1)

(plugging t = T in (14))

=

T−1∑
t=1

gt(x̄t+1)−
T−1∑
t=1

gt(x̄T+1) + (α+ β∥ρTσ∥1)

≤
T−1∑
t=1

gt(x̄t+1)−
T−1∑
t=1

gt(x̄T ) + (α+ β∥ρT−1σ∥1) + (α+ β∥ρTσ∥1)

(plugging t = T − 1 in (14))

=

T−2∑
t=1

gt(x̄t+1)−
T−2∑
t=1

gt(x̄T ) + (α+ β∥ρT−1σ∥1) + (α+ β∥ρTσ∥1)

... (repeating all the way down)

≤ g1(x̄2)− g1(x̄3) +

T∑
t=2

(α+ β∥ρtσ∥1)

2We note that setting ρ1 = · · · = ρT = 1
η

recovers the bound in Suggala and Netrapalli [2020].
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≤
T∑

t=1

(α+ β∥ρtσ∥1) (plugging t = 1 in (14))

= αT + β∥σ∥1
T∑

t=1

ρt. (each ρt ≥ 0)

Instantiating the above inequality with x = x⋆, we get
T∑

t=1

gt(x̄t+1) ≤
T∑

t=1

gt(x
⋆) + αT + β∥σ∥1

T∑
t=1

ρt

=⇒
T∑

t=1

ft(x̄t+1)−
T∑

t=1

⟨(ρt − ρt−1)σ, x̄t+1⟩ ≤
T∑

t=1

ft(x
⋆)−

T∑
t=1

⟨(ρt − ρt−1)σ, x
⋆⟩+ αT + β∥σ∥1

T∑
t=1

ρt

=⇒
T∑

t=1

(ft(x̄t+1)− ft(x
⋆)) ≤

T∑
t=1

⟨(ρt − ρt−1)σ, x̄t+1 − x⋆⟩+ αT + β∥σ∥1
T∑

t=1

ρt

=⇒
T∑

t=1

(ft(x̄t+1)− ft(x
⋆)) ≤

T∑
t=1

|ρt − ρt−1|∥σ∥1∥x̄t+1 − x⋆∥∞ + αT + β∥σ∥1
T∑

t=1

ρt

(Hölder’s inequality)

=⇒
T∑

t=1

(ft(x̄t+1)− ft(x
⋆)) ≤ D∥σ∥1ρT + αT + β∥σ∥1

T∑
t=1

ρt,

where we used that X has ℓ∞ diameter D, and that ρ0, . . . , ρT are non-negative and non-decreasing,
with ρ0 = 0. Substituting the bound above in (13), and taking expectation with respect to σ, we get

Eσ

[
T∑

t=1

ft(xt)−
T∑

t=1

ft(x
⋆)

]
≤ L

T∑
t=1

Eσ [∥xt − x̄t+1∥1] +DρT Eσ [∥σ∥1] + αT + Eσ [∥σ∥1] · β
T∑

t=1

ρt

= L

T∑
t=1

Eσ [∥xt − x̄t+1∥1] + dDρT + αT + dβ

T∑
t=1

ρt,

which was the claimed stability-perturbation decomposition in (12).

Now, since xt and x̄t+1 both use the same noise vector ρtσ (whose entries are i.i.d. exponential ran-
dom variables with parameter 1/ρt), we can directly use the bound on the stability term established
in Suggala and Netrapalli [2020, Theorem 1]. Specifically, they show that:

Eσ [∥xt − x̄t+1∥1] ≤
125Ld2D

ρt
+

βρtd

20L
+ 2βd+

α

20L
. (NC)

On the other hand, we can also bound this term differently by considering the curvature of Ft =∑t
i=1 fi. Namely, let St be the strong convexity constant of Ft with respect to ℓ1 (where St = 0

if Ft is not strongly convex). Then note that the function Φ(x) = Ft(x) − ⟨ρtσ, x⟩ also has strong
convexity constant St.

Let zt ∈ argminx∈X Φ(x). Since x̄t+1 also approximately minimizes Φ(x), we have that
Φ(x̄t+1) − Φ(zt) ≤ α + β∥ρtσ∥1. Invoking the strong convexity inequality (2) with y = x̄t+1

and x = zt, and using that Φ(x) is minimized at zt, we get

Φ(x̄t+1) ≥ Φ(zt) +
St

2
∥x̄t+1 − zt∥21 =⇒ St

2
∥x̄t+1 − zt∥21 ≤ Φ(x̄t+1)− Φ(zt) ≤ α+ β∥ρtσ∥1

=⇒ ∥x̄t+1 − zt∥1 ≤

√
2(α+ β∥ρtσ∥1)

St
. (15)

But note also that xt approximately minimizes Ft−1(x)− ⟨ρtσ, x⟩ = Φ(x)− ft(x). That is,

Φ(xt)− ft(xt) ≤ inf
x∈X

(Φ(x)− ft(x)) + α+ β∥ρtσ∥1 ≤ Φ(zt)− ft(zt) + α+ β∥ρtσ∥1.
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This means that

Φ(xt)− Φ(zt) ≤ α+ β∥ρtσ∥1 + ft(xt)− ft(zt) ≤ α+ β∥ρtσ∥1 + L∥xt − zt∥1, (16)

where we used Lipschitzness in the last inequality. Invoking the strong convexity inequality (2)
again with y = xt and x = zt, and using that Φ(x) is minimized at zt, we get

Φ(xt) ≥ Φ(zt) +
St

2
∥xt − zt∥21 =⇒ St

2
∥xt − zt∥21 ≤ Φ(xt)− Φ(zt)

=⇒ St

2
∥xt − zt∥21 ≤ α+ β∥ρtσ∥1 + L∥xt − zt∥1

(using (16))

=⇒ ∥xt − zt∥1 ≤
L+

√
L2 + 2St(α+ β∥ρtσ∥1)

St

=⇒ ∥xt − zt∥1 ≤ 2L

St
+

√
2(α+ β∥ρtσ∥1)

St
, (17)

where in the second-to-last step, we solved a quadratic inequality in the variable ∥xt − zt∥1, and in
the last step, we used that

√
a+ b ≤

√
a+

√
b.

Combining (15) and (17) with the triangle inequality, we get that

∥xt − x̄t+1∥1 ≤ 2L

St
+ 2

√
2(α+ β∥ρtσ∥1)

St
.

Taking expectation with respect to σ, we get

Eσ [∥xt − x̄t+1∥1] ≤
2L

St
+ 2

√
2

St
· Eσ

[√
α+ β∥ρtσ∥1

]
≤ 2L

St
+ 2

√
2

St
·
√
Eσ [α+ β∥ρtσ∥1] (Jensen’s inequality)

=
2L

St
+ 2

√
2(α+ βρtd)

St
. (SC)

Combining this strongly-convex stability bound (SC) with the fallback non-convex stability bound
(NC) from above, and substituting into the stability-perturbation decomposition (12) of the regret,
we get that

Eσ

[
T∑

t=1

ft(xt)− inf
x∈X

T∑
t=1

ft(x)

]
≤

T∑
t=1

min

125L2d2D

ρt
+

α+ βρtd

20
+ 2βdL,

2L2

St
+ 2L

√
2(α+ βρtd)

St


+ dDρT + αT + dβ

T∑
t=1

ρt,

which is the desired bound.

We next restate and prove Theorem 2.
Theorem 2 (FTL for Noise Scale Schedule). Fix r > 0. Let ρ1 = r, and for t ≥ 2,

ρt = min arg inf
ρ≥r

[
t−1∑
i=1

min

{
125L2d2D

ρ
,
2L2

Si

}
+ dDρ

]
, (8)

Then,

1. ρ1 ≤ · · · ≤ ρT , and every ρt depends only on S1, . . . , St−1.

2. For this noise scale schedule, Algorithm 1 has the following regret guarantee:
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(a) With α = β = 0, we have Eσ [RegretT (f1:T ;x1:T )] ≤ C1 ·OPT0
T (r).

(b) If β ≤ c/T , we have Eσ [RegretT (f1:T ;x1:T )] ≤ C2 ·OPTα,β
T (r).

Here, C1 and C2 are constants depending only on d,D,L, r, and c.

Proof. Recall that we set ρ1 = r, and for t ≥ 2,

ρt = min arg inf
ρ≥r

[
t−1∑
i=1

min

{
125L2d2D

ρ
,
2L2

Si

}
+ dDρ

]
︸ ︷︷ ︸

:=Ψt−1(ρ)

,

where we defined the objective function inside the parentheses to be Ψt−1(ρ). It is clear that ρt
depends only on S1, . . . , St−1. We will now argue that ρ1 ≤ · · · ≤ ρT . Note that r = ρ1 ≤ ρ2
holds immediately, since the minimization is over ρ ≥ r.

Now, fix t ≥ 3, and consider any y ∈ [r, ρt−1). Since ρt−1 is the smallest infimizer of Ψt−2(ρ), it
must be the case that

Ψt−2(y) > Ψt−2(ρt−1).

Therefore,

Ψt−1(y) = Ψt−2(y) + min

{
125L2d2D

y
,
2L2

St−1

}
> Ψt−2(ρt−1) + min

{
125L2d2D

ρt−1
,
2L2

St−1

}
= Ψt−1(ρt−1),

where we used that the function min
{

125L2d2D
ρ , 2L2

St−1

}
is non-increasing in ρ. Thus, any feasible

minimizer of Ψt−1 must at least be ρt−1, implying that ρt ≥ ρt−1.

Now, define the clean offline optimum, namely the best regret upper bound in hindsight without any
error terms, to be

OPT0
T (r) := inf

r≤ρ1≤···≤ρT

[
T∑

t=1

min

{
125L2d2D

ρt
,
2L2

St

}
+ dDρT

]
. (18)

We claim that

OPT0
T (r) = inf

ρ≥r

[
T∑

t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ

]
= inf

ρ≥r
ΨT (ρ). (19)

This follows simply by noting that, for every feasible r ≤ ρ1 ≤ · · · ≤ ρT , we can simply set
ρt = ρT for every t; this keeps the sequence feasible, and does not increase any individual term
inside the summation.

Be-the-leader on clean sequence. We will now argue that the sequence of ρt’s above has small
regret on the sequence of clean objective functions, compared to OPT0

T (r). This is the standard be-
the-leader analysis, and proceeds as follows: let g0(ρ) := dDρ, and gt(ρ) = min

{
125L2d2D

ρ , 2L2

St

}
for t ≥ 1. By definition, for any i ∈ {1, . . . , T}:

i∑
t=0

gt(ρi+1) = Ψi(ρi+1) = inf
ρ≥r

Ψi(ρ), (20)

and therefore,
T∑

t=0

gt(ρt+1)− inf
ρ≥r

ΨT (ρ) =

T∑
t=0

gt(ρt+1)−
T∑

t=0

gt(ρT+1)

=

T−1∑
t=0

gt(ρt+1)−
T−1∑
t=0

gt(ρT+1)
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≤
T−1∑
t=0

gt(ρt+1)−
T−1∑
t=0

gt(ρT ) (from (20))

=

T−2∑
t=0

gt(ρt+1)−
T−2∑
t=0

gt(ρT )

... (repeating all the way down)
≤ g0(ρ1)− g0(ρ2)

= dD(ρ1 − ρ2)

= dD(r − ρ2) ≤ 0. (since ρ1 = r)

Thus, we get that

g0(ρ1) +

T∑
t=1

gt(ρt+1)−OPT0
T (r) ≤ 0 =⇒

T∑
t=1

gt(ρt+1) ≤ OPT0
T (r)− dDr. (21)

Actual regret on clean sequence. Note that (21) benchmarks the performance of playing ρt+1 at
time step t, but actually, we want to benchmark the performance of playing ρt. For this, observe that
for any t ≥ 1,

gt(ρt)− gt(ρt+1) = min

{
125L2d2D

ρt
,
2L2

St

}
−min

{
125L2d2D

ρt+1
,
2L2

St

}
≤ 125L2d2D

ρt
− 125L2d2D

ρt+1
,

where we used that ρt ≤ ρt+1. Summing over t, the sum telescopes, and we get

T∑
t=1

(gt(ρt)− gt(ρt+1)) ≤
125L2d2D

ρ1
− 125L2d2D

ρT+1
≤ 125L2d2D

r
.

Substituting this in (21), we get

T∑
t=1

gt(ρt) ≤ OPT0
T (r)− dDr +

125L2d2D

r
.

Folding in the terminal term dDρT on both sides gives

dDρT +
T∑

t=1

gt(ρt) ≤ OPT0
T (r)− dDr +

125L2d2D

r
+ dDρT

≤ OPT0
T (r)− dDr +

125L2d2D

r
+ dDρT+1

≤ OPT0
T (r)− dDr +

125L2d2D

r
+ dDρT+1 +

T∑
t=1

gt(ρT+1)

= 2OPT0
T (r)− dDr +

125L2d2D

r
. (by definition of ρT+1 and OPT0

T (r))

Using dDr ≤ OPT0
T (r) further gives

dDρT +

T∑
t=1

gt(ρt) ≤ C ·OPT0
T (r), (22)

where C = max
(
2, 1 + 125L2d

r2

)
.
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Relating OPT0
T (r) to OPTα,β

T (r). Recall the definition of OPTα,β
T (r):

OPTα,β
T (r) := inf

r≤ρ1≤···≤ρT

 T∑
t=1

min

125L2d2D

ρt
+

βρtd

20
+ 2Lβd+

α

20
,
2L2

St
+ 2L

√
2(α+ βρtd)

St


+ dDρT + αT + dβ

T∑
t=1

ρt

]
,

and note that for every feasible ρ1 ≤ · · · ≤ ρT ,

T∑
t=1

min

125L2d2D

ρt
+

βρtd

20
+ 2Lβd+

α

20
,
2L2

St
+ 2L

√
2(α+ βρtd)

St

+ dDρT + αT + dβ

T∑
t=1

ρt

≥
T∑

t=1

gt(ρt) + dDρT ≥
T∑

t=1

gt(ρT ) + dDρT ≥ OPT0
T (r),

where we used that gt is non-increasing. Infimizing over all feasible ρ1 ≤ · · · ≤ ρT , we get that

OPTα,β
T (r) ≥ OPT0

T (r). (23)

Upper-bounding the regret with respect to OPTα,β
T (r). Recall that we upper-bounded the

“clean terms” of the regret of our ρt schedule in terms of the clean offline optimum in (22). Further-
more, we upper-bounded the clean offline optimum with the true offline optimum in (23). It remains
to fold in the “non-clean” terms that appear in the regret of our ρt schedule, and upper-bound these
in terms of OPTα,β

T (r).

Towards this, for ρ ≥ r, consider the function

Mt(ρ) := min

125L2d2D

ρ
+

βρd

20
+ 2Lβd+

α

20
,
2L2

St
+ 2L

√
2(α+ βρd)

St

 .

Recall that gt(ρ) = min
{

125L2d2D
ρ , 2L2

St

}
. Suppose it is the case that 125L2d2D

ρ ≤ 2L2

St
. Then,

Mt(ρ) ≤
125L2d2D

ρ
+

βρd

20
+ 2Lβd+

α

20
= gt(ρ) +

βρd

20
+ 2Lβd+

α

20
.

On the other hand, suppose that 125L2d2D
ρ > 2L2

St
. Then,

Mt(ρ) ≤
2L2

St
+ 2L

√
2(α+ βρd)

St
= gt(ρ) + 2

√
gt(ρ)(α+ βρd).

Therefore, the following bound always holds:

Mt(ρ) ≤ gt(ρ) +
βρd

20
+ 2Lβd+

α

20
+ 2
√
gt(ρ)(α+ βρd).

Instantiating this inequality for our noise-scale schedule ρ1, . . . , ρT , and summing, we get

T∑
t=1

Mt(ρt) ≤
T∑

t=1

gt(ρt) +
βd

20

T∑
t=1

ρt + 2LβdT +
αT

20
+ 2

T∑
t=1

√
gt(ρt)(α+ βρtd)

≤
T∑

t=1

gt(ρt) +
βd

20

T∑
t=1

ρt + 2LβdT +
αT

20
+ 2

√√√√( T∑
t=1

gt(ρt)

)(
T∑

t=1

(α+ βρtd)

)
.

(Cauchy-Schwarz inequality)
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Adding in the perturbation terms from (12), we get that

T∑
t=1

Mt(ρt) + dDρT + αT + dβ

T∑
t=1

ρt

≤
T∑

t=1

gt(ρt) + dDρT +
21βd

20

T∑
t=1

ρt + 2LβdT +
21αT

20
+ 2

√√√√( T∑
t=1

gt(ρt)

)(
T∑

t=1

(α+ βρtd)

)

≤
T∑

t=1

gt(ρt) + dDρT︸ ︷︷ ︸
clean regret from (22)

+
21βd

20

T∑
t=1

ρt + 2LβdT +
21αT

20
+ 2

√√√√√√√
(

T∑
t=1

gt(ρt) + dDρT

)
︸ ︷︷ ︸

clean regret from (22)

(
T∑

t=1

(α+ βρtd)

)

≤ C ·OPTα,β
T (r) +

21βd

20

T∑
t=1

ρt + 2LβdT +
21αT

20︸ ︷︷ ︸
:=ET

+2

√√√√C ·OPTα,β
T (r)

(
T∑

t=1

(α+ βρtd)

)

≤ C ·OPTα,β
T (r) + ET + 2

√
C ·OPTα,β

T (r) · ET . (24)

Bounding ET . Finally, we aim to upper-bound ET in terms of OPTα,β
T (r). We have

ET =
21βd

20

T∑
t=1

ρt + 2LβdT +
21αT

20

≤ 21βdTρT
20

+ 2LβdT +
21αT

20
. (since ρt is non-decreasing)

Now, observe that αT ≤ OPTα,β
T (r). Furthermore, from (22) and (23),

dDρT ≤ dDρT +

T∑
t=1

gt(ρt) ≤ C ·OPT0
T (r) ≤ C ·OPTα,β

T (r).

Finally, since it also holds that dDr ≤ OPTα,β
T (r), we have that LβdT ≤ LβT

Dr · OPTα,β
T (r).

Combining all this, we get

ET ≤
(
21CβT

20D
+

2LβT

Dr
+

21

20

)
·OPTα,β

T (r).

Plugging in β = O(1/T ). Note that β ≤ c/T suffices to get ET ≤ C ′ ·OPTα,β
T (r), where C ′ is

a constant depending on L,D, d, r and c. Finally, plugging this back in (24), we get

T∑
t=1

Mt(ρt) + dDρT + αT + dβ

T∑
t=1

ρt ≤ C ′′ ·OPTα,β
T (r),

where C ′′ is a constant depending on L,D, d, r and c. Recalling that the quantity on the left-hand
side above is precisely the upper-bound on regret shown in Theorem 1 completes the proof.

Corollary 3.1 (Curvature-adaptive Regret). Consider Algorithm 1 instantiated with the noise sched-
ule ρt given in (8), and suppose that α, β = O(1/T ). Then, the following guarantee always holds:

Eσ[RegretT (f1:T ;x1:T )] ≤ O(
√
T ).

Additionally, if the cumulative curvature satisfies St ≥ tγ , we have that

Eσ[RegretT (f1:T ;x1:T )] =


O(

√
T ), γ ≤ 1

2 ,

O(T 1−γ), 1
2 < γ < 1,

O(log T ), γ = 1.
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Proof. In view of Theorem 2, it suffices to upper-bound OPTα,β
T (r), where

OPTα,β
T (r) := inf

r≤ρ1≤···≤ρT

 T∑
t=1

min

125L2d2D

ρt
+

βρtd

20
+ 2Lβd+

α

20
,
2L2

St
+ 2L

√
2(α+ βρtd)

St


+ dDρT + αT + dβ

T∑
t=1

ρt

]
.

Choose ρt = ρ for all t. By taking the non-convex branch in the min, we have that

OPTα,β
T (r) ≤

T∑
t=1

(
125L2d2D

ρ
+

βρd

20
+ 2Lβd+

α

20

)
+ dDρ+ αT + dβTρ

=
125L2d2DT

ρ
+

21βρdT

20
+ 2LβdT + dDρ+

21αT

20

= O

(
T

ρ
+ ρ

)
. (substituting α, β = O(1/T ))

Setting r = 1 and ρ =
√
T gives OPTα,β

T (r) ≤ O(
√
T ).

Now, suppose that St ≥ tγ . When γ ≤ 1/2, we already have the O(
√
T ) regret bound from above.

Regime 1
2 < γ < 1. Choose r = 1 and ρt = ρ = 1 for all t. By taking the strongly-convex branch

in the min, we have that

OPTα,β
T (r) ≤

T∑
t=1

2L2

St
+ 2L

√
2(α+ βρd)

St

+ dDρ+ αT + dβTρ

≤ O

(
T∑

t=1

t−γ + T−1/2
T∑

t=1

t−γ/2

)
≤ O

(
T 1−γ + T 1/2−γ/2

)
= O(T 1−γ).

Regime γ = 1. Choose r = 1 and ρt = ρ = 1 for all t. By taking the strongly-convex branch in
the min, we have that

OPTα,β
T (r) ≤

T∑
t=1

2L2

St
+ 2L

√
2(α+ βρd)

St

+ dDρ+ αT + dβTρ

= O

(
T∑

t=1

1

t
+ T−1/2

T∑
t=1

t−1/2

)
= O(log T ).

B Proofs from Section 4

We restate and prove Theorem 3.

Theorem 3 (Curvature-specific Lower Bound). Fix the dimension d = 1. There is a universal
constant c > 0, such that for every T ≥ 1 and every non-decreasing sequence 0 = s0 ≤ s1 ≤ · · · ≤
sT satisfying st − st−1 ≤ L

2D for all t ∈ [T ],

RT (s1:T ) ≥ c · inf
ρ≥0

[
T∑

t=1

min

{
L2D

ρ
,
L2

st

}
+Dρ

]
= Ω

(
OPT0

T (0)
)
. (10)
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Setup. Fix X to be the interval [−D/2, D/2] ⊆ R. Let 0 = s0 ≤ s1 ≤ · · · ≤ sT be the given
sequence of cumulative curvatures. For any t ∈ [T ], let

at := st − st−1 ≥ 0.

The lower bound of Theorem 3 holds for any sequence satisfying that at ≤ L/2D for all t. As will
become clearer, this condition is used solely to ensure that the functions used in the lower bound are
all L-Lipschitz on X .

Recall that

RT (s1:T ) := inf
A

sup
f1,...,fT L-Lipschitz on X

St=st for all t

EA [RegretT (f1:T ;x1:T )] . (25)

and we seek to show that

RT (s1:T ) ≥ c · inf
ρ≥0

[
L2

T∑
t=1

min

{
D

ρ
,
1

st

}
+Dρ

]
. (26)

It will be convenient to instead lower bound RT (s1:T ) by the quantity:

inf
γ≥0

[
D2γ + L2

T∑
t=1

1

st + γ

]
. (27)

Indeed, this will be sufficient, due to the following claim:
Claim B.1. For every s ≥ 0 and γ ≥ 0,

1

2
min

{
1

s
,
1

γ

}
≤ 1

s+ γ
≤ min

{
1

s
,
1

γ

}
,

with the convention 1/0 = ∞.

Proof. The upper bound follows because s + γ ≥ s and s + γ ≥ γ. The lower bound follows
because s+ γ ≤ 2max{s, γ}.

Hence, if we lower-bound RT (s1:T ) in terms of the quantity in (27), the desired lower bound in (26)
will follow by the change of variable γ = ρ/D.

We thus proceed to lower-bound RT (s1:T ) by infγ≥0

{
D2γ + L2

∑T
t=1

1
st+γ

}
, and divide the

proof into 8 steps:

Step 1: Defining the hard distribution for a fixed γ

Fix an arbitrary deterministic learner. Also, fix γ ≥ 0 which satisfies:

1. st + γ > 0 for every t.

2. H2(γ) :=
∑T

t=1
1

(st+γ)2 ≤ D2

L2

We will later choose an optimal value of γ which satisfies these conditions.

Let ε1, . . . , εT be independent Rademacher random variables in {−1,+1}. Set

g :=
L

8
.

The functions f1, . . . , fT will be a sequence of carefully chosen quadratics, where each ft has
curvature at (and since at ≥ 0, each quadratic is convex). The centers and linear tilts ℓt of each ft
are specified by the following process.

Initialize z0 = 0, and declare the process to be active. For each round t = 1, 2, . . . , T :

1. If the process is active before round t, set ℓt = gεt; if it has been declared inactive, set
ℓt = 0.

20



2. Set
ft(x) :=

at
2
(x− zt−1)

2 − ℓt(x− zt−1). (28)

3. Update

zt = zt−1 +
ℓt

st + γ
. (29)

4. If the process was active before round t and |zt| > D/4, declare the process inactive.

Observe that once the process above becomes inactive, all future linear tilts are zero and the center
stays constant. Note also that all the functions f1, . . . , fT are determined as a function of γ and the
sequences s1, . . . , sT and ε1, . . . , εT .

Step 2: Feasibility of centers and functions

We first argue that all the centers z0, . . . , zT belong to X = [−D/2, D/2]. For this, note that
assuming the bound on H2(γ) given in Item 2, the magnitude of each update satisfies∣∣∣∣ ℓt

st + γ

∣∣∣∣ ≤ g
√

H2(γ) ≤
L

8
· D
L

=
D

8
.

Now observe that z0 = 0, and for any t where the process is active before round t, we have |zt−1| ≤
D/4. Furthermore, if at round t, |zt| becomes larger than D/4 causing the process to become
inactive, we have

|zt| ≤ |zt−1|+D/4 ≤ D/4 +D/8 = 3D/8 < D/2.

Thereafter, the center remains fixed, and hence zt ∈ X for all t ∈ {0, 1, . . . , T}.

We now argue that all the functions are feasible. Observe that even if the process has been declared
inactive, the quadratic terms with coefficients at are still played. Thus, for every round,

f ′′
t (x) = at ≥ 0,

so ft is convex. The cumulative loss Ft =
∑t

i=1 fi satisfies

F ′′
t (x) =

t∑
i=1

ai = st,

so the cumulative curvature is exactly the prescribed value st.

Since all the centers lie in X , for every x ∈ X ,

|f ′
t(x)| = |at(x− zt−1)− ℓt| ≤ atD + |ℓt|.

Since at ≤ L/2D and |ℓt| ≤ g = L/8,

|f ′
t(x)| ≤

L

2
+

L

8
< L. (30)

Thus, every ft is convex, L-Lipschitz on X , and has the required cumulative curvature schedule.

Step 3: The learner’s expected cumulative loss is nonnegative

For any t, observe that conditioned on ε1, . . . , εt−1, the learner’s move xt is determined (since it is
deterministic). Furthermore, the center zt−1, as well as whether the process remains active/has been
declared inactive before round t is also determined. We consider the two cases separately.

Case 1: The process is active before round t. Then ℓt = gεt, where εt is independent of
ε1, . . . , εt−1, and has mean zero. Hence,

E[ℓt | ε1, . . . , εt−1] = 0.

By definition of ft (28),

E[ft(xt) | ε1, . . . , εt−1] =
at
2
(xt − zt−1)

2 ≥ 0.
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Case 2: The process has become inactive before round t. Then ℓt = 0, so

ft(xt) =
at
2
(xt − zt−1)

2 ≥ 0,

and therefore
E[ft(xt) | ε1, . . . , εt−1] ≥ 0.

In both cases,
E[ft(xt) | ε1, . . . , εt−1] ≥ 0.

Thus, we get that

E

[
T∑

t=1

ft(xt)

]
=

T∑
t=1

E[ft(xt)] =

T∑
t=1

Eε1,...,εt−1
E[ft(xt) | ε1, . . . , εt−1] ≥ 0. (31)

Step 4: A regularized cumulative loss that has an exact quadratic invariant

Define the fictitiously regularized cumulative loss

Gt(x) := Ft(x) +
γ

2
x2.

We claim that, for all t ≥ 0,

Gt(x) = Gt(zt) +
st + γ

2
(x− zt)

2, (32)

and for t ≥ 1,

Gt(zt) = Gt−1(zt−1)−
ℓ2t

2(st + γ)
. (33)

To see this, observe that for t = 0, G0(x) =
γ
2x

2, and since z0 = 0 and s0 = 0, (32) holds. Now,
let t ≥ 1, and suppose that (32) holds for t− 1. Then, we have that

Gt(x) = Gt−1(x) + ft(x)

= Gt−1(zt−1) +
st−1 + γ

2
(x− zt−1)

2 +
at
2
(x− zt−1)

2 − ℓt(x− zt−1)

(by definition of ft)

= Gt−1(zt−1) +
st + γ

2
(x− zt−1)

2 − ℓt(x− zt−1). (using that at = st − st−1)

= Gt−1(zt−1) +
st + γ

2

[
(x− zt−1 −

ℓt
st + γ

]2
− ℓ2t

2(st + γ)
. (completing the square)

Substituting x = zt, and recalling the center update from (29) gives (33). Thereafter, substituting
the expression for Gt(zt) from (33) back in the above gives (32).

Step 5: Telescoping the regularized cumulative loss

Telescoping (33) gives

GT (zT ) = −
T∑

t=1

ℓ2t
2(st + γ)

. (34)

Since zT ∈ X , and using that FT (x) = GT (x)− (γ/2)x2 ≤ GT (x),

inf
x∈X

FT (x) ≤ FT (zT ) ≤ GT (zT ).

Therefore,

− inf
x∈X

FT (x) ≥ −GT (zT ) =

T∑
t=1

ℓ2t
2(st + γ)

. (35)

Taking expectation, and combining (31), (35), we get

E [RegretT (f1:T ;x1:T )] ≥ E

[
T∑

t=1

ℓ2t
2(st + γ)

]
. (36)

Note that the sole randomness in the expectations above is from ε1, . . . , εT .
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Step 6: Process remains active throughout with constant probability

Observe that the centers z0, z1, . . . , zT follow a random process, and if the process is active before
round t,

zt =

t∑
i=1

ℓi
si + γ

.

Consider a coupling (zt,mt), where mt = zt up until the time the process becomes inactive, but
thereafter, mt continues to evolve as above even after zt has become constant. That is, for every t,

mt =

t∑
i=1

ℓi
si + γ

.

Note that each term in the sum above has mean 0. Furthermore, the variance of mT is

Var[mT ] = E[m
2
T ] = g2

T∑
t=1

1

(st + γ)2
.

We are now in a position to invoke Kolmogorov’s maximal inequality [Billingsley, 2017, Theorem
22.4].
Proposition B.2 (Kolmogorov’s maximal inequality). Let mt =

∑t
i=1 xi, where x1, . . . , xT are

independent mean-zero random variables with finite variance. Then, for every r > 0,

Pr

[
max
1≤t≤T

|mt| ≥ r

]
≤ E[m2

T ]

r2
.

By Proposition B.2 applied to our sequence m1, . . . ,mT , we get that

Pr

[
max
1≤t≤T

|mt| ≥ D/4

]
≤ 16g2

D2

T∑
t=1

1

(st + γ)2
≤ 1

4
, (37)

where we used the assumed bound from Item 2 on H2(γ), and recalled that g = L/8. Thus, with
probability at least 3/4, the sequence mt never exceeds D/4 in absolute value. But on this event,
mt coincides with zt. We therefore conclude that with probability at least 3/4, the process stays
active throughout, i.e., every ℓt = gεt; let A denote this event. Recalling the lower bound on regret
from (36), we get

E [RegretT (f1:T ;x1:T )] ≥ E

[
T∑

t=1

ℓ2t
2(st + γ)

]

= Pr[A] · E

[
T∑

t=1

ℓ2t
2(st + γ)

∣∣∣ A]+ Pr[¬A] · E

[
T∑

t=1

ℓ2t
2(st + γ)

∣∣∣ ¬A]︸ ︷︷ ︸
≥0

≥ 3L2

512

T∑
t=1

1

st + γ
. (38)

Step 7: Choosing γ

We now choose γ appropriately, so that both Items 1 and 2 hold. Let

Ψ(γ) := D2γ + L2
T∑

t=1

1

st + γ
, γ ≥ 0.

We claim that infγ≥0 Ψ(γ) is attained at some γ⋆ ≥ 0, and γ⋆ satisfies both the required conditions
(hence, we will choose γ = γ⋆). To see this, note first that

Ψ(2L/D) = 2LD + L2
T∑

t=1

1

st + 2L/D
< ∞,
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so let B := Ψ(2L/D) < ∞. Note that B ≥ 2LD. Then, for any γ > B+1
D2 ,

Ψ(γ) ≥ D2γ > D2

(
B + 1

D2

)
= B + 1 > B.

Thus, if the infimum infγ≥0 Ψ(γ) is attained at all, it is attained in [0, B+1
D2 ], which includes 2L/D.

Now note that if every st > 0, then Ψ(γ) is continuous on [0, B+1
D2 ]. However, if any st = 0, then

the term 1
st+γ blows up at γ = 0. Nevertheless, note in this case that for any γ > 0,

Ψ(γ) ≥ L2

st + γ
=

L2

γ
.

So, if we set δ := L2

B+1 , then for any 0 < γ < δ,

Ψ(γ) ≥ L2

γ
>

L2

δ
= B + 1.

Furthermore, δ = L2

B+1 ≤ L2

2LD+1 ≤ L2

2LD < 2L/D. Thus, in this case, if the infimum infγ≥0 Ψ(γ)

is attained at all, it is attained in [δ, B+1
D2 ]. Furthermore, Ψ is continuous on this interval.

So, define the closed and bounded interval K ⊆ [0,∞) as

K =

{[
0, B+1

D2

]
if st > 0 for all t,[

δ, B+1
D2

]
otherwise.

(39)

Then, it always holds that

• 2L/D ∈ K.

• For any γ ≥ 0 such that γ /∈ K, Ψ(γ) > Ψ(2L/D).

• Ψ is continuous on K.

Then, by the extreme value theorem, there exists γ⋆ ∈ K such that

Ψ(γ⋆) = min
γ∈K

Ψ(γ) ≤ Ψ(2L/D).

Together with the properties of K above, we have shown that γ⋆ attains infγ≥0 Ψ(γ).

We now check Items 1 and 2 for γ = γ⋆. Note that if st > 0 for all t, it immediately holds that
st + γ⋆ > 0 for all t. On the hand, if some st = 0, then γ⋆ > 0, and we again get that st + γ⋆ > 0
for all t. Thus, Item 1 holds.

Now, for γ > 0, we have that

Ψ′(γ) = D2 − L2
T∑

t=1

1

(st + γ)2
= D2 − L2H2(γ).

If γ⋆ > 0, by the first-order optimality condition, we have that

H2(γ⋆) =
D2

L2
. (40)

On the other hand, if γ⋆ = 0, the right derivative of Ψ at γ = 0 must be non-negative, which gives

H2(γ⋆) ≤
D2

L2

Thus, we have shown that Item 2 holds.
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Step 8: Putting things together, and concluding

Recalling the regret lower bound (38), and plugging in γ⋆, we have that

E [RegretT (f1:T ;x1:T )] ≥
3L2

512

T∑
t=1

1

st + γ⋆
.

We now wish to further lower bound the right-hand side above with Ψ(γ⋆). For this, suppose that
γ⋆ = 0. In this case,

Ψ(γ⋆) = L2
T∑

t=1

1

st + γ⋆
.

On the other hand, if γ⋆ > 0, we have by the first-order optimality condition (40) that

D2 = L2
T∑

t=1

1

(st + γ⋆)2

=⇒ D2γ⋆ = L2
T∑

t=1

γ⋆
(st + γ⋆)2

= L2
T∑

t=1

1

st + γ⋆
· γ⋆
st + γ⋆

≤ L2
T∑

t=1

1

st + γ⋆
,

and hence,

Ψ(γ⋆) = D2γ⋆ + L2
T∑

t=1

1

st + γ⋆
≤ 2L2

T∑
t=1

1

st + γ⋆
.

In either case, we are guaranteed that Ψ(γ⋆) ≤ 2L2
∑T

t=1
1

st+γ⋆
; substituting this in our regret

bound above, we get

E [RegretT (f1:T ;x1:T )] ≥
3

1024
Ψ(γ⋆) =

3

1024
· inf
γ≥0

[
D2γ + L2

T∑
t=1

1

st + γ

]
. (41)

The bound above holds for every deterministic learning algorithm, over the randomness of
ε1, . . . , εT . This implies a corresponding lower bound for any randomized algorithm, by the stan-
dard Yao argument [Yao, 1983]. Concretely, let A be any randomized algorithm. Conditioned on
any fixed realization r of its randomness, the algorithm Ar is deterministic. Thus, we can invoke
the lower bound in (41) for Ar, to get

Eε1:T

[
RegretAr,T (f1:T ;x1:T )

]
≥ 3

1024
· inf
γ≥0

[
D2γ + L2

T∑
t=1

1

st + γ

]
.

Averaging over the randomness r then gives that

Er Eε1:T

[
RegretAr,T (f1:T ;x1:T )

]
=Eε1:T Er

[
RegretAr,T (f1:T ;x1:T )

]
≥ 3

1024
· inf
γ≥0

[
D2γ + L2

T∑
t=1

1

st + γ

]
.

In particular, this implies the existence of a fixed sequence ε1, . . . , εT , and corresponding functions
f1, . . . , fT , such that

Er

[
RegretAr,T (f1:T ;x1:T )

]
≥ 3

1024
· inf
γ≥0

[
D2γ + L2

T∑
t=1

1

st + γ

]
.

Since the lower bound above holds for every randomized learning algorithm A, we get

RT (s1:T ) ≥
3

1024
· inf
γ≥0

[
D2γ + L2

T∑
t=1

1

st + γ

]

≥ c · inf
ρ≥0

[
L2

T∑
t=1

min

{
D

ρ
,
1

st

}
+Dρ

]
. (using Claim B.1)

This concludes the proof of Theorem 3.

25



B.1 Optimality of regime-specific rates

Here, we argue that the rates obtained by our algorithm in the different curvature in Corollary 3.1
are optimal.

Recall from Theorem 3 that the minimax regret is lower bounded (upto constant factors) by
OPT0

T (0), where

OPT0
T (0) ≥ c · inf

ρ≥0

[
T∑

t=1

min

{
1

ρ
,
1

St

}
+ ρ

]
.︸ ︷︷ ︸

:=Ψ(ρ)

Here, the constant c hides a dependence on d,D,L. It thus suffices to calculate Ψ(ρ) in the regimes
where St = tγ (for γ ≥ 1/2), and show a matching characterization as that in Corollary 3.1.

Consider

Ψ(ρ) = inf
ρ≥0

[
T∑

t=1

min

{
1

ρ
,
1

St

}
+ ρ

]
,

for St = tγ .

Towards this, we first further characterize the precise form of Ψ(ρ). For 0 ≤ t < T , consider the
intervals It = [tγ , (t+ 1)γ), and let IT = [T γ ,∞). For any ρ ∈ It, observe that Ψ(ρ) evaluates to

t

ρ
+ ρ+

∑
t<i≤T

i−γ .

Note that the last term is constant for every ρ ∈ It. Thus, the “unconstrained” minimizer for this
interval balances the first two terms, giving

ρ̂t =
√
t.

This is a valid value for ρ̂t, provided
√
t ∈ It. However, if

√
t /∈ It, we simply set ρ̂t to be either tγ

or (t+ 1)γ , based on whichever of the two evaluates to a smaller Ψ(ρ). Thus, we get that

inf
ρ≥0

Ψ(ρ) = min
0≤t≤T

 t

ρ̂t
+ ρ̂t +

∑
t<i≤T

i−γ

 . (42)

When γ < 1/2, it may be verified that the minimum above gets achieved at t = T (for large enough
T ), whereby ρ̂T =

√
T , giving that the quantity in (42) is at least T/

√
T +

√
T = Ω(

√
T ). When

γ ≥ 1/2, the minimum in (42) gets achieved at t = 0 as ρ̂0 → 0, whereby the quantity in (42) is at
least

∑T
i=1 i

−γ , which gives the claimed lower bounds on the rates in each regime of γ.

B.2 Relating OPT0
T (r) and OPT0

T (0)

Claim B.3. Recall the definition of OPT0
T (r):

OPT0
T (r) = inf

ρ≥r

[
T∑

t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ

]
.

For any r ≥ 0, it holds that

OPT0
T (r) ≤ OPT0

T (0) + dDr.

Proof. For any ρ ≥ 0, let ρ̃ = max(r, ρ). Then observe that for any t,

min

{
125L2d2D

ρ̃
,
2L2

St

}
≤ min

{
125L2d2D

ρ
,
2L2

St

}
.
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Furthermore,

dDρ̃ ≤ dDρ+ dDr.

Therefore,

T∑
t=1

min

{
125L2d2D

ρ̃
,
2L2

St

}
+ dDρ̃ ≤

T∑
t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ+ dDr.

Infimizing over ρ ≥ 0 gives,

inf
ρ≥0

[
T∑

t=1

min

{
125L2d2D

ρ̃
,
2L2

St

}
+ dDρ̃

]
≤ inf

ρ≥0

[
T∑

t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ+ dDr

]

=⇒ inf
ρ≥r

[
T∑

t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ

]
≤ inf

ρ≥0

[
T∑

t=1

min

{
125L2d2D

ρ
,
2L2

St

}
+ dDρ

]
+ dDr

=⇒ OPT0
T (r) ≤ OPT0

T (0) + dDr.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The results we derive directly reflect what we state in the abstract.

Guidelines:

• The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A [No] or
[N/A] answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: We are candid about the merits and limitations of our results in the paper.

Guidelines:

• The answer [N/A] means that the paper has no limitation while the answer [No] means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We state all assumptions necessary of our theoretical results.

Guidelines:

• The answer [N/A] means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theo-

rems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We only perform basic synthetic experiments that are simple to implement,
and describe the setup in Section 5.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• If the paper includes experiments, a [No] answer to this question will not be per-

ceived well by the reviewers: Making the paper reproducible is important, regardless
of whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear

how to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [No]

Justification: We only perform basic synthetic experiments that are simple to implement,
and describe the setup in Section 5.

Guidelines:

• The answer [N/A] means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://neurips.
cc/public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not
be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [N/A]

Justification: We only perform basic synthetic experiments that are simple to implement,
and describe the setup in Section 5.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of

detail that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We plot the standard deviation in our figures.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-

ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or fig-
ures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [N/A]

Justification: We only perform basic synthetic experiments that are simple to implement,
and describe the setup in Section 5.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have followed the code to the best of our knowledge.

Guidelines:

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

• If the authors answer [No], they should explain the special circumstances that require
a deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]

Justification: We don’t anticipate any drastic societal impacts of our work.

Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no soci-

etal impact or why the paper does not address societal impact.
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• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: Our paper is primary theoretical, and we don’t anticipate any risk.

Guidelines:

• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]

Justification: Not applicable. Please see our responses above regarding code and experi-
ments.

Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?
Answer: [N/A]
Justification: Not applicable. Please see our responses above regarding code and experi-
ments.
Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?
Answer: [N/A]
Justification: Not applicable.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: Not applicable.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [Yes]
Justification: We used ChatGPT routinely in the development and verification of some of
the technical ideas used in the paper.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should
not be described.
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