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Abstract

Recent advances in generative artificial intelligence (GenAI) models have enabled
the generation of personalized content that adapts to up-to-date user context. While
personalized decision systems are often modeled using bandit formulations, the
integration of GenAI introduces new structure into otherwise classical sequential
learning problems. In GenAI-powered interventions, the agent selects a query, but
the environment experiences a stochastic response drawn from the generative model.
Standard bandit methods do not explicitly account for this structure, where actions
influence rewards only through stochastic, observed treatments. We introduce
generator-mediated bandit–Thompson sampling (GAMBITTS), a bandit approach
designed for this action/treatment split, using mobile health interventions with large
language model-generated text as a motivating case study. GAMBITTS explicitly
models both the treatment and reward generation processes, using information in the
delivered treatment to accelerate policy learning relative to standard methods. We
establish regret bounds for GAMBITTS by decomposing sources of uncertainty in
treatment and reward, identifying conditions where it achieves stronger guarantees
than standard bandit approaches. In simulation studies, GAMBITTS consistently
outperforms conventional algorithms by leveraging observed treatments to more
accurately estimate expected rewards.

1 Introduction

Bandit algorithms are ubiquitous in the design of personalized interventions as they provide a flexible
framework for learning from context and outcomes over time. Recently, researchers have begun
integrating generative artificial intelligence (GenAI) models into these systems to enable richer
forms of personalization in areas such as healthcare, e.g., patient care and mobile health (mHealth)
[2, 23], personalized education [24], music [48], and marketing [28]. By generating rich, tailored
content on-the-fly, GenAI integration expands the scope of personalization beyond what fixed libraries
can offer, since predefined intervention options are unable to accommodate the full range of user
contexts encountered in practice. While this real-time generative capability opens new possibilities
for intervention design, it disrupts the action/reward feedback loop that underpins traditional bandit
learning. Rather than directly acting on the environment, the agent selects a query—e.g., a prompt
to a large language model (LLM)—and the environment receives the stochastic output generated in
response to that query, which we refer to as the “treatment.” This separation between the agent’s
action and the delivered treatment introduces additional stochasticity into the intervention process
and motivates the need for algorithms that explicitly account for the generative mechanism.

Broadly, we focus on online decision-making problems where the treatment delivered to the envi-
ronment is a random function of the agent’s action. As a motivating case study, we consider the use
of LLMs in sequential mHealth interventions. Traditionally, mHealth systems deliver text-based

∗Equal contribution.

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



support using data collected from smartphones and wearables, adapting to rapid fluctuations in user
context, physiology, and behavior [39, 50]. Bandit algorithms have become a workhorse for this
sequential personalization, with personalized Just-in-Time Adaptive Interventions (pJITAIs) serving
as a popular setting in which such methods are developed and evaluated [51, 33, 14].

This framework for mHealth intervention has inspired countless recent advances in bandit algorithms;
e.g., allowing partial pooling of information across users [19, 52, 20], accommodating non-stationarity
to adapt to shifting user behavior patterns [33], and integrating high-dimensional covariates [3].
While these advancements further optimize bandit learning within this intervention framework, such
approaches are fundamentally limited by reliance on a fixed library of text intervention options.

Dynamic message generation via LLMs offers a path forward. Throughout our analyses, we assume
access to a generator whose responses are guaranteed to be safe and suitable for delivery (see
Section 7). In this setting, the agent selects a query based on user context, submits both query and
user context to the LLM, and delivers the generated text response as the treatment. The user then
produces a reward signal (e.g., behavior or engagement). Crucially, while the agent selects the query,
it cannot control the LLM’s response.

This setup motivates a bandit framework where the agent’s action affects the environment only
through a high-dimensional, stochastic treatment. Standard bandit algorithms are not designed to
exploit this indirect treatment mechanism, leading to inefficient learning by failing to make use of the
structure linking treatments to rewards. Section 3 more precisely defines this generator-mediated
bandit (GAMBIT) framework.

We develop a Thompson sampling-based framework tailored to this action/treatment split, incorporat-
ing explicit models of the treatment and reward generation processes. This framework serves as the
backbone of our approach due to its central role in pJITAI designs, which often rely on Thompson
sampling both for its theoretical guarantees and for its compatibility with downstream causal analyses
using logged data, a key consideration in mobile health research [33]. We call the proposed approach
generator-mediated bandit–Thompson sampling (GAMBITTS).

GAMBITTS selects actions by reasoning over both the distribution of treatments induced by each
query and the reward those treatments generate, using a two-stage sampling procedure that captures
uncertainty across the intervention process. In settings where the agent has simulation access to the
treatment-generating mechanism, this structure enables offline estimation of the treatment model,
accelerating online adaptation. To address the high dimensionality of treatments in generative
settings (e.g., LLM-generated text), GAMBITTS projects each observed treatment into a fixed
low-dimensional representation, enabling scalable and sample-efficient learning.

This work responds to the core challenge of learning when actions yield stochastic, observed treat-
ments. The primary contributions are: (a) the GAMBITTS framework for bandit learning with
stochastic treatments, (b) algorithmic instantiations of GAMBITTS that vary in their approach to
modeling the treatment-generation process, ranging from fully online updates to approaches that
pretrain the treatment model, as well as ensemble-based variants that support nonlinear reward
modeling, (c) theoretical regret bounds for GAMBITTS, including decompositions that isolate con-
tributions from treatment and reward uncertainty, showing when modeling treatment generation
leads to improved learning efficiency, and extending guarantees to flexible, nonlinear reward models,
(d) empirical results demonstrating the limitations of standard methods and the performance gains
achieved by GAMBITTS-based approaches.

2 Related Work

In the bandit literature, researchers have illustrated how leveraging the causal structure underlying
sequential interventions can improve policy learning [30, 37, 35]. Subsequent work has supported
this conclusion, developing bandit algorithms in a wide variety of causal structures [57, 56]. These
approaches model a set of binary, interconnected random variables X = fX1; : : : ; XNg with general
causal pathways to a reward Y . Actions are framed as interventions on subsets of X, and algorithms
are aimed at optimizing reward in settings where the action space corresponds to modifying causally
linked features that influence Y . In parallel, Sen et al. [2017] and Maiti et al. [2022] explore related
environments where unobserved confounding can impact bandit learning [45, 38].
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While the works discussed above emphasize general causal structures with limited treatment represen-
tations, our focus is the inverse: a specific mediation structure, where actions influence reward through
an observed stochastic intermediate, but with rich, high-dimensional treatments (i.e., the intermediate
generative output). This designed mediation, where the effect of the agent’s action operates through
the generator’s stochastic response, parallels the instrumental variable (IV) framework, in which an
instrument affects outcomes only indirectly via a stochastic channel [22]. Recent work has connected
IV estimation and bandit design in classical econometric settings [58, 9], while related research
has explored similar structures under noncompliance, where the realized action may differ from
the one selected by the agent [49, 29]. Kallus [2018] makes this connection explicit through the
instrument-armed bandit framework [25]. Most recently, Zou et al. [2025] study mediated bandit
environments from a psychometric perspective [59].

Appendix A discusses further connections and distinctions between our framework and the methods
discussed above, along with recent work on LLMs and bandits and related, application-focused,
literature from the mHealth community.

3 Problem Formulation and Notation

We consider a sequential decision-making setting in which, at each time t = 1; : : : ; T , an agent:
(i) observes a context Xt 2 X � RdC , (ii) selects an action At 2 A, where jAj = K 2 N, (iii)
sends (At; Xt) to a generator, (iv) receives response Gt 2 G and delivers Gt to the environment,
and (v) observes reward Yt 2 R. The goal of the agent is to learn a policy for choosing actions that
maximizes cumulative expected reward over time.

As a concrete example, consider an mHealth intervention designed to encourage physical activity.
At time t, the agent: (i) observes user context/covariates Xt (e.g., steps taken the previous day and
current location), (ii) selects an action At, corresponding to a query from a finite set of options (e.g.,
“Please write a message that encourages the user to walk more; I have attached the user’s current
location and previous day’s step count”), (iii) sends the query, along with the context, to an LLM,
(iv) delivers the LLM’s response, Gt, to the user, and (v) observes reward Yt (e.g., user’s subsequent
step count).

In our motivating example, G represents the output of an LLM, and the treatment space G consists of
natural language text. In such GenAI settings, G is exceedingly high-dimensional, making it natural
to posit the effect of G on Y occurs through a lower-dimensional embedding Z∗ 2 Z∗ � Rd� ,
which serves as a sufficient representation of the treatment for predicting reward. Recent work in
high-dimensional causal inference supports this assumption, showing that such lower-dimensional
embeddings can yield representations sufficient for treatment effect estimation (see, e.g., Veitch et
al. [2019]) [53]. Because Z∗ is not observed in practice, the analyst must instead specify a working
embedding h(G) = Z 2 Z � Rd. We discuss strategies for constructing h in Section 4. Furthermore,
in practice, the agent may also restrict which components of Xt are passed to the generator; we
discuss this case in Appendix B.1.

A G

X

Y

Z*

Figure 1: Generator-Mediated Bandit Causal Structure
Notes: (i) Dotted lines represent deterministic relationships.
(ii) Arrows from X to A are omitted to represent the data-generating process rather than the
decision logic.
(iii) A: Action/Query; X: Full Context; G: Generated Response; Z∗: True Response Embedding;
Y : Reward.
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We refer to the resulting learning setup as a generator-mediated bandit (GAMBIT) problem. This
causal structure is summarized in the directed acyclic graph (DAG) in Figure 1.

4 Methodology: Generator-Mediated Bandit–Thompson Sampling

As discussed above, we seek a Thompson sampling-based framework for our bandit agent, in line
with its prevalence in mHealth interventions. We observe two key conditional structures to model:

Z j A;X , and E [Y j Z;X] ;

which correspond to the treatment and reward models. Modeling these two components comprises the
two stages of the proposed Thompson sampler and induces the following parametrized environment:

Treatment model: Zt � f1 (z;At; Xt; �1) Treatment prior: �1 � �1 ;

Reward model: E [Yt j Zt; Xt] = m2 (Zt; Xt; �2) Reward prior: �2 � �2 :

The construction of working treatment representation Z = h(G) depends on the application domain.
In marketing applications, for instance, G may represent AI-generated images, while in our moti-
vating mHealth setting, G corresponds to LLM-generated text, necessitating different approaches
to representation. For implementation, all algorithmic steps operate on the observed working em-
bedding Z, not the unobserved benchmark Z∗. While the GAMBITTS framework is agnostic to the
form of h, the choice can substantially influence empirical performance. The effectiveness of the
GAMBITTS projection approach depends on how well Z preserves reward-relevant information;
when Y ?? Z∗ j Z;X , modeling Y j Z;X captures the full signal in Z∗ (and thus that in G as
well). As the conditional dependence Y j Z;X diverges from Y j Z∗; X , performance may degrade.
We explore this phenomenon empirically in Section 6 and further discuss robustness to embedding
misspecification in Appendix C. In our motivating setting, many projection strategies have been
proposed for natural language-based interventions; see, e.g., [18, 53, 43, 11, 21, 54].

We propose two general approaches for GAMBITTS implementation: a fully online variant that
updates both treatment and reward models sequentially, and a partially online variant that pretrains
the treatment model using offline data and updates only the reward model during deployment. To
improve flexibility and accommodate nonlinear reward relationships, we extend both variants with
the ensemble-based sampling strategies introduced in Lu and Van Roy [2017] [36].

The algorithms below focus on settings where the decision to intervene (e.g., to send the user a text
message) has already been made. In practice, mHealth interventions often include an initial decision
of whether to send a message at all; GAMBITTS can be trivially extended to accommodate this
preliminary selection step, as discussed in Appendix B.2.

4.1 Fully Online Generator-Mediated Bandit–Thompson Sampling

LetDt = fXs; As; Gs; Ysgt−1
s=1 represent the data collected up to time t. Algorithm 1 below describes

a fully online approach for selecting action At based on Dt.

Algorithm 1 Fully Online GAMBITTS (foGAMBITTS)

Inputs: Data Dt, priors �1, �2, models f1, m2, current context xt.
1: Derive posterior distributions P1 (�1 j Dt) and P2 (�2 j Dt).
2: Sample �1;t � P1 (�1 j Dt) and �2;t � P2 (�2 j Dt).
3: For each a 2 A, calculate

E�1;t;�2;t
[Y j a; xt] =

Z
Z
m2 (z; xt; �2;t) f1(z; a; xt; �1;t)dz:

4: Set At = arg max
a0∈A

E�1;t;�2;t
[Y j a′; xt].

The integral in Step 3 can often be intractable in closed form, but can be efficiently approximated via
Monte Carlo approaches. Furthermore, because GAMBITTS selects agents via posterior sampling, it
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induces well-defined randomization probabilities that can be used for downstream causal inference or
offline evaluation. Specifically, the probability of selecting action a at time t is

p∗t;a =

Z
�2

Z
�1

1
8<:a = arg max

a0∈A
E�1;�2

[Y j a′; xt]
9=;
P1 (�1 j Dt)P2 (�2 j Dt) d�1d�2:

In settings where these probabilities are required for post hoc causal analyses (e.g., analysis of
pJITAIs), the full set

�
p∗t;a
	
a∈A;t=0;:::;T

can be approximated retrospectively, after the study period,
when additional computational resources are available [4, 33]. Alternatively, if sufficient computing
power is available at deployment time, the agent may compute these probabilities online and sample
from them directly. As with the integral in Step 3, the quantities p∗t;a can be estimated via Monte
Carlo sampling from the posterior distributions over �1 and �2.

4.2 Partially Online Generator-Mediated Bandit–Thompson Sampling

In settings where the agent has simulation access to the generator, or access to additional data sources,
it may be possible to learn the treatment model independently of user interactions. For example, in
our motivating application, an mHealth intervention designer could query an LLM multiple times
without sending any generated text to users.

This capability motivates a partially online GAMBITTS (poGAMBITTS). The poGAMBITTS framework
exploits simulation access to the generator to offload learning of the first-stage distribution, Z j A;X
to an offline phase. Empirically, this decomposition can substantially improve online performance, as
discussed in Section 6.

Here, we consider the generator G to be a random function, which the agent can query using
prompt-context pairs (a; x) 2 A � X . In the poGAMBITTS framework, the agent can obtain an
offline approximation of the treatment distribution f1 by: (i) simulating Moff prompt-context pairs��
a1; x1

�
; : : : ;

�
aMoff ; xMoff

�	
, (ii) using the generator to simulate G(ai; xi), with gi(ai; xi)

denoting the observed output and zi denoting its observed Z embedding, for i = 1; : : : ;Moff ,
and (iii) taking foff1 (z;At; Xt) to be the empirical conditional distribution observed in Doff :=��
ai; xi; zi

�	Moff

i=1
.

In cases where jX j is finite, the agent can repeatedly prompt the generator for each prompt-context
pair (a; x) 2 A� X and directly use the empirical distribution of Z j A;X in Doff as foff1 . When
jX j is infinite, the agent must instead fit a model to estimate the conditional distribution of Z j A;X
based on Doff , and use this estimate as the treatment model.

Algorithm 2 Partially Online GAMBITTS (poGAMBITTS)

Inputs: Data Dt, prior �2, model m2, current context xt, pretrained model foff1 .
1: Derive the posterior distribution P2 (�2 j Dt).
2: Sample �2;t � P2 (�2 j Dt).
3: For each a 2 A, calculate

E�2;t
[Y j a; xt] =

Z
Z
m2 (z; xt; �2;t) f

off
1 (z; a; xt)dz:

4: Set At = arg max
a0∈A

E�2;t
[Y j a′; xt].

As in foGAMBITTS, the probability of selecting action a at time t can be written explicitly, here asZ
�2

1
8<:a = arg max

a0∈A
E�2

[Y j a′; xt]
9=;
P2 (�2 j Dt) d�2;

which can be computed or approximated retrospectively if randomization probabilities are needed for
post hoc causal analyses. Again, we can approximate E�2;t

[Y j At = a;Xt = xt] via Monte Carlo.
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Moreover, one may wish to blend the approaches in Algorithms 1 and 2 by using simulated of�ine
data to form a posterior distribution over the treatment model parameters,P

�
� 1 j D of f

�
. During

online deployment, the agent may either continue updating this posterior online, or �x it and sample
throughout learning (avoiding the computational cost of full online� 1 posterior updates).

4.3 Ensemble-Based GAMBITTS Approaches

Algorithms 1 and 2 require explicit posterior updates for reward model parameters (� 2), restricting the
class of models that can be feasibly used. This restriction can be particularly limiting for two reasons.
First, �exible models are often desirable to avoid strong parametric assumptions onE [Y j Z; X ].
Second, whenZ is an imperfect proxy forZ � , �exible models may help capture residual information
and improve the approximation ofE [Y j Z � ; X ] throughm2(Z; X ).

To address these challenges, we propose an ensemble-based posterior approximation strategy, drawing
on the ensemble sampling framework introduced in Lu and Van Roy [2017] [36]. This approach
maintains an ensemble of models to approximate the posterior distribution over parameters, making
posterior sampling tractable even for complex or nonlinear models. We present ensemble-based vari-
ants of Algorithms 1 and 2 (ens-foGAMBITTSandens-poGAMBITTS, respectively) in Appendix D.
In Section 6, we evaluate the performance ofens-poGAMBITTSusing a multilayer perceptron (MLP)
model forE [Y j Z; X ].

5 Theoretical Guarantees

This section explores regret guarantees for the GAMBITTS algorithms introduced in Section 4.
We revisit the generator-mediated bandit learning problem from Section 3, now from a theoretical
perspective. Throughout, we assume a �nite context space (i.e.,jX j = C < 1 ) and focus on
the correctly speci�ed setting where the working treatment projection matches the true underlying
treatment embedding (i.e.,Z = Z � ).

Under these assumptions, treatment and reward generation at timet follows a two-stage stochastic
process. First, given contextx t and actionat , the generator samples an intermediate treatment
variablezt 2 Rd from a distribution� � 1

x t ;a t
(with densityf 1 (z; x t ; at ; � 1)) supported on the ball

Bd(B ) = f z 2 Rd : kzk2 � B g. Second, the agent receives a noisy rewardyt = m2(zt ; x t ; � 2)+ � t ,
where� t is � 2-subgaussian noise. Here,� = f � 1; � 2g are unknown parameters. We also assume that
the mean reward distributionm2 (Z; x ; � 2), underZ � � � 1

x;a , is � 1-subgaussian for all(x; a) 2 X �A .

The goal of the agent is to minimize the time-T cumulative Bayesian regret, de�ned as

BRT := E

"
TX

t =1

�
E� � 1

X t ;A �
t

[m2(Z; X t ; � 2) j X t ; A �
t ; � ] � E� � 1

X t ;A t

[m2(Z; X t ; � 2) j X t ; A t ; � ]
� #

;

where the inner expectations are overZ and the outer expectations overX , � 1, � 2, and agent
actionsA. The benchmarka�

t denotes the Bayes-optimal action in contextx t , de�ned byA �
t :=

arg max
a2A

E� � 1
x t ;a

[m2(Z; x t ; � 2) j � ].

As a baseline, we consider a Thompson sampling agent that models the problem as a conventional
multi-armed contextual bandit overX � A , ignoring the generator-mediation structure. We refer
to this as a “standard” Thompson sampling approach, as it captures a natural modeling choice that
treats rewards as a direct consequence of actions. This serves as a point of comparison in both our
theoretical and empirical results. As shown in Appendix E, its Bayesian regret satis�es

BRstandard
T � eO

�
(� 1 + � 2)

p
CKT

�
(1)

While the regret bound for the standard Thompson sampling agent is tight (i.e., matching known lower
bounds), it becomes unfavorable when either the context or action space is large. This motivates
the GAMBITTS approach, which can exploit shared structure in the treatment space to support
generalization across arms. We begin by analyzingpoGAMBITTS, as this approach aligns more closely
with our motivating setting, then turn to thefoGAMBITTSvariant. Appendix E presents the proofs of
all results discussed below, along with additional theoretical results.
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5.1 Regret Analysis forpoGAMBITTS

We begin by analyzing the regret ofpoGAMBITTS. This algorithm uses empirical conditional distribu-
tions, with densitiesf of f

1 (z; x; a), that approximate the true treatment distributions� � 1
x;a and de�ne

the estimated mean reward

bm2(x; a; � 2) =
Z

Z
m2(z; x; � 2)f of f

1 (z; x; a)dz:

poGAMBITTScan be viewed as a Thompson sampling algorithm operating on the estimated mean
reward functionbm2. More generally, we can consider other traditional bandit algorithms operating in
the “partially online stochastic treatment” setting, where actions are selected based on an estimated
reward model derived from an empirical treatment distribution. Although actions are chosen with
respect tobm2, rewards are generated according to the true meanm2, introducing a form of model
misspeci�cation. Nevertheless, we show that if the empirical treatment model is suf�ciently close to
the true distribution, then running a no-regret contextual bandit algorithm onbm2 still yields no-regret
guarantees for the original problem.

In the following results, we let" > 0 and consider empirical treatment modelsf of f
1 satisfying

KL
�

f of f
1 (�; x; a)




 f 1 (:; x; a; � 1)

�
� " for all (x; a) 2 X � A : (2)

As shown in Appendix E, under regularity conditions on� � 1
X;A , f of f

1 will satisfy (2) given
poly

�
d; " � 1

�
draws from the simulator for each(x; a) 2 X � A .

Theorem 1. Let f of f
1 be an empirical model for the treatment distribution satisfying(2). LetAlg be

a contextual bandit algorithm that selects actions based on the estimated reward functionbm2. Then,
runningAlg in the partially online stochastic treatment setting givesT-step Bayesian regretBR Alg

T ,
with

BR Alg
T � O

�
dBR

Alg
T + T

p
"T

�
;

wheredBR
Alg
T is theT-step Bayesian regret ofAlg with respect tobm2.

Theorem 1 bounds the agent's true regret in terms of its regret under the estimated reward model
induced by its misspeci�ed treatment distribution. ForpoGAMBITTSwith a linear reward model, we
get the following result.

Corollary 1. Let f of f
1 satisfy(2). If m2 (z; xt ; � ) is linear in z 2 Rd, then the Bayesian regret of

poGAMBITTS(Algorithm 2) satis�es BRpo:lin
T � eO

�
� 2d

p
T + T

p
"T

�
:

When " � (� 2d=T)2, the regret simpli�es toeO
�

� 2d
p

T
�

. This is sharper than the standard

Thompson sampling bound wheneverd <
�

1 + � 1
� 2

� p
CK .

We now considerpoGAMBITTSwith a nonlinear reward model. In Theorem 2, the complexity
measuresdimE (F ; T � 2) andN (F ; T � 2; k � k1 ) denote the eluder dimension and the covering
number ofF , respectively. Appendix E provides formal de�nitions of these measures.

Theorem 2. Let f of f
1 satisfy(2). For any function classF with bm2 2 F , the Bayesian regret of

poGAMBITTS(Algorithm 2) satis�es

BRpo:F
T � eO(� 2

p
dimE (F ; T � 2) log N (F ; T � 2; k � k1 )T + T

p
"T ):

5.2 Regret Analysis forfoGAMBITTS

We now present regret guarantees forfoGAMBITTS(Algorithm 1) in the linear reward setting, which
applies when the agent does not have simulator access to the distributionsf � x;a g(x;a )2X �A .

Theorem 3. If m2 (z; xt ; � ) is linear inz 2 Rd, the Bayesian regret offoGAMBITTS(Algorithm 1)
satis�es

BRfo :lin
T � eO

�
� 1

p
CKT + � 2d

p
T

�
:
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The bound nearly matches the minimax lower bound of
(max f � 1
p

CKT ; � 2
p

dTg), presented in
Appendix E. Comparing Theorem 3 and Equation 1 showsfoGAMBITTSachieves a sharper regret
bound than standard Thompson sampling wheneverd �

p
CK . When the working treatment

representation is low-dimensional and well-speci�ed, the bene�ts from generalizing across arms
outweigh the cost of estimating the treatment distribution. Moreover, the advantage grows when
� 2 � � 1, since generalizing across arms helps more when reward noise dominates. In addition, when
� 1 < 1=

p
CK , the regret offoGAMBITTSbecomes comparable to that ofpoGAMBITTS. In such

cases, where the generator is suf�ciently concentrated, simulator access offers little improvement.

Having established regret guarantees for the GAMBITTS algorithms, we now turn to their empirical
evaluation in Section 6.

6 Simulation Results

To evaluate GAMBITTS-based algorithms, we designed a simulation study modeled on the 2023
Intern Health Study (IHS) which was aimed at supporting mental health among medical interns [40].
At each decision point, the agent(i ) observes user context (location, recent step count),(ii ) selects a
prompt from a �nite list to submit to an LLM (Llama 3.1 8.0B), and(iii ) delivers the generated text
response as the intervention [15]. The environment then generates a reward based on select semantic
dimensions of the generated text (optimism, severity, formality, clarity, and encouragement). The
semantic dimensions were constructed by training one-dimensional variational autoencoders on text
generated to vary along each axis, yielding mappings from text to scores used in the reward model
(see Appendix G.3 for more details).

While no deployed JITAIs currently integrate LLMs for real-time message generation (and thus no
real-world dataset exists for this setting), we calibrate our simulation using empirical distributions
from the 2023 IHS to model realistic conditional reward structures. Details on the compute resources,
generative model, prompt design, and reward speci�cation are provided in Appendix G, with code and
further documentation available on GitHub. Additionally, Appendix F includes further simulations
exploring different �rst- and second-stage variance decompositions, varying theZ dimensionality
d, altering the level of simulation access available topoGAMBITTS, incorporating direct covariate
in�uence on reward, and evaluating performance under nonlinear data-generating mechanisms. All
�gures are based on 250 Monte Carlo runs per agent, with 95% con�dence intervals shown.

6.1 Illustrative Example

We begin with a simple example where the outcome at timet is given byYt = �Z optimism
t + " t ;, with

Z optimism
t denoting the optimism score of the generated message and" t

IID� N (0; � ). As discussed
above, parameters� and� are derived from IHS data. This setup isolates a single semantic dimension,
where we expect GAMBITTS to outperform standard Thompson sampling by leveraging shared
reward structure. We compare GAMBITTS algorithms to both contextual and non-contextual standard
Thompson sampling agents (StdTS:Contextual andStdTS, respectively); as shown in Figure 2,
StdTS performs better here and is used as the baseline in subsequent simulations. As expected,
GAMBITTS methods achieve lower regret than standard Thompson sampling, withpoGAMBITTS
performing especially well in this setting.

Figure 2: Cumulative Regret Under Single-Dimension Reward Model
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6.2 Embedding Misspeci�cation

The assumption that the agent has correctly identi�ed howG in�uencesY (i.e., thatZ = Z � ) is
quite strong. To assess the impact of misspecifying this mechanism, we revisit the illustrative setting
from Section 6.1, but evaluate performance when the agent uses a linear model with an alternative
embedding. As discussed in Section 4, we expect GAMBITTS performance to degrade as the working
embedding departs from the true reward-relevant dimension (optimism).

(a)poGAMBITTS (b) foGAMBITTS

Figure 3: Cumulative Regret Under Treatment Embedding Misspeci�cation

Figure 3 con�rms this pattern: GAMBITTS performs well when the working embedding is correlated
with the true one, but deteriorates as the correlation declines (see Table G.3.4 in Appendix G). In
low-correlation settings, it can even underperform standard Thompson sampling, as policy learning
fails when working treatment representations are misaligned with rewards.

6.3 Scaling Number of Arms in a More Complex Reward Structure

We next vary the number of treatment arms to test Corollary 1, which predictspoGAMBITTSregret
does not scale withK in linear settings. Furthermore, in this section and throughout Appendix F,
we turn to a more complex linear reward structure based onZ optimism, Z formality, andZ severity. As we
move to more complex data-generating environments, we introduce anens-poGAMBITTSagent with
an MLP reward model.

(a)K = 3 (b) K = 5 (c) K = 15

(d) K = 30 (e)K = 40

Figure 4: Cumulative Regret for Varying Across Sizes of Action Space

The simulations varying the size of the action set largely aligned with our expectations: the regret of
the linearpoGAMBITTSalgorithm was stable across values ofK , and the regret ofens-poGAMBITTS
increased slightly withK , but not substantially. This pattern is encouraging, as it suggests that
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additional intervention options can be incorporated by increasingK without incurring a large regret
penalty, though computational cost scales linearly withK . foGAMBITTSperformed noticeably worse
in this setting, which is expected given that it must estimate the distribution ofZ for each(x; a)
pair. A more natural comparator forfoGAMBITTSis the contextual bandit, and we examine this
comparison in Appendix F.

7 Discussion and Future Work

This paper introduces GAMBITTS for online learning in generator-mediated bandit environments,
showing promise for a synergistic relationship between classical bandit methods and modern advances
in generative modeling. By formalizing settings in which actions (e.g., prompts) produce stochastic
treatments (e.g., generated responses), this framework opens new opportunities for personalization in
domains such as marketing, mHealth, and education, where treatments cannot be easily enumerated
and real-time generation can yield more deeply-tailored interventions.

This work opens up a wide range of directions for future research. One immediate area concerns the
structure and speci�cation of the working treatment embedding. As shown in Section 6, GAMBITTS
can still perform well under embedding misspeci�cation, and �exible reward models can help mitigate
this issue. Still, a natural extension would be to learn the embedding online, (e.g., through online
suf�cient dimensionality reduction). Another direction involves moving beyond a static generator.
While this manuscript assumes a �xed model, �ne-tuning the generator based on observed outcomes
could offer new opportunities for intervention design. Finally, this manuscript assumes that the
agent always delivers the generated response to the environment. While this may be appropriate in
some applications, in others it may be essential to ensure that any content sent to users is safe. In
such cases, intervention designers may wish to incorporate safety checks or content �lters prior to
delivery. Incorporating these constraints into the generator-mediated bandit framework may require
new GAMBITTS variants and accompanying theoretical analysis.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately re�ect the
paper's contributions and scope?

Answer: [Yes]

Justi�cation: The abstract and introduction describe the proposed generator-mediated bandit
framework and the Thompson sampling-based algorithm (GAMBITTS) (these are presented
in Sections 3 and 4, respectively). They also summarize the theoretical regret bounds and
empirical performance improvements over standard baselines, aligning with the theoretical
results in Section 5 and the empirical results in Section 6.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and re�ect how
much the results can be expected to generalize to other settings.

• It is �ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justi�cation: We discuss limitations related to the reliance on a correctly speci�ed working
embedding and examine robustness to misspeci�cation in Section 6.2. Additioanlly, as
noted in Section 5, the performance ofpoGAMBITTSdepends on the quality of the �rst-stage
treatment approximation, and the theoretical results are derived under simpli�ed conditions,
including a �xed context space and treatment model.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci�cation, asymptotic approximations only holding locally). The authors
should re�ect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should re�ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should re�ect on the factors that in�uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational ef�ciency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci�cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justi�cation: We explain the assumptions for our main body results in Section 5. We include
proofs in Appendix E.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi�cation: We include algorithmic details in Section 4, simulation speci�cations in
Appendix G, and we include the code necessary to reproduce our results in the supplementary
material.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri�able.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf�ce, or if the contribution is a speci�c model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf�cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justi�cation: We provide code in the supplementary materials with instructions for repro-
ducing the simulation results reported in Section 6 and Appendix F. This code will be
made publicly available on GitHub upon publication; the link is omitted here to preserve
anonymity.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy ) for more details.
• While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy ) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi�cation: We describe the simulation setup and implementation details in Appendix G,
including data-generating mechanisms and hyperparameters. We also include code in the
supplementary materials to ensure results can be reproduced exactly.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical signi�cance
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Question: Does the paper report error bars suitably and correctly de�ned or other appropriate
information about the statistical signi�cance of the experiments?

Answer: [Yes]

Justi�cation: As discussed in Section 6, we report95% con�dence intervals for Monte
Carlo estimates of cumulative reward. These intervals are computed across 250 independent
runs per agent and re�ect uncertainty due to randomization in the environment and learning
process.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, con�-

dence intervals, or statistical signi�cance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not veri�ed.

• For asymmetric distributions, the authors should be careful not to show in tables or
�gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding �gures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide suf�cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi�cation: We present this information in Appendix G.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethicshttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi�cation: The research complies with the NeurIPS Code of Ethics. We have, to the best
of our ability, followed best practices in licensing, reproducibility, and responsible use of
external models and datasets, and we address potential limitations and risks in Section 7.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
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• If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justi�cation: Yes. We discuss broader social impacts in Appendix H, including potential
bene�ts in areas like education and mHealth. We also note risks associated with deploying
LLM-generated text in sensitive settings and highlight future directions for adapting the
framework to mitigate those risks (see Section 7).

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake pro�les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci�c
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.
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11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
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Answer: [NA]

Justi�cation: We do not release any new pretrained models or datasets. However, we
discuss potential risks and implications of deploying algorithms like ours in sequential
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• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
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12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi�cation: We use Llama 3.1 to generate text-based treatments in our simulations and
cite the of�cial technical report. We used the model in accordance with its non-commercial
research license, and all other external assets are properly credited and used within their
stated terms.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets,paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justi�cation: The paper introduces a simulation framework and a pool of LLM-generated
text-based treatments. These are included in the supplementary materials along with code
and documentation describing how they were generated and used in the experiments.

Guidelines:

• The answer NA means that the paper does not release new assets.
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14. Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justi�cation: We did not conduct any experiments involving human subjects or crowdsourc-
ing. However, some simulation parameters were based on prior published studies involving
human participants, which we cite appropriately.
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• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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• Including this information in the supplemental material is �ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
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• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
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Answer: [NA]
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basis for our simulation experiments. While the LLM is not part of the learning algorithm
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A Further Related Work

Eldowa et al. [2024] studybandits with mediator feedbackfrom an information-theoretic perspective,
broadly considering settings where the effect of an action is funneled through a stochastic mediator
[12].2 Among works on bandits with mediator feedback, our approach is most closely related to those
that draw connections to instrumental variables and noncompliance. Zhang et al. [2022] and Della
Vecchia and Basu [2025] adopt an econometric perspective, developingOFUL-based algorithms for
bandit problems with endogenous covariates. While both consider continuous treatments, they do not
focus on high-dimensional treatment spaces or settings in which treatments can be generated of�ine
without interacting with the environment [58, 9]. Moreover, these works emphasize interpretable
parameter estimation, particularly in the structural model of the reward, whereas our primary focus is
on predictive modeling for policy learning. This distinction is important in generative settings, where
treatments (e.g., LLM-generated text) are dif�cult to interpret directly, and causal inference is used to
support adaptive decision-making rather than uncover underlying mechanisms.

Other related efforts include Stirn and Jebara [2018], which introduces Thompson sampling in the
context of noncompliance, assuming a shared, discrete action and treatment space [49]. Kveton et
al. [2023] also study noncompliance and employ a Thompson sampling-based approach, aiming to
identify actions with the highest compliance-weighted mean reward, rather than modeling the full
stochastic treatment-generation process [29].

The generator-mediated bandit setup most closely resembles the noncompliance-inspiredinstrument-
armed bandit(IAB) framework of Kallus [2018], where each arm pull represents the choice of an
instrument, and the mediated bandit environment of Zou et al. [2025] [25, 59]. One key departure in
our setting is the presence of a stochastic generator that produces the treatment, which leads us to
focus on questions of treatment representation, generator access, and nonlinear outcome modeling,
areas not emphasized in the IAB or other mediated bandit frameworks.

In contrast to Kallus' focus, our setting does not require the treatment spaceGto match the action
spaceA . While assuming a shared action and treatment space is natural for modeling noncompliance,
where the intended and realized actions are ideally aligned, our setting explicitly separates the two.
Here, the distinction is fundamental rather than incidental, re�ecting the design goal of producing
personalized responses rather than enforcing direct action execution.

Like Zou et al. [2025], we consider a general framework for learning in mediated bandit environments.
However, motivated by the complex nature of generative outputs, we focus on �exible, potentially
nonlinear models for both the mediator and the reward. In contrast, Zou et al. frame their approach
more explicitly as a surrogate-reward method,3 emphasizing linear models and aiming for robustness
in cases where the action may in�uence the reward directly, outside the mediation pathway.4

The works discussed above present algorithms that can be broadly understood as instances of a
generalnoisy actionframework, where the environment observes a stochastic transformation of the
agent's chosen action.5 From this perspective, GAMBITTS represents a speci�c instantiation of a
noisy-action Thompson sampler. While GAMBITTS is motivated by the GAMBIT framework, with
high-dimensional and continuous treatment spaces, takingh = I (as de�ned in Section 3) recovers
algorithms suited to the econometric and psychometric mediated bandit environments discussed
above. Further takingG = A yields algorithms appropriate for noncompliance settings.

In addition to bandit methods with comparable structure, described above, another line of research
has explored intersections between LLMs and bandits. Although these approaches address different
statistical questions, they nonetheless relate to our setting through their shared focus on combining
LLMs with bandit methods. Within this broader category, the most directly related line of work
concerns using bandits for prompt selection, where prompts are treated as arms and evaluated based
on task-speci�c performance. In contrast with our approach, much of this literature considers settings
with deterministic rewards once the LLM output is observed, or with white-box access to the model

2Their analysis focuses on discrete mediators and introduces anEXP4-based algorithm.
3We note that GAMBITTS can also be viewed in this way, as discussed in Section 5.
4In our motivating application, the action affects the outcome only through the generated treatment, making

full mediation a reasonable assumption.
5We use the termnoisy actionto emphasize that, from the environment's perspective, the observed treatment

is a noisy representation of the agent's intended action.
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[7, 8, 34, 46]. Another line of recent research examines LLMs themselves as the decision-making
agents in multi-armed bandit [27, 17, 26, 41]. For a broader overview of work at the intersection of
LLMs and bandits, see Bouneffouf and Feraud [2025] [5].

In the mHealth literature, researchers have recently begun exploring how LLMs can support interven-
tion design, motivated by the the parallel rise of mobile interventions interventions and generative
models. Haag et al. [2024] compared the quality of JITAI intervention text generated by GPT-4 to
that authored by both domain experts and non-experts. Their �ndings showed that LLM-generated
content performed favorably compared with human-authored text [16]. Additionally, James et al.
[2024] conducted a randomized trial comparing LLM- and human-generated goals in a gami�ed
mHealth application, evaluating their impact on participant engagement. The study found no signif-
icant difference in engagement between the two groups, suggesting that LLMs may offer a viable
and scalable alternative for content generation in such settings [23]. However, as the goals were
pre-written and not personalized in real time; the study did not evaluate the use of LLMs for on-the-�y
message generation or adaptive personalization. Lastly, the IHS-COMPASS studies used LLMs to
generate JITAI intervention text in recent deployments. However, as in James et al. [2024], these
messages were pre-written rather than generated on-the-�y [13].

B Practical Variations

B.1 Restricting Context for the Generator

As discussed in Section 3, in many practical applications, the agent may restrict which features of
X t are passed to the generator, selecting a subsetX G

t � X t to include in the query. While some
components ofX t may be useful for outcome modeling, they may not be appropriate for inclusion
in the prompt sent to the generator. For example, a variable like weight could improve reward
prediction but would likely be excluded from the generator input for ethical or design reasons. The
corresponding causal structure is shown in Figure 5.

Figure 5: Generator-Mediated Bandit Causal Structure (Restricted Context in Query)
Notes: (i) Dotted lines represent deterministic relationships.
(ii) Arrows fromX to A are omitted to represent the data-generating process rather than the
decision logic.
(iii) A: Action/Query;X : Full Context;X G : Context Sent to Generator;G: Generated Response;
Z � : True Response Embedding;Y : Reward.

The methods and analyses in this manuscript change only super�cially whenX G
t 6= X t . In this case,

the treatment model introduced in Section 4,f 1 (z; A t ; X t ; � 1), is replaced byf 1
�
z; A t ; X G

t ; � 1
�
.

Additionally, all algorithms that invokef 1 inherit this modi�cation.

B.2 Optional Prompting Extension

As discussed in Section 4, mHealth interventions frequently begin with a decision of whether to
deliver any message at all. GAMBITTS can be naturally extended to incorporate this structure. In this
variant, a primary agent �rst decides whether to act (e.g., to send a message). A GAMBITTS-based
agent then operates only at the time points where the primary agent chooses to act. Algorithm 3
outlines this extension.
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Algorithm 3 GAMBITTS with Optional Prompting

Inputs: Full historyD (1)
t , GAMBITTS historyD (2)

t , prompting policy� (1) , GAMBITTS policy
� (2) , contextx t .

1: SampleRt � � (1)
�

D (1)
t ; x t

�
according to Agent 1.

2: If Rt = 1 then
3: Select queryA t � � (2)

�
D (2)

t ; x t

�
according to Agent 2.

4: UpdateD (2)
t +1  D (2)

t [ f (x t ; A t ; Z t ; Yt )g.
5: Update policy� (2) .
6: UpdateD (1)

t +1  D (1)
t [ f (x t ; Rt ; Yt )g.

7: Updatepolicy � (1) .

C Embedding Misspeci�cation

As discussed in Section 4, GAMBITTS performance hinges on the construction of working embedding
Z = h(G), with the agent modelingY j Z; X in place ofY j G; X . Section 6.2 supports this notion,
showing GAMBITTS is robust to mild misspeci�cation but suffers under severe misspeci�cation.
With this phenomenon in mind, this appendix discusses two approaches aimed at improving robustness
to embedding misspeci�cation.

One option for promoting robustness is to construct a hedged reward model. In particular, given any
initial embedding constructZ and modelm2, an analyst can consider the modi�ed form:

~m2(A t ; Z t ; X t ; � � ; � 2) =
X

a2A

� a1A t = a + m2(Z t ; X t ; � 2):

When the goal is online learning of the optimal actionA, this structure offers a hedge against
misspeci�cation ofZ andm2. In particular, ifm2 fails to capture signal, its estimated contribution
to ~m2 will shrink towards zero. In that case, the~m2 model asymptotically behaves like a standard
Thompson sampling agent that learns a reward distribution over actions directly. Conversely, ifZ and
m2 are well-speci�ed, then the actionA t provides no additional information beyond what is already
captured throughm2(Z t ; X t ; � 2). In this case, the estimated� � terms will shrink to zero and~m2 will
converge tom2. However, the agent must �rst learn that the embedding carries signal, potentially
delaying ef�cient generalization early in learning.

Figure 6 revisits the analysis presented in Figure 3 of Section 6.2, now including hedged models.
All hedgedpoGAMBITTSagents perform similarly, as do all hedgedfoGAMBITTSagents. While
every hedged GAMBITTS variant outperforms standard Thompson sampling in this setting, the well-
speci�ed models no longer exhibit the performance advantage they had in the original (unhedged)
analysis. This supports the hypothesis that hedging reduces downside risk but limits gains under
well-speci�ed embeddings.

(a)poGAMBITTS (b) foGAMBITTS

Figure 6: Cumulative Regret Under Embedding Misspeci�cation - Original vs Hedged Approaches
Note: Dotted lines represent cumulative regret under original (unhedged) approaches.
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A second option is to maintain a set of candidate reward models, each potentially using different treat-
ment embeddings. Periodically, the agent can evaluate these models based on predictive performance
and switch to the one that best predicts observed outcomes. This allows the algorithm to recover from
poor initial choices ofZ (andm2 more broadly) without requiring strong prior knowledge about
which embedding will perform best.

Improving robustness to embedding misspeci�cation also points to several directions for future work.
For example, extending the candidate model approach by developing a corralling bandit, where a
master algorithm selects among reward models, could allow the agent to adaptively shift across
models and tailor the choice of embedding to the individual. Similarly, as discussed in Section 7,
learning individualized treatment embeddings through methods like online suf�cient dimensionality
reduction would mitigate misspeci�cation risk.

D Ensemble-Based Algorithms

As in Lu and Van Roy [2017], given a second-stage reward model parametrized by� 2, ensemble-based
GAMBITTS approaches require initially drawingM ens sets of parameters~� 1

2;1; : : : ; ~� M ens
2;1 from a

pre-determined initialization distribution. Algorithms 4 and 5 then demonstrate how to select action
at for t = 1 ; : : : ; T . As in Algorithms 1 and 2, an analyst may approximate the integrals below via
Monte Carlo.

Steps 5 and 4 in Algorithms 4 and 5 (respectively) require updating model parameters as described
in Lu and Van Roy [2017]. These updates involve perturbations of observed reward to promote
exploration [36].

Algorithm 4 Ensemble-Based Fully Online GAMBITTS (ens-foGAMBITTS)

Inputs: Data Dt , prior � 1, modelsf 1, m2, current contextx t , reward model parameters
n

~� m
2;t

oM ens

m =1
.

1: Sample� 1;t � P1 (� 1 j D t )
2: Samplej � U (f 1; : : : ; M ens g).
3: For eacha 2 A , calculate

E� 1;t ; ~� j
2 ;t

[Y j a; xt ] =
Z

Z
m2

�
z; xt ; ~� j

2;t

�
f 1(z; a; xt ; � 1;t )dz:

4: SetA t = arg max
a2A

E� 1;t ; ~� j
2 ;t

[Y j a; xt ].

5: Given (zt ; x t ; yt ), update~� 1
2;t +1 ; : : : ; ~� M ens

2;t +1 .

Algorithm 5 Ensemble-Based Partially Online GAMBITTS (ens-poGAMBITTS)

Inputs: DataDt , modelm2, current contextx t , pretrained modelf of f
1 , reward model parameters

n
~� m
2;t

oM ens

m =1
.

1: Samplej � U (f 1; : : : ; M ens g).
2: For eacha 2 A , calculate

E~� j
2 ;t

[Y j a; xt ] =
Z

Z
m2

�
z; xt ; ~� j

2;t

�
f of f

1 (z; a; xt )dz:

3: SetA t := arg max
a2A

E~� j
2 ;t

[Y j a; xt ].

4: Given (zt ; x t ; yt ), update~� 1
2;t +1 ; : : : ; ~� M ens

2;t +1 .
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E Further Theoretical Discussion

In this appendix, we provide proofs for the results discussed in Section 5, along with additional
theoretical developments related to Thompson sampling in the GAMBITTS framework. The appendix
is organized as follows:

• Appendix E.1: Proof of the regret upper bound presented in Section 5 for standard Thompson
sampling in a GAMBIT environment.

• Appendix E.2: Proofs of the regret upper bounds presented in Section 5 forpoGAMBITTS-
based algorithms, as well as a bound on the number of samples needed for the of�ine
(empirical) treatment distribution to approximate the true distribution.

• Appendix E.3: Proof of the regret upper bound presented in Section 5 forfoGAMBITTS.

• Appendix E.4: Statement and proof of a regret lower bound forfoGAMBITTS.

E.1 Upper Regret Bound for Standard Thompson Sampling

In this section, we present a Bayesian regret bound of a standard Thompson sampling algorithm
that models the problem as a conventional multi-armed contextual bandit overX � A , ignoring the
generator-mediation structure. Our analysis adapts the proof from Chapter 36.1 of Lattimore and
Szepesvári [2020] [31].

Claim 1. The Bayesian regret of the standard Thompson sampling agent that models the problem as
a multi-armed contextual bandit overX � A is bounded by

BRstandard
T � O (( � 1 + � 2)

p
CKT logT + BCK )

whereB is a uniform bound on the mean reward such thatjm2(z; x; � )j � B .

Proof. Recall that the reward received when the agent selects actiona 2 A under contextx 2 X is
given bym2(Z; x ; � 2) + � , where� is � 2-subgaussian andZ 2 Rd is drawn from the distribution
� � 1

x;a .6 As discussed in Section 5, we assume thatm2(Z; x ; � 2) is � 1-subgaussian. It follows that the
overall reward for a given context-action pair(x; a) is (� 1 + � 2)-subgaussian.

We usem(x; a) to denote the mean reward for the context-action pair(x; a); i.e.,

m(x; a) :=
Z

Z
m2(z; x; � 2)f 1(z; x; a; � 1)dz:

Since we assume that the mean reward is bounded byjm2(z; x; � 2)j � B , it follows thatjm(x; a)j �
B .

Now, we adapt the Bayesian regret analysis for a standard Thompson sampling algorithm for multi-
armed bandit settings to thecontextualmulti-armed bandit setting where the context is assumed to be
drawn i.i.d. every round.

Well, for eacha 2 A , x 2 X andt = 1 ; : : : ; T , de�ne

Ut (x; a) := clip[� B;B ]

 

bmx;a (t � 1) + ( � 1 + � 2)

s
2 log(1=� )

1 _ Nx;a (t � 1)

!

;

whereNx;a (t � 1) =
P t � 1

s=1 1f X t = x;A t = ag is the count of the pair(x; a) up to timet � 1 and
bmx;a (t � 1) denotes the empirical estimate of the reward of actiona under contextx based on
observations up to timet � 1. If Nx;a (t � 1) = 0 , we setbmx;a (t � 1) = 0 .

Let E be the event that, for allt = 1 ; : : : ; T and(x; a) 2 X � A , the empirical estimate satis�es

j bmt � 1(x; a) � m(x; a)j � (� 1 + � 2)

s
2 log(1=� )

1 _ Nx;a (t � 1)
:

6Recall� � 1
x;a has densityf 1(z; x; a; � 1).
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Under this setup, the standard Hoeffding concentration bound givesP[E c] � 2CKT � where
C = jX j andK = jAj .

Let F t = � (X 1; A1; Y1; : : : ; X t ; A t ; Yt ; X t +1 ) be the� -algebra generated by the interaction se-
quence by the end of timet (and the following context at timet + 1 ). Note thatUt (x; a) is
F t � 1-measurable. Using the fact that, under Thompson sampling, the conditional distributions of
A �

t = arg maxa m(X t ; a) andA t givenF t � 1 are identical, we obtain

BRT = E

"
TX

t =1

(m(X t ; A �
t ) � m(X t ; A t ))

#

= E

"
TX

t =1

E [m(X t ; A �
t ) � m(X t ; A t ) j F t � 1]

#

= E

"
TX

t =1

(m(X t ; A �
t ) � Ut (X t ; A �

t )) +
TX

t =1

(Ut (X t ; A t ) � m(X t ; A t ))

#

:

On the eventE c, the terms inside the expectation are bounded by2BT . On the eventE , the �rst sum
is negative and the second sum is bounded by

1f E g

TX

t =1

(Ut (X t ; A t ) � m(X t ; A t ))

= 1f E g

TX

t =1

X

x 2X

X

a2A

1f X t = x;A t = ag(Ut (x; a) � m(x; a))

� (� 1 + � 2)
X

x 2X

X

a2A

TX

t =1

1f X t = x;A t = ag

s
8 log(1=� )

1 _ Nx;a (t � 1)

� (� 1 + � 2)
X

x 2X

X

a2A

Z N x;a (T )

0

r
8 log(1=� )

s
ds

= ( � 1 + � 2)
X

x 2X

X

a2A

q
32Nx;a (T) log(1=� ) � (� 1 + � 2)

p
32CKT log(1=� ):

The result follows from choosing� = 1
T 2 and applying the boundP[E c] � 2CKT � .

E.2 Upper Regret Bounds forpoGAMBITTS

The contextual bandit environment of interest with the two-stage reward generating process is fully
speci�ed by

E(� 1; � 2) =
�

PX ;
�

� � 1
x;a

	
x 2X ;a2A

; f m2(z; x; � 2)gx 2X ;a2A ; P�

�
;

wherePX is the context distribution,� � 1
x;a is the distribution of the representationZ 2 Rd given the

context-action pair(x; a), � 2 is the parameter that governs the mean reward functionm2(z; x; � 2),
andP� is the� 2-subgaussian noise distribution.

In the analysis ofpoGAMBITTS, we consider the Bayesian regret with� 1 �xed to � �
1 and � 2 is

integrated over the distribution� 2. We denote the environment with� 1 �xed to the true parameter� �
1

by

E(� 2) = E(� �
1 ; � 2) =

�
PX ;

n
� � �

1
x;a

o

x 2X ;a2A
; f m2(z; x; � 2)gx 2X ;a2A ; P�

�
:

Theorem 1 assumes access to an Alg with the Bayesian regret bound ofBRAlg
T under the approximate

environment
eE(� 2) =

�
PX ;

�
� of f

x;a

	
x 2X ;a2A

; f m2(z; x; � 2)gx 2X ;a2A ; P�

�
;

where� � �
1

x;a in the de�nition of E(� 2) is replaced with its of�ine empirical estimate� of f
x;a (with density

f of f
1 (�jx; a)), and the same mean reward functionm2(z; x; � 2) parameterized by� 2 is used. To be

27



more precise, the Bayesian regret of the algorithm Alg under the approximate environmenteE(� 2) is
de�ned as

BRAlg
T = E� 2 � � 2

"

EeE( � 2 )

"
TX

t =1

�
E� of f

X t ; eA �
t

[m2(Z; X t ) j X t ] � E� of f
X t ;A t

[m2(Z; X t ) j X t ]
� ##

;

where eA �
t = arg max

a
E� of f

X t ;a
[m2(Z; X t ) j X t ; � 2]; i.e., the optimal action in contextX t under the

environmenteE(� 2). Theorem 1 shows that running the algorithm Alg under the true environment
E(� 2) achieves a similar regret bound as long as the approximation ofE(� 2) by eE(� 2) is suf�ciently
close.

Theorem 1(Restated). Let f of f
1 be an empirical model for the treatment distribution satisfying(2).

Let Alg be a contextual bandit algorithm that selects actions based on the estimated reward function
bm2. Then, runningAlg in the partially online stochastic treatment setting givesT-step Bayesian
regretBR Alg

T , with

BR Alg
T � O

�
dBR

Alg
T + T

p
"T

�
;

wheredBR
Alg
T is theT-step Bayesian regret ofAlg with respect tobm2.

We provide a proof of Theorem 1 below, which relies on Pinsker's inequality.

Lemma 1(Pinsker's inequality). For any pair of measuresP andQ on the same probability space
(
 ; F ), we have

� (P; Q) = sup
A 2F

P(A) � Q(A) �

r
1
2

DKL (PkQ);

whereDKL denotes KL divergence in nats.

We now turn to the proof of Theorem 1.

Proof of Theorem 1.Let P � 2
x;a be the distribution of the reward given the context-action pair(x; a)

under the environmentE(� 2); i.e., the distribution of the random variablem2(Z; x ; � 2) + � where
Z � � � �

1
x;a and� � P� . Similarly, let eP � 2

x;a be the distribution of the reward given the context-action

pair (x; a) under the environmentbE(� 2); i.e., the distribution of the random variablem2( eZ; x ; � 2)+ �
where eZ � � of f

X t ;a and� � P� .

Recalling the assumption thatf of f
1 satis�es(2) (i.e., KL

�
f of f

1 (�; x; a)kf 1(�; x; a; � 1)
�

� " ), we
observe

KL
�

P � 2
x;a k eP � 2

x;a

�
= KL

�
L (g(Z; � ))kL (g( eZ; � ))

�

� KL
�

L (Z; � )kL ( eZ; � )
�

= KL
�

L (Z )kL ( eZ )
�

� ";

whereg(z; � ) = m2(z; x; � 2) + � andL (W ) denotes the law/distribution of random variableW.
The �rst inequality is due to the data processing inequality.

The interaction between the algorithm Alg and the environmentE(� 2) determines the distribution
of the sequence(X 1; A1; Z1; Y1; : : : ; X T ; AT ; ZT ; YT ). With a slight abuse of notation, letP(� 2)
be the probability measure on the sequence generated by Alg under the environmentE(� 2) and let
eP(� 2) be the probability measure on the sequence under the environmenteE(� 2). Then, standard KL
divergence decomposition results7 for bandit environments gives

KL
�

P(� 2)k eP(� 2)
�

=
X

x 2X

X

a2A

Nx;a (T)KL
�

P � 2
x;a k eP � 2

x;a

�
� "T;

7E.g. Lemma 15.1 in Lattimore and Szepesvári [2020] [31].
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whereNx;a (T) is the count of the pair(x; a) up to timeT, as in Appendix E.1. Hence, the Bayesian
regret of the algorithm Alg under the environmentE(� 2) averaged over the prior distribution on� 2 is8

BRT = E� 2

"

EP ( � 2 )

"
TX

t =1

�
E

�
� �

1
X t ;A �

t

[m2(Z; X t ; � 2)] � E
�

� �
1

X t ;A t

[m2(Z; X t ; � 2)]
� ##

� E� 2

"

E eP ( � 2 )

"
TX

t =1

�
E

�
� �

1
X t ;A �

t

[m2(Z; X t ; � 2)] � E
�

� �
1

X t ;A t

[m2(Z; X t ; � 2)]
� #

+ 2TB � �
�

P(� 2); eP(� 2)
�

#

� E� 2

"

E eP ( � 2 )

"
TX

t =1

�
E� of f

X t ;A �
t

[m2(Z; X t ; � 2)] � E� of f
X t ;A t

[m2(Z; X t ; � 2)]
� #

+ 2TB � �
�

� � �
1

X t ;A �
t
; � of f

X t ;A �
t

�
+ 2TB � �

�
P(� 2); eP(� 2)

�
#

� E� 2

"

E eP ( � 2 )

"
TX

t =1

�
E� of f

X t ;A �
t

[m2(Z; X t ; � 2)] � E� of f
X t ;A t

[m2(Z; X t ; � 2)]
� #

+ 2TB

r
1
2

KL
�

� � �
1

X t ;A �
t
k� of f

X t ;A �
t

�
+ 2TB

r
1
2

KL
�

P(� 2)k eP(� 2)
�

#

� BRAlg
T + TB

p
2(T + 1) ":

Here, we use the notations� (X; Y ) for the total variation betweenX and Y , and eA �
t =

arg max
a

E� of f
X t ;a

[m2(Z; X t ; � 2) j X t ; � 2], which is the optimal action in contextX t under the en-

vironmenteE(� 2). The �rst inequality follows from the fact that the absolute value of the expectant
is bounded by2TB. The third inequality follows from Pinsker's inequality (Lemma 1). The �nal
inequality follows from the assumption that the algorithm Alg achieves Bayesian regretBRAlg

T under
the environmenteE(� 2), averaged over� 2 � � 2. The result follows.

E.2.1 Linear Reward Function

Now, we use the reduction result in Theorem 1 to obtain a Bayesian regret bound forpoGAMBITTS
under the environmentE(� 2), where the mean reward functionm2(z; x; � 2) is linear inz. To apply
the reduction, we �rst establish a Bayesian regret bound for the Thompson sampling algorithm under
the environmenteE(� 2), assuming knowledge off of f

1 .

This analysis relies on two standard results from the theory of linear contextual bandits. The �rst is
the concentration bound for the regression-based estimate of the linear parameter:
Lemma 2(Theorem 20.5 in [31]). With probability at least1 � � , we have, for allt = 1 ; : : : ; T , that

k� � b� t kVt � �;

where� := 1 + � 2
p

2 log(1=� ) + d log(1 + T=d).

The second result is a technical lemma commonly used to bound the cumulative sum of upper
con�dence bounds in the analysis of optimism-based linear contextual bandit algorithms:
Lemma 3(Elliptical potential lemma). LetV0 2 Rd� d be positive de�nite anda1; : : : ; an 2 Rd be
a sequence of vectors withkat k2 � L for all t = 1 ; : : : ; n. Furthermore, letVt = V0 +

P t
s=1 asa>

s .
Then,

nX

t =1

�
1 ^ k at k2

V � 1
t � 1

�
� 2 log

�
det Vn

det V0

�
� 2d log

 
Tr(V0) + nL 2

ddet1=d(V0)

!

:

8Here, we useE� 2 [W ] to denoteE� 2 � � 2 [W ].
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Equipped with the two lemmas above, we now derive a Bayesian regret bound for Thompson sampling
in the approximate environmenteE(� 2).

Lemma 4. Consider an environmenteE(� 2) where the mean reward function ism2(z; x; � 2) = hz; � 2i .
The Thompson sampling algorithm run under this environment with a full knowledge off of f

1 , and
prior � 2 on � 2, achieves a Bayesian regret bound of

BRT � O
�

� 2d
p

T logT
�

;

Proof. We denote by x;a = E� of f
x;a

[Z ]. The Bayesian regret can be decomposed as:

BRT = E

"
TX

t =1

�
E� of f

X t ;A �
t

[m2(Z; X t ; � 2)] � E� of f
X t ;A t

[m2(Z; X t ; � 2]
� #

= E

"
TX

t =1

h X t ;A �
t

�  X t ;A t ; � 2i

#

= E

"
TX

t =1

hZ �
t � Z t ; � 2i

#

+ E

"
TX

t =1

h X t ;A �
t

� Z �
t ; � 2i

#

+ E

"
TX

t =1

hZ t �  X t ;A t ; � 2i

#

;

whereA �
t = arg maxah X t ;a ; � 2i is the best action in contextX t andZ �

t is a random variable
sampled from� of f

X t ;A �
t
. The second term above can be bounded by

TX

t =1

h X t ;A �
t

� Z �
t ; � 2i � O

 

B

s

T log
�

1
�

� !

;

which holds with probability at least1 � � by the Azuma-Hoeffding inequality, since the se-
quencefh X t ;A �

t
� Z �

t ; � 2igT
t =1 forms a martingale difference sequence adapted to the �ltra-

tion F t = � (� 2; X 1; A1; Z1; Y1; : : : ; X t ; A t ; Z t ; Yt ; X t +1 ). Choosing� = 1
T , we can bound

E
hP T

t =1 h X t ;A �
t

� Z �
t ; � 2i

i
� O

�
B

p
T logT

�
. The third term can be bounded similarly. To

bound the �rst term, we �rst de�ne an upper con�dence bound functionUt : Z ! R as

Ut (z) = hz; b� t � 1i + � kzkV � 1
t � 1

;

whereVt = I +
P t

s=1 ZsZ >
s andb� t = V � 1

t
P t

s=1 YsZs. By the concentration inequality provided in
Lemma 2, we are guaranteed that, for allt = 1 ; : : : ; T , k� 2 � b� t kVt � � with probability at least1� 1

T ,
where we use� de�ned in the lemma with� = 1

T . Let E t be the event thatk� 2 � �̂ t � 1kVt � 1 � �
andE = \ T

t =1 E t . Then,

E

"
TX

t =1

hZ �
t � Z t ; � 2i

#

= E

"

1f E c g

TX

t =1

hZ �
t � Z t ; � 2i

#

+ E

"

1f E g

TX

t =1

hZ �
t � Z t ; � 2i

#

� 2 + E

"
TX

t =1

1f E t ghZ �
t � Z t ; � 2i

#

:

By the Thompson sampling algorithm,P[A �
t = � j F t � 1] = P[A t = � j F t � 1], implying

P[Z �
t = � j F t � 1] = P[Z t = � j F t � 1]. With this observation, the rest of the proof follows the

standard Bayesian regret analysis of linear contextual bandits (e.g., Chapter 36.3 in Lattimore and
Szepesvári [2020]) [31].
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SinceUt (z) for any �xed z 2 Z is F t � 1-measurable,Et � 1 [Ut (Z �
t )] = Et � 1 [Ut (Z t )].9 Therefore,

it follows that the second term in the display above is bounded by

Et � 1
�
1f E t ghZ �

t � Z t ; � 2i
�

= 1f E t gEt � 1 [hZ �
t ; � 2i � Ut (Z �

t ) + Ut (Z t ) � h Z t ; � 2i ]

� 1f E t gEt � 1 [Ut (Z t ) � h Z t ; � 2i ]

� 1f E t ghZ t ; b� t � 1 � � 2i + � kZ t kV � 1
t � 1

� 2� kZ t kV � 1
t � 1

:

Combining the above with1f E t ghZ �
t � Z t ; � 2i � 2 produces

E

"
TX

t =1

1f E t ghZ �
t � Z t ; � 2i

#

� 2�
TX

t =1

�
1 ^ k Z t kV � 1

t � 1

�

� 2�

vu
u
t TE

"
TX

t =1

(1 ^ k Z t k2
V � 1

t � 1
)

#

� 2�
p

2dT log(1 + T=d)

where the second inequality follows from Cauchy-Schwartz and the last inequality from the elliptical
potential lemma (Lemma 3). Combining the bounds yields

BRT � O
�

� 2d
p

T logT
�

;

as required.

Corollary 1 in the main body provides a Bayesian regret bound forpoGAMBITTSin the linear reward
setting. The corollary follows directly by viewing the algorithm as an instance of Thompson sampling
for a linear contextual bandit, and applying the reduction in Theorem 1 along with the regret bound
in Lemma 4.

E.2.2 General Reward Function

In this section, we analyze the Bayesian regret ofpoGAMBITTSfor general reward functions. We
consider function classesF 10 that contains the mean reward functionm2(z; x; � 2), and derive a regret
bound that holds for any such classF . Our bound is expressed in terms of the eluder dimension of
F , a complexity measure introduced by Russo and Van Roy [2013] [44]. We begin by recalling the
de�nition of the eluder dimension.

De�nition 1 (� -dependence). A pair (z; x) 2 Z � X is � -dependent on pairs
f (z1; x1); : : : ; (zn ; xn )g � Z � X with respect toF if any pair of functionsm; em 2 F sat-
isfying

p P n
i =1 (m(zi ; x i ) � em(zi ; x i ))2 � � also satis�esm(z; x) � em(z; x) < � . Further,

(z; x) is � -independent off (z1; x1); : : : ; (zn ; xn )g with respect toF if (z; x) is not � -dependent
on f (z1; x1); : : : ; (zn ; xn )g.

De�nition 2 (Eluder dimension [44]). The� -eluder dimension of a function classF , dimE (F ; � ), is
the lengthd of the longest sequence of pairs inZ � X such that, for some� 0 � � , every element is
� 0-independent of its predecessors.

The Bayesian regret of an algorithm under the generator-mediated bandit framework measures the
regret of the actionA t taken in contextX t against the best actionA �

t . As a �rst step toward bounding
the Bayesian regret, we bound the regret of the embeddingZ t generated by the action against the
counterfactual embeddingZ �

t that would have been generated by the best action. The analysis adapts
the proof of Proposition 1 in Russo and Van Roy [2013] ([44]), and expresses the bound in terms of
wCt (Z t ; X t ) which measures the maximum variation across the reward functions in the con�dence
setCt at (Z t ; X t ), where

wC(z; x) := sup
m;m 02C

(m(z; x) � m0(z; x)) :

9WhereEt [W ] := E [W j F t ] for any random variableW .
10ForF consisting of real-valued functionsf : Z � X ! R.
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Lemma 5. Fix any sequence of con�dence setsfCt gT
t =1 whereCt � F is measurable with respect to

Gt � 1 = � (X 1; A1; Z1; Y1; : : : ; X t � 1; A t � 1; Z t � 1; Yt � 1; X t ). Then, for anyt = 1 ; : : : ; T , we have

E

"
TX

t =1

(m2(Z �
t ; X t ; � 2) � m2(Z t ; X t ; � 2))

#

� E

"
TX

t =1

�
wCt (Z t ; X t ) + 2 B � 1f m 2 ( � ;� ;� 2 ) =2Fg

�
#

:

Proof. For anyz 2 Z andx 2 X , de�ne the upper and lower bounds

Ut (z; x) := sup f m(z; x) : m 2 Ct g, L t (z; x) = inf f m(z; x) : m 2 Ct g:

Given any� 2, if m2(�; �; � 2) 2 Ct , then

E [m2(Z �
t ; X t ; � 2) � m2(Z t ; X t ; � 2)]

� E
�
Ut (Z �

t ; X t ) � L t (Z �
t ; X t ) + 2 B � 1f m 2 ( � ;� ;� 2 ) =2Fg

�

� E
�
wCt (Z t ; X t ) + 2 B � 1f m 2 ( � ;� ;� 2 ) =2Fg + ( Ut (Z �

t ; X t ) � Ut (Z t ; X t ))
�

;

By the de�nition of Thompson sampling, we haveP[A t = � j Gt � 1] = P[A �
t = � j Gt � 1], implying

P[Z t = � j Gt � 1] = P[Z �
t = � j Gt � 1].

SinceUt is Gt � 1-measurable,E [Ut (Z �
t ; X t ) � Ut (Z t ; X t ) j Gt � 1] = 0 . It follows that

E

"
TX

t =1

(m2(Z �
t ; X t ; � 2) � m2(Z t ; X t ; � 2))

#

� E

"
TX

t =1

�
wCt (Z t ; X t ) + 2 B � 1f m 2 ( � ;� ;� 2 ) =2Fg

�
#

;

concluding the proof.

Russo and Van Roy [2013] ([44]) bounds the sum of the errorswCt (Z t ; X t ), where the con�dence
setCt is centered at the least squares estimatebmLS

t , where

bmLS
t := arg min

m 2F

t � 1X

s=1

(m(Zs; X s) � Ys)2:

The bound, presented in Lemma 6, is in terms of the� F
T -eluder dimension, where

� F
t := max

�
1
t2 ; inf fk m1 � m2k1 : m1; m2 2 F ; m1 6= m2g

�
:

Lemma 6 (Lemma 2 in [44]). If f � t gT
t =1 is a nondecreasing sequence andCt := f m 2 F :

km � bmLS
t k2;E t �

p
� t g, then the following holds almost surely:

TX

t =1

wCt (Z t ; X t ) �
1
T

+ B � min
�

dimE (F ; � F
T ); T

	
+ 4

q
dimE (F ; � F

T )� T T :

Russo and Van Roy [2013] ([44]) also shows that, if the con�dence width� t is chosen as

� �
t (� ) := 8 � 2

2 log
�

N (F ; �; k � k1 )
�

�
+ 2 �t

 

8B +

s

8� 2
2 log

�
4t2

�

� !

; (3)

whereN (F ; �; k � k1 ) denotes the� -covering number ofF with respect tok � k1 , then the
associated con�dence set (centered at the least squares estimate) contains the true mean reward
functionm2(�; �; � 2) with high probability. Lemma 7 formalizes this claim.
Lemma 7(Proposition 2 in [44]). For all � > 0 and� > 0, if

Ct =

(

m 2 F :
t � 1X

s=1

(m(Zs; X s) � Ys)2 � � �
t (� )

)

for all t = 1 ; : : : ; T , then

P

"

m2(�; �; � 2) 2
T\

t =1

Ct j � 2

#

� 1 � 2�:
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We next establish a Bayesian regret bound forpoGAMBITTSin the general reward function setting.
As a �rst step, we analyze the algorithm under the approximate environmenteE(� 2). We assume that
the given function classF is suf�ciently rich to satisfy� F

T = T � 2.

Lemma 8. Consider an environmenteE(� 2) with mean reward functionm2(z; x; � 2) 2 F for some
function classF . The Thompson sampling algorithm run under this environment with a full knowledge
of f of f

1 and a prior� 2 on � 2 achieves a Bayesian regret bound of

BRT � O
�

B � dimE
�
F ; T � 2�

+
p

dimE (F ; T � 2) log (N (F ; T � 2; k � k1 )) T
�

;

where the Bayesian regret is de�ned over the distribution� 2 on � 2.

Proof. Well, the Bayesian regret for such a Thompson sampling agent can be decomposed as

BRT = E

"
TX

t =1

�
E� of f

X t ;A �
t

[m2(Z; X t ; � 2)] � E� of f
X t ;A t

[m2(Z; X t ; � 2)]
� #

= E

"
TX

t =1

(m2(Z �
t ; X t ; � 2) � m2(Z t ; X t ; � 2))

#

+ E

"
TX

t =1

E� of f
X t ;A �

t

[m2(Z; X t ; � 2)] � m2(Z �
t ; X t ; � 2)

#

� E

"
TX

t =1

E� of f
X t ;A t

[m2(Z; X t ; � 2)] � m2(Z t ; X t ; � 2)

#

� E

"
TX

t =1

(m2(Z �
t ; X t ; � 2) � m2(Z t ; X t ; � 2))

#

+ O
�

B
p

T logT
�

;

where the �nal inequality follows from the Azuma-Hoeffding inequality on the martingale difference
sequences

�
E� of f

X t ;A �
t

[m2(Z; X t ; � 2)] � m2(Z �
t ; X t ; � 2)

� T

t =1

and n
E� of f

X t ;A t
[m2(Z; X t ; � 2)] � m2(Z t ; X t ; � 2)

oT

t =1
;

both of which are adapted toGt = � (X 1; A1; Z1; Y1; : : : ; X t ; A t ; Z t ; Yt ; X t +1 ).

As before, we considerA �
t := arg max

a
E� of f

X t ;a
[m2(Z; X t ; � 2) j X t ; � 2] and we considerZ �

t sampled

from � of f
X t ;A �

t
. Considering a �xed sequence of con�dence setsC1; : : : ; CT , as de�ned in Lemma 6,

and applying Lemma 5 gives the following bound on the �rst term:

E

"
TX

t =1

(m2(Z �
t ; X t ; � 2) � m2(Z t ; X t ; � 2))

#

� E

"
TX

t =1

�
wCt (Z t ; X t ) + 2 B � 1f m 2 ( � ;� ;� 2 ) =2Fg

�
#

� O
�

B � dimE
�
F ; � F

T

�
+

q
dimE

�
F ; � F

T

�
� �

T

�
� F

T

�
T

�
;

where the second inequality follows by Lemma 6 and Lemma 7, with� = 1
T . The desired bound

follows by plugging� = � F
T into the de�nition of � �

T (� ) (Equation 3).

Finally, Theorem 2 directly follows by the reduction provided in Theorem 1 and the lemma above.

Theorem 2(Restated). Let f of f
1 satisfy(2). For any function classF with bm2 2 F , the Bayesian

regret ofpoGAMBITTS(Algorithm 2) satis�es

BRpo:F
T � eO

�
� 2

p
dimE (F ; T � 2) log N (F ; T � 2; k � k1 )T + T

p
"T

�
:
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E.2.3 Bounding the Error in Of�ine Treatment Models

poGAMBITTSrequires access to an estimatef of f
1 (�; a; x) that is" -close to the true treatment density

f 1(�; a; x; � 1) in KL divergence. Below, we consider the example where� � 1
x;a is Gaussian for each

(x; a) 2 X � A , demonstrating that a sample-based empirical estimate can meet this requirement.
Lemma 9(Multivariate Gaussian Distribution). Consider a multivariate normal distributionN (�; �)
and letf Z1; : : : ; Zn g be i.i.d. samples drawn from this distribution. Then, the estimated distribution
N (b�; b�) satis�es

KL
�

N (�; �) kN
�

b�; b�
��

� O

 
d

� min(�)

r
d + log(1=� )

n

!

with probability at least1 � � , whereb� is the sample mean andb� is the empirical covariance matrix.

Proof. The KL divergence has the following exact form:

KL
�

N (�; �) kN (b�; b�)
�

=
1
2

h
tr

�
b� � 1�

�
+ ( b� � � )> b� � 1 (b� � � ) � d + log det b� � log det �

i
:

We now turn to bounding each term. A standard concentration result for empirical covariance
matrices, based on the matrix Bernstein inequality, gives:

kb� � � k �

r
d + log(1=� )

n
with probability at least1 � � , wherek � k is the operator norm. Hence, the inverseb� concentrates
and it follows that

kb� � 1k � 2k� � 1k =
2

� min(�)

for n � 

�

d + log(1=� )
� min(�) 2

�
.

Hence, we can bound

tr
�

b� � 1�
�

= tr
�

I + b� � 1
�

� � b�
��

� d + kb� � 1kk� � b� k

� d + O

 
1

� min(�)

r
d + log(1=� )

n

!

:

To bound the log-determinant term, observe that

log det b� � log det � = log det
�

I + � � 1=2
�

b� � �
�

� � 1=2
�

� dk� � 1=2
�

b� � �
�

� � 1=2k

� dk� � 1kkb� � � k

� O

 
d

� min(�)

r
d + log(1=� )

n

!

:

Finally, we bound
(b� � � )> b� � 1 (b� � � ) � k b� � � k2

2kb� � 1k

� O
�

d + log(1=� )
n

�
;

applying the vector Bernstein inequality to boundkb� � � k2.

Combining all the bounds yields

KL
�

N (�; �) kN
�

b�; b�
��

� O

 
d

� min(�)

r
d + log(1=� )

n

!

;

as required.
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E.3 Upper Regret Bound for foGAMBITTS

In this section, we derive a Bayesian regret forfoGAMBITTSin the environmentE(� 1; � 2). The
key step in the analysis is that the action selected by Thompson sampling has the same con-
ditional distribution as the optimal action, given the agent's posterior. Formally, letF t =
� (X 1; A1; Z1; Y1; : : : ; X t ; A t ; Z t ; Yt ; X t +1 ) be the� -algebra generated by the interaction up to
time t. Thompson sampling logic guarantees that the conditional distributions ofA �

t andA t given
F t � 1 are identical; i.e.,

P[A �
t = � j F t � 1] = P[A t = � j F t � 1] ; almost surely: (4)

We will use the following concentration inequality to control deviations of a martingale sequence in
the proof of Theorem 3:
Lemma 10(Freedman's inequality). Let (F k ) be a �ltration and let the sequencef X k g of random
variables satisfyE [X k jF k � 1] = 0 and jX k j � R almost surely. LetSk =

P k
i =1 X i and Vk =

P k
i =1 E

�
X 2

i j F i � 1
�
. Then, with probability at least1 � � , we have, for allk, that

jSk j �
p

2Vk log(2=� ) +
2R
3

log(2=� ):

We now restate Theorem 3 and proceed with its proof.
Theorem 3 (Restated). If m2 (z; xt ; � ) is linear in z 2 Rd, the Bayesian regret offoGAMBITTS
(Algorithm 1) satis�es

BRfo :lin
T � eO

�
� 1

p
CKT + � 2d

p
T

�
:

Proof of Theorem 3.We are interested in bounding the Bayesian regret de�ned as

BRT = E

"
TX

t =1

E� � 1
X t ;A �

t

[m2(Z t ; X t ; � 2)] � E� � 1
X t ;A t

[m2(Z t ; X t ; � 2)]

#

whereA �
t = arg max

a2A
E� � 1

X t ;a
[m2(Z; X t ; � 2) j X t ; � 2] is the best action in contextX t . Under the

linear reward modelm2(z; x; � 2) = hz; � 2i , we can write the Bayesian regret as

BRT = E

"
TX

t =1

h X t ;A �
t

�  X t ;A t ; � 2i

#

where we de�ne x;a := E� � 1
x;a

[Z ], suppressing the superscript� 1 for convenience.

Since the agent observes the embeddingZ t and receives a noisy reward of the formYt = hZ t ; � 2i + � t ,
it can estimate� 2 by regressingYt onZ t . Consider the following estimate for� 2:

b� t = V � 1
t

tX

s=1

YsZs

whereVt = I +
P t

s=1 ZsZ >
s . Lemma 2 guaranteesk� 2 � b� t kVt � � for all t = 1 ; : : : ; T with

probability at least1 � � , where� , dependent on� , is de�ned in the lemma. LetE t be the event that
k� 2 � b� t � 1kVt � 1 � � , and letE := \ T

t =1 E t . Setting� = 1
T in the de�nition of � givesP[E ] � 1� 1

T .
We can then bound the Bayesian regret underE c andE separately, as follows.

BRT = E

"
TX

t =1

h X t ;A �
t

�  X t ;A t ; � 2i

#

= E

"

1f E c g

TX

t =1

h X t ;A �
t

�  X t ;A t ; � 2i

#

+ E

"

1f E g

TX

t =1

h X t ;A �
t

�  X t ;A t ; � 2i

#

� 2 + E

"

1f E g

TX

t =1

h X t ;A �
t

�  X t ;A t ; � 2i

#

� 2 + E

"
TX

t =1

1f E t gh X t ;A �
t

�  X t ;A t ; � 2i

#

: (5)

35



Before proceeding with the bound, we clarify the probability space governing the random variables
X t ; A t ; Z t ; Yt . We adopt the random table model (see Chapter 4.6 in Lattimore and Szepesvári [2020])
and, conditional on� 1, de�ne the embeddingZ t (x; a) � � � 1

x;a independently for eacht = 1 ; : : : ; T
and(x; a) 2 X � A [31]. We de�neZ t = Z t (X t ; A t ) to be the embedding observed by the agent.
This random table model provides a convenient framework for the analysis that follows.

To proceed, we de�ne the upper con�dence bound functionUt : Z ! R by

Ut (z) = hz; b� t � 1i + � kzkV � 1
t � 1

:

Then, under the eventE t , it follows that, for all(x; a) 2 X � A ,

h x;a ; � 2i � Ut (Z t (x; a)) = h x;a ; � 2i � h Z t (x; a); b� t � 1i � � kZ t (x; a)kV � 1
t � 1

= h x;a � Z t (x; a); � 2i + hZ t (x; a); � 2 � b� t � 1i � � kZ t (x; a)kV � 1
t � 1

� h  x;a � Z t (x; a); � 2i :

The inequality follows from using Cauchy-Schwarz to boundhZ t (x; a); � 2 � b� t � 1i �
kZ t (x; a)kV � 1

t � 1
k� 2 � b� t � 1kVt � 1 . Furthermore, under the eventE t , k� 2 � b� t � 1kVt � 1 � � . Sim-

ilarly,

Ut (Z t (x; a)) � h  x;a ; � 2i = hZ t (x; a); b� t � 1i + � kZ t (x; a)kV � 1
t � 1

� h  x;a ; � i

= hZ t (x; a); b� t � 1 � � i + � kZ t (x; a)kV � 1
t � 1

� h  x;a � Z t (x; a); � i

� h Z t (x; a) �  x;a ; � i + 2 � kZ t (x; a)kV � 1
t � 1

:

SinceUt (�) andX t areF t � 1-measurable, (4) implies

P[Ut (Z t (X t ; A �
t )) = � j F t � 1] = P[Ut (Z t (X t ; A t )) = � j F t � 1] ;

and that
Et � 1 [Ut (Z t (X t ; A �

t ))] = Et � 1 [Ut (Z t (X t ; A t ))] ;
where, as before,Et � 1 [�] denotesE [� j F t � 1]. Hence, recalling the de�nitionZ t = Z t (X t ; A t ),

Et � 1
�
1f E t gh X t ;A �

t
�  X t ;A t ; � 2i

�

= 1f E t gEt � 1
�
h X t ;A �

t
; � 2i � Ut (Z t (X t ; A �

t )) + Ut (Z t (X t ; A t )) � h  X t ;A t ; � 2i
�

� 1f E t gEt � 1

h
h X t ;A �

t
� Z t (X t ; A �

t ); � 2i + hZ t �  X t ;A t ; � 2i + 2 � kZ t kV � 1
t � 1

i
:

Continuing the regret bound from(5) and usingEt � 1
�
1f E t gh X t ;A �

t
�  X t ;A t ; � 2i

�
� 2, we observe

BRT � 2 + E

"
TX

t =1

Et � 1
�
1f E t gh X t ;A �

t
�  X t ;A t ; � 2i

�
#

� 2 + E

"
TX

t =1

1f E t gh X t ;A �
t

� Z t (X t ; A �
t ); � 2i

| {z }
(a)

#

+ E

"
TX

t =1

1f E t ghZ t �  X t ;A t ; � 2i

| {z }
(b)

#

+ 2 � E

"
TX

t =1

(kZ t kV � 1
t � 1

^ 3)

| {z }
(c)

#

To bound term(a), we express it as a summation over(x; a):
TX

t =1

1f E t gh X t ;A �
t

� Z t (X t ; A �
t ); � 2i

=
X

x 2X

X

a2A

TX

t =1

1f E t g1f X t = x;A �
t = agh x;a � Z t (x; a); � 2i :
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For any given context-action pair(x; a) 2 X � A , the sequencef Wt (x; a)gT
t =1 ; de�ned by

Wt (x; a) = 1f E t g1f X t = x;A �
t = aghZ t (x; a) �  x;a ; � 2i

is a martingale difference sequence adapted to

Gt = � (� 1; � 2; X 1; A1; f Z1(x; a)gx;a ; Y1; : : : ; X t ; A t ; f Z t (x; a)gx;a ; Yt ; X t +1 ; A t +1 ) :

This follows because1f E t g and1f X t = x;A �
t = ag areGt � 1-measurable, implying

E
�
1f E t g1f X t = x;A �

t = aghZ t (x; a) �  x;a ; � 2i j Gt � 1
�

= 1f E t g1f X t = x;A �
t = aghE [Z t (x; a) �  x;a j Gt � 1] ; � 2i

= 0 :

Furthermore,jWt (x; a)j � 2 for all t = 1 ; : : : ; T , and

TX

t =1

E
�
Wt (x; a)2 j Gt � 1

�
�

TX

t =1

1f X t = x;A �
t = agE

h
(hZ t (x; a) �  x;a ; � 2i )2 j Gt � 1

i

� � 2
1

TX

t =1

1f X t = x;A �
t = ag

= � 2
1NT (x; a);

whereNT (x; a) =
P T

t =1 1f X t = x;A �
t = ag, as before. The �rst inequality follows from the assumption

thatm2(Z; x ; � 2) is � 1-subgaussian. Hence, Freedman's inequality (Lemma 10) coupled with a union
bound over(x; a) 2 X � A , guarantees that, with probability at least1 � � ,

TX

t =1

Wt (x; a) � � 1

s

2NT (x; a) log
�

2CK
�

�
+

4
3

log
�

2CK
�

�
:

It follows that
TX

t =1

1f E t gh X t ;A �
t

� Z t (X t ; A �
t ); � 2i =

X

x 2X

X

a2A

TX

t =1

Wt (x; a)

�
X

x 2X

X

a2A

 

� 1

s

2NT (x; a) log
�

2CK
�

�
+

4
3

log
�

2CK
�

� !

� � 1

s

2CKT log
�

2CK
�

�
+

4
3

CK log
�

2CK
�

�
:

where the last inequality is by Cauchy-Schwarz and the fact that
P

x

P
a NT (x; a) = T. Similar

analysis, withA t in place ofA �
t , yields the following bound on the term(b):

TX

t =1

1f E t gh X t ;A t � Z t (X t ; A t ); � i � � 1

s

2CKT log
�

2CK
�

�
+

4
3

CK log
�

2CK
�

�
:

Finally, the last term(c) can be bounded using the elliptical potential lemma (Lemma 3) as

TX

t =1

(3 ^ k Z t kV � 1
t � 1

) � 3
TX

t =1

(1 ^ k Z t kV � 1
t � 1

)

� 3

vu
u
t T

TX

t =1

(1 ^ k Z t k2
V � 1

t � 1
)

� 3

s

2dT log
�

1 +
T
d

�
:
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Combining the bounds above, we observe

BRT � 2 + � 1

s

8CKT log
�

2CK
�

�
+

8
3

CK log
�

2CK
�

�
+ 6 �

s

2dT log
�

1 +
T
d

�

� O

 

� 1

s

CKT log
�

CA
�

�
+ � 2d

s

T log
�

1 +
T
d

� �
log

�
1 +

T
d

�
+ log

�
1
�

��

+ CK log
�

CA
�

� !

:

The result follows.

E.4 Lower Regret Bound for foGAMBITTS

In this section, we establish a minimax lower bound on the regret offoGAMBITTS.

Claim 2. The minimax regret offoGAMBITTSsatis�es

RT � 

�

max
n

� 1

p
CKT ; � 2

p
dT logK

o�
:

Proof. To establish the lower bound, we construct instances in which the agent cannot ef�ciently

resolve uncertainty, leading to provably high regret. We �rst showRT � 

�

� 1
p

CKT
�

.

Fix K , C andd, and letA = f 1; : : : ; K g, X = f 1; : : : ; Cg. Let � 2 = ( � 1; 0; : : : ; 0) 2 Rd be the
parameter for the linear reward model. Furthermore, choose the reward noise� 2 = 0 .

Let � 1 2 fA [ f 0ggC parameterize the distributions� � 1
x;a such that, for each(x; a) 2 X � A ,

� � 1
x;a � Bernoulli on f e1; 0g with probabilities

� �
1
2 ; 1

2

�
if a 6= � 1;x�

1
2 � � ; 1

2 + �
�

if a = � 1;x
;

for some� 2
�
0; 1

4

�
.11 Here, we usee1 to denote the �rst basis vector inRd.

Under this environment, the mean reward of each context-action pair is� 1-subgaussian. Also, in
contextx, the mean reward of every action is� 1

2 except for one optimal actiona = � 1;x , which gives
mean reward12 (� 1 + �) .

Because rewards in different contexts are generated from independent distributions, observations
collected in one context carry no statistical information about any other context. Hence, from the
learner's point of view, the problem decomposes intoC independent instances of standardK -armed
bandits, each with horizonNT (1); � � � ; NT (C), whereNT (x) denotes the number of rounds in which
contextx appears.

For a contextx, the regret lower bound overNT (x) rounds isc� 1
p

KN T (x) for some constantc (see
Chapter 15.2 in Lattimore and Szepesvári [2020]) [31]. Summing overx, and choosingNT (x) = T

C
to ensure the environment chooses contexts evenly, we obtain

RT � 


 
X

x 2X

p
KN T (x)

!

= 

�

� 1

p
CKT

�
:

We now show thatRT � 

�
� 2

p
dT logK

�
. Consider an environment where� � 1

x;a is deterministic
and known to the learner. This reduces to a standard contextual linear bandit environment with
dimensiond. Applying a known lower bound for this setting [32], we obtain

RT � 

�

� 2

p
dT logK

�
:

11Note thatfA [ f 0ggC here denotes theC-dimensional space with components elements offA [ f 0gg,
rather than the complement offA [ f 0gg.
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Combining the two lower bounds yields

RT � 

�

max
n

� 1

p
CKT ; � 2

p
dT logK

o�
;

as required.

F Further Simulations

This appendix presents additional simulations designed to probe speci�c factors in�uencing GAM-
BITTS performance. Unless otherwise speci�ed, all data-generating environments assume a linear
outcome model with optimism, formality, and severity as predictors.

F.1 Variance Decomposition

Section 5 and Appendix E discuss GAMBITTS performance in terms of the relative variance of the
treatment and outcome processes. In our setup, the treatment is generated by an LLM and �xed in
advance, but we can control the residual variance of the outcome-generative model. This allows
us to manipulate the ratio of treatment variance to outcome noise directly. Throughout the main
simulations, we held this ratio �xed by setting� 1 = � 2.12 In Figure 7, we increase� 2 to explore how
performance changes under high outcome noise. We scale� 2 gradually, up to the level observed
when �tting the outcome-generative model on held-out data from the 2023 IHS study.

(a) � 2=0.71 (b) � 2=6.68 (c) � 2=12.64

(d) � 2=18.61 (e) � 2=24.57

Figure 7: Cumulative Regret Across Outcome Variances

Corollary 1 and Theorem 3 suggest that the performance advantage of linear GAMBITTS-based
algorithms over standard Thompson sampling increases with the outcome noise level� 2. Figure 7
shows that linear GAMBITTS-based methods achieve lower regret across values of� 2; however,
as � 2 increases, all algorithms exhibit performance deterioration and begin to converge. One
possible explanation is that higher outcome noise reduces the overall signal-to-noise ratio, making it
more dif�cult for anybandit agent to quickly learn a good policy. Future work may examine this
phenomenon over longer time horizons to better understand the asymptotic behavior of the competing
methods.

12We computed� 1 from the generated text interventions used for outcome simulation; i.e., from the
response_db described in Appendix G.
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F.2 Nonlinear Data-Generative Reward Model

Section 6.2 examined GAMBITTS performance under style embedding misspeci�cation. Figure 8
explores a related question, focusing instead on misspeci�cation in the structure of the outcome
model. In these experiments, all GAMBITTS agents used the correct style embeddings, but the true
outcome-generating processE [Y j Z; X ] followed an MLP structure. To assess how GAMBITTS
agents respond to this nonlinear speci�cation, we revisit the variance-scaling analysis from Figure 7,
now under an MLP outcome model.

(a) � 2=0.71 (b) � 2=6.68 (c) � 2=12.64

(d) � 2=18.61 (e) � 2=24.57

Figure 8: Cumulative Regret Across Outcome Variances: MLP Outcome Generative Model

In a nonlinear data-generating environment, we expectedens-poGAMBITTSto outperform its linear
counterparts, given its more �exible outcome model. However, as in other simulation settings,
ens-poGAMBITTSexhibits volatile performance. Interestingly, the linearpoGAMBITTSagent per-
forms relatively well, despite the misspeci�cation of the outcome model. One possible explanation
for this pattern, and for the broader volatility observed inens-poGAMBITTSperformance, is that,
within the GAMBITTS framework (and in Thompson sampling more generally), the outcome model
is used to support decision-making rather than to produce accurate predictions. As described in
Appendix G.2, the neural network models are substantially more parameterized than their linear
counterparts, and may require far more data to converge. In contrast, while the linear models are
misspeci�ed, they may still capture suf�cient structure to support effective decision-making.

The volatility inens-poGAMBITTSperformance suggests that the approach holds promise, but it is
not a panacea. Without tuning tailored to the speci�cs of the application, the agent may perform
poorly. Future work could develop principled strategies for hyperparameter selection to make
ens-poGAMBITTSmore robust to variation in the data-generating process.

F.3 poGAMBITTSSimulator Access

As discussed in Section 4, partially online GAMBITTS variants use simulator access to construct
f of f

1 , an empirical estimate of the treatment-generating distribution. Figure 9 examines the sensitivity
of poGAMBITTSandens-poGAMBITTSperformance to the number of samples per(x; a) pair used to
constructf of f

1 .

We expected the partially online GAMBITTS variants to perform better with increased access to the
treatment-generating distribution. Figure 9 supports this hypothesis: cumulative regret decreases
as the number of simulator draws increases. Interestingly, performance stabilizes after roughly 50
draws, suggesting that limited simulation access may be suf�cient to realize most of the bene�ts of
the partially online approach.
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